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Abstract. In this paper by using hereditary classes [6], we define the
notion of y-Lindel6f modulo hereditary classes called yH-Lindel6f and
obtain several properties of yH-Lindelof spaces.

1 Introduction

Let (X, T) be a topological space and P(X) the power set of X. In 1991, Ogata
[13] introduced the notions of y-operations and y-open sets and investigated
the associated topology T, and weak separation axioms y-T; (i =0,1/2,1,2).
In 2011, Noiri [10] defined an operation on an m-structure with property
B (the generalized topology in the sense of Lugojan [8]). The operation is
defined as a function vy : m — P(X) such that U C y(U) for each U € m and
is called a y-operation on m. Then, it terns out that the operation is an unified
form of several operations (for example, semi-y-operation [7], pre-y-operation
[4]) defined on the family of generalized open sets. Moreover, he obtained
some characterizations of y-compactness and suggested some generalizations
of compact spaces by using recent modifications of open sets in a topological
space.

2010 Mathematics Subject Classification: 4A05, 54A10
Key words and phrases: y-operation, m-structure, m-open, y-open, hereditary class, H-
Lindelof, yH-Lindelof
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In this paper by using hereditary classes [6], we define the notion of y-
Lindel6f modulo hereditary classes called yH-Lindel6f and obtain several prop-
erties of yH-Lindelof spaces. Recently papers [1, 2, 3] have introduced some
new classes of sets via hereditary classes.

2 Preliminaries

First we state the following: in [11], a minimal structure m is defined as follows:
m is called a minima structure if ), X € m. However, in this paper, we define
as follows:

Definition 1 Let X be a nonempty set and P(X) the power set of X. A sub-
family m of P(X) is called a minimal structure (briefly m-structure) on X if
m satisfies the following conditions:

1. ), X e m.

2. The union of any family of subsets belonging to m belongs to m.

A set X with an m-structure is called an m-space and denoted by (X, m). Each
member of m is said to be m-open and the complement of an m-open set is
said to be m-closed.

Definition 2 [9] Let X be a nonempty set and m an m-structure on X. For
a subset A of X, the m-closure of A is defined as follows: mcl(A) =N{F: A C
FEX\Fem}.

Lemma 1 [9] Let X be a nonempty set and m an m-structure on X. For the
m-closure, the following properties hold, where A and B are subsets of X:

1. A C mcl(A),
mel(0) =0, mel(X) = X,
If A C B, then mcl(A) C mcl(B),

e e

mcl(mcl(A)) = mcl(A).

Lemma 2 [14] Let (X,m) be an m-space and A a subset of X. Then x €
mcl(A) if and only if UNA # () for every U € m containing x.
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Lemma 3 [15] Let (X,m) be an m-space and A a subset of X. Then, the
following properties hold:

1. A is m-closed if and only if mcl(A) = A,

2. mcl(A) is m-closed.

Definition 3 [10] Let (X, m) be an m-space and 'y an operation on m. A
subset A of X is said to be y-open if for each x € A there exists U € m such
thatx € U C y(U) C A. The complement of ay-open set is said to be y-closed.
The family of all y-open sets of (X, m) is denoted by y(X).

3 vyH-Lindelof spaces

First, we recall the definition of a hereditary class used in the sequel. A sub-
family H of the power set P(X) is called a hereditary class on X [6] if it
satisfies the following property: A € ‘H and B C A implies B € H.

Definition 4 Let (X, m,H) be a hereditary m-space and y an operation on
m, where H is a hereditary class on X. Then m-space (X, m) is said to be YH-
Lindeldf (resp. H-Lindeldf) if every cover {Uy : o« € A} of X by m-open sets,
there exists a countable subset Ay of A such that X\ U{y(Uy) : @ € Ao} € H
(resp. X\ U{Uqy: & € Ag} € H ).

Theorem 1 Let (X, m,H) be a hereditary m-space andy an operation on m,
where H is a hereditary class. Then the following properties are equivalent:

1. (X,v(X)) is H-Lindelof;

2. For every family {Fy : o« € A} of y-closed sets such that V{Fy : & € Ao} ¢
H for every countable subfamily Ay of A, Fy : @ € A} # (.

Proof. (1) = (2): Let (X,y(X)) be H-Lindelof. Suppose that N{Fy : « €
A} = 0, where Fy is y-closed set. Then X \ Fy is y-open for each & € A and
Uaea(X\ Fo) = X\ Nuea(Fa) = X. By (1), there exists a countable subfamily
Ao of A such that X\ Ugea, (X \ Fo) = N{Fo : ot € Ag} € H. This is a contra-
diction.

(2) = (1): Suppose that (X,y(X)) is not H-Lindelof. There exists a cover
{Uy : @ € A} of X by y-open sets such that X\ W{Uy : & € Ao} ¢ H for
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every countable subset Ay of A. Since X \ Uy is y-closed for each o« € A and
N{(X\ Ugy) : &« € Ag} ¢ H for every countable subset Ay of A. By (2), we have
N{(X\ Uy) : « € A} # (. Therefore, X \ U{Uq : & € A} # (. This is contrary
that {Uy : « € A} is a y-open cover of X.

]

Lemma 4 [10] Let (X, m) be an m-space. For y(X), the following properties
hold:

1. 0, X e y(X),
2. If Ay € Y(X) for each o € A, then UgepAq € Y(X),
3. v(X) Cm.

Definition 5 [10] An m-space (X, m) is said to be y-regular if for each x € X
and each U € m containing x, there exists V. € m such thatx € V C y(V) C U.

Lemma 5 [10] For an m-space (X, m), the following properties are equiva-
lent:

1. m=vy(X);
2. (X,m) is y-regular;

3. For each x € X and each U € m containing x, there exists W € y(X)
such that x € W C y(W) C U.

Theorem 2 Let (X, m,H) be a hereditary m-space andy an operation on m,
where H is a hereditary class. The implications (1) = (2) = (3) = (4) hold.
If (X, m) is y-regular, then the following properties are equivalent:

1. (X, m) is H-Lindeldf;

2. (X,m) is YH-Lindeldf;
3. (X,v(X)) is H-Lindelof;
4. (X,v(X)) is yH-Lindeldf.

Proof. (1) = (2): Let (X, m) be H-Lindel6f. For any cover {Uy : @ € A} of X
by m-open sets, there exists a countable subset Ay of A such that X\ U{y(U«x) :
o€ A} € X\ WU : & € Ap} € H. Therefore, (X, m) is yH-Lindelof.
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(2) = (3): Let (X,m) be yH-Lindeléf and {Uy : o« € A} a cover of X by
v-open sets. For each x € X there exists a(x) € A such that x € Ug(y). Since
Uy (x) is y-open, there exists V() € m such that x € V) € v(Vix)) € Uy
Since the family {Vy() : x € X} is a cover of X by m-open sets and (X, m) is
YH-Lindel6f, there exists a countable number of points, say, x1,%x2,X3,--- € X
such that X\ U2,y (Vy(x)) € H and hence X \ U2 Uy (y,) € H. This shows that
(X,v(X)) is H-Lindeldf.

(3) = (4): By Lemma 4, y(X) is an m-structure and it follows that the
same argument as (1) = (2) that (X,y(X)) is yH-Lindelof.

(4) = (1): Suppose that (X, m) is y-regular. Let (X,y(X)) be yH-Lindelof.
Let {Uy : o € A} be any cover of X by m-open sets. For each x € X, there
exists o(x) € A such that x € Ugy(y). Since (X,m) is y-regular, by Lemma
5 there exists Vy(x) € Y(X) such that x € Vi) € v(Vgr) € Uyx)- Since
{Va) : x € X} is a cover of X by y-open sets and (X,y(X)) is yH-Lindelof,

there exist a countable number of points, say, Xj,X2,%3,--- € X such that
XA\ UZ1Y(Vixy)) € H; and hence X\ U2 Uy(y,) € H. This shows that (X, m)
is ‘H-Lindelof. O

Definition 6 Let (X, m,H) be a hereditary m-space. A subset A of X is said
to be YH-Lindeldf relative to X if for every cover {Uy : & € A} of A by m-open
sets of X, there exists a countable subset Ay of A such that A\ U{y(Uy) : & €
Ao} eH.

Theorem 3 Let (X,m,H) be a hereditary m-space. If A is y-closed and B
18 YH-Lindeldf relative to X, then A N B is yH-Lindeldf relative to X.

Proof. Let {Vy : @ € A} be a cover of A N B by m-open subsets of X. Then
{Vqa : ¢ € AJU{X \ A} is a cover of B by m-open sets. Since X \ A is y-
open, for each x € X'\ A, there exists an m-open set V, such that x € V, C
Y(Vi) € X\ A. Thus {Vg : «x € AJU{Vy : x € X\ A} is a cover of B by m-
open sets of X. Since B is yH-Lindelof relative to X, there exist a countable
subset Ag of A and a countable points, says x1,x2,--- € X\ A such that
B C [(Uxea,Y(Va)) U (U2 v(Vi )] U Hy € H, where Hy € H. Hence A N
B C [(Uxea Y(Va) NA) U (U2 (Vx) NA)U (AN H) € Usea, Y (V) U Ho.
Therefore, A N B \ (Uxea,Y(Va)) € Ho € H. Hence A N B is yH-Lindelof
relative to X. 0

Corollary 1 If a hereditary m-space (X,m,H) is YH-Lindeldf space, then
every y-closed subset of X is YH-Lindeldf relative to X.
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Proof. The proof is obvious by Theorem 3. O

Lemma 6 [12] For a hereditary m-space (X, m,H), the following properties
hold:

1. my, is an m-structure on X such that my, has property B and m C my,.

2. B(m,H) ={U\H:U e mH € H} is a basis for m],. such that m C
B(m, H).

Theorem 4 Let (X, m,H) be a hereditary m-space. Then the following prop-
erties hold:

1. If (X,mf, H) is H-Lindeldf, then (X, m,H) is H-Lindeldf.

2. If (X,m,H) is H-Lindelof and H is closed under countable union, then
(X, mj, H) is H-Lindeldf.

Proof. (1): The proof follows directly from the fact that every m-closed set
is my;-closed.

(2): Suppose that H is closed under countable union and X is H-Lindel6f.
Let {Uy : @ € A} be an mj-open cover of X, then for each x € X, x € Uy for
some «(x) € A. By Lemma 6 there exist V() € m and Hy(y) € H such that
X € Vix) \Hyx) € Ug(y)- Since {Vy(x) @ @(x) € A}is an m-open cover of X, there
exists a countable subset Ag of A such that X\ U{Vyy) : (x) € Ao} = H € H.
Since H is closed under countable union, then U{Hy«) : a(x) € Ao} € H.
Hence, HU [U{H(X(X) Ta(x) € AO}} € H. Observe that X\ U{Uy : & € Ag} C HU
[U{H(X(X) tax) € Ao}] € H. By the heredity property of H we have X\ U{U :
o € Ao} € H and therefore, (X, my;, H) is H-Lindelof. O

4 Strongly H-Lindelof spaces
Definition 7 A subset A of a hereditary m-space (X, m,H) is said to be:

1. Strongly H-Lindelof relative to X if for every family {Vy : « € A} of
m-open sets such that A\ UgeaVs € H, there exists a countable subset
Ao of A such that A\ Ugep,Va € H. If A =X, then (X, m,H) is said to
be Strongly H-Lindelof.
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2. Strongly YH-Lindelof relative to X if for every family {Vy : o« € A} of
m-open sets such that A\ UyeaVx € H, there exists a countable subset
Ay of A such that A\ Ugen,Y(Va) € H. If A =X, then (X, m,H) is said
to be Strongly yH-Lindeldf.

Theorem 5 Let (X, m,H) be a hereditary m-space. Then the following prop-
erties hold:

1. If (X, my,, H) is Strongly H-Lindeldf, then (X, m,H) is Strongly H-Lindeldf.

2. If (X,m,H) is Strongly H-Lindeldf and H is closed under countable
union, then (X, my, H) is Strongly H-Lindeldf.

Theorem 6 Let (X, m,H) be a hereditary m-space. Then the following prop-
erties are equivalent:

1. (X,m,H) is Strongly H-Lindeldf;

2. If {Fo: &« € A} is a family of m-closed sets such that "{Fy : x € A} € H,
then there exists a countable subfamily Ay of A such that {Fy : & €
Ao} eH.

Proof. Suppose that (X, m,#H) is Strongly H-Lindeldf. Let {Fy : « € A} be a
family of m-closed sets such that N{Fy : « € A} € H. Then {X\ Fy : «x € A}
is a family of m-open sets of X. Let H = N{Fy : « € A} € H. Let X\ H =
X\ N{Fy:ax e A} =U{X\ Fy: a e A}. Since (X, m,H) is Strongly H-Lindelof,
there exists a countable Ay of A such that X \ U{X \ Fy : & € Ag} € H. This
implies that N{Fy: @ € A} € H.

Conversely, let {Vy : o« € A} be any family of m-open sets of X such that
X\ UgeaVy € H. Then {X\ V4 : & € A} is a family of m-closed sets of X. By
assumption we have N{X\ V4 : @« € A} € H and there exists a countable subset
Ao of A such that N{X\ Vy : & € Ao} € H. This implies that X \ U{V, : & €
Ao} € H. This shows that (X, m,H) is Strongly H-Lindelof.

O

Definition 8 A subset A of a hereditary m-space (X, m,H) is said to be mH4-
closed if for every U € m with A\ U € H, mcl(A) C U.

Proposition 1 Let (X, m,H) be a hereditary m-space. If (X, m,H) is Strongly
H-Lindelof and A C X is mHg-closed, then A is Strongly H-Lindelof relative
to X.
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Proof. Let {V, : & € A} be a family of m-open subsets of X such that A \
UxeaVa € H. Since A is mH4-closed, mcl(A) C UgeaVa. Then (X\mcl(A))U
[Uxea Vol is an m-open cover of X and so X\ [(X\ mcl(A)) U [UgeaVall € H.
Since X is Strongly H-Lindeldf, there exists a countable subset Ay of A such
that X \ [(X\ mCL(A)) U [UneagVell € H. X\ [(X\ mCL(A)) U [Unea Vel =
mcl(A) N (X\ Uxea, Vo) 2 A\ Uxea, V. Therefore, A\ Uxea, Vo € H. Thus,
A is Strongly H-Lindelof relative to X. O

Theorem 7 Let (X, m,H) be a hereditary m-space. Let A be an mHy-closed
set such that A C B C mcl(A). Then A is Strongly H-Lindeldf elative to X if
and only if B is Strongly H-Lindeldf relative to X.

Proof.

Suppose that A is Strongly H-Lindelof elative to X and {Vy : @ € A} is a
family of m-open sets of X such that B\UyecaVa € H. By the heredity property,
A\ UgeaVa € H and A is Strongly H-Lindel6f elative to X and hence there
exists a countable subset Ay of A such that A \ Uyea,Va € H. Since A is
mHg-closed, mcl(A) € Uxen, Vo and so mel(A) \ Uxea, Vo € H. This implies
that B\ Uxea, Va € H.

Conversely, suppose that B is Strongly H-Lindeldf elative to X and {Vy : @ €
A} is a family of m-open subsets of X such that A\ UycaVy € H. Given that A
is mHg-closed, mcl(A) \ UyeaVa =0 € H and this implies B C UyeaVx € H.
Since B is Strongly H-Lindeldf elative to X, there exists a countable subset Ay
of A such that B \ Uyea,Va € H. Hence A \ Ugep, Vo € H. O

5 (v,d)-continuous functions

Definition 9 Let (X, m) and (Y,n) be minimal spaces and y (resp. 8) be an
operation on m (resp. n). Then a function f: (X;m) — (Y,n) is said to be
(v, 8)-continuous if for each x € X and each V € n containing f(x), there
ezists U € m containing x such that f(y(U)) C §(V).

Lemma 7 Let f: X — Y be a function.
1. If H is a hereditary class on X, then f(H) is a hereditary class on Y.
2. If H is a hereditary class on Y, then £~V (H) is a hereditary class on X.

Proof. (1): This is due to Lemma 3.8 of [5].
(2): Let A C f7'(H), where H € H. Then f(A) C f(f"'(H)) C H. Hence
f(A) € H and A C f1(f(A)) € 1 (H) and hence A € 1 (H). O
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Theorem 8 Let (X,m) and (Y,n) be minimal spaces and y (resp. §) be an
operation on m (resp. 1) and H be a hereditary class on X. If (X, m,H) is
YH-Lindeldf and f: (X, m,H) — (Y,n) is a (y,d)-continuous surjection, then
(Y,n,f(H)) is 6f(H)-Lindelof.

Proof. Let {Vy : « € A} be any cover of Y by n-open sets. For each x € X, there
exists a(x) € A such that f(x) € V(). Since f is (v, 6)-continuous, there exists
U, (x) € m containing x such that f(y(Uy(x))) € 6(Vy(x)). Since {Uy(y : x € X}
is a cover of X by m-open sets and (X, m,#) is yH-Lindeldf, there exist a
countable points x7,%2,%3,--- € X such that X\ U2;y(Uy(x,)) = Ho , where
Ho € H. Therefore, we have Y C (U, y(Ugy,))) U f(Ho) € U2 6(Vy(x,)) U

f(Ho). Hence (Y,n,f(#)) is 6f(H)-Lindelof. O

Definition 10 [11] A function f: (X,m) — (Y,n) is said to be M-closed if
for each m-closed set F of X, f(F) is n-closed in Y.

Theorem 9 Let f: (X,m) — (Y,n,H) be an M-closed surjective function.
If for every y € Y, £ 1(y) is Strongly £~ (H)-Lindelof in X, then f~1(A) is
Strongly 1 (H)-Lindeldf relative to X whenever A is Strongly H-Lindeldf rel-
ative to Y and A\ U € H for every U € n.

Proof. Let {V, : @ € A} be a family of m-open subsets of X such that f~1(A)\
WVy: ot € A} € f71(H). For each y € A there exists a countable subset Ag(y)
of A such that f1(y) \ U{Vy : & € Ao(y)} € F1(H). Let Vy = U[Vy: « €
Ao(y)}. Each Vy is an m-open set in (X, m) and f1(y) \Vy € 1 (H).

Now each set f(X —Vy) is n-closed in Y and hence, U(y) =Y — f(X — Vy)
is n-open in Y. Note that f~'(U(y)) C Vy. Thus, {U(y) : y € A} is a family of
n-open subsets of Y such that A\ U{U(y) : y € A} € H. Since A is Strongly
H-Lindelof relative to Y, there exists a countable subset {U(y;) : i € N} such
that A\ U{U(y;) : i € N} € H and hence f1[A\ U{U(y;) : 1 € N}l = f1(A)\
Uf T (U(yy)) : i € N} € £71(H). Since f1(A)\ UV, : 1 € N} C f1(A)\
UF T (UW(yi)) 1 1 € N}, then FHA)\U{Vy, 1€ N} = fFHA)\UVy: a €
Ao(yi),1i € N} € f71(H). Hence, f~'(A) is Strongly f~' (#H)-Lindeldf relative to
X. O

A subset K of an m-space is said to be m-compact [14] if every cover of K
by m-open sets of X has a finite subcover.

Theorem 10 Let f: (X,m) — (Y,n,H) be an M-closed surjective function.
If for every y €Y, £71(y) is m-compact in X, then f71(A) is £~ (H)-Lindeldf
relative to X whenever A is H-Lindeldf relative to Y.
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Proof. Let {Vy : & € A} be a cover of f'(A) by m-open sets of X. For
each y € A there exists a finite subset Ag(y) of A such that f~'(y) C U{V, :
o € Ao(y)) Let Vy = U{Vy 1 a € Ag(y)}. Each Vy is an m-open set in
(X,m) and f'(y) C Vy. Since f is M-closed, by Theorem 3.1 of [11] there
exists an n-open set Uy containing y such that £ (Uy) € V4. The collection
{Uy : y € A} is a cover of A by n-open sets of Y. Hence, there exists a
countable subcollection {Uy) : 1 € N} such that A\ U{Uyy) @1 € N} € H.
Then 1 (A\ U{Uy;) 11 € N} = 1A\ UF T (Uy) 1€ N} € £71(H). Since
fHANUVy ) 1€ NFC T AN\UF (Uyg) 11 € N}, then £ (A)\ UV
ieN}e f1(H). Thus, f'(A) is fT(H)-Lindelof relative to X. O

References

[1] A. Al-Omari and T. Noiri, On operators in ideal minimal spaces, Mathe-
matica, 58 (81), No 1-2, (2016), 3-13.

[2] A. Al-Omari and T. Noiri, Operators in minimal spaces with hereditary
classes, Mathematica, 61 (84), No 2, (2019), 101-110.

[3] A. Al-Omari and T. Noiri, Properties of yH-compact spaces with hered-
itary classes, Atti della Accademia Peloritana dei Pericolanti, Classe di
Scienze Fisiche, Matematiche e Naturali, 98 No. 2 (2020), A4 [11 pages].

[4] T. V. An, D. X. Cuong and H. Maki, On operation-preopen sets in topo-
logical spaces, Sci. Math. Japon., 68 (2008), 11-30.

[5] C. Carpintero, E. Rosas, M. Salas-Brown and J. Sanabria, p-Compactness
with respect to a hereditary class, Bol. Soc. Paran. Mat. (3s), 34(2)
(2016), 231-236.

[6] A. Csaszar, Modification of generalized topologies via hereditary classes,
Acta Math. Hungar., 115 (1-2) (2007), 29-35.

[7] G. Sai Sundara Krishnan, M. Ganster and K. Balachandran, Operation
approaches on semi-open sets and applications, Kochi J. Math., 2 (2007),
21-33.

[8] S. Lugojan, Generalized topology, Stud. Cerc. Mat., 34 (1982), 348-360.

[9] H. Maki, K. C. Rao and A. Nagoor Gani, On generalization semi-open
and preopen sets, Pure Appl. Math., 49 (2011), 17-29.



Generalizations of Lindeldf spaces via hereditary classes 291

[10] T. Noiri, A unifed theory for generalizations of compact spaces, Ann.
Univ. Sci. Budapest., 54 (2011), 79-96.

[11] T. Noiri and V. Popa, A unified theory of closed functions, Bull. Math.
Soc. Sci. Math. Roumanie, 49(97)(4) (2006), 371-382.

[12] T. Noiri and V. Popa, Generalizations of closed sets in minimal spaces
with hereditary classes, Ann. Univ. Sci. Budapest., 61 (2018), 69-83.

[13] H. Ogata, Operations on topological spaces and associated topology,
Math. Japan., 36 (1991), 175-184.

[14] V. Popa and T. Noiri, On M-continuous functions, An. Univ. “Dunarea
de Jos” Galati, Ser. Mat. Fiz. Mec. Teor. (2), 18(23) (2000), 31-41.

[15] V. Popa and T. Noiri, On weakly (T, m)-continuous functions, Rend. Circ.
Mat. Palermo (2), 51 (2002), 295-316.



A
M‘ AcTtA UNIV. SAPIENTIAE, MATHEMATICA, 13, 2 (2021) 292-304

DOI: 10.2478 /ausm-2021-0018

On expansive homeomorphism of uniform

Sspaces
Ali Barzanouni Ekta Shah
Department of Mathematics, Department of Mathematics,
School of Mathematical Sciences, Faculty of Science,
Hakim Sabzevari University, The M. S. University of Baroda,
Sabzevar, Iran Vadodara, India
email: barzanouniali@gmail.com email: ektal190010@gmail.com

shah.ekta-math@msubaroda.ac.in

Abstract. We study the notion of expansive homeomorphisms on uni-
form spaces. It is shown that if there exists a topologically expansive
homeomorphism on a uniform space, then the space is always a Haus-
dorff space and hence a regular space. Further, we characterize orbit
expansive homeomorphisms in terms of topologically expansive home-
omorphisms and conclude that if there exist a topologically expansive
homeomorphism on a compact uniform space then the space is always
metrizable.

1 Introduction

A homeomorphism h : X — X defined on metric space X is said to be an ex-
pansive homeomorphism provided there exists a real number ¢ > 0 such that
whenever x,y € X with x # y then there exists an integer n (depending on
x,Y) satisfying d(h™(x), h™(y)) > c. Constant c is called an expansive constant
for h. In 1950, Utz, [18], introduced the concept of expansive homeomorphisms

2010 Mathematics Subject Classification: Primary 37B99, 37C50, Secondary 54H20
Key words and phrases: expansive homeomorphism, orbit expansive homeomorphism,
uniform spaces

292



Expansive homeomorphism 293

with the name unstable homeomorphisms. The examples discussed in this pa-
per on compact spaces were sub dynamics of shift maps, thus one can say that
the theory of expansive homeomorphisms started based on symbolic dynamics
but it quickly developed by itself.

Much attention has been paid to the existence / non—existence of expansive
homeomorphisms on given spaces. Each compact metric space that admits
an expansive homeomorphism is finite-dimensional [13]. The spaces admitting
expansive homeomorphisms include the Cantor set, the real line/half-line, all
open n—cells, n > 2 [12]. On the other hand, spaces not admitting expansive
homeomorphisms includes any Peano continuum in the plane [9], the 2-sphere
the projective plane and the Klein bottle [8].

Another important aspects of expansive homeomorphism is the study of its
various generalizations and variations in different setting. The very first of
such variation was given by Schwartzman, [16], in 1952 in terms of positively
expansive maps, wherein the points gets separated by non—negative iterates
of the continuous map. In 1970, Reddy, [14], studied point-wise expansive
maps whereas h—expansivity was studied by R. Bowen, [4]. Kato defined and
studied the notion of continuum-wise expansive homeomorphism [10]. Shah
studied notion of positive expansivity of maps on metric G—spaces [17] whereas
Barzanouni studied finite expansive homeomorphisms [2]. Tarun Das et al. [7]
used the notion of expansive homeomorphism on topological space to prove
the Spectral Decomposition Theorem on non—compact spaces. Achigar et al.
studied the notion of orbit expansivity on non-Hausdorff space [1]. Authors
in [3] studied expansivity for group actions. In this paper we study expansive
homeomorphisms on uniform spaces.

In Section 2 we discuss preliminaries regarding uniform spaces and expan-
sive homeomorphisms on metric /topological space required for the content of
the paper. The notion of expansive homeomorphisms on topological spaces was
first studied in [7] whereas on uniform spaces was first studied in [6] in the form
of positively topological expansive maps. In Section 3 of this paper we define
and study expansive homeomorphism on uniform spaces. Through examples it
is justified that topologically expansive homeomorphism is weaker than metric
expansive homeomorphism whereas stronger than expansive homeomorphism
defined on topological space. Further, we show that if a uniform space admits
a topologically expansive homeomorphism then the space is always a Haus-
dorff space and hence a regular space. The notion of orbit expansivity was
first introduced in [1]. A characterization of orbit expansive homeomorphism
on compact uniform spaces is obtained in terms of topologically expansive
homeomorphism. As a consequence of this we conclude that if there is a



294 A. Barzanouni, E. Shah

topologically expansive homeomorphism on a compact uniform space then
the space is always metrizable.

2 Preliminaries

In this Section we discuss basics required for the content of the paper.

2.1 Uniform spaces

Uniform spaces were introduced by A. Weil [19] as a generalization of metric
spaces and topological groups. Recall, in a uniform space X, the closeness of a
pair of points is not measured by a real number, like in a metric space, but by
the fact that this pair of points belong or does not belong to certain subsets
of the cartesian product, X x X. These subsets are called the entourages of the
uniform structure.

Let X be a non-empty set. A relation on X is a subset of X x X. If U is a
relation, then the inverse of U is denoted by U~! and is a relation given by

U™ ={(y,%) : (x,y) € W.

A relation U is said to be symmetric if U =U"". Note that UN U™ is always
a symmetric set. If U and V are relations, then the composite of U and V is
denoted by U oV and is given by

UoV ={(x,z) € Xx X:3y € X such that (x,y) € V& (y,z) € U}.

The set, denoted by Ay, given by Ax = {(x,x) : x € X} is called the identity
relation or the diagonal of X. For every subset A of X the set U[A] is a subset
of X and is given by U[A] ={y € X : (x,y) € U, for some x € A}. In case
if A = {x} then we denote it by U[x] instead of U[{x}]. We now recall the
definition of uniform space.

Definition 1 A uniform structure (or uniformity) on a set X is a non—empty
collection U of subsets of X x X satisfying the following properties:

IfUel, then Ax C U.

IfUel, then U €U.

IfUel, then VoV C U, for some V € U.
If U and V are elements of U, then UNV € U.
IfUeld andUCV CXxX, thenVeEU.

AR R
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The pair (X,U) (or simply X) is called as a uniform space.

Obviously every metric on a set X induces a uniform structure on X and
every uniform structure on a set X defines a topology on X. Further, if the
uniform structure comes from a metric, the associated topology coincides with
the topology obtained by the metric. Also, there may be several different uni-
formities on a set X. For instance, the largest uniformity on X is the collection
of all subsets of X x X which contains Ax whereas the smallest uniformity on X
contains only X x X. For more details on uniform spaces one can refer to [11].

Example 1 Consider R with usual metric d. For every € > 0, let

ug‘ = {(x,y) eR?: d(x,y) < e}
Then the collection
Z/ld:{EQRZ:USQE, forsomee>0}

is a uniformity on R. Further, let p be an another metric on R given by
p(x,y) =le*—eY], x,y e R. If for e >0,

2= {0 y) R ploy) <}
then the collection
U—{ECRZ'U"CEf }
o= C Ul C or some € > 0

s also a uniformity on R. Note that these two uniformities are distinct as the
set {(x,y) : [x —y| < 1} is in Ug but it is not in U,.

Let X be a uniform space with uniformity /. Then, the natural topology,
Ty, on X is the family of all subsets T of X such that for every x in T, there is
U € U for which U[x] C T. Therefore, for each U € U, U[x] is a neighborhood
of x. Further, the interior of a subset A of X consists of all those points y of
X such that U[y] C A, for some U € U. For the proof of this, one can refer
to [11, Theorem 4, P.178]. With the product topology on X x X, it follows
that every member of I/ is a neighborhood of Ax in X x X. However, converse
need not be true in general. For instance, in Example 1 every element of Uy

is a neighborhood of Ag in R? but {(x,y) x—yl < %Iyl} is a neighborhood

of Agr but not a member of Uy. Also, it is known that if X is a compact
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uniform space, then U consists of all the neighborhoods of the diagonal Ax [11].
Therefore for compact Hausdorff spaces the topology generated by different
uniformities is unique and hence the only uniformity on X in this case is the
natural uniformity. Proof of the following Lemma can be found in [11].

Lemma 1 Let X be a uniform space with uniformity U. Then the following
are equivalent:

1. X is a Ty—space.
2. X is a Hausdorff space.
3. MU:Uelu}=Ax.

4. X is a regular space.

2.2 Various kind of expansivity on metric/topological spaces

Let X be a metric space with metric d and let f : X — X be a homeomorphism.
For x € X and a positive real number c, set

le(x, f) ={y : d(f™(x), " (y)) < ¢,¥n € Z}.

Ie(x, ) is known as the dynamical ball of x of size c. Note that for each c,
Ie(x, ) is always non—empty. We recall the definition expansive homeomor-
phism defined by Utz [18].

Definition 2 Let X be a metric space with metric d and let f: X — X be a
homeomorphism. Then f is said to be a metric expansive homeomorphism, if
there exists ¢ > 0 such that T.(x,f) = {x}, for all x € X. Constant c is known
as an expansive constant for f.

In the following we give some known example of metric expansive homeo-
morphisms.

Example 2 1. Consider the set of real numbers R with usual metric d.
For o« € R\ {0,1,—1}, define fy : R — R by fy(x) = ax. Then fy is a
metric expansive homeomorphism with any positive real number ¢ as an
expansive constant.

2. Consider X = {:l:%,:t (1 — %)} with the metric d given by d(x,y) =
Ix —yl|. Let f: X — X be a map which fixres 0,1,—1 and takes any
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element x € X\ {0,1,—1} to its immediate right element. Then f is
a metric expansive homeomorphism with expansive constant c, where
0O<c< i

The notion of metric expansive homeomorphism is independent of the choice
of metric if the space is compact but not the expansive constant. If the space
is non—compact, then the notion of metric expansivity depends on the choice
of metric even if the topology induced by different metrics are equivalent. For
instance, see Example 4. Different variants and generalizations of expansivity
are studied. We study few of them in this section.

Let (X,7T) be a topological space. For a subset A C X and a cover U of X
we write A < U if there exists C € U such that A C C. If V is a family of
subsets of X, then V < U/ means that for each A € V, A < Y. If, in addition
V is a cover of X, then V is said to be refinement of U. Join of two covers U
and V is a cover given by U AV ={UNV|U €U,V € V}. Every open cover U
of cardinality k can be refined by an open cover V = /\1-;1 U such that V < U
and V AV = V. The notion for orbit expansivity for homeomorphisms was
first defined in [1]. We recall the definition.

Definition 3 Let f : X — X be a homeomorphism defined on a topological
space X. Then f is said to be an orbit expansive homeomorphism if there is a
finite open cover U of X such that if for each n € Z, the set {f™(x), ™ (y)} < U,
then x =y. The cover U of X is called an orbit expansive covering of f.

It can be observed that if f is an orbit expansive homeomorphism on a
compact metric space and U is an orbit expansive covering of f, then U/ is a
generator for f and therefore f is an expansive homeomorphism. Conversely,
every expansive homeomorphism on a compact metric space has a generator
U, which is also an orbit expansive covering of f. Hence on compact metric
space expansivity is equivalent to orbit expansivity. Another generalization of
expansivity was defined and studied in [7]. We recall the definition.

Definition 4 Let X be a topological space. Then a homeomorphism f: X — X
15 said to be an expansive homeomorphism if there exists a closed neighborhood
N of Ax such that for any two distinct x,y € X, there is n € Z satisfying
(f*(x), f™(y)) ¢ N. Neighborhood N is called an expansive neighborhood for f.

Note that the term used in [7] is topologically expansive but we used the
term expansive in above definition to differentiate it from our definition of
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expansivity on uniform spaces. Obviously, metric expansivity implies expan-
sivity. Through examples it was justified in [7], that in general expansivity
need not imply metric expansivity. Also, similar to proof of [15, Theorem 4],
one can show that on a locally compact metric space X, if f is expansive with
expansive neighborhood N, then for every € > 0 we can construct a metric
d compatible with the topology of X such that f is a metric expansive with
expansive constant € > 0.

3 Topologically expansive homeomorphism

In this section we study expansive homeomorphisms on uniform spaces. The
notion was first defined in [6]. Let X be an uniform space with uniformity U
and f: X — X be a homeomorphism. For an entourage D € U let

rD(X) f) :{U : (fn(X)>fn(1J)) € D) Vn e Z}

Definition 5 Let X be an uniform space with uniformity U. A homeomor-
phism f : X — X is said to be a topologically expansive homeomorphism, if
there exists an entourage A € U, such that for every x € X,

rA (Xa f) = {X}

Entourage A s called an expansive entourage.

Since every entourage A € U contains some closed neighborhood F of A,
it follows that every topologically expansive homeomorphism is an expansive
homeomorphism. But in general converse need not be true as we can observe
from the following Example:

Example 3 Consider R with the uniformity Uy as given in FExample 1. Then
the translation T defined on R by T(x) = x+1 is an expansive homeomorphism
with an expansive neighbourhood N = {(x,y) € R? : |x —y| < e *}. Note that
N & U. In fact, it is easy to observe that T is not topologically expansive.

Example 4 Consider R with uniformities U, and Uy as given in Example 1.
Define a homeomorphism f: R — R by f(x) =x+ In2. Then it can be easily
verified that f is topologically expansive for a closed entourage A € U, but not
for any closed entourage D € Uy. Further, observe that f is metric expansivity
with respect to metric p but s not metric expansive with respect to metric d.
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From Example 3, it can be observed that topologically expansivity is stronger
than expansivity whereas from Example 4, it can be concluded that it is weaker
than metric expansivity. Also, from Example 4, it can be concluded that the
notion of topological expansivity depends on the choice of uniformity on the
space and the notion of metric expansivity depends on the metric of the space.
In spite of expansivity, in the following Proposition we show that if a uniform
space admits a topologically expansive homeomorphism, the space is always
Hausdorff space.

Proposition 1 Let X be a uniform space with uniformityU and let f : X — X
be a topologically expansive homeomorphism. Then X is always a Hausdorff
space.

Proof. Let D be an expansive entourage of f. Since U is a uniformity on X
there exists a symmetric set E € U, such that

EoE C D.

Given two distinct points x and y of X, by topological expansivity of f, there
exists n in Z, such that (f™(x),f"(y)) ¢ D. But this implies

(f*(x),f*(y)) ¢ Eo E.

Let U = f ™ (E[f"(x)]) and V = f (E[f"(y)]). Then int(U) and int(V) are
open subsets of X with x € int(U) and y € int(V). Further, UNV = 0.
For, if t € U NV, then f*(t) € E[f*(x)] N E[f"(y)]. But this implies that
(f"(x),f"(y)) € EoE, which is a contradiction. Hence X is a Hausdorff space. [J

Following Corollary is a consequence of just Proposition 1 and Lemma 1.

Corollary 1 If uniform space X admits a topological expansive homeomor-
phism then X is a regular space.

Recall, for a compact Hausdorff space X, all uniformities generates a same
topology on the space and therefore it is sufficient to work with the natural
uniformity on X. Hence as consequence of Proposition 1, we can conclude the
following:

Corollary 2 Topological expansivity on a compact Hausdorff uniform space
does not depend on choice of uniformity on the space.
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Since every compact metric space admits a unique uniform structure, it fol-
lows that on compact metric space: metric expansivity, topological expansivity
and expansivity are equivalent.

Let X be a uniform space with uniformity U. A cover A of a space X is a
uniform cover if there is U € U such that U[x] is a subset of some member of
the cover for every x € X, equivalently, {U[x] : x € X} < A. It is known that
every open cover of a compact uniform space is uniform cover. For instance,
see Theorem 33 in [11].

Let X be a topological space and f: X — X be an orbit expansive homeo-
morphism with an orbit expansive covering A. Equivalently, f is orbit expan-
sive if for every subset B of X, f*(B) < A for all n € Z, then B is singleton. In
the following we show that on compact uniform space, topological expansivity
is equivalent to orbit expansivity:

Theorem 1 Let X be a compact uniform space with uniformity U. Then f :
X — X is a topologically expansive homeomorphism if and only if it is an
orbit expansive homeomorphism.

Proof. Let f be a topologically expansive homeomorphism with an expansive
entourage D, D € U. Choose E € U such that EoE C D. Now, E € U and
U is a uniformity. Therefore E contains diagonal and hence the collection
{Elx] : x € X} is a cover of X by neighbourhoods. But X is compact. Let A be a
finite subcover of {E[x] : x € X}. We show that A is an orbit expansive covering
for f. For x,y € X suppose that for each n € Z, {f*(x), f*(y)} < A. But this
implies that for each n € Z,

(f"(x),f*(y)) € EoE C D.

Since D is expansive entourage, it follows that x = y. Hence A is an orbit
expansive covering.

Conversely, let A be an orbit expansive covering of f. Since X is a compact
uniform space, A is a uniform cover. Therefore there exists U € U/ such that
{U[x] : x € X} < A. Since the family of closed members of a uniformity i/ is a
basis of U, there is a closed member D € U such that D C U. We claim that
D is an expansive entourage of f. For x,y € X and for all n € Z, suppose

(f*(x), f(y)) € D.
Therefore, for each n € Z,

{f™(x), ™ (y)} € U™ (x)].
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This further implies that
{f"(x), M (y)} < {U[t] : t € X} < A.

But A is an orbit expansive covering of f and therefore x = y. Hence f is
topologically expansive with expansive entourage D. ]

In [1, Theorem 2.7] authors showed that if a compact Hausdorff topolog-
ical space admits an orbit expansive homeomorphism then it is metrizable.
Therefore by Proposition 1 and Proposition 1, we have:

Corollary 3 If a compact uniform space admits a topologically expansive home-
omorphism, then it is always metrizable.

Again as a consequence of Corollary 3, it follows that topological expansivity
is equivalent with metric expansivity and it does not depend uniformity. How-
ever the following example shows that Corollary 3, is false for non-compact
Hausdorff uniform spaces.

Example 5 Consider R with the topology Tr whose base consists of all in-
tervals [x,1), where x is a real number, v is a rational number and x < 7.
Then R with topology Tr is a non—compact, paracompact, Hausdorff and not
metrizable space. Also, it is known that every paracompact Hausdorff space,
admits the uniform structure U, consisting of all neighborhood of the diagonal.
For instance, see [11, Page 208]. Hence if

D={(xy) e RxR:[x—yl <1},

then D € U. Define f: R — R by f(x) = 3x. Then it is easy to see that f is
topologically expansive with expansive entourage D. Note that R with unifor-
mity U is a non-compact Hausdorff space.

In the following Remark, we observe certain results related to topological
expansivity as a consequence of expansivity.

Remark 1 Let X be a uniform space with uniformity U and let f: X — X be
a homeomorphism.

1. Suppose X is a locally compact, paracompact uniform space. Since every
topologically expansive homeomorphism is an expansive homeomorphism,
it follows from Lemma 9 of [7], that there is a proper expansive neighbor-
hood for f. Note that this neighborhood need not be an entourage. Recall,
a set M C X x X is proper if for every compact subset A of X, the set
MIA] is compact.
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2. Let f be topologically erpansive homeomorphism. Then by Proposition

13 of [7], it follows that for each n € N, f is expansive. Note that
this f™ need not be in general topologically expansive. For instance, let
U be the usual uniformity on [0,00) and f : [0,00) — [0,00) be as
homeomorphism constructed by Bryant and Coleman in [5]. Then it is
easy to verify that f is topologically expansive but f™ is not topologically
expansive, for any n > 1.

Let X be a uniform space with uniformity U and Y be a uniform space
with uniformity V. Suppose f : X — X is topologically expansive and
h : X — Y is a homeomorphism. Then by Proposition 13 of [7], it
follows that hofoh ' is expansive on Y. However, the homeomorphism
hofoh™ need not be topologically expansive. For instance, let Uy and
Uy be uniformities on R as defined in Example 1. Consider the identity
homeomorphism h : R — R, where the domain R is considered with
uniformity U, whereas co-domain R is considered with the uniformity
Ug. Then as observed in Example 4, f(x) = x + In(2) is topologically
expansive with respect to U, but hofo h is not topologically expansive
with respect to Uy.

Observe here that in each of the above Example, f is not uniformly con-
tinuous. In the following we show that Remarks above are true if the maps
are uniformly continuous. Recall, a map f : X — X is uniformly continuous
relative to the uniformity ¢ if for every entourage V € U, (f x f)~1(V) € U.

Proposition 2 1. Let X be a uniform space with uniformity U. Suppose

both f and ' are uniformly continuous relative to U. Then f is topo-
logically expansive if and only if ™ is topologically expansive, for all
n € Z\{0}.

Let X be a uniform space with uniformityUt andY be a uniform space with
uniformity V. Suppose h : X — Y is a homeomorphism such that both
h and h™' are uniformly continuous. Then f is topologically expansive
on X if and only if hofoh™" is topologically expansive on Y.

Since the proof of the Proposition 2 is similar to the proof of Proposition
13 in [7], we omit the proof.
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Abstract. In this note the convolved (u,v)-Lucas first kind and the con-
volved (u,v)-Lucas second kind p-polynomials are introduced and study
some of their properties. Several identities related to the common gener-
alization of convolved (u,v)-Lucas first and second kinds p-polynomials
are also presented.

1 Introduction

Buschman [2] introduced the homogeneous linear second order difference equa-
tion with constant coefficients as

Up; Up; Uy = aly, +bUy g, forn > 1, (1)

that generalizes almost all numbers and polynomials sequences. The Lucas
sequence of first and second kinds U = U(a,b) and V = V(a,b) can be re-
covered from (1) by taking Uy =0, U; = 1 and Vp = 2,V; = a respectively.
These two kinds sequences comprise Fibonacci numbers, generalized Fibonacci
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kind p-polynomials
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numbers, Lucas numbers, Pell numbers, Pell-Lucas numbers, balancing poly-
nomials, chebyshev polynomials etc. The interested reader may look [1, 3, 4, 5]
for a detail review.

Sahin and Ramirez [6] introduced the convolved (p,q)-Fibonacci polyno-

mials (convolved generalized Lucas polynomials) by g{jizq(t) = (1 —px)t—

qx)t?) =Y, Fg]q o (X)tY, 1€ ZT. In [7], Ye and Zhang gave a common

generalization of convolved generalized Fibonacci and Lucas polynomials and
h(x)+2
are given by > 2 T, rm)(x)t“ = ((Lt)r, r>mand r,m € Z". They
(1—h(x)t—t2)

obtained some recurrence relations and identities of these polynomials.

In this study we introduce convolved (u,v)-Lucas first kind and second kind
p-polynomials and derive some of their identities. Further the common gen-
eralization of these two polynomials is presented and some related results are
discussed.

2 Convolved (u,v)-Lucas first and second kinds
p-polynomials

In this section, we introduce convolved (u,v)-Lucas first kind p-polynomials
and convolved (u,v)-Lucas second kind p-polynomials and present some of
their properties.

Definition 1 Let p be any non-negative integer. The (u,Vv)-Lucas first kind

p-polynomials {Luv;( )Yi=p+1 are defined recursively by

L, 00 = w0l (00 +v0ILE ()

with initials wa) (x) =0and LP _.(x) = (u(x))" forj=1...p and u(x) and

wV,j
v(x) are polynomials with real coefficients.

Let ghv(t) be the generating function of LuV)H( x).
1

g‘ﬂ)\;(t) = Z] —0 LE.V 1 ( )t] = W The ﬁndlng result is the criterion

Then it is easy to see

to define the convolved (u,v)-Lucas first kind p-polynomials.

Definition 2 Let u(x) and v(x) be polynomials with real coefficients. Then

the convolved (u,v)-Lucas first kind p-polynomials {Luv]( Jhjen for p > 1 are
defined by

gl'(1) =Y LN (Y = (1 —ut—v)t ™) 7 rezt. ()
j=0
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Further simplification of relation (2) gives the following explicit formula

1)

(py7) (1)j—pk i—(p+1)k Kk
| N = = . 3
u\v)]+1 (X) Z (1 _ (p ] )k) !k'u (X)V (X) ( )

k=0

Consideration of formula (3) for different measures of (p,r) with r =4 yield
some values of convolved (u,v)-Lucas first kind p-polynomials which are listed
in Table 1.

Table 1: Convolved (u,v)-Lucas first kind p-polynomials

j (P»T) = (1,4) (par) = (2,4) (P>T) = (3,4) (Pﬂ') = (4,4)

01 1 1 1

1| 4u(x) 4u(x) 4u(x) 4u(x)

2 10u?(x) +4v(x) | 10u?(x) 10u?(x) 10u?(x)

3 20u3(x) + | 20u3(x) +4v(x) | 20u3(x) 20u3(x)
20u(x)v(x)

4] 35u*(x) + | 35u*(x) + | 35ut(x) +4v(x) | 35ut(x)
60w (x)v(x) + | 20u(x)v(x)
10v3(x)

5| 56u(x) + | 56u’(x) + | 56u°(x) + | 56u’(x) +4v(x)
14013 (x)v(x) + | 60u?(x)v(x) 20u(x)v(x)
60u( Ve (x)

6| 84u°(x) + | 84ub(x) + | 84u°(x) + | 84u®(x)) +
280ut(x)v(x) + | 140u(x)v(x) + | 60u?(x)v(x) 20u(x)v(x)
21002 (%) V2 (x)+ | 10v?(x)
20v3(x)

Theorem 1 The convolved (u,v)-Lucas first kind p-polynomials Lu\)J-H (x)
satisfies the following relation

w()LPT () vl o)+ LR g = 1P (), (4)

LL,V,]—] WV, )—p— 1 V) LLV,]
with parameters v > 1 and j > 1.

Proof. Using the explicit formula (3) on the left-hand side of (4), we get

(r)j—2-pk —1—(p+1)k Kk (1)j—p—2-pk
i—2—pruom® Ve S T o
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% uj—P—Z—(P+1)k(x)vk+1 (x) (] _(:: (111)_’_]13)]]1) ™ uj—]—(P+1)k(x)vk(X)
_ (T)j—2—pk =T (p+ 1k (o ya K (T)5—2—pk
“G-2—(p+ KK DIt T D= 1!
% uj—]—(p-H)k(x)vk(X) + (r— ])j*]*Pk j—]—(p-i—])k(x)vk(x)

G—T1—(p+1K)k!
B W=k (x vk (x) [() —1—-(p+ 1)k) (T)j—1-px K(1)i—1—pk
S -1—=(p+ 1K) (r+j—2—7pk) (r+j—2—pk)
(r—1)(r)j—1-px
" (r+j—2—pk)]

( )] 1—pk 1 (peT)k .
(1—1—(p+1)k)!k! PR Ve (x)

_L(P> )(

- u?v)j

x).

This completes the proof. O

Theorem 2 The following relation

T T
K 1 , X
S = g [ v ] 6

— u(x)

holds forj = 1 with Lf’ 1= =0.

V.

Proof. Taking summation over 1 to r in relation (4), we have

T T T
(p,k) _ (p,k p,k1
DO 00 =ul) Y LL5 00 ZLuv,a—w )+ Ly
k=1 k=T k=1
L T R
_ P, P,k
=) 3L 0 3L+ 3 LB
k=T k=1

It follows that

T

T
(pk)
Luvv] Z LuV)J 1 ( ) LquV)j_p_] (X))
=1 k=1

we get the desired result by replacing j + 1 instead of j. g
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Theorem 3 Forj>p+1 and Luv J( x) = 0, the polynomial Luv;+1( x) holds
the following relation
c 1
T
ZLuv1+1 +ZLI:\)1+1
j—p—1 (6)
= (] _V(X)) Z Luv1+1 + Z uv1+1
i=0 i=j—p
Proof. Consider j = 1,2,... in relation (4), follows
‘ 1
WL ) + VLG, () + LR (x) = L (x)
) ) 1)
WL (x) + LD )+ L () = LR (x)
Y ] )
()L () + VLI (x) + L, 00 = LI (x)
) ) 1 )
WLD () +vEILE () + L D) = LD L (x)
y y 1)
WL ) +vEILD L) + L0 () = LI (x)
b b ] )
WL () +veILDT () + LI (60 = LI ().
Summation of these equalities yields the desired result. O

Definition 3 Let p be any non-negative integer and u(x) and v(x) are poly-
nomials of real coefficients. Then the (u,v)-Lucas second kind p-polynomials
{Muv] )}].210+1 are defined recursively by

MY, () = uBIMy s (x) +v(IME s (%),

with initials MY, 3(x) = (p + 1M and M7 . (x) = My~ (x) for j =

1...p and My(x) is the first term of Lucas second kind like polynomial se-
quences.

Many well-known polynomial sequences are special cases of (u,v)-Lucas sec-
ond kind p-polynomials. For example, for p = 1, when ( x),v(x) ) , 1)
and M; = x, (u(x),v(x)) = (2x,1) and M; = 2x, ( ,v(x) 6x,—1
and M; = 3x, (u(x),v(x)) = (1,2x) and My = 1, (u(x),v(x)) = (3x,—
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and M = 3x etc. the (u,v)-Lucas second kind p-polynomials turn into classi-
cal Lucas polynomials, Pell-Lucas polynomials, Lucas-balancing polynomials,
Jacobsthal-Lucas polynomials, Fermat-Lucas polynomials respectively.

Let hf,(t) denotes the generating function of Mu\)]+1( x). Then

_ Mib + +(p+ 1) XMy ()P

u(x)

Z My (x T —u(x)t —v(x)tr+!

The generating function hl,(t) is more precious to define convolved (u,v)-
Lucas second kind p-polynomials.

Definition 4 Let p be any positive integer. Then the conwvolved (u,v)-Lucas

second kind p-polynomials {Muv] )} are defined by

jeN
e S (M) (p DI M ()tP)
) =Y MPTL L (0Y = ( b )  reZt. (7)
y = u,v,j+1 (] . u(X)t _ V(X)tp+1)

Expression (7) reduces to the explicit formula

mm{r,mw N
)—pPK—p1 Mt 1 ki k+i
% u] (P+1) —(p+Di (x).

(8)

Consideration of formula (8) for different measures of (p, r) gives some values
of convolved (u,v)-Lucas second kind p-polynomials which are listed in Table 2.

Theorem 4 The convolved (u,v)-Lucas second kind p-polynomials M x)

satisfies following relation

uv,)—H(

MPT (%) =u(x)MP L (x) +vOMPD | (x)

w,v,j u,v,j—1 u,v,j—1—p
v(x) - 9)
+ MM () + (p + g™ oM (),

with parameters v > 1 and j > 1.
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Table 2: Convolved (u,Vv)-Lucas second kind p-polynomials
) (P»r) = (2’ ]) (par) — (2)2) (P>T) = (2’3) (par) = (2)4)
0 M(x) Mj(x) M3 (x) M (x)
1| My (x)u(x) ZM%(x)u x) 3M?(x)u(x) 4M‘]‘(x)u(x)
2l M (x)u?(x) SM%(X)LLZ x) + 61\4?(7()11,2 x) + 10M?(x)u2(x) +
3M (x)v(x) 6M% (x)v(x) 9M?(x)v(x) 12M‘1‘(x]v(x)
u(x) u(x) u(x) u(x)
3 Mi()uwd(x)  + | 4MI(x)ud(x) + | TOM3 (x)ud(x) + | 20MT(x)ud(x) +
4M; (x)v(x) 14M%(x)v(x) 30M?(x)v(x) SZM?(X)V(X)
4 My (x)ut(x) SME(x)ut(x) + | 15M3 (x)ut (x) + | 35M3 (x)ut(x) +
5M;y (x)u(x)v(x) 24M%(x u(x)v(x) 66M?(x)u(x)v(x) 140M‘f(x)u(x)
+9M$(x)v2(x) +27M?(x)vz(x) X\)(X) +
uZ(x) u?(x 54M% (x)v2 (x)
u?(x)
51 My (x)u’(x) 6MI(x)’(x) + | 21M3(x)u’(x) + | 56MT(x)uw’(x) +
6M; (x)u?(x)v(x) 36M%(x u?(x) 120M%(x)u2(x) SOOM‘]‘(X u?(x)
3 ()2 (x) xv(x) + | xv(x) + | xv(x) +
+ u(x)
30M%(X) (x) 108M% (x)v2(x) 264M‘11(x)v2(x)
u(x) u(x) u(x)

(Mi(x) + (p + DESM ()EP)" (M1 + (p+ D EG M (x)tP)
YT ey Y T g e )
(M%) + (p + 1) 2 My (x)t9) ! (x)
+2 u(x) X
X tPT 4+ My (x) (1 —ulx t—v(x)tp“)T] t+(p+1) (X)M1(X)
(M) + 4+ DI E)
(1 —u(x)t v(x)tP”)T_]
~(Mi) + (p+ DM IE) "
B (1 —u(x )t—v(x)tp+) t[u( St vt ]
M, 12 M -
(Ma(x) + (p + 1) gigMi ()t 1) [Mﬂx) (p_H)v(x) M1(x)tp]
(T —u(x)t —v(x)trt1)"™ u(x)

(Mi(x) + (p +1)

v(x)
u(x)

u(x)t + v(x)tPH!

M, (X)tp)r |:

T —u(x)t —v(x)trt!
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_ (M) + G+ DIMIE)
(1wt vt 7

which proves the result. ]

Theorem 5 The polynomial Mu\)]-i-]( x) obey the following relation

T T
MU 00 =10 3 MU 09+ v00 3 M ()
k=1 k=1
r—1 X r—1 (10)
k
+(Ml (X) - 1) MEE\),)‘)(X) + (p +1 X Z Mu v,) p
k=1 =1

with parameterst>1,5> 2, p > 1 and vao]ﬂ( ) =0.

Proof. Consider r =1,2,... in relation (9) which follows

MPY (%) = uIMP () +veOMPE () + My (MY (x)
o DI MM (0

DA = ubIMPE () FvEMPE )+ My (M (%)
DI MM (0

P =uIMPR) () +veIMP ) + M (OMPE (x)
o+ DI MM ()

V) w,v Jfll uavaj 'U-,V,]'
v(x) (pir—1)
+ ( +”mM1( ) u’v’)_p( )
Summation of these bunch equalities yields the desired result. O

In order to verify the result (10), assume j =5 with (p,r) = (2, 3), gives

,v5_ ZMuv4 ZM ,VZ

3 3
k=1 k=1
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2
_] ZMuVS 7; ZMuVS
k=1
Simplification of right-hand side gives
W) MG () + M2 () + M (x)] +v(x) M) (x) + ME2 (x)
+MZEL 0] + (M (x) = 1) ML (x) + M (x ]

+3u((x))M1(x)[M{fJ3( x) + M2 ()] = 15M3 (x)ut (x)

2
1 66M3 () u(x)v(x) + 27M3(x) vz((z) =M (x),

u,v,4

—

e

and the result is verified.

3 Common generalization of convolved (u,v)-Lucas
first and second kinds p-polynomials

In this section we give the common generalization of convolved (u,v)-Lucas
first and second kinds p-polynomials and obtain some recurrence relations of
these polynomials.

Definition 5 Let p, v and m be all positive integers. Then the common gen-
eralization of convolved (u,Vv)-Lucas first and second kinds p-polynomials

{E p’rm } are defined by

)VJ

_ (Mib) + (p+ DM 9E)"

X

> el :
= (1 —u(x)t —v(x)tr+T)

, T> M. (11)

Assumption of m = 0 and m = r reduces the expression (11) to convolved
(u,v)-Lucas first kind p-polynomials and convolved (u,v)-Lucas second kind
p-polynomials respectively.

Theorem 6 The common generalization of convolved (wu,v)-Lucas first and
second kinds p-polynomials has the following explicit formula

min(m,j) L5277 ]
T”m )j—pk-—pi m K, k+i
M +1
b Z Z < )]_pk B 0P + 1

% uJ (PH)k (p+1)i Yx).
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Proof. We run the proof by taking right-hand side of the expression (11)

(M1 (x) + (p + D2 M, (x)t7) ™
(T —u(x)t —v(x)tpt1)’

:Z Z Z <T]]:>M‘1“(X)(p+1)kvk+i(x)uj—(p+1)k—(p+1)i(x)

=0 k=0  i=0
" (T)j—pk—pi i
G—pk—(p+ i)l

Comparing the left-hand side of expression (11), we get the required result. [J

Theorem 7 The common generalization of convolved (W, v)-Lucas first and
second kinds p-polynomials obeys the following relations

r b A ] .
() Eung™ () = Wl E L (x) VOB ) () + B ()
) ] r b
(ii) B () = MyEF™ () + (p + 1 EE My () ER™ (x);
sy . 1 +] ( »rfh ) [ +])M ( ) ( ) ( »T71) 7])
(ii) EDT™ (x) = u(x){ﬁEJ:v,mm (x) = B g Bl (X)
—(p+ 1)v(x)E$;f;T; (x)}.
Proof. Using the expression (11), we have
i _ (Mib) + (p+ DM )™
E (p,r,m) (x)
Z WV, (T —u(x)t—v(x )tp+1)
j=0
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~(Mi0) + (p+ DEMIGIP) ™ (bt + v () )
(1 —u()t—v)te 1)
(My(x) + (p + 1) 2
(1 —u(x)t —v(x)tr+1)"!
(Mi(x) + (p + DM tP) ™
(1T —ulx)t —v(x)tr+1)’
(M1 + (p + D EG M ()tP)™
(1—ulx )t— (1)’
(M1 + (p + DEIM ()tP)™

(1 —ux)t— v(x)tp+‘)

M, (x)tP)™

\_,

—

<

=u(x

+v(x pH]

and the expression (i) follows. The proof of (ii) is analogous to (i). In order to
proof (iii), we proceed as follows:

The common generalization of convolved (u,v)-Lucas first and second kinds
p-polynomials can be written undoubtedly as

(Mi(x) + (p+n%§ 1)e)™
(T =ult = veet!)’
@ (MiG) + (p + DMt )
dt (1T —ulx)t —v(x)tr+1)" !
1

v(x) (Mi(x) + (p + DEGM )P) ™
_P(P‘f‘])@ m (1—11.() V(X)tp+1)r—1 t )

(r—1)(u(x) = (p+ Hv(x)tP)

and if and only if

(r—1) [u(X)E(p,r‘.m) (x) + (p—H )V(X)E(p’r’.m) (X)] ( +1)E P,Y 1,m) (x)

w,v,j w,v,j—p u,v,j+1
v(x) ;o—1,m—1
—p(p+ 1) M KImEEET (o).
This follows the result. ]

The following corollary is an immediate consequence of Theorem 7.

Corollary 1 Let v and m be any positive integers with v > m. Then, the
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following relations

T—m
[W(x)ERTES™ (x) +v(x)E$;?fé’T]))(x)] = E&rjm) (x) — E&z},m) x) (12)
P
and
S K
> MIELTT ()
0 (13)
u(x) (pyrym+1) m+1 (p,r,0)
= Eiv) - M EP"
v(x)(p+ 1M, oo B 09 = MR ()]
hold.

The following are some examples to understand the above corollary.

Example 1 Consider v =4 and m = 3 on the left of relation (12), gives

1

43 343
> [uOIRSG 00+ VIR (9]
k=1

43 43
D00 + V(X)EEFV,J Ypin )

)(M1(x)+(p+n M, (x)tP)°
(1 —ux)t— v(x)tP”)
(Mi(x) + (p + 1 EGM (x)19)
(1 —u(x)t—v(x)ﬂ’“)4
(Mi(x) + (p + D 2 My (x)t7)°
(1 —ulx t—v(x)tp+‘)4

(Mi(x) + (p + 1) ESMy (x)tP)°

=u(x)

=u(x

+v(x) P!

= (u(x)t +v(x)tPH! — 1)

(1 —u(x)t —v(x)r+1)*

(Mi(x) + (P + DEIM()P)° (My(x) + (p+ 1) 2 My (x)tP)
(1 —ulx)t —v(x) 1) (1 —u(x)t —v(x)tr+1)?
_EP43)( ) P33)(

u V)) )v\]

_l’_

3

x).
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Example 2 Consider v =5 and m = 2 in relation (13), we have

2
52-K) \ u(x) (p,5,3) 3 5,0)
3 MBS () = Sy v (B 09~ MIGIBSST (],

(14)
Ezpansion of left side of (14) gives

B () + MiGOET, () + MEOE Y, (x)
(M) + (p+ D EGMI )
B (1 —u(x)t —v(x)ﬂ’“)5
(M1l + (p + ])K(X)M] (><5)tv) tP 4 M3 (x) 1 =tP
(1 —u(x)t —v(x)tp+T) (1 —u(x)t —v(x)tr+T)
3MI(x) + (p + 125 M2 ()P + 3(p + 1)

u?(x ny
(1 —u(x)t —v(x)tp+! )5

tP + M (x)

X

On the other hand, expansion of right side of (14) gives

u(x) (p,5,3) 3(x ) E P50
VR DM i ) M0
B u(x) (M1 (x) + (p + 1) 25 My (x)t9)°
C v (p + 1M (x) (1 —u(x)t—v(x)tp“)s

1
(1—ulx )t— ( Jte)?
C3ME) + (TP )P+ 3(p + 1) XM (x)tptp
_ 5 _

(1 — u(x)t —v(x)trH)

—Mj(x)

Theorem 8 The following identity

(p,r,m) ( ) LL(X)

_ ,T,m)
S0 = St T My =y M + DB
—ru(x) P () = v(p + DB Y ()]

holds for every non-negative integers v and m.
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Proof. It is observed that

(M1 + (P + NIFMII) (Ma() + (p + DI M ()™
(1 —u(x)t—v(x)tP“)T B (1 —u(x)t— (X)tpH)
< (M1 )+ (p + 12 My ()

Differentiating both sides gives

d (Mi(x) + (p+ 1M ()t?)" (%)
dt (1T —u(x)t —v(x)tr+1)" B

d (Mi(x) + (p + 1)3&’31\41 ()™

*at (1T —u(x)t —v(x)tr+1)"
L r—mp(p + 1)3((’;))1\41 ()]

(Mi(x) + (p + 1) XMy (x)t9) ™

(1 —u(x)t —v(x)tp+! )T

bl

and we have

d (M109 +(p+ g (1)’ v(x)
@t (—urvpwr)y PP Mi)
(Mi(x) + (p + ])%Nh (x)tp)r—‘ .

(] —U(X)t—\;(x)thr])r

(Mi(x) + (p + 1)%;\41 (x)tP)"
(1 —u(x)t —v(x )tp+1)r+1

00+ D)
(1—1,L( t—v )thr])T-H

+ 1u(x) +1(p+ T)v(x)

X

Now, we get

v(x) md (Mi09 + (v + Hff& 109e)"
(M] (x)+ (p+ 1)®M1 (X)tp) E (] —v(x )tp+1)r
x r—1
) ) (M) + (p + 1)W§M1 ()
+ (r—m)p(p + 1)u(x) M (x)tP (1 —u()t —v(x)e )
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- v(x) (Mi(x) + (p+ 1) 2 My ()t?) ™
—?p(p—i—”ml\/l](x) (1—u(x)t—v(x)ﬂ>+1)T P+ rulx)
(M1 (x) + (p + D2 M, ()t
T =y (tp+1)f+‘ +rip+1vix)
L (Mibg + (p+ 1) XMy (x)t )
(1—u(x)t—v tP“)T”

It follows that

v(x) a (Mi) + (p + DM ()) ™

u(x) dt (1 —ux)t —v(x)tr+1)"

(X)M (x )(M1(X)+(p+1)1‘i(();))M1(X)tp)m
up (T—ul)t— v(x)tp+1)r
(Mi(x) + (p + 1) 2 M,y () 9) ™!

u(x

= ru(x) (1 Ry v(x)tP“)TH +1(p+1)v(x)

MG+ (o M) ™

(1—u(x)t — v(x)tr+1)"!

(Mi(x) +(p+1)

M, (X)tp)

—mp(p+1) P

This implies

v(x) d (p,r,m) v(x)
M;(x)tP) —EP — 1)——
(M100) + (p 4+ 1) L5 MI0OE) B (x) = mplp +1) 5
T+T,mA+1 ;T mA1
x My(ERT () = ru()ER ™ () + r(p + v BV ().
Further simplification gives
V(X .
P+ DI M0 = mp)ELT () = ral B 06) 4 v+ 1)
1 )
x V)EFT B (x) — My (%) + DERST (%),
and the result follows. O]
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Abstract. This paper is concerned with the existence and multiplicity
of solutions for p(x)-Laplacian equations with Robin boundary condition.
Our technical approach is based on variational methods.

1 Introduction

The purpose of this paper is to study the existence and multiplicity of solutions
for the following Robin problem involving the p(x)-Laplacian

div([VuP®2Vu) = f(x,u) in Q

0
|Vu|P(XJ*2% = B(x)|u|P(X)*2u on 0Q),

(1)
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where Q is an open bounded subset of RN(N > 2), with smooth boundary,

0
a—: is the outer unit normal derivative on 0Q), p € L*°(Q), with ess igf >0

and p € C,(Q) with

1<p :=infp(x) <p' :=supp(x) < +oo.
Q Q

Recently, there has been an increasing interest in studying of problems (1).
This great interest may be justified by their various physical applications,
we can for example refer to [3, 2, 6, 9, 16, 19, 23, 24, 25, 27, 30, 32]. In
fact, there are applications concerning elastic mechanics [33], electrorheological
fluids [28, 29], image restoration [12], dielectric breakdown, electrical resistivity
and polycrystal plasticity and continuum mechanics [4]. We refer to [18] for
an overview of this subject and to [11, 14] for the p(x)—Laplacian equations.

From the variational point of view, by using a theorem obtained by B.
Ricceri in [5], the work [2] shows the existence of at least three solutions for a
Navier problem involving the fourth order operator.

The authors in [6] obtained the existence of three distinct weak solutions
of p(x)—Laplacian Dirichlet problems as applications of critical point theorem
obtained by G. Bonanno and S.A. Marano in [7]. In the same breath, the
authors in [30] consider the p(x)—Laplacian-like problem ( originated from a
capillary phenomenon) which the main tool is a general critical point theorem
in [8].

In the statement of problem (1), f: Q x R — R is a Carathéodory function
verifying (Fy) such that

(Fo) There exists a constant ¢y > 0 such that
[ £0x,) 1< er (14 ¢4,
for all (x,t) € Q x R where q € C.(Q), q(x) < p*(x) for all x € Q.

Where

Np(x) -
() = N_pp’(‘x) if p(x) <N
+o00 if p(x)>N.

Motivated by the references mentioned above, we establish the existence and
multiplicity of solutions for problem (1). It is known that the extension p(x)-
Laplace operator possesses more complicated structure than the p-Laplacian.
For example, it is inhomogeneous and usually it does not have the so-called
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first eigenvalue, since the infimum of its spectrum is zero. This provokes some
mathematical difficulties which makes the study of such a problems particulary
interesting.

Now, we formulate our main results as follows.

Theorem 1 Assume that (Fo) and the following assumptions hold.

F(x,t)

(F]) 0 < limy_yo P

< p1—_, for [t] > &, withd > 0,

(F2) hm\t\—ﬂroo p(Tt)IE(}Yt) <0 aexeQ,

(F3) hm\t\—)-ﬁ-oo IQ F(X, t)dx = —oo,

Then the problem (1) has two weak solutions.

Theorem 2 Assume that (Fo) and the following conditions hold.

Fix,t)
= 0,

(F5) f(x,t)t >0 for all (x,t) € Q x R,

(F4) limyg 400

(F6) hm\t\—wroo [f(x) t)t - P+F(X» t)] = —0Q.

Then the problem (1) has at least one weak solution.

Through taking the same methods of this paper, results similar to Theorems
1-2 can also be proven for Neumann and Steklov problems.

Our paper is organized as follows. We first present some necessary prelim-
inary results on variable exponent Sobolev spaces. Next, we give the proof of
the main results about the existence of weak solutions.

2 Preliminaries
In the sequel, let p(x) € C,(Q), where
CL(Q) = {h:he C(Q),h(x) > 1 for any x € ﬁ}.

The variable exponent Lebesgue space is defined by

LPY(Q) = {u: Q — R measurable andJ u(x)P™ dx < 400}
Q
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furnished with the Luxemburg norm

. u(x)
Wliro () = Wy = inf{o >0 J T'pm dx < 1},
Q

and the variable exponent Sobolev space is defined by
WP (Q) = fu e 1PM(Q) : [Vul € 1PY(Q)}
equipped with the norm

HuHW1»P(X)(Q) — |u|[_p(X)(Q) + |vu|L‘p(x)(Q).

Proposition 1 [21] The spaces LP™(Q) and W'PX)(Q) are separable, uni-
formly convez, reflexive Banach spaces. The conjugate space of LPX(Q) is
LIM(Q), where q(x) is the conjugate function of p(x); i.e.,

for allx € Q. For u € LPM(Q) and v € LIM(Q) we have

|| wtom)an] < (= + =)yl

Proposition 2 [21] For p,r € C(Q) such that v(x) < p*(x) (r(x) < p*(x))
for all x € Q, there is a continuous (compact) embedding

WLP(X)(Q) s ]_T(X)(Q)’

where

p*(x) = Noif pl) <N
+oo  if p(x) >N.

Proposition 3 [15] For p € C,(Q) and such v € C,(3Q) that r(x) < p%(x)
(r(x) < p°(x)) for all x € Q, there is a continuous (compact) embedding

whPM(Q) — 1" (0),

where

)
(e
¥
|
=3
Ra?
S
|

ot i Pl <N
400 if p(x) >N.
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Proposition 4 [17], [Theorem 2.1] For any u € WHPX(Q), let
| wllo:= |u|Lp(x>(aQ) + |vu|]_p(x)(Q)-
Then || u | is a norm on WP (Q) which is equivalent to
Huuwhpm(g) = |u|[_p(X)(Q) + |vu|LP(X)(Q)-

Now, for any u € X := WX (Q) define

ull := inf {o >0 L (‘ V‘;(X) ‘p(x) dx + LQ

u(x) [p(

B~ | X))dcrxg}.

o

Where 3 € L°(Q) and doy is the measure on the boundary 0Q.Then by (4),
||| is also a norm on WP (Q) which is equivalent to ||.|jyy1,px) () and ||.la.
Now, we introduce the modular p : X — R defined by

p(u) = L) |Vu|P(X) dx + LQ B(X)|u(x)|p(x)dgx

for all u € X. Here, we give some relations between the norm [.|| and the
modular p.

Proposition 5 [21] For u € X we have
() ul <1=1>1) & plu) <T=T>1);
(i) I full < 1= JulP” <p(w) < [ulP;
(ii) If ] > 1= [lullP” < p(w) < P

Lemma 1 [26] Let X = X; @ X3, where X is a real Banach space and X3 # 0,
and is finite dimensional. Suppose that d € C' (X, R) satisfies Cerami condition
(C) with the following assertions:

(i) There is a constant o and a bounded neighborhood D of 0 in X; such
that $|oD < «.

(ii) There is a constant > o such that $|X; > B.

Then & possesses a critical value ¢, moreover, ¢ can be characterized as

¢ = inf max ¢ (h(u))
hEF UED

where

I={heC(D,X)h=id on oD}
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Lemma 2 [10] Let X = Xy @ X3, where X is a real Banach space and X; # 0,
and is finite dimensional. Suppose that & € C'(X,R) satisfies Palais-smalle
condition (PS) with the following assertions for some v > 0:

(i) d(uw) <0, forue Xy, fluf <.
(ii) d(u) >0, forue Xy, Jul| <.

Assume also that ¢ is bounded below and ir)%fd) < 0. Then ¢ has at least two

nonzero critical points.

Definition 1 We say that u € X is a weak solution of (1) if

J IVuPY2yuvvdx + J
Q

B(x)uP™¥2uvdo, = J f(x, u)vdx
Je)

Q

for allv e X.

The functional associated to (1) is given by

_ [ gy T P(X) gy
d(u) JQP(X)IVLLI dx+LQp(X)B(x)Iu dx JQF(x,u)dx (2)

It should be noticed that under the condition (Fy) the functional ¢ is of class
C'(X,R) and

/

¢ (W= J IVulPM2yuvvdx + J B (x)[ulP¥2uvdo, — J f(x, w)vdx,
Q d

o}
Yu,veX

Q

Then, we can see that the weak solution of (1) corresponds to critical point of
the functional ¢.

3 Proof of main result

We recall that ¢ satisfies Palais-smale condition (PS) in X, if any sequence
(un) such that ¢(un) is bounded and ¢’ (un) — 0 as n — oo, has convergent
subsequence.

Proof of Theorem 1
Let start by the following lemma.
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Lemma 3 Any bounded sequence (PS) of & has a strongly convergent subse-
quence.

Proof. Let (u,) C X be a sequence bounded (PS) sequence of ¢. Up to a
subsequence, we may find u € X such that u, — u.

From the growth condition (Fy) and Sobolev embedding, we have that
Jo Tl u)(un —u)dx — 0, since ¢’ (un)(un — 1) — O then

J IVunlp(")_ZVuV((un —u))dx + J B(x)lunlp(x)_zun(un —u)doy, — 0.
Q 20

As the mapping A : WP (Q) — R defined by

(Au,v) = J IVulPM¥ 2y uvvdx —i—J B (x)[uP¥2uvdoy
Q 20

for all u,v € X is of type (S.), so un — u in WHPX(Q). O

Lemma 4 The functional ¢ is coercive, that is, $(u) — +oo when [[u| —
+00.

Proof. Suppose that there exist (u,) C X and a positive constant C such that
[un[l = 400, d(un) < C.

Putting v, = H}i—z”, so we may find v € X and a subsequence of (vy) still

denoted by (vn) such that v, — v in X and vy, — v in LPM(Q).
By (Fy), for any € > 0, L > 0 such that
Flx,t) < —— |t Vit| > L ae x € Q,
p(x)
thus, we may find a positive constant C such that

Fx,t) < ——|tP + CVt€R a.e x € Q.

p(x)
Therefore,
C ¢ (un) T 1 U
— > — — | IVu Ip(")dx+J B(x)unP¥do
[[wn [P [unlP™ = p* unllP” o 20 " *
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ClQ]
[un P

1 - clo
2+—€+J vnlP dx — o
Pt ptla [[un][P

Consequently, choosing €, such that fQ lva|P dx > Co, where Cj is the best
constant in the embedding W'PX(Q) — LP (Q) .
On the other hand, because [[v|ly1.px)(q) < liminf [[vn|| =1 by

€ _
B wL ol” ax =

J IVV|P dx —i—J VP dx < Co,
Q Q

so we get [ VIV[P dx = 0, which means that v = constant # 0.
We obtain

lim J F(x,un) dx — —o0.
[un|—o0 Q

When ||un|| — 400, [un| — 400, thereby,

c > 1“ Vg [P dx+J B(X)Iunl"(")dcfx}—J Flx, un)dx
p Q Q

00
P _ Q

[
p Pt Ja [unl?

which implies that ¢ is coercive and bounded from below.
Now verifying the conditions (1) and (ii) in Lemma 2.

The same idea from [1] and Chung [13],we have WHPX(Q) = W, @ R.
If ueR, for ||ul| < p, p >0 and by (2)
1 1
du) = J ——|VuP™ dx +J —— B doy —J Fx,u)dx
a px) 20 P(x) Q
= —J F(x,u)dx
Q
<0

IfueW,={zeWPN(Q)/[,zdx =0}, from (Fo) and (Fy)

1 _
F(x,t) < ( — e> P + CJ /90 dx.
1% Q
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In virtue of the the continuous embedding X into LP (Q) and LP' (Q),

o) > pl\lullp* _ LF(X, Wdx

1 1 _ B
e =L [ e[ P ax—c [ e
p P Q Q Q

+ + -
> Cle)ufl’ = Clluf|f = Cllul®

>

for ||u|| = p small enough then ¢(u) > 0 for ||ul| < p Vu € Wy. On the other
side, when infyx ¢(u) = 0 then Vu € R is a minimum of ¢, that means ¢
admits infinite critical points.

When u € X with infxd(u) < 0, by applying Lemma 2, ¢ has at least two
nontrivial critical points, then the problem (1) has two nontrivial solutions in
X. O

Proof of Theorem 2 We recall the following important inequality (cf.[22])

Lemma 5 (Poincaré-Writingers inequality) There exists a positive constant
C such that for any uw € Wy we have

|u‘p(x) < Q|VU|p(X) .

Lemma 6 Suppose that the conditions (Fo), (F4) and (Fg) are hold. Then ¢
verifies the Cerami condition (C)c.

Proof. Let K € R such that

[b(un)l <K
and /
(14 )6 () =0 in X -
Suppose that [[un|| — +oo as n — +oo. Taking vn = 2y, so

v — Vv in X.
Thus,
vn(x) 2 v(x) a.e xeQ

and
va — v in LPY(Q).

Let h € X, according to (3) we have that,
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J IVunlp(")ZVuthdx—FJ B(x)\unlp(x)*zunhdox
Q 20

. el

— | flx,up)hdx| < —————.
JQ (% tn) T+ Jun]

Dividing (4) by ||un|[P ~' we have

1
[Pt

J IVunlp(XJZVuthdx—FJ B (x)[unP¥2u hdoy
Q

00
enlhl
— | f(x,un)hdx| < 0 )
JQ T (hunlP™= (1 4 [lunl])
Then
! plx)-2 plx)—2
T V| Vu,Vhdx + B(x)un Uy hdoy
[[un P o) 20
h
—J Flx, ) hdlx| < L
o T+ [[un |

Since [[un P71 > lun|P T > 1,

L
[ L

J IV, [P¥) 2V, Vhdx
Q

T J B0 hunPM 20, hdo, — J . 1 Jhdx
00 Q

L
P

L
[ L

J IVunlp(X)_ZVuthdx+J B (%) PM 21, hdoy
Q 20

J f(x, un ) hdx
Q

>

J Vv P29y, Vhdx + J B (x)vnP¥ 2y hdoy
Q 00
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L
[ L

J f(x, un)hdx
Q

Consequently

U Vv P29y, Vhdx + J B () vnP® 2y hdoy
Q 00 (6)

enllh]
f(x.u, hdx| < ————
L (6 1) ")— T+ [unll

:
(AT L

with e, — 0 and h € X.
By (Fo), (F4) and (Fg) we conclude that floun) ¢ hounded in (LP (Q))*

[un P =1
which is separable and reflexive space, then up to a subsequence denoted also

(M>, we have —un) 1?, in (LP (Q))*. Since floun) 4 e

lun|P™ ! lunlP™—! lunlP™—!
x € Q, hence
f B
(X’iuf)] ~0in (I (Q))
[[wn P

Therefore, taking h =v,, —v € X, in (6)

J Ianlp(X)’ZanV(vn —v)dx + J B(X)Ivnlp(x)’zvn(vn —v)doy — 0.
Q 20

By (S4) type of the operator
Liw.w = J IVuP¥2vuvvdx + J B(x)uP™¥2uvdaoy,
Q 20

we have v, — v in X, so v # 0. Since |$p(u)] < K we obtain

prd(u) > —ptK (7)
Taking h = uy, in (4)

—J IV, P dx + J B(x)lunlp(x) doy, + J f(x, Un)undx > —eq
Q 20 Q

Then

_J |Vun|P(X)
Q

p(x) bt LQ B(x)

—doy —|—J f(x,un)undx > —en.  (8)
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Adding (7)to (8), we obtain

J f(x,un)undx—erJ F(x,un)dx > C 9)
Q Q

Obviously, this is contradiction and then the proof of Lemma 6 is reached. [J

Lemma 7 Suppose that the conditions (F5) and (Fg) hold, then the function
& /R is anti-coercive.

Proof. From (Fg), for all K > 0 there exists R > 0 such that p™F(x,u) >
f(x,u)u > K for a.e x € Q, u € R and thus for all u € R,

1
|, Fovwar > kol -
Q P

hence

J F(x,u)dx — +o0o0 when [u| — 4oo0.
Q

By (2) and K is arbitrary

B |u|p(x) B B
¢(u)—LQB(x) oo JQF(x,u)dxz JQF(x,u)dx

Then
¢(u) — —oo when |u| — +oo.

Lemma 8 Under the hypothesis (F4), we have i&fd) > —00 .
0

Proof. Let u € W with [[u|| > 1 By (Fs), for € > 0, we may find K(e) > 0
such that F(x,u) < elulP + K(e), for a.e x € Q and for all u € R.Hence,

Flyu) < eJ WP+ K(e)lQ) (10)
Q
< eClull” +K(e)Ql

Then, when u € Wy we have
1 x)
duw) = | —=IVulP™ +
a P(x) aq P(x)
CllulP” — eCllulP” —K(e)
—K(e)lQl.

B ()P doy — J F(x, u)dx
Q

> Ql (11)
>
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It follows that infw, ¢ > —oo.
According to previous Lemmas 6, 7 and 8, the assumptions of Lemma 1 are
satisfied and then the proof of Theorem 2 is achieved. O
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Abstract. In this article, we consider a Lamé system with a delay term
in the internal fractional feedback. We show the existence and uniqueness
of solutions by means of the semigroup theory under a certain condition
between the weight of the delay term in the fractional feedback and the
weight of the term without delay. Furthermore, we show the exponential
stability by the classical theorem of Gearhart, Huang and Pruss.

1 Introduction

In this article, we consider the initial boundary value problem for the Lamé
system given by:

U — AU — (L +A)V(div u)
+a;0P u(x,t — 1) + axue(x,t) =0 in Q x (0,+00),

u=0 in T x (0,+00), (P)
u(x,0) =up(x), w(x0)=w(x) inQ,
u(x,t —1) =fo(x,t — 1) in Q x (0, 1),
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Stability result of the Lamé system 337

where p,A are Lamé constants, w = (uj,Uz,...,un)'. Here Q is a bounded
domain in IR™ with smooth boundary I' = 9Q. Moreover, a; > 0, a; > 0
and the constant T > 0 is the time delay. The notation 9" stands for the
exponential fractional derivative operator of order o. It is defined by

1 t

AP w(t) = J (t—s)oe s W

F =0 Jo ds(s)ds O<o<l, kK > 0.

Delay effects arise in many applications and pratical problems because, in most
instances, physical, chemical, biological, thermal, and economic phenomena
naturally depend not only on the present state but also on some past occur-
rences. In recent years, the control of PDEs with time delay effects has become
an active area of research, see for example [1], [17], and references therein. In
many cases it was shown that delay is a source of instability and even an
arbitrarily small delay may destabilize a system which is uniformly asymp-
totically stable in the absence of delay unless additional conditions or control
terms have been used.The stability issue of systems with delay is, therefore, of
theoretical and practical importance. In particular, consider the wave equation
with homogeneous Dirichlet boundary condition

u’(x,t) — Avu(x, t) + pu'(x, t)

+uu/(x,t—1) =0 in Q x (0, 4+00),

u(x,t) =0 on I' x (0,+0c0), (PW)
u(x,0) = up(x),u'(x,0) =w(x) inQ,

uw(x,t—1) =fo(x,t — 1) in Q x (0,71).

For instance in [13] the authors studied the problem (PW). They determined
suitable relations between p; and pp, for which the stability or alternatively
instability takes place. More precisely, they showed that the energy is expo-
nentially stable if wy < @y and they also found a sequence of delays for which
the corresponding solution of (PW) will be instable if w, > ;. The main ap-
proach used in [13] is an observability inequality obtained with a Carleman
estimate.

Noting that the case of the wave equation with internal fractional feedback
(without delay) have treated in [8] where it is proven global existence and
uniqueness results. As far as we are concerned, this is the first work in the
literature that takes into account the uniform decay rates for Lamé system
with delay term in the internal fractional feedback.

The remainder of the paper falls into five sections. In Section 2, we show
that the above system can be replaced by an augmented one obtained by cou-
pling an equation with a suitable diffusion, and we study of energy functional
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associated to system. In section 3, we state a well-posedness result for prob-
lem (P). In section 4, we prove the strong asymptotic stability of solutions. In
section 5 we show the exponential stability using the Gearhart-Huang-Pruss
theorem.

2 Preliminary

This section is concerned with the reformulation of the model (P) into an
augmented system. For that, we need the following claims.

Theorem 1 (see [12]) Let w be the function:
w(E) =[E]2 2 —00 < & <400, 0< o<1, (1)
Then the relationship between the “input’ U and the ’output’ O of the system

Qe (&, 1) +(E2+ k)W (E, 1) —U(t)w(E) =0, —o0 < & < 400,k > 0,t> 0, (2)

P(E,0) =0, (3)
+00
omzwwﬁmWﬂ w(ENP(E 1) dE 4)
s given by
0 =1""9Uu = DU, (5)
where
[198f] (1) = ]Jt(t $)o Te *t=s)f(5) ds
I'(o) Jo

Proof. From (2) and (3), we have

waﬂ=ﬂwmeW““”mgw. (6)

Hence, by using (4), we get

0O(t) = (m) 'sin(om)e Jt

+00
[ZJ e e B ) dE | esU(s)ds.  (7)
0 0
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Thus,

O(t) = (m) 'sin(om)e ™ J: [(t—s)"°T(0)] e*U(s)ds .

= () 'sin(om) E [(t—s)"°T(o)] e = IU(s)ds ?
which completes the proof. Indeed, we know that (71)~'sin(om) = F(G)F(]1—cr)
Lemma 1 (see [5]) If A € Dc =@\] — oo, —«] then

J*‘” w?(&) U

Oo?\—i-K—Fcizda:sincm

A+ K)o,
We make the following hypotheses on the damping and the delay functions:
a1k < ay. 9)

We are now in a position to reformulate system (P). As in [13], we introduce
the new variable

z(x,p,t) = we(x,t—p1), x€Q, pe (0,1), t>0.
Then the above variable z satisfies
Tze(X, Py t) + 2o(x,p,t) =0, x€Q, pe(0,1), t>0.
Consequently, by using Theorem 1, the system (P) is equivalent to
Uy — AU — (L+A)V(div u)
+CJ+OO w(ENp(x, &,t) dE + ayue(t) =0  in Q x (0, +00),
P, £, 1) + (£ + )0l &, 1)

—z(x, I, t)w(&) =0 in Q x (—o0,00) x (0,400),
Tz (%, p, t) +2p(%, p, ) = 0 in Q x (0,1) x (0,+00),  (P)
u(x,t) =01 on I" x (0,+00),

Z(X)O)t) = ut(x)t)) in Q x (O) +OO))
u(x,0) =up(x), w(x,0) =wu(x) on Q,
II)(XNE)O) =0 on Q x (—O0,00),

Z(X> P, O) = fO(X) _pT) in Q x (O) ])3
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where ¢ = (7) ' sin(om)a;.
We define the energy of the solution by:

n —+00
Z(Hunhz Vg + | |wj(x,a,t)|2dadx)

: | (10)
2 A 0
zzj J 2%, 0, )P dpdx + 1 div wlf

where Vv is a positive constant verifying

400 Z(E) 400 Z(E,)
T (J_oo ;+K d&) <v<t <2a2—c<Lo E‘;+Kda>> .1

Remark 1 Using Lemma 1, the condition (11) means that

N \

o—1

T < v <t2a; — k).

Lemma 2 Let (w,\,z) be a reqular solution of the problem (P’). Then there
exists a positive constant C such that the energy functional defined by (10)

satisfies
n

E'(t) < —CZJQ (u§ +z(x,1,t)2) dx. (12)

Proof. Multiplying the first equation in (P) by Uj;, integrating over Q and
using integration by parts, we get

1d

_ 0, . _
2dt||u.;t||z uiﬁj Aujujtdx—(u—k?\)iﬁJ ~— (div w)i dx
Q

fe) aX]

+oo
+ch ujtj W(ED;(x, &, 1) dE dx + az L it (D dx = 0.

—00
Then
d

n
(LA,
70 2 (el + Bl Vlit2ig) ) + =55 ldiv itz g,
j=1

N —

n (13)
+a2) itz g +(:9%ZJ u)tj w(E);(x, & 1) dE dx =0
j=1
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Multiplying the second equation in (P’) by Cﬁj and integrating over ( X
(—o0, +00), we obtain:

d i n +00
%E D IWilIE2(ax(—oonroon T ED JQ J (82 + ) (x, &, 1) A& dx
i —Jol)
(14)

n +o00

~erY | monu]  w(@fingndidx=o.

—00

=1

Multiplying the third equation in (P’) by vz; and integrating over Q x (0, 1),
we get:

i‘Z)”LZQXM Tzij ( (x,1,t) — 2(X,‘t)):O. (15)

j=1

N =
Q—l‘g

From (10), (13) and (15) we get
n n +oo
(0 == ) fuglf =Y | | (kb x g OF k. ax
j=1 j=1 e
n +oo
~erY [ G| wlEwixgdede
j=1 Q —00

N CCAE | wlemine v acax
. Q
—1

ZJ utxt X—T J zjz(x,ht)dx.
Q Q

j=1 =1

Moreover, we have

1 1

+00 +00 2 2 400 2
J w(a)wj(x,a,t)da‘sg “’(a)da) (J (52+K)|wj(x,a,t)|2da>

—00 —00 ‘22 K —00

Then

+o00
U Zj(X,],t)J w(E)ﬁj(x, E,,t) dE,dX
Q

—0Q

1 1

< (|7 &2 ae) a0l (][ e+ o e vravas)
> 7OOEVZ+K LAy Ty L2(Q) 0l o IRt d]
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and
400
L wilx,t) | (et dedx
oo 2 % +o00 %
S <J_oo ;; —(i_ai da) Hu]'t(x) t) HLZ(Q) <JQ J_oo (&2 + K)N)) (X) a) t)|2 dx dE,) )

Applying the Cauchy-Schwarz inequality we obtain

I 1 &
E'(t) < (-az + % + Vﬂ;) Z JQ ujzt(x,t) dx

=1

1 n
+ (Czl — VE) ZJ z)-z(x,ht) dx,

j=1 70
+o0 2
where [ = J_Oo ; —(|—£|)< d¢, which implies
n
E(t) < —C ZJ (06,0 + 20, 1,0)) dx
7 J0

with

—1 —1
oo §-7).(4273))

Since v is chosen satisfying assumption (11), the constant C is positive. This
completes the proof of the lemma. O

3 Well-posedness

In this section, we give the existence and uniqueness result for system (P’)
using the semigroup theory. Let us denote U = (u,v,\,z)", where v = u;.
The system (P’) can be rewrite as follows:

{ u’ = Au, t >0,
U(0) = (uo, w1, o, fo),
where A: D(A) C H — H is the linear operator defined by

(17)

AY)
+o00
MAL+ (14 AV (div w) — cJ W(END(x, £) dE — av
(24 )b + 200 wl(E)

_T_] Zp (X’ p)

(18)

N e e g
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and H is the energy space given by
"= (Hg(Q))“ X (LZ(Q)>n « (LZ(Q % (=00, +oo))>n X (LZ(Q X (0,1)))n

For any U = (u,v,\,2)T € H,U = (,v,,2)" € H, we equip H with the
inner product defined by

n

< U,u >q= ZJ (vﬁj + LLVLL]‘VEJ‘) dx + (p+ A)J (div u)(div ﬁ) dx
j=1 Q Q

" czj j Py, ), )dadx+czj f (x, )5 (x, p)dpdx.

0Jo

The domain of A is given by

(v, 2)Tin H:u e (HAH(Q) N HY(Q)™,v e (H'(Q))",
—(E2+ K +z(x, 1, Hw(E) € (L2(Q x (—00,+00)))"
ze (L2 (Q;H'(0,1))"

Ehp € (L2(Q x (—o0,+00)))", v =2(.,0) in Q

D(A) = . (19)

We show that the operator A generates a Co semigroup in H. We prove that A
is a maximal dissipative operator. For this we need the following two Lemmas.

Lemma 3 The operator A is dissipative and satisfies for any U € D(A),
n
ROAU, Uy, < —CZJ (v + 206 177) ax. (20)
=170

Proof. For any U = (u,v,\{,z) € D(A), using (17), (12) and the fact that
1
E(1) = 21Ul (21)
estimate (20) easily follows. O

Lemma 4 The operator (Nl — A) is surjective for A > 0.

Proof. For any G = (Gy,G32,G3,G4)" € H, where G; = (gl,g%,...,g{‘)T, we
show that there exists U € D(.A) satisfying

(AI— AU = G. (22)
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Equation (22) is equivalent to

A —v = Gi(x),
AV — pAu — (p+ A)V(div u) —i—CJ E(x, &) d& + av = Ga(x),
Gs(x,

7\1b+(£2+|<)1l) z(x, Nw(&) = &),
Az(x, p) + T2y (x, p) = Ga(x, p)

(23)

Suppose u is found with the appropriate regularity. Then, (23); and (23)3
yield

v=Ru—Gi(x) € (H (Q))” (24)
and
_ G3(x, &) + w(&)z(x, 1)
b= 24 K+ A (25)

We note that the last equation in (23) with z(x,0) = v(x) has a unique solution
given by

~ ~ P ~
2(x,p) = (x)e " +Te“”J Ga(x, 1) dr. (26)
0

Inserting (24) in (26), we get

s - < <P <
z(x, p) = Au(x)e PT—G; (x)e}‘pT+Te7‘pTJ Ga(x,1)eNTdr, x e Q,pe (0,1).
0

(27)
In particular,
z(x, 1) =Au(x)e M +z5(x), xe€Q (28)
with zy € L?(Q) defined by
B} ~ ol )
zo(x) = —Gy(x)e M + TCMJ Ga(x,1)eMTdr, x € Q. (29)
0
Inserting (24) in (23)2, we get
_ ~ +o00
(¥ Rz — wbu = (o MV (v w) +ya | wl€hp0 €) de )

= Ga(x) + (A + a2) Gy (x).
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Solving system (30) is equivalent to finding u € (Hz N Hé(Q))n such that

n
- d
ZJ ((?\2 + Aaz)uwy — uAujo) dx — (L + ?\)J ~— (div uw)wjdx
. Q Q aX]
j=1
n

n +0oo ) ~ .
_ . _ ] S
+C ]E_] JQWJJOO w(E)Wj(x, &) dEdx ;Jﬂ(gz(x) + (A + a2)g) (x))wjdx

(31)

for all w € (Hé(Q))n. Inserting (25) in (31) and using (28), we obtain that

ZJ ( (A% +Aay) wwj+uVy Vg dx) (L+A) Jﬂ(div u)(div w) dx
ey J, e ax= Y | (s + (it a2lg)x)) ; x (32)
j=1 j=1
o [ ([ @®edg J
C;JQW] <.[oo 24+ Kk+A ) Z wizolx
+o00o 2
where 0 = CJ_OO E,zcj—l(f’j—i\ dé. Problem (32) is of the form
B(u,w) = L(w), (33)

where B : (Hé(Q))n X (H(])(Q))n —C is the sesquilinear form defined by
n ~ ~
Bluw) = Y J (32 + Aa2)wyw; + uVi Vi d)
j=1 "¢

+ (L+A) J (div u)(div W) dx + A© Z J ujoe*;‘T dx
Q — Ja
j=1

and L : (Hé(Q))n — € is the antilinear functional given by

n

ZJ ( )\+az)91( ))W] dx
j=1
iJ' <Joooo ;zaigi(j_ i‘) d&) dx —GZJ W]Z() dx.

j=1

!\l
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It is easy to verify that B is continuous and coercive, and L is continu-
ous. Consequently, by the Lax-Milgram theorem, we conclude that for all
w e (H(])(Q))n, the system (33) has a unique solution u € (H(])(Q))n. By the
regularity theory for the linear elliptic equations, it follows that u € (HZ(Q))n.
Therefore, the operator (Al —A) is surjective for any A > 0. Consequently, us-
ing Hille-Yosida theorem, we have the following existence result:

Theorem 2 (Existence and uniqueness)

(1) If Uy € D(A), then system (17) has a unique strong solution

Ue CO(R,,D(A) N CH IR, H).

(2) If Uy € H, then system (17) has a unique weak solution

Ue C(IR.,H).

4 Strong stability

One simple way to prove the strong stability of (17) is to use the following
theorem due to Arendt-Batty and Lyubich-Va (see [2] and [10]).

Theorem 3 ([2]-[10]) Let X be a reflexive Banach space and (T(t))t>0 be a
Co—semigroup generated by A on X. Assume that (T(t))t>o is bounded and
that no eigenvalues of A lie on the imaginary axis. If v(A) NiR is countable,
then (T(t))t>o is stable.

Our main result is the following theorem

Theorem 4 The Co-semigroup e is strongly stable in H; i.e, for all Uy € H,
the solution of (17) satisfies

lim [le"Uolly = 0.
t—o0

For the proof of Theorem 4, we need the following two lemmas.
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Lemma 5 A does not have eigenvalues on iIR.

Proof.
Case 1: We will argue by contraction. Let us suppose that there A € IR, A # 0
and U # 0, such that

AU = iAU. (34)
Then, we get
iAu—v =0,
AV — pAu — (L + A)V(div u) + J P(x, &) d&E + av =0,
A + (E2 + k)b —z(x, Tw(E) =0, (35)
iAz(x, p) + T 'zp(x, p) = 0.
Then, from (20) we have
v=0, z(x,1)=0. (36)

Hence, from (35)3 and (36) we obtain
u=0, VP=0. (37)
Note that (35)4 gives us z = ve 0T = 0 as the unique solution of (35)4. Hence
! 1?0(3)\;' if A = 0, inserting (35); into (35)2, we deduce that
{—pAu— (L +A)V(divu) =0,u=0inT. (38)
Multiplying by u, integrating over (O we have
HVquz(Q) + [|div u’H%Z(Qj =0. (39)

Hence uw = 0. Then U = 0. O

Lemma 6 We have

iR C p(A).
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Proof. We will prove that the operator iAl — A is surjective for A # 0. For
this purpose, let G = (G1, G2, G3,G4)" € H, we seek X = (u,v,P,z)" € D(A)
of solution of the following equation

(IAI — A)X = G. (40)
Equivalently, we have
Au—v = Gr,
AV — pAU — (L + A)V(div u) + CJT: w(ENp(x, &) dE + av = Gy, (41)

D + (82 + k) — 2(x, Tw(2) = Gs,
iAz(x, p) + T 'zp(x, p) = Gg.
From (41); and (41)2, we have

+00

—qu—uAu—(uM)wdiqucJ W(ENW(x, &) A&+ apv(t) = (G2 +iAGy)
h (42)

with wr = 0. Solving system (42) is equivalent to finding u € (H?2 N H}(Q))™
such that

Z JQ ( (A2 + 17\a2)ujw] + uVu Vw; dx) +(L+A) L)(div u)(div w) dx

(gjz(x) + (iA + az)g% (X)) wj dx

‘= Jo — Jo
n
_ *° (5)93(7( E)
< Lo ([ 20
;Q ]< oo£2+K+1?\ Z ]
(43)
for all w € (Hé(Q))“. We can rewrite (43) as
— (W W g (ynm + Ggiapn (b w) = Uw) (44)

with the sesquilinear form defined by

n
Qi (Q) = uZJ Vi Vw; dx+17\azZL)uj wj dx

j=1

n
+ ij\e Z J ujo 67?\T dx
j=1 70
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and

32
(LW W) (11 () (MY Q) :ZJ A"y wj dx.

Using the compactness of the embedding from L*(Q) into H'(Q) and from
Hg)(Q) into L2(Q) we deduce that the operator L5 is compact from (L2(Q)™
into (L?(Q))". Consequently, by the Fredholm alternative, proving the exis-
tence of a solution u of (44) reduces to proving that there is not a nontrivial
solution for (44) for 1 = 0. Indeed if there exists u # 0, such that

(L?\u?WJ((H%(Q))“,((H&(Q))’)“) = a(Hé(Q))n (U,W) Yw € (H(])(Q))n$ (45)

then iA is an eigenvalue of A. Therefore from Lemma 5 we deduce that u = 0.
Now, if A = 0, the system (41) is reduced to the following system

v =—Gy,
+00

CpAu— (p+ AV (div ) + (:J W(END(x, £) dE + arv = Ga,

(€2 + K — z(x, Nw(E) = Gs,
T*]zp(x,p) = Gy.

(46)

Solving system (46) is equivalent to finding u € (H? N Hé(Q))TL such that
n n
uZJ Vu;Vwi dx + (1 + A)J (div u)(div w) dx = ZJ ngWj dx
— Jo 0 e

n

> w(E) -
+ <CJ 1 dE,—i—az)ZJQg]]wj dx
g

j=1

_TCJ a2+Kd£ZJ J g4x S dsw]dx

o [ o [P w(E)dh(x,E)
C;JQWJ Joo dg dx.

(47)

&2+ k
forallw e (Hé(Q))“. Consequently, problem (47) is equivalent to the problem
B(u,w) = L(w), (48)

where the sesquilinear form B : (Hé(Q))" X (Hé(Q))“ — € and the antilinear
form L : (Hé(Q))“ — € are defined by

w) = u; JQ Vu;Vwj dx + (u+ A) Jﬂ(div u)(div w) dx (49)
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and
n i 0o wz( n -
L(w)—ZJ ghw dx + (:J S da+a ZJ g\ dx
j=1 Q j=1
00 wZ(E’) n 1 B
—1C JOO £ déZJQ L gy (x, s) dswj dx (50)

+ K -
v [ o [P @@ E)
C;LWJLO a o dedx.

It is easy to verify that B is continuous and coercive, and L is continuous.
So applying the Lax-Milgram theorem, we deduce that for all w € (H(])(Q))“
problem (48) admits a unique solution u € (Hé(Q))“. Applying the classical
elliptic regularity, it follows from (47) that w € (H?(Q))™. Therefore, the
operator A is surjective. ]

5 Exponential stability

The necessary and suficient conditions for the exponential stability of the Cy-
semigroup of contractions on a Hilbert space were obtained by Gearhart [7]
and Huang [9] independently, see also Pruss [15]. We will use the following
result due to Gearhart.

Theorem 5 ([15]- [9]) Let S(t) = et be a Co-semigroup of contractions on
Hilbert space H. Then S(t) is exponentially stable if and only if

p(A) 2{if: B € R} =1IR (51)

and
lim [|(iBI—A) || £3) < 0. (52)
IBl—o0

Our main result is as follows.

Theorem 6 The semigroup S 4(t),~, generated by A is exponentially stable.

Proof. We will need to study the resolvent equation (iA—A)U = G, for A € IR,
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namely

iAu—v = Gy,
+o00

AV — pAU — (p+ A)V(div u) + CJ w(EWP(x, &) dE + arv = Gy,

iZ\q) + (2 + ) —z(x, Nw(E) = G;Oo
i}\Z(X) p) + Ti]zp(x) p) = G4a

(53)

where G = (Gy, Gz, G3,G4)". Taking inner product in H with U and using
(20) we get
[Re(AU, W)| < [[U[[3||Gll%- (54)

This implies that

n

Y | vixay Y| Fenax<clulbdeh.  (59)

j=1 74 j=1

From (53)3, we obtain
z(x, w(&) + G3

= = . 56
N+ E2+k (56)
Then
w(&)
N | z(x, 1
W ll2(0 % (—00,+00)) Bt 224 K2 oosm0) 1z(x, Dll2(q)
G
X 4 52
AN+ &4+« LZ(QX(foo,Jroo)]) (57)
Tt Iy —2\2
< (2(1 —0)—— (Al +x)° ) 1206, Nlli2q)
V2
—_ G3 2 —00.+00))*
|7\|+KH llL2(Qx (—o0,400))
Similarly, we have
Ew(E)
& ootoo)) S| z(x, 1
&P Ili2(0x (—o0,t00)) Il B 1z(% Dl2(q)
£G3
i§\+£2+K L2(Qx(—00,+00
(Qx( ) (58)

1
Tt 3 —1\2
g(zcsinm(wﬂ)c ) 1206 D)2

V2

———1G3l12(a % (—o00,+00))-
/Al 4+«

+
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Let us introduce the following notation

=3 (MO + WV 0R) + (4 Nldiv u(x)P?
j=1

and

]
Lemma 7 We have that
Eu < c[|GI3; + cIG U1 (59)
for positive constants ¢ and c’.
Proof. Multiplying the equation (53); by U, integrating on Q we obtain
= ou
—J vj(iAyy) dx + uj IVujlzdx+(u+A)J (div u)=—= b dx
Q Q Q 0x;
+ CJ ; (J w(&E)Wj(x, &) d&) dx + aZJ wyv; dx = J ug) dx.
Q —o0 Q Q
From (53)7, we have ii\uj =Vvj+ gj]. Then
2 2 N
—| MmlFdx+p| IVyl~dx+ (u+A) | (divu)—— dx
Q Q Q an
+o00
+ CJ ; <J w(&)P5(x, &) d£> dx + azJ v dx (61)
Q —00 Q

:J L‘ngjzdx—i—J v)-g% dx.
Q Q

Hence

I\’l:

J Iv)lzdx—i—uZJ |Vuj|2dX+(u—|—7\)J |div ul? dx
Q Q

+o00 n
JQ ve <J w(&)j(x, &) dcﬁ) dx + az ]; JQ vy dx (62)

1 —00

n _

1. a j
g, dx + E J vigy dx

L) 2 =1 JQ 7

1

—.

I +
M- 115

1

—.
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We can estimate

+00
J j (J w(E)Wj(x, &) d&) dx
o

—00

+oo (2 % +oo %
< Jwillzia <J w18) d£> (LJ (&2+K)|¢j(x,a)|2dadx>

N o
€ +o00 wZ(a) 5 1

€ +o00 wZ(a) 1 +o00
< 5C0) (J_oo S d&) IVlE2 oy +2£L J_oo(az+ k) (x, £)F° d& dx,

+o00
J (€2 + Wb (x, £) dE dx

—00

1
CQ)Vyllf2q) + ZHVJ'H%Z(Q)a

NI o

< llz@)lvjliziq) <

JQ

Choosing ¢ small enough, we conclude (59).
Moreover, the equation (53)4 has a unique solution

- R I
z(x, p) = e Pz(x,0) + Te_”)‘pj e N Gy(x, 1)
0

= e
= e ™y(x) + Te_”)‘pJ e NGy (x, 1) dr.
0

Then
12(%, P)lIL2(ax(0,1)) < V) L2y + TGal(x,y P)lL2(ax(0,1))- (63)
Finally, (57), (59) and (63) imply that

Ul < ClIGln

for a positive constant C. The conclusion then follows by applying Theorem
5. O

Remark 2 We can extend the results of this paper to more general measure
density instead of (1), that is w is an even nonnegative measurable function

such that
r" w(§)?
oo 14 E2

dé < oo. (64)
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Abstract. In this short note we consider the oriented vertex Turan
problem in the hypercube: for 8 fixed oriented graph F, determine the
maximum cardinality ex,( F,Qn) of a subset U of the vertices of the
oriented hypercube @ such that the induced subgraph @[U] does not
contain any copy of F. We obtain the exact value of ex,, (Px, Qn) for the
directed path P—>k, the exact value of exv(\Tz), @) for the directed cherry
V, and the asymptotic value of ex, (T, Q) for any directed tree T.

1 Introduction

One of the most studied problems in extremal combinatorics is the so-called
Turan problem originated in the work of Turdn [15] (for a recent survey see
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[9]). A basic problem of this sort asks for the maximum possible number of
edges ex(F, G) in a subgraph G’ of a given graph G that does not contain F as
a subgraph.

Much less attention is paid to the vertex version of this problem. This
problem can be formalized as follows: what is the the maximum cardinal-
ity exy(F, G), of a subset U of vertices of a given graph G such that G[U] does
not contain F as a subgraph.

We will consider Turan type problems for the n-dimensional hypercube Qn,
the graph with vertex set V,, = {0, 1}™ corresponding to subsets of an n-element
set and edges between vertices that differ in exactly one coordinate.

Edge-Turan problems in the hypercube have attracted a lot of attention.
This research was initiated by Erdés [6], who conjectured that ex(Ca, Qn) =
(14 0(1))n2™", i.e., any subgraph of Q,, having significantly more than half
of the edges of Qn, must contain a copy of C4. This problem is still unsolved.
Conlon [5] showed, extending earlier results due to Chung [3] and Fiiredi and
Ozkahya [7, 8], that ex(Ca, Qn) = o(n2M) for k # 2,3, 5.

Concerning the vertex Turdn problem in the hypercube Q, it is obvious
that we can take half of the vertices of Qn such that they induce no edges.
Kostochka [14] and later, independently, Johnson and Entringer [12] showed
exy(Cs, Qn) = maxj{} i 1noa 3 (1)} Johnson and Talbot [11] proved a local
stability version of this result. Chung, Fiiredi, Graham, Seymour [4] proved
that if U contains more than 2™ vertices, then there is a vertex of degree at
least %logn— % loglogn + % in Qn[U]. This shows that for any star Sy with k
fixed, we have ex, (S, Qn) = 2" for large enough n. Alon, Krech, and Szabé
[1] investigated the function ex,(Qg, Qn).

Let us note that there is a simple connection between the edge and the
vertex Turdn problems in the hypercube.

Proposition 1 ex,(F,Q,) < 2™ + %

Proof. If a subgraph G of Q, contains more than 2™ + % vertices,
then it contains more than % edges in every direction, thus more than
ex(F, Qn) edges altogether, hence G contains a copy of F. O

For every tree T, this observation implies that ex, (T, Qn) = (% + O (%)) 2n,
using the well-known result from Turdn theory which states that ex(n,T) =
O(n) (and so ex(F, Qn) = O(2M)). Also, together with Conlon’s result on the
cycles mentioned earlier, we obtain ex, (Cy, Qn) = (% +o(1 )) 2™ for k # 2,3, 5.
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In this paper, we consider an oriented version of this problem. There is a
natural orientation of the edges of the hypercube. An edge uv means that u
and v differ in only one coordinate; if u contains 1 and v contains 0 in this
coordinate, then we direct the edge from v to u. We denote the hypercube
Qn with this orientation by @ With this or1entat10n it is natural to forbid
oriented subgraphs. We will denote by ex\,(?> Qn) the maximum number of
vertices that an ?—free subgraph of Qn can have. As vertices of the hypercube
correspond to sets, instead of working with subsets of the verticei of Qn we
will consider families G C 20 of sets. We W111 say that G C 2 s F free if for
the corresponding subset U of vertices of Qn the induced subgraph QTL
F -free.

For example, there is only one orientation of C4 that embeds into the hy-
percube, we will denote it by Cs. Hence we have ex,(Cs, Qn) = ex,(Ca, Qn),
which is known exactly, due to the above mentioned result of Kostochka and
Johnson and Entringer. However, there are three different orientations of P3,

. . iy
according to how many edges go towards the middle vertex: V, denotes the
orientation with a source (i.e., V, is the path abc such that the edge ab is
directed from b to a and the edge bc is directed from b to c¢). The directed
path Pﬁk is a path on k vertices vy, ..., V¢ with edges going from v; to vi,q for
every i < k. The height of a directed graph is the length of a longest directed
path in it.

If we consider the hypercube as the Boolean poset, then each edge of the
hypercube goes between a set A and a set A U {x} for some x ¢ A. Then
in @ the corresponding directed edge goes from A to A U{x}. A directed
acyclic graph F can be considered as a poset F; we will say that F is the poset
of F. The poset corresponding to a directed tree is said to be a tree poset.
Forbidding copies of a poset in a family of sets in this order-preserving sense
has an extensive literature (see [10] for a survey on the theory of forbidden
subposets). We say P C 2™ is a copy of P if there exists a bijection f:P—>7P
such that p < p’ implies f(p) C f(p’). We say that F C 2 is P-free, if there
is no P C F that is a copy of P. Observe that if P is the poset of the directed
acyclic graph F, then any P-free family is F -free.

The oriented version of the vertex Turan problem in the hypercube corre-
sponds to the following variant of the forbidden subposet problem. We say
P c 2 is a cover-preserving copy of P if there exists a bijection f : P — P
such that if p covers p’ in P, then f(p) covers f(p’) in the Boolean poset. Thus
it is not surprising that we can use techniques and results from the theory of
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forbidden subposet problems in our setting.
In this paper, we consider Vertex Turdan problems for directed trees. Our
main result determines the asymptotic value of the vertex Turdn number

_)
exv(?, Qn) for any directed tree T.

Theorem 1 For any directed tree ? of height h, we have
— h—1
exo(T,Qu) = <h + 0(1)) o,

Below we obtain the eiact Valge of the vertex Turan number for some special
directed trees (namely V; and Py).

Theorem 2 BN
ex,(V2,Qn) = 2 +1.

It would be natural to consider the following generalization of \72>: let \7:
denote the star with r leaves all edges oriented towards the leaves. Note that
if one takes the elements of the r highest levels of the Boolean poset and
every other level below them, then the corresponding family in Qn will be V;-
free. Computing the cardinality of this family we have ex,(Vy, Qn) = 2™ +
Q(n™2). We conjecture that ex\,(\7r, @) = 2" 4+ ®(n"2) holds for every
T>3.

Theorem 3 For any pair k,n of integers with k < n we have
— = n
exy(Pi, Qu) =max ¢ 3 <1>
)€ i} mod k

After submitting this paper we learned that the above theorem was proved
in a different context by Katona [13].

2 Proofs

2.1 Proof of Theorem 1

We follow the lines of a proof of Bukh [2] that shows that if T is a tree
poset with h(T) = k and F C 2M is a T-free family of sets, then |F|] <
(k —1+ O(%))(LT:}ZJ) holds. The proof of this theorem consists of several
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lemmas. Some of them we will state and use in their original form, some
others we will state and prove in a slightly altered way so that we can apply
them in our setting. First we need several definitions. For a family F C 20
its Lubell-function

Al(F) =) (m) Z [Flt(n — [F))!

FEF "FeF

is the average number of sets in F that a maximal chain C in 2™ contains. A
poset P is called saturated if all its maximal chains have length h(P). For any
poset T its opposite poset T’ consists of the same elements as T with t <¢/ t’
1f and only if t’ <t t. For a family F C 2™ of sets, its complement family is

={]\ F:F € F}. Clearly, F contains a copy of P if and only if F contains
a copy of P’ and Ay (F) = An(F).

Lemma 1 (Bukh [2]) Every tree poset T is an induced subposet of a satu-
rated tree poset T' with h(T) = h(T').

An interval in a poset P is a set of the form [x,yl ={z € P:x <z <y}

Lemma 2 (Bukh [2]) IfT is a saturated tree poset that is not a chain, then
there exists t € T that is a leaf in H(T) and there exists an interval I C T
containing t such that |I < h(T) holds, and T\ 1 is a saturated tree poset with
h(T) =h(T\1).

From now on we fix a tree poset T and we denote its height by k. We say
that a chain in 2M is fat if it contains k members of F.

Lemma 3 If F C Ul+k ! (j ) is a family with N(F) > (k—1+¢), then there
are at least (¢/k)n! fat chains.

Proof. Let Ci denote the number of maximal chains that contain exactly i
sets from F. As F C U1+k ! ([;1]) we have C; =0 for all i > k. Then counting
the number of pairs (F, C ) with C being a maximal chain and F € FNC, in two
different ways, we obtain

D G =AFIn! > (k—1+¢)nl.

This, and ) ; C; = n! imply

kC =) iC >Zlc —(k=1)) Ci>enl

i>k i<k
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Therefore the number of fat chains in F is Cy > (e¢/k)nl. O

Lemma 4 Let T be a saturated tree poset of height k. Suppose F C UK ([le])

j=i

s a family with n/4 <i < 3n/4. Moreover, suppose L is a family of fat chains

with |L| > @n!. Then there is a copy of T in F that contains only sets
that are contained in some fat chain in L.

Proof. We proceed by induction on [T|. If T is a chain, then the k sets in
any element of £ form a copy of T. In particular, it gives the base case of the
induction. So suppose T is not a chain. Then applying Lemma 2, there exists
aleaf t in T and interval I C T containing t such that h(T\I) =k and T\ is
a saturated tree poset. Our aim is to use induction to obtain a copy of T\ I in
F that can be extended to a copy of T. Finding a copy of T \ I is immediate,
but in order to be able to extend it, we need a copy satisfying some additional
properties, described later.

By passing to the opposite poset T’ of T and considering F, we may assume
that t is a minimal element of T. There exists a maximal chain C in T that
contains I, and we have |C| = k as T is saturated. Then s := |C\I| =k—|I| > 1.

We need several definitions. Let F; D F, D --- D Fg be a chain with [Fj| =
i+ k—jfor j = 1,...,s. Then this chain is a bottleneck if there exists a
family & C F with |S| < |T| such that for every fat chain F; D F, D --- D
Fs D Fs1 D -+ D Frin £ we have SN {Fs1,...,Fi} # 0. Such an S is a
witness to the fact that Fy,...,Fs is a bottleneck (and we assume all sets of
the witness are contained in Fs). We say that a fat chain is bad if its top s
sets form a bottleneck. A fat chain is good if it is not bad. Observe that if
there is a copy Jq\1 of T\ I consisting of sets of good fat chains, then we can
extend Fp\1 to a copy of T. Indeed, as the sets Fy,...,F{ representing C \ I
in Fp1 do not form a bottleneck and |[Fq\{| < [T|, there must be a good fat

chain Fj D --- D Fg D F.; D--- D F such that F__,...,F & Fp1, therefore
FraU{F¢ 1y...,Fi}is a copy of T. Therefore all we need to prove is that there

are enough good fat chains to obtain a copy of T \ I by induction.

Let us bound the number of bad fat chains. If |C N F]| < s, then C cannot be
bad. We partition maximal chains in 2™ according to their sth largest set Fs
from F. As the top s sets must form a bottleneck, there is a witness S to this
fact. This means that if C is bad, then C must meet S whose elements are all
contained in Fs. But as |S| < |T| and all sets of 2Fs N F have size between n/4
and 3n/4, the proportion of those chains that do meet S is at most 4|T|/n
(any proper non-empty subset of Fs is contained in at most 1/|Fs| proportion
of chains going through Fg). This holds independently of the choice of Fg, thus
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the number of bad fat chains is at most 4\T\

chains is at least

. So the number of good fat

(M -m 4@,
n n

L] — —n! >

ull
n

As [T\ I| < |T|, the induction hypothesis implies the existence of a copy of T\ I
among the sets contained in good fat chains, as required. O

The next lemma essentially states that if a a T-free family is contained in the
union of k consecutive levels, then its cardinality is asymptotically at most the
cardinality of the k — 1 largest levels. Formally, let b(i) = by (i) = max{ (?) :

i<j<i+k—1LSoifi<n/2—k+1,then b(i) = (;,1 ), if 1 > n/2, then
b(i) = (}), while if n/2—k +1 <i<n/2, then b(i) = (Ln]}ZJ)'

Lemma 5 If T is a tree poset of height k, then there exists Ny such that for
n>mny, n/4<1i<3n/4—-% any F C UH“k_ ( ) of cardinality at least

( —1+ k4m )b(i) contains a copy of T.

Proof. By Lemma 1 we may suppose that T is a saturated tree poset. Assume
F C Ul+k ! ( j}) is a T-free family that contains at least ( —1+ k4m ) b(i)

sets. Then F C Ul+k ! ( . ) implies that An(F) >k —1+ k4|T|

Let ¢ = 4k|T\2/n. Then we can apply Lemma 3 to find 4|T|2n!/n fat chains.
Then we can apply Lemma 4 with k = h(T) to obtain a copy of T in F,
contradicting the T-free property of F. g

With Lemma 5 in hand, we can now prove Theorem 1. Let us consider a
?—free family F. Let T be the poset of ? and let T* be the saturated poset
containing T with h(T) = h(T*) = k - guaranteed by Lemma 1. For any integer
0<i<n—k+1,let /i ={Fe F:1<|F <i+ k—1}. Observe that the
?—free property of F implies that F; is T*-free for every i. Note that every
F € F belongs to exactly k families F; unless [Ff<k—Tor [Ff>n—k+1. It

is well-known that ‘( <[:1ﬂ/4) U (>3[TT13 /4)‘ ( 2“) therefore using Lemma 5 we
obtain
3n/4 o\ 3n/4
k4|T
k|f|—o< > > IRlI< (k—1+ i ) > bl
i=n/4 i=n/4

SCRE k4r|lez> <Zn+k<LnT/12J>>'
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After rearranging, we get |F| < (% +o(1)) 2™

2.2 Proof of Theorem 2

To prove the lower bound, we show a \72>—free family in @ of cardinality
21 4+ 1. Simply take every second level in the hypercube starting from the
(n — 1)st level and also take the vertex corresponding to [n].

We prove the upper bound by induction on n (it is easy to see the base case
n = 2). We will need the following simple claim.

_)
Lemma 6 Let F C 2™ is a mazimal Vs-free family, then F contains the set
] and at least one set of size n — 1.

Proof.[Proof of lemma] First note that [n] can be added to any \Z-free family
as there is only one subset of [n] of size n. Also, if 7 does not contain any set
of size n — 1, then one such set S can be added to F. Indeed, if we add S, no

copy of V, having sets of size n — 1 and n will be created because [n] is the

only set of size n in F U {S}. Furthermore, no copy of V, having sets of size
n—2 and n— 1 will be created as S is the only set of size n — 1 in F U{S}. [

_)
Now we are ready to prove Theorem 2. Let F C 2™ be a V5-free family. For
some x € [n], define
F,={F|IFeF, x¢F and F ={F\{x}|FeF, xeF.
%
Then F_, Fi c 2M\X and they are also V,-free. By induction, we have

|-7:|:‘]:;|+|]:X+|§2niz—|—]-}-2“*2_{_]:2n71+2.

Assume that |F| = 21 + 2. Then \Fol = |F = 22 4 1 must hold for
all x € [n]. By Lemma 6, |F,| = 22 4+ 1 implies that m]\{x} and at least
one set of size n — 2 are in F. This holds for all x € [n], so all sets of size
n — 1, and at least one set of size n — 2 are in F. However, these would form
a forbidden \72) in F, contradicting our original assumption on F. This proves

that [F| < 2™ 41,
2.3 Proof of Theorem 3

Let U be a set g’ vertices in Qn such that the subgraph of Q;, induced by U
(i.e., Qu[U]) is Py-free. Let F C 2 be a family of subsets corresponding to U.
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First, we will introduce a weight function. For every F € F, let w(F) = (IIEI)'

For a maximal chain C, let w(C) = } rcon7 W(F) denote the weight of C. Let
C,, denote the set of all maximal chains in [n]. Then

% nl Z Z Z|F|' — [FNIw(F) = |FI.

CeCn CeCn FeCNF "FeF

This means that the average of the weights of the full chains equals the
cardinality of F. Thus, if we can find an upper bound that is valid for the
weight of any chain, then this will be an upper bound on |F] too.

Our assumption that there is no Py means that there are no k neighboring
members of F in a chain. For a given chain C, let aj, ay, ... a; denote the sizes
of those elements of C that are not in . Then 0 < a;j < a; < --- < at < n,
g <k—T,n—k+1<aand ajy1—a; <k foralli=1,2,...t—1. The
weight of the chain C is

t
wie)=2"-Y <;‘)

i=1

We claim that this is maximized when the numbers {aj, as,...a;} are all
the numbers between 0 and n which give the same residue when divided by k.

Assume that w(C) is maximized by a different kind of set {aj, as,...a}.
Then there is an index i such that ai;1 — aq; < k.

If a; < 5 then we can decrease the numbers {aj, az,...a;} by 1. (If
becomes -1 then we simply remove that number.) The resulting set of numbers
will still satisfy the conditions and w(C) increases. Otherwise, aj;1 > 5 must
hold. Similarly, we can increase the numbers {a;.1, aii2,...an} by 1 to achieve
the same result. We proved that

n n
w(C) < 2™ —min Z (_):max Z <>
el Tod k N\t JE | iz mod k \1

holds for any full chain C. Therefore the same upper bound holds for |F| as
well.
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Abstract. In this investigation, we establish a steady-state solution of
an infinite-space single-server Markovian queueing system with working
vacation (WV), Bernoulli schedule vacation interruption, and impatient
customers. Once the system becomes empty, the server leaves the sys-
tem and takes a vacation with probability p or a working vacation with
probability T—p, where 0 < p < 1. The working vacation period is inter-
rupted if the system is non empty at a service completion epoch and the
server resumes its regular service period with probability 1— q or carries
on with the working vacation with probability q. During vacation and
working vacation periods, the customers may be impatient and leave the
system. We use a probability generating function technique to obtain the
expected number of customers and other system characteristics. Stochas-
tic decomposition of the queueing model is given. Then, a cost function
is constructed by considering different cost elements of the system states,
in order to determine the optimal values of the service rate during regular
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busy period, simultaneously, to minimize the total expected cost per unit
time by using a quadratic fit search method (QFSM). Further, by taking
illustration, numerical experiment is performed to validate the analytical
results and to examine the impact of different parameters on the system
characteristics.

1 Introduction

Queueing modeling is being employed in a large variety of day-to-day con-
gestion problems as well as in industrial scenarios, such as computer systems,
call centers, web services, communication/telecommunication systems, etc. For
nearly a century, many queueing models have been developed to analyze the
characteristics of many systems and recommendations have been issued to
suggest how to deal with congestion situations. In many queueing scenarios,
when there is no job present in the system, the server may take a vacation
(V) or may provide a service for a secondary job, known as working vacation
(WV). Queueing systems with vacation and working vacation have been the
subject of interest for the queueing theorists. A detailed surveys of the litera-
ture devoted to vacation queues are found in [9], [26], [27], and the references
therein. Working vacation queue was first introduced by [24] in an M/M/1
queueing system. [17] analyzed a single server queue with batch arrivals and
general service time distribution. [28] provided the analysis for an M/G/1
queueing model with multiple vacations and exhaustive service discipline at
which the server works with different rate rather than completely stopping
the service during vacation. [15] provided performance analysis of GI/M/1
queue with working vacations. Then, [23] analyzed the M/M/1 queue with
single and multiple working vacation and impatient customers. They com-
puted closed form solution and various performance measures with stochastic
decomposition for both the working vacation policies. After that, a Markovian
queueing system with two-stage working vacations has been considered by [25].
Recently, [18] examined an infinite-buffer multiserver queue with single and
multiple synchronous working vacations.

In this investigation, we considered vacation interruption policy at which
during working vacation period, the server may come back to the regular
working period without completing the ongoing working vacation. The con-
cept of vacation interruptions was introduced by [13]. After that, [14], [16], and
[31] generated the vacation interruption model for GI/Geo/1, GI/M/1, and
M/G/1 queueing models, respectively. Working vacation queueing system with
service interruption and multi-optional repair was considered by [11]. Then,



Analysis and optimisation of a M/M/1/WV queue 369

[10] examined system performance measures for an M/G/1 queueing model
with single working vacations and a Bernoulli interruption schedule. [29] stud-
ied the strategic behaviour in a discrete-time working vacation queue with
a Bernoulli interruption schedule. [22] investigated a single server queueing
model with multiple working vacations and vacation interruption where an
arriving customer can balk the system at some particular times. Recently, a
study of an infinite-space single server Markovian queue with working vacation
and vacation interruption was established by [20].

Over recent decade, customer’s impatience becomes the burning issue of pri-
vate and government sector businesses. Thus, an increasing attention has been
seen in queueing systems with impatient customers due to the absence (vaca-
tion) of the server. [1] gave the analysis of customers’ impatience in different
queues with server vacation. Then, vacation queueing models with impatient
customers and a waiting server have been examined by [21]. [30] analyzed
an M/M/1 queue with vacations and impatience timers which depends on
the server’s states. [8] examined a queueing model with feedback, reneging
and retention of reneged customers, multiple working vacations and Bernoulli
schedule vacation interruption. Further, performance and economic analyzes
of different queueing models with vacation/working vacation and customer’s
impatience have been treated by [5, 6], [2, 3], [4], [19, 7], and the references
therein.

In this work, the main objective is to analyze the queueing performance of an
infinite-space single-server working vacation queueing system with Bernoulli
schedule vacation interruption at which whenever the system becomes empty,
the server switches to the vacation period with a certain probability p and
to the working vacation with a complementary probability 1 — p. During the
vacation period, the customers are served at a lower service rate. During this
period, at each service completion instant, if there are customers in the queue,
the server either remains in the working vacation status with probability q, or
switches to the regular service status with probability 1 — . During vacation
and working vacation periods, the customers may get impatient with different
rates and leave the system . In this study, the probability generating function
(PGF) is used to determine the stationary system and queue lengths. The
stochastic decomposition of the queueing model is also provided. Further, the
cost optimization analysis of the system is carried out using quadratic fit search
method (QFSM) in order to minimize the total expected cost of the system
with respect to the service rate during normal busy period.

The rest of the paper is organized as follows. Section 2 describes the queue-
ing system by stating the requisite hypotheses and notations which are needed
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to develop the model. Section 3 is devoted to a practical application of the
proposed queueing model. In Section 4, the steady-state equations governing
the queueing model are constructed and the steady-state solution of the con-
sidered queueing system is obtained, using the probability generating function
technique. In the Section 5, we focus on useful system characteristics in terms
of state probabilities. Section 6 is devoted to the stochastic decomposition of
the queueing system. In Section 7, we construct a cost function. Numerical
analysis has been carried out in Section 8. Finally, we ended the paper with a
conclusion in Section 9.

2 Model description

Consider an infinite-buffer single server Markovian queueing system where the
arriving customers follow Poisson process with rate A. During the regular ser-
vice period, the customers are served with an exponential rate pp. The server
begins a vacation with probability p or a working vacation with probability
1 —p, where 0 < p <1, at the instant when he finds the system empty. Dur-
ing the working vacation period, the server renders service to the customers
with a lower rate p,(p, < Hp). A new busy period starts if the system is non
empty after the end of vacation period or working vacation period. Further,
it is assumed that the working vacation period is interrupted if the system is
non empty at a service completion instant and the server resumes the regular
service period with probability 1T — q or carries on with the working vacation
with probability q. Vacation and working vacation periods are assumed to be
exponentially distributed with rates 0 and ¢ respectively.

Whenever a customer arrives to the system and realizes that the server is
on vacation (resp. working vacation) he activates an exponentially distributed
impatience timer Ty (resp. T;) with parameter & (resp. «), where & < &. If the
server comes back from his vacation or working vacation before the timer Ty
or T, expires, the customer remains in the system till the completion of his
service. The customer leaves the system and never returns if T; or T, expires
while the server is still on vacation or working vacation.

At time t, let L(t) denote the total number of customers in the system and
J(t) denotes the state of the server with

0, when the server is in working vacation period,
J(t) =< 1, when the server is in vacation period,

2, when the server is in regular service period.
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Then, the pair {L(t),J(t),t > 0} defines a two dimensional continuous time
discrete state Markov chain with state space E = {((0,0) U (0,1)) U (i,j),1 =
1,2,..,j = 0,1,2}. Let Py = tlim P{L(t) =1,]J(t) =j} denote the stationary

—00
probabilities of the Markov process {L(t), J(t),t > 0}.
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Figure 1: State-transition-rate diagram.
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3 Practical application of the queueing model

Reducing energy costs is a major problem in modern information and com-
munication technology (ICT) systems, as the inactive devices in modern ICT
systems consume a significant amount of energy. We consider a ICT system
with a single device, wherein jobs arrive according to a Poisson process with
rate A. The job processing time is exponentially distributed with rate pu,. When
the system work has been done, to reduce energy costs, the device switches
either to off state with probability p or to a lower energy state with a compli-
mentary probability T —p wherein it keeps part of its capacity and processes
the incoming jobs with a lower rate W, (W, > W), which is also exponentially
distributed. The lower energy state can be considered as the working vaca-
tion status of the device. In order to avoid the increasing workload and the
prolonged job sojourn time, once a job arrives at an empty device, the device
processes the job with the rate p,, and begins to move to the regular service
period. The switching process takes time and the processing of the current job
can not be interrupted. Then, at each time of service completion during the
working vacation period, the device can remain in the working vacation period
with probability q or switch to the regular service period with probability1—q.

If the device successfully switches to the regular service period and finds
jobs online, it will process them with rate w, (the working vacation period is
interrupted).

Moreover, we suppose that whenever a customer arrives to the system and
finds that the device is on vacation (resp. working vacation) he activates an im-
patience timer Ty, (resp. T;) exponentially distributed with parameter & (resp.
«). If the device returns from its vacation/working vacation before the time
expires, the customer stays in the system until his service is completed. How-
ever, if impatience timer expires while the server is still on vacation/working
vacation, the customer abandons the queue, never to return.

4 Stationary Solution of the Model

Using the theory of Markov process, the stationary equations governing the
system are as follows

APo1 = EP11 + puw P2, (1)
A+0+nE)Pr1 =APy 11+ M+ T1)EPr 7, n>T, (2)

APoo = P10+ (1 —p)uuPi2, (3)
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A+ +d+M—=T1)x)Pro = APr_10 + (quy +1x)Pri10, n>1, (4

(A + pp)P12 = wpP22 +0P1 1 4+ dP1 o + (1 — q) P2y, (5)

(A+1p)Pn2 = APy 12+ 0Py 1 + OPo+oPr1 2+ (T—q) iy Pryio, 1> 2. (6)
Define the Probability generating functions (PGFs) as

o0

Po(z) = Z Pnoz",
n=0
o

Pi(z) = ) Pniz",
n=0
o0

Pa(z) =D Pnozh
n=1

with Po(1) + P1(1) +Py(1) = 1, Pé(Z) = Z:LO:I TlZn_]Pn,(), and P{(Z) = Zio:] n
Zn71Pn’] .
Multiplying equation (2) by z™ and summing over n, we get after using equa-
tion (1)

E(1— Z)P{(Z) — [A(1 —2z) 4+ 6]P1(z) + pup P12 + 0Py = 0. (7)

Multiplying equation (4) by z™ and summing over n, we get after using equa-
tion (3)

oz(1 —2z)Pi(z) = [(1 —z2)(Az — iy + o) + wu(1 — q) + zd]Py(2)

2 — (1—2)(y — &) + (1 — q)(Az + m)lPoo + q(1 — plzupPrz =0. &

Remark 1 Ifp =1, equation (7) becomes
&(1 = 2)Pi(z) = M1 —2) + 61P1(z) — (kP12 + OPa1),
which matches with the result given in [1].
Remark 2 If q =1 and p =0, equation (8) becomes
az(1-2)Py(z)—[(1-2) (Az—pw+0) +2¢]Po (2)+[zdp—(1—2) (v —0t) Poo-+1p P12z = O.

This matches with the result done in [23].
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Remark 3 If q =1, p =0 and o« =0, then equation (8) reduces to

iy (1 —2z)Poo — z(up P12 + $Poo)

Po(z) =
olz) Az2 —z(A+ 1wy + $) + 1y

)

which is same as in [24].

Multiplying equation (6) by z" and summing over n, we get after using equa-
tion (5)

(1—=2)(Az — wp)P2(2) = (zd + (1 — q)uy)Po(2z) + 02P1(2)
— (b + A+ 1) (1 —=q))Poo + q(1 —p)uwPr2lz  (9)
— (1 =) (T —2z)Poo — (OPo1 + prpPi2).

Putting z = 1 into equations (7) and (8), we respectively get
OP1(1) = pupPi2 + 6P, (10)
and

[+ (T = IPo(1) = [+ (1 = q) (A + m)IPoo + (1 = p)quuPr2.  (11)

4.1 Solution of differential equations

Equation (7) can be rewritten as

A Py + OP
0 }p(Z)er”b‘ﬁLem:o) (12)

Pilz) = [a* £1—2) £ —2)

for £ #0 and z # 1.
To solve the linear differential equation (12), we multiple both sides of the

A [¢]
equation by I.LF = e &*(1 — z) ¢ and integrating from 0 to z, we have

Pi(z) = et*(1—2) ¢ [m (0) <p”"’°‘2;ep‘”> K(z)] . (13

where .
_Ay 8_q
K(z):J e (1 —x)g 'dx.

Then, by letting z — 1, we obtain

Pi(1) = et [m (0) — (‘W) K(])} lim (1 ) f.
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Since 0 < Py(1) =3 72y Pn1 <1 and lim(1 —z)~ 2 oo, we must have

251
Por = Py(0) = (PP R ) ), (1)
which gives
P12 = ToPor, (15)
where Tp = iESEEH

Then, substituting equation (15) into equations (10) and (13), we respectively

get
3

Pi(1) = ———P 16
1(1) T (16)
and K(z)
A & z
Pi(z) = et*(1 —z) ¢ |1— —— | Pgo. 17
) = et -2t |1 8 g (17)
From equations (1) and (15), we get
P11 = WP, (18)
where U; = %
From equations (2) (for n =1) and (18), we get
P21 = UzPor, (19)
where Uz = g1U1 Uo, g1 = i?i and Uo =1.
From equations (2) (for n = 2) and (18)-(19), we get
P31 = UzPor, (20)
where U.3 = gzU.z 3EU1 and g2 = }\+¢+2£.
Then, recursively, it yields
P = unpoh
where
Apbnlo if n=1
u, = & N . ’
gn-1Un 1 — fgun—Za if n>2
with

CA+O0+(n—1)¢
gn—1 = TlE. .
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Next, equation (8) can be expressed as

—Hv v v— 1— A v
Pé(z){?‘z Zua+cx+ (tb )+ u( )}Po( )+ {“(]¢_Z)uma+( O?Z)((]z_;u )}Poo

+q1 P)prz_o

for « #0,z#0, and z # 1.
Now, in order to solve the above differential equation we multiply it both

_ vq_ d+pv(1—q) . .
sides by L.F = e%zz(% ]) (1—2) 5 and integrating from 0 to z, we get

%ur=f@?”0m—m‘“ﬂwcw{<t”‘)PmAu)

(21)
1- + (1—q)A 1—
w0 =d)p By <¢ (—ah, . dl p)Han) C(Z)}’
o o "
where
rz
A(Z) = e)\(z X)Xuxq_z(‘l —X) ¢+Hvo£ q) dx)
JO
B(Z) = [* ea(z_x)xuéq—ZU —X) Pruvl=q) 4 dx)
JO
C(Z) = [* eg(Z*X)X%lfl(] _X) ¢’+uv(1 $+uv(1—q) 1d
0
Taking limit z — 1 in equation (21), we get
1—
Po(1) = {(MV — ]) A(1)Poo — MB“)POO
x o
1 _ 1 7 P q v —
_ [(¢+( (1)7\)]300Jr q(1T—p)mw 12} C(U} lim (1 — ) (=)
« & z—1

Since 0 < Po(1) = Y 77y Pno < 1 and ll_r}r%ﬂ —z)’(w) — oo,we must
have

P12 = S1Poo, (22)
where

(kv — )2 — (1 — Qg — (@ + (1= q)A)
q(T—p)m
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Substituting equation (22) into equation (21), we get

Substituting equation (22) into equation (11), we obtain

Po(1) = HPgp, (23)
where : .
[l =0 w1 -0 (1 27)
¢+ Hv” - q)

From equations (15), (16), and (22), we find

&S
From equations (3) and (22), we get
P10 = ViPoo. (25)
where V7 = A= —pluS: .
by

From equations (4)(for n = 1) and (25), we obtain
P20 = V2Poo, (26)

where V, = fV; — ﬁvo, fo = A;;ijcj’ and Vp = 1.

From equations (4) (for n = 2) and (25)-(26), we get

P30 = V3Pyo, (27)
where V3 = {1V, — quvi):rZ(xv] and f = %'

From equations (4)(for n = 3) and (26)-(27), we get

P49 = V4Poo, (28)
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where V3 = f,V; — V; and f; = Ativtida

qHy +3oc quv+3a
Then, recursively, it yields
Pn() = VnPOOa

where

1, if n=0,

A—(1—p)upS .

VTI e %) lf n= ],

fn2Vno1 — mvnfly if n>2,

with

quy + (n—1)§&
Next, substituting equations (10) and (11) into equation (9), we get

fan =

_ (20+(1—q)pv)Po(2)+02P1 (z)—2z(P+1v (1-9))Po (1)—20P (1) pv(1—q)
Pa(z) = B Ir=Ty T e Do

Applying L’Hospital’s rule to equation (29), we get

(b + (1 —q))P5(1) 4+ 6P (1) — py(1 — q)Po(1) N (1 — q)P
Ho — A Hp — A

P2(1) =

This implies

(o — A)P2(1) + v(1 — q)(Po(1) — Poo) — OP{(1)
¢+ (1 —q) '

Py(1) =

Equation (7) can be rewritten as

A(1 —2z) + 6]P1(z) — pup P12 — OPg;

P{(z) =
Applying L’Hospital’s rule, we have
A
P{(1) = Py(1).
1(1) 01 c 1(1)

Further, equation (8) can be rewritten as

1

Polz) = az(1 —z)

([T —=2)(Az — uy + &) + 1y (1 — q) + zp]Po(2)

(29)

00- (30)

(31)

—[zd — (1 —2z)(y — &) + (1 — q)(Az + wy)IPoo — q(1 — Pz P11) -
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Applying L’Hospital’s rule, we have
(A+o—py — ¢)Po(1) + (v + & — a4+ AT — q) + qup (1 —P)S1)Poo

Pol1) = o+ b+ py(T—q)
(33)
Next, substituting equations (32) and (33) into (30), we obtain
[+ (0 —g)A+ax—p —¢) (] —GI)]
P = [ ey B Pl
AOP; (1) -
CE e U EITIET)) (31
[uv+cl>—oc—7\(1—q)+qub(1—P)51+uv(1—q)]P
(b + (T =) (o — ) o —A ]

Using equations (23)-(24) and (34), and normalization condition, we can get
the value of Poy. Next, we need to write Py in terms of Pgp.
Substituting equations (15), (18), (22), and (25)-(26) into equation (5), we get

P2, = S2Poo, (35)

Where Sz _ (] + p)S] _ ebS%ou ¢V1+V2}::(1—Q)Vl , p = ﬁ
Substituting equations (15), (19), (22), and (26)-(27) into equation (6) (for
n = 2), we obtain

P32 = S3Po0, (36)

where S3 = (1 +p)S; — pS7 — H6511_0u dJVeru;(b]fq)Vs

Substituting equations (15), (20), (27)-(28), and (35)-(36) into equation (6)
(for n = 3), we find

P42 = S4Poo,
_ 0S dV3+u, (1—q) V.
where S4 = (14 p)S;3 — pS2 — Hb%ou 2 ™ =
Then, recursively, it yields
PnZ = SnPOO>
where
. — 1, if n=1,
T (4 p)Snt — pSng — B U,y — Vet (=alVa ey >

uo To Ko )

with So = 0.
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5 Performance measures

As the steady-state probabilities are obtained one can easily derive the various
performance measures of the model.
— The probability that the system is in working vacation (Py(1)).

A1)
Poo

Poll) = ST m—q)

— The probability that the system is in vacation period (Py(1)).

ESy
Pi(1) = 9K(1)T0POO'
— The probability that the system is in busy period (P2(1)).
(d+u(1 —q))A+a—w—¢) w(l—q) AOP; (1)
Py(1) = - Po(1
1) [ bl —ao—n  wo—n | T @ —n
b+ ¢—a—A(l—q)+qu(1 —p)S1 | w (1 — q)]
v(1—
b q”[ (acrdrmT— )N wp—A |

Substituting equation (23) into equation (33), we get the expected number of
customers when the system is on working vacation period (E(Lp)).

r1y (A+o—py—d)H+py+d—a+A(1 — q)+qup (1 —p)S;
o+ b+ (1 —q)
Substituting equation (24) into equation (32), we get the expected number of
customers when the system is on vacation period (E(L;)).
AES
0(0 + E)K(1)To

E(Lo) =

E(L) =Pi(1) = Poo.

Equation (9) can be rewritten as

(zd + (1 — q)m)Po(z) + 0zP1(z) — z(dp + py(1 — q))Po(1) — zOP¢ (1)

Palz) = ((T—2) (2 — )

. (1 —q)

Poo-
Az — 00

Differentiating the above equation and applying L’Hospital’s rule, we get

E(L) = Pé(]) ¢+(l;v(1)\)q)PO (1) + (MV((:L;E;\T%M%“) me )\)P]”(])

Ay (1— q)+ubd> Ay (1—q) Aty (1—q)
+ (to—N) P()(]) (1p—7)2 (POO P (]))+ (tp—7)2 POO

(37)
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Differentiating equation (7) twice with respect to z and letting z = 1, we obtain

P{(1) A

= graEni): (39)

Differentiating equation (8) twice with respect to z and letting z = 1, we obtain

PY) (A= — QPG(1) + APo(1) )
2 b+2a+w(—q)

Substituting equations (38) and (39) into equation (37), we get the expected
number of customer when the server is busy (E(L)).

_ 1 (41 (1—-q)) A—pv—0) Ay (1—q)+ ¢ 1
E(LZ)—ub—A{ e R e s 0 L) e

) }\Hv] q) b+ (1—q) wy(1—q)
ub]P‘(” (p—A)? P°°+ub—?\ [¢+2<x+uv(1fq)_ i | Poll).

e+z£ +

The expected number of customers in the system can be computed as E(L) =
E(Ly) + E(Ly) + E(Ly).
— The average rate of abandonment of customers due to impatience (Rg).

Ra=a) (n—1)Pno+&) nPuy=a(E[Lo] — (Po(1) — Poo)) + EE[L4].
n=0 n=0

6 Stochastic decomposition of the model

The stochastic decomposition structures for the mean queue length and mean
waiting times at stationary state are expressed in the following Theorems.

Theorem 1 If A < Wy, the stationary queue length L can be decomposed into
the sum of two independent random variables as L = Lo+ Lq, where Ly is the
stationary queue length of a classical M/M/1 queue without vacations and Ly
s the additional queue length due to the effect of working vacation or vacation
with its pgf as

Lt = () {1 - ] e 2 5] vt

(40)
1oz i @)+ g P + “”Jb‘”Poo}-
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Proof. Consider

L(z) = Po(z) + P1(z) + Pa(2)

o (bz'f'llv“_q) 0z
= [1 i —z)(Az—ub)} Polz) + {1 i —zmz—ub)] Pilz)
¢+ (1 —q) 0z w(1—q)
o [(1 —2)(7\2—%)}]}0(”_ [(1 _Z)O\Z_Hb)}P](])_ e

:<ub—?\> |:Hb_)\z_(¢z+liv(]_q)):|])(z)
Ho — Az wo—A (AN -2) | °

d>+uv(1—q)] {ub—M_ 0z ]
+Z[(1—z)(ub—A) Pt | =r " e—ni =z 1

0z (1 —q) _(1—p)
" [(1 —2)(%—7\)] Pill)+ Hp — A POO} “i-pz " La(2),

where L4(z) can be expressed in series expansion as

Lalz) = (1> { [ _pr— ozt m(l— q”}Po(z) 2 [‘1’”“_‘”] Pol1)

1—p W (1 —2z) W (1 —2z)
+ []—pl—ez} P](Z)—I—LP](])—FMPQQ
up(1—2) W (1 —2z) b
=75 {ZP 0z" —pZPnoZnH b ;%Pmkol

oo oo
(1 —
+ Vuibq D > Pupioz + Z Priz™ —p Z Pzt
n=0 n=0

=1 k=0

o0
Z Z Prixi1z } = Ztnz“,
n=0

n=1 k=0
1
such that ty = ﬁ(POO + Po1), and

o0

1
tn:]_p{P — PPn- 1o+ ZPn+kO+ ZPnJrkHO

+Pn1 — PP+ — Z Prjkipy =1
Ho 15
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Now, we show that ) -2  tn =1 for t, € [0,1].

D tn= 1_p{]—pZP o+—ZnPno+ u)“Z(n—nPn,o
n=0

n=1

1—p{ 1—p) ano+(¢+liv — )ZnPno

Applying equation (31), we get

;tn=1lp{1— 13 pro= DS pist0-0) 3 Pt & 3w

. (d) + (1 — q)) [(ub —A)P2(1) + (1 = q)(Po(1) — Poo) —er)] }+

My ¢+ w(1—q)
v (01— q)u (1—q)u
_nZ_()Pn)o—l—] —Po(1)—=P:(1) — ™ _p)Poo—i- we( — )POO+ZPn1 =1.

n=0

Hence, L4(z) is a PGF of the additional queue length due to the Bernoulli
schedule vacation interruption. O

Theorem 2 If A < Wy, the stationary waiting time can be decomposed into
the sum of two independent random variables as W = Wy + Wy, where Wy is
the waiting time of a customer corresponding to classical M/M/1 queue which
has an exponential distribution with the parameter u,(1 — p) and Wy is the
additional delay due to due to the effect of working vacation or vacation with
its Laplace-Stieltjes transform (LST).

1
Wils) = M{[mb —A+s)s = b =) = A=)l Po (1-5)

1y —A+s)s =0 =) P (1-5)

HA—=3s)(d + (1 —q))Po(1) + (A —s)OP1 (1) + (1 — q)HvSPoo}-
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Proof. The relationship between the probability generating function L and
LST of waiting time [12] is given by

L(z) = W*(A(1 —2)).

S

Assume that s =A(1—2z),s0z=1— 3% and 1 —z = }. Applying the relations
in equation (40), we obtain the desired result. O

7 Cost model

Practically, queueing managers are interested in minimizing operating cost
of unit time. In this part of paper, we first formulate a steady-state expected
cost function per unit time, where the service rate (yp) is the decision variable.
Our main goal is to determine the optimum value of Wy in order to minimize
the expected cost function. To this end, we have to define the following cost
elements:

e Cq : Cost per unit time when the server is on working during regular
busy period.

e C;: Cost per unit time when the server is on vacation period.

e C3: Cost per unit time when the server is on busy period.

e C4: Cost per service per unit time during regular busy period.

e Cs5: Cost per service per unit time during working vacation period.
e Cg4: Cost per unit time when a customer reneges.

¢ C7: Holding cost per customer per unit time.

Let 7¢ be the total expected cost per unit time of the system:

Te = C1Po(1) + CoP1(1) + C3P2(1) + 1pCs + 1y Cs + CoRyen + C7E[LL

7.1 The optimization study

In this subsection we focus on the optimization of the service rate (up) in
different cases in order to minimize the cost function 7.. We solve the stated
optimization problem using QFSM method.



Analysis and optimisation of a M/M/1/WV queue 385

Given a 3-point pattern, we can fit a quadratic function through correspond-
ing functional values that has a unique minimum, x9, for the given objective
function 7¢(x). Quadratic fit uses this approximation to improve the current
3-point pattern by replacing one of its points with optimum x9. The unique
optimum x9 of the quadratic function agreeing with 7¢(x) at 3-point operation
(x', x™, x4) is given by

1T O (™) = ()P +Te(x™) (x*)* = (D) +Te () (¥ = (x™)?)
2 Te(xH (x™ — x*)+Te (x™) (x* — x1) + Te (x1) (xt — x™) '

[l2

x4

The optimization problem can be illustrated mathematically as:

Minimize: Tc(wp) = C1Po(1)+C2P1(1)+C3P2(1)+1p C441y C5+CgRren+C7E[L].

Suppose that all system parameters have fixed values, and the only con-
trolled parameter is the service rate (Wy).

8 Numerical results

In this section, we provide numerical experiments to illustrate how different
system parameters affect some system characteristics.

The system parameters chosen are presented in Tables and Figures given in
the following items:

e Table 1 and Figure 2 : A = 2.4,u, =3.0,p = 0.3, =0.8,0 = 1.8, =
0.8, x = 0.1, and & =1.9.

o Table 2 : pt, =2.6,p = 04,0 =1.4,¢p = 0.8, = 0.1, and & = 1.2.
e Table 3:A=32,¢=060=11¢ =07 a=03,and £ =1.7.
o Table 4: A =3.0,q=0.7,0 =0.8,¢p = 0.2, b, = 2.4, and p = 0.4.
o Table5:A=28,q=08a=02E&=15p, =22 and p = 0.4.

e Figure 3 : up, = 4.5, 1, = 2.6, = 0.1,& = 1.2,p = 0.8,p = 0.4, and
0=14.

e Figure4: A=34,n, =26, =0.1,E =12, =0.8, and 6 = 1.4.
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e Figure 5 : w, = 4.7,q = 0.9, = 0.2, = 1.2, = 0.3,0 = 0.7, and
p=04.

e Figures 6-8 : A =3.0,up = 4.5,1, = 2.6,q =0.7,& =1.2,0 = 1.4, and
p=04.

e Figures 7-9 : A =3.0,up, = 4.5,y = 2.6,q = 0.7, = 0.4, $ = 0.6, and
p =0.5.

Table 1: Search for the optimum service rate p; during regular busy period.
u um ut Te(1h) Tew™)  Te(wt)  ud Te (1)
5.100000 5.400000 5.700000 410.484439 394.420852 391.963589 5.604179 391.910733
5.400000 5.604179 5.700000 394.420852 391.910733 391.963589 5.645648 391.857148
5.604179 5.645648 5.700000 391.910733 391.857148 391.963589 5.643959 391.856942
5.604179 5.643959 5.645648 391.910733 391.856942 391.857148 5.643089 391.856912
5.604179 5.643089 5.643959 391.910733 391.856912 391.856942 5.643048 391.856912
5.604179 5.643048 5.643089 391.910733 391.856912 391.856912 5.643033 391.856912
5.604179 5.643033 5.643048 391.910733 391.856912 391.856912 5.643032 391.856912
5.604179 5.643032 5.643033 391.910733 391.856912 391.856912 5.643031 391.856912

400 402
| |

398
I

(5.643031,391.856912)

396
I

394
|

The total expected cost per unit time of the system

390
!

T
5.3 54 5.5 5.6 5.7 5.8 5.9 6.0

Regular service rate p,

Figure 2: Effect of yup, on 7.
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Table 2: Optimal values of p; and 7c(uy) for different values of A and q.

A=35 A=45 A=55

U Te(uy) H, Te(uy) , Te(ug)

0.3 4.862986 352.655384 6.012295 410.465278 7.138987 466.276595
=0.6 4.589849 333.020545 5.717871 387.784157 6.829078 440.910714
=0.9 4.449532 323.932229 5.563229 377.161323 6.663980 429.046786

HellNaliNall

Table 3: Optimal values of pi and 7c(u}) for different values of w, and p.

w, = 2.2 w, =2.5 w, = 2.8

[V Te(ug) [V Te(ug) [T Te(uy)

p=0.3 3.607634 279.308457 3.600697 286.217326 3.593235 293.371886
p=0.6 3.313594 257.348468 3.310018 265.481915 3.306657 273.738369
p=0.9 3.134604 243.821124 3.133657 252.623948 3.132829 261.457645

Table 4: Optimal values of p and 7c(u}) for different values of « and &.

oo =0.1 oax=04 ou=0.7

U Te(uy) H, Te(ug) L, Te(uy)

£=0.5 4.101791 324.408533 4.026891 319.266445 3.961865 315.540988
&E=1.0 4.126021 322.687741 4.045522 317.026212 3.975738 312.850216
§E=1.5 4.139667 322.657325 4.056594 316.842638 3.984583 312.525274

Table 5: Optimal values of py and 7c(uj) for different values of © and ¢.

0 =0.8 0=14 0=2.0

U Te(uy) [V Te(uy) [V Te(uy)

¢ =04 4.026534 307.781311 4.023896 302.709691 4.020944 300.922353
¢ =0.8 4.114485 312.824843 4.078663 302.785848 4.071751 298.539176
b =1.2 4.228526 319.734187 4.143652 305.561523 4.112019 299.095820
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The expected number of customers in the system

T T T
25 3.0 3.5

Arrival rate A

Figure 3: Effect of A and q on E[L].

The expected number of customers during busy period

T
4.0 4.5 5.0 55 6.0

Regular service rate p,

Figure 4: Effect of up and q on E[L;].
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The probabilities of the states of the server

The expected number of customers during working vacation

0.30 0.35 0.40 0.45

0.25

Figure 5: Effect of w, and A on Py(1),P;(1) and P,(1).
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Figure 6: Effect of ¢ and « on E[L].
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8.1 Discussion

— From Table 1 and Figure 2, we easily observe that the curve is convex.
This proves that there exists some value of the service rate yp that minimizes
the total expected cost function for the chosen set of model parameters. By
adopting QFSM and choosing the initial 3-point pattern as (p!, u™,u%) =
(5.10,5.40,5.70), and after finite iterations, we see that the minimum expected
operating cost per unit time converges to the solution 7. = 391.856912 at
uy = 5.643031.

— From Tables 2-5, we have:

— As intuitively expected, the optimum cost function 7¢(uj) increases with
(A)y (1y), and (¢d) and decreases with (q), (p), (&), («), and (0). With the
increasing of the arrival rate, the mean system size increases significantly.
This increases significantly the optimum cost function 7¢(p;). Obviously, the
increasing of the vacation rate increases the probability of the regular busy
period which in turns decreases the mean system size. This results in the de-
creasing of the minimum expected cost. Further, the impatience rates either
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during vacation or working vacation periods lead to the decreasing of the mean
number of customers in the systems which implies a decreasing in the opti-
mal expected cost. Then, when the probability with which the server resumes
its service during working vacation period to the regular service increases the
customers are served faster. Consequently, 7c(u;) decreases. The same when
the probability that the server switches to the vacation period at which the
customers may get impatient and leave the system. This yields to the decreas-
ing of the mean number of customers in the system and consequently the total
expected cost decreases accordingly. In addition, the decreasing of the opti-
mum cost function 7¢(py) with (¢) can be due to the choice of the system
parameters.

— The average rate of abandonment (Rq) increases with (&) and (o) and
decreases with (0) and (¢). This is quite reasonable; the higher the impa-
tience rate (resp. vacation and working vacation rate), the greater (resp. the
lower) the average rate of reneging (Ry) and the smaller the mean number of
customers in the system (E(Ly)) and (E(Ly)).

— With the increasing of (1p) and (q), the mean number of customers in
the system decreases. Obviously, the smaller (resp. greater) the mean service
rate during regular busy period (resp. the probability that the server switches
to the regular busy period), the higher the mean number of customers served
and the smaller the mean system size during this period (E(L,)).

— As it should be, the service rate (u,) decreases the probability that the
server is in regular period (P2(1)) and increases the probabilities that the server
is on vacation and working vacation periods (P;(1)) and (Po(1)) respectively.
Further, obviously, the increasing of the arrival rate (A) increases (Po(1)),
(P1(1)), and (P2(1)).

9 Conclusion

The steady-state solution of an infinite-space single-server Markovian queueing
system with working vacation (WV), Bernoulli schedule vacation interruption,
and impatient customers has been presented. The proposed queueing system
can be applied in diverse real life situations of day-to-day as well as indus-
trial congestion problems including call centers, telecommunication networks,
manufacturing system, and so on. The analytical results using probability
generating function (PGF) technique are obtained. The performance indices
derived may be helpful to the decision makers for improving the availability
of the server.
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Abstract. The goal of this paper is to generalize and refine some pre-
vious inequalities between the LP- norms of the sth derivative and of the
polynomial itself, in the case when the zeros are outside of the open unit
disk.

1 Introduction

n

Let Py, be the class of polynomials P(z) := > a,z" of degree n and P (2) is
v=0

its st" derivative. For P € Py, we have

max |P'(z)| < ml"ﬂlgflP(Z)l (1)

|z|=1

and for every v > 1,

27t r % 27 T %
{J P’(eie)‘ dG} gn“ ‘P(e“’)( de} : (2)
0 0

The inequality (1) is a classical result of Bernstein [10], where as the inequality
(2) is due to Zygmund [14] who proved it for all trigonometric polynomials of
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degree n and not only for those of the form P(e'). Arestov [1] proved that (2)
remains true for 0 <t < 1 as well. If we let r — oo in (2) we get (1).

The above two inequalities (1) and (2) can be sharpened if we restrict our-
selves to the class of polynomials having no zeros in |z| < 1. In fact, if P € Py
and P(z) # 0 in |z| < 1, then (1) and (2) can be respectively replaced by

max |P'(z)] < = max |P(z)| (3)
lz|=1 2 |z=1
and
1 1
27 ) T T 27 ) r T
{J Pe?)| ae} §nCr{J pe)] de} , ()
0 0
where

1 2m LT %]
! by
=45 L ‘1 v ayy . (5)

The inequality (3) was conjectured by Erdos and later verified by Lax [9],
where as (4) was proved by De-Bruijn [6] for v > 1. Further, Rahman and
Schmeisser [12] have shown that (4) holds for 0 < v < 1 as well. If we let
T — 00 in inequality (4), we get (3).

In the literature, there already exists various refinements and generalisations
of (3) and (4), for example see Aziz [2], Aziz and Dawood [3], Mir and Baba
[11], Zireh [13] etc.

2 Main results

In this paper, we shall use a parameter 3 and obtain certain generalisations
and refinements of inequalities (3) and (4).

Theorem 1 If P € P, and P(z) # 0 in |z| < 1, then for every B € C with
Bl <T,T<s<nandy>1,

21 i
{ J esOP) (1) 4 Bn(n— ])'é's(n_ s+ ])P(eie)’yde}
O 2n 1 (6>

0
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where

-1
1 27 Y Y
E, = {ZT[L T+e doc} . (7)

Instead of proving Theorem 1, we prove the following more general result
which includes not only Theorem 1 as a special case, but also leads to several
interesting generalisations and refinements of (3) and (4).

Theorem 2 If P € P, and P(z) # 0 in |z| < 1, then for every ,6 € C with
BI<KLPBI<T,1<s<nandy=>1,

d

N dmnn—1)...ln—s+1) (‘

Bn(n—1)...(n—s+1)P
23

eisep(s](eie) + (eie)

2

27 1
<nn-—"1..m—s+ 1)Ey<1 + 2|SB1>{ J IP(eie”yde}v)
0

where m= min,_1|P(z)| and E is defined by (7).

Now we present and discuss some consequences of these results. First, we point
out that inequalities involving polynomials in the Chebyshev norm on the unit
circle in the complex plane are a special case of the polynomial inequalities
involving the integral norm. For example if we let Y — oo in (6), noting that
E, — % we get the following result.

Corollary 1 If P € P, and P(z) # 0 in |z| < 1, then for every B € C with
Bl < T and1 <s <n,

pnn—1)...n—s+1)

1&1@{ 2P (z) + 7 P(Z)‘
- 9)
m—T)...n—s+1) Bl
< n(n le S <] 4 251> r‘?li%(“)(z”

If we take s =1 in (9), we get the following generalization of (3).
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Corollary 2 If P € P, and P(z) # 0 in |z| < 1, then for every B € C with
Bl <1,
pn

max 2P (2) + 5 P(z)| < 51+ |B) max|P(z). (10)

Remark 1 For 3 =0, (10) reduces to (3). It should be noted that inequality
(10) can also be obtained by simply applying the triangle inequality to the
left hand side of it and estimating the first of the resulting terms directly by
inequality (3).

Next, we show that Theorem 2 implies other inequalities in the Chebyshev
norm on the unit circle of a polynomial. If we let vy — oo in (8) and choose
the argument of & suitably with |8] =1, we get the following result.

Corollary 3 If P € P, and P(z) # 0 in |z| < 1, then for every B € C with
Bl <Tand1 <s<n,

pn(n—1)....n—s+1)
s

2P (2) + P(z)

max
z|=1

. n(n—])...z(n—s—i-]){(] +2|Sf5_|]>1|?§¥|1>(z)| (1)

B B
(123}
where m= minj,_;|P(z)|.

Taking s = 1 in inequality (11), we get the following refinement of (10).

2s

Corollary 4 If P € P, and P(z) # 0 in |z| < 1, then for every B € C with

Bl <1,
gg{m+wmﬁymnv<k+§LWQ)m}<m>
where m= min,_;|P(z)|.

When 3 = 0, the above inequality (12) recovers a result of Aziz and Dawood
[1]. Several other interesting results easily follow from Theorem 2 and here, we
mention a few of these. Taking B = 0 in (8), we immediately get the following
result.

max |zP/(z) + @P(z)
|z|=1 2
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Corollary 5 ¢2.5 If P € P, and P(z) # 0 in |z| < 1, then for every 6 € C
with 8| < 1,1<s<nandvy>1,

(

21 1
<nm—1..(n—s+ 1)Ey{ J |P(ei9)|Vde} ,
0

1

dmnn—1)...(n—s+1) ’vde}v

eisGP(s) (eie) +

2
(13)

where m= min,_1|P(z)| and &, is defined by (7).

For s =1 and & =0, inequality (13) reduces to inequality (4).

Letting vy — oo in (13) and choosing the argument of & with &6 =1, we get
the following interesting generalization of a result of Aziz and Dawood [1].

Corollary 6 IfP € P, and P(z) #0 in |z| < 1, then for 1 < s <mn, we have

(s) n(n—1)...(n—s+1)<
l‘r?gIP ()] < 5

max |P(z)| — min|P(z)|>. (14)

|z|=1 |z|=1

For the proof of Theorem 2, we need the following lemmas.

3 Lemmas

Lemma 1 Let F € P, and F(z) has all its zeros in |z| < 1. If P(z) is a
polynomial of degree n such that

P(2)] < [F(z)] for |z =1,

then for any B € C with |B| <1 and 1 <s <mn,

pnm—1)....n—s+1)
. P(z)\

Bn(n—1)...(n—s+1)F
28

2Pl (z) 4

ZF¥) (z) + ()

for |z > 1.

The above lemma is due to Hans and Lal [8].
By applying Lemma 1 to polynomials P(z) and z" miny,_; [P(z)|, we get the
following result.



Some integral inequalities 401

Lemma 2 IfP € P,, and P(z) has all its zeros in |z| < 1, then for every € C
with B < 1,1 <s <mn,

pnn—1)..n—s+1)
ZS

2P (z) 4 P(z)‘

>nn—1...n—s+1)z"

1 -l—‘mlnIP z)| for |z| > 1.

Lemma 3 If P € P, and P(z) # 0 in |z| < 1, then for every B € C with
IBI< 1,1 <s<nandlzl =1,

N pnmn—1)....n—s+1)

2P0 (2) = P(z)’
< ZSQ(S)(Z) + [311(1’1— ])Zs(n_5+ 1)Q(Z)
n(n])...(ns+1){‘]+2ﬁs zﬁs}m>

where Q(z) = z"P(3) and m = miny,_; [P(z)].

NUE

Proof of Lemma 3.3. If P(z) has a zero on |z| = 1, then m = 0 and the
result follows by Lemma 1. Henceforth, we suppose that all the zeros of P(z) lie
in |z| > 1 and so m > 0, we have |]Am/| < |P(z)| on |z| = 1 for any A with [A| < 1.
It follows by Rouche’s theorem that the polynomial G(z) = P(z) — Am has
no zeros in |z| < 1. Therefore, the polynomial H(z) = nG(%) = Q(z) — mAz"
will have all its zeros in |z| < 1. Also |G(z)] = |H(z)| for |z| = 1. On applying
Lemma 1, we get for every 3 € C with [B| < 1,1 <s<mnand |z]| > 1,

pnn—1)....n—s+1)
25

< |ZH®) () +

G (2)+ G(z)

pnn—1)....n—s+1)
25

Equivalently

pnn—1)...n—s+1)
25

< (ZSQ(S](Z) —Amnn—1)..(n—s+ 1)z“)

2P (2)+ (P(z) —Am)|
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+ == D Q) — Amat)

This implies that

_pnm—1)..(n—s+ ])Am’
25

(15)
<

—Amnn—1)....n—s+ 1)z“<1 + 2[38> ‘
Since Q(z) has all its zeros in |z| < 1, therefore, by Lemma 3.2 we have for
every 3 € C with |[B| <1 and |z| > 1,

pnm—1)....n—s+1)

22Q"(2) + s Q(Z)'

>nn—1)..m—s+1)z" +2L33

gllir]llQ(Z)l (16)

=nn-1..m—s+1)z"

5

Now choosing a suitable argument of A in the left-hand side of (15), in view
of (16), we get for |z| =1,

2pl8) ()4 BT ”'i'f“_w Do) = Amm—1)(n—s+1) zﬁ m
< |z m(zHBn(n_1)'i's(n_s+”Q(z)‘
—n(n—])...(n—s+l)’1+2[35’|?\|m.
Equivalently

fnn—1)..n—s+1)

(s)
2P (z) + >

P(z)
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pnn—1)...n—s+1)

< [FQUit = Qlz)
—n(n—1)...(n—s+1)<‘1+2ﬁs‘— Zﬁs>|>\|m.
Letting [\ — 1, we get for every p € C with |3] < 1 and |z = 1,
2P (2) + Bn(n—U-i-s(n—sH)P(Z)
< o Bt ms g |
—n(n—l)...(n—sﬂ)(’wzﬁs _ f)m

which completes the proof of Lemma 3
The following lemma is due to Aziz and Rather [5].

Lemma 4 If A, B, C are non-negative real numbers such that B+C < A, then
for every real number «,

[(A—C)e" + (B+C)| < |Ae™* +B].

Lemma 5 If P € P, and Q(z) = Z“P(%), then for each «,0 < o0 < 27 and
Y > 0, we have

2m 27 n
J J [P/(e) + e *Q/(e)[Y a0der < 27n J [P(e)["de.
00 0

The above lemma is due to Aziz and Rather [4].

4 Proof of the Theorem

Proof of Theorem 2.2. Since P € P,,, P(z) # 0 in |z] < 1 and Q(z) = z" (%),
therefore, for each &,0 < o« < 27, F(z) = P(z) + €**Q(z) € P, and we have

F(S)(Z) _ P(S)(Z) + eiocQ(s)(Z)’



404 A. Mir

which is clearly a polynomial of degree n —s,1 < s < n. By the repeated
application of inequality (2), we have for each y > 1,

21
J ‘P(s)(eia) + eiocQ(s)(eiS){Yde
0

2m
<(n—s+1) J [P () 4 e Qi ()] Y do
0

(17)
27
<m—s+1)(n—s+2)..(n—1) J P'(e') + €' *Q’(e™) " do.
0
Integrating (17) with respect to o on [0, 271] and using Lemma 4 we get
2m2n
J J ‘P(s)(eie) + eiOLQ(S)(eiB)‘Ydedcx
00 (18)

27
<2an—s+1)Yn—s+2)"... .n—1)'nY J IP(el®)|vdo.
0

Now by Lemma 3 for each 6,0 <0 < 27, € C with || < Tand 1 <s <mn,

¢is0p(s) (i) Bn(ﬂ—1)-2--s(n—s+1)P(eie)
+mn(n—1).£(n—s+1) (‘1 +% - 2%)
< [e0Q ) (ei®) + Bn(n—1).£s(n—s+1)Q(eie) (19)
_mn(n—1)--2-(n—s+1) (‘] +% - 2{33)
Taking
A = [e0Q0) () 1 Bn(n—1).£s(n—s+1)Q(eie) )
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B — eisep(s)(eie)+ Bn(n—”-zus(n—s‘f'”])(eie)
and
~mnn—1..(n—s+1) B B
€= ) (“*zs - z)

in Lemma 3.4, so that by (19),
B+C<A-C<A,

we get for every real «,

i

Bn(n—])...(n—s+])P

is0p(s) [ Ai0
elSPS(eI)+ 25

()

p

N mn(n—1).£(n—s+1) (‘

+eioc{ 59 Q () (¢10) 1 pn(n — 1).2..5(n—s + ”Q(eie)
_ mn(n—1).£(n—s+1) (‘1 +% B ES >H
< eisep(s](eie) + Bn(n — 1)28(11— S+ UP(eie)‘
+ oot (et) 4 PR Dmm st ”Q(eie)‘|.
This implies for each vy > 1,
21 v 27
HF(Q)HWG(G) SJ S0P 10 4 Bn(n—1).é.s(n—s+1)P(eie)
° ° (20)
v
1 el eiseQ(s)(eiG) " pn(n— 1).2..8(n—s + ”Q(eie) do,
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where
F(0) =|e*®P1) (¢i) Bn(n—U.i.s(n—sH)P(ew)
mn(n—1)-£(n—s+1)<‘1+zﬁs - 2[5$>)
and
G(0) =|ei0 Qo) (¢i0) + PN = ])Q;(n_ s+1) (¢
_mn(n—ﬂ...(n—s—i—”(‘] Bl [5)'
2 2| 7 |2

Integrating both sides of (20) with respect to o from 0 to 27, we get for each
Y =1,

2m2m
J J )F(e) + ei"‘G(S)‘ydedoc
0

o

pn(n—1)....n—s+1)

s P(e")

v
doc}de

s
v
doc} do

eisGP(s) (eie) +

fnn—1)..n—s+1)
ZS

eisGQ(s)(eiS) + Q(eie)

+ei¢x
ZH{TI
0

eiSGQ(S)(eie) n fn(n—1)....n—s+ ”Q(eie))

O —_—

+
o
R
/N

2s
21 , 21
:J JeisG(P(s)(eie)+eiaQ(s)(eiG))
0 0
v
4 Bnin= 1)‘2"5“‘_” D (Ple®) + eQ(e)) doc}de.
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Therefore, it follows by Minkowski’s inequality that for y > 1,

2n2n
< { JJ s (P(s)(eie)+eiaQ(s)(eiG)>

Bn(n—1)...(n—s+1)<
28

2m2n %
< { J J PO() + Q) (e ie)‘ydeda}

L Binn— 1)55.(n —s+1) { TT‘P(eiG) + ei“Q(eie)‘ydedcx}

00

<=

P(e) +evQ(e)) \ydedo«} (21)

<=

For 0 < 0 < 2m, it can be easily verified that

nP(ei®) — elfp/(elf) = ei(nq)ew
and

nQ(e) - 9 () = &l OPI(E)
Hence

np(eie) + eioch(eiG) _ eiGP/(eiG) + ei(n—])GQ/(eie)
+ eicx(eiOQ/(eiO) + ei(nf1)em))

which gives

n|P(eie) +eiocQ(eiS)| < |P/(ei€)) +eiaQ/(eiG)| + \Q’(ew) 4 eiaP/(eiSN

. . 22
— 2|P/(ele) + ech/(ele ( )
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Using (18), (22) and Lemma in (21), we get for every y > 1,3 € C with || < 1

and 1 <s <mn,
,

2m2n v
{J J ‘F(G) +ewe(e)‘ydedo¢}
00 ] (23)

27 1
< @mnmn-1.m-s+1)(1+ 2”5'1){ J |P(eie)|yd9} _
0

Now for every real o and t > 1, it is easy to verify that
It 4 e > |1 + e'*].

Observe that for every y > 1 and a,b € C such that [b| > |al, we have

21t 27
J la + bel*[Ydo > |af J 1T+ e'*da. (24)
0 0

Indeed, if a = 0, the above inequality (24) is obvious. In case of a # 0, we get

21t 21 21 b
H1+ei“do¢:H1+ew‘ Hdoc:J a—l—ei‘"doc
0 0 0
2n
v
>H1+ew‘ do.
0
If we take
a:F(e)>

because |b| > |a| from (19), we get from (24) that

21 21
J [F(0) + e*G(0)[Ydex > [F(0)[ J 1T+ e da. (25)
0

0
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Integrating both sides of (25) with respect to 0 from 0 to 27, we get from (23),
that

21 21
{J“+a%ﬂaj<éﬁwWé%+ﬁMn_”g(_S+”(d%
0 0
mnn—1)...n—s+1) B
N : <P+zs £ )) } (26)
< (2m)ynn—1).(n —s—|—1 2'!5'1 { e) IVde} :

Now using the fact that for every & € C with 5| <1,

elsOp(s) (¢i0) | pn(n — ])-gs(n — S+ ])P(eie)

+6mn(n—]).2..(n—s+]) <‘1+ B

23

pnn—1)...n—s+1)

i0
+ 7 P(e")
mnn—1).. n—s+1) B B
+ 2 1—i_ZS 25| )’
we get from (26) that for every y > 1,
T Brn—1)(n—s+1)
iSO p(s) .10 nm—1)..n—s+ i0
{waww+ = P(e)
0
dmnn—1)....n—s+1) B B K v
e (R
2

4%&

2
ﬁ( )..(n—s]+1)<1+2|s[5|]>
{f ew‘I‘Ydoc}y

0

which is equivalent to (8) and this completes the proof of Theorem 2



410 A. Mir

n
Note. Given a polynomial P(z) = > a,z¥ € Py, we associate with it the

-0
polynomial '
B 7 n
Plz):=P(z) =) @z’
v=0
and
.] n
Q(Z) = an(g) = Z vz

If P(z) = xQ(z), where |x| = 1, then P(z) is said to be self-inversive.
It was shown by Dewan and Govil [7] that the inequality (4) is still valid
if the condition that P(z) # 0 in |z| < 1 is replaced by the condition that
P(z) = aQ(z),|af = 1. Here we present the following result for self-inversive
polynomials.

Preposition. If P € P, is self-inverse, then for every € C,1 < s <n and

v =1,
{T y};
0

21 1
<nn-1..m—-s+1)E, (1 + 2@1 > { J IP(eie)P/de} ,

0

pnn—1)....n—s+1)
25

eisep(s] (616) +

P(eiﬁ)

where E, is defined by (7).

Proof. Since P € P, is a self-inversive polynomial, therefore, P(z) = «Q(z),
where || = 1 and Q(z) = “P(%) € P,. This implies for every B € C and
1<s<n,

pnn—1)....n—s+1)
2s P
pnm—1)...n—s+1)
25

eiSGP(s)(eiB) + (eie)

_ eiSGQ(s)(eiG) + Q(eie)

)

for all z € C so that

oi1sOp(s) (eie) + pn(n—1 )i-s-(n—s-i']] P(eie) ‘

=1.

es0Q(5) (1) + ErnLilnstll g )|



Some integral inequalities 411

Now proceeding similarly as in the proof of Theorem 2, the preposition
follows.
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Abstract. The bucket recursive tree is a natural multivariate struc-
ture. In this paper, we apply a trivariate generating function approach
for studying of the depth and distance quantities in this tree model with
variable bucket capacities and give a closed formula for the probability
distribution, the expectation and the variance. We show as j — oo, lim-
iting distributions are Gaussian. The results are obtained by presenting
partial differential equations for moment generating functions and solving
them.

1 Introduction

Trees are defined as connected graphs without cycles, and their properties are
basics of graph theory. For example, a connected graph is a tree, if and only
if the number of edges equals the number of nodes minus 1 [5]. Furthermore,
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Key words and phrases: bucket recursive trees, trivariate generating function, partial
differential equations, depth, distance
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each pair of nodes is connected by a unique path. A rooted tree is a tree
with a countable number of nodes, in which a particular node is distinguished
from the others and called the root node. A recursive tree with n nodes is an
unordered rooted tree, where the nodes are labelled by distinct integers from
{1,2,3,...,n}in such a way that the sequence of labels lying on the unique path
from the root node to any node in the tree are always forming an increasing
sequence. Call a random recursive tree a tree chosen uniformly at random from
the (n — 1)! possible recursive trees on n nodes. A random recursive tree can
also be constructed as follows. The node 1 is distinguished as the root. We
imagine the nodes arriving one by one. For k > 2, node k attaches itself to
a node chosen uniformly at random from 1,2,...,k — 1 (for more information
and applications, see [11]) .

Mahmoud and Smythe introduced bucket recursive trees as a generalization
of random recursive trees [10]. In this model the bucket is a node that can hold
up to b > 1 labels. The capacity of a bucket v (¢ = ¢(v)) is defined by the num-
ber of its labels. They applied a probabilistic analysis for studying the height
and depth of the largest label in these trees. Kuba and Panholzer analyzed
these trees as a special instance of bucket increasing trees which is a family of
some combinatorial objects [8]. They obtained exact and limiting distribution
results for the parameters depth of a specified label, descendants of a specified
label and degree of a specified label. A (probabilistic) description of random
bucket recursive trees is given by a generalization of the stochastic growth rule
for ordinary random recursive trees (which are the special instance b = 1),
where a tree grows by progressive attraction of increasing integer labels: when
inserting element n+ 1 into an existing bucket recursive tree containing n ele-
ments (i.e., containing the labels {1, 2, ...,n}) all n existing elements in the tree
compete to attract the element n + 1, where all existing elements have equal
chance to recruit the new element. If the element winning this competition
is contained in a node with less than b elements (an unsaturated bucket or
node), element n 4 1 is added to this node, otherwise if the winning element
is contained in a node with already b elements (a saturated bucket or node),
element n+1 is attached to this node as a new bucket containing only the ele-
ment n+ 1. Starting with a single bucket as root node containing only element
1 leads after n — 1 insertion steps, where the labels 2, 3,...,n are successively
inserted according to this growth rule, to a so called random bucket recursive
tree with n elements and maximal bucket-size b. In this paper we consider
a model of bucket trees where the nodes are buckets with variable capacities
labelled with integers 1,2,--- ,n (not the same capacities as bucket recursive
trees).
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Definition 1 [6] A size-n bucket recursive tree T, with variable bucket ca-
pacities and mazimal bucket size b starts with the root labelled by 1. The tree
grows by progressive attraction of increasing integer labels: when inserting label
j+ 1 into an existing bucket recursive tree T;, except the labels in the non-leaf
buckets with capacity < b all labels in the tree (containing label 1) compete to
attract the label j41. For the root node and buckets with capacity b, we always
produce a new bucket j + 1. But for a leaf with capacity ¢ < b, either the label
j+ 1 is attached to this leaf as a new bucket containing only the label j + 1 or
1s added to that leaf and make a bucket with capacity c + 1. This process ends
with inserting the label m (i.e., the largest label) in the tree.

Figure 1 illustrates such a tree of size 19 with b = 3.

]

Lzl=]  [ole]

Figure 1: A bucket recursive tree with variable capacities of buckets with 19
elements and b = 3.

Bucket recursive trees with variable capacities of buckets are appeared in
chemistry, social science, in some computer science applications and further-
more. They are appeared as a model for the spread of epidemics, for pyramid
schemes, for the family trees of preserved copies of ancient texts. In the family
trees, suppose males with the same ethical traits come together in each gener-
ation. Suppose up to 3 people are matched with the same attributes. Then a
bucket recursive trees with variable capacities of buckets with maximal bucket
size 3 is formed. In this case, and in a genealogy of n people, the distance
between two specific individuals is the quantity examined in this article. For
another example, if n atoms in a branching molecular structure are stochasti-
cally labelled with integers 1, 2, ..., n, then atoms in different functional groups
can be considered as the labels of different buckets of a bucket recursive tree
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(the size of the largest functional group is b).

In passing, we give the combinatorial description of our model. Let d(v) be
the out-degree of node v. It will be convenient to define for trees the size |T|
of a tree T via [T| = ), c(v). An increasing labelling of an ordered tree T
is then a labelling of T, where the labels {1, 2, ..., |T|} are distributed amongst
the nodes of T. Then a class T of a new family of bucket-increasing trees can
be defined in the following way: A sequence of non-negative numbers (& )x>0
with op > 0 and a sequence of non-negative numbers 1, 32, ..., Bp—1 is used
to define the weight w(T) of any ordered tree T by w(T) := TT,w(v), where v
ranges over all nodes of T. It is natural that w(v) must be dependent on c(v)
and d(v). Thus the weight w(v) of a node v is given as follows:

(1)

w(v) == Xd(v)s v is root or complete (c(v) =b)
’ Bew) v is incomplete (¢(v) < b).

The above definition is reasonable because the root is the only incomplete
node that has outdegree > 1. Thus for complete nodes and root, the weight is
dependent on the out-degree and described by the sequence &y, whereas for
incomplete nodes except of root the weights are dependent on the capacities.

Furthermore, £(7) denotes the set of different increasing labelings of the
tree T with distinct integers {1, 2, ..., [T|}, where L(T) := [£(7)| denotes its car-
dinality. Then the family 7 consists of all trees T together with their weights
w(T) and the set of increasing labelings £(T). For a given degree-weight se-
quence (o )k>0 with a degree-weight generating function @(t) := Y <, otk
and a bucket-weight sequence 1,2, ..., Bp—1, we define the exponential gen-
erating function

z
n!

(2)

n
)

o0
T,k (2) = ZTn,b,r,k],...kr
n=1

where Tn prk;,. ks = Zm:nw(T) - L(T) is the total weights. For this model,
n— 1)1 (b)) =2ia P
Tabrki,ke = ( il )b , n>1

B (b—1)!
b i Py’

® (T, (2)) (3)
where Py, is the set of all trees of size ki and r is the degree of root node [6].
For simplicity, we set Tnp = T b i,k and T(z) :=Toy, k. (2).

Various studies are devoted to a distributional analysis of distances between
random nodes in a lot of tree families of interest. For example, Mahmoud and
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Neininger [9] for binary search trees, Christophi and Mahmoud [1] for the
digital data structure, and Panholzer [13] for simply generated trees. Fewer
studies are made to reveal the distribution of distances between specified nodes
in labelled tree structures. Dobrow [3] and Dobrow and Smythe [4] have shown
a central limit theorem for the distance between the nodes labelled by j and n,
respectively, in a random recursive tree of size n and Devroye and Neininger
[2] have shown a central limit theorem for the distance between the nodes
labelled by j; and j; in a random binary search tree of size n. Panholzer and
Prodinger have studied the level of nodes in increasing trees [14]. Kuba and
Panholzer have studied the distribution of distances between specified nodes in
increasing trees [7]. Also Moon studied the distance between nodes in recursive
trees [12].

If we denote by Dy, the random variable which measures the depth of node
containing label n in the our tree model of size n, then it was shown in [6]
that Dy satisfies a central limit law with mean and variance b1Zio Pyl logn.
More precisely,

P(Dyp = m) = b= P St =1 m)

E(Dnn) = Var(Dpn) = bi&-i1 Paliogn + 0(1), (4)

where S(my, my) are the signless Stirling numbers of first kind. We study the
random variable level of label j, i.e., the number of edges from the root node
to the bucket containing label j denoted by Dy in tree T of size n > j.
In this paper we extend the above results for D to Dy jj. In passing, we
study the random variable H;,;, which counts the distance, measured by the
number of edges lying on the connecting path, between bucket containing label
j and bucket containing label n. Finally, we extend our results to the random
variable Hy, ;; which counts the distance between the bucket containing label
i and bucket containing label j in our random tree of size n.

2 The depth of label j

We can to sketch a combinatorial approach to obtain the differential equation
on the trivariate generating function related to the level of an arbitrary label j.
It is better to think of specifically tricolored trees, where the coloring is as fol-
lows: one bucket is colored white (containing label j), all buckets with smaller
labels than the all labels in white bucket are colored black, and all buckets
with larger labels than the white bucket are colored red. We are interested in
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the level of the white bucket. Assume that the out-degree of the root node is
r > 1 and the white bucket of T is not the root node (the case that the white
bucket is the root of the tree corresponds to the initial condition, but does not
appear explicitly in the differential equation itself). Then the white bucket is
located in one of the r subtrees of the root of T; let us assume that it is in
the first subtree. After order preserving relabellings, each subtree Ty, ..., T, is
a bucket recursive tree with variable capacities of buckets by itself. The first
subtree is again a tricolored increasing tree with one white, j; black and ky red
buckets, whereas the remaining r— 1 subtrees are only bicolored. For a proper
description of this combinatorial decomposition we use generating functions
which are exponential in both variables z and u, where z marks the black
buckets and u marks the red buckets, i.e.,

ZZ Jk Jv kv

§>0 k>0

for sequences fj ) and

ZZZ )vkm il kl

i>0 k>0 m>0

for sequences fj m, where v marks the level of the white bucket. Set fjy =
Titj,p and fxm = P(Digje1,j+1 = M) Tigj1,6. Thus the r — T bicolored trees
and the tricolored tree lead to

-5 [ Pr.
o Zizl k‘let,(,7A—u)T_]L(Z,u,V), (5)

just similar to [6] where

k

Ju
L(z,u,v Z Z Z P(Digjsrj = )Tk+j+l,bj*!ﬁvm~

k>0 j>0 m>0
We recall that the total weights of the r subtrees is

0(17 i ‘PkilTk] b Tkr,b-

The level of the white bucket in the tree is one more than the level of the
white bucket in the subtree. This fact leads to a factor v. We additionally get
a factor r, since the white bucket can be in the first, second, ..., r-th subtree.
Furthermore, the root has out-degree r that leads to a factor «.. Thus by
summing over T > 1, (5) leads to

oy =P (T2 + W)Lz w,v).
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Since the root node labelled by 1 is colored black,

0 -y )
a—ZL(z, wv) = o Lo ‘Pkl‘vcp’(Tn,b(z—l— w))L(z,u,v). (6)

Equation (6) has the general solution

o 72{:] |7>ki| = /
L(z,u,v) = c(u,v) exp { &, v @' (Tap(t+u))dty,
0

with a function c(u,v). Evaluating at z = 0 and adapting to the initial condi-

tion gives now c(u,v) = L(0,1u,v) = T/, (w) = o =" Pl (T, (w). Thus
L(z,u,v) = o Zi ‘Pk"‘(p(Tn,b(u)) exp {(x: 2t P, J: @' (Tap(t+ u))dt}
= o = (T ()
‘ expdor Sia Pl JZ @’(ZT?,b (|7t>+‘ )T, (t+u) dt
0 o 5 (Top(t + 1))
o ()
= T (L;(b(—t)‘”) 7
In the next results we use from the following facts [5]:
[z"f(qz) = q"[z"]f(2), (8)
= AL 1
nzzomz_oS(n,m)n!v =T (9)
2tog (2 )11 =217 = H, (10)
2" log? <] _Z>(1 —z)' =H: —HY, (11)

where H;,, the n-th harmonic number and HLZ ) is the n-th harmonic number of
order 2. In the following lemma we see that distribution of Dy, is independent
of n.
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Lemma 1 The probabilities P(Dy; = m) are given by the following formula:

—1,TTL)

P(Dp; = m) = bl&i-1 Pkl S j<n (12)

j
G- S
and
E(Dny) = b= Pelpy g
VaT(Dn’]) = b'ZI:1 |,Pk1‘H]271 (‘I _ b!ZI:] "Pkl‘)
+ o1 Pl (H ), (13)
Proof. By (3), (7) and (10),

G—Din—j—1! 54 o 4,0LzuV)
(O] Top 2 ) ov v=1
— plZia \Pki|Hj7]
and by (11),
i — IV (=4 —=1) . . 2
E(Dn'(Dn)’—”) _ (] ])(Tl ) ]).[Z]_]un_]_]]m
’ ’ Tnvb avz v=1

i . 2
= b!ZP] ‘PkJ(szi] _ Hj(,)] )

Proof of (13) is completed, since Var(Dy;) = E(Dyn;j(Dnj — 1)) + E(Dynj;) —
EZ(DW-). By (8), the probability generating function
G—1)k!

[Zji] Uk] I—(Z> u, V)
Tt

p(v) = > P(Diyyj=mph™ =

m>0

= blZir=1|73ki\ w V+j—2 k+j_]
' k+j—1I\ j—1 K

_ TPy (” + —2>,

j—1
Thus one gets (12). Therefore the probability generating function and thus
the distribution of Dy, ; is independent of k. O

As an example, in the a tree family with 100 individuals, the probability
that the distance from the ancestor to the 45th individual is equal to 10 is
calculated from relation (12) under specific conditions. Also, if the ancestor
has 5 children, then the average distance to the 45th individual is

5884182435213075787
1345655451257488800°

E(D1oos5) = Hag =
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Corollary 1 Forj=n,
E(Dpn) = bi&isPelby,

VaT(Dn:n) = b= P2 (1 — b1Zia Py
b BT P — HE)
Theorem 1 Asj — oo,
E(Dy;) = Var(Dy;) = b!Zit Pallogj + 0(1),  j<n

and

C_plio [Pl ;
sup [P Dn,] b! IOgJ <x\ q)(X) -0 (1) )

x€R A /b[ZI:] ‘Pki\ log]' N V logj

Proof. This is a direct application of the quasi power theorem for v = exp(s)
in probability generating function p(v) [5]. O

3 Distances

In this section we study the random variable H,, j, which counts the distance,
measured by the number of edges lying on the connecting path, between bucket
containing label j and bucket containing label n in a random bucket recursive
tree T with variable capacities of buckets of size n. Let

T N
Wiz ) =2 ) ) PlHessy =Ty "™

k>1§>1 m>0

Again we apply a combinatorial description involving the counting of 4-colored
bucket recursive tree with variable capacities of buckets. Since the arguments
are very similar to [7] we just sketch the derivation. The combinatorial objects
considered are all possible 4-colored trees of size > 2 with a coloring as specified
next. In each tree T the bucket containing the largest label (i.e., n) is colored
green. From the remaining buckets exactly one bucket is colored red (bucket
containing label j), all buckets with smaller labels than the red bucket are
colored black, and all remaining buckets containing labels larger than the red
bucket are colored white. We are interested in the distance between the red
bucket and the green bucket. Finally

oW(z,u,v)

o bim 21 Pl (T b (2 + W))Wz, 1, v)
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P VO T (2 W) (T (2 + W)
(17 (W)

+ bt ii (14)

with initial condition
T 0
wW(0,u,v) = blm2iz ‘pkil—L(u,O,v)
ou

—1

where z counts the black nodes, u the white nodes, and v the distance between
the red and the green label.

Lemma 2 The probabilities P(Hyn; = h) are given by the following formula:

b1 Pl (" g2\ 1
P(Huy =) = ){ > (M) gsen-n

-2 _
(n_”(?q =0 ¢
n—j—I1 h-2
n—k—2 2 )
+ kE_O < i > 2 le(k,h—E—Z)}, 1 <j<n(l5)

Proof. The equation (14) has the following consequence:

b~ i ‘Pki‘VTTi/,b(u)TT:.,b (z+u) (Té,b (u) >V1

W(z,u,v) =
( ) ) ) T.é’b(u) (XO
+ b~ i ‘Pki‘%—vaAb(Z +u)
(T (e
Z
X L cp”(Tn,b(t+u)(TT{yb(t+u))2V*1dt. (16)
By (3),
v b!1+v+mv
Wizwv) = - F o d ol mz 1)
vZ b!17m+v+mv(b _ 1)!17\/
T o) bl )T — bl Mz )
V2 b!17m+v+mv(b _ ])!17\)

bY (2v—1)(1 = blI-mu)v(1 —bl-m(z +u))’
where m = 3 1, [P,|. Thus

i~ Nin—j—1! . .
P(Hn; =h) = G-1) E;lb i—1) ZTu T TVW(z,u, ),
n,
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and proof is completed (since these computations are essentially straightfor-
ward, but quite lengthy computations, they are omitted here. Similar consid-
erations are done in [7] where the somewhat simpler recurrences appearing
there are treated analogously). O

Theorem 2 For1 <j<m,

. 1
E(Hp;) = b!Zi-1 Pl (Hn1 +H; + 5 2>,

. 1 b1zizi Pyl
Var(Hyg) = o1& Pelhy, ( DL

NP I%)

S Pl .
— b1&ia1 Pl <%+1 P ) = |7’kil>
j j

b1zizi Pl

j
— b1Zi Pl —3p1 T Pl o1 2 Paliz (1 —p1 2t Py

- (4b1Zim Pl 1) o ap1Zicr il (2 — p12ia Pl

+ b1Zi P2 (1 — b1 T Py 1 2p1 5 Pl H, - (1 — b1 2 P
12Xz Pl
——
Proof. By (10),

E(Hyy) = 0= DRI =Dl g @WE W Y)

Tn,b ov
= b1 Pl (HTH FH L z),
j

v=1

and by (11),
G—Mn—j—N i g, 0*W(z,u,v)
B I e W
= b= Palp, <1. - 2) —biEi Plh (3 + 2)
) )
TPy . i
_ Zu + 10b!21:1 ‘Pki\ _ b!zi:1 \Pki\Hgl]
)

_ 3plZia ‘PkilH]gz) + b1Ziz ‘PkilHi_] 4 plXiz \Pki\HjZ
+ 201 PalH, .
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Proof is completed just similar to the Lemma 1.

Corollary 2 For 1 <j<n,
E(Hy;) = Var(Hy;) = blZ iz |Pki‘(logn +logj) + O(1).
Theorem 3 Asn — oo,

 Hyj — b1Zi-1Pel(logn + log )

SN(O,1),
\/blzizl Pl (logn + logj)

Z

for arbitrary sequences (1n,j(N))neN-

Proof. Let m =Y | ; [Py, | and

Pnj(v) = EHmi) = Y V'P(Hy ;5 = h),
h>0

be the probability generating function of Hy ;. Thus

G—Dn—j—1)!
Tn,b
b12izi [Pl (n+\372)

n—j—1
(n—1(17)
2 RG22y
2v—1 (n—1)(;-‘__12) j—1

> 1211 [Pr, | (m4v=2
v bl ' (n—j—])

2T (D

UMW (z, 1, v)

ll’n,j (v)

Let

tn = bI&i=1 Pl (log n + log ),
6121,j — ng{:1 |7’ki\(10gn +logj),
and

Mnj(t) =E(e') = ) e*P(Z =2z),

z>0
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be the moment generating function of

L= Gn,ji] (Hn,j - Hn,j)-

Then
Hn,j t

M () = e_?’jwn,j(em)-
Now we split the region 1 < j < n into two cases: j big and j > logn, and j
small and j < logn. With the same consideration of [7] proof is completed. [J

We get also as a corollary similar results for the random variable Hy, ; 5, which
counts the distance between the bucket containing label 1 and bucket contain-
ing label j in our random tree of size n.

Corollary 3 For1 <i<j<mn,
E(Hn,ij) = Var(Hp,ij) = b2 Prl(log i+ logj) + O(1).

If tnyj = b1 Peil(logi 4 logj), 02 ;. = bl1=i=1Peil(log i 4 logj), then

n?‘l’)]

Hui — b1&i1 Pil(log i + log ) 4

/ =
V011 Pul(log i 4 log)

N(0,1)

for arbitrary sequences (n,i(n),j(n))nen-

4 Conclusion

In this paper, we studied the random variable depth of label j in a bucket re-
cursive tree with variable bucket capacities and maximal bucket size b (n > j).
We obtained a closed formula for the probability distribution, the expectation
and the variance. We showed as j — oo, limiting distributions are Gaussian. In
passing, we studied the random variable Hy, j, which counts the distance, mea-
sured by the number of edges lying on the connecting path, between bucket
containing label j and bucket containing label n. Finally, we extend our results
to the random variable Hy, ;5 which counts the distance between the bucket
containing label 1 and bucket containing label j in our random tree of size
n. We obtained this results by presenting partial differential equations for
moment generating functions and solving them.
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Abstract. We give a new solution to the Rhoades’ open problem on the
discontinuity at fixed point via the notion of an S-metric. To do this, we
develop a new technique by means of the notion of a Zamfirescu mapping.
Also, we consider a recent problem called the “fixed-circle problem” and
propose a new solution to this problem as an application of our technique.

1 Introduction and preliminaries

Fixed-point theory has been extensively studied by various aspects. One of
these is the discontinuity problem at fixed points (see [1, 2, 3, 4, 5, 6, 24, 25, 26,
27] for some examples). Discontinuous functions have been widely appeared in
many areas of science such as neural networks (for example, see [7, 12, 13, 14]).
In this paper, we give a new solution to the Rhoades’ open problem (see [2§]
for more details) on the discontinuity at fixed point in the setting of an S-
metric space which is a recently introduced generalization of a metric space.
S-metric spaces were introduced in [29] by Sedgi et al., as follows:

Definition 1 [29] Let X be a nonempty set and S : X x X x X — [0,00) @
function satisfying the following conditions for all x,y,z,a € X:

2010 Mathematics Subject Classification: Primary 54H25; Secondary 47H09, 47TH10
Key words and phrases: discontinuity, fixed point, S-metric, fixed-circle problem
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S1) S(x,y,2z) =0 if and only if x =y =z,

S2) S(x,y,z) < S(x,x,a) +S(y,y,a) +S(z,z,a).

Then S is called an S-metric on X and the pair (X, S) is called an S-metric
space.

Relationships between a metric and an S-metric were given as follows:

Lemma 1 [9] Let (X,d) be a metric space. Then the following properties are
satisfied:

1. Sa(x,y,z) = d(x,z) + d(y,z) for all x,y,z € X is an S-metric on X.
2. xn = x in (X, d) if and only if xn, — x in (X, Sq).

3. {xn} is Cauchy in (X, d) if and only if {xn} is Cauchy in (X,Sq).

4. (X, d) is complete if and only if (X,Sq) is complete.

The metric S4 was called as the S-metric generated by d [17]. Some examples
of an S-metric which is not generated by any metric are known (see [9, 17] for
more details).

Furthermore, Gupta claimed that every S-metric on X defines a metric dg
on X as follows:

dS(X>U) :S(X>X>U)+S(y>yax)> (1)

for all x,y € X [8]. However, since the triangle inequality does not satisfied
for all elements of X everywhen, the function ds(x,y) defined in (1) does not
always define a metric (see [17]).

In the following, we see an example of an S-metric which is not generated
by any metric.

Example 1 [17] Let X = R and the function S : X x X x X — [0, 00) be defined
as
S(xy,z) =x—zl+ x+z—2y|,

for allx,y,z € R. Then S is an S-metric which is not generated by any metric
and the pair (X,S) is an S-metric space.

The following lemma will be used in the next sections.
Lemma 2 [29] Let (X,S) be an S-metric space. Then we have

S(x%,%,y) = Sy,y,x).
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In this paper, our aim is to obtain a new solution to the Rhoades’ open
problem on the existence of a contractive condition which is strong enough to
generate a fixed point but which does not force the map to be continuous at
the fixed point. To do this, we inspire of a result of Zamfirescu given in [33].

On the other hand, a recent aspect to the fixed point theory is to consider
geometric properties of the set Fix(T), the fixed point set of the self-mapping
T. Fixed-circle problem (resp. fixed-disc problem) have been studied in this
context (see [6, 18, 19, 20, 21, 22, 23, 26, 27, 30, 31]). As an application,
we present a new solution to these problems. We give necessary examples to
support our theoretical results.

2 Main results

From now on, we assume that (X,S) is an S-metric space and T: X — X is a
self-mapping. In this section, we use the numbers defined as

% 1a (%, ) + d (y, Ty)]

Mz(x,y)zmaX{ad(x,y),z [d(x,Ty)er(y,TX)]}

¢
2
and

Mg (X>U)=max{ CIS(X,X,IJ) %[ (X,X,TX)—FS(y,U)Ty)]) })

518 (xx,Ty) + S (y,y, Tx)]

where a,b € [0,1) and c € [0, 12]
We give the following theorem as a new solution to the Rhoades’ open
problem.

Theorem 1 Let (X,S) be a complete S-metric space and T a self-mapping on
X satisfying the conditions

i) There exists a function ¢ : RT — RT such that d(t) < t for each t > 0
and

S(Tx, Tx, Ty) < ¢ (Mg (x,y)) ,

for all x,y € X,

ii) There exists a & = &(&) > 0 such that ¢ < M3 (x,y) < & + & implies
S (Tx, Tx, Ty) < ¢ for a given ¢ > 0.

Then T has a unique fized point w € X. Also, T is discontinuous at w if and
only if E%Mg (x,u) #£0.
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Proof. At first, we define the number

£ = 2z e
B el L B P

Clearly, we have & < 1.
By the condition (i), there exists a function ¢ : R — R™ such that ¢(t) < t
for each t > 0 and

S (T, T, Ty) < & (ME (x,v))),

for all x,y € X. Using the properties of ¢, we obtain
S (T, 7, Ty) < M2 (x,y), (2)

whenever Mg (x,y) > 0.

Let us consider any xo € X with xo # Txp and define a sequence {x,} as
Xni1 = Txn = T for all n = 0,1,2,3,.... Using the condition (i) and the
inequality (2), we get

S (xmyXnyXng1) = S (M1, Txp—1, Txn) < ¢ (Mi (Xn—hxn)) (3>

< Mg (Xn—l ) Xn)
as (anhxnfhxn) )
= max % [S (anhxnthxnf” +8 (Xn)XTUTXnH )
% (S (XTL71 y Xn—T1, TXn) +8 (Xna Xn, Txn )]
as (Xn—l y Xn—1, Xn) )
[S (anl y Xn—1, Xn) +S8 (XTU Xny Xn+1 )] )
[S (Xn—1, Xn—1y Xn41) + S (Xn, Xny Xn )]

= Imax

N‘ON\O‘

as (Xn—1 y Xn—T, Xn) )
= max{ 2[S (xn1,Xn_1,%n) + S (Xn, Xn, Xn41)]
%S (Xn—1y Xn—1, Xn+1)

Assume that Mg (Xn_1y%Xn) = aS (Xn_1,%Xn_1,X%n). Then using the inequality
(3), we have

S (Xn)xn>xn+1) <aS (anhxnfhxn) < E,S (xnfhxnfhxn) <S8 (anhxnfhxn)

and so
S (Xny Xny Xng1) < S (Xn—1, Xn—1,%n) - (4)
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Let M3 (xn_1,Xn) = % [S (Xn_1yXn_1,%Xn) + S (Xn, Xn, Xn+1)] . Again using the
inequality (3), we get

b
S (Xnyxn)xn—H) < E [8 (Xn—hxn—])xn) +S (Xnyxn)xn—H n 5

which implies

b b
(] - > S (Xnaxn)xn+1) <3S (X‘nfhxnf]axn)

2 2
and hence
S (men)XnH) < mS (anhxnfhxn) <&S (anhxnfhxn) .
This yields
S (Xna Xny Xn+1 ) <S (an1 y Xn—1, Xn) . (5)

Suppose that MS (xn_1,Xn) = 5S (Xn—1yXn-1yXns1) . Then using the in-
equality (3), Lemma 2 and the condition (S2), we obtain

C C
S (XmeXnH) < 38 (anhxnfhxnﬂ) = ES (XnH)XnH)XnJ)

2
C
2 (S (Xn—hxn—hxn) +2S8 (XTL—H)XTL—H)XTI)]
C
2
C

IN

= 3§ (Xn—1 y Xn—T1y Xn) +cS (Xn-‘r] y Xn+1) XTL)

= ES (Xn—1y Xn—1y Xn) + €S (Xn, Xny Xn41)

which implies

C
(] - C) S (XTUXTUXTL+1) < ES (Xn—hxn—hxn) .

Considering this, we find

C

S (Xny Xn, Xng1) < m

S (Xn—hxn—])xn) < ES (Xn—hxn—hxn)

and so
S (Xny Xny Xnt1) < S (Xn—1yXn—1yXn) (6)
If we set oy = S (Xn, Xn, Xn+1), then by the inequalities (4), (5) and (6), we
find
On < K1, (7)
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that is, o, is a strictly decreasing sequence of positive real numbers whence
the sequence oy tends to a limit o > 0.
Assume that o > 0. There exists a positive integer k € N such that n > k
implies
x < oty < o+ (). (8)

Using the condition (ii) and the inequality (7), we get
S (Txn—1, Txn—1, Txn) = 8 (X, Xny Xng1) = o < &, 9)

for n > k. Then the inequality (9) contradicts to the inequality (8). Therefore,
it should be o = 0.

Now we prove that {x,} is a Cauchy sequence. Let us fix an ¢ > 0. Without
loss of generality, we suppose that 6 (¢) < €. There exists k € N such that

S (Xnyxn)XnH) = 0p < Za

for n > ksince a,, — 0. Using the mathematical induction and the Jachymski’s
technique (see [10, 11] for more details), we show

S (Xiy Xy Xign) < €+ 35 (10)

2 Y
for any n € N. At first, the inequality (10) holds for n = 1 since

d o
S(Xk)xkaxk+1) = o < Z < £+§

Assume that the inequality (10) holds for some n. We show that the inequality
(10) holds for n + 1. By the condition (S2), we get

S (Xky Xy Xiam41) < 28 (X, Xay Xkr 1) + S (X1, Xkern 1y Xkey 1) -
From Lemma 2, we have
S (Xknt1y Xkt 15 Xkt1) = S (Xket 1y Xk 1y Xk 1)
and so it suffices to prove

S (Xkt1y Xkt 1y Xigng1) < €

To do this, we show
Mg(xk,xk-i-n) <e+6.
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Then we find
)
a8 (Xiy Xiy Xiepn ) < S(Xiey Xy Xign) < € + 7
b
5 [S (X1 Xiey Xk1) + S (Xiegny Xiegny Xiegnt1)]
<8 Xy Xy Xkt 1) + S (Xigny Xy Xkegmt1)
8,58
47372
and
c
7 [S (Xxy Xy Xkrms1) + S (X Xk Xt 1)]
c
< 7 (48 (%1, Xiey Xir 1) + S (Xaq 1y Xiet 1y Xk 14n) + S (Xiey Xiey Xiegn )]
S S 11
. [ZS(xk,xk,ka) n (Xk+1axk2+1>xk+1+n) (Xk,X;,ka) (11)

<c §+£+§ <e+d
2 2 '

Using the definition of M3 (xy,Xksn), the condition (ii) and the inequalities
(10) and (11), we obtain

S
M3 (i, Xkgn) < €40
and so
S (X4 1y Xk 1y Xigna1) < €
Hence we get

S (X, Xiey Xkt 1) < € + 7

whence {x,,} is Cauchy. From the completeness hypothesis, there exists a point
u € X such that x, — u for n — oco. Also we get

lim Tx, = lim x4 = u.
n—oo n—oo

Now we prove that u is a fixed point of T. On the contrary, assume that u is
not a fixed point of T. Then using the condition (i) and the property of ¢, we
obtain

S(Tu, Tu, Txn) < G(ME (U, xn)) < M3 (1, xn)
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] aSn ), § IS Tw) + S X T
- max S (S {1y, Tn) +S (X, X, Tut) ’

Using Lemma 2 and taking limit for n — oo, we find

S(Tu, Tu, u) < max {ZS(LL, u, Tu), =S(u, u, Tu)} < S§(Tu, Tu,u),

¢
' 2
a contradiction. It should be Tu = u. We show that u is the unique fixed point
of T. Let v be another fixed point of T such that u # v. From the condition
(i) and Lemma 2, we have

S(Tu,Tu, ™) = S(u,w,v) < G(MF(w,v) < M(w,v)
~ ax aS(u,u,v), g [S(uw,u, Tu) + S(v,v, V)],
5 1S(uyu, W) + S(v,v, Tu)]
= max{aS(u,u,v),cS(u,u,v)} < S(u,u,v),

a contradiction. So it should be uw = v. Therefore, T has a unique fixed point

ue X
Finally, we prove that T is discontinuous at u if and only if lim M3 (x, 1) #
X—u

0. To do this, we can easily show that T is continuous at u if and only if
lim M (x,u) = 0. Suppose that T is continuous at the fixed point u and
X—u

Xn — u. Hence we get Tx,, — Tu = u and using the condition (S2), we find
S(xny Xn,y Txn) < 28(xny Xn, w) + S(Txn, Txn,u) — 0,
as Xxp — U. So we get XligluMg(xn,u) = 0. On the other hand, assume
lim M3 (xn,u) = 0. Thennwe obtain S(xn,Xn, Txn) — 0 as x, — u, which
?Erl?)ﬁes Txn — Tu =u. Consequently, T is continuous at u. O
We give an example.

Example 2 Let X ={0,2,4,8} and (X,S) be the S-metric space defined as in
Ezxzample 1. Let us define the self-mapping T : X — X as
4 5 x<4
Te= { 2, x>4

for all x € {0,2,4,8}. Then T satisfies the conditions of Theorem 1 with a =
%,b =c =0 and has a unique fixed point x = 4. Indeed, we get the following
table :

S(Tx, Tx,Ty) =0 and 3 <M (x,y) <6 when x,y <4

S(Tx, T, Ty) =4 and 6 <M (x,y) <12 whenx <4,y >4 .

S(T,Tx,Ty) =4 and 6 <M (x,y) <12 when x >4,y <4
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Hence T satisfies the conditions of Theorem 1 with

5 ; t>6
%;t<6

and

6 o e>3
6(8)_{6—5 ;o e<3

Now we give the following results as the consequences of Theorem 1.

Corollary 1 Let (X,8) be a complete S-metric space and T a self-mapping
on X satisfying the conditions

i) S (Tx, Tx, Ty) < MS (x,y) for any x,y € X with M3 (x,y) >0,

ii) There exists a & = &(e) > 0 such that ¢ < M3 (x,y) < € + & implies
S (Tx, Tx, Ty) < ¢ for a given ¢ > 0.

Then T has a unique fized point w € X. Also, T is discontinuous at w if and
only if E%Mg (x,u) #0.

Corollary 2 Let (X,S) be a complete S-metric space and T a self-mapping
on X satisfying the conditions

i) There exists a function ¢ : RT — RT such that &(S(x,x,y)) < S(x,x,y)
and S(Tx, Tx, Ty) < ¢(S(x,x,y)),

ii) There exists a & =8 (e) > 0 such that e <t < e+ & implies d(t) < ¢ for
any t >0 and a given € > 0.

Then T has a unique fixed point u € X.

The following theorem shows that the power contraction of the type Mg (x,y)
allows also the possibility of discontinuity at the fixed point.

Theorem 2 Let (X,S) be a complete S-metric space and T a self-mapping on
X satisfying the conditions
i) There exists a function ¢ : RT — RT such that &(t) < t for each t > 0
and
S (T, T, TMy) < ¢ (Mff (x,y)) ,

where

oo a8 (x,%,1), 2 1S (%% T™) + 8 (u, y, T™y)],
M. ("’y)max{ €18 (%, T™y) + S (y,y, ™) }

for all x,y € X,
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ii) There evists a & = &(e) > 0 such that ¢ < M3 (x,y) < e + & implies
S (T, T™x, T™y) < ¢ for a given € > 0.

Then T has a unique fixed point w € X. Also, T is discontinuous at w if and
only if ;%Mg* (x,u) #£0.

Proof. By Theorem 1, the function T™ has a unique fixed point u. Hence we
have

Tu=TT"MMu=T"Tu

and so Tu is another fixed point of T™. From the uniqueness of the fixed point,
we obtain Tu = u, that is, T has a unique fixed point u. U

We note that if the S-metric S generates a metric d then we consider The-
orem 1 on the corresponding metric space as follows:

Theorem 3 Let (X, d) be a complete metric space and T a self-mapping on X
satisfying the conditions

i) There exists a function ¢ : R™ — RT such that d(t) < t for each t > 0
and

d(Tx, Ty) < & (M (x,y)),

for all x,y € X,

ii) There exists a & = d(e) > 0 such that ¢ < M, (x,y) < € + 0 implies
d(Tx, Ty) < ¢ for a given € > 0.

Then T has a unique fized point w € X. Also, T is discontinuous at w if and
only if ii_l}rllle (x,u) #£0.

Proof. By the similar arguments used in the proof of Theorem 1, the proof
can be easily obtained. O

3 An application to the fixed-circle problem

In this section, we investigate new solutions to the fixed-circle problem raised
by Ozgiir and Tas in [19] related to the geometric properties of the set Fix(T)
for a self mapping T on an S-metric space (X,S). Some fixed-circle or fixed-
disc results, as the direct solutions of this problem, have been studied using
various methods on a metric space or some generalized metric spaces (see
[15, 16, 20, 21, 22, 23, 26, 27, 30, 31, 32]).

Now we recall the notions of a circle and a disc on an S-metric space as
follows:

CS =xeX:8(xx%x) =1}

X0,T
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and
DS ={xeX:8(x,x,%x0) <1},

X0,T

where 1 € [0, 00) [20, 29].

If Tx = x for all x € C>S<0,r (resp. x € D
disc D3 ) is called as the fixed circle (resp. fixed disc) of T (for more details
see [15, 20]).

We begin with the following definition.

S ) then the circle C3 . (resp. the

Xo,‘r) X0,T

Definition 2 A self-mapping T is called an S-Zamfirescu type xo-mapping if
there exist xo € X and a,b € [0,1) such that

G.S(X, Xy XO))
<
S(Tx, Tx,x) > 0 = S(Tx, Tx,x) < max{ % (S (Txo, Txo, x) + S (T, T, xo)] } ,

for all x € X.
We define the following number:
p :=inf {S(Tx, Tx, x) : Tx # x,x € X}. (12)

Now we prove that the set Fix(T) contains a circle (resp. a disc) by means of
the number p.

Theorem 4 If T is an S-Zamfirescu type xo-mapping with xo € X and the
condition
S(Tx, Tx, x0) < p

holds for each x € CS__ then C,S(pr is a fized circle of T, that is, C,S(O’p C Fix(T).

X0,P

Proof. At first, we show that x; is a fixed point of T. On the contrary, let Txo #
xo. Then we have S(Txp, Txg, Xo) > 0. By the definition of an S-Zamfirescu type
xo-mapping and the condition (S1), we obtain

b
S(Txo, Txgyx0) < max {GS(XmXo,Xo)) 5 [S(Txo, Txo,x0) + S(Txo, TXo,Xo)]}
- bS(TX0>TXO)X0))

a contradiction because of b € [0,1). This shows that Txy = xo.

We have two cases:

Case 1: If p =0, then we get C,S(O)p = {xo} and clearly this is a fixed circle
of T.
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Case 2: Let p > 0 and x € C3
have

be any point such that Tx # x. Then we

X0,P
S(Tx, Tx,x) >0
and using the hypothesis we obtain,

S(Tx, Tx,x) < max{aS(x,x,xo)

b
) z [S(TXO) TxO) X) =+ S(TX) TX) XO)]}

< max{ap, bp} < p,

which is a contradiction with the definition of p. Hence it should be Tx = x

whence C3 o, 15 a fixed circle of T. O

Corollary 3 If T is an S-Zamfirescu type xo-mapping with xo € X and the
condition
S(Tx, Tx, x0) < p

holds for each x € DS then D3__ is a fized disc of T, that is, DY C Fix(T).

X0,P X0,p X0,p
Now we give an illustrative example to show the effectiveness of our results.

Example 3 Let X =R and (X, S) be the S-metric space defined as in Example
1. Let us define the self-mapping T : X — X as

_ x ; x€[-3,3]
TX_{X—H ; xgé -3,3] 7

for allx € R. Then T is an S-Zamfirescu type xo-mapping with xo = 0,a = %
and b =0. Indeed, we get

S(Tx, Tx,x) =2[Tx — x| =2 >0,
for all x € (—o0,—3) U (3,00). So we obtain

S(Tx, Tx,x) = 2< max{as (x,x,O),P

3 [S(0,0,x)+8(x+1,x+1,0)]}

1
Also we have
p=inf{S(Tx, Tx,x) : Tx #x,x € X} =2

and
S(Tx, Tx,0) = S(x,x,0) < 2,

for all x € Cg)z = {x:8(x,x,0) =2} = {x:2x| =2} = {x: x| =1}. Conse-
quently, T fizes the circle ngz and the disc Dg‘z
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Abstract. In the paper, by a general and fundamental, but non-extensively
circulated, formula for derivatives of a ratio of two differentiable functions
and by a recursive relation of the Hessenberg determinant, the author
finds a new determinantal expression and a new recursive relation of the
Delannoy numbers. Consequently, the author derives a recursive relation
for computing central Delannoy numbers in terms of related Delannoy
numbers.

1 Motivations

The Delannoy numbers, denoted by D(p,q) for p,q > 0, form an array of
positive integers which are related to lattice paths enumeration and other
problems in combinatorics. For more information on their history and status
in combinatorics, please refer to [1] and closely related references therein.
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In [1, Section 2] and [7], the explicit formulas
p q .
_ PY(9)5 _ q\(p+q—1
o= (7)(F)7 wa poa=3 (3)("75)

were given. It is well known [7] that the Delannoy numbers D(p, q) satisfy a
simple recurrence

D(p,q)=D(p—-1,9)+D(p—-1,9—1)+D(p,q—1)
and can be generated by

Z D(p, q)xPyq.

1—x—y—xy a0

When taking n = p = ¢, the numbers D(n) = D(n,n) are known [7] as central
Delannoy numbers which have the generating function

\/T—i—x ZD X =14 3x+13x* + 63> +-- - . (1)

In [6, Theorems 1.1 and 1.3], considering the generating function (1), among
other things, the authors expressed central Delannoy numbers D(n) by an
integral

1 3422 1 1
D) = | prdt @
3-2v2 \/(t—3+2ﬁ)(3+2ﬁ —t)
and by a determinant
a 1 0 o 00 0
az aj 1 s 0 0 0
as a aq st 0 0 0
D(n)=(-1"| : : :
Qn—2 Gn-3 Qn4 - a 1 0
An1 Qn—2 Qan-3 --- a ay |1
an an-1 Qpn—2 -+ a3 az a

for n € N, where

(=M & e (20=3) 7 ¢
an =y Z(_”6(22)!!<n—e>‘

(=1
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Making use of the integral expression 2, the authors derived in [5, 6] some new
analytic properties, including some product inequalities and determinantal
inequalities, of central Delannoy numbers D(n).

In this paper, by a general and fundamental, but non-extensively circulated,
formula for derivatives of a ratio of two differentiable functions in [2, p. 40]
and by a recursive relation of the Hessenberg determinant in [3, p. 222, Theo-
rem|, we find a new determinantal expression and a new recursive relation of
the Delannoy numbers D(p, q). Consequently, we derive a recursive relation
for computing central Delannoy numbers D(n) in terms of related Delannoy
numbers D(p, q).

2 A determinantal expression of the Delannoy num-
bers

In this section, by virtue of a general and fundamental, but non-extensively
circulated, formula for derivatives of a ratio of two differentiable functions
in [2, p. 40], we find a new determinantal expression of the Delannoy numbers

D(p, q).

Theorem 1 Forp,q > 0, the Delannoy numbers D(p, q) can be determinan-
tally expressed by

(=19
— |Ligrnx1 (p) M(q+1)xq(p)‘(q+])x(q+])) (3)

D(P,q) = q!

where

Ligenx1(P) = ((P)oy (P)1y -+, (P)a)
M(q+])><q(p) = ((—1 )i_j (;:})ﬁ) + ]>i*j>1§i§q+1 s

1<5<q
zz—1) - (z—m+1), n>1,
(Z)n =
1, n=20

is known as the n-th falling factorial of the number z € C, and T denotes
the transpose of a matrixz. Consequently, central Delannoy numbers D(n) for
n > 0 can be determinantally expressed as

(—=1)"
D(n) =—— L1 () Minenyxn (M| gy - (4)
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Proof. We recall a general and fundamental, but non-extensively circulated,
formula for derivatives of a ratio of two differentiable functions. Let w(t) and

v(t) # 0 be two n-th differentiable functions for n € N. Exercise 5) in [2, p. 40]

u(t)

reads that the n-th derivative of the ratio S can be computed by

n Wn
di [u(t)] = ( )n ‘ ::L-H (t)])(t) ‘» (5>

where Uni1)x1(t) is an (n+ 1) x T matrix whose elements satisfy w(t) =
ud() for 1 < k < n+1, Ving1)xn(t) is an (n 4 1) x n matrix whose
elements meet vij(t) = (}j)v(i*j)(t) forT<i<n+7land1 <j<n,and
IWini1)x(n+1)(t)] is the determinant of the (n+ 1) x (n + 1) matrix

Winix i (1) = (Umgayxa (t) V(n+1)><n(t))(n+])><(n+]) .

It is easy to see that

o 1 __ pl+y)
xP\1—x—y—xy/ [0—x—(1+xyPpt""

Making use of the formula (5) gives

ar+d ] o (1+y)”
dydoxP \ 1 —x —y —xy _p'ayq [T —x— (1 +x)yP"

(—1)¢

=P TR s
(1+y)P [1—x—(1+x)yPt!
Pp)1(1 +y)P! 1‘@+1mm+x)n—x—m+x)w
(P)2(1+y)P? —1)2(p + 12 (T+x)*[1 —x— (1 + x)y]P~!

y (p)s(1+y)p—3 —13(p 4+ 1)3(1 +x)3[1 —x — (1 +x)ylP 2
(P)g—2(1 49)”‘*” (=19 2(p + 1)g—2(1 +X)‘3‘2[1 —x — (T +x)yJpat3
Plg1(T+y)P= T (=) N p+ 1) (1 +x)9 T[T —x — (1 +x)ylP9*?

(P)q(1+y)P (—1)9(p + 1)q(1 +x)9[1 —x — (1 +x)y]P~9*!
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0

(M —x— (1 4+x)yP
A" p+ D1 (1 +x)' 1 —x— (1 +x)ylP
CY(=12(p + 1)2(1 + )21 —x — (1 + x)ylP"!

() (=193 p + T3 +.X)q*3[1 —x— (1 +x)ylp-at
() NI+ g1 +x)92 [0 —x — (14 x)yP 9+
(DENTHp+1)q1 (1 +x) 37T —x— (1 +x)ylP~9*2

T+x)y .
A3 —x — (14 x)ylPat ...

()0 —x (1 4+ 3y
(@D + 110+ )0 —x— (1 +x)ylP
Eqiz) p+1D2(14+x)21 —x— (1 +x)yP!

0
0
0
0
0
()0 —x—= (1 +x)ypt!
(qi1)(_”<P + 1)1 (T4+x) 1 —x—(1+x)ylP
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(P)o (—1°%p + 1) 0
(P (=)"p+1) (})(—1)0(p+1>0
(p)2 (=1)*p +1)2 (D) (=1 p+1)
— (=1)p! <p'>3 (=1 p+ 1) (?)(_1)2.<P+1>2
(Plaz (NT2p+T)g2 () (=N3(p+1)q3
(Pl (N p+Tgr ()N p+ 1)
(Pla D+ (DEDT P+ 1)
0 0 0
0 0 0
(3) (=1 + 1o 0 0
)P+ 1 0 0
(DD Hp +T)ga o (S (=1 +1)o 0
(NENTB 4T3 o (DED P+ (D10 + 1)
DEDTHp+ g2 - (L)EDPE D2 (L) ED P+

as x,y — 0. Consequently, we have

N
D(p,q) = 1 o7 ( L >

plq! oydoxP \ 1 —x —y —xy
—1)d i

_ | 1’) ’(<P>u’)ogi§q ((—1)1 ]G_D<p+]>ifj)1§i§q+1
& - 1594 l(g+1)x(q+1)

The determinantal expression (3) is thus proved.
From (3), we readily see that, when n = p = q, central Delannoy numbers
D(n) for n > 0 can be expressed as (4). The proof of Theorem 1 is complete. [J

3 A recursive relation of the Delannoy numbers

In this section, by virtue of a recursive relation of the Hessenberg determinant
in [3, p. 222, Theorem]|, we find a recursive relation of the Delannoy numbers

D(p, q).

Theorem 2 Forp,q > 0, the Delannoy numbers D(p, q) satisfy the recursive
relation

q—1
D(p,q) = (Z) IS Z(—nr(’:fl)mp,r). (6)
=0
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Consequently, central Delannoy numbers D(n) for n > 0 satisfy

D(n) = ! Z <r+1>D(n,r). (7)

Proof. Let Qo =1 and

€1,1 €1,2 0 cen 0 0
e €22 €23 0 0
€31 €32 €33 SN 0 0
Qn = . . .
€n-21 ©€n-22 €n-23 ... €n_2n-1 0
€n—1,1 en-12 ©en-13 ... Een—1n-1 En-1In
€n,1 €n,2 €n3 v €nn—1 €nn

for n € N. In [3, p. 222, Theorem]|, it was proved that the sequence Q, for
n > 0 satisfies Q = €77 and

n n—1
Qn = Z(—1 ) eny (H ej,j+1> Qr1 (8)
r=1 j=r

for n > 2, where the empty product is understood to be 1. Replacing the
determinant Q. by (=1)™'(r — 1)!D(p,r — 1) in (3) for 1 < v < n in the
recursive relation (8) and simplifying give

<> ) P+ nr
Dp,n—1) = Z Tﬁ‘mw—z)

which is equivalent to the recursive relation (6).
When n = p = q in (6), we can see that central Delannoy numbers D(n)
satisfy the recursive relation (7). The proof of Theorem 2 is complete. O

Remark 1 This paper is a shortened version of the electronic preprint [4].
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Abstract. For a simple connected graph G of order n having distance
signless Laplacian eigenvalues p? > p? > > pg, the distance signless

Laplacian energy DSLE(G) is defined as DSLE(G) = Y I" }plQ — %(G) ,
where W(G) is the Weiner index of G. We show that the complete split
graph has the minimum distance signless Laplacian energy among all
connected graphs with given independence number. Further, we prove
that the graph Ky V (K{ UK k), 1 <t < LnT*kJ has the minimum dis-
tance signless Laplacian energy among all connected graphs with vertex
connectivity k.

1 Introduction

A simple and finite graph is denoted by G(V(G), E(G)) (or simply by G when
there is no confusion), where V(G) = {vy,vy,..., vy} is its vertex set and E(G)

2010 Mathematics Subject Classification: 05C12, 05C50, 15A18
Key words and phrases: distance signless Laplacian matrix; independence number; vertex
connectivity; extremal graphs

450
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is its edge set. The cardinality of V(G) and E(G) are respectively the order
and size of G, and are denoted by n and m. The neighborhood N(v) of a vertex
v is the set of vertices adjacent to v € V(G), and its cardinality is the degree
of v, denoted by dg(v) (we simply write d if it is clear from the context).
Throughout this paper, G will be connected. The adjacency matrix A = [aj]
of G is a (0, 1)-square matrix of order n whose (i,j)-entry is equal to 1, if v; is
adjacent to vj and equal to 0, otherwise. The diagonal matrix of vertex degrees
di = dg(vi), i=1,2,...,n associated to G is Deg(G) = diaglds, dz,...,dn].
The real symmetric and positive semi-definite matrices L(G) = Deg(G)—A(G)
and Q(G) = Deg(G) + A(G) are respectively the Laplacian and the signless
Laplacian matrices and their spectrum are respectively the Laplacian spec-
trum and signless Laplacian spectrum of the graph G. Recent work on signless
Laplacian spectrum can be seen in [11, 20, 21, 22]. We use standard terminol-
ogy, Ky, denotes a complete graph, Kqn—q is a complete bipartite graph with
partite sets of cardinality a and n — a. For other undefined notations and
terminology, the readers are referred to [5, 13, 15, 16, 23].

In a connected graph G, the distance between two vertices vi,v; € V(G),
denoted by d(vi,Vv2), is the length of a shortest path between vi and v,. The
diameter of G is the maximum distance between any two pair of vertices of G.
The distance matriz of G, denoted by D(G), is defined as D(G) = [d(vi,Vj)]
where vi,v; € V(G). The transmission Trg(v) (or simply by Tr(v), when graph
under consideration is clear) of a vertex v is defined to be the sum of the
distances from v to all other vertices in G, that is, Tr(v) = Y dyy. The

ueV(G)
transmission number or Wiener index of a graph G, denoted by W(G), is
the sum of distances between all unordered pairs of vertices in G. Clearly,
W(G) = % Z Tr(v). For any vertex vi € V(G), the transmission Tr(v;)
veV(G)
is called the transmission degree, shortly denoted by Tr; and the sequence
{Tr1, Tra, ..., Try} is called the transmission degree sequence of the graph G.

If Tr(G) = diag[Try, Try, ..., Try] is the diagonal matrix of vertex transmis-
sions of G, the matrices DY(G) = Tr(G) — D(G) and DR(G) = Tr(G) + D(G)
are respectively called as the distance Laplacian matrix and the distance sign-
less Laplacian matriz of G [3].

If Ay > Ay > --- > Ay are the adjacency eigenvalues of a graph G, the energy

n

of G [12], denoted by E(G), is defined as E(G) = Z [Ai]. The reader is referred
i=1
to the book [15] and for some recent work to [4, 9, 10].
Let pP > plzj > ... > pQ and p1Q > sz > ... 2> pg be respectively, the
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distance, and distance signless Laplacian eigenvalues of the graph G. The dis-

tance energy [14] of a graph G is the sum of the absolute values of the distance
n

eigenvalues of G, that is, DE(G) = Z |p!1j |. For some recent works on distance
i=1

energy, we refer to [2, 6, 8, 18] and the references therein. The distance signless

Laplacian energy DSLE(G) [6] of a connected graph G is defined as

v 0 2W(G)
DSLE(G) = ) |p; — .

i=1

Let o be the largest positive integer such that pQ > %(G) and let BS(G) =

!/
(o)

b
Z piQ be the sum of b largest distance signless Laplacian eigenvalues of G.
i=1

Then, using Z piQ =2W/(G), in [6], it is shown that

i=1

/ j .
DSLE(G) =2 (BS,(G) _ ZGVX(G)> =2 max (Z 02(G) ZJV\T/L(G)>

=2 max <BQ(G) — 2JVV(G)> .
1<j<n \ ) n

For some recent works on DSLE(G), see [6, 8, 19].

In the next section, we show that the complete split graph has the minimum
distance signless Laplacian energy among all connected graphs with given
independence number. Further, we show that among all connected graphs
with given vertex connectivity k, the graph Ky V (Ki UK_x_¢), 1 <t < L“Tfkj
has the minimum distance signless Laplacian energy.

2 Distance signless Laplacian energy of graphs with
given independence number and connectivity

Let e = vivj be an edge of a graph G such that G — e is connected. Then re-
moving the edge e increases the distance by at least one unit. Similarly adding
an edge decreases the distance by at least one unit. By Perron-Frobenius the-
orem, if each entry of the first non negative matrix majorizes the second non
negative matrix, then their spectrum is also majorized. This is summarized in
next useful result, which can be found in [3].
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Lemma 1 Let G be a connected graph of order 1 and size m, where m > n
and let G’ = G — e be a connected graph obtained from G by deleting an edge.
Let pP(G) > pR(G) > -+ > pR(G) and pF(G') > pR(G') > - > pR(G)
be respectively, the distance signless Laplacian eigenvalues of G and G'. Then
02(G") > pR(G) holds for all 1 <i<m.

Motivated by Lemma 1, we have the following observation, which says that
the complete graph has minimum distance signless Laplacian energy among
all graphs of order n.

Theorem 1 Let G be a connected graph of order n. Then

2W(G)>

DSLE(G) > 2 <n+ b(n—2)— o
equality occurs if and only if G = K,,.

Proof. By Lemma 1, piQ(G) > piQ(Kn) for each 1 = 1,2,...,n. So using the
definition of BS(G), we have

BR(G) > BY(Kn) =2n—2+ (b—1)(n—2), (1)
with equahty if and only if G = K,,. Let o’ be the positive integer such that
pUQ, > 2W( . Then using (1) and the definition of distance signless Laplacian

energy, we have

DSLE(G) =2 <Z o; MV(G)) — 21lga<x (Z Q ZJVV(G)>
<j<n

j .
> 2 max ( p?(Kn)—ZJW(G)> :2<n+b(n_z)_2(b_”W(G)>_

n n

By Lemma 1 and Inequality (1), equality holds if and only if G = K,,. O

A graph is complete split, denoted by CS,, 4, if it can be partitioned into an
independent set (a subset of vertices of a graph is said to be an independent
set if the subgraph induced by them is an empty graph) on o« vertices and
a clique on n — o vertices, such that each vertex of the independent set is
adjacent to every vertex of the clique.

The following result [17] gives the distance signless Laplacian spectrum of
CSn «-
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Lemma 2 Let CS, « be the complete split graph with independence num-
ber . Then the distance signless Laplacian spectrum of CSn « is given by

_ 2 2_
{3n+2cx 6+4/n 2ol TG (o gyl z)haﬂ}

Since independence number of the complete graph K;, is 1 and its distance
signless Laplacian energy is discussed in Theorem 1, so we assume 2 < o <
n — 2, and discuss « = n — 1 separately. The following theorem shows that
among all connected graphs with given independence number «, the complete
split graph CS;, « has the minimum distance signless Laplacian energy.

Theorem 2 Let G be a connected graph of order n > 3 having independence

— /N2 _ /N2 _
number «, where w <a< M. Then

2(2n+oc(n—3)+oc2—2—w , ifa<

n

n—|—\/6+oc(2n—8)+20c2+2—4“\?{(G), if o >

DSLE(G) > {

N\:S N\:S

where ® = n? + 126 + 4n — «(4n + 16) + 4. Equality occurs in each of the
inequalities if and only if G = CSy «.

Proof. Let G be a connected graph of order n > 3 having independence
number «. Let CSy, « be the complete split graph having independence number
«. Clearly, G is a spanning subgraph of CSy «. Therefore, by Lemma 1, we
have p?(G) (CSn «). Let o' be the largest positive integer such that

pGQ, (G) > —/—= ZW Wlth this information, and using the equivalent definition of
distance 51gn1ess Laplacian energy, we have

(6. 20W(©G) L o 2W(G)
DSLE(G) =2 (; o; (G)—n> _2]1%3%}; (; 02(G) —n>

> 2 max (Zp (CSn,«) —ZJVV(G)> (2)

1<j<n

By using Lemma 2, the trace is n* 4+ «? —n—« and the average Wiener index is
_ In+20—6 241202 — o (4n+16)+4n+4
ZW(CS“ a) — n? +°‘n n—a Therefore, it follows that 2o SaVALE: ;‘ aldn 16} Hant

is the distance signless Laplacian spectral radius of CSy «. Next, for the eigen-
value n 4+ o« — 4, we have

2W 2 2
o4 < (CSn,m):n + - —n oc’
n n
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provided

o« — (n+ 1o+ 3n>0. (3)

Consider the polynomial f(t) =t — (n+ 1)t +3n, for 1 <t < n —1. The
zeros of this polynomial are

n+1—vn?+1—-10n n+1+vni+1—10n
X] = 2 and x; = 7 .

This implies that f(t) > 0 for all t < x; and f(t) > 0 for all t > x,. From this,

for
n+1—vn2+1—10n n+1+vn2+1—10n
<a< ,
2 2
2W(CSn,«)
n

we have n + o« — 4 > . Similarly, for the second smallest distance
signless Laplacian eigenvalue, we have

Nn+200—6— \/n2—|—12062—oc(4n+16)+4n+4 - 2W(CSn )
2 n ’

which after simplification implies that

(12—=80)n3 + (—12—4a+ 1262 )M + (16— 240 + 803 )N+ 80 — 4> —4a* > 0.

(4)
Inequality (4) is a function of two variables, and putting conditions on the
independence number o« we have verified that (4) holds true for o« < 7. Also,
the smallest distance signless Laplacian eigenvalue n — 2 is always less than

W. Therefore, we have the following cases to consider.

Case (i). If o« < 7, then 0’ = «. Thus, from (2), it follows that

2
DSLE(G) > 2 max <Z P (CSnw) — WV(G))

1<5<n n
>2 (Z piQ(CSn,oc)_MT\i(G)>
i=1
_, <3n+20c—6+\/§+ (6 1) o —4) — ZocW(G)>
2 n
4oaW(G)

:n+oc(2n—8)+20c2+2+\/§—?,
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where 8 =n? + 1262 +4n — x(4n + 16) + 4.
Case (ii). If o« > %, then o =+ 1. So, from (2), it follows that

DSLE(G) > 2 max (Zp (CSn) —ZJW(G)>

1<5<n n

o1
Q ~ 2(a+ )W(G)
>2 (; P; (Csn,oc) n )
2(0(—0—1)W(G)>

:2<3n+20c—6+(oc—1)(n+oc—4)— -

2(oc+1)W(G)>

:2<2n+oc(n—3)+oc2—2— o

Equality occurs in all the inequalities above if and only if equality occurs in
Inequality (2). It is clear that equality occurs in (2) if and only if G = CS; 4.
This shows that equality occurs in all the inequalities above if and only if
G = CSy «. This completes the proof. O

When order n of graph G increases, we observe that M1=vn-+1=10n “ZH*]O“ ~ 3 and

2
ntliyno41-10n T +1-10n 1 — 2. These remaining cases of mdependence are discussed

as follows

Proposition 1 Let G be a graph of order n > 3 with independence number
o €1{2,3}. Then

_2 WG =2,
DSLE(G) > 2((3; 24Wﬂ(6)51> Zi:j

equality occurs in first and second inequality if and only G = CS;,; and CSy,3
respectively.

Proof. By substituting o« = 2 in Lemma 2, the distance signless Laplacian
spectrum of CS,,; is given by { (3n—24vn? —4n +20), (n —2)n2 } and

the Wiener index can be calculated to be ZV‘;(G) = 71”2 Clearly, 1 7(3n —
2 + vn? —4n +20) is the spectral radius and it is always greater or equal
to Wiener index. Next %(3n —2—vVnf—4n+20) < % implies that
n?(m? —4n +20) — 16 > 0 which is true for each n > 1. Also, the smallest

distance signless Laplacian eigenvalue is always strictly less than 2 ( ) . Thus,
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we have 0" = 2 and the distance signless Laplacian energy is given by

2
DSLE(G) > 2 (Z p(G) — 4W(G)> =2 <3n—2 — 4W(G)) NG
i=1

n 2

By using similar arguments, we can easily prove the second inequality. Equality
holds as in Theorem 2. O

Now, we obtain a lower bound for the distance signless Laplacian energy

when independence number is x =n —2, or n— 1.

Proposition 2 Let G be a graph of order n > 6 with independence number
xe{n—2,n—1}. Then

DSLE(G) > n@n—19)+vn2 —52n + 84 426 — WC - jra—n -2,
~ | Sn+vonZ—3n+ 328 WG foao=n—1,

equality occurs in first and second inequality if and only G = CS, 2 and
CSnn_1 respectively.

Proof. From Lemma 2, the distance signless Laplacian spectrum of CSp >
with independence number n — 2 is given by

{;(Sn— 10 & v/9n2 —52n + 84), (2n—6)[“—3J,n—z}

and Wiener index is 26} — n’—6ni6 Now, it is clear that 1j(5n — 10+

n n
V912 — 52n + 84) is the spectral radius and is always greater or equal to ZWT(G)

Also, 2n —6 < ZWT(G) implies that 6 > 0, which is always true. For the second
smallest distance signless Laplacian eigenvalue %(Sn— 10—v/9n2 —52n + 84),
we have %(Sn — 10— VM2 —52n+84) < %, which implies that n* —
7n3 4+ 13n?2 + 6n — 18 > 0, and is true for each n > 2. Also, the smallest
distance signless Laplacian eigenvalue is always strictly less than ZWT(G) Thus,

we have 0 =n — 2 and the distance Laplacian energy is given by

n—2
Qi 2n—2)W(G)
DSLE(G) > 2 (; P (G) = ———— )

_ 7_5)
:2<5n 10+ VIS8 oo

2(n—2)W(G)
2

2
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4n—-2)W(G
—n(4n —19)+26 + /92 —52n + 84 — (nz)()
By using similar arguments, we can easily prove the second inequality. By
Lemma 1, equality holds as in Theorem 2. O

The vertex connectivity of a graph G, denoted by «(G), is the minimum
number of vertices of G whose deletion disconnects G. Let F;, be the family
of simple connected graphs on n vertices and let

VE={G € Fp : (G) <k},

that is, VX is the family of graphs with vertex connectivity at most k.

Let G;(Vi1,Eq1) and G,(V,,Ey) be two graphs on disjoint vertex sets V;
and V7 with orders ny and n;, respectively. Then their union is the graph
G UGy = (V7 UV, Ey UE;,). The join of graphs Gy and G;, denoted by
G V Gy, is the graph consisting of G; U G, and all edges joining the vertices
in V7 and the vertices in V5. In other words, the join of two graphs G; and G,
denoted by Gi V Gy, is the graph obtained from G; and G, by joining each
vertex of Gy to every vertex of Gj.

The following result [17] gives the distance signless Laplacian spectrum of
the join of a connected graph G; with the union of two connected graphs G;
and Gj, in terms of the adjacency spectrum of the graphs G, G, and G3.

Theorem 3 Let G; be i reqgular graphs of orders ny, having adjacency eigen-
values iy =71y > Ajp > -+ = Ain,, for i =1,2,3. Then the distance signless
Laplacian eigenvalues of G1V (G2UG3) are (n+n; —1; —?\1,k—4)[“‘_”, (2n—
ny—1— A — A=l (2n —ng —r3 — A3y — A= where k = 2,3,...,n4,
fori=1,2,3 and n = ngy+ny+n3. The remaining three eigenvalues are given
by the equitable quotient matriz

n+3n; —2r—4 ny ns
nj 2n+ 21’12 —ny — 2T2 —14 2T13
n 2n, 2n+2n3 —ng —2r3 —

Corollary 1 Let G = Ky V (K{ UKy_i_x), where \V is the join and U is the

union, be the connected graph with connectivity k. Then the distance signless
dn— k—4:|:\/k2+16nt T6kt— 16t2

Laplacian spectrum of G consists of the eigenvalue
the eigenvalue (2n—k—t—2) with multiplicity t—1, the ezgem)alue (m+t— 2)
with multiplicity n —k —t — 1 and the eigenvalue (n 2) with multiplicity k.
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Proof. Let G; = Ki,G; = Ky and G3 = Ky_t_x. Then substituting ry =
k—1,1, =t—1,and 13 = n—k —t — 1 and noting that the adjacency
spectrum of K, is {n — 1, (=)@}, the result follows by Theorem 3. O

The following lemma says that for each G € VX, the graph Ky V (K{UKp_¢_x)
has the minimum value of BiQJ < i< n-—1, that is, the sum of it" largest
distance signless Laplacian eigenvalues.

Lemma 3 Let G be a connected graph of order n with vertex connectivity k,
1<k<n—1. Then

BR(G) = BA(Kk V (Ki UKntx)),
with equality if and only if G = Ky V (K¢ U Kyy_¢_x)-

Proof. Let G be a connected graph of order n with vertex connectivity k,
1 <k <n—1. We first show that BX(G) > BX(Ky V (K¢ UKp_¢_)), for all
i=1,2,...,n. Suppose that T < k < n— 2. Then G is the connected graph
of order n with vertex connectivity k for which the spectral parameter BiQ(G)

has the minimum possible value. It is clear that G € Vk and B?(G) attains the
minimum value for G. Let U C V(G) be such that G — U is disconnected and
has r connected components, say Gi, Gp,..., Gr. We are required to show that
T = 2. For if, r > 2, then we can construct a new graph G' = G + e by adding
an edge between any two components, say G; and G, of G — S, which is such
that G e VK. By Lemma 1, we have BiQ(G) > BiQ(G/). This is a contradiction
to the fact BiQ(G) attains the minimum possible value for G. Therefore, we
must have r = 2. Further, we claim that each of the components Gy, G, and
the vertex induced subgraph (U) are cliques. For if one among them say G
is not a clique, then adding an edge between the two non adjacent vertices of
G; gives a graph H € V¥ and by Lemma 1, we have BiQ(G) > B.?(H). This is
again a contradiction, as BiQ(G) attains minimum possible value for G. Again
U] <k, and we prove that |U| = k. Assume that |U| < k. In a similar way, we
can form a new graph G + e = L € VX, where e is adjacent to a vertex of Gy
with a vertex of G,. Thus, by Lemma 1, B?(G) > BiQ(H), which is not true.
Hence G must be of the form G = Ky V (Kt UK yt), 1 <t < Lankj This
shows that for all G € V¥, the spectral parameter B?(G ) has the minimum
possible value for the graph Ky V (Ky U Ky _y_¢). O

As1<k=<n-1landt<n—k—t, wehave t < |"5*]. Also, the distance
signless Laplacian energy for k = n — 1 is given by Theorem 1, so we avoid
the case k =n — 1, and thus 1 <t < |%5* ] makes sense.
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Now, we prove that among all connected graphs with given vertex connec-
tivity k, the graph Ky V (K¢ U Ky_x_¢) has the minimum distance signless
Laplacian energy.

Theorem 4 Let G € VX be a connected graph of order n > 4 with vertex
connectivity number k satisfying a; < k < ay. Then

VD +2t(2n —k —t — 1) 4+ k — 2WIE)
VD 4 2n? 4 n(4t — 2k — 6) — 4kt—4t2+5k+4—w,

n

DSLE(G) > {

t+1)

according as k < n(tf”

n2(10t+1)—n3 —n(] Ot2+4t)+8t3i\/ n4-—n3(12t+2)+n2 (40t2+12t+1)+n (83 —36t2)+4t4
= AMmt—2t2) and

D = k% + 16nt — 16kt — 16t%. Equality occurs in each of these inequalities if
and only if G =KV (Ki UKp_t) with 1 <t < L“Tfkj

Proof. Let G be a connected graph of order n with vertex connectivity k,
2 <k <n—2. Then, by Lemma 3, for each G € V]hf, the spectral parameter
BQ(G) has the minimum possible value for the graph Ky V (K{ UK ). That
is, for all G € V¥, we have BiQ(G) > B?(Kk\/ (K¢ UKn_t—x)). With this, from
the definition of distance signless Laplacian energy, it follows that

/ j .
DSLE(G) = 2 (BU,(G) _ ZGW(G)> 2 max (Z 0Q(G) - ZJW(G)>
i=1

n 1<i<n n

j
>2 max (Z p2(Kic V (Ke UKy 1)) — (6)
i=1

1<j<n

2jW(G)>

n

By Corollary 1, the distance signless Laplacian spectrum of the graph Ky V
(Kt UKntx) is
{4n7k74i\/k2+216ntf16ktf16t2 (2n—k—t—2)tN (4t — 2yt (g z)k}.

Let o' be the number of distance signless Laplacian eigenvalues of Ky V
(Kt U Kn—_t—x) which are greater than or equal to that WK V(KUK i)

n
2
n? “+2n; 22kt Clearly, is the distance signless

Laplacian Spectral radius of the graph Kk\/ (Kt UKy _t_x) and is always greater

than ZW(Kk\/(KTtlUKn t—1))

4n— k—4+\/k2+16nt 16kt—16t2

. Now, for the eigenvalue 2n —k —t — 2, we have

2W(K V (KgUKno—x))  n? —n+ 2nt — 2t — 2kt
n n

n—-k—t—2>
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which implies that
2t2 — (3n—2k)t + (n* —n —kn) > 0. (7)

The roots of the polynomial g7(t) = 2t> — (3n — 2k)t + (N> —m —kn) = 0 are

3n —2k++/(n—2k)2 + 8n 3n—2k—+/(n—2k)2+8n
= P andrzz 2 .

This shows that g;(t) > 0, for all t <1, and t > r;. Since,
n—k 3n—2k—+/(n—2k)2+8n
t=——< 5 =

gives k < n—2, which is the maximum value for connectivity. Thus, g;(t) > 0,
for all t < “Tfk For the eigenvalue n +t — 2, we have

T

T2

2W(K V (KeUKn—x))  m? —n+2nt — 2t — 2kt
n n

n+t—2>

which implies that k > n(;” —t. This shows that

n o2z VK (K UKn)

for all k > n(;q) —t and

2W(Kg V (K UKt k)

n+t—2< ,
n
for all k < % — t. For the second smallest distance signless Laplacian
eigenvalue
dn—k—4—VkZ+16nt— 16kt — 16t2
2 )
we have
dn —k—4++k?+ 16nt — 16kt — 16t2 o 2W(Ke V (K UKni))
2 - n
~ n?—n+2nt—2t? — 2kt
n

implying that
f(k) = K2(16t% — 8nt) + k(4n? — 4n3 — 16nt + 40n’t — 40nt? 4 32t3)
— 8n +4n* +4n? + 16n%t — 3203t — 16nt? + 48n%t? — 32nt3 + 16t°
> 0.
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which in turn implies that

4n—k—4—Vk2+ 16nt — 16kt — 16t2 _ 2W(Ky V (K¢ U Knt—x))
2 n

for a; < k < aj, where

L n2(10t+1)fn3fn(1Ot2+4t]+8t3:|:\/n47n3(12t+2)+n2(40t2+12t+1)+n(8t3736t2)+4t4

v 4(nt—2t2) ’
i=1,2, are the zeros of f(k). From these calculations it follows that, if k <

n(;” —t, then ¢’ =t, and if k > t*” —t, then o' =n — k — 1. Therefore,

for k < H]) —t, it follows from Inequality (6) that

<j<n n

DSLE(G) > 2 max (Zp (K V (K UKy x)) — ZJW(G)>

v

Z(Z pQ(KicV (K¢ UKy 1)) —

i=1

2<4n—k—4+\/k2+16nt— 16kt — 16t2
2

2tW(G)
")

+(t—1)(2n—k—t_2)_2tW(G)>

n

4tW(G)

=Vik2+16nt—Tl6kt—162 +2t2n—k—t— 1)+ k—

Ifk > t+” —t, from (6), we have

j .
DSLE(G) > 2 max (; PR (Kie V (K¢ UKt i) — ZJV\:L(G)>
n—k—1
2( S QK V (K¢ UKpoii)) — 2(“k”W(G)>
i=1 n

:2<4n—k—24+\5+(t1)(2nkt2)+(nkt1)(n+t2)>
A -k -1W(G)

n )

where D = k? 4 16nt — 16kt — 16t%. By Lemmas 1 and 3, equality holds if and
only if G = Ky V (K¢ UKy _t_x). This completes the proof. O
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The next result is the special case of G € VX, for t = 1.

Proposition 3 Let G € VX and t = 1. Then

DSLE(G) > 2 <4n— k—4— 8W(G))

n
with equality if and only if G = Ky V (K3 U KnZ1-k).

Proof. By letting t = 1 in Corollary 1, the distance signless Laplacian spec-
trum of Ky V (K; UK, _1_x) is given by

{4n—k—4i\/k2—16k+16n—16

5 (n— 1)[“_k_2],(n—2)[k]}.

. . . . k4 /KZ 6k 16n16 -
Clearly, the distance signless Laplacian eigenvalue M=k=4+ kzz lektlen—le ;
the distance signless spectral radius and is always greater than

S

2W(K V (Ky UKpogk))  n?+n—2k—2
n a n )

For the eigenvalue n — 1, we have

2W(Kg V (K1 UKp1¢))
n

n—1<

if n+k > 1, which is always true asn >4 and k > 2.
In—k—4—/K2—16k+16n—16
2

Lastly, for the eigenvalue , we see if

n—k—4—vVkZ—-16k+16n—16 - 2W(K V (K7 U Kpoq-1))
2 n ’

then after simplification, we have

h(k) = k*(8n—16)—k(44n3 —4n3—56n+32)—4n*+40n®—68n?+48n—16 < 0.

The zeros of h(k) are n — 1 and %25&3%. This implies that

n—k—4—Vk?—16k+16n—16 o WKV (K UKno1-)
2 - n
for
on?—n3—8n—+4

<k<n-—1.
I —2) <k<n-1
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Thus, from (6), we have

j .
2iW(G)
Q )
> ) _
DSLE(G) = 2 max (Z P (Kic V (Ky U Kni)) = = )
2
2iW(G
>2 (Z p(Kic V (Ky U Ky14)) — 2 n( )>
i=1
2 <4n—k—4—4W(G)> .
n
Clearly, equality occurs by Lemma 1. ]

For G € VX, with k =t = 1, we have the following observation.
Corollary 2 Let G € V. Then, for t =1, we have
8W(G )>

n

DSLE(G) > 2 (4n—k—4—

with equality if and only if G = K; V (Ky UK,_2).
Proof. From Corollary 1, the distance signless Laplacian spectrum of K; V
(K7 UKy_2) is given by

{4n—5j:2\/16n—31)(n])[n_ﬂ,nz}_

A len=31 i5 the distance signless spectral radius
ZW(Kk\/(K1UKn t—k))

It can be easily seen that =2+

= ine 4 For the eigenvalue

n—1, we have n—1< if n > 2, which is always true. Next
for the eigenvalue m=>=viéen=31 W, we see that == VZIG“*“Q‘] > “2+T1174, which
after simplification gives n* — 11n3 4 28n? — 28n + 16 > 0, which is true for
n > 8. Thus, from (6), we have

and is always greater than -
2W(K V(K UKyt k))
n

DSLE(G) > 2 max (Z ) (K1 V (Ky UKpa)) — ZJW(G)>

1<j<n n

=2 (Z P2 (K1 V (K UK 2)) — ZJ'VK(G)>

i=1

=2 <4n—5—4W(G)).

n
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Conclusions

b
We observe that the investigation of the graph invariant BS(G) = Z p?, 1<
i=1

b < n—1, that is, the sum of the b > 1 largest signless Laplacian eigen-
values is an interesting problem. By Lemma 1, Theorem 2, Lemma 3 and
Theorem 4, we see that CSy  and Ky V (K¢ U K;—¢_) have minimum value
of Bg among the graphs with independence « and connectivity k. In a simi-
lar manner, it can be shown that K, and Kq ;¢ have minimum value of BS
among all graphs and among all the bipartite graphs. In [1], upper bounds for
BS were discussed for graphs with diameter 1 and 2, split graphs, threshold
graphs and a conjecture was also put forward. It will be interesting to find
the lower bounds for BS for an arbitrary graph G and characterization of the
extremal graphs. By using Lemma 1 and proceeding as in Theorems 2 and 4,
we can show that Kqn—q has the minimum distance signless Laplacian energy
among all graphs bipartite graphs. A difficult problem is to investigate the
graphs with maximum distance signless Laplacian energy. In particular, it will
be interesting to study the graphs with maximum signless Laplacian energy
among bipartite graphs, split graphs, graphs with fixed connectivity, perfect
matching and other families. The graph invariant o, that is, the number of
distance signless Laplacian eigenvalues which are greater or equal to ZV\:I(G) is
an interesting graph invariant. Several papers exist in the literature in this
direction and various open problems were asked in case of Laplacian [7] and
signless Laplaian matrices. The same is true for distance signless Laplacian
matrix and attractive problems of ¢’ can be investigated, like characterization
of graphs having o' = 1,2, 5 and o =n-—1.
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Abstract. The object of the present paper is to study para-Kenmotsu
manifolds satisfying different conditions of semi-symmetric type.

1 Introduction

Recently, A. A. Shaikh and H. Kundu [8] studied the equivalency of various
geometric structures. They have proved that the conditions

i) R-R=0,R-C=0and R-P =0 are equivalent and we call such a class
Gi;

ii) C-R=0,C-C=0and C-P =0 are equivalent and we call such a class
Ga;

iii) C-R=0,C-C=0and C-P =0 are equivalent and we call such a class
Gs;
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Key words and phrases: para-Kenmotsu manifold, semi-symmetric type, Einstein mani-
fold, n-Einstein manifold

468



Para-Kenmotsu manifolds admitting semi-symmetric structures 469

iv) H-R=0,H-C =0 and H-P = 0 are equivalent and we call such a class
Gy;

v) R-C =0 and R-H =0 are equivalent and we call such a class Gs;

vi) C-H=0and C- C =0 are equivalent and we call such a class Gg;

vii) C-H=0and C-C =0 are equivalent and we call such a class G
viii) H-H =0 and H - C = 0 are equivalent and we call such a class Gg,
where R, C, C, H and P are the Riemannian, conformal, concircular, conhar-

monic and projective curvature tensors, respectively.

In an n-dimensional Riemannian manifold (M", g) (n > 3), the conformal
curvature tensor C [2], conharmonic curvature tensor H [3], concircular curva-
ture tensor C [13] and projective curvature tensor P [7] are defined respectively
by

CX\YIZ = RX,VIZ— —5[S(%,Z)X (X, 2)Y (1)
+ g(Y%,2)QX —g(X,2)QY]
+ m[g(xZ)X—g(x,zm,

H(X,Y)Z = R(X,Y)Z—%Z[S(Y,Z)X—S(X,Z)Y (2)

CX,Y)Z =R(X,Y)Z — [9(Y, Z)X = g(X, Z2)Y], 3)

nn-—1)

POGY)Z = RIX,Y)Z — L [S(%, )X — S(X, Z)Y), (4)

where Q, S and r are the Ricci operator, the Ricci curvature tensor and the
scalar curvature of M™. The Ricci operator Q and the (0,2)-tensor S? are
defined as

S(X,Y) = g(QX,Y) and S*(X,Y) = S(QX,Y) = g(Q*X,Y).

The present paper is structured as follows. In Section 2, we briefly recall
some known results for para-Kenmotsu manifolds. In Section 3, we study para-
Kenmotsu manifolds belonging to the class Gy (i = 1,2,...,8) and we prove
that a para-Kenmotsu manifold belonging to the class G is Einstein, whereas
such a manifold belonging to the class Gs is n-Einstein.
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2 Para-Kenmotsu manifolds

The notion of almost paracontact structure was introduced by I. Sato. Ac-
cording to his definition [9], an almost paracontact structure (®,&,n) on an
odd-dimensional manifold M™ consists of a (1,1)-tensor field @, called the
structure endomorphism, a vector field &, called the characteristic vector field
and a 1-form n, called the contact form, which satisfy the following conditions:

DE=0,Mo® =0, rank ® =n—1. (7)

Moreover, if g is a pseudo-Riemannian metric satisfying

for any vector fields X and Y on M™, then the manifold M™ [9] is said to
admit an almost paracontact Riemannian structure (@, &,n,g). Remark that
from the above conditions we get

9(X, &) =n(X), (9)

for any vector field X on M"™. Examples of almost paracontact metric structures
are given in [4, 1].
An analogue of the Kenmotsu manifold [5] in paracontact geometry will be

further considered.

Definition 1 [6] The almost paracontact metric structure (@, &,m, g) is called
para-Kenmotsu if the Levi-Civita connection V of g satisfies

for any vector fields X and Y on M™.

The para-Kenmotsu structure was also considered by J. Welyczko in [12] for
3-dimensional normal almost paracontact metric structures. A similar notion
called P-Kenmotsu structure appears in the paper of B. B. Sinha and K. L. Sai
Prasad [11]. We shall further give some immediate properties of this structure.
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Proposition 1 If (M™, ®, & n,g) is a para-Kenmotsu manifold, then [11]:

S(X, &) = —=(n—1)n(X), (10)
R(X, Y)E =n(X)Y =n(Y)X, (11)
n(R(X,Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X), (12)

where S is the Ricci curvature tensor and R is the Riemannian curvature ten-
sor.

In view of (12), one can easily bring out the followings:
9(C(X,Y)Z,&) = n(C(X,Y)Z)) (13)

1 T
I [(n — T D% Zn(X) — g(x,zm(v))

- <S(Y,Z)n(X)—S(X,Z)n(Y)>}

g(H(X,Y)Z,&) = n(H(X,Y)Z)) (14)

1
= 5 ZmX) —g(X, Z)n(Y)

— (S Zn(X) = S(X, Z)n(Y))],

g(C(X,V)Z,&) = m(C(X,Y)Z)) (15)
T
_ (Mn_” n 1) 190X, ZIn(Y) - g(¥, ZIn (X,
9(PX,V)Z,E) = n(P(X,Y)Z) (16)

= 9(X,Zn(Y) = g(Y, Z)n(X)

— ——=[S(; Zn(X) — S(X, Zn(Y)].
n—1

Definition 2 [10] An almost paracontact Riemannian manifold M™ is said to
be an n-Finstein manifold if the Ricci curvature tensor S is of the form

S=ag+bnen,
where a and b are smooth functions on M™ andn is a 1-form.

In particular, if b =0, then M™ is said to be an Finstein manifold.
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3 Main results

In this section we consider different types of semi-symmetric para-Kenmotsu
manifolds, namely, para-Kenmotsu manifolds belonging to the classes G; (i =
1,2,...,8).

3.1 Para-Kenmotsu manifolds belonging to the class G;

We consider para-Kenmotsu manifolds admitting the condition
(R(X,Y) - R)(Z, W)V =0,
which implies

g(R(&, YIR(Z, W)V, &) — g(R(R(E, Y)Z, W)V, €) (17)
—9g(R(Z,R(, V)W)V, &) — g(R(Z, U)R(E, Y)V, &) = 0.
PuttingY = Z = e; in (17), where {e1, ez, €3, ..., en_1, €n = &} is an orthonormal

basis of the tangent space at each point of the manifold M™ and taking the
summation over i, 1 <1i < mn, we get

D 9(R(E e)R(e, WV, E) — D g(R(R(E, ei)ei, )V, E) (18)
i=1 i=1
— > g(R(e,, R(E, &)UV, E) — > g(R(ei, WR(E, &)V, &) =0

i=1 i=1

Using (10)-(12) we obtain

Y g(R(E e)R(e, UV, E) = —g(U, V) +n(Un(V) = S(W,V),  (19)
i=1
Y g(R(R(E er)er, WV, E) = —(n— D)[—g(U, V) +n(Wn(V)],  (20)
i=1
> g(R(es, R(E, e) W)V, &) = —g(U, V) +n(Wn(V), (21)
i=1

D g(R(ey, WR(E, ei)V, &) = (n—Tin(Wn(V). (22)

i=1
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By virtue of (19), (20), (21) and (22), the equation (18) yields
SU, V) =—n—Tg(l,V). (23)
Thus, we state the following theorem.

Theorem 1 A para-Kenmotsu manifold belonging to the class Gy is always
an Einstein manifold with the Ricci curvature tensor given by (23).

3.2 Para-Kenmotsu manifolds belonging to the class G,
We consider para-Kenmotsu manifolds admitting the condition

which implies
9(C(&, YIR(Z, W)V, &) — g(R(C(E, V) Z, W)V, €) (24)
—9(R(Z,C(&, Y)WV, &) — g(R(Z, U)C(E, V)V, &) = 0.

Putting Y = Z = e; in (24) and taking the summation over i, 1 <i < n, we
get

D 9(C(& e)R(e;, WV, E) — > g(RC(E, ei)es, WV, E) (25)
i=1 i=1
— > 9(R(ei, C(§, )W)V, E) — ) g(R(e;, U)C(E, €1V, &) = 0.

i=1 i=1

Using (10)-(12) and (1) we obtain

Z 9 En ei)R el,U)V, &)

;s

wal (5
n - < > R(&, W)V )],

D 9(R(C(E, e)e;, WV, €) =0, (27)

i=1

> U, V) — S?(U, V]26)

> (Rl CleeUe) = g~ (1 + 1 aRIEWY) (29

i=1
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Z g(R(e;, U)C(E, )V, &) = (29)

By virtue of (26), (27), ( 8), (29) and using (12), the equation (25) yields

T
(n_] )S(U,V) = —(n—1g(U,V)+S*U,V). (30)
Thus, we state the following theorem.

Theorem 2 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gy satisfies (30).
3.3 Para-Kenmotsu manifolds belonging to the class G;
We consider para-Kenmotsu manifolds admitting the condition
(CX,Y)-R)(Z, W)V =0,
which implies
9(C(& YIR(Z, W)V, &) — g(R(C(E, Y)Z,U)V, &) (31)
—g(R(Z,C(§, Y)WV, &) — g(R(Z, U)C(E, VIV, E) = 0.

Putting Y = Z = e; in (31) and taking the summation over i, 1 <i < n, we
get

n n

D g(Cl&, eR(e;, WV, E) = Y g(R(C(E, ei)ei, UV, &) (32)
i=1 i=1
—> 9(R(e;, C(&,e)U)V,E) — Y g(R(es, U)C(E,e)V; &) =0.

i=1 i=1

Using (10)-(12) and (3) we obtain

3 9lClE e)R(ex, UV, ) = (MH) —g(U, V)-+n(Wn(V)—S(U, V)],

i=1

3 g(RIC(E, ees, WV, E) = (n(nr_” N 1)(n— Dlg(U, V) —n(Wn (V)

i=1
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Y g(Rle;, ClE e)WV; ) = (n(n*’” + 1)[—g(u,V) +nWn(V)], (35)

i=1
n

3 gfRlen UC(E, eV, ) = (Tl(n"_” +1>(n—1)n(u)n(V)- (36)

i=1

By virtue of (33), (34), (35) and (36), the equation (32) yields

T
<n(n_n “)[S(U»V) +(n—1)g(U, V)] =0. (37)

Thus, we state the following theorem.

Theorem 3 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class G3 satisfies (37).

3.4 Para-Kenmotsu manifolds belonging to the class G,

We consider para-Kenmotsu manifolds admitting the condition
(H(X,Y)-R)(Z,U)V =0,

which implies

g(H(& YIR(Z, UV, &) — g(R(H(E, Y)Z, W)V, €) (38)
—9g(R(Z,H(&, YJU)V, &) — g(R(Z, WH(E, Y)V, &) = 0.

Putting Y = Z = e; in (38) and taking the summation over i, 1 < i < n, we
get

D g(H(E e)R(e, VL&) — D g(R(H(E, er)er, W)V, ) (39)
i=1 i=1
— Y g(R(e;, H(& e WV, &) — Y g(R(es, UH(E, e)V,£) =0.

i=1 i=1

Using (10)-(12) and (2) we obtain

n

Y olH& e)R(e, WV E) = —ing(U,V) —mn(Wn(V)  (40)

i=1

+ S(ua V) - SZ(U,V)],
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- 1
; g(R(H(&, ei)e;, WV, E) = — [rg(U, V) —m(Umn(V)], (41)
- 1
; 9( (eu (E,, e‘l,) )V) E,) = ﬁ[g(u, V) — nn(U)n(V) _ S(u) V)]) (42>
2_9(Rley, WH(E eV &) = 1_2m(u)n(V)- (43)

i=1

By virtue of (40), (41), (42) and (43), the equation (39) yields

m v+ s v, (14)

Thus, we state the following theorem.

S(U, V) = —

Theorem 4 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gy satisfies (44).
3.5 Para-Kenmotsu manifolds belonging to the class Gs

We consider para-Kenmotsu manifolds admitting the condition
(R(X,Y)- C)(Z,U)V =0,
which implies

9(R(&,Y)C(Z,U)V; &) — g(C(R(E, Y)Z, U)W, €) (45)
—9(C(Z,R(E, YUV, &) — g(C(Z, W)R(E, V)V, €) = 0.
Putting Y = Z = e; in (45) and taking the summation over i, 1 <1 < n, we
get

n n

> g(R(E,e)Cle, WV, E) — Y g(C(R(E, es)er, W)V, £) (46)
i=1 i=1
— > 9(Cley, R(E, e)U)V,E) — Y g(Cles, WR(E, &)V, &) = 0.

i=1 i=1

Using (10)-(12) and (1) we obtain

n

> g(R(E,e)Cle, WV, E) =n(C(E,W)V), (47)

i=1
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n

> 9(C(R(, ei)ei, WV E) = —(n— T)n(C(E, U)V), (48)
i=1
> 9(Cley, R(E, e)W)V,£) = n(C(E,W)V), (49)
i=1
> g(Cle;, WR(E, &)V, &) =0. (50)

i=1

By virtue of (47), (48), (49), (50) and using (13), the equation (46) yields

T T
S(U, V) = <n_]+]>9(u)v)_ <n—1 +n>n(U)n(V)- (51)
Thus, we state the following theorem.

Theorem 5 A para-Kenmotsu manifold belonging to the class Gs is always
an n-Finstein manifold with the Ricci curvature tensor given by (51).

3.6 Para-Kenmotsu manifolds belonging to the class Gg

We consider para-Kenmotsu manifolds admitting the condition
which implies

9(C(& YIH(Z, WV, &) — g(H(C(&, Y)Z, W)V, €) (52)
—9g(H(Z, C(§, Y)WV, &) — g(H(Z,U)C(E, YV, &) = 0.

Putting Y = Z = ¢; in (52) and taking the summation over i, 1 <i < mn, we
get

n n

D g(C(& e)H(e;, WV, E) — Y g(H(C(E, ei)ei, W)V, E) (53)
i=1 i=1

— Y g(H(e;, C(&, e)U)V,E) — ) g(H(e;, U)C(&, )V, ) = 0.
i=1 i=1
Using (10)-(12), (1) and (2) we obtain

n

D g(C(&,e)H(es, WV, &) (54)

i=1
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1 [—r(Tli] + 1>g(u,V) —nS* (U, V) +rS(U, V)

(n—2)2
QI oW V) = (=2 T ik, wv) |
D g(H(C(&, ei)ei, W)V, &) =0, (55)
i=1
> g(H(e;, C(E,e)U)V, £) (56)

i=1

B m_]z)z[‘(“‘z)<ni1 +1>n(H(a,u)V)—sz(u,w

LS V) 4 n(n— 1)n(u)n(V)],

n

D g(H(e;, WC(E, &)V, &) (57)

i=1

2
- _(nlz)z [nr_1 +2r— | Q[ +nin— 1)}H(U)H(V)-

By virtue of (54), (55), (56), (57) and using (14), the equation (53) yields
(n+r—2)S(U,V) (58)
_ T - 2
= (5 1) e ety

+ (1@l =r( 1 +2) —ntn— D] n(v) + (- 18UV,

Thus, we state the following theorem.

Theorem 6 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gg satisfies (58).

3.7 Para-Kenmotsu manifolds belonging to the class G-

We consider para-Kenmotsu manifolds admitting the condition
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which implies

g(é(&,Y)H(Z U)V &) — g(H( ( ) )Z U)V &) (59)

Putting Y = Z = e; in (59) and taking the summation over i, 1 <1 < n, we
get

n n

D 9(C(& e)Hle, WV, &) — Y g(H(C(E, er)e;, WV, E) (60)

i=1 i=1
n n

— > g(H(e;, C(&, &)UV, &) = Y g(H(es, U)C(E, &)V, &) =0.

i=1 i=1

Using (10)-(12), (2) and (3) we obtain

Y 9(C(& e)Her, WV, €) = (n(nr_]ﬁ 1) [n(H(a,u) )+ —59(W V)],
i=1

3 g(HC(E een, WV, &) = —<n(nr_” n 1) (- Dn(HEWY),  (62)

i=1

n

S gH(e, C(&,e)U )v,z,)—(n(n"_UH)n(H(a,U)V), (63)

i=1

n

3 g(H(en UC(E, eV, £) = (n(nr]) ¥ 1)nr2n(u)n(V)- (64)

i=1

By virtue of (61), (62), (63), (64) and using (14), the equation (60) yields

T - .
<n(n_”+1>[S(U,V) <_1+1)9(U,V) <n_1—“)ﬂ(u)ﬂ(Vﬂ=0-

Thus, we state the following theorem.

Theorem 7 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gy satisfies (65).
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3.8 Para-Kenmotsu manifolds belonging to the class Gg

We consider para-Kenmotsu manifolds admitting the condition
(H(X,Y)-H)(Z,U)V =0,

which implies

g(H(E, YIH(Z, WV, &) — g(H(H(E, Y)Z, W)V, €) (66)
Putting Y = Z = e; in (66) and taking the summation over i, 1 <i < n, we
get

n n

D g(H(E e)H(e, U)V,E) — > g(H(H(E, ei)ei, W)V, E) (67)
i=1 i=1
— > g(H(e, H(E, e)U)V,E) — Y g(H(e;, WH(E, &)V, &) = 0.

i=1 i=1

Using (10)-(12) and (2) we obtain
Y g(H(E e)H(e, W)V, €) (68)
i=1

= D e 2n(HE WVY) - S U, V) 4+ rS(U, V)
(n_2)

+ Q% g(U, V) —rg(U, V)],

Zg H(E, ees, WV, ) = ———n(H(E, WV), (69)

n

> g(H(ey, H(E e) W)V, &) (70)
i=1

_ 1 2

= mogp (e INHE WY) - S V)
+S(U, V) +n(n— Tn(Wn(V)],

n

> g(H(ey, WH(E, e) V&) = —

i=1

2r— || Q [|* 4n(n — )In(Wn(V).
(71)

(n—2)2
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By virtue of (68), (69), (70), (71) and (14), the equation (67) yields

(m—2)S(W,V) = [(n—1—]Q[*]glu,V) (72)
—nn=1=m=2r — [ QI*n(Wn(V)+ (n—1S*U,V).

Thus, we state the following theorem.

Theorem 8 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gg satisfies (72).

We can conclude the followings.

Remark 1 Let M™ be a para-Kenmotsu manifold of dimension n > 3.

i) If M™ belongs to the class Gy, then M™ is an Einstein manifold of constant
negative scalar curvature v = —n(n—1).

ii) If M™ belongs to the class Gy, then the Ricci operator satisfies

1QI*= (n—17%

iii) If M™ belongs to the class Gz, then M™ is of constant negative scalar
curvature v = —n(n —1).
iv) If M™ belongs to the class Ga, then the scalar curvature satisfies

nn-—1) (n—1)

1 ;M
= — <
r=tE o Qs

n—2

v) If M™ belongs to the class Gs, then M™ is an n-FEinstein manifold.
vi) If M™ belongs to the class Gy, then M™ is of vanishing or constant
negative scalar curvature v = —n(n—1).
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Abstract. In this paper our main interest is to introduce a new type of
generalized open sets defined in terms of an operation on a generalized
topological space. We have studied some properties of this newly defined
sets. As an application, we have introduced some weak separation axioms
and discussed some of their properties. Finally, we have studied some
preservation theorems in terms of some irresolute functions.

1 Introduction

In 1979, Kasahara [5] introduced the notion of an operation on a topological
space and introduced the concept of a-closed graph of a function. After then
Jankovi¢ defined [4] the concept of «-closed sets and investigated some prop-
erties of functions with o-closed graphs. On the other hand, in 1991 Ogata
[7] introduced the notion of y-open sets to investigate some new separation
axioms on a topological space. The notion of operations on the family of all
semi-open sets and pre-open sets are investigated by Krishnan et al. [6] and
Van An et al. [11]. Recently, the concept of v, -Lindelof spaces was studied by
Roy and Noiri in [9, 10].
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In this paper our aim is to study an operation based on generalized vy ,-
closed like sets, where the operation is defined on the collection of generalized
open sets. The most common properties of different open like sets or weakly
open sets are that they are closed under arbitary unions and contain the
null set. Observing these, Csdszdr introduced the concept of generalized open
sets. We now recall some notions defined in [1]. Let X be a non-empty set.
A subcollection p & P(X) (where P(X) denotes the power set of X) is called
a generalized topology [1], (briefly, GT) if @ € p and any union of elements
of u belongs to u. A set X with a GT p on the set X is called a generalized
topological space (briefly, GTS) and is denoted by (X, u). If for a GTS (X, ),
X € yu, then (X,u) is known as a strong GTS. Throughout the paper, we
assume that (X, ) and (Y,A) are strong GTS’s. The elements of p are called
p-open sets and p-closed sets are their complements. The p-closure of a set
A € Xis denoted by c,(A) and defined by the smallest p-closed set containing
A which is equivalent to the intersection of all p-closed sets containing A. We
use the symbol i,,(A) to mean the p-interior of A and it is defined as the union
of all p-open sets contained in A i.e., the largest p-open set contained in A
(see [3, 2, 1]).

2  vy,g-closed sets and their related properties

Definition 1 [9] Let (X, u) be a GTS. An operationy, on a generalized topol-
ogy W is a mapping from w to P(X) (where P(X) is the power set of X) with
G £v,(G), for each G € w. This operation is denoted by y, : w — P(X). Note
that vy, (A) and A™ are two different notations for the same set.

Definition 2 [9] Let (X,u) be a GTS andy, be an operation on w. A subset
G of (X, u) is called vy, -open if for each point x of G, there exists a u-open set
U containing x such thaty, (U) € G.

A subset of a GTS (X, u) is called v ,-closed if its complement is y,-open in
(X, 1). We shall use the symbol v, to mean the collection of all v -open sets
of the GTS (X, ).

Definition 3 [9] Let (X,u) be a GTS and vy, : u — P(X) be an operation. It
is easy to see that the family of all 'y -open sets forms a GT on X. The vy, -
closure of a set A of X is denoted by cy, (A) and is defined as cy, (A)=n{F:F
is ay,-closed set and A S F}.
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It is easy to check that for each x € X, x € c, (A) if and only if VN A # &,
for any V €y, with x € V. Note that if y, = ld , then ¢, (A) = c (A).
n

Definition 4 Let (X,u) be a GTS and v, : w — P(X) be an operation. A
subset A of X is said to be vy, g-closed if Cm( ) € U, whenever A S U and U

is a7y, -open set in (X, ).

Every v ,-closed set is vy, g-closed but the converse is not true as shown in
the next example. Also note that if y, =1id,, then y, g-closed set reduces to
a pg-closed set [8].

Example 1 Let X ={1,2,3} and u ={2,{1},{1,2},{2,3}, X}. Then (X,u) is a
GTS. Nowy, : u— P(X) defined by

[ AjifleA
VulA) = {{2, 3}, otherwise

is an operation. It can be easily checked that {1,3} is a vy, g-closed set but not
ay,-closed set.

Theorem 1 Let (X,u) be a GTS and y, : u — P(X) be an operation. A
subset A of X is 'y, g-closed if and only if Cy ({x}) NA # @&, holds for every
xec, (A).

Proof. First let the given condition hold and let U be a y -open set with
ACUandxe€ cy, (A). As cy, ({x}) N A # @, there exists a z € cy, ({x}) such
that z € A € U. Thus U N{x} # &. Hence x € U. Thus cy, (A) € U, proving
A to be a 7y, g-closed set.

Conversely, let A be a v, g-closed subset of X and x € Cy. (A) with Cy, {xhHn
A = @. Then A € X\ cy, ({x}) which implies that cy, (A) C X\ Cy, ({x}) (as
A is 'y, g-closed), which is a contradiction to the fact that x € . ({x}). Thus
Cy, ({xhNA #£a. O

Theorem 2 Let (X,u) be a GTS and v, : w — P(X) be an operation. If
Cy, (X)) NA #£ @ for every x € Cy. (A), then Cy. (A)\ A does not contain any
non-empty vy ,-closed set.

Proof. If possible, let there exist a non-empty v ,-closed set F such that F &
Cy, (A)\ A. Let x € F. Then x € Cy, (A). Since @ # cy, (xHhNASFNA, we
have F N A # &, which is a contradiction. O
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Corollary 1 Let (X,u) be a GTS and v, : @ — P(X) be an operation. A
subset A of a GTS (X, ) is v, g-closed if and only if A = F\ N, where F is
Y,.-closed and N contains no non-empty 'y, -closed subset of X.

Proof. One part of the theorem follows from Theorems 1 and 2 by taking
F= Cy. (A) and N = Cy. (A)\ A.

Conversely, suppose that A =F\ N and A £ U, where U is v, -open. Then
FN (X\U) is a y,-closed subset of N and hence it must be empty. Thus
Cy, (A)SFCS U O
Theorem 3 Let (X,u) be a GTS andy, : p — P(X) be an operation. Let A
be ay,g-closed subset of X and A S B & cy, (A). Then B is also vy, g-closed.

Proof. Let A be a vy, g-closed set such that A £ B & Cy, (A) and U be a v,-
open set with B € U. Then A € U and hence cy, (A) € U. Thus cy, (B) € U.
Thus B is vy, g-closed. 0

Theorem 4 Let (X,u) be a strong GTS and vy, : u — P(X) be an operation.
For each x € X, either {x} is vy, -closed or X\ {x} is ay,g-closed set in (X, ).

Proof. If {x} is v, -closed, then we have nothing to prove. Suppose that {x} is
not 7y ,-closed. Then X\ {x} is not y,-open. Let U be any y,-open set such that
X\ {x} € U. Hence U = X. Thus cy, (X\{x}) € U. Thus X\ {x} is a v, g-closed
set. ([l

Definition 5 Let (X,u) be a GTS and vy, : u — P(X) be an operation. Then
(X, ) is said to bey, -T% if every vy, g-closed set is 'y, -closed.

Theorem 5 Let (X,u) be a GTS and vy, : w — P(X) be an operation. Then
(X, ) is yu—T% if and only if {x} is either v -closed or vy, -open.

Proof. Suppose that (X,u) be a YH-T% space and {x} is not vy, -closed. Then
by Theorem 4, X\ {x} is a v, g-closed set and hence a vy ,-closed set. So {x} is
a y,-open set.

Conversely, suppose that F be a v, g-closed set in (X,u). Let x € . (F).
Then {x} is either vy -open or v, -closed. If {x} is v -open, then {x} N F # @.
Hence x € F. Thus cy, (F) € F, which implies that F is v -closed. If {x} is
v,.-closed, suppose that x ¢ F. Then x € Cy, (F) \ F, which is impossible by
Theorem 2. Thus x € F. Hence cy, (F) £ F, so that Fis y,-closed. O



On generalized vy ,-closed sets and related continuity 487

Definition 6 Let (X,u) be a GTS and vy, : w — P(X) be an operation. Then
(X, u) is said to be

(i) v,.-T, if for any two distinct points x andy of X, there exists ay, -open
set U containing x but not containingy or ay,-open set V containing
Yy but not containing x.

(i) v,-T, if for any two distinct points x andy of X, there exist two 7y, -open
sets U and V such thatx e U, y ¢ U andy € V, x € U.

(iii) v,-T, if for any two distinct points x andy of X, there exist two disjoint
Y,.-open sets U and V such that x € U andy € V.

Definition 7 Let (X,u) be a GTS and v, : w — P(X) be an operation. A
subset A of (X,u) is said to be ay,-D, set if there exist two vy, -open sets U
and V such that U # X and A =U\ V.

It follows from the definition that every vy, -open set (other than X) is a
v.-D, set.

T

Definition 8 Let (X,u) be a GTS and vy, : u — P(X) be an operation. Then
(X, 1) is said to be a

(i) v,.-D, space if for any pair of distinct points, there exists a y,-D, set
containing x but not containing y or a 'y, -D, set containing y but not
containing X.

(ii) v,-D, space if for any pair of distinct points x andy of X, there exist a
Y,.-D, set containing x but noty and ay, -D, set containingy but not
containing X.

(iii) v,-D, space if for any two two distinct points x and y of X, there exist
disjoint y,-D, sets U and V containing x and y respectively.

Remark 1 Let (X,u) be a GTS and 7y, : @ — P(X) be an operation. Then
the following hold:

(i) If (X,u) is v, -T,, then it isy, -T,_, fori=1,2.
(i) If (X,u) is v,-T,, then it is y,-D; fori=0,1,2.
(iii) If (X, u) isy,-D,, then it is y,-D,_; fori=1,2.

Proposition 1 Let (X,u) be a GTS and vy, : w — P(X) be an operation.
Then (X, u) isy,-T, if and only if every singleton is vy, -closed.
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Proof. Obvious. g

Definition 9 Let (X,u) be a GTS and vy, : w — P(X) be an operation. Then
(X, u) is said to be vy, -symmetric if for x,y € X, x € Cy. {yh) =ye Cy, ({x}).

Proposition 2 Let (X,u) be a GTS and v, : w — P(X) be an operation.
Then (X, W) is ay,-symmetric space if and only if {x} is a v, g-closed set, for
each x € X.

Proof. Assume that {x} £ U, where U is a v, -open set. If possible, let
Cy, ({x}) € U. Then Cy ((xHN(X\U) # @. Let y € Cy, ({(xhN(X\U) # @. Then
by hypothesis, x € Cy, ({y}h) € X\ U and hence x ¢ U, which is a contradiction.
Therefore {x} is a v, g-closed set.

Conversely, assume that x € Cy ({y}) buty & Cy, ({x}). Theny € X\Cm ({x}.
Thus cy, {yh € X\Cm ({x}). Thus x ¢ Cy, ({x}), which is a contradiction. Thus
(X, u) is y,-symmetric. O

Corollary 2 Let (X,u) be a GTS and vy, : w — P(X) be an operation. If
(X,w) isy,-T,, then it is v, -symmetric.

Proof. It follows from Proposition 1 that in a y,-T, space every singleton is

Y,.-closed and hence 'y, g-closed. O

Corollary 3 Let (X,u) be a GTS and v, : u — P(X) be an operation. Then
(X, ) ds v, -T, if and only if it is y,-T, and vy, -symmetric.

Proof. One part of the theorem follows from Remark 1 and Corollary 2. Let
(X, 1) be ay,-T, and v, -symmetric space and x,y be any two distinct points
of X. We may assume that x € U but y ¢ U, for some vy -open set U of X.
Thus x € cy, ({y}) and hence y & Cy, ({x}). Thus there exists a vy, -open set V
containing y such that x ¢ V. Thus (X, u) is v -T,. O

Proposition 3 Let (X,u) be a GTS and v, : w — P(X) be an operation.
Then

(a) Bveryy,-T, space is YH-T% and every yH-T% space is Y, -T,.
or a vy, -symmetric space the following are equivalent:
b) F Y-Sy tric space the following quivalent

(i) (Xyu) is avy,-T, space.



On generalized vy ,-closed sets and related continuity 489

(i) (X,u) is ay,-T, space.
(iii) (X,u) s ay,-T, space.
2

(iv) (Xyu) is ay,-D, space.

Proof. (a) Follows from Theorem 5 and Proposition 1.

(b) If (X,u) is y,-symmetric and a v -T, space, then by Corollary 3, (X, u)

is a y,-T, space and hence (by (a) above) (X,u) is v,-T, and again by (a)
2

above, (X, u) is v,-T,. Thus (i), (ii) and (iii) are equivalent.

Again by Remark 1, (ii) = (iv) is obvious.

(iv)= (i) : Let (X, u) be a y,-D, space. Hence (X, u) is a v,-D, space. Thus
for each pair of distinct points x,y € X, at least one of x,y, say x, belongs to
avy,D,setSbuty¢&S. Let S =U, \U,, where U, and U, are y -sets and
U, # X. Then x € U,. If y € U,, then the proof is complete. If y € U, N U,,
then y € U, but x ¢ U,. Thus (X, u) is y,-T,. O

Theorem 6 Let (X,u) be a GTS and vy, : w — P(X) be an operation. Then
(X,w) is v,-D, if and only if it isy,-D,.

Proof. One part follows from Remark 1. Conversely, let x and y be two distinct
points of X. Then there exist vy ,-D, sets G, and G, in X such that x € G,,
y€G,andyeG,,x¢ZG,. Let G, =U, \U, and G, = U, \ U,, where U,,
U,, U, and U, are y,-open sets in X and U, # X, U, # X. From x ¢ G,,
it follows that either x € U, N'U, or x & U,. We will discuss the two cases
separately.

Case-1:xeU,NU, : Theny € G, and x € U,, with G, NnU, = 2.

Case - 2: x € U, : By y € G, the following two cases may arise. If y € U,, as
x € U, \ U,, it follows that x € U, \ (U, UU,) withy € U, \ (U, UU,) and
(U, \ (U,uu))n (U, \ (U,ul,)) =o. In the case if y € U, N U,, we have
x €U, \U, and y € U, such that (U, \U,)NU, = 2. O

Definition 10 Let (X, ) be a GTS andy, : . — P(X) be an operation. Then
the v, -kernel of a subset A of X is denoted by kerVFL (A)=n{Uu:A S U and

U is vy, -open}.

Proposition 4 Let (X,u) be a GTS and v, : w — P(X) be an operation.
Then y € kerm ({x}) if and only if x € . ({y}).

Proof. Suppose that y ¢ keryu ({x}). Then there exists a vy, -open set V con-

taining x such that y ¢ V. Therefore we have, x ¢ Cy, ({y}). The other part
can be done in the similar manner. O
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Proposition 5 Let (X,u) be a GTS and v, : w — P(X) be an operation.
Then for any subset A of X, keTVu (A) ={x: c,, {(x) NA #£ o}

Proof. Let x € kerYH (A) and Cy, ({x}))NA = @. Then A € X\Cm ({x}), where
X\ Cy, ({x}) is a y,-open set not containing x.

Conversely, let x € X and Cy, {x}) NA # &, with x & keryu (A). Then there
exists a y,-open set V containing A such that x ¢ V. Let y € . ({x}) MA.
Then V is a v, -open set containing y (as A € V), but not containing x. O

Proposition 6 Let (X,u) be a GTS andy, : 0 — P(X) be an operation. If a
singleton set {x} is a y,-D, set of X, then kerYH ({x} # X.

Proof. Let {x} be a y,-D, set. Then there exist two v, -open sets V, and V,

1

such that {x} =V, \'V, and V, # X. Thus kerYu {(xh cV, #X O

Proposition 7 Let (X,u) be ay,-T, GTS having at least two points, where
2

Y, : b — P(X) be an operation. Then (X, ) isy,-D, if and only ifkeryll ({x}) #
X, for every point x € X.

Proof. Let x € X and X be y,-D,. For any point y other than x, there exists
ay,-D, set V such that x € Vand y ¢ V. Then V =V, \'V,, where V,| and
V, are y,-open sets such that V; # X. Thus {x} £ V, and V| # X, where V, is
a y,-open set. Hence keryu ({x}h #X.

Conversely, let x and y be two distinct points of X. Using Theorem 5, we
have the following cases :
Case -1 : {x} and {y} both are y -open : Then the case is obvious, as every
Y,.-open set is a y -D, set.
Case -2: {x} and {y} both are y -closed : In this case x € X\ {y}, y € X\ {x},
y € X\ {y}, x € X\ {x} and X\ {x}, X\ {y} both are v -D, sets.
Case-3: {x} is v,-open and {y} is y,-closed : Since keryu ({y}) # X, there exists
a y,-open set V containing y such that V # X. Clearly {y} = V\ (X \ {y}),
showing {y} to be a y,-D, set. Thus {x} and {y} are the two v -D  sets such
that y € {x} and x & {y}.
Case-4 : {x} is v,-closed and {y} is v,-open : Can be proved as in case 3. Thus
(X,u) is ay,-D, space. O

3 (v,,B,)-irresolute functions

Throughout the rest of the paper, (X, 1) and (Y;A) will denote GTS’s and 7y, :
n— P(X) and B, : A — P(Y) will denote operations on p and A respectively.
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Definition 11 A function f: (X,u) — (Y,A) is said to be (v,, B,)-irresolute
if for each x € X and each 3, -open set V containing f(x), there is a 'y, -open
set U containing x such that f(U) S V.

Theorem 7 Let T : (X,u) — (Y,A) be a function. Then the following are
equivalent:

(i) f s (v,,B,)-irresolute.
(ii) f(cYH (A)) € Cp. (f(A)), holds for every subset A of X.
(iii) f'(B) is Y,.-closed, for every (3,-closed set B of Y.

Proof. Obvious. O

Definition 12 A mapping f : (X,u) — (Y;A) is said to be (v, B,)-closed if
for any v, -closed set A of (X,u), f(A) is B,-closed in Y.

Theorem 8 Suppose that f: (X, ) — (Y,A) is (v, B, )-irresolute and (v, Bx)-
closed.

(i) If A isy,g-closed, then f(A) is B, g-closed.
(ii) If B be any B, g-closed set of Y, then £~1(B) is a Y,.9-closed set in X.

Proof. (i) Let V be any 3, -open set such that f(A) & V. Then by Theorem
7, £71(V) is Y,-open in X. Since A & f1(V) and A is Y, g-closed, cy, (A) €
f~1(V) and hence f(c\yu (A)) € V. Now by the assumption, 1‘(cyu (A))is a B,-
closed set in Y. Thus ¢, (f(A)) € Cp. (f(cm(A))) = f(cm (A)) € V. Hence
f(A) is B, g-closed.

(ii) Let U be any v, -open set of X with f1(B) S U. Let F= cy, (f~1(B)) N
(X\'U). Then F is a y,-closed set in X. Since f is (v, B,)-closed, f(F) is f,-
closed. Since f(F) S f(c, (f1(B))NnfX\U) € cs, (f(f1(B))) Nf(X\U) S
Cp. (B)N(Y\B) = Cp. (B)\ B by Corollary 1, it then follows that f(F) = @ and
hence F = @. O

N

Theorem 9 Suppose that f: (X, ) — (Y,A) is (v, B, )-irresolute and (v, B,)-
closed.

(i) If f is injective and (Y,A) is BA—T%, then (X, 1) is yu—T%.

(ii) If f is surjective and (X, ) is yu—T%, then (Y,A) is BA—T%.
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Proof. (i) Let A be a vy, g-closed set of (X, u). Then by the last theorem, f(A)
is 3,g-closed in Y and hence f(A) is 3,-closed. Since f is (y,, B,)-irresolute,
by Theorem 7, A = f~1(f(A)) is Y,.-closed and hence (X, u) is yH—T%.

(ii) Let B be any 3, g-closed set in (Y, A). It is sufficient to show that Bisa f3,-
closed set. By Theorem 8, f~'(B) is a Y, g-closed set in X. Since (X, u) is a vy ,-
T%, f~1(B) is v,.~closed. Since f is surjective and (vy,,, 3, )-closed, f(f'(B)) =B
is a [3,-closed set. O

Theorem 10 Let f: (X,u) — (Y,A) be a surjective (v, B,)-irresolute func-
tion. If E be a B,-D, set in Y, then f~(E) is a Y,.-D, set in (X, u).

A

Proof. Let E be a 3,-D, set in Y. Then there exist two (3,-open sets U, and
U, in Y such that E = U, \ U, and U, # Y. Now by Theorem 7, f~'(U,) and
f~1(U,) are Y,-open and f71(U,) # X (as f is surjective and U, # Y). Thus
fHE)=f1(U,)\ f'(U,)isay,D, set. O

Theorem 11 If (Y,A) is 3,-D, and f: (X,u) — (Y,A) is a (v,, B,)-irresolute
bijective function, then (X,u) isy,-D,.

Proof. Suppose that (Y;A) is a 3,-D, space. Let x and y be any two distinct
points of X. Since f is injective and Y is 3,-D,, there exist 3,-D, sets G, and
G, of Y containing f(x) and f(y) respectively such that f(x) ¢ G, and f(y) ¢
G,. Thus by Theorem 10, f~'(G,) and fq(Gy) are y,-D, sets containing x
and y respectively such that x ¢ f_1(Gy) andy ¢ f'(G,). Thus X a v,.-D,
space. O

Theorem 12 A GTS (X,u) isy,-D, if for each distinct points x and y in X,
there exists a (v, B,)-irresolute surjective function f: (X,u) — (Y,A), where
(Y,A) is a B,-D, space such that f(x) and f(y) are distinct.

Proof. Let x and y be two distinct points of X. By hypothesis, there exists a
(v,.s B, )-irresolute function f on X onto a 3,-D, space Y such that f(x) # f(y).
Then there exist 3,-D, sets G, and G, containing f(x) and f(y) respectively
such that f(x) € G, and f(y) € G,. As f is surjective and (vy,, B, )-irresolute,
f1(G,) and ! (G,) are v,-D, sets in X (by Theorem 10) containing x and
y respectively such that x ¢ ' (G,) and y ¢ f~1(G,). Hence X is a v,.-D,
space. ]
Conclusion: If we replace p by different GT’s or 'y, by different operators,
we can obtain various forms of generalized closed sets and related continuous
functions.
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Abstract. In the present paper we introduce the sequence spaces co{ M, A, p, q},
(M, A,p, q} and 1o{M,A,p, q} defined by a Musielak-Orlicz function

M = (My). We study some topological properties and prove some inclu-

sion relations between these spaces.

1 Introduction and preliminaries

An Orlicz function M : [0,00) — [0, 00) is a continuous, non-decreasing and
convex function such that M(0) =0, M(x) > 0 for x > 0 and M(x) — oo as
X — 00.

Lindenstrauss and Tzafriri [3] used the idea of Orlicz function to define the
following sequence space,

e E () <o)

k=1

which is called as an Orlicz sequence space. Also &y is a Banach space with

the norm -
lIx] :inf{p >0: ZM("‘J') < 1}.

k=1
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Also, it was shown in [3] that every Orlicz sequence space {y contains a sub-
space isomorphic to {,(p > 1). The A,- condition is equivalent to M(Lx) <
LM(x), for all L with 0 < L < 1. An Orlicz function M can always be repre-
sented in the following integral form

where 1 is known as the kernel of M, is right differentiable for t > 0,n(0) =
0,n(t) > 0, 1 is non-decreasing and 1n(t) — oo as t — oo.

A sequence M = (My) of Orlicz function is called a Musielak-Orlicz function
(see [4], [8]). A sequence N = (Ny) defined by

Ni(v) = sup{lvju — My (u) : u > 0}, k =1,2,---

is called the complementary function of a Musielak-Orlicz function M. For
a given Musielak-Orlicz function M, the Musielak-Orlicz sequence space tag
and its subspace h are defined as follows

ty = {x ew:Iy(cx) < oo for some ¢ > O},

hay = {x ew:Iy(ex) < 0o for all ¢ > O},
where [ is a convex modular defined by
[e.o]
Tr(x) =D M, x = (x) € tar.
k=1

We consider tp equipped with the Luxemburg norm
x| :inf{k>O:IM<%> < 1}

or equipped with the Orlicz norm

Il® = inf{%@ + IM(kx)> k> o}.

Let w, ly, ¢ and co denote the spaces of all, bounded, convergent and null
sequences x = (xy) with complex terms respectively. The zero sequence (0,0,...)
is denoted by 0 and p = (px) is a sequence of strictly positive real numbers.
Further the sequence (‘pg]) will be represented by (ty).
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Mursaleen and Noman [6] introduced the notion of A-convergent and A-
bounded sequences as follows :
Let A = (A¢)2,; be a strictly increasing sequence of positive real numbers
tending to infinity i.e.

O<A <A< -+ and A, 5 00 as k — o0

and said that a sequence x = (xx) € w is A-convergent to the number L, called
the A-limit of x if An(x) — L as m — oo, where

%Z (A — A1)

m
M k=1

The sequence x = (xx) € w is A-bounded if sup,, [Am(x)| < oo. It is well known
[6] that if limy, X, = a in the ordinary sense of convergence, then

hrﬁn <)\1m<Z(}\k_)\k1)|Xk_ a|) =0

k=1

This implies that

. 1§
lim [Am(x) — | = lim ‘Z A = Met) (e — @) =0

A
™ k=1

which yields that limy, Am(x) = a and hence x = (xx) € w is A-convergent to
a.
Let X be a linear metric space. A function p : X — R is called paranorm, if

1. p(x) >0 for all x € X,
2. p(—x) =p(x) for all x € X,
3. p(x+y) <plx)+ply) for all x,y € X,

4. if (An) is a sequence of scalars with A, — A as 1 — oo and (x,) is a
sequence of vectors with p(x, —x) — 0 as n — oo, then p(Ayxn —AXx) —
0 asn — oo.

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and
the pair (X,p) is called a total paranormed space. It is well known that the
metric of any linear metric space is given by some total paranorm (see [14],
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Theorem 10.4.2, pp. 183). For more details about sequence spaces (see [1], [2],
[5], [7], [9], [10], [11], [12], [13]) and references therein.

Let M = (My) be a Musielak-Orlicz function and p = (px) be a bounded
sequence of positive real numbers and let (X, q) be a seminormed space semi-
normed by (. In the present paper, we define the following sequence spaces:

/\ X Px
coflM, A\,p,q} = {x = (x) ew: [Mk<q(:())>] ty — 0, as k — oo,
for some p > 0},

cM,Ap,q} = {x = (xx) Ew: [Mk(q(/\:(x))ﬂpktk — 0, as k — oo,

for some L € X and for some p > 0}
and
loo{M, Ayp, q} = {X = (xx) Ew: Slip [Mk<q(/\;(x))>rktk < 00,
for some p > 0}.

If we take p = (px) = 1, we have

cof M, A, q} = {x = (x) Ew: {Mk<q(/\;(x))>] — 0, as k — oo,
for some p > O},

(M A q} = {x: (xk) € w: {Mk<q(/\k(z)_l—)>] — 0, as k — oo,

for some L € X and for some p > O}

and
loof M, A, q} = {x = (xx) € w:sup [Mk <q(/\;(x)))] < oo, for some p > O}.
k

The following inequality will be used throughout the paper. If 0 < px <
suppx = K, D = max(1,2%7") then

lax + bi[P* < D{lax[P* + [by[Px} (1)
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for all k and ay, by € C. Also |a|P* < max(1,|al¥) for all a € C.
The main aim of this paper is to study some toplogical properties and prove
some inclusion relation between these spaces.

2 Main results

Theorem 1 If M = (M) be a Musielak-Orlicz function and p = (px) be
a bounded sequence of positive real numbers, then the spaces co{M, A\,p,q},
cAM,A P, q} and loo{M,A,p,q} are linear spaces over the field of complex
numbers C.

Proof. Let x = (xx), y = (yx) € c{M,A,p,q} and &, 3 € C. Then there exist
positive real numbers p; and p; such that

[Mk<q(/\k(:)_l—)>]pktk—>0, as k — oo
1

and

|:Mk <q(/\k(‘?)_l_)>:|pktk — 0, as k — oo.
2

Let p; = max(2|alp1, 2|Blp2). Since (My) is non-decreasing and convex by
using inequality (1.1), we have
{ <q((06/\k(x)+[3/\k(y))—2L)>rk
My 0 tx
3

< [Mk<GI((X/\k(X) —L) N Q(B/\k(lj) —L) ﬂpktk

P3 P
_ Pk _ Pk
o (S (A0
< o (IOl (D)
1 2

— 0 as k — oo.

Thus, ax+ Py € c{M,A,p, q}. Hence c¢{M, A,p, q} is a linear space. Similarly,
we can prove co{M, A, p, q} and loo{M, A, p, q} are linear spaces over the field
of complex numbers C. g
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Theorem 2 M = (My) be a Musielak-Orlicz function and p = (px) be a
bounded sequence of positive real numbers, then loo{ M, A, p, q} is a paranormed
space with the paranorm defined by

A a1

g(x) = q(x1) + inf {pm‘ : sup {Mk <q<;(x))>tkpk} <1, p > 0Obigg},
k>1

where H = max(1, K).

Proof. (i) Clearly, g(x) > 0 for x = (xx) € loo{ M, A,p, q}. Since My (0) = 0,

we get g(0) =0.

(i) g(—x) = g(x)
(iii) Let x = (xx), Yy = (yx) € loo{M, A, P, q}, then there exist py, p2 > 0 such

that
A a1
sup {Mk<q(k(x>)>tk;k} <1
k>1 P1

sup {Mk(q(/\(y))>tkp1k} < 1.
k>1 P2

Let p = p1 + p2, then by Minkowski’s inequality, we have

sup {Mk<q(/\k(z—i_y))>tkplk} = sup {Mk<q(/\k(x—i_y)))tkp]k}

k>1 k>1 p1+ P2

o1 q(Ax(x)) p‘k]
o <p1 + Pz) i?? [Mk< P1 )tk
N < P2 )Sup [Mk<q(/\k(y))>tkp]k}
P1+ P2/ k>1 P2

1

and

A

IN

and thus

gx+y) = q(x1 +y1)

+ inf {(m + pz)pﬁk I sup {Mk<q(/\k(x);/\k(y))>}tkp]k <71, p> O}
k>1

< q(X1)+in{(pl)‘} : sup {Mk<q(/\k(X))> }tkfjk <1p >0}

k>1 P1

k A 1
- q(y)) +in {(pz)H  sup {Mk(q(“(‘-”)) }tkvk <1 p> 0}

k>1 P2

=

o
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<g(x)+gly)

(iv) Finally, we prove that the scalar multiplication is continuous. Let p be
any complex number. By definition,

g(px) :q(qumf{ - Sup{Mk<q(uAk(X))> }tk;k <1, D>0}

k>1 P

— lWq(x1) + inf {(Wr)‘ﬂ‘ sup {w(W) }tkv‘k <1, s 0},

k>1
where 7 = ﬁ. Hence loo{M, A,p, q} is a paranormed space. O
Theorem 3 For any Musielak-Orlicz function M = (My) andp = (px) € loo,
then the spaces co{ M, A\,p, q}, {M,A\,p, q} and loo{ M, A,p, q} are complete

paranormed spaces paranormed by g.

Proof. Suppose (x") is a Cauchy sequence in loo{M, A, p, q}, where x™ =
(xp)2, for all n € N. So that g(x} —x]) — 0 as 1,j — oo. Suppose € > 0 is
given and let s and xo be such that = > 0 and My (52) > sup(pk)tk. Since

g(x* —x)) — 0, as i,j — oo which means that there exists ny € N such that

glxt =) < % for all i,j > no.

This gives g(x} — XJ) < &, and
Ar(xt — %) a2
inf{ppﬁi{:sup{Mk<q(k(XX))>tkPk}§1,p>O}<e (2)
k>1 P $X0

It shows that (x}) is a Cauchy sequence in X. Therefore (x}) is convergent in

. o . L €
X because X is complete. Suppose lim xj = x; then lim g(xj —x}) < —, we
i—o0 j—o0 §$Xo

get
(X —x7) < i
gixq 1 %o
Thus, we have . '
A (xt —x 1
A LG ) AR
g(xt =)

This implies that

q (/\k(xi - Xj)) N $X0
Mk(g()&—)d)) < (Pk)t < My (—=- ) )
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and thus o e .
A (xt — 3 °MF =
q(Ax(xt =) < 3 o <2

which shows that (Ax(x!)) is a Cauchy sequence in X for all k € N. Therefore,
(Ax(x')) converges in X. Suppose lim Ay(x') = y for all k € N. Also, we
1—00

have lim Ax(x5) = y; — x;. On repeating the same procedure, we obtain
1—00

lim /\k(xiﬂ) = yx — x for all k € N. Therefore by continuity of (My), we get
1—00
A (xt — X 1
J—00 k>1 P

so that

A (xt — ) al
sup Mk(q(k(xx)))t{’k < 1.
k>1 p

Let 1 > ny and taking infimum of each p’s, we have

g(xt —x) < e.
So (x' —x) € loo{M, A, p, q}. Hence x = x* — (x! —x) € loo{M, A, P, q}, since
loo{f M, A,p, q} is a linear space. Hence, loo{M,A,p,q} is a complete para-

normed space. Similarly, we can prove the spaces co{ M, A, p, q} and c{M, A, p, q}
are complete paranormed spaces. O

Theorem 4 If0 < px < 1¢ < o0 for each k, then
Z{IM, Ay py q} € Z{IM, A1, g}
for Z=cy and c.

Proof. Let x = (x¢) € ¢{M, A,p, q}. Then there exists some p >0 and L € X

such that
A —L)\Px
Mk<q(k(z))> ty 0 as k — oo.

This implies that
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for sufficiently large k. Hence we get
A —L)\™ A —L)\P*
Mk<q(k(z))> te < My <q(k(z))> ty — 0 as k — oo.

This implies that x = (xx) € ¢{M, A, 1, q}. This completes the proof. Similarly,
we can prove for the case Z = cyp. g

Theorem 5 Suppose M' = (M) and M" = (M}/) are Musielak-Orlicz func-
tions satisfying the Ay-condition then we have the following results:

(i) if (pi) € oo then ZIM',A,p,q} € ZIM” o M/, A,p, q} for Z = c,co
and lso.

(i) ZIM, A,y q) N ZIM" Ap,q) € ZIM! + M",A,p, g} for Z = c,co
and ls.

Proof. If x = (x¢) € co{M, A, p, q} then there exists some p > 0 such that
A Px
{ML(W)} ty = 0 as k — oo.

Suppose
A
Yk = Mﬁ(q(g(x))> for all k € N.

Choose & > 0 be such that 0 < 6 < 1, then for yx > & we have yy < % < 1+%.
Now (M) satisfies Aj-condition so that there exists ] > 1 such that

MY i) < Emp) + Bemp) = Memp ).

25 25 o
We obtain

Pk Pk Px
oo mp (DN = g (PN = ]

< max { sup ([M{JU )]pk>,sup ([kM{J(Z)é_]]pk) }[yk]pktk — 0, as k — oo.
K K

Similarly, we can prove the other cases.
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(ii) Suppose x = (xx) € co{M, A,p,q} N cofM{, A, p,q}, then there exist
p1, p2 > 0 such that

(IR AR
() o e

Let p = max{p1, p2}. The remaining proof follows from the inequality

{ [(Mﬁ + M) <q (A;(X)) )]pktk} < D{ [ML (q (Apk](x)) )]pktk
e (5]

Hence co{My, A, p, q} N cofM, A, p, q} C colM + M/, A, p, q}. Similarly we
can prove the other cases. O

and

Theorem 6 (i) If 0 < infpy < px < 1, then loo{M, A,p, q} C loo{M, A, q}.
(ii) If 1 < pr < suppk < 00, then loo{M, A, q} C loo{M, Ayp, q}.

Proof. (i) Let x = (xx) € loo{M, A, P, q}. Since 0 < inf py < 1, we have

(5 2 o (5

and hence x = (xy) € loo{ M, A, q}.
(ii) Let px > 1 for each k and suppx < 00. Let x = (xk) € loo{M, A, q}, then
k

for each €, 0 < e < 1, there exists a positive integer ng € N such that

A
Sup{Mk<q(k(X)))} <e<l.
k p
This implies that

I s (25

Thus x = (xk) € loo{M, A, p, q} and this completes the proof. O
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Abstract. We determine the common fixed point of two maps satisfy-
ing Hardy-Roger type contraction in a complete partial b-metric space
without exploiting any variant of continuity or commutativity, which is
indispensable in analogous results. Towards the end, we give examples
and an application to solve a Cantilever beam problem employed in the
distortion of an elastic beam in equilibrium to substantiate the utility of
these improvements.

1 Introduction and preliminaries

Fixed point theory is a major tool in nonlinear analysis, having applications in
many real-world problems, which emerged in 1837 with the article of Liouville
[10] on solutions of differential equations. In 1890, Picard [13] developed it
further as a process of successive approximations which were conceptualized
and extracted by Banach [2] as a fixed point result in a complete normed space
in 1922. On the other hand, Shukla [16] familiarized partial b-metric blending
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partial metric (Matthews [11]) and b-metric (Bakhtin [1] and Czerwik [6]) to
establish a fixed point via Banach contraction [2] and Kannan contraction [9)].

The aim of the current work is to demonstrate the survival of one and
only one common fixed point of two maps satisfying classical Hardy-Rogers
type contraction [7] in a complete partial b-metric space without exploiting
any variant of continuity [17] or commutativity [18], which is indispensable
in analogous results. We support our theoretical consequences by illustrative
examples and conclude the paper by giving an application to solve a Cantilever
beam problem employed in the distortion of an elastic beam in equilibrium to
substantiate the utility of these improvements.

It is worth mentioning here that in numerous cable-driven docile mecha-
nisms, like a fixed pulley or a cable routing channel in a segmented disk, the
need for controlled motion in the flexible frameworks often mandates the actua-
tion cables to pass through a fixed point to compel the force angle on the cable.
This situation may be modeled as the large deflection problem of a cantilever
beam with two parameters. Recently Zeng et al. [19] emphasized the numer-
ical analysis of the large deflection problem of the cantilever beam subjected
to a constraint force pointing at a fixed point which permitted widespread
analysis of the impact of diverse factors, including the fixed point position,
the force magnitude, and the beam length, on the behaviour of the cantilever
beam put to a constraint force pointing at a fixed point. This work permitted
mathematical model-based design optimization of docile frameworks in areas
such as soft robotics and smart materials.

Definition 1 [16] A function pp : X x X — [0,00) on a nonempty set X is a
partial b-metric if Yu, 0,10 € X,

1. u=10 iff pp(u,0) = pp(u,u) = pp(v,v);

2. po(u,u) < pylu,v);

3. po(u,0) = py(v,u);

4 po(u,0) < slpy(u,w) + pp(tv, v)] — pp(to, ).

The pair (X,pp) is a partial b-metric space and s > 1 is the coefficient of
(X>Pb)-

Example 1 Let X = [0,10] and p, : X x X — [0,00) be defined as:
Po(u,0) = [u—r1l? 4+ 2. By routine calculation, one may verify that (X,py)
is a partial b-metric space for s = 2. However, (X,py) is not a partial metric
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space. Since foru=0, v =10 and w =5, we obtain
Pu(0,10) =0 — 102 +2 =102,
Pu(0,5) + Po(5,10) — Py (5,5) = [0 — 52 +2 4[5 — 102 + 2 — 2
=25+2+4+25
=52,
Therefore, pv(0,10) > py(0,5) + pp(5,10) — py(5,5). Noticeably, (X,py) is
also not a b-metric space.

Definition 2 [12] A sequence {un} in a partial b-metric space (X, py) is
1. convergent to u € X if py(u,u) = limn 00 Po (U, Un).

2. Cauchy sequence if limp_,00 Py (Un, ) ezists and is finite.

A partial b-metric space (X, py) is complete [16] if each py-Cauchy sequence
in X converges to u € X, i.e., pp(u,u) = limp 00 Pv (U, un) = limp m—00 Po

(tny tn ).
One may notice that the limit of a convergent sequence is not essentially unique
in a partial b-metric space.

2 Main results

Theorem 1 Let §,7T : X — X be self maps of a complete partial b-metric
space (X,py) so that T(X) C S(X) and

Pb(Su, To) < apyp(u, Su)+bpy (v, 70)+cpy (1, To)+0py (0, Su)+epy (1, v), (1)

Yu,0 € X anda,b,c,0,¢ are positive reals satisfying a+b+c+e4+0(2s—1) <1
and s > 1. Then S and T have a unique common fized point in X.

Proof. Assume uy € X and since 7 (X) C S(X), so we may inductively define
a sequence {unJo° ; in X as

U = Tun 1 andu, g = Suy, (2)

form=0,1,2,.... If u, =unq1, ie., uy = Suy, i.e., uy is a fixed point of S.
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Since, Uy = Un] = Un] = Sty = Sy, So

Po(Uni1, Uny2) = Po(Sunir, Tun)
< app (Uny1, Sting1) + bpp (tn, Tn) + cpo(tngt, Tun)
+ 0Pp (Un, Stn 1) + epo(tny1, tn)
= app (Uni1, Uns2) + 0Py (Un, Uni1) + cpo(tngt, tni)
+ 0Pp (Un, Unt2) + epo (Ui, tn)
< app (Unt1y nt2) + 6Py (tn, Uni1) + Po (Ui, tngr)
+ 08Py (tny tng1) + Po(tng1y Wni2)] — 0py (dng1y tng)

+ epo (Unt1, Un),

fe, (1—a—0s)py(unityting2) +0putnyityting1) < (b+0s + e)pp(tn, tny1)
+ cpo(Un i1, Unt1),

ie., (1—a—0s)pp(tnir,tni2) + 0P (tnit, tnt2) < (b4 0s + ¢)pp(tn, tnir)
+ cpo (Un, Un 1)y

ie, (14+0—a—0s)pp(uniiytini2) < (6+0s+ e+ c)pp(un, tnr),

ie, (14+0—a—0s8)pp(unitytini2) < (b6+0s+ e+ c)pp(Unity tni2),

ie, (IT—a—b—c—e—0(2s —1))pp(uniiytni2) <O,

ie., Polunttyuny2) <0 = pylunsi,ung2) =0,

ie, Tun =uni1 =Up2 and Uy = U] = T Uy = Uy, i.e., Uy, is a fixed point

of T.

Also, up = Upy ) =Unip =..., i.e. U, is a common fixed point of S and 7.
So, presume that for even n, un # u, 1. Then

Po (Unt1, un) = P (Sun, Tun_1)

< apy (un, Sun) + bpp (-1, Tun—1) + cpp (un, Tun—1)
+ 0P (Un—1, Stin) + ey (tin, tn—1)

< app (tn,y Un 1) + bpp (Un_1,un) + cPp(tin, tin)
+ 0pp (Un—1, Un11) + P (tn, tn_1)

< app (un, nt1) + bpp (n—1, un) + cpp(tn, un) + 0s[pp (Un—1, Un)
+ Po (Un, Un1)] — 0Pp (tin,y Un) + epp (tn, tn 1)

< app (Uny Un 1) + bpp (Un_1,un) + cpp (tn, tn) + 0spp (Un—1, n)
+ 08Py (tn, Uny1) — dPp(Un, tn) + epp (tn, tn_1),
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ie, (1—a—0s)p(un,uns1) < (b+0s+e)pp(un_i,un) + (¢ — 0)pp(un, un),
ie., (1—a—0s)p(un,unit) + 0pp(Uun,tn) < (b4 0s + ¢)pp (Un, tn_1)
+ pp (tn, Un ),
ie., (1—a—0s)p(un,unit) + 0pp(Unytiner) < (b +0s + e)pp(tntn_1)
+ ¢pp (tny tn 1)
(T+0—a—0s)ppuun,tn1) < (b+c+ e+ 08)py(un, tni1),

) b+c+e+0s
ie., pplun,ungy) < mpb(umunﬂ)»
. b+c+e+0s
ie, polun,tni1) < kpp(un,un_1), where, k= Tro—a_os <1. (3)

If n is odd, the same inequality (3) can be obtained analogously.
Continuing this process, we attain

Po(Un, tns1) < K™py(uo, ).
We assert that {un}is a Cauchy sequence in X. For m > n and myn € N,
consider

< s[pp (tny Ung1) + Po (Ui, tm)] — Po(tngt, tngt)
< s[pp (tny tng1) + Po(tngt, tm)]
< spy (Uny Unt1) + s[s{pv (Uns1, Uni2)
+ P (tns2y tm)} — Po (Unt2, ni2)]

< spp (tny Ung1) + S[5{Po (Unt1, Uns2) + Po (g2, )}
< sk™pp (o, 1) + s7K™ py (o, wy) + ...
< sk™py (ug, ur)[1 + sk + (sk)? + ...

K

<
— 1—sk

Po (Un,y Um)

Pol(ug,uy) — 0 as n — oo,

i.e., {un}is a Cauchy sequence. Using completeness of X, {u,} converges to u* €
X and we have limn m—00 Pb (Un, Um) = limp 00 o (Un, u*) = pp(u*,u*) = 0.
Further, we assert that u* is a fixed point of S. Let {un }{°; be a subsequence

of {un}.
So,

Po (1", Su™) < sfpp (4™, tn,) + Pol(tng, SUT)] — Pp (tny tn,)
< spp(uyun,) + spo(Tun_1,, Su™)
< spp (U, un,) + slpu(Su*, Tun_1,)]
< spp(u*, un, ) + slapy (u*, Su™) + bpy (un—1;, Tun-_1,)
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+ cpu (U, Tun—1,) + 0pp (-1, SU™) + epp (U™, un—1, )]
< spp(u*yun,) + slapp (U™, Su™) + bpp (Un_1,, tUn,) (4)
+ cpp (u*, un, ) + 0py (Un—1,, SU™) + epp (U, up_1,)].
Asn — oo, pp(u*,Su*) < s(a+0)py(u*, Su*), which gives a contradiction. So,
u* = Su* = u* is fixed point of S.
Furthermore, we assert that u* is a fixed point of 7. Let {un11,J{°; be a sub-

sequence of {un}.
So,

Po(u’, Tu®) < slpp (U, uny1,) + Polintr, Tu5)] — po(untrg, ns,)
< spu (U’ untry) + spu(Sung, Tu)
< spu (U’ unt,) + slapp (ung, Sun,) + bpp (u¥, Tu")
+ cpp (Un,, Tu*) + 0pp (u*, Sun, ) + epp(un,, u*)]
< spp (U, unt1,) + slapy (Ung, uny1,) + bpy (u”, Tu")
+ cpp (Uny, TU*) +0pp (U, Unt1,) + epp(tn, u')]
As n — oo, pp(u*, Tu*) < s(b+ c)pp(u*, Tu*), which gives a contradiction.
Therefore, u* = Tu* = u* is a fixed point of 7.
If u and u* are two different common fixed points of S and 7, then we have
Su=Tu=uand Su* =Tu* =u*, Consider
Po(u,u”) = py(Su, Tu’)
< app (u, Su) + bpy (u*, Tu*) + cpp(u, Tu*) + 0pp (u*, Su) + epp (u, u*)
< app (u, u) + bpp (U, u”) + cpy (u, u*) + 0py (u*, u) + epy (u, u”)
< (c+ 0+ e)pp(u,u’),
a contradiction, i.e., u =u* = § and 7 has a unique common fixed point in
X. O

Next, we provide a non-trivial illustration to exhibit the significance of Theo-
rem 1.

Example 2 Let X = [-10,10] and p, : X x X — [0,00) be defined as:
po(u,0) = (Ju| + o] +2)%. Then (X,py) is a complete partial b-metric space
and s = 2. Define S, T: X — X as: Su= g and Tu = {5. Let u > v. Then

Cfu o\ [l vl 2
pb(su)TU) =Po <6)10> - <6+ ]0+2>

B (1O|u|+6|n|+120>2 o
a 60

(5)
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apy (1, Su) + bpy (0, T) + cpp(ut, 7o) + 0py (v, Su) + epp(u, v)

u b b u
- apb(u) g) + bpb(ny ﬁ) + Cpb(u> ﬁ) + pr(n) g) + epb(uan)
v o]
— a(jul + %l +2)" +b(ol + 751 4+2)" Fe(ut 35 +2)" +2(o + % +2)°
+e(uto+2)’ (6)

_ (Tl 412 2+b o] + 20 2+ 10[u] + [o] + 20\ *
- 6 10 ‘ 10

6 12
+0< lo| + [u| +

2
c > + e(lul + o] + 2)2.

1 1

From equations (5) and (6) it is clear that for a =b =¢ = ¢, ¢ = 3, and

2=74,
Pu(Su, To) < apyp(u, Su) + bpy(b, 7o) + cpp(u, 7o) + 0pp(b, Su) + epy (u, v).

Consequently, all postulates of Theorem 1 are wverified, and O is the unique
common fixed point of S and T .

Corollary 1 Inference of Theorem 1 is valid if c =0 =0.

Proof. The proof follows the pattern of Theorem 1. O

Next, we present two examples to understand and support the result proved
herein. In one example involved maps are continuous and commutative and in
another maps are discontinuous and noncommutative. It is worth mentioning
that continuity is difficult to be fulfilled in some daily life applications and is
an ideal property.

Example 3 Let X =R" and pp : X x X — [0,00) be defined as: py(u,v) =
max{u, v}* + [u — v[>. Then (X,py) is a complete partial b-metric space and
s=4. DefineS, T: X — X as: Su= 7 and Tu= 3. Letu>v. Then

pu(Su, To) :pb(u U)

4’5
2 2
ubv u b
:max{4,5} + 275 (7)
_uj 5u—4p |2 and
16 25
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u o]
apy (11, Su) + bpy (v, To) + cpy (u,0) = apy (u, Z) +bpo (v, g) + cpp(u, v)

:a_max{u, }Jr’u—”—kb{max{b, } ‘n—”
-+ c[max{u, o) + [u— o }
=alu +196 ]H{n +;§ ]—i—c[uz—i—lu—nlz}

25 2, 41 )
16u Ebn—i— clu? + Ju— 4.

)

~o|—

From Equations (7) and (8) it is clear that for a = %, b=c=

Po(Su, To) < apy (u, Su) + bpy (v, T0) + epp(u, ).

Hence, all postulates of Corollary 1 are verified, and 0 is the unique common
fized point of S and T .

Example 4 Let X =R and pp : X x X — [0,00) be defined as: pp(u,v) =
max{u, v}4-lu—v|?. Then (X, py) is a complete partial b-metric space and s = 4.

u 1 w—u 1
Define S, T:X—)Xas:Su:{z’ uelo] andTu:{ 7> weloll

0, otherwise 0, otherwise

Let u,v € [0,1] and u > v. Therefore,

pu(Su, To) = po 5 "2_")

2> 2
2 2
u vp°—vo TR e
_ u U 9
max {3, 5=+ 3-S5 ©)
u ’u—i—b—bZ’Z nd
2 2

2
U —
apy (u, Su) + bpy (v, T0) + cpp(u, v) = apy (u» 2) + bpb( 3 ) + cpp (1, 0)

o[}l o ) o]

¢[ max{u, v} + \u—n\ ]

I
a

:u+lu}—|—b[n+1(3n—n )]+c[u+|u—n|2].

(10)
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Nezt, if u < v and u,v € [0,1],

u+n—02’2

5 and (11)

Po(Su, To) = g + ]

_ 15 1 2
apy (u, Su) + bpy (v, 7o) + cpp(u,0) = a{u—i— Zu } + b{n + 1(30 —p7) (12)

+ clo + Ju—vl?].

From Equations (9), (10), (11), and (12) it is clear that for a = %, b= and

1
(=7

Po(Su, To) < apy(u, Su) + bpp (v, 7o) + epp(u,v), u,0 € [0,1]. (13)

Hence, all postulates of Corollary 1 are verified, and O is the unique common

fizxed point of S and T .

Remark 1

(i) Above results are also true if T(X) is a complete subspace instead of
completeness of X.

(ii) Above results become more fascinating if we appraise a better natural
postulate of closures of range space, i.e., T(X) C S(X).

(iii) Suitably choosing the values of constants a, b, ¢,0, and ¢, we get the exten-
sions, improvements, generalizations of Bakhtin [1], Banach [2], Chat-
terjea [3], Kannan [9], Reich [14], and so on to a partial b-metric space
for a noncommutative discontinuous pair of maps.

(iv) In Theorem 1 and Corollary 1 (see, Example /), a unique common fized
point exists for a pair of discontinuous self maps which does not sat-
isfy even commutativity ([8], [15], [17]) and thereby extend, generalize
and improve the comparable theorems present in the literature (for in-
stance, Banach [2], Chatterjea [3], Cirié¢ [4], Czerwik [6], Hardy-Rogers
[7], Kannan [9], Reich [14], and references therein).

(v) Following arguments of Theorem 1, we may relax continuity, commuta-
tivity, and completeness of numerous celebrated and contemporary results
existing in different spaces.
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3 Solution of Cantilever beam problem

Motivated by the fact that the Cantilever structure permits overhanging con-
structions deprived of peripheral bracing, we solve a system of fourth-order
differential equations arising in the two-point boundary value problem of bend-
ing of an elastic beam as an application of Corollary 1. Suppose X = CI[I, R]
denotes the set of all continuous functions on I = [0, 1]. Define a partial b-
metric pp : X X X — Rt as:

2
Po(u(t), 0(t)) = maxecp) (Lﬁ"“”) with s = 3.

Theorem 2 The equations of deformations of an elastic beam, one of whose
end-point is free while the other is fixed, in its equilibrium state is:

d4u !/ 1 n
@ :w(t)u(t))u (t))u (t))u (t))) (14>
u(0) =u'(0) =u"(1) =u"(1) =0, telo1],
and
d4n / " n
@ = d)(t,t)(t),n (t),t) (t),U (t))a (15>

0(0) = 0/(0) = v”(1) =0”(1) =0, tel0,1],

where, P, ¢ :[0,1] x R3 — R are continuous functions satisfying:

maxe o, ([ (¢, u(t), w' (t),u” (1)) [+ (t, v(t), 0 (t), 0" (1))])* < exp™* maxcpo 1 |
u(t) + (V) + expP maxycoy Wt + exp~ maxicoy R, o € X, A €
[1,00), t €[0,1).

Then, the Cantilever beam problem (14-15) has a solution in X.

Proof. The Cantilever beam problem (14-15) is identical to solving the system
of integral equations

wﬂngwﬂwawmme%mm (16)
and :
o(t) —J G(s,t)Pp(s,0(s),0'(s),0”(s))ds, t € [0,1], uec X. (17)
0
Here,

; (18)
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is a continuous Green function on [0,1] . Define maps § : X — X and
T:X — X as:

Su(t) = [ G(s, t)(s,u(s),u'(s),u”(s))ds
and
= [ G(s,t)db(s,0(s),0'(s),0”(s))ds.
Then u is a solution of (14-15) iff u is a single common fixed point of S and T

respectively.
Clearly, S, T : X — Xare well defined, so

To(t)) = (\Su(t)l er ITtJ(t)I)2

]fo (5,00 (s, u(s), u(s),u"(s))ds+)f;g(s,t)¢(s,n(s),n'(s),n"(s))ds\)

2

2

_‘

2

/\/\

[1G(s,6) (s, u(s), 0/ (s), w”(s))] ds+ 1 Gls, 1) 1 (s, v(s), v (s),n"(smas)Z

2
Gty s)([wls,uls),u'(s),u”(s))] + \d)(s,b(S),U’(S),U”(S))!)d8>

Z‘ o

1 1 2
< man( (s, ul3), (515D + 15,005,151, 0" (52| Gtt,shas
< l[eXp‘“tlél[% u(t) + o(t)* +exp ® max [u(t)]* + exp Y max lo(t)[?]

1 2
<J g(t, s)ds>
—1

1 5
< _ —a 2 —p 2 -y 2
<7 {exp tlél[%)}:l(} [u(t) + v(t)|* + exp trél[gii] lu(t)]” + exp trg[z&}ﬁ lo(t)] ] 3
< exp *py(u(t),v(t)) + exp P py(u(t), Su(t)) + exp Y py(v(t), To(t)).
(19)

Hence all the postulates of Corolarry 1 are verified for a = exp™, b =
exp P, f = exp™” and the Cantilever beam problem has one and only one
solution. O
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4 Conclusion

We have established a common fixed point of non-continuous maps exploit-
ing partial b-metric and without exploiting commutativity or its weaker form
([17]), which is indispensable for the survival of one and only one common fixed
point in analogous theorems present in the literature. Consequently, our theo-
rems are sharpened versions of the well-known results, wherein any variant of
continuity [18] or commutativity is not essentially required for the survival of
a single common fixed point. Examples and applications to solve a Cantilever
beam problem employed in the distortion of an elastic beam in equilibrium
substantiate the utility of these improvements and extensions.
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Abstract. In the paper, L,-harmonic addition, p-harmonic Blaschke
addition and L,-dual mixed volume are improved. A new p-harmonic
Blaschke mixed quermassintegral is introduced. The relationship between
p-harmonic Blaschke mixed volume and L,-dual mixed volume is shown.

1 Notation and preliminaries

The setting for this paper is n-dimensional Euclidean space R™. Let K™ de-
note the subset of all convex bodies (compact, convex subsets with non-empty
interiors) in R™. We reserve the letter u for unit vectors, and the letter B
is reserved for the unit ball centered at the origin. The surface of B is S™.
We write V(K) for the (n-dimensional) Lebesgue measure of K and call this
the volume of K. Associated with a compact subset K of R™, which is star-
shaped with respect to the origin and contains the origin, its radial function
is p(K,-) : ™1 — [0, 00), defined by (see e. g. [1] and [2] )

p(K,u) = max{A > 0:Au € K}.
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If p(K, -) is positive and continuous, K will be called a star body. Let S™ denote
the set of star bodies in R™. We write S(K) for the surface area of star body
K. If k > 0, then for all u € R™\{0}

Let & denote the radial Hausdorff metric, as follows, if K,L € S™, then (see e.

g [1]) )
O(K,L) = |p(K,u) — p(L, u)]oo-

1.1 Dual mixed volume
The radial Minkowski linear combination, A{K;+ - - - +A.K;, defined by (see [3])
A]K]iiv-- . "T‘ArKr :{7\1X1:i:- . "T‘)\rxr X € Ki, i= ],.. .,T},
for Ky,..., Ky € SMand Ay, ..., Ar € R. It has the following important property:
pU\K"T‘PLL) ) = Ap(K) ) + HP(L '))
for KL € 8™ and A, u > 0.
If Ki e S" (i = 1,2,...,1r) and Ay (i = 1,2,...,7) are nonnegative real

numbers, then of fundamental importance is the fact that the dual volume of
AMKiF - - - FAK; is a homogeneous polynomial in the A; given by (see e. g. [3])

VIMKF KD = ) A A Vi, (2)
1 yeenyin

where the sum is taken over all n-tuples (i7,...,1n) of positive integers not
exceeding r. The coefficient V;, i, depends only on the bodies Kj,,...,K;
and is uniquely determined by (2), it is called the dual mixed volume of
Kiy..., Ky, and is written as V(Ki,,...,K;, ). Let K; = ... = K,y = K
and K111 = ... = Ky = L, then the mixed volume \7(K1 ...Ky) is written
as Vi(K,L). If Ky = -+ = Kyt = K, Kyisq = -+ = Ky, = B, then the mixed

volumes Vi(K, B) is written as Wi(K) and is called the dual quermassintegral
of star body K and (n—i)WH] is written as S;(K) and called the mixed surface
area of K. The dual quermassintegral of star body K, defined as an integral by
(see [4])

—~ 1

WAlK) = | elkawrias(u). )
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It is convenient to write relation (2) in the form (see [5, p.137])
VMK F - FAKS)

n! ~
= > > N APTVI(Ky e K e Ky K )

p1ttpr=n 1<y <<ir<s p1! - 'pT! ; P pr
(4)
Let s =2,A1 = 1,K; =K, K; = B, we have
n —
V(KFAB) = ) (AW;(K),
i=0

known as formula “Steiner decomposition”. Moreover, for star bodies K and
L, (4) can show the following special case:

., K,B,...,B,L,...,L). (5)

n—i—j i j

n— 'L
W, (KFAL) = Z (MHAV(K
j=0

1.2 The p-radial addition and p-dual mixed volume
For any p # 0, the p-radial addition K+,L defined by (see [6] and [7])
p(K+pL,wP = p(K,w)P + p(L, )P, (6)

for u € S™ " and K,L € S™. When p = 0o or —oo, the p-radial addition is
interpreted as p(K+ooL,u) = KUL or p(K+_oL,u) =KNL (see e. g. [8]).
The following result follows immediately from (6).

P jim ViRtpe D=V _ ]J p(Kauw)" Pp(Lu)PdS(u).
n -0t 3 gn—1

Let K,L € 8™ and p # 0, the p-dual mixed volume of star K and L, \N/p(K, L),
defined by

V (K,L) = 1 Ln ] p(Kaw)™ Pp(Law)PdS(u). (7)

The Minkowski inequality for the p-radial addition stated that: If K,L € S™
and 0 < p < m, then (see [7])

V, (K, )™ < V(K™ PV/(L)P, (8)

with equality if and only if K and L are dilates.
The inequality is reversed for p >n or p <0
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2 The L,-dual mixed volume for 0 <p <1

For p > 1, Lutwak defined the L,-harmonic addition of star bodies K and L,
K+pe oL, defined by (see [9])

p(Kq—pEOL)')ip = p(K)')i‘p"_Ep(L)')i‘p' (9)

As defined in (9), K+pe o L has a constant coefficient p restricted to p > 1.
We now extend the definition so that K+,L is defined for 0 < p < 1.

Definition 1 (The L,-harmonic addition for 0 < p < 1) If K,L € 8™ and
0 <p <1, the Ly-harmonic addition of star bodies K and L, K+pe oL, defined
by
p(K"T'pEOI—»')_p = p(K)')_p+£p(L)')_p' (1())
From (10), it is easy that for 0 <p <1 (andp > 1)

Py VIKEpeo L= VI 1J p(K, 1™ Pp(L, w) PdS(w).
M e50+ € n Jgn

Definition 2 IfK,L € S" and 0 < p < 1, the L,-dual mized quermassintegral
of K and L, V_,(K, L), defined by

V(KL= 1 [ e ol Pas ) (1)

Theorem 1 (L,-Minkowski inequality) If K,L € S™ and 0 <p < 1, then

V(K )™ > VK)™PV(L) P, (12)
with equality if and only if K and L are dilates.

Proof. This integral representation (11) and together with Holder integral

inequality, this yields (12). O
The case p > 1, please see literatures [10] and [11].

Theorem 2 (L,-Brunn-Minkowski inequality) If K,L € S™ and 0 < p < T,

then
V(Kdpe o L)P/™ > V(K) P/ 4 V(L) VM, (13)

with equality if and only if K and L are dilates.

Proof. This follows immediately from (10) and (12). O
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3 The p-harmonic Blaschke addition for 0 < p < 1

Let us recall the concept, the harmonic Blaschke addition, defined by Lutwak
[12]. Suppose K and L are star bodies in R", the harmonic Blaschke linear
addition, K¥L, by

KAL A+l K. nt] L.t

p(KHL, )™ _ p(K )™ p(L, )™ (14)

V(KFL) V(K) V(L)
Lutwak’s Brunn-Minkowski inequality for the harmonic Blaschke addition was
established (see [12]). If K,L € 8™, then

V(KFD)V™ > v(K)/™ v/, (15)

with equality if and only if K and L are dilates. More generally, for any p > 1,
the p-harmonic Blaschke addition K+,L defined by (see [13] and [14]).

p(KFpL, )™ p(K,)™*P L PLMP
V(K¥pL)  VI(K) V(L)

The L, Brunn-Minkowski inequality for the p-harmonic Blaschke addition was
established ( see [13]). If K,L € S™ and p > 1, then

V(KF,L)P/™ > V(K)P/™ 4+ V(L) (17)

(16)

with equality if and only if K and L are dilates.
As defined in (16), K+,L has a constant coefficient p restricted to p > 1.
We now extend the definition so that K—T-pL is defined for 0 <p < 1.

Definition 3 (The p-harmonic Blaschke addition for 0 <p < 1) IfK,L €
St 0<i<mnand 0 <p <1, the p-harmonic Blaschke addition of K and L,
K—T-pl_, defined by

p(KFpL, )P p(K, ) HP (L, )P

P = + . (18)
W;(K+pL) W;(K) Wi (L)

Obviously, the case 1 =0 and p > 1, is just (16), and the case of p =1 and
1=0, is just (14).

Definition 4 Let K,Le M 0<i<n, 0<p<1, and &, > 0 (not both
zero), the p-harmonic Blaschke liner combination of K and L, OLQK—T—p[SQL,
defined by

P(cdKF, POL WP p(Ku)m P p(Lu)n P

— — =0—— +R—= . (19)
Wi(oc#K+,34L) W;(K) W;(L)
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From (19) with =0 and (1), it is easy that

p(ocQK,u)“*Hp B ‘Xp(K,u)n—ier 7 p(ocVPK,u)“*iﬂJ

Wi (a4K) W;(K) W, (o/PK)

Hence
x#K = «!/PK. (20)

4 Inequalities for p-harmonic Blaschke mixed quer-
massintegral for 0 <p < 1
In order to define the p-harmonic Blaschke mixed quermassintegral for 0 <

p < 1 with respect to p-harmonic Blaschke addition, we need the following
lemmas.

Lemma 1 ([15] and [16, p.51]) If a,b >0 and A > 1, then
a® +b* < (a+b)* <2 T(a* +bM). (21)
Lemma 2 Let O<p<1,0<i<mnand e >0. If K,LeS", then

p(K"T_‘pE‘L) u)nii B p(K) u)nii

lim
e—0t £ (22)
i S (K . Wi(K .
> (S gty W gy ot ).
n=1+p \ Wi(K) Wi(L)
Proof. From (19) and in view of the L’Hopital’s rule, we obtain
li p(K‘?p&’L) u)nii * p(Ka u)nii
1m
e—0+ £
n—i+ n—i+ —~ n—i/(n—i+p) i
p(K,u) v p(L,u) v . n _ n—1i
I (2555 + 55— ) WalkTpeen)) P U
= lim
e—0+ £
: : —p/(n—i+p)
3 n—i+p n—i+p — N
Ly Y Lo LG Wi(KFpedl)
€0 M —14p Wi(K) Wi(L)
. n—i+p n—i+p . N n—i+p
« (Wi (kT cor) (1) 4+ ePhw) W (KT co) PBWTTRY
W;(K) Wi(L) W;(L)
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In the following, we estimate the value of the derivative Wi(K—T—pEQL)’ i

fi(t) = W;i(KFpteL) and from (5), (20) and (21), we obtain
fi(t+ &) = Wi(KFp(t + ¢)4B)
Wi (KT, (t+¢)'/PB)
(K_T_p(tVP + 81/p)3)
Wi((KF,t4B) + ¢B)

AV}
EIEIE

:

—i

(Wi (KT t4B)

I
_h\ﬂ.
o

((t) + e(n — Wi (KT, teB) + o(e?).

Further

~ f(t — f(t ~ ~
V(K+,t4L) = lim flt+e)—f(t) > (N —1)Wip (K+,t4B).
e—0T £

From (23) and (24) and in view of (n — Wi (K) = Si(K), we obtain

lim p(K:i:‘pE‘L) u)nii B p(K) u)nii

e—0t £

n—1i ( Si(K)

ok, w4+ WK o o, u)“_ﬁp) ‘

n—i+p \Wi(K) W;(L)

Theorem 3 Let0<p<1,0<i<mnande >0.If KL e S", then
n—itp Wi (KT pe L, u) — W;(K)
n—1i e-o+ €

> (si(KH VNV“K“J p(K,u)Pp(L,u)“wdS(u)).
Wi(L) ™ Jsn-

Proof. This follows immediately from Lemma 2 and (3).

Let

(24)

(25)

0

Definition 5 Let K,L € S™,0 <i<n and 0 < p < 1, we define the p-ith
harmonic Blaschke mized quermassintegral of star bodies K and L, denoted by

W, i(K, L), defined by

noidp o WaKdpedlw) — WiK)

n—1i eoot £

W, (K, L) =

(26)
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When i = 0, the p-harmonic Blaschke mized quermassintegral Wp,i(K, L)
becomes the p-harmonic Blaschke mived volume V, (K, L) and

~ V(KFpedL,u)" — V(K"
Vo(k, 1) = P gy, VIKFpe®h = VIOT

2
n  e—0* £ ( 7)

Theorem 4 (L,-Minkowski type inequality) If K,L € 8™, 0 < 1 < n and
0<p<1, then

—

(Wp (K, L) — Si(K)™ > Wi (K)™PW;(L)P (28)

Proof. This follows immediately from Theorem 3, (27) and Holder integral
inequality. O

Corollary 1 If K,LeS™ and 0 <p <1, then

(Vp(K, L) = S(K)™ = V(K)™ PV(L)P, (29)
Proof. This follows immediately from Theorem 4 with 1 = 0. O

5 The relationship between the two mixed volumes

In the following, we give a relationship between the p-harmonic Blaschke mixed
volume V, (K, L) and the L,-dual mixed volume V_p(K,L).

Theorem 5 If K,\LeS" and 0 <p <1, then

~

VoK L) Vop(L,K)
V(K) = V(L)

(30)

Proof. This follows immediately from (11), (27) and Theorem 3 with i = 0.
U

We give also a relationship between the p-harmonic Blaschke mixed volume

\A/p(K, L) and the p-dual mixed volume \7P(K, L).
Theorem 6 If K,\LeS™ and 0 <p <1, then

V, (K, L) >V, (K, L), (31)



The L,-mixed quermassintegrals for 0 <p < 1 527

Proof. From (11), (12), (8), (25) and (27), we obtain

BolKoL) = i | (Lol ) Pas(u)
V(K) -
= vty V(LK)
VIK) 1 nsp)my () —p/n
> V(L)V(L) V(KR
— V(K)(nfp)/nv([_)v/n
>V, (K, L).

g

Finally, we establish the Brunn-Minkowski inequality for the p-ith harmonic
Blaschke addition.

Theorem 7 IfK,LeS™, 0<i<n,0<p<1and A\ n>0, then
Wi AKFp pL)P/ 0 > AW (K)P/ Y - qaws (P9, (32)
with equality if and only if K and L are dilates.

Proof. This follows immediately from (3), (19) and Minkowski integral in-
equality. O

This case of A =pu=1,p > 1 and 1 = 0 is just (17). This case of p = 1,
A=p=1andi=0Iis just (15).
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