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Abstract. We prove an equivalence between the existence of the first structure relation
satisfied by a sequence of monic orthogonal polynomials {P,}52,, the orthogonality of the
second derivatives {D2 P, }2° , and a generalized Sturm-Liouville type equation. Our treat-
ment of the generalized Bochner theorem leads to explicit solutions of the difference equation
[Vinet L., Zhedanov A., J. Comput. Appl. Math. 211 (2008), 45-56], which proves that the
only monic orthogonal polynomials that satisfy the first structure relation are Wilson poly-
nomials, continuous dual Hahn polynomials, Askey—Wilson polynomials and their special or
limiting cases as one or more parameters tend to co. This work extends our previous result
[arXiv:1711.03349] concerning a conjecture due to Ismail. We also derive a second structure
relation for polynomials satisfying the first structure relation.
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1 Introduction

A sequence of polynomials { P, (x)}22, deg(P,(z)) = n, is orthogonal with respect to a positive
measure g on the real numbers R, if

/ P () Pp(x)dp(x) = dplmn, m,n €N,
S

where S is the support of 41, dj, > 0 and 6y, ,, the Kronecker delta. A sequence {P,(x)} of monic
polynomials orthogonal with respect to a positive measure satisfies a three-term recurrence
relation

Poii(z) = (z — an)Po(z) — by Pr_1(x), n=0,1,2,..., (1.1)
with initial conditions P_i(z) = 0, Py(z) = 1, and recurrence coefficients

an € R, n=0,1,2,..., b, > 0, n=12....
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A sequence of monic orthogonal polynomials is classical if the sequence {P,(z)} as well
as D"P,1m(x), m € N, where D is the usual derivative or one of its extensions (difference
operator, g-difference operator or divided-difference operator), satisfies a three-term recurrence
of the form (1.1).

The classical orthogonal polynomials of Jacobi, Laguerre and Hermite are known to be the
only polynomials satisfying

1) the first structure relation (cf. [2, 25])

1
Tr(x)DPn(x) = Z a?’b,n-‘rjpn-‘rj(x)a n = 17 27 ] an,n—l # 07
j=—1
where 7(x) is a polynomial of degree at most 2;

2) the second structure relation (cf. [24, 25])

1

Po(@) = Y bpntjDPoij(z),  n=0,1,...,  byp1=
j=—1

1
(n+1)

#0;  (1.2)

3) the orthogonality of the sequence of derivatives {DP, 1}, with respect to m(z)w(z)
(cf. [1]), where 7(z) is a polynomial of degree at most 2, and w(x) denotes the weight
function corresponding to {F,}5;

4) a Sturm-Liouville differential equation of the form (cf. [7])
¢(z)D?Py(x) + ¢(z)DP,(x) + M P, = 0,

where ¢(z), ¥ (x) are polynomials with deg(¢(x)) < 2, degy(x) = 1 and A, is constant.
This result is known as Bochner’s theorem (cf. [7]).

The first structure relation, second structure relation and Bochner’s theorem have been gene-
ralized to orthogonal polynomials involving the difference and g¢-difference operator (cf. [3, 9,
11, 19, 20]) and play an important role when studying properties of zeros or connection and
linearization problems involving polynomials (see, for example, [15, 19]).

Askey—Wilson polynomials [5, equation (1.15)]

a"pn(z;a,b,¢,dlq) q ", abedq"t, ac™ ael? _
(ab,ac,ad;q), 193 ab, ac, ad 64 ) T = cosf, (1.3)
and Wilson polynomials [18, equation (9.1.1)]
Wy (2% a,b, ¢, d) —n,n+a+b+ct+d—1a—ir,a+iz
= 4F3 N 1 (14)
(a+bnla+c)p(a+d), a+ba+ca+d

do not satisfy structure relations of the type mentioned above but they do satisfy the shift
relations (cf. [18, equations (14.1.9) and (9.1.8)])

QqFTn (1 — q”) (1 — abcdq"‘l)
1—q

1 1 1 1
qun($7 a, b: ¢, d ‘ Q) = pn—l(x; aqz, bq2 ,Cq 2, dq2 IQ)v
Wi (2?5 a,b, c,d)

dx?

1 1 1 1
=-nn+a+b+c+d—1)W,_; <x2;a+2,b+2,c+2,d+2),
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where D, is the Askey-Wilson operator (cf. [5, p. 33|, [18, equation (1.16.4)], [14, equation
(12.1.9)])

f(q%eie) _ f(q—éeie)
(¢ — e ) (g7 — q72) /2

and ¢ is the Wilson operator

6f(x2)—f<<x+;)2>—f((x—;>2>. (1.6)

D, f(x) = , x = cos#, (1.5)

Here
At ..., Gep1 — (a1; )k (asy1; )k 2"
s ¢s < y 4, Z) = 5
1 bi,...,bs kZ:O b3k (bss Dk (@5 Q)
with
k-1
(CL, q)U =1, (CL, Q)k = H (1 - aqj)a k= 1,2 )
F=0
and

.. 1’
2 b))
k—1
with (a)g =1 and (a)r = [[(a+j), k=1,2,
§=0

Since the appearance of Askey—Wilson and Wilson polynomials in the early 1980’s (cf. [4, 5]),
many authors have studied these polynomials (see, for example, [6, 8, 13, 14, 21, 22, 28]).
Ismail considered the problem of the first structure relation for Askey—Wilson polynomials in
the conjecture [14, Conjecture 24.7.9]. In [17, Corollary 3.3, we completed the conjecture by
proving that a sequence of monic orthogonal polynomials satisfies the first structure relation

2
7T($)D2Pn($) = Z Anntj Prtj (), apn—2 # 0, x = cosf, (1.7)
j=—2

where 7 is a polynomial of degree at most 4, if and only if P,(x) is an Askey—Wilson polynomial
up to a multiplicative constant or a subcase of Askey—Wilson polynomials, including limiting

cases as one or more of the parameters tend to oo (cf. [13]). This result holds for orthogonal
e—16+ei0 _ q +q¢°
2

5 = cos which can also be written as z(s)

polynomials of the variable z =
eiO — qs.

9

Even though Askey—Wilson polynomials (1.3) are a basic hypergeometric analog of the Wilson
polynomials (1.4) (cf. [6, p. 188]), the coefficients in the analog of (1.7) for the Wilson operator

52 Py () _

() 5222

2
Z Anntj Pty (x)v ann—2 7 0, (1'8>
j=—2

as well as its solutions can not easily be deduced from those of Askey—Wilson polynomials. It
therefore is necessary to consider the Ismail conjecture for the Wilson variable z(z) = 22 (2 = is,
i2 = —1), or, more generally, for the quadratic and g-quadratic variable (cf. [26])

—S8 S 'f 1
2(s :{cm +e2q® +eg ifg# 1, (1.9)

ca8® + c55 + ¢ ifg=1,
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where ¢; # 0 and ¢4 # 0. This problem of characterizing the orthogonal polynomials of the
variable x(s) whose derivatives satisfy a generalized first structural relation is a generalization
of the Askey problem (cf. [2, p. 69]).

The aim of this paper is to use generalizations of Bochner’s theorem in [13, 28] (see also [12])
for classical orthogonal polynomials of the quadratic and g-quadratic variable x(s) defined
in (1.9) to obtain a generalized first structure relation for classical orthogonal polynomials of
the variable z(s) of the form

t
m(2)D2 P, (x) = Z Anntj Prtj(T), n=12,...,

Jj=—r
where D, is the divided-difference operator (cf. [10])
fla(s+3) = flz(s—3
(s 4)) 1ol 1) 110)
w(s+3) —w(s—3)

This work is organized as follows: In Section 3, we derive explicit solutions for the second-
order difference equation [28, equation (1.3)]

Dy f(z(s)) =

A(s)Pp(z(s+ 1)) + B(s)Pp(z(s)) + C(s)Py(z(s — 1)) = A Pr(x(s)), (1.11)

where A(s), B(s), C(s) are some functions of the discrete argument s, and Py = 1, shown to
characterize polynomials of the variable z(s) in [28] by Vinet and Zhedanov. In Section 4, we will
show that this generalized Bochner theorem (cf. [28]) is related to the generalized Askey problem
and we will characterize Wilson and Askey—Wilson polynomials, and subcases, including limiting
cases, as the only monic orthogonal polynomials satisfying the first structure relation

2
7(x(s))D2 Py, (x(s)) = Z Anntj Pntj(2(5)), ann—2 7 0, n=23...,
j=—2

where 7(z) is a polynomial of degree at most four and z(s) is given by (1.9). We then derive
the second structure relation

2

Pr(x(s)) = Z bn,nJer?anJrj(fU(S))a (1.12)
j=—2

for classical orthogonal polynomials of the variable z(s) and conclude the section by connecting
the second structure relation (1.12) to that of Costas-Santos and Marcellan [8, p. 118]

MPr((5)) = €aDa Pas1 (2(5)) + fulDs Pa(2(s)) + 92D Py (w(5)), (1.13)
P g1
VIR (G ESE]

In Section 5 we compute coefficients of (1.8) for the Wilson polynomials as well as those of
the second structure relation (1.12) for the Wilson polynomials and Askey—Wilson polynomials.
2 Preliminaries and notation

Let us recall some basic results and notations. z(s) given by (1.9) satisfies (cf. [6])

z(s+mn)+x(s)
2

J}(S + TL) - J}(S) = ’an‘rn—i-l(s)a = Oénxn(s) + Bna
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forn=0,1,..., with

xu(s):x<s+g>, ueC,

where C is the set of complex numbers and V is the backward difference operator V f(s) :=
f(s) = f(s—1). The sequences (), (Bn), (1) are given explicitly by (cf. [6]), a1 = «, 81 = 5,

=1, Bu=6n’  yu=n  a=1 B=" for q=1,
and
42 +q _ B —aw) _q*—q ¢
@n—f, Bn—177 T ="T1T 1>
— q2 —q 2
97 +q 77 (va-1)°
a=——, 8 =—cg———, for q# 1.
2 21

The following hold (cf. [10]):

Dz(fg) = Da(f)Sz(g) + Sa(f)D2(9), (
Se(f9) = Se(f)Se(g) + U2D ()D2(9), (
D,S, = aS,D, + U1 D2, (
S2 = U1S, D, + aliaD2 +1, (

where

Ur((s)) = (o® = 1)a(s) + Bla+ 1),

e(s+ 1) —a(s— 1)\
Ug(m(s)):< (5+5) 5 ( 2)> :(a2—1)$(8)2+2B(a+1)a}(s)+0m,

with
2 —1)%(c2 -4
C, = %5 — cy4cq, for ¢g=1 and Cy = (4 ) (23 6162), for q# 1.
q

Note that I(f) = f and S, the averaging operator

Suf(z(s)) = f(x(s + %)) —;f(w(s — %))’

which is a generalization of [14, equation (12.1.21)]. Taking el = ¢°, the Askey-Wilson opera-
tor (1.5) reads as

Daf@le)) = = e

The Wilson operator (1.6) is connected to the divided-difference operator (1.10) as follows:

0f(s) _ f(=(is = $)") = f(=(is+3)") _ ~D,. f(—x(is)),

LES —(is— %)24- (is+%)2

x(z) = 22, z =1is.
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3 Generalized Bochner theorem

In this section, using properties of the divided-difference operator D, and the averaging opera-
tor S,, we discuss generalized versions of Bochner’s theorem in [13] and [28] and derive explicit
expressions for the polynomial solutions characterized by the results.

Lemma 3.1. Polynomial solutions Pp(x(s)), deg(Pn(x(s))) = n, of the Sturm-Liouville type
equation

$(2)D2y(x) + (2)S:Day(x) + Ay(z) = 0, (3.1)

where ¢(x) = ¢ox® + P12 + ¢ and (x) = Y12 + Yo are polynomials of degree at most two and
one, can be expanded as

n k—1

de H s) —z(n+ 7)]; (3.2)

where n is a complex number such that o(x(n)) = 0 where

Vzi(s)

o(x(s)) = d(z(s)) = —

and dy, is solution to the first-order recurrence relation

B(a(s)), (3.3)

A+ W Ve-102 + Yrak—1¢1) di (3.4)

+ (’Yk’Yk1 <¢2 (z(n+ k) +2(n) + ¢1 — W) + ap e+ (x(n + k))) dp41=0

with X = —YnYn-1¢2 — YnQn-1¢1.
Proof. Write

k—1
wi(x(s),n) = H[x(s) —z(n+7)], E>1 and wo(z(s)) =1, (3.5)
5=0
and obtain by direct computation
Dyon(e(9) 1) = w91+ 3 ) (3.
Sevntat) = (stohn ) = 270 (0,042, (3.7)
z(s)wp(x(s),n) = wigr(x(s),n — 1) + x(n — Dwg(x(s),n), (3.8)
wi(x(s),n) = wi(x(s),n + 1) + (x(n + k) — x(n))wp—1(2(s), n + 1). (3.9)

Next, take P (a(s)) = 3 diang(a(s).1) with 0(a(s)) = daz(s)? +d12(s) + 0 and w(a() =
P1x(s) + 1Yo in (3.1) and use (3 6)—(3.8) for simplification to derive

E Y (Vi1 (P2 (x(n = 1) + 2(n)) + ¢1) + 1 | ag—12(n — 1) — Y1V () + ar—1%o
2
k=0

+ ag_1vo)wi(z(s), ) + (A + Ve yr—102 + Year—19¥1) wi(x(s),n — 1) + o(x(n))
X wi(z(s),n + 1)}dk = 0.
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Now, use the fact that o(z(n)) = 0 and the relation (3.9) to obtain

Z (Ardi + Bjdgy1) wi(z(s),n) =0,
k=0

and equate coefficients of wj, to obtain the two-term recurrence relation
Agdy + Brdyy1 =0, k>0,
where

A = X+ M Ve—102 + VeQp—101,

1V
By =i |6 (e -+ )+ 2m) + 61— PV D] (ol + ).
By assumption, P, is a polynomial of degree n, that is dp = 0, £k > n + 1. Hence taking k = n
we obtain A\ = —¢oypYn—1 — Y1Ynan—1. Taking into account this expression of A the required
relation is obtained. |

Remark 3.2. The explicit expressions of wy(z(s),n) in (3.5) for the corresponding lattices z(s)
are provided in the following table:

Representation of wg(z(s),n) On the lattice z(s)
(—2)"a () (701 0) (079" a), x(s) = 5%
(—clq‘”)kq‘(g)(q"q‘s;q)k(ﬁ%q”qs;Q)k z(s) = c1q7° + c2g® + 3, ¢1 £ 0
(—clq*”)kq‘(g)(q"q‘s;q)k x(s) =c1q7* +c3
(—ca)*(s+ 2 +n), (=5 + )k 2(s) = c48® + 55+ cg, c4 # 0
(—c5)* (=5 +n)k z(s) = 58 + ¢o

When the function o(z(s)) (with x(s) = c1¢7° + c2q¢®, c1c2 # 0) happens to be of the form
C(g®)™, m = 0,1,..., it has no zeros and therefore Lemma 3.1 can no longer be used for
expanding polynomial solutions of the Sturm-Liouville type equation (3.1). We will see later
that this problem arises for the special case of (3.1) when

p(x) =2z’ +¢o  and  Y(z) =17 (3.10)

In [16], a method for solving (3.1), when ¢ and 1) are of the form (3.10), was developed using
the generalized form of the basis p,(z) = (1 + em) (—qQ*”eZie;qz)n_le*ine, x = cosf (cf. [14,
equation (20.3.8)]) on the lattice z(s) = c1g™* 4 c2¢®. This result can be written as:

Lemma 3.3 ([16, Theorem 13]). On g-quadratic lattices x(s) = c1q™° + caq®, polynomial solu-
tions P, of (3.1) when ¢ and ¢ are of the form

$(a(s)) = oa(s)® + b0, ¥(x(s)) = ra(s),

can be expanded as

Po(z(s) = Y dp_orKp_ok(2(s)),



8 M. Kenfack Nangho and K. Jordaan

where

K;j(x(s)) = (c1q™")’ (1 + C2q28> (—CQQ‘“Qqu;qQ)j_I, Ko(z(s)) =1,  j>1,

&1 C1

and dj is given by the two-term recurrence relation

(Vi (2vj—1 + (75 — avj—1)¥1) + A)dj + vjr2v+10 (Ve (q% — qfé))djw
j+1 41

+ e (yivaa(es —q ) — oy (ivee(et — ¢ %)) dj =0,
with the coefficient A = —ypYn—102 — YnQn_191-

Ismail [13] gave the following generalization of Bochner’s theorem for Askey—Wilson polyno-
mials where S, (cf. [14, equation (12.1.21)]) is the restriction of the averaging operator

Suf(z(s)) = fla(s +3)) ;r f(z(s—3))

q_°+¢°

to functions of the variable z = cos 0§ = ==, ¢° i0

=e".

Theorem 3.4 ([13, Theorem 3.1]). The Sturm-Liouville type equation
qS(x)Dgy(af) + Y(2)SqDyy(z) + Ay(z) =0, x = cosf, (3.11)

where ¢ and 1 are polynomials of degree at most 2 and 1, has a polynomial solution P,(x)
of degree n = 1,2,3,... if and only if P,(x) is a multiple of the Askey—Wilson polynomial
pn(x;a,b,¢,d|q) for some parameters a, b, ¢, d, including limiting cases as one or more of the
parameters tend to oco.

In order to obtain all the explicit solutions characterized by (3.11) we use the following
scheme:

1. Since ¢(z(s)) is at most quadratic and ¥ (xz(s)) is linear, we write
d(2(5)) = o (s)? + ¢p12(s) + o, Y(x(s) = Yrz(x(s)) + o.

Substituting ¢(z(s)), ¥(x(s)) and z(s) = # into (3.3) we obtain, for X = ¢*, o(z(s)) =
P(X)

~= Where

8P (X) = (2¢2/q — a1 + ¥1) X" + (4v/ad1 — 2qvbo + 210) X°
+ (8v/qdo + 4d2/q) X2 + (4v/ad1 + 2qtb0 — 200) X + 2¢21/q + qp1 — 1. (3.12)

2 .
(32_\1/6, and write

2. Suppose P(X) is of degree 4, that is ¢ #
PX)=C(X —a)(X —b)(X —¢)(X —d), a,b,c,d e C.

3. Expand the factorized form of P(X) and identify coefficients of X?, i = 0,1,2,3,4 with
those in (3.12) to obtain a system of five equations.

4. Solve the system with unknowns ¢s, ¢1, ¢g, Y1 and ¥y to obtain polynomial coefficients
of (3.11).
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5. If one of the a, b, ¢, d, say a, is different from 0, then use Lemma 3.1, with ¢ = a, to
obtain polynomial solution of (3.11) of the form

Z dywi(z,1m), (3.13)
k=0

k+1

where % is given by (3.4).

6. Iterate (3.4) to obtain dj and use it as well as the representation of wy, for the lattice
x(s) = % (see Remark 3.2), to obtain the basic hypergeometric representation of (3.13).

7. If none of a, b, ¢ and d, is different from zero (which corresponds to ¢(x) = ¢ox? + ¢o and
Y(x) = ¢1x), use Lemma 3.3 to solve (3.11).

At the end of the day, one has the following;:
1. If P(X) is of degree 4,

e If P(X) = CX*, then polynomial coefficients of (3.11) are up to a multiplicative
factor equal to

Br(s) = 20()* — 1, wla(s) = —VLa(s),

q—1

and the corresponding polynomial, with ¢° = €l is up to a multiplicative factor equal
to

(5]

dn—QkKn—Zkz(x)a

k=0

with
doooe 1 -a"T¢)( - a7
dn—2(k—1) 4 1— g% ’
— k
dn—Qk; — dn( - ) 2)2k (_qn+1) .
(¢%a%), \ 4

Taking d,, = 1, we obtain after straightforward computation

(5

(47" 9) (_q”“

k
Ky or(z) = 27" Hy(z | q),
— (¢*%q%), 4 >

where Hy(z|q) is the continuous g-Hermite polynomial [18, equation (14.26.1)].

o If P(X) =C(X —a)X?3, a# 0, then coefficients of (3.11) are up to a multiplicative
factor equal to

. B 4./q 2a./q
¢(x(s)) = 2x(s)? — ax(s) — 1, Y(z(s)) = *(]_7155(5) + -1
So,

k

(a7 q)k(—Qqa)kq(z)
B (Q; Q)k

0,
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and the basic hypergeometric representation of the corresponding polynomial, with

q° —e19 is

q—n7 ae—w’ aeie
302 < 0.0 1q,q ) = a"Hy(x;a|q),

where Hy,(z;a|q) is the continuous big ¢g-Hermite polynomial [18, equation (14.18.1)].
o If P(X)=C(X —a)(X —b)X?, ab# 0,
¢(x(s)) = 22(s)* — (a+ b)a(s) +ab — 1,
4 2 +b
$lals) =~ o) + H/IED

)

qg—1
k

deyt _ ¢*qa(1 — g7 "q") 4 — (a7 q),(—2qa)* )d

- = — 3 — 0

dy, (1 — qkq) (1 — qkab) (q; q)x(ab; q)x
and the basic hypergeometric representation of the corresponding polynomial, with

9 .
q° = ¢, is

n

-n —i6 i0
q ", ae™ ae' _a _
3¢2 < ab,O 7q7q> - (ab, q)nQn(xaaab‘Q)a

where Qn(x;a,b]q) is the Al-Salam Chihara polynomial [18, equation (14.8.1)].
o If P(X)=C(X —a)(X —b)(X — )X, abc # 0,
o(x(s)) = 22(s)* — (abc + a + b+ c)z(s) + ab+ ac + be — 1,

4/ 2,/q(abc —a —b—c)

P(z(s)) = —ﬁx(s) - g—1

k

drv1 _ ¢"qa (1-q7"q") g, — ("D (—2qa)* ¢2) do
dy, (1 - ¢*q) (1 = ¢*ac) (1 — ¢*ab)’ (4:9)g (abs @)y, (acs q)y,

and the basic hypergeometric representation of the corresponding polynomial is

)

5 q‘”,ae‘ie,aew,q . _ a"pa(wa,b,¢]q)
3¥2 ab, ac ’ (ab,ac; q)n

where py,(z;a, b, c|q) is the continuous dual g-Hahn polynomial [18, equation (14.3.1)].
o If P(X)=C(X —a)(X —b)(X —c¢)(X —d), abed # 0,

¢(x(s)) = 2(abed + 1)z (s)? — (abe + abd + acd + bed + a + b + ¢ + d)z(s)
—abed + ab+ ac + ad + bc + bd + c¢d — 1,
_4\/?](abcd—1) 2\/§(abc—|—abd+acd—|—bcd—a—b—c—d)

wla(s)) = 4V EE ) - - ,
% _ qkqa(l — qkq*") (1 — q"ilabcqu)

dy. (1 —q*q) (1 — g*ad) (1 — ¢¥ac) (1 — g¥ab)’
g (—2a9) (47™; q) .¢) (4" tabed; ),

CT T @ okladi (o labige

and the basic hypergeometric representation of the corresponding polynomial is

sy (1 abedq"ae™ 00N a"pa(aia,b, ¢, dig)
3 ab, ac, ad T (ab, ac,ad; q)n,

)

where py,(z;a,b,¢,d|q) is the Askey—Wilson polynomial [18, equation (14.1.1)].
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In the following items, we are going to consider cases for which degree of P(X) < 4. For
each of them, after giving the factorized form of P(X), we will follow steps 3 and 4 of the
scheme to look for ¢2, ¢1, ¢o, 1 and 1pg. Then we will follow steps 5 and 6 for degree
of P(X) = 1,2,3 and steps 5 and 7 for degree P(X) = 0 to obtain the corresponding
polynomials system.

2. If P(X) is of degree 3 and P(X) = C(X —a)(X — b)(X — ¢) with none of a, b and ¢ equal
to zero, then

o(2(s)) = —2abcx(s)? + (ab + ac + be + 1)x(s) + abc —a — b — c,
4abc\/§x(s) N 2\/a(ab +ac+bc—1)

1#(96(8))=—q_1 i ,
diy1 5 qkabc(q” — qk)d(k:) g — (q_”, q)k(—2abcq")kq(§)
d (¢"q — 1) (¢"ac — 1) (¢*ab — 1)’ g (@ Dr(ac; Qxlab; e

and the basic hypergeometric representation of the corresponding polynomial is

n

Z”: L0 ag=55q), (beq™)® oy Pl bed]q)
— acq rabiq) (G Qk  dooo (ab;q)n(ac; @)n(ad; g)n

3. If P(X) is of degree 2 and P(X) = C(X —a)(X —b), a,b # 0, then

¢(z) = 2abcz® — (a + b)x + 1 — ab, W(z) = 4ab\/§x 2/4(a+0)

qg—1 g—1 "~
dipr _, s2q"(1— "¢ ") 4 — (g7, q),(2bg™)" ;
d (1—¢*q) (1 — g*ab)’ (¢ Q)r(abiq)e

and the basic hypergeometric representation of the corresponding polynomial is

—n

Z": L (ag®, aq s;q)kq_(Q) ()" i a"pp(x;a,b,c,d|q)
(ab; q) (:Q)r  cd—oo (ab; q)nlac; q)nlad; q)pn

k=0
4. If P(X) is of degree 1 and P(X) = C(X —a), a # 0, then
4,/ga 2,/q
o)+ L,

k
dit1 _ 2(1”(1 —qFq ™) 4 — (a5 q),q ) (_Qq">kd0
d d*a(qbq—1) (4 Dk ’

o) = ~2a(s)’ + o(s) o, P(x) =

and the basic hypergeometric representation of the corresponding polynomial is

S (0" q), (ag"s g~ q) g2 A M CTA XL
2\ 005D )T a0 (b ) (a6 ) (ad; q)
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and the corresponding polynomial is up to a multiplicative factor equal to

[

0|3

]
dn—?kKn—2k (x(s)),

k=0
where
door 1 (1= g 1) (1 — g 22*) g +2g 2
dp—o(e—1) 4 1— g% ’
dn—ak _ (q_n3q)2k <qn>kq2(§)
dn (¢%4%), \ 4 '

Take d,, = 1 to obtain

QI3

—n. n\ k N
oy (1) a0t = 2Bl )
k=0 ! k

. 2"a*"p, (x;a,b,c,d|q)
= lim ,
abed—oo (ab; q)n(ac; q)n(ad; q)n

where H(x|q) is the continuous g-Hermite polynomials.

Remark 3.5. It is important to note that in each of the cases of items 2 to 4 above, if one of
the a, b, ¢, d is zero, then i1 = 0, which is impossible because the degree of ¢ is equal to 1.

In order to expand on the generalization of Bochner’s theorem in [28], we need to connect the
second-order difference equation (1.11) used in [28] to the Sturm—Liouville type equation (3.1).
Let P,(z(s)) be a polynomial solution to the second-order difference equation (1.11). From the
definition of D, and S, we have

Pa(a(s +1)) = Pa(a(s)) _ Pa(x(s)) = Pu(z(s — 1))

val(s)D:%Pn(w(S)) = x(s + 1) — .%'(8) - x(s) _ 1’(8 _ 1) ’
_ Pa(e(s+1)) = Pa(a(s)) | Pa(x(s)) — Pa(x(s — 1))
28, Dy P (2(s)) = 2 £ 1) —2(s) + P S e P s

Solve the system with unknowns {P,(z(s + 1)), P,(xz(s — 1))} and substitute the solution
into (1.11) to obtain a Sturm—Liouville type equation of the form (3.1) where the coefficient
of Py(x(s)) is A(s) + B(s) + C(s) — \p. Taking n = 0 in (1.11) and using the fact that \g =0
(see [28, equation (3.1)]) and Py = 1, we obtain A(s) + B(s) + C(s) = 0. Therefore P, is
a polynomial solution of (3.1). This leads us to the following restatement of the generalization
of Bochner’s theorem in [28]:

Theorem 3.6. The Sturm—Liouville type equation
d(z)Dy(x) + ¥ (2)SeDay(x) + Any(x) =0,

where ¢ and ¢ are polynomials of degree at most 2 and 1 respectively, and A, is a constant, has
a polynomial solution P, (x) of degree n =0,1,2,3,... if and only if

(1) On x(s) = c1q7° + c2¢°, c1 # 0, Py(x) is, up to a multiplicative constant, equal to

auqg?®
’ q;q,q>

S

é g ", ulabedg" !, ag”
473 abu, acu, adu
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1vn cudgtquTdgme, 11 11
(uza)"pp (L H—1—;u%a,u?b,uzc,u2d|q)

(abu, acu, adu; q)y,

)
as well as subcases including limiting cases as one or more parameters a, b, ¢, d, tend
to co. Here, pp(x;a,b,c,d|q) denotes Askey-Wilson (1.3) polynomials and u = .

(2) On x(s) = c452 + ¢35, c4 # 0, Pp(x) is, up to a multiplicative constant, equal to

—n,a+b+c+d+2u+n—1,a—s,a+u+s
4F3 i1
a+b+u,a+ct+u,a+d+u

Wa(=(s+§)"5a+§.b+ 5 ct4.d+3)

- ; 3.14
(a+b+u)pla+ct+u)la+d+u)y, (3.14)
or the polynomial
—n,a—s,a+u+s Sn(—(s—i-%)z;a—i-%,b—i—%,c—i—%)
355 1) = , (3.15)
a+b+u,a+c+u (a+b+u)pla+c+u)(a+d+u)y,

where u = g—i, W, denotes Wilson polynomials [18, equation (9.1.1)] and S,, denotes con-
tinuous dual Hahn polynomials [18, equation (9.3.1)].

Proof. For the proof of Theorem 3.6(1), follow the scheme described for Theorem 3.4 to obtain
the result. For the proof of Theorem 3.6(2):

1. Take ¢(z(s)) = ¢ox(5)? + ¢p12(s) + do, Y(2(s) = Y12(x(s)) + o and x(s) = 45> + c55 in
o(x(s)), with X = s, to obtain the polynomial
P(X) = X*boca® + (2ugacs® — 1ca®) X? + (uPdoca® + d1ca — 3/2uthrcs®) X2
Cs

+ (U¢1C4 — ¢QC4 — 1/2u2w1042)X + (250 — 1/2u¢064, u = a (3.16)

2. Suppose P is of degree 4, that is ¢9 # O:
e Write
PX)=C(X —a)(X —b)(X —¢)(X —d), a,b,c,d e C,

expand it and identify the coefficients of X?, i = 0, 1,2, 3,4 with those of P in (3.16)
to obtain a system of five equations;

e Solve the system with unknowns ¢2, ¢1, ¢g, Y1 and ¥y to obtain the corresponding
polynomial coefficients of (3.1)

x(s)?
cf
u(4u + 3a + 3b + 3¢ + 3d) + 2(ab + ac + ad + be + bd + cd)
+ 264
uabc + u2be + ubed + uabd + uacd + udb + uie
2
N udd + uda + ut + v2bd + vled + vlac + u?ab + vad
5 )

¢(z(s)) =

x(s)

+ abed +

(3.17)

b+c+d+a+2u
= 5 z(s)
C4
N abc + ubc + bed + abd + acd 4 ub + u’c + u?d
Cq
n w?a + u3 + ubd + ucd + uac + uab + vad
cy4 '

P((s))

(3.18)
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e Use Lemma 3.1 with » = a and take into account the fact that wy(x(s),a) =
(—ca)¥(a+ s)p(a+u — 8), on z(s) = 452 + c55, (see Remark (3.2)), to obtain

Z": ela+b+c+d+2u+n—1), (-1 kw(x(s) 2
— ( a+b+u (a+c+u)pla+d+u)pk! \ ca F ’

—n,a+b+c+d+2u+n—1,a—s,a+u—+s
:4F3 7]- )
a+b+u,a+c+u,a+d+u

G5

where u = £
Cq

3. If P is of degree 3, that is ¢ = 0,

2
P(X) = —drea? X3 + <¢1C4 B 3u¢2164 ) 2

u?thycs?
2

uhpcy
2 )

+ <U¢1C4 — ¢ocs — > X + ¢ —
P(X)=C(X —a)(X —b)(X —¢), abeeC,

and use an algorithm analogous to the one described above to obtain the following poly-
nomial coefficients of (3.1)

(x(s)) = —(3u+2a+2b+26)x(s)—abc— u(u2+ua+ub+uc+ab—kac—l—bc)7
204 2
2
z(s u® + ua + ub + uc + ab + ac + be
wlas)) = 2 L g )
1

and (3.15) as the corresponding polynomial system. Since 17 # 0, P can not be of degree

less than 3. |
Remark 3.7.
1. Taking ¢4 — 1, c5 — 0 and s — is, with i2 = —1, (3.14) reads as
W (s% a,b,c,d) _ Wa(—x(is);a,b,c,d)

(a+bp(at+cnla+d), (a+bnlatc)(atd)y,’

where W, (s, a,b, ¢,d) is the Wilson polynomial [18, equation (9.1.1)] and z(z) = 22

2.1 =1 c0=9+0d+1,a=0,b=a—~v—0,c= —~ and d = —v, the polynomial
in (3.14) is the Racah polynomial [18, equation (9.2.1)] and S, is the continuous dual Hahn
polynomial [18, equation (9.3.1)].

3. Taking ¢4 — 1, c5 — 0 and s — is, with i = —1, (3.15) reads as

S, (32; a,b, c) Sp(—x(is);a, b, c)

(a+bp(at+c)n (a+bnlatc),’

where S, (s a, b, c) is the continuous dual Hahn polynomial [18, equation (9.3.1)] and

x(z) = 22
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Corollary 3.8.

(1) Wilson polynomials satisfy the Sturm—Liouville type equation (3.1) with

d(2(2)) = 2(2)* + (ab + ac + ad + cd + cb + bd)z(z) + abed,
P(x(2)) = (a+ b+ c+ d)x(z) + abe + abd + acd + bed,
Ap=-nla+b+c+d+n—1).

(2) Continuous dual Hahn polynomials satisfy the Sturm—Liouville type equation (3.1) with
d(x(z)) = (a+ b+ c)x(z) + abe, P(z(z)) = 2(2) + ab+ ac + be, Ap, = —n.
In both cases, () = 22 (z =is, iZ = —1).

Proof. (1) Take ¢4 — 1, 5 — 0 and s — z, with z = is, i> = —1 in (3.17) and (3.18) to obtain
polynomial coefficients of (3.1), x(2) = 22, then use (3.2) to get A\, = —n(a+b+c+d+n—1).
(2) is obtained in a similar way. [ |

Corollary 3.9. The Sturm—Liouville type equation (3.1) has a polynomial solution P,(x) of
degree n = 1,2,3, ... if and only if P,(x) is a multiple of a Wilson polynomial, continuous dual
Hahn polynomial or Askey—Wilson polynomial p,(x;a,b,c,d|q) and subcases, including limiting
cases as one or more parameters a, b, ¢, d, tend to co.

Remark 3.10. In [26], Nikiforov et al. classified orthogonal polynomials of the quadratic and
g-quadratic variable by solving the Pearson type equation [26, equation (3.2.9)] and obtained
Racah polynomials, dual Hahn polynomials and their g-analogs. Our approach, which is based
on the Sturm-Liouville type equation (see Theorem 3.6) and uses the polynomial P (appearing
in the proof of Theorems 3.4 and 3.6), Lemmas 3.1 and 3.3, and Remark 3.2, leads, in addition
to Racah polynomials and dual Hahn polynomials, to Askey—Wilson polynomials, subcases and
limiting cases. This completes the result in Nikiforov et al. [26], generalizes [13, Theorem 3.1] and
provides explicit solutions to [28, equation (1.3)]. To the best of our knowledge, our treatment
of the generalized Bochner Theorem is new.

4 Structure relations of orthogonal polynomials of the quadratic
and g-quadratic variable

In this section, for a family {P,(z(s))}n>0 of classical orthogonal polynomials of the quadratic
and g-quadratic variable, we prove equivalence between the Sturm—Liouville type equation (3.1),
the orthogonality of the second derivatives {ID)QQCPn}n>2 and a first structure relation that genera-
lizes (1.7). This will enable us to derive, from Theorem 3.6, the solution to the Askey problem
related to (1.11) and a second structure relation for classical orthogonal polynomials of the
quadratic and g-quadratic variable.

We begin by generalizing [17, Lemma 3.1]

Lemma 4.1. Let {P,}°2, be a sequence of monic orthogonal polynomials. If there exist two

sequences (al,) and (b)) of numbers such that

1 1 b
D, Pyi1(z) = (z —al,)—D, Py(z) — —-D, Py—1(x) + cn, cn € C,
Yn+1 Yn Yn—1

then, there exist two polynomials ¢(x) and ¥ (x) of degree at most two and of degree one respec-
tively, and A\, a constant such that P,(x) satisfies the divided-difference equation

(2)D2 Py (z) + (2)S Dy Py () + Ay Po(z) = 0, n > 5. (4.1)
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Proof. The proof follows exactly the same argument of the proof of [17, Lemma 3.1], replacing
the averaging operator S, by S;, the Askey—Wilson operator D, by D, and where the polyno-
mials Uy and Us are those appearing in (2.3) and (2.2). [

Theorem 4.2. Let {P,}22, be a sequence of polynomials orthogonal with respect to a positive
weight function w(z). The following properties are equivalent:

a) There exists a polynomial mw(xz) of degree at most 4 and sequences of five elements
{anntktn>2, =2 <k <2, appn—2 # 0 such that P, satisfies the structure relation

2
T(@)D2Po(r) = Y GnpakPoir(). (4.2)
k=-2

b) There exists a polynomial w(x) of degree at most four such that {]D)?CP”}:LOZQ is orthogonal
with respect to m(z)w(z).

c¢) There exist two polynomials ¢(x) and Y (x) of degree at most two and of degree one respec-
tively, and a constant A\, such that

¢(2)D2 Py (z) + ¢(2)SeDp Py (x) + Ay Pp(z) = 0, n > 5. (4.3)

Proof. The proof is organized as follows:

Step 1. (a) = (b) = (a) which is equivalent to (a) < (b).

Step 2. (b) = (¢) = (a) which, taking into account Step 1, is equivalent to (b) < (c).

Step 1: We assume that (a) is satisfied and we prove (b). Let m > 2 and n > 2 be two
integers, and assume that m < n. From (a), there exists a polynomial 7 of degree at most four

and there exist sequences of five elements {an n+j}tn, j = —2,—1,0,1,2 such that
2
TD2Py = Y anmyiPoyjs  With app o #0. (4.4)
j=—2

Sincem <n,m—-2<n—-2<n+j<n+2 (for j =—-2,-1,0,1,2). So, multiplying both
sides of (4.4) by WD2P,,, integrating on (a,b) and then taking into account the fact that (P,)
is orthogonal on the interval (a,b) with respect to the weight function W, we obtain

/ D2 Py (2)D2 P () ()W ()l

a

=0 if m <n,
#0 ifm=n.

If n < m, we substitute in (4.4), n by m and by a similar way, we obtain
b
/ 7(z)W (2)D2 Py (2)D2 Py (z)dz = 0.
a

Now we assume (b) and we prove (a). Since 7(x)D2P, is a polynomial of degree less or equal
to n + 2, 7(2)D?P, can be expanded in the orthogonal basis {Pj}?io as

n+2
7(x)D2P, = ZanJPj,
=0

where a,, j, 7 =0,...,n + 2 is given by

b b
ins / W (2) (D2 Pa(2)) de = / (@)W (2) Py (2)D2 Py ().
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Since D2 P, (z) is of degree n — 2 we deduce from the hypothesis that a,, ; = 0 for j =0,...,n—2
and a2 # 0.

Step 2: We suppose (b) and we prove (c). Firstly, we prove that { P, }5° , satisfies an equation
of type (4.1). Since ,Yin]D)mPn is a monic polynomial of degree n, it can be expanded as

1
z—D, P, = DI%H+§: “ID,Pj,  eny €R. (4.5)
n Tn+ J
J=1

Applying D, to both sides, we obtain

(ax + B)— WP+ &ma:

D3P, 1 + WWP 4.6
Tn Tn Yn+1 " Z i ( )

j=2

Apply D, to both sides of the three-term recurrence relation (1.1), use the product rule (2.1)
and the fact S;(z(s)) = ax(s) + B to obtain

DyPpi1 = (az + B — an)DyPy + Sp Py — byDy Po_1. (4.7)

Apply D, to both sides and use (2.3) as well as the expression of Uy, U1 (z) = (a®—1)z+B(a+1)
to obtain

D2Pyi1 = [(20* — 1)z + 2B8(a + 1) — a,|D2P, + 20S,D, P, — b,D2P, 1. (4.8)

By using this relation to eliminate S,D, P, in (4.6) we obtain

1 2 b
7$D926pn _ M[D)ipn + lDiPn—l
n 7771 n
20 2085 o
= - — D Pn+1+z ’ D P (49)
Tn+1 Tn =2 J
n such that
D2P, _
pozin _ Tn—1 ]D)ianrl + ai;]DiPn + bZDiPnfL (4.10)

Tn Tn+1Tn

So, using the relation v,+1 — 2ay, + Yn—1 = 0, obtained by direct computation, (4.9) becomes

2 b " 2ae,,
<¢ﬁ+%>M&+(%+">M&1:z:“WM3.
Tn Tn = Vi

Therefore, e, ; =0 (for j =2,3,....,n—2) and (4.5) reads as

nn

DBy = —— Dy Pyyq + 2" LDy Py + €1

Tn Yn+1 Tn Yn—1

Then, from Lemma 4.1, there exist two polynomials ¢ of degree at most 2 and 1 of degree 1,
and a constant A,, such that P, satisfies

D2 P, + S, Dy Py 4+ A\ P, = 0, n>5.

Let us prove that (¢) = (a). Note that P,, n = 1,2, 3,4, satisfies (4.3). In fact, it follows from
the algorithm described in the proof of Theorem 3.6, that, for n > 5, P, is up to a multiplicative
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factor equal to Askey—Wilson polynomial and Wilson polynomial, and subcases, including limit-
ing cases, denoted by py,. Since {py}52 is orthogonal (cf. [17, 18]) both families are orthogonal
with respect to the same measure. Therefore P,, n = 1,2, 3,4, is up to a multiplicative factor
equal to p, which satisfies (4.3) by Theorem 3.6).

Apply S, to both sides of (4.7) and use (2.1) as well as (2.4) to obtain

SeDaPry1 = (P + Ur(2) + Bla + 1) — an)S:De Py + 2aUsD2P, + Py — b,S; Dy Py 1.

Adding 1 times the previous equation and ¢ times (4.8), and then using the assumption (c), we
obtain

A1 Pt = A (o2 + Ui (z) + Bla+ 1) —an) P,
—20(¢S; Dy Py + UsyD2P,) — Py — by An—1Po—1.

Multiplying the latter equation by ¢ and using the relation ¥S,D,P, = —¢D2P, — A\, Py,
obtained from the assumption, and then substituting U; by (2012 - 1)m + B(a+ 1), we obtain
20(¢* — Up®) D3P = A1t Pt
+ [9? = 20,0 — A (0 = D)z + 28(a+ 1) — ap) Y] Py + An—1bnt0 Py

Taking ¢(z) = ¢o2? + ¢12 + ¢ and ¥(x) = P12 + ¥ and using the three-term recurrence
relation (4.10), we transform the above equation into

2
(¢° = U2t”)DiPu = Y ann+jPars, (4.11)
j=-2

where

[0F — A (a2 + (202 — 1) 1) [bpbp—1 + P1bp—1bpAn—1
200 ’

an,n-—2 =
ann—2 # 0, for b, >0,n=0,1,..., and 91 does not depend on n. |

Corollary 4.3. A family of monic orthogonal polynomials { P}, satisfies the relation (4.2)
if and only if P,(x) is a multiple of the Wilson polynomial, continuous dual Hahn polynomial
or Askey—Wilson polynomial py(x;a,b,c,d|q) and subcases, including limiting cases as one or
more parameters a, b, ¢, d tend to infinity.

Proof. The proof is deduced from Theorem 4.2, Corollary 3.9 and the fact that limiting cases
of Askey—Wilson polynomials as one or more parameters a, b, ¢, d tend to co are orthogonal
polynomials families (cf. [13, Remark 3.2]), see also [17]. [

Next, we turn our attention to the second structure relation.

Proposition 4.4. Let {P,} be a sequence of polynomials orthogonal with respect to a weight
function W on (a,b). If {D%Pn} s orthogonal with respect to the weight function W where 7
is a polynomial of degree at most 4, then there exist sequences of five elements {byn4;}, j =
—2,—-1,0,1,2 such that

2

Pn == Z bn7n+jD§Pn+j, bn7n+2 # 0, n = 2, 3, e
Jj=—2

Proof. Replace D, by D, in the proof of [17, Proposition 3.8]. [



Structure Relations of Classical Orthogonal Polynomials 19

Corollary 4.5. Wilson polynomials, continuous dual Hahn polynomials, Askey—Wilson polyno-
mials, special cases and limiting cases as one or more parameters a, b, ¢, d tend to oo, satisfy
the structure relation

2
Py(z) = Z bn,n-&-jDachn—s-j(x)- (4.12)
j=—2

Proof. Since those polynomials are orthogonal and they are the only solutions to (3.1), the
result is obtained by using Theorem 4.2 and Proposition 4.4. |

In the following proposition we show the connection of the structure relation (cf. [8, p. 118])
given by (1.13) to (4.12).

Proposition 4.6. The structure relation (1.13) is connected to our second structure rela-
tion (4.12) as follows:

SeMPy(2(5)) = Po(x(s)) + o 'D2 P,y (2(s)) + o te,D2P, 1 (x(s))
+a7 (b — @Pa(s) — Bla+1) = Ur((s)) + o*Uz((s))) Dy Pa((s)),

where b, and ¢, are coefficients of the three-term recurrence relation (1.1).

Proof. Observe that S, MP,(z(s)) = S2P,(z(s)), then take into account (2.4) to obtain
S2P,(x(s)) = Pu(2(s)) + Up(2(5))SeDs Py (x(s)) + als(x(s))D2 P, (2(s)).

Then use (4.8) to eliminate S;D,. [

Remark 4.7. From (4.11), {]D)%Pn}n22 is orthogonal with respect to

(6% (2(s)) — Uz(x(s))9*(x(5))) W ((5))-

So, there exists a constant ¢ > 0 such that

m(a(s)) = c(¢?(z(s)) — ((S)) *(2(s)))

—c (otate) = Y5 ute9)) (o) + Y5 ot

for Ug(a:(s)):<vx1 >2

where o(z(s)) and 7(x(s)) are functions defined by

Vi(s)

Fa(s), T(a(s) = dlals) + 5

o(xz(s)) = (x(s)) —
So, without loss of generality, we can take

m(a(s)) = ¢*(a(s)) — Ua((s))d* (a(s)).

Let us mention that the function o(z(s)) is the one defined by (3.3) and also appearing in the
proof of Theorem 3.4 and that of Theorem 3.6.
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5 Coefficients of the structure relations

5.1 The Wilson polynomials

Proposition 5.1. The first structure relation (4.2) for monic Wilson polynomials P, (82;(1, b,
c, d) is
82P,(s%;a,b, ¢, d)

2
(s +a®) (s* + b?) (s* + 2 (s* + d?) 532 Z anntjPosj(s*a,b,c.d),
=2

where

ann+2 =n(n —1),

Ann+1
’7:1411 » Uy Uy 1 Anf s Uy 17 1
i —1) (¢,bya,d+ 1)+ 1(b,a,c+1,d+1)

+ Ap—2(a,b+1,c+1,d+ 1)+ Apt1(d, b, c,a),

a
— " — (A(e,b,a,d+ 1)+ A,_q1(b 1,d+1
n(n—l) ( (Ca y @y + )+ 1( ,(I,C+ ) + )

—|—An 2(a,b+1,c+1,d+1))Ay(d,b,c,a) + (Ap_1(b,a,c+ 1,d + 1)
n—o(a,b+1,c+1,d+ )) n—1(c,bya,d+1)
2ab+1ac+17d+ )An_Q(b,a,C+1,d+1),

(
(
(
% - [(An (byae+1,d+1) + Ay o(a,b+ 1+ 1,d+ 1)) Ay_1(c,b,a,d + 1)
(
(

—o(a,b+1,c+1,d+ 1A, _2(b,a,c+1,d+ 1)]An,1(d, b,c,a)
+ An o(a,b+1,c+1,d+ 1)A,—2(b,a,c+1,d+ 1)A,—2(c,b,a,d+ 1),

Inn=2  _ A o(a,b+1,c41,d+1)An s(ba,c+1,d+1)

n(n —1)
X Ap—2(c,b,a,d+ 1)A,_2(d, b, c,a),

and A, (a,b,c,d) is defined in Lemma A.1.

Proof. Substitute the polynomial coefficients ¢(z(is)) and ¥(z(is)), z(2) = 22 of (4.3) given in
Corollary 3.8 and take into account the fact that

U2(x(is)):( o) - (18_2)>

to obtain w(z(is)) = (s* + a?) (s* + b?) (s* + ¢?) (s* + d?). Since

5P, (s a,b,c, d)
525

ID) P, (s a,b,c, d) =n(n— 1)Pn,2(52;a, b,c, d)
(see (A.4)), the structure relation (4.2) becomes

(32+a2)(52+62)(52+c2)(s +d*) P, a(s®a+ 1,0+ 1,c+1,d+1)

= Z ann+J Pnﬂ(sQ;a,b,c,d).

Replace n by n — 2 is the first equation of Lemma A.1, multiply the obtained equation by
(32 + b2) (82 + 02) (32 + d2) and use the second, third and the fourth relation of this lemma to
get apntj, J € {—2,...,2} in terms of A, ;. [ |
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Proposition 5.2. The second structure relation (4.12) for monic Wilson polynomials P, (52; a,b,
c, d) 18

2Pn+j (52; a,b,c, d)
5252 ’

2
Py(s*a,b,c,d) = Y bnﬂ%+j5
j=-2

where

(n+2)(n+ )by pto =1,
(n+1)(n)bpn—1 = Cn(b,a+1,¢,d) + Cp(a,b,c,d) + Cp(d,c+1,a+ 1,b+ 1)
+ Cplc,dya+ 1,0+ 1),
(n)(n — Dbppn—2 = (Cn(b,a+1,¢,d) + Crla,b,c,d)) (Cp_i1(d,c+1,a+1,b+ 1)
+ Choi(c,d;a+1,b+1)) + Crlc,dya+1,b+1)
X Cp—1(d,c+1,a+ 1,04+ 1) + Cy(a,b,¢,d)Cp—1(b,a + 1,¢,d),
(n—1)(n—2)bpn-s = (Cn(b,a+1,¢,d) + Cpn(a,b,¢,d))Cr-1(c,d,a+1,b+ 1)
X Cp—o(d,c+1,a+ 1,04+ 1) + Cy(a,b,c,d)Cp_1(b,a + 1,¢,d)
x (Cn(n—2,d,c+1,a+1,b+1) + Cpa(c,d,a+1,b+ 1)),
(n—2)(n—3)byn—a=Cp(b,a,c,d)Cp_i(a,b+1,c,d)Cp_2(d,c,a+1,b+1)
X Cp—s(c,d+1,a+ 1,0+ 1),

and Cy(a,b,c,d) is given in Lemma A.1.
Proof. From Corollary 4.5 and the relation (5.1), we obtain

2
Pn(s2;a, b, c, d) = Z (n+j)n+j— 1)bn7n+an_2+j(52;a +1,b+1,c+1,d+ 1).
j=—2

Take into account (A.2) to obtain
P, (s*a,b,¢,d) = Py(s*;a+1,b+1,¢,d) + (Cpn(b,a+ 1,¢,d) + Cyla,b,c,d))

X Pp1(s%*a+1,b+1,¢,d)
+ Cp(a,b,c,d)Cp_1(b,a+1,c,d)Pr_2(a+ 1,0+ 1,¢,d). (5.2)

Substitute ¢ by ¢+ 1 and d by d 4+ 1 to obtain

Pn(s2;a,b,c—|— 1,d+ 1) :Pn(SQ;aH— l,c+ 1,a—|—1,b—|—1)
+ (Cn(d,c+1,a+1,b+1) + Cp(e,dya+ 1,0+ 1)) Py (sd+ 1,e+ 1,a+ 1,0+ 1)
+ Cple,dya+ 1,0+ 1)Cpoi(dye+ 1,a+1,b+1)Pyo(s*d+ 1,e+ 1,a+ 1,0+ 1).

Permute a and ¢, b and d and use the fact that P, is symmetric with respect to its parameters
to obtain

Pn(SQ;a—i—l,b—i— 1,c,d) :Pn(SQ;CL—l-l,b—l- l,e+1,d+ 1)
+ (Cn(dye+1,a+1,b+1) + Cple,dya+ 1,0+ 1)) Py (s + 1,b+ 1,c+1,d + 1)
+Cnle,d,a+1,b+1)Croi(d,c+1,a+ 1,b+ 1) Py o(s®;a+1,b+ 1,c+ 1,d +1).

Take this relation into account in (5.2) to obtain the result. [
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5.2 The Askey—Wilson polynomials

Coefficients of the first structure relation (4.2) for the Askey—Wilson polynomials have been
given in [17]. As for those of the second structure relation we have the following:

Proposition 5.3. The Askey—Wilson polynomials satisfy the second structure relation

2
P.(z;a,b,c,d|q) = Z bn7n+jD2Pn+j(af;a, b,c,d|q), T = cos 0,
j=—2

where

Ynt+2Y¥n+1bnnt2 =1,
=2V Yn—1bnn+1 = Cn(b,aq, c,d) + Cy(a, b, ¢, d) + Cp(d, cq, aq, bq) + Cy(c, d, aq, bg),
Y 1Ybnn = (Cn(b, aq, c,d) + Cyp(a, b, c,d))(Cp-1(d, cq, aq, bq) + Cr—1(c, d, aq, bq))
+ Cy(e,d,aq,bq)Cr—_1(d, cq, aq,bq) + Cp(a,b,c,d)Cp_1(b,aq,c,d),
—8VnYn—1bnn—1 = (Cn(b,aq, c,d) + Cy(a,b, ¢, d))Cr-1(c, d, aq, bq)Cp—_2(d, cq, ag, bq)
+ Cp(a,b,c,d)Cp_1(b,aq,c,d)(Cn—2(d, cq,aq,bq) + Cr_2(c,d, aq,bq)),
167n—-1Yn—2bnn—2 = Cn(a,b,c,d)Cp_1(b, aq, ¢,d)Cr_2(c, d, aq, bq)Cy,—3(d, cq, aq, bg),
and
a(l — q”) (1 — bcq"‘l) (1 — bdq”_l) (1 — dcq”_l)

Cn(a,b,c,d) = (1 _ abcdq2”72) (1 _ abcdan*l)

is the coefficient appearing in Lemma A.2.

Proof. Use Corollary 4.5, the relation (A.5) with k = 2, as well as the fact that D, P, (z;a,b, c,
d|q) = DyPp(x;a,b,c,d|q) to obtain

2
Pn(x; a, b, C, d ’ Q) = Z '7n+j’7n71+jbn,n+jpn72+j(x; aq, an cq, dq ‘ Q)'
J—)

Substitute the second relation of Lemma A.2 into the first to obtain
4Pn($7 a, ba ¢, d ‘ q) = Cn(aa b7 ¢, d)Cn—l(b7 ag, ¢, d)Pn—Q(xa bq7 ag, ¢, d ’ Q)
+ 4Pn(x7 bQ7 ag, ¢, d ’ q) + _Q(Cn(b7 ag,c, d) + Cn(a“) b7 C, d))Pn_l(.fU, bq? aqg, ¢, d ‘ Q)

Substitute ¢ by cq, d by dq. Permute a and ¢, b and d and use the symmetric property of P,
with respect to its parameters to obtain

APy (;aq,bg, ¢, d | q) = 4Py (x5 dg, cq, aq,bq| q) — 2(Cn(d, cq, aq, bq) + Cn(c, d, aq, bq))
X Pn_l(.’L'; dQ7 cq, aq, bq | Q) + Cn(C, d7 aq, bq)Cn—l(d7 cq, aq, bQ)Pn—2($7 dq, cq,aq, bq‘Q)
Take into account this relation in the previous one to obtain the result. |

Remark 5.4. For the continuous g-Hermite polynomials 2" P, (z) = H,(x|q) (cf. [18, equa-
tion (14.26.1)]), the second structure relation (4.12) reads as

2
Pu(z) = Z b ntj Yntj Yn—14j Pn—2+5 (@),

j=—2
for Dy Py (2) = DyPr () = Y Pp—1(z) (cf. [18, equation (14.26.7)]). Therefore v,42Vn4+1bnnt2 =
1 and by pyj =0,7 = —2,...,1. Thus, for the monic continuous g-Hermite polynomials P,, the

right hand side of (4.12) is P,. This result is analogous to that of monic Hermite polynomials
for the second structure relation (1.2) (cf. [23, Table VI]).



Structure Relations of Classical Orthogonal Polynomials 23

6 Conclusion

We present another treatment of generalized Bochner theorem and develop two structure re-
lations for classical orthogonal polynomials of the quadratic and ¢-quadratic variable: a first
structure relation that we use to characterize Wilson polynomials, continuous dual Hahn poly-
nomials, Askey—Wilson polynomials and subcases, including limiting cases when one or more
parameters tend to oo, as the family of classical orthogonal polynomials of the quadratic and g-
quadratic variable; a second structure relation involving only the divided-difference operator D,
that generalizes the Wilson operator and the Askey—Wilson operator. Our treatment of the gene-
ralized Bochner theorem leads to explicit solutions of the difference equation [28, equation (1.3)].
This work generalizes the result in [13, Theorem 3.1] as well as our previous work (cf. [17]), where
we completed and proved the conjecture by Ismail (cf. [14, equation (24.7.9)]). Moreover, by
completing the work of Koornwinder (cf. [21]) as shown in [17] and that of Costas-Santos and
Marcellan (cf. [8]) in the present paper, we have illustrated that polynomials appearing in the
Askey scheme and g-Askey scheme [18] can be effectively studied by using only the operator D,.

A Appendix

In this section, we state and prove some contiguous relations for Wilson polynomials and Askey—
Wilson polynomials. To the best of our knowledge, those for Wilson polynomials are new.

Lemma A.1. The monic Wilson polynomials

Wn(SQ;a,b,c, d)
(-)n(a+b+c+d+n—1),

P, (52; a,b,c, d) =

where Wy, (s a,b,c, d) is given by (1.4), satisfy the contiguous relations

(s + a®)Py(s%a+ 1,b,¢,d) = Poi1(s%a,b,¢,d) + Ap(a,b,c,d) P, (s*;a,b, ¢,d),

(s +bg) (s ab+1cd) n+1(3 abcd)+A (bachn(SQ;a,b,c,d),

(s —l—c)P (s a,b,c+1, d) n+1(5 abcd)—|—A (cbadPn(SQ;a,b,c,d),

(s +d2) (s abcd-i—l) Pn_H(s abcd)—l—A(dbcaPn(s2'abcd),

P, (s*a,b,c,d) = Py(s*;a+ 1,b,¢,d) + Cpla,b,c,d)Po_1(s*;a + 1,b,¢,d), (A.1)

Pn(s a+1bcd) (s a—+1, b+1cd)
+Cp(bya+1,¢,d)Po_1(s*a+1,b+1,c,d), (A.2)

where

An(a’b’c’d):(a+b+c+d—|—n—1)(a+b+n)(a+c—|—n)(a+d+n)’
(a+b+c+d+2n—1)(a+b+c+d+2n)

Co(a,b,c,d) = nb+c+n—-—1)0b+d+n—-1)(c+d+n—-1)

C(a+b+ct+d+2n—(a+btct+d+2n—1)

are the coefficients appearing in the three-term recurrence relation [18, equation (9.1.5)] of

Pn(SQ; a,b,c, d).
Proof. For the first relation, write

n+1
(52 + a2)Pn(52; a—+1,b,c, d) = Z l; Pj (52; a,b,c, d),
§=0
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and use the fact that { P, (s a,b,c, d)} o 1s orthogonal with respect to the weight function

I'(a+is)I'(b+is)I'(c +1is)['(d + is)
T(2is)

w(s2;a, b, c, d) = ‘
on the interval (0;00) (cf. [18, equation (9.1.2)]), where I' is the gamma function, to obtain

zj/ooo (5% a,b,e.d) P2 (5% a,b, c,d)ds
:/Ooow(SQ;a,b,c,d)(82+a2)P (s®;a+1,b,¢,d)Pj(s*a,b,c,d)ds.
Use the relation
w(s’;a+1,b,¢,d) = (s* + a®)w(s%a,b,¢,d), (A.3)

obtained from the property I'(z 4+ 1) = 2I'(z), to obtain

lj/ (5 abcd) (s abcd)d
0

—/ w(s*;a+1,bc,d)Py(s*a+1,b,¢,d) Pj(s*;a,b,¢,d)ds = 0,
0

for j < n. That is
(s +a®) Py(s%a+ 1,b,¢,d) = Poy1(s%;a+ 1,b,¢,d) + 1, Py (s a,b, ¢, d).

Let s* = —a? and solve the equation to obtain I, = Ay(a,b,c,d). Since w(s* a,b,c,d) is sym-
metric with respect to a, b, c and d, and P, (s a,b,c, d) is monic, P, (s a,b,c, d) is symmetric
with respect to a, b, ¢ and d. Using this property, the second, third and fourth relation are
deduced from the first. Note that, since the family {P (s a+1,b,c, d)} _, Is orthogonal with
respect to (s?+a?)w(s%a,b,c,d) (see (A.3)), the polynomial (s +a?) is nonnegative on (0, 00)
for Re(a, b, ¢, d) > 0 and non-real parameters occur in conjugate pairs (see [18, p. 186]), the first
relation of the lemma can be also deduced from [14, Theorem 2.7.1].

For (A.1), expand P, (s*;a+1,b,c,d) in the basis P;(s* a,b, ¢, d); use the fact that { P, (s*;a,
b, c, d)} o is orthogonal with respect to w(s? a,b,c, d) as well as the relation (A.3) to obtain

P(s abcd) (s a—i—lbcd)—l—mn 1P — 1(5 a+1bcd)

Apply D, n — 1 time to both sides then use the relation, with k =n — 1,

Dk P (5% a,by e, d) = (—n) P <s at bt yet s dy ';) , (A.4)
obtained by iterating [18, equation (9.1.8)], with

Wa(s%a,b,c,d) = (=1)"(a+b+c+d+n—1),P,(s*a,b,cd),
and solve the equation with unknown m,,_; to obtain m,,_; = Cy,(a, b, c¢,d). For the last relation,

permute a and b in (A.1) then substitute a for a 4+ 1 and use the fact that P,(s%;b,a+1,¢,d) =
P.(s%a+1,b,c,d), for P, is symmetric with respect to its parameters, to obtain the result. W
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Lemma A.2 ([27]). The Askey—Wilson polynomials satisfy the contiguous relations

Ch(a,b,c,d; q)

2 Pn—l(-r;GIQ7b7cvd‘Q)7

Po(w;a,b,¢,d|q) = Pu(;aq,b,¢,d | q) —

Pz ag,b.¢,d|q) = Paasag,bg,e,d|g) ~ 00D b rcag, by, e, o),
where
1—¢")(1=beg" 1) (1 —bdg" ") (1 — deg™!
Coarb,e.dy = L= (A =beg" 1) (1 = bdg" ) (1 — deg™™)

(1 — abedg?=2) (1 — abedg® 1)
is the coefficient Cy, appearing in the three-term recurrence relation [18, equation (14.1.5)].

Proof. For the first relation, expand P, (z;a,b,c,d|q) in the basis {Pj(x;aq,b,c,d|q)}. Use
the orthogonality relation [5, equation (2.3)] as well as the relation w(z;aq,b,c,d|q) = (1 -
2az + a®)w(z;a,b,c,d|q) (cf. [5, p. 16]) to obtain

Pn(.’lj, a7 b7 Cv d ’ q) - Pn(x7 aq7 b7 C, d ‘ q) + tn_lpn_1<l'; aq7 ba C, d ‘ q)
Apply D;‘fl to both sides and take into account the relation

k k k k
D’;Pn_l(x;a,b, Cvd‘q) = TnVYn—1 ""7nfkflpn7k <$§a+ §>b+ 5,0—1— §vd+ 2|Q> ) (A5)

deduced from [18, equation (14.1.9)]. Solve the equation obtained for the unknown t,_; to get
the result. For the second relation, permute a¢ and b in the first one, substitute a by ag and
use the fact that P, is symmetric with respect to its parameters, that is P,(z;a,b,c,d|q) =
P,(z;b,a,c,d|q) (cf. [5, p. 15]), to obtain the result. |
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