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Abstract. We study submanifolds of a quaternionic projective space, it
is of great interest how to pull down some formulae deduced for subman-
ifolds of a sphere to those for submanifolds of a quaternionic projective
space.

1 Introduction

It is well known that an odd-dimensional sphere is a circle bundle over the
quaternionic projective space. Consequently, many geometric properties of the
quaternionic projective space are inherited from those of the sphere.

Let M be a connected real n-dimensional submanifold of real codimension
p of a quaternionic Kahler manifold M with quaternionic Kahler structure
{F, G, H}. If there exists an r-dimensional normal distribution v of the normal
bundle TM* such that

Fvy C vy, Gvy C Vy, Hvy C vy,
Fv% C TkM, Gv,% C TuM, Hv% C TkM,
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manifold

5



6 E. Abedi, Z. Nazari

at each point x in M, then M is called a QR-submanifold of r QR-dimension,
where v* denotes the complementary orthogonal distribution to v in TM
[2, 14, 16].

Equivalently, there exists distributions (Dy, Dy) of the tangent bundle TM,
such that

FDy C Dy, GDy C Dy, HDy C Dy,
FD{y € M+, GD{ € MY, HDf c M,

where Dy denotes the complementary orthogonal distribution to Dy in TM.
Real hypersurfaces, which are typical examples of QR-submanifold with r =0,
have been investigated by many authors [3, 9, 14, 16, 18, 20] in connection
with the shape operator and the induced almost contact 3-structure. Recently,
Kwon and Pak have studied QR~submanifolds of (p — 1) QR-dimension iso-
metrically immersed in a quaternionic projective space QPnT+p [14, 16].

Pak and Sohn studied n-dimensional QR-submanifold of (p—1) QR-dimension

(n+p)
in a quaternionic projective space QP i [19].

Kim and Pak studied n-dimensional QR-submanifold of maximal QR-dimension
isometrically immersed in a quaternionic projective space [13].

2 Preliminaries

Let M be a real (n + p)-dimensional quaternionic Kihler manifold. Then,
by definition, there is a 3-dimensional vector bundle V consisting with tensor
fields of type (1,1) over M satisfying the following conditions (a), (b) and (c):
(a) In any coordinate neighborhood U, there is a local basis {F, G, H} of V such
that

F=-1, G'=-I H'=-] (1)
FG=—-GF=H, GH=-HG=F HF=-FH=G.
(b) There is a Riemannian metric g which is hermite with respect to all of F, G

and H.
(c) For the Riemannian connection V with respect to g

VF 0 r —q F
VG |=[-r 0 p G (2)
VH q —-p O H

where p, q and 1 are local 1-forms defined in U. Such a local basis {F, G, H} is
called a canonical local basis of the bundle V in U (cf. [11, 12]).
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For canonical local basis {F, G, H} and {F/, G’, H'} of V in coordinate neighbor-
hoods of U and 27/, it follows that in U NU'

P F
G'|=(sxw)| G (xy=1,2,3)
H’ H

where sy are local differentiable functions with (sxy) € SO(3) as a conse-
quence of (1). As is well known [11, 12], every quaternionic K&hler manifold
is orientable.

Now let M be an n-dimensional QR-submanifold of maximal QR-dimension,
that is, of (p — 1) QR-dimension isometrically immersed in M. Then by def-
inition there is a unit normal vector field & such that vi = span{&} at each
point x in M. We set

FE=—-U, G&E=-V, HE{=-W. (3)
Denoting by Dy the maximal quaternionic invariant subspace
TMNFTLM N GTM NHT M,

of TyM, we have Di O Span{U,V, W}, where D} means the complementary
orthogonal subspace to Dy in TyM. But, using (1), we can prove that D% =
Span{U, V, W} [2, 16]. Thus we have

TuxM = Dy @ Span{U, V,W}, Vx e M,
which together with (1) and (3) imply
FIM, GTAM, HTuM € TiM & Span{é&}.

Therefore, for any tangent vector field X and for a local orthonormal basis
{Eata=1,...p (&1 = &) of normal vectors to M, we have

FX = X+ u(X)E, GX=yX+v(X)§ HX=060X+ w(X)E, (4)

F‘ioc = —Uy + Pq ‘(-»an Gaoc = _vcx + PZ&O()
Héy = —Wyo + P3és, (x=1,...,p). (5)
Then it is easily seen that {¢,V,0} and {P;, P, P3} are skew-symmetric endo-
morphisms acting on TyM and T,M*, respectively.
Also, from the hermitian properties
Q(FX» E.oc) = *9(X> FEv(X)) Q(GX, Ev(X) = *Q(X, GEvO())
g(HX, &) = —g(X,H&),  (x=1,...,p).
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It follows that
Q(X» ucx) = u(X)élou Q(X» vot) = V(X)610() g(X) W(x) = W(X)éhxy
and hence

g(X,Lh)ZLL(X), g(X)V1):V(X)) g(wal):W(X))
Uy =0, Va=0, Woe=0, (x=2,...p). (6)

On the other hand, comparing (3) and (5) with « =1, we have U; = U, V; =
V,W; = W, which together with (3) and (6) imply

LL(U) :1) V(V):]a W(W):1)
FE = U, GE =V, HE = —W
F‘EO(ZP] I G‘i(x:Pz&a HEVO(:P3E,(X) ((X = 2) oo )P)

Now, let V be the Levi-Civita connection on M and V- the normal connection
induced from V in the normal bundle TM* of M. The Gauss and Weingarten
formula are given by

VxY =VxY+h(X,Y), Vxéa=—AuX+Vxis (x=1,...,p),  (7)

for any X,Y € x(M) and &, € T®(T(M)+), (¢ =1,...,p). h is the second
fundamental form and A, are shape operator corresponding to &y.
We have the following Gauss equation

g(R(X,Y)Z,W) = g(R(X,Y)Z, W)

P 8
— ) {9(AY, Z)g(AcX, W) — g(AeX, Z)g(AsY, W)}, )
i=1

and Codazzi and Ricci equations

gRIX,Y)Z,&4) = (VXALY = (VyAL)X

P
— > {sva(X)g(AaY, Z) = sva(Y)g(AdX, Z)},
b=1

JRX, V)&, &) = g([Ab, AdX,Y) +G(RE(X,Y)Eq, &b), (9)

where R and R are the curvature tensors of M and M, respectively. sq, are
called the coefficients of the third fundamental form of M in M, such that
satisfy

Sab = —Sba-
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3 The principal circle bundle S™+3(QP™, S3)

Let Q“H be the (n + 1)-dimensional quaternionic space with natural quater-
nionic Kihler structure ({F/, G’,H’}, (,)) and let $**3 be the unit sphere de-
fined by

n+1
4 1 1 1 i i
ST ={(w',...,w) e QT Y wiwh) =1}
i=1
1T .1 .1 1 1 1 1 1 4n+4
:{(XDXZ»X?;)XM---)X;H_ )XEH— )X;H— )XLH— ) eR o |
n+1
(12 . . .
D04+ )2+ (65 + ()2 = 1),

i=1

such that w* = (xq, —x2, —x3, —X4).

The unit normal vector field & to $*"*3 is given by
n+1
. 0 . 0 . 0 . 0
= — x} .+X17.+X17.+X1 = ).
& ;( Taxt T Pond  Paxd 4ax5)

From
(F'g, &) = (F2E,F'E) = —(&,F'E),
(G'g, &) = (G"E,G'E) = —(£,G'E),
(H'E, &) = (H"?&,H'g) = —(£,H'E),
it follows (F'&,&) = 0,(G'E,&) = 0,(H'E, &) = 0, that is, F/§, G'E, H/E <
T(S*+3). We put
F'g=—l/, G'&=-—v/, HE=—-W, (10)

where 1 denotes the immersion of $*™*3 into Q™. From the Hermitian prop-

erty of (,), it is easily seen that U, V/, W' are unit tangent vector field of
S4n+3‘

We put
Hp (S13) = (X" € T, (S™ )/ (X!) = 0,v/(X') = 0,w'(X") = 0L

Then u/,v/,w’ define a connection form of the principal bundle $***3(QP™, S3)
and we have

T, (S™3) = Hp (") @ span{U/, V), W)}
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We call Hp(S*3) and span{U/,V; W} the horizontal subspace and verti-

P V)
cal subspace of Tp(S‘m*Z‘), respectively. By definition, the horizontal subspace

Hp(S4“+3) is isomorphic to Typ)(QP™), where 7 is the natural projection from

S*+3 onto QP™. Therefore, for a vector field X on QP™, there exists unique

horizontal vector field X’ of $*™*3 such that 7t(X’) = X. The vector field X’ is
called the horizontal lift of X and we denote it by X*.

Proposition 1 As a subspace of T,(Q™1), H,(S™+3) is {F/, G', H'}-invariant
subspace.

Proof. By definition (10) of the vertical vector field {U’, V/; W'}, for X' €
H, (S*3), it follows

(FX', &) = —(X, F'g) = (X', W) =0,
(G/X, £) = —(iX', G'E) = (X', V') = 0,
(H'IX, £) = —(X, HYE) = (X, W) = 0,

This shows that F/tX/, G'iX/, H'tX” € T,(S*™3). In entirely the same way we
compute

(F'uX5dy = — (X Flul’) = (X7, —8&) = 0,
(G'X'\ WV = (X, W) = (X!, —&) =0,
(H' X', W) = —(X,H' W) = (X&) =0.

By use from relations

F/v/ — _Hla’ F/w/ — G/E) Glu/ — H/a)
G/w/ — F/E,) Hlu/ — _G/E,) H/vl — F/a)

we have

(F'X V) = —(X PV = (X HE) = — (X W) =0,
(F'X, W) = (X FW!) = (X GYE) = — (X)) =0,
(G'X ) = —(X',G" U’y = (X! H'E) = — (X', W) =0,
(G'X, W'y = —(X', " W) = (X' F'E) = (X U’y =0,
(H'X' ;v = —(XSHW) = (X FE) = (X il’) =0,
(H'X', 1) = — (X' H WU = (X, GYE) = — (X! V) = 0.

and hence F/tX’, Gl X/, H'IX’ € HP(S4“+3), which completes the proof. O
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Therefore, the almost quaternionic structure {F, G, H} can be induced on T,
(QP™) and we set

(FX)* = F'iX*,  (GX)* = G'uX*,  (HX)* = H/uX*. (11)

Next, using the Gauss formula (7) for the vertical vector field {U’, V/, W'} and
a horizontal vector fields X’ of Tp(S4"+3), we compute

VEU = VU + g/(AX, UNE = ViU + (X, UNE = ViU, (12)
by similar computation for vector fields {V’, W’} we have
ViV =V Vv,
E = (13)
VX/W = VX/W y

where VE denotes the Euclidean connection of E¥"*4 ¥’ denotes the connec-
tion of $*"3 and A’ denotes the shape operator with respect to &. Now, using
relations (10), (12) and (13) and the Weingarten formula (7), we conclude

Vil =-VLFE = (VL F)E—FVLe
= —(r(X)G'E — q(X')H'E) —F'VL.&

(14)
=X )V —q(X" W +F(1A'X")
=r(X" )V —q(X W +F X’
by similar computation for vector fields {V’, W’} we have
ViV =-VEGE = (XU +p(X )W 4 G X/, 1)

VW' = —VEH'E = q(X)U' —p(X)V' + H'IX'.

Consequently, according to notation (11), relations (14) and (15) can be writ-
ten as

ViU = (X )V — q(X* )W’ + (FX)*,
ViV = (XU + p(X )W’ + (GX)*, (16)
VieW' = q(X*)U —p(X*)V' + (HX)*.
We note that, since by definition, the Lie derivative of a horizontal lift of a
vector field with respect to a vertical vector field is zero, it follows

0 =LuwX" = [UW,X*] = V{i,X* = V§. U,
0=LyX" =[V X=V,X —VV
0 =Ly X" =W/ X =V X — VW



12 E. Abedi, Z. Nazari

and using (16), we conclude

Vi X* =XV — q(XIW + (FX)*,
VX = —1(X)U + p(X )W + (GX)*, (17)
Vi X5 = q(X* U —p(X*)V/ + (HX)*.

We define a Riemannian metric g and a connection V in QP™ respectively by

Q(X,Y) = QI(X*>Y*)) (18)
VY = n(V4. V7). (19)

Then (V{Y)* is the horizontal part of V{.Y* and therefore

Vi Y* = (VLY)* + ¢/ (Vi Y+, u/)u’

20
+ g/ (VLY VIV + ¢/ (Vi Y, W)W, (20)

Using relations (16) and (18), we compute

g (Vi Y5 U) = —g'(Y*, Vi U')

= —g'(Y",r(X*)V' = q(X" )W’ + (FX)*) = —g(Y, FX),
g9’ (V- Y5, V') = —g(¥, GX),
g9’ (V- Y5, V') = —g(Y, HX),

and, using (20), we conclude

Vi Y = (VXY)" — g(, FX)U’ — g(Y, GX)V' — g(Y, HX)W'.  (21)

Proposition 2 V is the Levi-Civita connection for g.

Proof. Let T be the torsion tensor field of V. Then we have

TX,Y) = VxY—VyX—[X,Y] = (Vi Y*) — (Vi X*) — [X*F, 7Y*]
= (VY — VX — X5, Y¥]) = n(T/ (X, Y*)) =0,

hence V is torsion free. We now show that V is a metric connection.

(Vxg)(\, Z) = X(g(Y,Z)) — g(VxY, Z) — g(Y, VxZ)
=X"(g"(Y,Z") — g'((VXY)*, Z*) — g'(Y*, (VxZ)").
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Since Z* is horizontal vector field, from relation (20), it follows that

9’ ((VxY)",Z") = ¢'(Vx.Y*, Z") — g/ (V. Y*, W)g'(U', Z27)
_ g/(V)/(*Y*,V/)g/(VI) Z*) _ gl(v)lcﬁY*)ul)gl(u/) Z*)
=g/ (Vi Y*, Z")

and we compute
(Vxg)(,Z) = X'(g'(Y",Z")) = g'(Vx:Y", Z") — g (V- 27, Y7)
= (VQ*Q,)(Y*%Z*))
where we have used the fact that V' is the Levi-Civita connection for g’. Thus
V is the Levi-Civita connection for g and the proof is complete. ]
Now, by (21), it follows
[X*,Y*] — [X)Y]* + g/([X*’Y*])u/)u/
+ 9/ (X, Y, VIV + g/ (X7, Y7, WIW/
== [X)Y]* + g,(V),(*Y* - V§*X*,u/)u/
+ g/ (Vi Y = V3. X5 VIV 4+ g/ (Vi Y — Vi X5 WW/
= [X,YI" + ¢'((VXY)" — g(V, FX)U’ — g (Y, GX)V’
— g, X)W/, U’ — g'((VyX)" — g(FY, X)u’
—g(GY, X)V' — g(HY, X)W/, u")U’" + g’ ((VxY)”"
—g(, FX)U" — g(Y, GX)V' — g (Y, HX)W', V')V
—g'((VyX)" — g(FY, X)U’ — g(GY, X)V' — g(HY, X)W', V')V’
+9'((VxY)* = g(, FX)U" — g(Y, GX)V' — g (Y, X)W/, W))W/
—g'((VyX)" — g(FY, X)U’ — g(GY, X)V' — g(HY, X)W', W)W’
— [X, Y] — 2g(Y, FX)U’ — 2g(Y, GX)V' — 2g(¥, HX)W".
Consequently, using (16), (17), (21) and (22), the curvature tensor R of QP™
is calculated as follows:
R(X,Y)Z = VxVyZ - VyVxZ —VixyZ
= Vi (V4 Z* + g(Z, FY)U' + g(Z, GY)V' + g(Z,HY)W')
— Vi (Vi Z* + g(Z, FX)U' + g(Z, GX)V' + g(Z, HX)W')

/
o V[X*,Y*]+2g(Y,FX)U’+29(Y,GX)V’+29(Y,HX)W’Z*)}



14 E. Abedi, Z. Nazari

= (Vi Vi Z* + g(Z,FY)Vi U + g(Z, GY) V.V’
+g(Z,HY) VW — V. Vi ZF — g(Z, FX) Vi U’
—9(Z,GX)Vy. V' = g(Z,HX) V3. W' — V|x. v, Z*
—29(\FEX)V{,.Z" = 2g(Y, GX) Vv, Z* — 2g(Y, HX) Vi, 2"}

= n{R’(X* Y9 Z* + g(Z, FY) (r(X*)V' — q(X*)W' + (FX)*)

g(Z, GY)(—r(X*)U' + p(X* )W’ + (GX)*)
g(Z,HY)(q(X*)U" = p(X*)V' + (HX)")
9(Z, FX)(r(Y)V' — q(Y )W’ + (FY)")
g(Z, GX)(—r(Y")U' + p(Y )W’ + (GY)*)
+ 9(Z, HX) (q(YIU —p(Y)V' + (HY)")
+29(Y, FEX)(r(Z*)V' — q(Z)W' + (FZ)")
+2g(Y, GX)(—=7(Z)U" +p(Z*)W' + (GZ)*)
+2g(Y,HX)q(Z)U' —p(Z*)V' 4 (HZ)"}.

S4n+3

Since the curvature tensor R’ of satisfies

R/(X*,Y*)Z* = ¢g'(Y*, Z")X* — g'(X*, Z*)Y* = g(Y, Z)X* — g(X, Z2)Y*, (23)
we conclude that the curvature tensor of QP™ is given by

R(X,Y)Z = g(Y,Z)X — g(X,Z)Y
+ g(FY, Z)FX — g(FX, Z)FY — 2g(FX, Y)FZ
+g(GY,Z)GX — g(GX, Z)GY — 2g(GX, Y)GZ
+ g(HY, Z)HX — g(HX, Z)HY — 2g(HX, Y)HZ.

(24)

4 Submanifolds of quaternionic manifolds

Let M be an n-dimensional submanifold of QPn4j and 7 '(M) be the circle
bundle over M which is compatible with the Hopf map

n+p
Sn+‘p+3 QP

Then 7w '(M) is a submanifold of S™P*3. The compatibility with the Hopf
map is expressed by mol’ = 107t where ' and t are the immersions of M into
QP%E and 1 (M) into S™P+3, respectively.

Let &g, a=1,...,p be orthonormal normal local fields to M in QP%E and
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&;, be the horizontal lifts of &,. Then &} are mutually orthonormal normal
local fields to (M) in S™P+3. At each point y € 7w ' (M) we compute

9> (VX" E8) = g (1X)%, &5) = g(1X, £a) =0,
g (U, &) = g* (U, &) =0,

PV E) =g (V&) =0,

PUW,EL) =g* (W, &) =0,

g (EREr) = (aa,ab) = 8qb,

where g° and g denote the Riemannian metric on S™P*3 and QP“TW, respec-
tively. Here U’ = VU, V' = VV,W’ = VW are unit tangent vector field of
S™HP+3 defined by relation (10).

Now, let V3, V’,V and V be the Riemannian connections of S™P*3, 7~ 1(M),

QP%E and M, respectively. By means of the Gauss formula (7) and relations
(4) and (21), we compute

Vi U'Y* = V5. (1Y)* = (VxtY)* — g(FuX, ty)/u

— (G WYV — g(HWX, Y)W
= (LVxY +h(X,Y))* —g(teX,Y)u’

, , (25)
— g(X; tY)V' — g(oX, Y)W
=U(VxY)" + (h(X, Y))"
— g(@X, V)U' — g(hX, V)V — g(6X, Y)W’
where g is the metric on M. On the other hand, we also have
Vi UY* = UV Y + 1/ (X5 Y9 = U (VxY)* — g(eX, Y)U (26)

—g(WX, Y)V —g(0X,Y)W) + h'(X", Y7)

where h and h’ denote the second fundamental form of M and = '(M), re-
spectively. Comparing the vertical part and horizontal part of relations (25)
and (26), we conclude

that is,

P p P
> gAXSYIE = (D 9g(AX Y)E) =D g(AX Y)E,

a=1 a=1 a=1
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where A, and A/ are the shape operators with respect to normal vector fields
£q and & of M and 7t (M), respectively. Consequently, we have

g (ALX*Y*) =g(AXY), (a=1,..,p).
Next, using the weingarten formula, we calculate V. & as follows
P
V& = —VAX" + ViEEL = —VAX" + ) sy (X)E5. (28)
b=1

where V' is normal connection 7t~'(M) in S™P+3,

On the other hand, from relation (21), it follows
Vi = (Vx&a)* — g(FiX, éa)L’U —G(GX, £V = G(HX, E)U'W
= (—tAX + Vx&a)* Z{u g(Ea, E)U
+ V2 (X)G(&ay E0) V' + WP (X)G(Eay E5)W') (29)
—(AdX)* + i(sab(X*)ab)* —ut(xju’
—vEX)V/ —w;(X)W’,

where V1 is normal connection M in QPnztﬂ.
We have put

Fix = toX + Z ut(X)&q,

a=1

GLX—LIJ,)X+ZV )Eas

a=1
P
Hox = 10X + ) wo(X)&a. (30)
a=1
Comparing relations (28) and (29), we obtain
ALXS = (AX) +ut(X)U +v4(X)V + we (X)W’
(AaX)" 4+ g(Ua, XU’ + g(Va, X)V + g(Wq, X)W/,
Vicks = (Vx&a)", (31)
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that is, s/ (X*) = sqp(X)*, where Ugq, Vo, W, are defined by

P
F‘ia = _ua + Z P] ab Eyb)

b=1

P
Gaa = _va + Z Pzab E,b)

b=1
P
H‘Ea = _Wa + Z P3ab ‘Eb- (32)
b=1
where, 3 0 _; Pi,, &b = Pifa, (i =1,2,3). Now, we consider vﬁa;; and using
relations (17) and (32) imply
ViEs = (F&a)* = —tla- + P&,
ViEe = (GEa)" = —WVar + Pagg,
V\S/VE,Z = (Haa)* = —Wqr + P3£Z- (33>

On the other hand, from the Weingarten formula, it follows

V3E: = VAU + Vi E*——LAU—i—Zsab )EL,
b=1

VyEs = —VALV + V{FE: = —UVA] V+Zsab )EE,
b=1

Vel = —UAIW + VipEs = —UA! W+Zsab )X (34)
b=1
Consequently, using (33) and (34), we obtain
AlU=U;, ALV=V AIW=W
Stllb(u) =Py, S(/lb(v) =Py, Sé{b(W) = P3, (35>
i&s = (FX)* + g,
7 EL = (GX)" + Var,
Vv & = (HX)* + W,-. (36)
The first relations of (31) and (35), we get

°(Xut(Y)

g (ALALXS, Y*) = g(AqApX,Y) +u
w? (X)we(Y),

+ v (X)v(Y)
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and especially,

g'(A2X* Y*) = g(A2X,Y) +u (X)u“(Y)

(38)
FVEXVEY) + W (X (Y),

For x € M, let {ej, ..., entbe an orthonormal basis of TyM and y be a point of
70" (M) such that 7t(y) = x. We take an orthonormal basis {e],... e, U,V W}
of Ty(T[_] (M)). Then, using the first relations (35) and (39), we compute

P
Z trace A2 = Z { Z g'(Alet,el) + g’ (AU, U)
a=1

a=1 i=1
+g'(AZV, V) + g/ (AW, W)}
P

n
= AZe e) +u(e;)ul(e;
;{;g( Zei,e) + ulleu(e) )
+v%(ei)v(e) +w?(ei)w(ey)
+ g (AU, AU) + g'(AV,ALV) + g/ (AW, A W)}
P
= Z{trace A(zl + 29(Ua> ua) + 29(Va, Va) + 29(Wa, Wa)]’»
a=1

we conclude

Proposition 3 Under the above assumptions, the following inequality

P p
Z trace Aaz > Z trace A%l
a=1 a=1

is always valid. The equality holds, if and only if M is a {F, G, H}- invariant
submanifold.

Corollary 1 [8] M is a totally geodesic submanifold if and only if relation
Az = 0 holds for any normal vector field & of M. Particularly, M is totally
geodesic if and only if Ay = ... = A, = 0 for an orthonormal frame field
Elyerny&p of THM)

Proposition 4 Under the condition stated above, if 71 (M) is a totally geodesic
submanifold of S™PT3, then M is a totally geodesic {F, G, H}- invariant sub-
manifold.
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Proof. Since (M) is a totally geodesic submanifold of S**P*+3, using Corol-
lary (26), it follows A} = 0. The first Relation (31) then implies Aq = 0 and
U, = Vo = W, =0, which, using relation (32), completes the proof. O

Further, for the normal curvature of M in QPHTW, using relation (24) and the
second relation (9), we obtain

GRE(X,Y)Eq, &) = g([Aq, AplX, Y) +uP (X)u®(Y)
— (X ub(Y) + v (X (Y) —vE(X)VP(Y)
+ WP (X)W (Y) —w(X)WP(Y)
—2g(eX,Y)P; —2g(¥X,Y)P, — 2g(6X,Y)P3

(40)

(

)

Therefore, if M be a totally geodesic submanifold of {F, G,H}- invariant
submanifold, we conclude

G(RH(X,Y)&a, &) = —29(@X, Y)P1 — 2g(¥X, Y)P, —2g(6X,Y)P;  (41)

In this case the normal space T(M) is also {F, G, H}- invariant and P7, P, P3
never vanish. We have thus proved

Proposition 5 The normal curvature of a totally geodesic submanifold of
{F, G, H}- invariant submanifold of a quaternionic projective space never van-
ishes.

This proposition show that the normal connection of the quaternionic projec-
tive space which is immersed standardly in a higher dimensional quaternionic
projective space not flat.

Finally, we give a relation between the normal curvature Rt and Rt of M
and 7' (M), respectively, where M is a n-dimensional submanifold of QP%}2
and 7' (M) is the circle bundle over M which is compatible with the Hopf
map 7. Using relation (37), we obtain

g'([ALAYX, Y = g([Aa AplX, Y) + 1 (XJus(Y) — ut (X)u(Y)
+ VIOOVEY) = vE XV (Y) + WP (X)W (Y) —we (X (Y),
and therefore, from the second relation (9), it follows
—g (RP(X5,UYIEG, &) + g (R (X, Y)Eg, &)
= —g(R(X, 1Y) E&ay &b) + G(R(X, Y)Ea, &b) + ul (XJut(Y) —ut (X)u°(Y)
F VP XVE(Y) = vE XV (V) +wP (X)W (Y) = we (X)wP (Y),
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Using the expression (23) and (24) , for curvature of S*P*3 and QPnTﬂ’(C),
respectively and relations (30) and (32) imply

g (RE(X*, Y9)EX, E5) = GIRH(X, V) &gy &) + 2g(@X, V)P
+2g(WX, Y)P2 +2g(6X,Y)P;3
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Abstract. In this note we point out interesting connections among Lah
numbers, Laguerre polynomials of order negative one, and exponential
polynomials. We also discuss several different expressions for the nth
derivative of exp(1/x). A new representation of this derivative is given in
terms of exponential polynomials.

1 Introduction

The Lah numbers L(n, k) (named after Ivo Lah, a Slovenian mathematician)
can be defined by the formula

n!

L(Tl, k) - g

(Ej) 1 <k<mn, 1(0,0)=1, (1)

or, by the generating function
1/t \F & tn
n=
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Key words and phrases: Lah, numbers, Stirling numbers, Laguerre polynomials, expo-
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Lah numbers, Laguerre polynomials of order negative one 23

The Lah numbers convert the falling factorial to the rising factorial and vise-
versa

x(x+1)...x+n—1) ZLnk (x—T1)...(x—k+1),

n

x(x=1) .. (x=n+1)=> (=" LK) x(x+1)...(x+k—1)
k=1

(these are the fundamental identities obtained by Ivo Lah).

The Lah numbers have many other interesting applications in analysis and
combinatorics (see [1, 2, 9, 12, 16]). They have appeared recently in several
papers concerning the consecutive derivatives of the function exp ( 1/x). In [10]
five proofs were given of the following formula:

n
Dne1/x: n 1/x nZL (2>
k=1
where D = & and n > 1. This formula was obtained also by Feng Qi (see [13]

and the remarks in Section 5 there). The formula is a nice application of Lah
numbers to a problem in analysis.
At the same time, entry 1.1.3.2 on p. 4 in Brychkov’s handbook [6] says that

anr A
T e = (e s L ax)

where LE{X) (x) are the generalized (or associated) Laguerre polynomials of order
o (see [14], [16]). The same formula appears as entry 18.5.6. on page 446 in
the handbook [15]. With A =0 and a = —1 this becomes

Dnel/x — (_])nn!eV"X*” I_E:”(—]/X). (3)

As a matter of fact, the derivatives D™e!/* have been evaluated long time
ago. For example, the nth derivative can be found in the nice little book of
Schwatt [18], first published in 1924. The formula on top of page 22 in [18§]
reads

n ] k K P]
P P _ k ;
D"e " =nle* x™ 31 o ckxP 21(—1)]( j ) < o ) (4)
= ]:
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where c,p are arbitrary parameters. The same formula appears also on page

27. With ¢ = 1 and p = —1 this becomes
L)k < K/ n+j—1
n,1/x _ (_1\n 1/x,—m _ —k 1V -
D"e = (=1)"nle ' *x kE]k! X 71( 1) (). )( 0 ) (5)

since ( :3 > :(1)"<n+i_] >

In the next three sections we discuss the relations among the three formulas
for D™e /%, namely, equations (2), (3), and (5). This will reveal interest-
ing connections of Lah numbers to Laguerre polynomials and also to Stirling
numbers. In Section 4 we present a new formula for D™e ¢*” in terms of the
exponential polynomials @n(x) considered in [4] and [5].

)

2 Laguerre polynomials

The generalized Laguerre polynomials can be defined by the generating func-
tion
1

o9}

—=xt

GogereT = L <,
n=0

or by the Rodriguez formula

eXx

—X
LY (x) = r_

D" (e *x"M?) = (D—-1)™""% n=0,1,...

n! n!

(see [14]). When o = 0 these are the usual Laguerre polynomials LY (x) =
L.(x). Usually, in the theory of LT(I(X) (x) the restriction Re & > —1 is imposed.
In fact, the case o« = —1 is very interesting and most of the theory holds true
for « = —1 . We shall focus here on the polynomials Lff”(x) defined by
_xe

Ln (x) = =DM ™) =
n.

X

ﬁ(D—n“xﬂ—‘, n=0,1,...

or, by the generating function, [t| < 1

e =) Ly ()t (6)
n=0



Lah numbers, Laguerre polynomials of order negative one 25

We have
L x) =1,
-1
Lg )(x) = —X,
2
I_;”(x) = % X,
1) -
L; (x) = ra +x? —x,

etc. The coeflicients of these polynomials are very close to the Lah number
and we can see the exact connection when we compare (2) to (3). However,
we shall give an independent proof of this connection in order to justify the
value « = —1 in (3).

Proposition 1 For anyn >0,
] n
=) Lin (7)
k=0

This reveals the connection between the Lah numbers and the Laguerre poly-
nomials L\ " (x)and it becomes clear now that formulas (2) and (3) are the
same. We also notice that (2) is true also for n = 0 with the summation
starting from k = 0, that is,

n
Dnel/x: n 1/x -n ZL
k=0

Proof. From the Rodriguez formula for LT(la)(x) one derives easily the repre-
sentation

n k
(o) (—x)
L =T 1
n ) =Tn+a+ )é Mk + «+ Dkl(n—k)!
where we cannot set « = —1 directly. However, when n = 0 this becomes
(o) Moa+1)
L = — =

o = o

and any restriction on « can be dropped. For n > 1 we separate the first term
with k = 0 and write

_Tnta+1) (—x)¥

Mot 1) +r(n+(x+”;F(k+oc+1)k!(n—k)!'
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Setting o« — —1 we find for n > 1

since

—_—

s P

This representation can be written in the form

n o _ )k
=3 () )5 ©

k=1

which is (7). The proof is completed. O

The representation (7) also shows an important difference between LT(L_U (x)
and L\ (x) for n > 1. While

(o) 'm+aoa+1)
y'(0)= ————
n (0) MNa+1)
is different from zero when o # —1, we have Lr(l_U(O) = 0. At the same time,

many properties of LT(I“) (x) are shared also by Lr(l_”(x). For example, we have
the orthogonally relation ([14, p. 84], [17, p. 204-205])

o0 r 1
J x“e*XLT({x) (X)LTEQXJ (x)dx = 7“1 totl)

o nl 6n,m

for all ny,m > 0 and o > —1. Analyzing the proof of this equation in [17] we
conclude that it extends to « = —1 when n,m > 1,

° _ _ )
J )F](e”‘l_,(1 ”(X)L,gl ”(x) dx = 1:11 . (9)
0

This and other properties of LT(f”(x) can be used to derive properties for the
Lah numbers. Here we have the following:

Proposition 2 For any integers n,m > 1, n £ m

m

> (=DM Y (—1Lm, i) (k+j— 1)1 =0 (10)

k=1 ]:]
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and when m=n

= o it . . _ (n)?
> ) (=LKL, ) (k+j -1 = : (11)

n
k=1 j=1

Proof. Substituting (7) in (9) we arrive at (10) and (11) after simple compu-
tation. O

3 The Todorov - Charalambides identity

Here we shall discuss equation (4). Let s(n,k) and S(n,k) be the Stirling
numbers of the first kind and the second kind correspondingly (see [9]). It is
known that these numbers satisfy the orthogonality relation

Z s(n,k)S(k,m) = dpn = {(1) ;ﬂliz

k=0

while the alternating sums are related to the Lah numbers (see [9, p. 156]):
n

Lin,m) = (=1)"> s(n,k)S(k,m) (=1)*. (12)
k=0

The following identity extends this representation.

Proposition 3 For any two nonnegative integers n,m, and every complex
number z we have

Y st stemz=m Y (M) e (F) oy
| 2

k=0

This identity was obtained by Todorov [19], who showed that both sides equal
Taylor’s coefficients of the function f(t) = ((1 +1t)* —1)™. It was also found
independently by Charalambides in his study of the generalized factorial co-
efficients (see [7] and [8]). A short proof of (13) is given in the recent paper
[3].

Now we show that equation (12) follows from (13). Setting z = —1 in (13)
we find

sk H4ﬁﬂ4W§<T>PW(?>-(W
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m-l—nm m 1V Tl—i-j—]
ey (3) e ()
—j\ _ nf n+j—1

()= ()

Next we use a well-known identity from [11]

§i<T>(”j(%P)=(‘W(nEm) (15)

j=0

The RHS becomes

since

and choosing y =n — 1 we find

g (7)e (M) - (2)
j=l
nf n—1
=(=1) (m—1 >

m! n —1
M3 stk Stkym) (<1 = -1 (),

'k:

Now from (14)

or
n
> s(nk) S(k,m) (—1)* = (=1)"L(n,m)
k=0
which proves (12).
At the same time we can apply (16) to equation (5). This gives

n k .
et £ [E0 () (1)

k=

—_

which is exactly (2). We see that the formula for the derivatives D™e '/* was
practically found by Schwatt.
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4 Schwatt’s formula in terms of exponential poly-
nomials

With the help of the Todorov - Charalambides identity, Schwatt’s formula (4)
can be written in terma of Stirling numbers and exponential polynomials.
The polynomials @(x), n=0,1,..., defined by

= Z S(m, k) x*
k=0

are known as the exponential polynomials (or single-variable Bell polynomials)
—see [4] and [5]. They have the generating function

t ]) > tn
=) enl
n=0 ’

and can be defined also by the important property (xD)"e* = @n(x) ¥, n =
0,1,...

Proposition 4 For any n > 0 and any two numbers c,p we have

n

DMe ™ =e"x ™ Y s(n,j)pej(cxP) (17)
j=0
and in particular, when c =1 andp = —1,
D"e!/*=e! ”Zs n,j) (=1 @;(1/x). (18)
Proof. Substituting (13) in (4) we obtain
, n 1 K k
n,cx?P _ cxP_-—m k k
D" e =nle Z = c*xP ;Z (n,j) SG, k) p’
k=1 =0
k

n
P
=e x " E ckxPk E s(n,j)
k=1

j=0

. .
=Xy Z s(n,j) {Zc xP*S (5, k }
j=0 =
n

Y s(yj)plejlex?).

j=0
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Comparing this to (2) we arrive at the identity

> LK)k = ()Y s () (= 1)ig;(x). (19)
k=1 j=0
Also, from (8),
! S s () (g (). (20)
=0

With p =1/2 in (17) we have

DheevE — eV *nZ () @jle V). (21)
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Abstract. Quasi-Einstein manifold and generalized quasi-Einstein man-
ifold are the generalizations of Einstein manifold. The purpose of this pa-
per is to study the mixed super quasi-Einstein manifold which is also the
generalizations of Einstein manifold satisfying some curvature conditions.
We define both Riemannian and Lorentzian doubly warped product on
this manifold. Finally, we study the completeness properties of doubly
warped products on MS(QE),4 for both the Riemannian and Lorentzian
cases.

Introduction

The notion of quasi-Einstein manifold was introduced by M. C. Chaki and R.
K. Maity [7]. A non-flat Riemannian manifold (M™, g), (n > 3) is a quasi-
Einstein manifold if its Ricci tensor S satisfies the condition

S(X)Y) = ag(X) Y) + bA(X)A(Y) (1)

2010 Mathematics Subject Classification: 53C25, 53B30.

Key words and phrases: mixed super quasi-Einstein manifold, Ricci-pseudosymmetric
manifold, Ricci semisymmetric manifold, concircular curvature tensor, quasi-conformal cur-
vature tensor, warped product, doubly warped product
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and is not identically zero, where a, b are scalars, b # 0 and A is a non-zero
1-form such that

where, U being a unit vector field and x(M) is the set of all differentiable
vector fields on M.

Here a and b are called the associated scalars, A is called the associated
1-form and U is called the generator of the manifold. Such an n-dimensional
manifold will be denoted by (QE),.

As a generalization of quasi-Einstein manifold, in [8], U. C. De and G. C.
Ghosh defined the generalized quasi- Einstein manifold. A non-flat Riemannian
manifold is called generalized quasi- Finstein manifold if its Ricci-tensor is non-
zero and satisfies the condition

S(X,Y) = ag(X,Y) + bA(X)A(Y) + cB(X)B(Y), (3)
where a, b and ¢ are non-zero scalars and A, B are two 1-forms such that
g(X,U) =A(X) and g¢(X,V)=B(X), (4)
U and V being unit vectors which are orthogonal, i.e.,
g(lU,Vv)=0. (5)

The vector fields U and V are called the generators of the manifold. This type
of manifold will be denoted by G(QE),.

In [6], M. C. Chaki introduced the super quasi-Einstein manifold, denoted
by S(QE)n, where the Ricci tensor is not identically zero and satisfies the
condition

S(X,Y) = ag(X,Y) + bAX)A(Y) + c[A(X)B(Y)

+A(Y)B(X)] +dD(X,Y), (6)

where a, b, ¢ and d are scalars such that b, ¢, d are nonzero, A, B are
two nonzero 1-forms defined as (4) and U, V are mutually orthogonal unit
vector fields, D is a symmetric (0, 2) tensor with zero trace which satisfies the
condition

D(X,U) =0, VX € x(M). (7)

Here a, b, c and d are called the associated scalars, A, B are called the asso-
ciated main and auxiliary 1-forms respectively, U, V are called the main and
the auziliary generators and D is called the associated tensor of the manifold.
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In [3], A. Bhattacharyya and T. De introduced the notion of mized general-
ized quasi-Finstein manifold. A non-flat Riemannian manifold is called mized
generalized quasi-FEinstein manifold if its Ricci tensor is non-zero and satisfies
the condition

S(X,Y) = ag(X,Y) + bA(X)A(Y) + cB(X)B(Y)

+dIAX)B(Y) + A(Y)B(X)], (8)

where a, b, ¢, d are non-zero scalars,
gX,u) =A(X) and g(X,V)=B(X), v Xex(M), 9)
and also
g(l, V) =0. (10)

A, B are two non-zero 1-forms, U and V are unit vector fields corresponding
to the 1-forms A and B respectively. If d = 0, then the manifold becomes to a
G(QE)y. This type of manifold is denoted by MG(QE)y.

In [4], A. Bhattacharyya, M. Tarafdar and D. Debnath introduced the notion
of MS(QE).
A non-flat Riemannian manifold (M™, g), (n > 3) is called mized super quasi-
Einstein manifold if its Ricci tensor S of type (0,2) is not identically zero and
satisfies the condition

S(X,Y) =ag(X,Y) + bA(X)A(Y) + cB(X)B(Y) + d[A(X)B(Y)

(11)
+A(Y)B(X)] +eD(X,Y),

where a, b, ¢, d, e are scalars of which b#0,¢c#0,d#0,e# 0and A, B

are two non zero 1-forms such that
g(X,U) = A(X) and g(X,V) =B(X), ¥ X € x(M), (12)

U, V being mutually orthogonal unit vector fields, D is a symmetric (0, 2)
tensor with zero trace which satisfies the condition

D(X,U) =0, V¥ Xex(M). (13)

Here a, b, ¢, d, e are called the associated scalars, A, B are called the associ-
ated main and auxiliary 1-forms, U, V are called the main and the auxiliary
generators and D is called the associated tensor of the manifold. We denote
this type of manifold MS(QE)y,.
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The notation of warped product generalizes that of a surface of revolution.
Warped products were first defined by O’Neill and Bishop in [5]. They used
this concept to construct Riemannian manifolds with negative sectional cur-
vature. Then Beem, Ehrlich and Powell pointed out that many exact solutions
in Einstein’s field equation can be expressed in terms of Lorentzian warped
products [2].

In general, doubly warped product was studied by Btilent Unal in [12], can

be considered as a generalization of singly warped product. A doubly warped
product (M, g) is a product manifold which is of the form M =¢ B xy, F with
the metric g = féB @béF where b : B — (0,00) and f : F — (0,00) are
smooth map.
So if (B,gg) and (F, gr) be pseudo-Riemannian manifolds and also b: B —
(0,00) and f : F — (0,00) be smooth functions, then the doubly warped
product is the product manifold B x F furnished with the metric tensor féB @béF
defined by

g = (fo0)’n*(gs) ® (b o m)*0*(gr).

The functions b : B — (0,00) and f : F — (0,00) are called warping
functions and 71: B x F — B and o : B x F — F are usual projections map.
If (F, gr) and (B, gg) are both Riemannian manifolds, then (¢B xyF, féB @bsng)
is also a Riemannian manifold. We call (¢{B xy F, féB & béF) a Loretzian doubly
warped product if (F, gf) is Riemannian and either (B, gg) is Lorentzian or else
(B, gg) is a one-dimensional manifold with a negative definite metric —dt?. If
neither b nor f is constant, then we have a proper doubly warped product.

Global hyperbolicity is the most important condition on Causality, which
lies at the top of the so-called causal hierarchy of spacetimes and is involved
in problems as Cosmic Censorship, predictability etc.

A connected Lorentzian manifold is called time-orientable iff it admits a
nowhere-vanishing timelike vector field (defining future causal directions). A
piecewise C! curve ¢ : I — M in a time-oriented manifold (M, g) is called
future iff ¢’(t) is future for every t € I. For any point p € M, the future of
p (resp. past of p), denoted by J™(p) (resp. J7(p)), is the set of all points q
s.t.there is a future curve from p to q (resp. from q to p).

There are different alternative definitions of what global hyperbolicity means,
but perhaps the most standard one is the following. A spacetime (M, g) is said
globally hyperbolic if and only if it satisfies two conditions: (A) compactness
of J*(p)NJ(q) for all p,q € M (i.e. no “naked” singularity can exist) and
(B) strong causality (no “almost closed” causal curve exists).

Global hyperbolicity is also discussed in the theorem (34), (36) and the
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corollary (36) in [13].

In this paper we find that a Riemannian manifold is a manifold of mixed
super quasi constant curvature iff it is conformally flat MS(QE),. Also we
have studied Ricci-pseudosymmetric MS(QE),,. Next we have obtained some
expressions for Riemannian curvature tensor when MS(QE),, satisfies the cur-
vature conditions C.S = 0, C.S=0and C1.§ = 0, where C is the Weyl con-
formal curvature tensor, C is the concircular curvature tensor and C; quasi-
conformal curvature tensor. We have also proved that in a conformally flat
MS(QE), (n > 3) with R(X,Y).S = 0, the vector fields U, V corresponding
to 1-forms A, B are co-directional. Finally in the last two sections, we discuss
about the doubly warped product on MS(QE), and completeness of doubly
warped products on MS(QE)s with examples.

2 Preliminaries

In this section we consider MS(QE),, (n > 3) with associated scalars a, b, c, d, e,
associated main and auxiliary 1-forms A, B, main and auxiliary generators U, V
and associated symmetric (0,2) tensor D.

So (11), (12) and (13) will hold. Since U and V are mutually orthogonal
unit vector fields, we have

gL,w =1, g(,v)=1 and g(U,V)=0, (14)
traceD =0 (15)
D(X,U) =0, VXex(M). (16)
Also using (14) in (12), we get
A(V)=B(U) =0. (17)

Now setting X = Y = e, where {e;} be an orthonormal basis of the tangent
space at each point of the manifold, in (11) and taking summation over 1,
1 <1i<n, we obtain

T=na-+b+c, (18)

where 1 is the scalar curvature of the manifold.

Also, from (11), we have
S(UU)=a+Db (19)
S(,V)=a+c+eD(VV) (20)
S(U, V) =d. (21)
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If X is a unit vector field, then S(X, X) is the Ricci-curvature in the direction
of X. Hence from (19) and (20) we can state that a +b and a + c +eD(V, V)
are the Ricci curvature in the directions of U and V respectively.

Let Q be the Ricci operator, i.e.,

g(QX,Y) =S(X,Y) VX, Yex(M). (22)
Also we have
g9(1X,Y) = D(X,Y). (23)

Another notion of curvature called mixed super quasi constant curvature was
introduced in [4]. A Riemannian manifold is said to be a manifold of mixed
super quasi-constant curvature if it is conformally flat and the curvature tensor
R of type (0,4) satisfies the condition

9(Y, Z)g(X, W) — g(X, Z)g(Y, W]l + plg(X, WIA(Y)
) =9\ WIA(X)A(Z) + g(Y, Z)A(X)A(W) — g(X, Z)
YIA(W)] + qlg(X, W)B(Y)B(Z) — g(Y, W)B(X)B(Z)
+9(Y, Z)B(X)B(W) — g(X, Z)B(Y)B(W)] + s{A(Y)B(Z)
+B(YJA(Z)}g(X, W) —{A(X)B(Z) + B(X)
A(Z)}g(Y, W) +{A(X)B(W) + B(X)A(W)}g(Y, Z)
—{A(Y)B(W] + B(Y)A(W)ig(X, Z)] + tIg(V, Z)D(X, W)
—9(X,Z)D(Y,W) 4+ g(X, W)D(Y, Z) — g(Y, W)D(X, Z)].

AlZ
Al

(Z
(Y

24
z (24)
B

An n-dimensional Riemannian manifold (M™, g) is called Ricci-pseudosymmetric
[9] if the tensors R.S and Q(g, S) are linearly dependent, where

(R(X,Y).$)(Z, W) = =S(R(X,Y)Z,W) — S(Z,R(X, Y]W), (25)
Qlg, SIZ, Wi X,Y) = =S((XAY)Z, W) = S(Z, (XA Y)W) (26)

and
(XAY)Z = g(Y, Z)X — g(X, Z)Y

for vector fields X, Y, Z, W on M", R denotes the curvature tensor of M™. The
condition of Ricci-pseudosymmetry is equivalent to the relation

(R(X,Y).5)(Z,W) = LsQ(g, S)(Z, W; X, Y) (27)
holding on the set

Usz{XEM:S#%ga‘cx}, (28)
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where Lg is some function on Ug. If R.S = 0 then M™" is called Ricci-semi-
symmetric. Every Ricci-semisymmetric manifold is Ricci-pseudosymmetric but
the converse is not true [9].

The Weyl conformal curvature tensor C of type (1,3) of an n-dimensional
Riemannian manifold (M™, g), (n > 3) is defined by [15]

C(X,Y)Z = R(X, Y)Z — —[S(Y, Z)X — S(X, Z)Y + (Y, Z) QX
—9(X,2)QY] + m{gm Z)X—g(X,Z)Y}.

The concircular curvature tensor C of type (1,3) of n-dimentional Riemanian

manifold (M™, g),(n > 3) is defined by [15]
_r
nn-—1)

for any vector fields X,Y,Z € x(M).
The quasi-conformal curvature tensor was defined by Yano and Sawaki [14] as

C(X,Y)Z=R(X,Y)Z - [9(Y, Z)X — g(X, Z)Y] (30)

C1(X,Y)Z = AR(X,Y)Z + w{S(Y, Z)X + S(X, Z)Y + g(Y, Z)QX

Cgx -T2 e ox— g 2w, Y
g ) n (n _ 1 ) }’L 9 ) 9 ) Y
where A and p are nonzero constants. If A = 1 and p = — 2, then quasi-

conformal curvature tensor is reduced to the conformal curvature tensor.

3 Relation between manifold of mixed super quasi
constant curvature and MS(QE),

Let M be a Riemannian manifold with mixed super quasi constant curvature
and {e;} be an orthonormal basis of the tangent space at each point of the
manifold. Taking X = W = {e;} and summing over i, 1 < i < n in (24) and
using (23), we obtain

5(%2) = m(n —2)g( 2) +p(n — DANVIAZ) +qln —2BVBEZ)
+s(n—2)[A(Y)B(Z) + A(Z)B(Y)] + t(n — 2)D(Y, Z),
which imply
S(X,Y) = ag(X,Y) + bA(X)A(Y) + cB(X)B(Y) + d[A(X)B(Y) (33)

+ A(Y)B(X)] + eD(X,Y),
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where a =m(n—2),b=pn—2),c=qn—2),d=s(n—2),e=t(n—2).
So, (M™, g) is a MS(QE),.
Conversely, suppose (M", g) is conformally flat MS(QE)y. Then

R(X,Y)Z = {9(Y, 2)QX = g(X, Z)QY + S(Y, )X — S(X, Z)Y}

T
C(m-Tn-2)
Now using (11), (18) and (19), we get

2a na+b+c }

—g(X,Z)Q(xW)]{n_Z T n=1)(n-2)

+ [g(X, WIA(Y)A(Z) — g(, W)A(X)A(Z)

—2 (34)
{9(Y,2)X —g(X,Z)Y}.

+ (% ZIADIAIW) — g(X, ZIAMYAW)] {n o)

+ [g(X,W)B(Y)B(Z) — g(Y, W)B(X)

+9(%Z)BOX)B(W) — g(X,Z)B {n } (3)
(X
)

+ {A(Y)B(Z) + B(Y)A(Z)}g(X, )—{A
+ BX)A(Z)}g(Y, W) +{A(X)B(W) +

—{A(Y)B(W) + B(Y)A(W)}g(X, Z)] { 2}
+[9(Y, Z)D(X, W) — g(X, Z)D(Y, W)

+g(X WIDIYZ) g WD 2){ 5

)B(Z
A(W g(¥;Z)

So,

R(X,Y,Z,W) =mylg(Y,Z)g(X,W) — g(X, Z)g(Y, W)]
+p1lg(X, WA(Y)A(Z) — g(Y, WA(X)A(Z)
+9(Y, Z2)AX)A(W) — g(X, Z)A(Y)A(W)]
+q1lg(X, W)B(Y)B(Z) — g(Y, W)B(X)B(Z)
+9g(Y,Z)B(X)B(W) — g(X, Z)B(Y)B(W)]
+s1{A(Y)B(Z) + B(Y)A(Z)}g(X, W
—{A(X)B(Z) + B(X)A(Z)}g(Y, W) + {A(X)B(W)
+B(X)A(W)}g(Y,Z) — {A(Y)B(W)

(36)

—_
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+B(Y)JAW)}g(X, Z)] + tlg(Y, Z)D(X, W)
—9(X,Z)D(Y,W) + g(X, W)D(Y, Z) — (Y, W)D(X, Z]],

_a(n—2)—b—c b _ _ o
where, m = SRR, P =50, 4= 15, 8 = 15, t= %
So, (M™, g) is a manifold of mixed super quasi constant curvature.

Then we have the following theorem:

Theorem 1 A Riemannian manifold is a manifold of mized super quasi con-
stant curvature iff it is conformally flat MS(QE ).

4 Ricci-pseudosymmetric MS(QE),
In this section we consider a Ricci-pseudosymmetric MS(QE),, and prove the

following theorem:

Theorem 2 Let (M"™,g), (n > 3), be a MS(QE). If M™ is Ricci-pseudosym
metric then the following conditions hold on M™ :

R(X, Y, U, V) = Ls{A(Y)B(X) — A(X)B(Y)} (37)
D(R(X, Y)U, V) = L{A(Y)D(X, V) — A(X)D(Y, V)} (38)
D(R(X, Y)V, V) = L{B(Y)D(X, V) — B(X)D(Y, V} (39)

for all vector fields X, Y on M™, where U,V are the generators of the manifold
YU

Proof. Assume that M™ is Ricci-pseudosymmetric. Then by the use of (25)
o (28), we can obtain

SR(X,Y)Z,W) + S(Z,R(X, V)W) = Ls{g(¥, Z)S(X, W) — g(X, Z)S(Y, W)

(40)
+9(Y,W)S(X, Z) — g(X, W)S(Y, Z)}.

Since M;, is also MS(QE)y,, using the well-known properties of the curvature
tensor R we get

b[A(R(X Y)Z)A(W) +A(Z)A(R(X, Wil +c[B(R(X,Y)Z)B(W)
Z)B(W) + A(W)B(R(X,Y)Z)
JB(Z)] + e[D(R(X,Y)Z, W)
y Z)A(XIA(W) — g(X, Z)A(Y)A(W)
X, W)A(Y)A(Z)] + clg(Y,Z)B(X)B

)

(X, W)B(Y)B(Z

(41)

W)

(
)]
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9(Y, Z)A(X)B(W] + g(Y, Z)A(W)B(X]) — g(X, Z)A(Y)B(W)
+ 9(, WJA(X)B(Z) + g(Y, W)A(Z)B(X)
— (X, WIA(Z)B(Y)] + elg(Y, Z)D(X, W)

df

g9(X, Z)A(W)B(Y)
g(X, W)A(Y)B(Z)
g(X,Z)D(Y, W) + g(, W)D(X, Z) — g(X,W)D(Y, Z)1}.
Putting Z=U and W =V in (41), we get

b[R(X, Y, V,U) — Ls{A(X)B(Y) — A(Y)B(X)}] + (X Y, U, V)
— Ls{A(Y)B(X) = A(X)B(Y)}] + e[D(R(X, Y)W, V)
— L{A(Y)D(X, V) — A(X)D(Y, V)}] =0.

Taking Z =W = U in (41), we get

dR(X,Y, U, V) — Ls{A(Y)B(X) — A(X)B(Y)}] =0.
Since d # 0, we get

R(X, Y, U, V) — Ls{A(Y)B(X) — A(X)B(Y)} = 0.
Which gives (37). Similarly, if we take Z =W =V in (41), we get

dR(X, Y, V,U) — Ls{A(X)B(Y) — A(Y)B(X)}] + e[D(R(X, Y]V, V)
— Ls{B(Y)D(X, V) = B(X)D(Y, )} ]=0.

From (42) and (43), we get
e[D(R(X, Y)U, V) — Ls{A(Y)D(X, V) — A(X)D(Y, V)] =0.
Since e # 0,
D(R(X, Y)U, V) — Ls{A(Y)D(X, V) — A(X)D(Y, V)} = 0.

Which gives (38).

Again from (43) and (44), we obtain (39). So our theorem is proved.

5 MS(QE), satisfying the condition C.S =0

(42)

(43)

(44)

In this section we consider a MS(QE)y)(n > 3) satisfying the condition C.S =

0. Then we have

S(C(X,Y)Z,W) +S(Z,C(X,Y)W) = 0.

(45)
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Now using (11) in (45), we get,

ag(C(X,Y)Z,W) +bA(C(X,Y)Z)A(W) + cB(C(X,Y)Z)B(W)
dIA(C(X,Y)Z)B(W) + B(C(X, Y)Z)A(W)] + eD(C(X,Y)Z, W)
g9(Z, C(X,Y)W) + bA(Z)A(C(X,Y)W) + cB(Z)B(C(X, V)W)
|

a
dIA(Z)B(C(X,Y)W) + B(Z)A(C(X, Y)W]] +eD(Z, C(X, V)W) = 0.
From (46),

YIW)] +c[B(C(X, Y)Z)B(W)
Y)Z)B(W) + B(C(X,Y)Z)A(W)
X,Y)W)] +e[D(C(X,Y)Z,W)

Putting Z =W = U in (47), we get
2b[A(C(X, Y)U] + 2d[B(C(X,Y)U] = 0.
So, we obtain
2dB(C(X, Y)u] =0

As d # 0, we get,

B(C(X,Y)U =0.
That is

CX,,u,Vv)=0.
So, from (29), we obtain

ROGY, Uy V) = L [ALQYIBIX) — AXIB(QY) + A(YIB(QX)

T

— A(QX)B(Y)] — M2

So, we can state that

{AY)B(X) — A(X)B(Y)}

(49)

(50)

(51)

Theorem 3 In a MS(QE), (n > 3) with C.S =0, the curvature tensor R of

the manifold satisfies the relation (51).
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6 MS(QE), satisfying the condition C.S =0

In this section we consider a MS(QE), (n > 3) satisfying the condition CS=
0.Then we have,

S(C(X,Y)Z,W) +S(Z,C(X,Y)W) =0. (52)

From (11) in (52), we get,

(C(X Y)Z, W) + bA(C(X,Y)Z)A(W) + cB(C(X,Y)Z)B(W)
[A(C(X,Y)Z)B(W) + B(C(X,Y)Z)A(W)] + eD(C(X,Y)Z, W)
)
Y)

g(Z C(X,Y)W) 4+ bA(Z)A(C(X,Y)W) + cB(Z)B(C(X, V)W) (53)
d[A(Z)B(C(X, Y)W) + B(Z)A(C(X, Y)W)] +eD(Z, C(X, Y)W) = 0.
Putting Z =W = U in (53), we get
d[B(C(X,Y)Uu] = 0.
As d #0,
B(C(X,Y)U = 0. (54)
That is,
C(X,Y,U,V) =0. (55)
So, from (30), we get
RO, Y, U, V) = —[A(Y)B(X) — A(X)B(Y)]. (56)

nn-—1)
Thus, we have

Theorem 4 In a MS(QE)n (n > 3) with C.S =0, the curvature tensor R of
the manifold satisfies the relation (56).

7 MS(QE), satisfying the condition C;.S =0

In this section we consider a MS(QE),, (n > 3) satisfying the condition C;.S =
0. Then we have,

S(C1(X,Y)Z,W) + S(Z,C1(X,Y)W) =0 (57)

for any vector fields X,Y,Z, W € x(M). Then we have the following theorem:



44 S. Dey, B. Pal, A. Bhattacharyya

Theorem 5 Let (M™,g) (n > 3) be a MS(QE),,. If the condition C1.S =0
holds on M™ then the curvature tensor R of M™ satisfies the following property:

na—i—b-i-C( A _,_zu)—u(Za—l—b—i—c) {A(Y)B(X)
n n—1

— AX)B(X)} — ne{D(X, VIA(Y) — D(Y, V)A(X)}

AR(X, Y, U, V) = [

(58)

for all vector fields X, Y on M™, where U,V are the generators of the manifold
mm.

Proof. Since, C;.S = 0 holds on M™ we have,
S(C1(X,Y)Z,W) +S(Z,Ci (X, Y)W) = 0.
Since M™ be a MS(QE)y, using (11) in (57), we obtain

ag(Ci(X,Y)Z, W) + bA(Cy(X,Y)Z)A(W) + ¢B(C; (X, Y)Z)B(W)
dIA(Ci(X,Y)Z)B(W) + B(Ci (X, Y)Z)A(W)] + eD(Ci (X, Y)Z, W)

ag(Z,C1(X, Y)W) + bA(Z)A(Ci (X, Y)W) + cB(Z)B(C; (X, Y)W) (59)
d[A(Z)B(Ci(X, V)W) + B(Z)A(C: (X, Y)W)] +eD(Z, Ci (X, Y)W) = 0.
From (59),
b[A(C1(X Y)Z)A(W) + A(Z)A(C1 (X, Y)W)] +¢[B(Ci (X, Y)Z)B(W)
B(Z)B(Ci(X,Y)W)] + d[A(C:i (X, Y)Z)B(W) + B(Ci (X, Y)Z)A(W) (60)
A(Z)B(C1(X,Y)W) + B(Z)A(C1(X, Y)W)] + e[D(Ci (X, Y)Z, W)
D(Z,Ci (X, Y)W)] =0
Putting Z=W = U in (60), we get
2b[A(Cq(X, Y)U] 4+ 2d[B(Cq (X, Y)U] = 0. (61)
So, we obtain
2d[B(C (X, Y)U] = 0.
As d # 0, we get
B(C;(X,Y)U = 0. (62)

That is
G(X Y, U, V) =0.
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Now using (31), we obtain

ARCX, VU, V) = ufS(X, U)g(Y, V) = S(Y, U)g(X, V) — g(Y, U)S(X, V)

A
o WSV | R 2u gt Wwex V) (69

—g(X,Wg(Y, VI].
Using (11) and (18) in (63), we get,

ARCXY, UL V) = [na—i—b+c< A

n n—1
—A(X)B(X)} — pe{D(X, V)A(Y) = D(Y; V)A(X)}.

+ zu> —u2a+b+ c)] [A(Y)B(X)

Hence the proof. O

8 Conformally flat MS(QE),, (n > 3) with
R(X,Y).S=0

Let us consider a conformally flat MS(QE),, (n > 3). Then, from (29), we get

ROGYVIZ = Lo IS(%,Z)X— SIX, )Y + 9%, 2)QX — g[X, Z)QY]

o . (64)
+ m{g(yy Z)X—g(X,Z)Y}.
Since the manifold satisfies R(X,Y).S =0, we get
S(R(X,Y)Z,W) +S(Z,C(X,Y)W) =0. (65)

Using (64) in (65) we obtain
g9(¥, Z)S(QX, W) — g(X, Z)S(QY, W) + g(Y, W)S(QX, Z)

—gXWIS(QYZ) = 5lgM S W)

—9(X, Z)S(, W) + g(Y, W)S(X, Z)
—9(X,W)S(Y, Z)].
Let A be the eigen value of Q corresponding to the eigen vector X. Then
QX = AX, i.e., S(X,W) = Ag(X, W) (where the manifold is not Einstein) and
hence

S(QX, W) = AS(X, W). (67)
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Now using (67) in (66) we get,

<}‘ - ni ] > [g(Y,Z)S(X, W) — g(X, Z)S(Y, W) + g(Y, W)S(X, Z)

—g(X,W)S(¥,Z) =0,
Which gives
g(Y, Z)S(X, W) —g(X, Z)S(Y, W) + g(Y, W)S(X, Z) — g(X, W)S(Y, Z) = 0, (68)
provided A — —*5 # 0. Now using (11) in (68) we get
g(Y, Z)[ag(X, W) + bA(X)A(W) + cB(X)B(W) 4+ d{A(X)B(W)
+ B(X)A(W)} +eD (X, W)] — g(X, Z)[ag(Y, W) + bA(Y)A(W)
+ cB(Y)B(W) + A{A(Y)B(W) + B(Y)A(W)} + eD(Y, W)] + g(Y, W)
[ag(X,Z) + bA(X)A(Z) + cB(X)B(Z) + d{A(X)B(Z) + B(X)A(Z)}
+eD(X,Z)] — g(X,W)lag(Y,Z) + bA(Y)A(Z) + cB(Y)B(Z)
+ d{A(Y)B(Z) + B(Y)A(Z)} + eD(Y,Z)] =0.

(Z
Now putting Z =W = U in (69), we obtain,

(69)

2d[A(Y)B(X) — B(Y)A(X)] =0.
As d #0, so
A(Y)B(X) —B(Y)A(X) =0, (70)

that is, the vector fields U and V are co-directional. Thus we can state the
following:

Theorem 6 If, in a conformally flat Ricci-semisymmetric MS(QE), (n > 3)

5 is not an eigenvalue of the Ricci-operator Q, the vector fields U and V

corresponding to the 1-forms A and B respectively are co-directional.

9 Example of doubly warped product on MS(QE),

In [10], B. Pal, A. Bhattacharyya and M. Tarafdar defined warped product
on MS(QE)s. Here, we define doubly warped product on four dimensional
MS(QE),.. Let (M*, g) be a 4-dimensional Lorentzian manifold endowed with
the metric given by

ds? = gidx'dx = (1+ 2p)[(dx")? + (dx?)? + (dx3)? — (dx)?, (71)
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where p > 0 is a smooth function and i,j = 1,2,3,4 and x',x%,x3,x* are the
standard coordinates of M*.
In [11], A. A. Shaikh and S. K. Hui have shown that (71) becomes G(QE)x.
As it is non-Einstein metric, so one can easily show that (71) is MS(QE)y.
We know that (¢B xy F, féB &) béF) is a Lorentzian doubly warped prod-
uct if (F, gr) is Riemannian and either (B, gg) is Lorentzian or else (B, gg) is
a one-dimensional manifold with a negative definite metric —dt?. To define
Lorentzian doubly warped product onMS(QE);,, we take the line element on
R x R? where we consider R is the B and R3 is the F. If we consider the above
example, we have the metric gr , where (F, gf) is Riemannian and the metric
g, where (B, gg) is a one-dimensional manifold with a negative definite metric
dszB = —(dx*)?. Here, the metric gr on R3 is

1
1+2p

dsf = [(dx")? + (dx*)* + (dx*)*]

and the warping function
f:R> — (0,00)

is defined by
f(x1,x2,x3) =/ (1+2p)

and the other warping function is
b:R — (0, 00),

which is defined by
b(x*) = (1+2p).

Here, we see that the warping functions f = /(1 +2p) > 0and b = (1+2p) >
0, both are also smooth functions. Therefore the metric

ds3, = f*ds} + bds?
which is
ds? = gijdx'dx) = —(1 4 2p)(dx*)? + (1 +2p)[(dx")* + (dx?)? + (dx®)?).

This is the example of Lorentzian doubly warped product on MS(QE)s.
Next we consider the another example. Let (M?, g) be a Riemannian man-
ifold endowed with the metric given by

ds? = gijdxidxj — & (dx")? + sin? x'[(dx?)? + (dx®)? + (dx*)?], (72)
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where 0 < x! < 7 but x! # 7 and i,j = 1,2,3,4 and x',x%,x3,x* are the

standard coordinates of M*. Then it can be easily shown that it is a mixed
super quasi-Einstein manifold with non-vanishing scalar curvature.

We know that (¢B xy F, féB &) b2 ;) is a Riemannian doubly warped product
if (F,gr) and (B, gg) are both Rlemannian manifolds. To define Riemannian
doubly warped product on MS(QE)4, we take the line element on 12 x L2,
where B = F = [2 = R x R. If we consider the example (72), we have the
metric gg, where (B, gg) is Riemannian and the metric gr , where (F, gf) is

also Riemannian with metrices

dsg = (dx")? +

1

sin? x!

2]smx(dx)
e

ds? = [(dx*)? + (dxH)?]

and the warping function
f: 12 — (0,00)

f(x',x?) = Ve’

and the other warping function is

b:L? — (0,00),

is defined by

which is defined by
b(x, x*) = sin®x.
Here, we see that the warping functions f = Ve?' > 0 and b = sin’x' > 0
both are also smooth functions. Therefore the metric
ds3, = f*ds} + bds?
which is

ds?, = e [(ax")? + (dxh)?

2

1 1
o X1(dx ) ] +sin4x1[ — (dx3)? + ——

sin® x! sin® x!

is the example of Riemannian doubly warped product on MS(QE),.

10 Completeness of doubly warped products on
MS(QE)s

In this section, we obtain some results on completeness properties of Rie-
mannian doubly warped products and Lorentzian doubly warped products on
MS(QE)..
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The Riemannian case

In this subsection, we state some results about completeness of Riemannian
doubly warped products. Here we want to investigate about the completeness
properties of Riemannian doubly warped products with respect to the example
(72), which is MS(QE)s. Now it is clear that inf(f) > 0 and inf(b) > 0 and
B = F = L? = R x R. Therefore (B, gg) and (F, gf) are complete Riemannian
manifolds. Hence by proposition (32) of [12], we can state that

Example 1 Let M = B X F be a Riemannian doubly warped product on
MS(QE)4 endowed with the metric given by

@ L ay,

1 .
ds?, = e [(dx")? + (dxz)z] + sin® x! Linz 5 7

sin? x!
where, x',x2,x3,x* are the standard coordinates of M*. Then (M* g) is a

complete Riemannian manifold.

Here we want to discuss about global hyperbolicity of mixed super quasi-
Einstein space-time with doubly warped product fibers by using [1]. Let us
consider the example. Let (My,g) be a Riemannian manifold endowed with
the metric given by

2d 3\4
a5k, = —(ax')2 + x| () {(ax )2 + (xs)4{(d"2)2 L.k (de)z}],

where, x',x%,%x3,x* are the standard coordinates of M*. Then it can be easily

shown that it is a mixed super quasi-Einstein manifold with non vanishing
scalar curvature. Now this manifold is of the form

M = (c,d) xn (B xp F),
a Lorentzian singly warped product with the metric
g =—(dx*)* & h*(f*gp + b’gr),
where —oo < ¢ < d < oo,
h:(c,d) — (0, 00)

is defined by h = v/x', which is strictly positive and smooth. Also (B, gg) and
\/Td) -0

(x3)2

(F, gr) are complete Riemannian manifolds and inf(b) that is inf(
or inf(f) that is inf((x3)?) > 0. Then we have the following:
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Example 2 Let M = (¢, d) xn(BsxpF), be a Lorentzian singly warped product
on MS(QE)4 endowed with the metric given by

dsty = —(@x*? +x [ (3)1(ax1 + o L ax)? + @(dﬁz
M (x3)4 2dx! ’
where, x',x%,%3,x* are the standard coordinates of M*. Then (M%,g) is glob-
ally hyperbolic.

Lorentzian case

We now consider the nonspacelike geodesic completeness of Lorentzian warped
products of the form
M =¢ (c,d) xp F

with the metric
g= 2dt?* @ bng,

where —oo < ¢ < d < oco. Here a space-time is said to be null (respectively,
timelike) geodesically incomplete if some future directed null (respectively,
timelike) geodesic can not be extended for arbitrary negative and positive
values of an affine parameter. Let us consider (M#* g) be a 4-dimensional
Lorentzian manifold endowed with the metric given by

ds? = e (dx")? + (sin?)x'[(dx?)? + (dx3)? — (dx*)3],
where, x',x%,x3,x* are the standard coordinates of M*. Then it is clear that

it is mixed super quasi-Einstein manifold with non vanishing scalar curvature.
Now, this metric can be written as

(@) = —5—
X s~ X

1
ds? = &' (dx")? + (dxz)z] + sin*x! [

sin? x! 2

sin
Take B =F = 2 =R x R and define
f: 1% — (0, 00)

is defined by

f(x',x?) = Ve’

and the another function
b:L? — (0,00)
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is defined by

b(x3,x*) = sin?x.

Let us define
o:(—oo,00) — B

is defined by
x(t) = (t,t)

and
B:(—00,00) — B

is defined by
B(t) = (t,t).

Clearly, o and 3 are complete null geodesics of B and F. Also, if v = («, B)
then it is a null pre-geodesic in M and y” =y by equation in proposition 2.3
n [12]. Now using the example (3.8) in [12], we get v is incomplete. Then we
can state

Example 3 If (B, gp) and (F, g¢) are null complete pseudo-Riemannian man-
ifolds then M =¢ B Xy f is not a null complete pseudo-Riemannian doubly
warped product with the metric gm = f2gp @ b*gr on MS(QE),.
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Abstract. In this paper, we study the geometry of the pseudo-slant
submanifolds of a cosymplectic space form. Necessary and sufficient con-
ditions are given for a submanifold to be a pseudo-slant submanifold,
pseudo-slant product, mixed geodesic and totally geodesic in cosymplec-
tic manifolds. Finally, we give some results for totally umbilical pseudo-
slant submanifold in a cosymplectic manifold and cosymplectic space
form.

1 Introduction

The differential geometry of slant submanifolds has shown an increasing devel-
opment since B. Y. Chen [3, 4] defined slant submanifolds in complex manifolds
as a natural generalization of both the invariant and anti-invariant subman-
ifolds. Many research articles have been appeared on the existence of these
submanifolds in different knows spaces. The slant submanifols of an almost
contact metric manifolds were defined and studied by A. Lotta [2]. After, this
type submanifolds were studied by J.L Cabrerizo et. al [7] of Sasakian mani-
folds. Recently, in [8] M. Atgeken studied slant and pseudo-slant submanifold
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in (LCS),-manifolds. The notion of semi-slant submanifolds of an almost Her-
mitian manifold was introduced by N. Papagiuc [12]. Recently, A. Carriazo [1]
defined and studied bi-slant immersions in almost Hermitian manifolds and
simultaneously gave the notion of pseudo-slant submanifolds in almost Her-
mitian manifolds. The contact version of pseudo-slant submanifolds has been
defined and studied by V. A. Khan and M. A. Khan [15].

In this paper, we study pseudo-slant submanifolds of a cosymplectic mani-
fold. In section 2, we review basic formulas and definitions for a cosymplectic
manifold and their submanifolds. In section 3, we recall the definition and
some basic results of a pseudo-slant submanifold of an almost contact metric
manifold. In section 4, we give some new results for totally umbilical pseudo-
slant submanifold in a cosymplectic manifold M and cosymplectic space form
M(c).

2 Preliminaries

In this section, we give some notations used throughout this paper. We recall
some necessary fact and formulas from the theory of Cosymplectic manifolds
and their submanifols.

Let M be a (2m + 1)-dimensional almost contact metric manifold together
with a metric tensor g, a tensor field ¢ of type (1,1), a vector field & and a
1-form n on M which satisfy

$*X = —X +n(X)E, (1)
$E =0, n(dX) =0, n(&) =1, n(X) = g(X, &) (2)

and
g(dX, dY) = g(X,Y) —=n(X)n(Y), g(dX,Y)=—g(X, pY) (3)

for any vector fields X,Y on M. An almost contact structure (¢, &,m) is said
to be normal if the almost complex structure J on the product manifold M x R
given by
X, £ = (X — f£,n(X) )

I( ) dt )T] dt b
where f is the C®— function on M x R. The _condition for normality in
terms of ¢, & and 1 is [, Pp] +2dn ® & = 0 on M, where [d, d] (X,Y) = ¢?
X, Y1+ [dX, dY] — ¢ [dX, Y] — ¢ [X, dY] is the Nijenhuis tensor of ¢. Finally
the fundamental 2—form @ is defined by @ (X,Y) = g(X, ¢Y).
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An almost contact metric structure (¢, &,n,g) is said to be cosymplectic,
if it is normal and both @ and are n closed. So we have on a cosymplectic
manifold M

(Vx$)Y =0 (4)

for any vector fields X, Y on M. (4) implies that
Vx& =0 (5)
for any X € F(Tﬁ), that is & is a killing vector field.

Let R be the curvature tensor of the connection V. The sectional curvature
of a ¢- sectional is called a ¢- sectional curvature. A cosymplectic manifold
with constant ¢- sectional curvature c is said to be a cosymplectic space form
and it is denoted by M(c). The curvature tensor R of a cosymplectic space

form M(c) is given by

RO, Y)Z = H{g(% Z)X = g(X, Z)Y +n(X)n(Z)Y —n(YIn(Z)X

+1(Y)g(X, 2)E —n(X)g(Y, Z)& + g(dbY, Z) X (6)
+g(X, dZ) Y + 2g(X, PY)PZ}

for any vector fields X, Y, Z tangent to M([13].

Now, let M be an isometrical immersed submanifold of a contact metric
manifold M and denote by the same symbol g the Riemanian metric induced
on M. Let I'(TM) and I'(T+M) be the diferential vector fields set tangent and
normal to M, respectively. Also we denote by V and V= induced connections
on I'(TM) and T'(TM), respectively. Then the Gauss and Weingarten formulas
are, respectively, given by

VxY = VxY + h(X,Y) (7)
and
VxV = —AvX + ViV, (8)

for all X,Y € T(TM) and V € T'(T+M), where h and Ay are the second funda-
mental form and shape operator for the immersed of M into M, respectively.
They are related as
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We put

n
hj = g(h(e,ej),e;) and [h|* =) g(hles ), hlese),

i,j=1

where, {e1, €2,...,en} is an orthonormal basis of I'(TM) and {en11y...,€xmi1}
is also orthonormal basis of T'(T+M).
The mean curvature vector H of M is given by

H= %trace(h) = % Z h(ei,ei). (10)

i=1

A submanifold M of an contact metric manifold M is said to be totally um-
bilical if
h(X>Y) = Q(X>Y)H) (11)

where H is the mean curvature vector. A submanifold M is said to be totally
geodesic submanifold if h(X,Y) = 0, for each X, Y € I'(TM) and M is said to
be minimal submanifold if H = 0. .

For any submanifold M of a Riemannian manifold M, the equation of Gauss
is given by

R(X,Y)Z =R(X,Y)Z+ Anxz)Y — Anvp X + (V) (Y, Z) — (Vyh)(X, Z), (12)

where R and R denote the Riemannian curvature tensor of M and M, respec-
tively, where the covariant derivative Vh of h is defined by

(Vxh)(Y,Z) = Vxh(Y, Z) — h(VxY, Z) — h(VxZ,Y) (13)

for any X, Y, Z € T(TM).
The normal component of (12) is said to be the Codazzi equation is given
by
(RX,V)Z)" = (Vxh)(Y,Z) — (Vyh) (X, Z), (14)

where (R(X,Y)Z)" denotes the normal part of R(X,Y)Z.If (R(X,Y)Z)" =0,
then M is said to be curvature-invariant submanifold of M. The Ricci equation
is given by

g( ROGYIV,U) = g(R (6, V)V, W) + g([Aw, AvIX, Y), (15)
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~L
for any X,Y,€ T(TM) and V,U € T(T+M), where R denotes the Rieman-

nian curvature tensor of the normal T*M and if ﬁl = 0, then the normal
connection of M is called flat.

A cosymplectic manifold M is said to be n-Einstein if its Ricci tensor S of
type (0,2) is of the from

S(X,Y) = ag(X,Y) + bn(X)n(Y) (16)

where a,b are smooth functions on M. Ifb = 0, then the manifold is called
FEinstein.

3 Pseudo-slant submanifolds of a cosymplectic
manifold

In this section, we study pseudo-slant submanifolds in a cosymplectic manifold
and we give some characterization results. .

Let M be a submanifold of an almost contact metric manifold M. Then for
any X € I'(TM), we can set

$X = TX + NX, (17)

where TX and NX denote the tangential and the normal components of ¢X,
respectively. In the same way, for any V € I'(TtM), we can write

¢V =tV+nV (18)

where tV(resp.nV) are tangential(resp. normal) components of ¢V.

A submanifold M is said to be invariant if N is identically zero, that is,
dX € T'(TM) for all X € T(TM). On the other hand, M is said to be anti-
invariant if T is identically zero, that is, $X € F(Tl M) for all X € T(TM).

Thus by using (1), (17) and (18), we obtain

TP=-1-tN+n®§ NT4+nN=0 (19)

and
n?=—I—Nt, Tt+tn=0. (20)

Furthermore, the covariant derivatives of the tensor field T, N, t and n are,
respectively, defined by

(VxT)Y = VxTY — TVxY (21)
(VXN)Y = VxNY — NVxY (22)
(Vxt)V = VxtV —tVxV (23)
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and
(Vxn)V = VgnV — nVx V. (24)

Furthermore, for any X,Y € I'(TM), we have g(TX,Y) = —g(X, TY) and V,U €
I'(T+M). By using (3), (17) and (18), we have g(U,nV) = —g(nl, V). These
show that T and n are also skew-symmetric tensor fields. Moreover, for any
X € '(TM) and V € T(T+M), we have

which gives the relation between N and t.
Taking into account (6) and (15), we have

€L

g(R (X, Y)V,U) = 2{g(X, tV)g(U,NY) — g% tV)g(NX, W)

(26)

for any X,Y € T(TM) and V,U € T'(T+M).
By using (6) and (12), the Riemanian curvature tensor R of an immersed
submanifold M of a cosymplectic space form M(c) is given by

R(X,Y)Z = %{Q(Y, Z)X—g(X, 2)Y +n(X)n(Z2)Y —n(Yn(Z2)X

+n(Y)g(X, 2)& =n(X)g(Y, 2)& + g(X, $Z)dY (27)
+9(dY, Z) X + 2g(X, dY)PZ} + Apy )X — Anix,z)Y
+ (Vyh)(X, Z) — (Vxh)(Y, Z).

Comparing the tangential and normal parts of the both sides of this equation,
we have, following equations of Gauss and Codazzi equation respectively:

(RX,V)Z) = 2{9(¥,Z)X = g(X, Z)Y +n(X]n(Z)Y = n(Y)n(Z)X

+n(Y)g(X, Z)& —n(X)g(Y, Z)E + g(X, TZ)TY (28)
+ Q(TY, Z)TX + Zg(X, TY)TZ} + Ah(Y,Z)X — Ah(X,Z)Y

and
(Vxh)(Y,Z) — (Vyh)(X,Z) = %{9(X> TZ)NY + g(TY, Z)NX
+2g(X, TY)NZ}.

(29)

By an easy computation, we obtain the following formulas

(VxT)Y = AnyX + th(X,Y) (30)
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and
(VxN)Y =nh(X,Y) — h(X, TY). (31)

Similarly, for any V € T(T+M) and X € I'(TM), we obtain
(Vxt)V = AvX —TAVX (32)

and
(Vxn)V = —h(tV, X) — NAyX. (33)

Since M is tangent to &, making use of (5), (7), (9) and (17), we obtain
Vx& =0, h(X> &) = 0, AvE=0 (34>
for all V € I(T+M) and X € T(TM).

Definition 1 A submanifold M of an almost contact metric manifold M is
said to be slant submanifold if for any x € M and X € TuM — & the angle
between TyM and $X is constant. The constant angle [0, 5] is then called slant
angle of M. If 8 = 0, the submanifold is invariant submanifold, if © = 5 then,
it is anti-invariant submanifold, if © € (0,5) then it is proper slant submanifold

[2].

In almost contact metric manifolds, J. L Cabrerizo [7] proved the following
theorem.

Theorem 1 Let M be a slant submanifold of an almost contact metric mani-
fold M such that & € T(TM). Then, M is slant submanifold if and only if there
exists a constant A € [0, 1] such that

T?=-AI-n®E) (35)
furthermore, in this case, if @ is the slant angle of M, then A = cos®0 [7].

Corollary 1 Let M be a slant submanifold of an almost contact metric man-
ifold M with slant angle 8. Then for any X,Y € I'(TM), we have

g(TX, TY) = cos? 0{g(X,Y) —n(Xn(Y)} (36)

and
g(NX,NY) = sin? 0{g(X,Y) —n(X)n(Y)} [7. (37)
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Let M be a slant submanifold of an almost contact metric manifold M with
slant angle 0. Then for any X € I'(TM), from (19) and (35), we have

—cos? (X —n(X)E) = =X +n(X)E — tNX
from which
tNX = —sin? 8(X —n(X)&) (38)

by using (37),
NZX = —sin? 8(X —n(X)&) (39)

from (38) and (39) we, obtain
N? = tN.

It is well known that th = 0 plays an important role in the geometry of sub-
manifolds. This means that the induced structure T is a cosymplectic structure
on M.

By using (30) and (34), we obtain

n((VxT)Y) =0,
for X,Y € I'(Dg).

Definition 2 We say that M is a pseudo-slant submanifold of an almost con-
tact metric manifold M if there exist two orthogonal distributions Dy and D+
on M such that

(a) TM admits the orthogonal direct decomposition TM = D+ @ Dy, & €
(Do),

(b) The distribution D+ is anti-invariant(totally-real) i.e., $D+ C (T*M),

(¢) The distribution Dy is a slant, that is, the slant between of Dy and $(Dyg)
is a constant [15].

Let d; =dim(D%) and d; = dim(Dg). We distinguish the following five cases.

(i) If d =0 or 0 = 7, then M is an anti-invariant submanifold.

(ii) If dy =0 and 6 = 0, then M is invariant submanifold.

(iii) If d; = 0 and © # {0, 5}, then M is a proper slant submanifold.

(iv) If dpdy # 0 and 6 = 0, then M is a semi-invariant submanifold.

(v) If dody # 0 and 0 # {0, T}, then M is a proper pseudo-slant submanifold.
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By u we denote the orthogonal complementary of ¢(TM) in T-M, then we
have the following sum

TM = N(D+) @ N(Dg) @

Let M be a proper pseudo-slant submanifold of a cosymplectic manifold M.
Then for any Z,W € TI'(D+) and U € T'(TM), also by using (4), (7) and (9),

we have

g(AnzW — AnwZ, U) = g(h(W,U),NZ) — g(h(Z,U),NW)
= g(VuW, $Z) — g(VuZ, W)

= g(dVuZ, W) — g(dVuW, )
= 9(VudZ — (Vud)Z, W) + g((Vud)W — VudW, 2)
= g(VudpZ,W) — g(VudW, 2)

—g(AnzU, W) + g(AnwlU, Z)

= g(ANnwZ — AnzW, U).

It follows that
AnzW = AnwZ.

Theorem 2 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. Then the tensor N is parallel if and only if the tensort is parallel.

Proof. By using (9), (31) and (32), we have

g((VxN)Y, V) = g(nh(X,Y), V) — g(h(X, TY), V)
= —g(h(X,Y),nV) — g(AvX, TY)
= —g(AnvX,Y) + g(TAVX,Y)
= g(—AwWX+TAVX,Y) = g((Vxt) V) Y),

for any X,Y € T(TM) and V € I'(T+-M). This proves our assertion. O

Theorem 3 Let M be a proper pseudo-slant submanifold of a cosymplectic
mamnifold M. Then the tensor N is parallel if and only if

AvTY = —AvY
for any Y € T(TM) and V € T(TtM).
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Proof. By using (9) and (31), we have

g((VxN)Y, V) = g(nh(X,Y), V) — g(h(X, TY), V)
= —g(h(X,Y),nV) — g(AyTY,X)
= —g(AwwX,Y) — g(AvTY; X)

for any X,Y € I'(TM) and V € I'(T+-M). This proves our assertion. O

Theorem 4 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. The covariant derivation of T is skew-symmetric, that is

9((VxTY,Z) = —g((VxT)Z,Y),
for any X, Y, Z € T(TM).
Proof. For any X,Y,Z € T'(TM), by using (9), (25) and (30), we obtain

9((VxT)Y, Z) = g(AnyX + th(X,Y), Z)
= g(h(X, Z),NY) — g(h(X,Y),NZ)
= —9g(th(X, Z),Y) — g(AnzX,Y)
= —g(AnzX + th(X,Z),Y)
=—9((VxT)Z,Y).

This complete the proof. O

Theorem 5 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. Then the tensor T is parallel if and only if

AnyX = AnxY
for any X, Y € T(TM).
Proof. For any X,Y,Z € T'(TM), by using (9), (25) and (30), we obtain

= g(AnvZ, X) — g(AnzY, X)

This complete the proof. O
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Theorem 6 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. The covariant derivation of n is skew-symmetric, that is,

g((Vxn)V,U) = —g((Vxn)U, V),
for any X € T(TM) and V,U € T(T+M).

Proof. For any X € I'(TM) and V,U € T(T+M), from (9), (25) and (33), we
reach

g((Vxn)V,U) = g(—h(tV,X) — NAyX, U)
= g(—AuX,tV) + g(AyX,tU)
= g(NAyX, V) + g(h(X,tU), V)
= —g(—NAyX —h(X, tU), V)
=—g((Vxn)U, V).

This proves our assertion. ]

Theorem 7 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. Then the tensor n is parallel if and only if the shape operator Ay
of M satisfies the condition

AvtlU = Ayty, (40)
for all U,V € T(T+M).
Proof. From (9), (25) and (33), we have

g((Vxn)V,U) = —g(h(tV,; X),U) — g(NAyX, U)
= —g(AutV, X) + g(AvX, tU)
= g(AvtU — AytV, X),

for all X € T(TM). The proof is complete. O

Theorem 8 Let M be a proper pseudo-slant submanifold of a cosymplectic
manifold M. If tensor n is parallel then, M is totally geodesic submanifold of
M.
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Proof. Since n is parallel, from (33) and (17), we have
h(tV,X) + GAyX = 0 (41)

for all X € I'(TM) and V € T'(T*M). Applying ¢ to (41) and taking into
account (1) and (34), we obtain

0 = ¢*AVX+ dh(tV,X)
= —AvX+n(AvX)E + th(tV, X) + nh(tV, X).

This yields to
—AyX+th(tV,X) =0.
On the other hand, also by using (9), (19), (25) and (40), we conclude that

g(AvX, Z) = g(th(tV; X), Z) = —g(h(tV; X),NZ)
= —g(AnztV, X) = —g(AvtNZ, X),

for Z € T(TM). Taking into account of tNZ = —Z +1(Z)& — T?*Z, we obtain

9(AvZ,X) = —g(~AvZ +n(Z)AvE — AVT?Z,X)
= 9(AvZ,X) + g(AvX, T*Z)
that is,
g(T?AvX, Z) = 0.
Here, by using (36), we conclude

0 =—g(TAvX,TZ) = —cos? 0g(AvX, Z)

for all Z € T(TM). Since M is a proper pseudo-slant submanifold, we arrive at
Ay =0, that is, M is totally geodesic in M. O

Definition 3 A pseudo-slant submanifold M of cosymplectic manifold M is
said to be Dg-geodesic (resp. D+-geodesic) if h(X,Y) = 0 for X,Y € T'(Dp)
(resp. WN(Z,W) =0 for Z,W € T(D1)). If h(X,Z) = 0, M is called mized
geodesic submanifold, for any X € T(Dg) and Z € T(D1).

Theorem 9 Let M be a proper pseudo-slant submanifold of a Cosymplectic
manifold M. If t is parallel, then either M is a mized-geodesic or an anti-
mwvariant submanifold.
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Proof. From Theorem 2 and (31) we obtain
nh(X,Y) =0,

for any X € I'(Dg) and Y € I'(D1). Also by using (31) and (34), we conclude
that
nh(Y, TX) — h(Y, T2X) = cos? Oh(X,Y) = 0.

This proves our assertion. ]

Theorem 10 Let M be a proper pseudo-slant submanifold of a cosymplec-
tic manifold M. If t is parallel, then either M is a D' -geodesic or an anti-
mmwariant submanifold of M.

Proof. If t is parallel, then making use of (32), we obtain
TAnyZ =0,

for any Y, Z € T(D™). This implies that M is either anti-invariant or ANyZ = 0.
So we obtain

for any Y,Z, W € I'(D1). Also by using (32), we conclude that
9(AnvZ,Y) — g(TAVZ,Y) = g(h(Y, Z),nV) =0,

for any V € T'(T-M). This tells us that M is either Dt-geodesic or it is an
anti-invariant submanifold. O

Given a proper pseudo-slant submanifold M of a Cosymplectic manifold M,
if the distributions Dg and D™ are totally geodesic in M, then M is said to
be contact pseudo-slant product.

Theorem 11 Let M be a pseudo-slant submanifold of a cosymplectic manifold
M. Then M is a contact pseudo-slant product if and only if the shape operator
of M satisfies

AnpLTDg = AN, D

Proof. Since the ambient space Mis a cosymplectic manifold, for any X,Y €
I'(Dg) and Z € (D), we have

9(VxY, Z) = g(VxdY, $Z) = g(VxTY, $Z) + g(VxNY, $Z)
= —g(VxdTY,Z) + g(VxNY,NZ)
= —g(VxT?Y,Z) — g(VxNTY, Z) + g(VxNY,NZ)
= cos” 0g(VxY, Z) + g(AntvX, Z) + g(NVXY,NZ) — g(h(X, TY),NZ),
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which implies that
cos?0g(VxY, Z) = g(ANTvZ — AnzTY, X). (42)
On the other hand, for any Z, W € I'(D1) and X € I'(Dg), we reach at

9(VZW, X) = —g(VzX, W) = —g(Vz$X, pW)

= —g(VZTX, dW) — g(VZNX, bW)

= g(Vz$TX, W) — g(VZNX,NW)

= g(VZzT?X, W) + g(VzNTX, W) — g(VNX,NW)

= —cos? 0g(VzX, W) — g(ANxZ, W) — g(NVzX, NW)
—g((VzZN)X,NW)

= cos’ 0g(VzW, X) — g(AnTxZ, W) — g(NVzX, NW)
+ g(h(Z, TX),NW).

This implies that
cos?0g(VzW, X) = g(ANxW — Anw TX, Z). (43)

From (42) and (43), we get desired result. O

4 Pseudo-slant submanifolds in cosymplectic space
forms

In this section, we will study pseudo-slant submanifolds in a cosymplectic
space form, give some characterization and submanifold will be characterized.

Theorem 12 Let M be a pseudo-slant submanifold of a cosymplectic space
form M(c) such that ¢ # 0. If M is a curvature-invariant pseudo-slant sub-
manifold, then M 1is either semi-invariant or anti-invariant submanifold.

Proof. We suppose that M is a curvature-invariant pseudo-slant submanifold
of a cosymplectic space form M(c) such that ¢ # 0. Then from (29) and (14),
we have

g(X, TZ)NY + g(TY, Z)NX + 2g(X, TY)NZ = 0, (44)
for any X,Y,Z € T(TM). Taking X = Z and Y = TZ in (44), we have

g(TZ, TZ)NZ = 0.



Pseudo-slant submanifold in cosymplectic space forms 67

Here, by using (36) and (37), we obtain
2
cos® 0 sin” O {g(Z, Z)— nz(Z)} =0.

This implies that sin20{g(Z,Z) —n%(Z)} = 0, that is, M is either a semi-
invariant or an anti-invariant submanifold. Thus the proof is complete. O

Theorem 13 Let M be a pseudo-slant submanifold of a cosymplectic space
form M(c) with flat normal connection such that ¢ # 0. If TAy = AyT for
any vector V normal to M, then M s either an anti- invariant or it is a
generic submanifold of M(c).

Proof. If the normal connection of M is flat, then from (26), we have
c

gllALAVIX,Y) = {g(X, dV)g(U, dY) — g(¥, dV)g(dX, U)

+2g9(X, dY)g(dpV, W)}

for any X,Y € T(TM) and U,V € T(TtM). Here, choosing U = nV and
Y = TX, by direct calculations, we can state

g(Av, AnvIX, TX) = =3 {g(TX, TX)g(nV; V1),

that is,

9(AnvAVTX = AvAnyTX, X) = = {g(TX, TX)g(nV,nV)},
from which

tr(AnAVT) — tr(AvAwT) = Str(T2 gy nV).
If TAy = AyT, then we conclude that tr(A,vAyT) = tr(AvA,vT) and thus
%tr(Tz)g(nV, nV) =0,
from here dim(TM) = 2q + q + 1, then we can easily to see that
(2p + q + 1)cos*’6g(nV,nV) = 0.

Thus 0 is either § or n = 0. This implies that M is either an anti-invariant or
it is a generic submanifold. O
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Theorem 14 Let M be a proper pseudo-slant submanifold of a cosymplectic

space form M(c). Then the Ricci tensor S of M is given by

S(X,W) = g{zwqfl+3cosze}(g(x,W)—n(X)n(W)) (45)
2p+q-+1
+(2p + q + 1g(h( Z g(h(er, W), h(X, e1))

for any X, W € T(TM).
Proof. For any X,Y,Z € T'(TM), by using (6) and (12), we have

= S(g(Y, 2)g(X, W) — g(X, Z)g(Y, W)

4

n(Xn(Z)g(Y, W) —n(Yn(Z)g(X,W)
+n(Ym(W)g(X, Z) =n(X)n(W)g(Y, Z) (46)
+9(X,$Z)g(pY, W) — g(Y, $Z)g(pX, W)
+2g9(X, dY)g(pZ, W)} + g(h(X, W), h(Y, Z))
—g(h(, W), h(X, Z)).

9(R(X,Y)Z, W)

Now, let e1, e2,...,ep,ep 11 =secOTer, e, 2 =secOTey, ..., ey =secOTep, expi1
= &,€2p42,€2p43y---y€2p4q+1 De an orthonormal basis of I'(TM) such that
€1,€2,...,€p,epp1 = secOTer ey 2 = secOTey, ... e = secOTep, expy1 =
& are tangent to I'(Dg) and ezpy2,€2p43,..-,€2p1q+1 are tangent to r'o+).
Hence, from (46) taking Y = Z = ej, ¢j,exand 1 <1< p,1 <j <p,E,2p+2 <
k <2p+ q+ 1 then, we obtain

Zg R(X,ei)ei, W) + Z g(R(X, sec 0Te;) sec 0Te;, W)
j=p+1
2p+q+1
((XEE, ‘|‘ Z g Xekek,W)

k=2p+2
= £2p+q)g(X, W)} = £{(2p +q = IIn(XIn(W)

+ 3 cos? B[g(X, W) —n(X)In(W)] — g(X, W)}
P
+(2p+q+])g( Zg el) X el))
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P
— > g(h(secOTe;, W), h(X,sec 0Te;)) + g(h(&, W), h(X, £))
j=p+1
2p+q-+1

— Y glhlen, W), h(X, ex)).

k=2p+2

Here
2p+q+1 P

Z g(h(e, W),h(X,e1) = ) g(h(e;, W), h(X, e;)

)
+ Z g(h(sec 0Te;, W), h(X, sec 0Te;))
j=p+1
2p+q-+1

+ ) g(hlew, W), h(X, &)

k=2p+2

hance, we have

sxw) = Z{p+a-1 +3cosze} (90X, W) =n(X)n(W))
2p+q-+1

+(2p +q + g (h( Z g(h(er, W), h(X, e1))

the proof is complete. O

Theorem 15 Let M be a pseudo-slant submanifold of a cosymplectic space
form M(c). Then the scalar curvature p of M is given by

C
= 2P +q—1+3cos?0}2p + @) + 2p+ g+ D[P~ n*. (47)

Proof. By using (45), we have

2p+q+1

D> S(eyen)
=

which gives (47). Thus the proof is complete. O
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Theorem 16 Let M be a proper pseudo-slant submanifold of a cosymplectic
space form M(c) such that ¢ # 0. Every totally umbilical pseudo-slant sub-
manifold M in a cosymplectic space form /Mv(c) s a semi-invariant or anti-
mwvariant submanifold.

Proof. We suppose that M is totally umbilical pseudo-slant submanifold in
cosymplectic space form M(c). Since M is totally geodesic, we have

9(R(X,Y)Z,dZ) = g((Vxh)(Y, Z) — (Vyh)(X, Z), pZ) = 0,
or
gR(X,Y)Z,0Z) = g(Vxg(Y,Z)H— g(VxY,Z)H— g(VxZ,Y)H, $Z)
—g(Vyg(X, Z)H — g(VyX, Z)H — g(VyZ, X)H, $pZ) = 0

for any X,Y € I'(Dg) and Z € I'(D"). Since the ambient space M is a cosym-
plectic space form, from (6) we infer

g(ﬁ(X,Y)Z, bZ) = %g(X, ®Y)g(NZ,NZ) =0. (48)
Taking Y = TX in equation (48), we have
g(X,dTX)g(NZ,NZ) = 0.
Here, by using (36) and (37), we obtain
cos? 0sin? 0g(Z, Z){g(X,X) —n*(X)} = 0.

This implies that sin20 = 0, that is, M is either a semi-invariant or an anti-
invariant submanifold. This proves our assertion. ]

Theorem 17 Let M be a totally umbilical pseudo-slant submanifold of a Cosym-
plectic space form M(c). Then the Ricci tensor S of M is given by

c
S W) =2 {2p+q—T1+3cos 0} (g, W) —n(Xm(W))  (49)
for any X, W € T(TM).
Proof. From by using (11) and (45), we obtain

SX,W) = £ {2p+q—1+3c0s?0} (g(X,W) —n(Xm(W))

2p+q+1
+(2p + g+ Ng(g(X, W) H,H) — Z g(gler, W)H, g(X, e1)H)

this complete the proof. Thus we have the followmg corollary. O
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Corollary 2 FEvery totally umbilical pseudo-slant submanifold M of a cosym-
plectic space form M(c) is an n-FEinstein submanifold.

Theorem 18 Let M be a totally umbilical pseudo-slant submanifold of a cosym-
plectic space form M(c). Then the scalar curvature p of M is given by

p= E{Zp—i-q—] +3cos” 0}(2p + q). (50)

Proof. By using (49), we have

2p+q+1
p= ) S(e,el)
1=1
which gives (50). Thus the proof is complete. O

Example 1 Let M be a submanifold of R? defined by
x(u, v, s, W, z) = (1, —V/2v, vsin o, v cos &, § cos W, — cos W, s sinw, —sinw, z).

We can easily to see that the tangent bundle of M is spanned by the tangent
vectors

U
1_ax1’ 5=6= 5

0 0 0
e = —V2— + sino=— + cos o,

Y1 0x2 Y2
e; = coswa—X3 + sinwa—m,
€4 = —ssi wi—i-s' wi—i- COSW— — COSW—
4 = —SSIn oxs n 3y; S s ay4'

We define the almost contact structure ¢ of R?, by

d d d d d
)= )= —)=0, 1<i,j<4.
o) = 5o ¢<ay]_) " o(55) =0 T=hi<

For any vector field X = 7\16%i + uja%i + Va% € I'(TR?), then we have

90X, X) =AY+ 1 + 2, g(dX, dX) = AT + ]
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and

$2X = _}\ii —

0
o ”jaTJ = —X+n(X)§,

1

for any i,j = 1,2,3,4. It follows that g(dX, dX) = g(X,X) —n*(X). Thus
(b, &, g) is an almost contact metric structure on R?. Thus we have

0
e = —,
dey oy,
0 . 0 0
(I)ez = \/iaix‘l + sin (X@ — COS (xaixz,

be; = (:oswi + sinw—
’ dy3 oys’

. . 0
€4 = — — — 4+ — .
dey s Smwbyg SmWOX3 s Cosway4 + COSWOX4

By direct calculations, we can infer Dg = span{er, ez} is a slant distribution

with slant angle cos® = % = %, 0 = cos™! (%). Since g(des,e;) =0,
i=1,245 and g(dese;) = 0,j = 1,2,3,5, dpe3, dpes are orthogonal
to M, D+ = span{es, e4} is an anti-invariant distribution. Thus M is a 5-
dimensional proper pseudo-slant submanifold of R’ with its usual almost con-
tact metric structure.

Let V be the Levi-Civita connection on R?. Then we have

0= [61)61] = [62) eZ] = [63)63] = [64,64] = [65>65]

[6] ) 65] = [eZ) 63]

\
)
()
N
|
)
()
)
Il
)
©
il
Il

cos 2w 0 1 0 1 0
le3,eq] = | — — + . = — =
sinw / 0x3 ssinw ) 0y3 cosw / 0x4

<(s -1) > 0
+ cosw | —,
S ay4

gler,er) = gles,e3) = 1,g(ez, e2) = 3,g(es, eq) = s> +1,g(es,e5) = 1,

and
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gler,e2) = gler,e3) =g g
glez, e3) = glez, e4) = glez, e5) =0,
g(es,es) = g(es,es) =g 0

Using Koszul’s formula, the Riemannian connection V of the metric g is given
by

29(VxY,Z) = Xg(Y,Z) + Yg(Z,X) — Zg(X, Z)

Koszul’s formula yields, we can find

O - Ve] e] - v€1 €2 - Ve1 63 - VQ-I 64 - Ve] 65
= vez ez = vez e4 = vez e5 = V63 e] = Ve3 ez

1
=Ve,e5 = Ve, e5 = Veses, Ve,e4 =—s€3, Ve,e3 = Pl
S .
Ve, €4 = a7 <1 — 24+ (1—s—s%)cos?w+ szs1n2w> es
S
cos 2w — tan?w
+ e3.
tanw

Thus we can say that M is Dg-geodesic and mized- geodesic. But it is not D+-
geodesic.
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Abstract. In this paper we establish some vector inequalities for two op-
erators related to Schwarz and Buzano results. We show amongst others
that in a Hilbert space H we have the inequality

T[/AP+BP  \'Z /AP BP \NVE /AP 4B
2 2 ) 2 Uay 2 ?y

> [(Re (B"A) x, )|

for A,B two bounded linear operators on H such that Re (B*A) is a
nonnegative operator and any vectors x,y € H.

Applications for norm and numerical radius inequalities are given as
well.

1 Introduction

Let (H,(-,-)) be an inner product space over the real or complex numbers
field K. The following inequality is well known in literature as the Schwarz
mequality

X[yl =[x, y)l for any x,y € H. (1)
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Key words and phrases: inner product spaces, Schwarz’s inequality, Buzano’s inequality,
projection, selfadjoint operators, unitary operators, operator norm, numerical radius
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The equality case holds in (1) if and only if there exists a constant A € K such
that x = Ay.
In 1985 the author [5] (see also [24]) established the following refinement of

(1):
XYl = 13, y) = (x,€) (e, y)| +[{x, e) {e,y)[ = [(x, )] (2)

for any x,y,e € H with |[e]| = 1.
Using the triangle inequality for modulus we have

(6 y) — (% e) (e, y)l = [{x, ) (e, y)| = 1(x, y)

and by (2) we get

X[ Tyl > 10, y) — (x,€) (eyy)l + [(x, €) (e, y)
> 2[(x,e) (e,y)l — [(x,y)I,

which implies the Buzano inequality [2]

LIl + 6o w)1] > s e) fevy) 3

that holds for any x,y,e € H with |e|| = 1.
A family {ej}]. e of vectors in H is called orthonormal if

ej L ey for any j,k € ] with j # k and ||e;j|| =1 for any j,k € J.

If the linear span of the family {e;}._, is dense in H, then we call it an or-
thonormal basis in H.
It is well known that for any orthonormal family {ej}]. ey We have Bessel’s

inequality

i€]

> I, < |Ix||* for any x € H.
j€]

This becomes Parseval’s identity

> l(x, ) = [[x||* for any x € H,
j€]
when {e]-}]. ¢y an othonormal basis in H.

For an othonormal family £ = {e;j},

jep we define the operator P¢ : H — H by

Pex := Z (x,ej)ej, x € H. (4)
€]
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We know that P¢ is an orthogonal projection and
(Pex,y) = D (x,€)) (€5, 1), x,y € Hand (Pex,x) = Y I(x,¢)I°, x €
j€] j€]

The particular case when the family reduces to one vector, namely & = {e},
lell =1, is of interest since in this case Pex = (X, €) e, x € H,

<PeX,y> = <X3 e> (e,y>, x,y € H (5)
and Buzano’s inequality can be written as

1

5 LIXITy I+ 166wl ] = 1(Pex, )l (6)

that holds for any x,y,e € H with |le|| = 1.
In an effort to generalize the inequality (6) for general projection, in [21] we
obtained the following result

DLyl + 16 )] 2 1P, y) @

for any x,y € H and P: H — H a projection on H.
In particular, we then have the inequality

<Z<X> &) (€,Y) >' (8)

j€]

[HXII [yl + 10, y)l] =

N =

for any orthonormal family {e]-}]. e and any x,y € H.

Motivated by the above results we establish in this paper some vector in-
equalities for two operators A, B for which the operator Re (B*A) is nonnega-
tive in the operator order that are related to the inequality (6). Applications
for norm and numerical radius inequalities are provided as well.

For other Schwarz and Buzano related inequalities in inner product spaces,
see [1]-[4], [5]-[14], [22]-[26], [30]-[39], and the monographs [16], [17] and [18].

2 Vector inequalities for two operators

For a bounded linear operator T we use the concepts of absolute value and real
part of T defined as

T+T*
ITI = (T*T)"/? and Re (T) = J; (9)

We have the following vector inequality:
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Theorem 1 Let A,B two bounded linear operators on H such that Re (B*A)
is a nonnegative operator. Then for any x,y € H we have the inequality

AP +BE NVZ/IAP L [BE A\
I A N R

> (Re (B*A)x,x)"/? (Re (B*A) y,y)'"? (10)
2 2
+ ‘<W;|B|x,y> — (Re (B*A) x,y) ‘

Proof. Using Schwarz inequality we have
IAx = Bx|[* Ay — By||* > [{Ax — Bx, Ay — By)[? (11)
for any x,y € H.
Observe that
|Ax — Bx||* = (Ax, Ax) — (Ax, Bx) — (Bx, Ax) + (Bx, Bx)
= (A*Ax,x) — (B*Ax,x) — (A*Bx,x) + (B*Bx, x)

= (IAPx,%) + (BFx,x) = (B"A+ A"B)x, %) (12)
2 2
=2 [<A|—2me,x> — (Re (B*A) x, x)] >0

and, similarly,

2 2
Ay~ Byl =2 (P Py ) - e | 20 as)

for any x,y € H.
We also have

AP+ |BJ?

(Ax — Bx, Ay — By) :2[< 5

%u) - (Re(BA)| (9

for any x,y € H.
Using the inequality (11) and the equalities (12)-(14) we get

2
[<|A|2—2HB|X, x> — (Re (B*A) x, x)}

x [<Wy,y> - <Re(B*A)y,y>} (15)

2 2
>‘<|A| + |B]
= 2

2
X>y> - <R€ (B*A) X)U)
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for any x,y € H.
Since Re (B*A) > 0, then we have

<|A|2 + B

> x,x> > (Re (B*A)x,x) >0

and 5 5
|A|* + [B| .
<2 Y,y ) > (Re(B*A)y,y) >0

for any x,y € H.
Using the elementary inequality that holds for any real numbers a, b, c,d

(ac —bd)? > (a? — b?)(c? — d?),

AR+ (B2 \'?/IAR+ B 12
2 M 2 Uy

— (Re(B*A)x,x)"/*(Re(B*A)y, y)/?)?

(PP et A a

AI* +|BJ? .
X sz,y — (Re(B"A)y, )
for any x,y € H.

Making use of (15) and (16) we get

AR +[BE  \'?/IAR + B 172
2 0 2 9y

we have

— (Re(B*Ax,x)"?(Re(B*A)y,y)'/?)? (17)
(PR e ar |
for any x,y € H.
Since
<W"”‘>W<Ww>w > (Re(B*A)x,x)*(Re(B*A)y, y)"/*

for any x,y € H, then by taking the square root in (17) we get the desired
result from (10). O
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Corollary 1 With the assumptions in Theorem 1 we have

AP +[BP \VE/IAPHIBE VR | /IAR +[BP
2 ) 2 y)y 2 )y (18)

> (Re(B*A)x, x)"/2(Re(B*A)y,y)"/? — [(Re(B*A)x,y)| > 0

<|A|2 + B2 ‘/2<|A|2+ BE, >‘/2 A2 + B2 + BF >|
Xy X +
(19)
(Re(B*A)x,x)"/?(Re(B*A)y,y)"/? + |<Re(B*A y)|
for any x,y € H.
Proof. From the triangle inequality we have
Al* + B \ Al + B \
<||2|X,U> - <R€(B A)X>y> Z ‘<|2|X)y> - |<R€(B A)X)U>|
and
Al* + [BJ? ) \ Al* +|BJ?
(P55 P ) - (el Al )| = Rel® A )~ | (55 Py

for any x,y € H, which together with (10) produce the inequalities (18) and
(19). O

Remark 1 With the assumptions in Theorem 1 we have

1[<|A|2+|B|2X X>’/2<|A|2+|B|2y y>”2
2 2 2 (20)

2 2
N ‘<WJZF|B|X’y>H > [(Re(B*A)x, y)l

for any x,y € H.

If we assume that A is a bounded linear operator such that Re (Az) > 0,
then by taking B = A* above, we have the inequalities

AP +HIATE  \VE/IAR AT\
5 %X 5 YY

> (Re(A%)x,x)"/2(Re(A%)y,y)"/? (21)
|A]2 4 |A*]?
(AT

_|_

- <R€(A2)X,y> )
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AP + AP |A*|2 VEIAR AR  NVE L JIAR AR

Re(AZ)x x)"2(Re(A%)y,y)'/? — [(Re(A%)x,y)| > 0,

|A|2+|A* VEIAR AR VR IAR £ IBE
Re(A2>x x>‘/2<Re(A2)y,y>‘/2 + [(Re(A%)x, )l

ZKWZHA* > <|A|2+|A*|2 y> ) (24)

2 *|2
. ‘<|A+2|A|xy>u > [(Re(A2)x, )

and

for any x,y € H.
Assume that A is invertible, then by selecting B = (A~")* above and taking
into account that

|B|2 — B*B = Afl (A71)>k _ Afl (A*)f1 _ (A*A)fl _ |A|72

then from the above we get the inequalities

AR+ A2 \VY2/IAR + A2 172
fx,x fy,y

A2+ A (25)
> el i+ (2 ) — e,
AP HIA?  \VEJIARHIA Y
2 Y 2 y)y ( )
26
|A|2+|A|*
< % )| = ]yl =166 u)l = 0,
<|A|2+A| >‘/2<|A2+|A| >‘/2
Xy X Y,y
(27)

X Tyl =+ 10, )

‘<|A|2+|A| -2 >
+ X, Y
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AR+ A AR + A\
2+K<A+A >>}<> ") 29
2 )| = [x)]

for any x,y € H.
If A,B >0 with AB = BA, then from (10) we have

A?2+B2 \P/A24B2  \ 12
> %x) (=5 Wy

2 BZ
> (B, 2By (M Py ) - (A

+132XX 12 A2+82 YR/ A B
) y»U 2 )y (30)

> (ABx, x)"/?(ABy, y)l/z |(ABx,y)| > 0,

< <+WXX‘ <AL+W >V{+<AL+WX >
Y )U 2 ’y (31)

> (ABx,x)"/2(ABy,y)"? 4+ |(ABx, y)|

1[/A2+B2 \"?/A24+B2  \1?
2 2 X)X 2 y)y

A? +B?
+ ‘< 3 x,y>H > [(ABx, y)|

and

(29)

)

and

for any x,y € H.
We observe that if A = 11y and B = P, with P a projection on H, then we
obtain from (32)

1[/Tu+P \"* /1 +P V2144 P
ZK 5 x,X> <H2 y,y> +'<Hzx,y>H2|<Px,y>l (33)

for any x,y € H.
If e € H,||e|| =1 then by taking P = P, defined in the introduction, we get
the inequality

T2 4100 €0P T2l + 16w, 0] 1) + (s € erwil
> [(x,€){e,u)|

(34)
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for any x,y € H.
Since

106, 9) + () (e, u)] < L%, u) |+ 1(x, €) (e )
then by (34) we have
L0 R 2 IR+, e 7 Ho il e) e )] 2 s ebie il

which implies that

1 1/2 1/2
3 ([ + 1%, @02] 2yl + 1y, @) P2 + 1%, 0)) = I, ed(e,y)l - (35)
for any x,y € H.
We recall that U : H — H is a unitary operator if WU = UU* = 1y, If U
and V are unitary operators with Re (V*U) > 0, then by (20) we have
1 *
5 LIl + 106wl ] > [(Re (VU x, )| (36)

for any x,y € H.
In particular, if U is a unitary operator with Re (U) > 0 then by taking
V =1y in (36) we get
1
3 LRyl + 166 y)] > [(Re(W)x, )| (37)

for any x,y € H.

3 Inequalities for norm and numerical radius

Let (H; (- >) be a complex Hilbert space. The numerical range of an operator
T is the subset of the complex numbers C given by [27, p. 1]:

W(T) = {<TX>X>> x € H, HXH = ]}'
The numerical radius w (T) of an operator T on H is defined by [27, p. 8]:
w (T) = sup { Al y A€ W(T) } = sup {|<TX>X>|3 ”XH = ]}

It is well known that w (-) is a norm on the Banach algebra B (H) and the
following inequality holds true

w(T) <||IT|| £2w(T), for any T € B(H).

Utilising Buzano’s inequality (3) we obtained the following inequality for the
numerical radius [13] or [14]:
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Theorem 2 Let (H;(-,-)) be a Hilbert space and T:H — H a bounded linear
operator on H. Then

WA(T) < 2 [w(T 4+ T, (39)

The constant % is best possible in (38).

The following general result for the product of two operators holds [27, p.
37]:

Theorem 3 If W,V are two bounded linear operators on the Hilbert space
(H,<~,->), then w(UV) < 4w (U)w (V). In the case that UV = VU, then
w (UV) < 2w (W)w (V). The constant 2 is best possible here.

The following results are also well known [27, p. 38].

Theorem 4 If U is a unitary operator that commutes with another operator
V, then
w(UV) <w(V). (39)

If U is an isometry and UV = VU, then (39) also holds true.

We say that U and V double commute if UV = VU and UV* = V*U. The
following result holds [27, p. 38].

Theorem 5 If the operators U and V double commute, then
w(UV) <w (V) [[U. (40)
As a consequence of the above, we have [27, p. 39]:

Corollary 2 Let U be a normal operator commuting with V. Then
w(UV) <w(UWw (V). (41)

A related problem with the inequality (40) is to find the best constant c for
which the inequality
w(UV) <cw (U) ||V

holds for any two commuting operators U,V € B (H) . It is known that 1.064 <
¢ < 1.169, see [3], [35] and [36].
In relation to this problem, it has been shown in [25] that:
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Theorem 6 For any W,V € B (H) we have
(UV +VvUu
YT 2

For other numerical radius inequalities see the recent monograph [18] and
the references therein.

) < V2w (W) V] (42)

Theorem 7 Let A, B two bounded linear operators on H such that Re(B*A)
18 a nonnegative operator. Then for any U,V € B (H) we have

2 2N\ 1/2 2 2\ 1/2
IIVRe(B*A)UHS% <W+IB) u V(WHBI)

’ ? (43)
LUl (AR EBEY
2 ) )
NG 2, iy V2
w(VRe(B AU < || (AZHBEN Tl |y (A +IBE
: j : (44)
L (v (AEEBEY
2 2
and
A cmeN"2 AR+ BN 2.
w(VRe(B*AIU) < (2> u +‘(2) Ve
(45)

1 /A2 +[BJ?
(v (A5 )

Proof. From the inequality (20) we have

. et 1[/IAR + B VE/IAR4BE L L\
‘(Re(B A)lUx,V y>| < 7 KZUX, Ux fv y, V'y

Al? + BJ?
N <| | 2| |Ux,V*y>H

for any x,y € H, which is equivalent to
‘(VRe(B*A)Ux,y)‘

[/ e APHBE A2 AR+ BR L\
fzK” T2 W) VgV (46)

Al? + [BJ?
)|
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for any x,y € H.
Taking the supremum over x,y € H, ||x|| = ||y|| =1 we have

‘(VRe(B*A)Ux, y) ‘

I[VRe(B*A)U|| = sup
IxlI=llyll=1
1 2 B2 1/2 2 B2 1/2
S [(w AR N AR B
2 |x||=llyll=T 2 2

2 BZ
()|

AP+ [BP? 12 AP + (B V2o )
<u*| 2+ B UX’X> . <V| 2+ |V*y)y>
l[yll=1

|
< | sup
2| =1 2 2
Al? + [BJ?
IxlI=lyl=T 2
1/2 1/2
O, LA+ 1B A2+ B, A + B
Since
2 2 2 2N\ 1/2
AL BE (AL A (B u
2 2
and
2 g 2 BR 1/2
VIAI+| 'v*: |Al* + |B| e
2 2
then 12 12
2 2 2 2
u*IAI + |B| u _ |A|* + |B| u
2 2
and
1/2 1/2 1/2
AR+ BRI IAR+ B A2 + B2
VeV =il ) V=Vl

Using (46) we also have

1 Al + B2 2/ A1 +|BJ2 172
‘(VRe(B*A)Ux, x)‘ < 3 [<U.*||—2H|Ux,x> <V||—2H|V*X,x>
(48)

Al + [BJ?
+‘<V| | —ZH |UX,X>H
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for any x € H, [|x|| = T.
Taking the supremum over x € H, ||x| =1 we have

w(VRe(B*A)U) = sup ‘(VRe(B*A)Ux,x)‘
[Ix]|=1

AZ BZ 1/2 AZ BZ 1/2
sup <U*||+||Ux,x> sup <V||+||V*x,x>
lIx[I=1 lIx[|=1

2 2
AlZ + |BJ?

+ sup <V||+||Ux,x>’

IxlI=1 2

2 2\ 1/2 2 2N\ 1/2
T (AR BENYZ ]y (AR + 18I
2 2 2

A 2 2
W <V||+|B|U>]
2
and the inequality (44) is proved.

By the arithmetic mean — geometric mean inequality we have

AZ BZ 1/2 AZ BZ 1/2
< A+ B +| | X)X> <v' | ;\ lV*x,x>
AP + B2 AR + B]?
< [<U*| | —ZH | Ux,x>+<V|—2H|V*x,x>] (50)

1 2 Bz1/22 2 Bz1/2 2
(O25) = (5) v )

2
for any x € H, [|x|| = 1.
From (48) we have

1
< _
-2

(49)

N —

N |

|(VRe(B*A)Ux, x)|

2 2\ 1/2
1 |A|* + [B] u
-4 2

1 Al* +|BJ?
+ 3 '<V2Ux,x

2 2 2N\ 1/2
A B
(A

2} x,x> (51)

for any x € H, ||x|| = 1.
Taking the supremum over x € H, [[x|| = 1 in (51) we get the desired
inequality (45). O
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Corollary 3 If A,B > 0 with AB = BA, then for any U,V € B (H) we have

1| (A2 +B2\"? AZ 4 B2\
< —
wasur < (57) flv(725)

1 AZ + B? (52)
*zHV( 2 >“ !
2 2N\ 1/2 2 2\ 1/2
w(VABU) < L[ (AZEBY T ylflly (AR
2 2 2 (53)
—i—lw Vv A+ B u
2 2
and
2 aN1/2 2 2 o\ 1/2 2
wVABW) < || (AZEBYY Uy [(AEB) e
4 2 2
(54)

1 AZ + B2
+2w(v( : )u)

Remark 2 If we take in Corollary 3 A = 1y and B = P, a projection on H,
then we get

1 /1a+P\ "2 Tu+P\'"2
Iveul < || (FE0) v (2
2 2 2 (55)
1 Ty+P
w3 v (M)l
1/2 1/2
W(VPU)Sl Ty+P ull v Ty+P
2 2 2
1 Tw+P (56)
H
and
1/2 2 1/2 2
WVPU)Sl Ty+P ul + Ty+P Vv
4 2 2
(57)

()

Finally, we have:
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Corollary 4 Let T be a unitary operator with Re (T) > 0. Then for any U,V €
B (H) we have

1

IVRe Ty U]l < S[IUWIVI -+ VU], (58)
w(VRe (T)U) < %[HUH IVIF+w (VW) | (59)
and . :
w (VRe (T)U) < o || U+ [V ||+ 5w (V) . (60)
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Abstract. In the paper, the authors find necessary and sufficient con-
ditions such that a function related to the Catalan-Qi function, which is
an alternative generalization of the Catalan numbers, is logarithmically
complete monotonic.

1 Introduction

It is stated in [11, 40] that the Catalan numbers Cy for n > 0 form a sequence
of natural numbers that occur in tree enumeration problems such as “In how
many ways can a regular n-gon be divided into n — 2 triangles if different
orientations are counted separately?” whose solution is the Catalan number
Cn—2. The Catalan numbers C,, can be generated by
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2 =1 —4x
T+vV1T—4x 2x
One of explicit formulas of C,, for n > 0 reads that

AT +1/2)
- J/arm+2)°

o0
Z CaxX™ = T4+x+2+5+1dx - .
n=0

Cn

where ~
I'(z) :J 7 Te tdt, R(z) >0
0

is the classical Euler gamma function. In [8, 11, 40, 43], it was mentioned that
there exists an asymptotic expansion

c 4 1 21 145 1 1
R\ T sen Tagn T @

for the Catalan function Cj.
A generalization of the Catalan numbers C,, was defined in [9, 10, 16] by

d—l pno\ 1 pn
PP nn—1) (p—1n+1\n

for n > 1. The usual Catalan numbers C,, = ;d,, are a special case with p = 2.
In combinatorics and statistics, the Fuss-Catalan numbers Ay (p,r) are de-
fined [6, 45] as numbers of the form

T

An(par) = np —i—T‘(

np+r) _, Fnp+1)
n T4+ -1 +r+1)

It is easy to see that
An(2,1)=Cy, m2>0 and A,q(p,p)=pdn, n>1.

There have existed some literature, such as [2, 4, 5, 7, 12, 14, 18, 19, 20, 21,
41, 42, 45], on the investigation of the Fuss-Catalan numbers Ay (p,1).

In [31, Remark 1], an alternative and analytical generalization of the Catalan
numbers C,, and the Catalan function Cy was introduced by

y_T(®) (b Nz+a)
C(a,b;z) = Ma) (a) Tz D) R(a),R(b) >0, NR(z)>0.

For the uniqueness and convenience of referring to the quantity C(a,b;x),
we call the quantity C(a,b;x) the Catalan-Qi function and, when taking
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x =n > 0, call C(a,b;n) the Catalan-Qi numbers. In the recent papers [13,
15, 22, 24, 25, 29, 30, 31, 32, 33, 34, 39], among other things, some proper-
ties, including the general expression and a generalization of the asymptotic
expansion (1), the monotonicity, logarithmic convexity, (logarithmically) com-
plete monotonicity, minimality, Schur-convexity, product and determinantal
inequalities, exponential representations, integral representations, a generating
function, connections with the Bessel polynomials and the Bell polynomials
of the second kind, and identities, of the Catalan numbers C,, the Cata-
lan function Cy, the Catalan-Qi numbers C(a,b;n), the Catalan-Qi function
C(a,b;x), and the Fuss-Catalan numbers A, (p,r) were established. Very re-
cently, we discovered in [25, Theorem 1.1] a relation between the Fuss-Catalan
numbers Ay (p,r) and the Catalan-Qi numbers C(a, b;n), which reads that

T C(H;_]»V“)

[T727 C(¥5,15m)

An(P,T) =T

for integersm >0, p > 1, and v > 0.

Recall from [3, 26, 28, 38| that an infinitely differentiable and positive func-
tion f is said to be logarithmically completely monotonic on an interval 1 if it
satisfies 0 < (—1)*[n f(x)]® < oo on I for all k € N.

From the viewpoint of analysis, motivated by the idea in the papers [27,
35, 36, 37| and closely-related references cited therein, the author considered
in [23] the function Cqpix(t) = Cla+t,b + t;x) for t,x > 0 and a,b > 0 and
obtained the following conclusions:

1. the function Cqp«(t) is logarithmically completely monotonic on [0, co)
if and only if either 0 <x<lTanda<borx>1and a>Db,

2. the function m is logarithmically completely monotonic on [0, c0)

ifandonlyifeitherOSxS]andazborx21anda§b.

This implies the logarithmically complete monotonicity of [Ga,b;x(t)]i] int>0

u(t) =a+t
along with the ray ) + on the plane (u,v), where x > 0 and
v(it)=b+t
a,b > 0. Then one may ask a question: how about its logarithmically complete
u(t) =a+ «at
monotonicity along the ra; for o, p > 0 with (o 0,0
y along Y Vo) = b+ Bt Bz (x, ) # (0,0)

when x,t > 0 and a,b > 07 In other words, is the function

Cabie,p(t) = Cla+ at,b+pt;x), x>0, a,b>0
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of logarithmically complete monotonicity in t € [0,00)? When & = 3 # 0, this
question has been answered essentially by the above-mentioned conclusions
in [23]; when o = 0 or 3 = 0, this question has been answered virtually by [34,
Theorem 1.2] which states that the function [C(a,b;x)]*! is logarithmically
completely monotonic

1. with respect to a > 0 if and only if x = 1,
2. with respect to b > 0 if and only if x < 1.

In this paper, we will discuss the rest cases &, 3 > 0 and « # 3 of the above
question. Our main results can be formulated as the following theorem.

Theorem 1 If and only if x =0 and >0, orax >0 andp =0, orax=f3 >
0, the function Cqpixa,p(t) is of some logarithmically complete monotonicity.
Concretely speaking,

1. the function [C(a,b;x)|*" is logarithmically completely monotonic

(a) with respect to a > 0 if and only if x = 1
(b) with respect to b > 0 if and only if x §

2. the function Cqpx(t) is logarithmically completely monotonic on [0, 00)
if and only if either 0 < x<Tanda<borx>1and a>b,

3. the function ﬁ is logarithmically completely monotonic on [0, 00) if
and only zfe@ther0<x<1 anda>b orx>1and a<b.

2 Proof of Theorem 1

Taking the logarithm of Cqpx.a,p(t) and differentiating with respect to t give

’ 1 1
[In Cq piga,p (t)]” = W(Bt +b) —P(axt + a) +X<[3t+ b ot+ a)

+ Pt +x+a)—Pp(pt+x+b).

Making use of
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in [1, p. 259, 6.3.21] leads to

oo e—(a+oct)u _ e—(b+[3t)u

In ea,b;xmﬁ(t”/ - Jo 1—eu du

+x Joo |:ef(b+[5t)u o ef(a+oct)u} du
0

) e—(b+[5t)u _ e—(a+oct)u
+ J e du
0

]—e v
0 . N e*(b‘i’ﬁt)u - ef(aﬂxt)u
_L e T x-S S du
/1] e U 1 e xu e*(bJrBt)u o ef(a+oct)u
= XJ < — ) — udu.
0 u xu 1—ev

l—e ™
u

It is easy to see that the function is positive and strictly decreasing on

(0, 00). Hence,
T—e™ 1—e ¢

u xu

AV
o

(2)

for u € (0,00) if and only if x ; 1.

Recall from [17, Chapter XIII], [38, Chapter 1], and [44, Chapter IV] that
an infinitely differentiable function f is said to be completely monotonic on
an interval I if it satisfies 0 < (—1)*f™(x) < oo on I for all k > 0. It is
not difficult to see that a positive function f is logarithmically completely
monotonic if and only if the function —(Inf)’ is completely monotonic. The
famous Bernstein-Widder theorem, [44, p. 160, Theorem 12a], states that a
necessary and sufficient condition that f(x) should be completely monotonic
in 0 < x < oo is that f(x f >t d «(t), where « is bounded and non-
decreasing and the above 1ntegral converges for 0 < x < oo. Therefore, it is
sufficient to find necessary and sufficient conditions on a,b > 0 and &, 3 > 0
with « #  for the function

rlatot)u
e (b+Bu _ —(atatju _ e dv

J(b+Bt)u
rl

— | [[a=1b) + (0 — p)tiue 1=s)o+BOFs(atat]u g ¢
JO
1

= [( b) + (CX B) [(1—s)B+sodu ue*[ﬂfs)bjtsa]uds
Jo

to be completely monotonic in t € [0, co) for all u € (0, c0).
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By induction, we obtain

k)

[(A+Bt)e P]™ = (—1)*D*"(BDt + AD —kB)e P!, k>0,

where A, B, D are real constants. Accordingly, the function (A + Bt)e P! is
completely monotonic in t € [0, c0) if and only if AJB >0, D > 0, and

D*'(BDt+AD —kB) >0, k>0, tel0,o00). (3)

Simply speaking, the function (A + Bt)e P! is completely monotonic in t €

[0,00) if and only if A > 0, B =0, and D > 0. Applying A to a — b, B to
x—B, and D to [(1—s)B + salu yields that the function e~ (P+Ptu _ g—(a+atiu
is completely monotonic in t € [0, 00) if and only if a > b, « = 3, and &, 3 > 0
with (a, B) # (0,0). Combining this result with the inequality (2) and with the
proofs of [23, Theorem 1.1] and [34, Theorem 1.2] concludes that, if and only
ifo=0and B >0,or x >0and 3 =0, or «=f >0, the function Cqpx;a,p(t)
is of some logarithmically complete monotonicity. The proof of Theorem 1 is
thus complete.
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Abstract. Using Euler-type identities some new generalizations of Stef-
fensen’s inequality for n—convex functions are obtained. Moreover, the
Ostrowski-type inequalities related to obtained generalizations are given.
Furthermore, using inequalities for the Cebysev functional in terms of the
first derivative some new bounds for the remainder in identities related
to generalizations of Steffensen’s inequality are proven.

1 Introduction

Firstly, we recall the well-known Steffensen inequality which reads (see [11]):

Theorem 1 Suppose that f is nonincreasing and g is integrable on [a,b] with
0<g<Tand A= fz g(t)dt. Then we have

a+A

b b
J f(t)dt < J f(t)g(t)dt < J f(t)dt. (1)
b—A a a
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The inequalities are reversed for f nondecreasing.

Mitrinovié stated in [8] that the inequalities in (1) follow from the identities

a+A b
J f(t)dt—J f(t)g(t)dt

a+A
:J [f(t) — f(a+ A1 —g(t)]dt~|—J )\[f(a—i—?\)—f(t)]g(t)dt
a a+

and

b b
J f(t)g(t)dt — J f(t)dt

a b—A . (3)

b—A
= J [f(t) — f(b—A)lg(t)dt + L A[f(b —A) — ()1 — g(t)]dt.

In [4] Dedi¢, Mati¢ and Pecari¢ derived Euler-type identities which extend
the well known formula for the expansion of an arbitrary function in Bernoulli
polynomials.

Theorem 2 Let f: [a,b] — R be such that f{™1) is continuous function of
bounded variation on [a,b] for some n > 1. Then for every x € [a,b] we have

b
f(x) = ﬁ J f(t)dt + T (x) + RL(x) (4)

and

b
00 = o | f(0dE+ T30 + R ), 9

where To(x) =0, and forT<m<n

k! b—a
k=1
(b—a)™! J x—t »
Ri(x) = — B! afm
TL(X') n' [a’b} n b —a ( ))
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Here, Bi(x), k > 0 are the Bernoulli polynomials, By, k > 0 are the Bernoulli
numbers and B (x), k > 0 are periodic functions of period one, related to the
Bernoulli polynomials as

Br(x) = Bk(x), 0<x<1

and
Br(x+1) = Bg(x), x€R.

Let us recall some properties of the Bernoulli polynomials. The first three
Bernoulli polynomials are
1 1
_E) BZ(X):XZ_X+ga
and
B/ (x) =nBn_q(x), n € N.

Bj(x) is a constant equal to 1, while Bj(x) is a discontinuous function with
a jump of —1 at each integer. For k > 2, B{(x) is a continuous function.

For more details on Bernoulli polynomials and Bernoulli numbers see [1] or
[7].
Next, let us recall the definition of the divided difference.

Definition 1 Let f be a real-valued function defined on the segment [a,b]. The
n—th order divided difference of the function f at distinct points Xgy...,Xn €
la, b], is defined recursively by

[X'L;ﬂ = f(xi)> (1 = 0,...,TL)

e [ -1 f
X1y oy Xny Tl — [X0y - ooy X1
[XO,--->Xn}ﬂ: 1y y A 0y y *n—1 )
Xn — X0
The value [x,...,Xxn;f] is independent of the order of the points xg, ..., Xn.

The previous definition can be extended to include the case in which some or
all of the points coincide by assuming that xg < --- < x,, and letting

£0) (x)
j!

) (6)

X, ...,x;f] =
H/_/

(j+1) times

provided that f0) exists.
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In this paper we use Euler-type identities given in Theorem 2 to obtain some
new identities related to Steffensen’s inequality. Using these new identities we
obtain new generalizations of Steffensen’s inequality for n—convex functions.
In Section 3 we give the Ostrowski-type inequalities related to obtained gen-
eralizations. In Section 4 we prove some new bounds for the remainder in
obtained identities using inequalities for the Cebysev functional in terms of
the first derivative. Further, in Section 5 we give mean value theorems for
functionals related to obtained new generalizations of Steffensen’s inequality
for n—convex functions. In Section 6 we use previously defined functionals to
construct n—exponentially convex functions. We conclude this paper with the
applications to Stolarsky-type means.

Throughout the paper, it is assumed that all integrals under consideration
exist and that they are finite.

2 (Generalizations of Steffensen’s inequality via Euler-
type identities

The aim of this section is to obtain generalizations of Steffensen’s inequality
for n—convex functions using the identities (4) and (5). We begin with the
following result:

Theorem 3 Let f: [a,b] — R be such that {1 is continuous function of
bounded wvariation on [a,b] for some n > 2 and let g : [a,b] — R be an
integrable function. Let A = IZ g(t)dt and let the function Gy be defined by

JL(1—=g(t))dt, xela,a+Al,

Gilx) = {jf g(t)dt, x € [a+ A, bl. (@)

Then

a+A b
J f(t)dt—J f(t)g(t)dt
: )kfz

_ b _
3 St ([ et (F=5) @) ) - Vil s

a

_ yn—2 rb b .
_ MJ <J G1(x)B | (;_ D dx> £ (t)dt.
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Proof. Applying integration by parts and then using the definition of the
function Gy, the identity (2) becomes

a+A b
J f(t)dt—J f(t)g(t)dt

a a

_ J:M (Eu _ g(t)dt> df(x) — L};A <Jb g(t)dt> df(x)

b
= —J G1(x)f'(x)dx.

a

Now applying the identity (4) on the function f’ we obtain

g = 0L =) g (o Oy (3=2) 900~ ()

b—a
k=1

n1 b
—t
JB (X )f“‘*”(t)dt
1

(9)
v (b )k X—a\ (x)
-3 (b_ a) [#9(b) — £ (a)]
n— b
0 _13) 1J ;(;:D f () dt

Hence, using (9) we obtain

Gy (x)f'(x)dx

n a1 /(P _
Z 5 (J Gmx)Bk(g_i)dx) f9(b) — Y@ (10)

a

=0
_ 4\yn—1 b b -
_ (b n(T) J'(1 Gy (X) <Ja B; <g_z‘> f(nJr])(t)dt) dx.

=] o

Applying Fubini’s theorem on the last term in (10) and replacing n with n—1
we obtain (8). This identity is valid forn —1>1,ie.n > 2. O

Similarly, using the identity (5) the following theorem holds.

Theorem 4 Let f : [a,b] — R be such that {1 is continuous function of
bounded variation on [a,b] for some n > 2 and let g : [a,b] — R be an
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integrable function. Let A = f g(t)dt and let the function Gy be defined by
(7). Then

a+A b
J f(t)dt—J f(t)g(t)dt

a a

n—1
" a) (Jmex)Bk] <§:2> dx> (6 (o) — f (@) (11)

k=1
_ 42 b —
=“En‘”m J(J 9 (5=0) ~v (=)o) o

We continue with the results related to the identity (3).

Theorem 5 Let f: [a,b] — R be such that f{™1) is continuous function of
bounded variation on [a,b] for some n > 2 and let g : [a,b] — R be an

integrable function. Let A = f g(t)dt and let the function G, be defined by

Jaalt x € [a,b— Al
o= {f “*9( ))dt, x € [b—A,bl (12)

Then

b b
J f(t)g(t)dt—J f(t)dt

a b—A

n (b— a)kfl b Y —a ) o
+ ; W qa G2(x)Bx_1 <b a> dX) x [f (b) —f (a)] (13)

_ 4yn—2 b b _
_ “'En_“)wj <J Ga(x)B%_, <;_ Z) dx> f (t)dt.

Proof. Similar to the proof of Theorem 3 applying integration by parts on
the identity (3) and then using the identity (4) on the function f’. O

Theorem 6 Let f : [a,b] — R be such that {1 is continuous function of
bounded wvariation on [a,b] for some n > 2 and let g : [a,b] — R be an
integrable function. Let A = f g(t)dt and let the function G, be defined by
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(12). Then
b b
J f(t)g(t)dt—J f(t)dt
a b-A
n-l o k=2 /b _
k=1 : a
_ -2 b b _ -
- MJ <J G20 [ n (;— 3) ~ Bn <E - 2)] dX) £ (t) dt.

Proof. Similar to the proof of Theorem 5 using the identity (5) on the function
. O

Using previously obtained identities we can obtain the following generaliza-
tions of Steffensen’s inequality for n—convex functions.

Theorem 7 Let f : [a,b] — R be such that {1 is continuous function of
bounded wvariation on [a,b] for some n > 2 and let g : [a,b] — R be an
integrable function. Let A = fz g(t)dt and let the function Gy be defined by
(7).

(i) If f is n—conver and

b % x—t
J G1(x)Br_q () dx >0, tela,bl, (15)
a b—a
then

a+A

b
J f(t)g(t)dt < J f(0)dt

a a
n

(b— a)k—z b ‘—a . -
+;(k—1)! (J G1(x)Bi-1 <b—a> dx> (b)) — £ (a)).

a

(i) If f is n—convex and

b
J G1(x) [ 1 <;__Z> — B (;:2)] dx >0, tela,b]l, (17)
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Proof. If the function f is n-convex, without loss of generality we can assume
that f is n—times differentiable and f™ > 0 see [10, p. 16 and p. 293]. Now
we can apply Theorem 3 to obtain (16) and Theorem 4 to obtain (18). O

Similarly, applying Theorems 5 and 6 we obtain the following generalizations
of Steffensen’s inequality for n—convex functions.

Theorem 8 Let f : [a,b] — R be such that {1 is continuous function of
bounded wvariation on [a,b] for some n > 2 and let g : [a,b] — R be an

integrable function. Let A = IZ g(t)dt and let the function G, be defined by
(12).

(i) If f is n—convex and

b
J Ga(x)Bj_ 1(;:;) dx >0, tela,bl, (19)

then

b b

J f(t)g(t)dt >J f(t)dt

a b—A
n a)2 /(P x—a (20)
=Y Bt ([ eatmi (F22) ax) i i) - £

k=1

(i1) If f is n—convex and

J~bGz( )[ (b:t)_Bn_] <E:Z>] dx >0, telabl, (21)

then

b b
J f(t)g(t)dt EJ f(t)dt

a b—A

n—1 _
k 2 <Jb Gy (x)By (;:Z) dx> [f(kJ)(b) _f(kfﬂ(a)]'

k=1

(22)

3 Ostrowski-type inequalities

In this section we give the Ostrowski-type inequalities related to generaliza-
tions obtained in the previous section.
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Theorem 9 Suppose that all assumptions of Theorem 3 hold. Assume (p,q)
is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q = 1. Let
‘f(“)‘p : [a,b] = R be an R-integrable function for some n > 2. Then we have

J dtJ f(t)g(t)dt

Z a)” (Jb G1 (B 1 (; = ‘;) dx> [#%D(b) — £ ()]

=1
b— b —t q %
S((naHf I, <L LG‘( X) n1<g_a>dx dt) .

The constant on the right-hand side of (23) is sharp for 1 < p < oo and the
best possible for p = 1.

(23)

Proof. Let us denote

_(b—a)“_2 X —
et = o [ omi (575

Using the identity (8) and applying Holder’s inequality we obtain

J t)dt —J f(t)g(t)dt

Z Q) (Jb G108t (5= ) ax) o) — 1 Va)
—1 a

b b H
J C(t)f(“)(t)dt‘ < [IF™]), (J C (1) dt)

1
For the proof of the sharpness of the constant (fz |C(t)]4 dt) 4 let us find a

function f for which the equality in (23) is obtained.
For 1 < p < oo take f to be such that

() = sgn C(1) IC(1)]7 .
For p = oo take f™(t) = sgn C(t).
For p =1 we prove that

b b
J C(t)f“ﬂ(t)dt‘ < max [C(t)| <J f“”(t)‘dt) (24)

a te [(l,b} a




112 J. Pecari¢, A. Perusi¢ Pribani¢, K. Smoljak Kalamir

is the best possible inequality. Suppose that |C(t)| attains its maximum at
to € [a, b]. First we assume that C(tp) > 0. For ¢ small enough we define f,(t)
by
O) a<t< to,
fe(t) = ¢ q(t—to)", to<t<to+e,

Tt—to)™!, to+e<t<h.

Then for ¢ small enough

Jb C(t)f(“)(t)dt’ =

a

to+e 1 1 tote
J C(t)dt‘ = J C(t)dt.

to € to
Now from the inequality (24) we have

to+e

]th Clt)dt < C(tO)J

€ to to

—dt = C(tp).
£

Since,

1 to+e
limJ C(t)dt = C(to)

e—0 & tO
the statement follows. In the case C(tg) < 0, we define f.(t) by

%(t—to—ﬁ)n_]n a <t <,
fe(t) = —L(t—to—e)", to<t<to+e,
0, to+e<t<b,
and the rest of the proof is the same as above. O

Using the identity (11) we obtain the following result.

Theorem 10 Suppose that all assumptions of Theorem 4 hold. Assume (p, q)
is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q = 1. Let
‘f(“)‘p : [a,b] = R be an R-integrable function for some n > 2. Then we have

a+A b
J f(t)dt—J f(t)g(t)dt

a a

n—l . k=2 /b .
3 St (| e (=0 ) ax) 1 o) Vi

[on
\
o
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The constant on the right-hand side of (25) is sharp for 1 < p < co and the
best possible for p = 1.

Similarly, we obtain the following Ostrowski-type inequalities related to re-
sults given in Theorems 5 and 6.

Theorem 11 Suppose that all assumptions of Theorem 5 hold. Assume (p, q)
is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q = 1. Let
‘f(“)‘p : [a,b] = R be an R-integrable function for some n > 2. Then we have

b b

f(t)g(t)dt — L_A f(t)dt

3 o ([ aoms (22 ) av) 1 0) — £ )

k-1 \J,
(b_a)niz n be % x—t q %
St e ([ ] s (325 ) o )

The constant on the right-hand side of (26) is sharp for 1 < p < oo and the
best possible for p = 1.

Theorem 12 Suppose that all assumptions of Theorem 6 hold. Assume (p, q)
is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q = 1. Let
‘f(“)‘p : [a,b] = R be an R-integrable function for some n > 2. Then we have

b b
J f(t)g(t)dt —J f(t)dt

a b—A

(b_a)n—l n b b * x—t
e s T )HP<LHQ GZ(X)[B“1<b—a>

_ a N3
—Bn_1<x a)]dx dt>q.
b—a

The constant on the right-hand side of (27) is sharp for 1 < p < oo and the
best possible for p = 1.
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4 Generalizations related to the bounds for the
Cebysev functional

Let f,h : [a,b] — R be two Lebesgue integrable functions. By T(f,h) we
denote the Cebysev functional

b b b
T(f,h) ::b] J f(t)h(t)dt — ] J f(t)dt - b] J h(t)dt.

—aj, b—al, —aj,

In [3] Cerone and Dragomir proved the following bound for the Cebysev
functional.

Theorem 13 Let f : [a,b] — R be a Lebesque integrable function and h :
la, b] — R be an absolutely continuous function with (-~—a)(b—)[h']% e Lla, b].
Then we have the inequality
1 b , 2 %
—_— x—a)(b—x)[h'(x)]7dx | . 28
e ([ - a—ameora) . e

The constant %& in (28) is the best possible.

=

T(f,h) < £, 7)]

:
E[T(

Also, Cerone and Dragomir [3] proved the following inequality of Griiss type.

Theorem 14 Assume that h : [a,b] — R is monotonic nondecreasing on
la,b] and f: [a,b] — R is absolutely continuous with f' € Lyla,b]. Then we
have the inequality

1 b
T(f,h)] < z(b_a)Hf’HooL(x—a)(b—x)dh(x). (29)

The constant % in (29) is the best possible.

In the sequel we use the aforementioned bound for the Cebysev functional
to obtain generalizations of the results proved in Section 2.
Firstly, let us denote

b _
Hy (1) :J G1(x)B" | <;‘_Z> dx. (30)
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Theorem 15 Let f : [a,b] — R be such that £ s absolutely continuous
function for some n > 2 with (- — a)(b )[f(“ﬂ)]z € Lla,b] and let g be an
integrable function on [a,b]. Let A = f g(t)dt and let the functions Gy and
H; be defined by (7) and (30). Then

a+A b
f(t)dt—J f(t)g(t)dt

a

N k2 scb
# Y B (] sromen (322 ax) Vi) - Nal o

a

Hy (t)dt = S (f;a,b)

where the remainder S) (f;a,b) satisfies the estimation

]S‘ (f;a b)\ < wﬁm] Hy))2 Jb(t—a)(b—t)[f(n+‘](t)]2dt’2
nth & = \/Z(TL—])! ) . .
(32)
Proof. Applying Theorem 13 for f — H; and h — ™) we obtain
1 (® 1 (b 1 (°
J H; (1) f™(t )dt—J H;(t)dt - J £ () dt
b—al), b— b—al,
T(Hi, H t— b—tfm“)tzmw
< S5t | [ =)o — o)

Hence, if we subtract

boam? 1 [0 L
(m—T1)! ‘b—aJ H1(t)dt.b—aJ'af (t)dt

43 b

from both side of the identity (8) and use the inequality (33) we obtain the
representation (31). O

Similarly, using the identity (11) we obtain the following result. Let us de-

note . - o
@](’[)ZJ Gi(x )|: (b— >—Bn1 <b— ):| dx. (34)
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Theorem 16 Let f : [a,b] — R be such that £ s absolutely continuous
function for some n > 2 with (- — a)(b )[f(“ﬂ)]z € Lla,b] and let g be an
integrable function on [a,b]. Let A = f g(t)dt and let the functions Gy and
®; be defined by (7) and (34). Then

a+A b
J f(t)dt—J f(t)g(t)dt

a a

n—1 —
+ W (J T Gi0Bi (X: 3) dx> () — V() (35)

where the remainder S2(f; a,b) satisfies the estimation

1

b 2
j (t—a)(b — O™ ()2 at

a

N|=

) (b—a)" 2
Sifiab)| < St

We continue with the results related to the identities (13) and (14). Let us
denote

[T(Dq, D4)]

b _
Halt) = | GatuBi s (5= ) ax (36)

a

(Dz(t):EGz()[ (;‘_t>—}3 <E_ )]dx (37)

Theorem 17 Let T : [a,b] — R be such that £ s absolutely continuous
function for some n. > 2 with (- — a)(b — -)[f™*1]2 € L[a, b] and let g be an
integrable function on [a,b]. Let A = fz g(t)dt and let the functions Gz, H;
and @3 be defined by (12), (36) and (37) respectively. Then

(i)

Jb f(t)g(t)dt — Jb f(t)dt

b—A

Z o (J " Gax)By (E: D dx) (1) =1 ia)l (38)

b —a)" [ V(b) — f*D(a)] (°
( —1)! J

and

Hy(t)dt = S (f;a,b)

a
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where the remainder S3.(f; a,b) satisfies the estimation

1

— a3 [P 2
S0, < Ot M || = ab i) Pa
(i
b b
J f(t)g(t)dt—L_}\ f(t)dt

n—1
(b o a)ku b X —a _ _
+ Z1 N (J G20Bi (b - a> dx> [ (o) — £ (a)] (39)

—
Il

_ A \n=37¢(n—-1) _ f(n—1) b
e =T Moy = shifa,b)
(TL—])! a

where the remainder Sfl(f; a,b) satisfies the estimation

1

b
J (t— a)(b — IF™ (02 dt

a

N|=

Sk(f5a,b)| <

(bz_ o [T(Dy, Dy)]

V2n—1)!

Proof. Similar to the proof of Theorem 15. U
The following Griiss type inequalities also hold.

Theorem 18 Let f: [a,b] — R be such that £ (n > 2) is absolutely contin-
uous function and f™1) >0 on [a,b]. Let the function Hy be defined by (30).
Then we have the representation (31) and the remainder S} (f;a,b) satisfies
the bound

b— n—1 f(n—l) b f(n—l)
‘SL(f; a,b)‘ g L IH{\Ioo{ (b) + (@) _ [a,b;f("fz)} :

(n—1)! |

2
(40)
Proof. Applying Theorem 14 for f — H; and h — ™ we obtain
1T 1T (° 1 (°
J Hi (1) ™ (t)dt — J H;(t)dt - J M (t)dt
b—al, b—al, b—al, (41)

<4J—4mw ru—mw—umﬂth
“20b-a) "), '
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Since

b b
J (t—a)(b—t)f™ (¢t )dt—J 2t — (a + b)IF™(t)dt

a a

= (b—a) [ (L) + f" ()| -2 (f"H(p) - 1" (a)).
Using the representation (8) and the inequality (41) we deduce (40). O

Theorem 19 Let f: [a,b] — R be such that £(n) (n > 2) is absolutely contin-
uous function and f™1) >0 on [a,b]. Let Hy, @1 and @, be defined by (30),
(34) and (37), respectively. Then we have the representations (35), (38) and
(39) where the remainders St (f;a,b),i = 2,3,4 satisfy the bounds

b—a)! =1 (p (n—1)
‘Si(f;a,b)’ < ((n_a)])!|®1/”oo {f ( )ﬂsz (@) [a,b;f(“_z)} },

—a)v! (n—T1) (n—1)
(si(f;a,b)(gmwnm{f )¢ (a)_[a)b;f(nzq}

and

—a)v! (n—1) (n—1)
‘Sfl(f; a,b)} < (b}na)“pz”w {f (b) erf (a) [a,b;f(“’z)} }

5 Mean value theorems

Motivated by inequalities (16), (18), (20) and (22), under the assumptions of
Theorems 7 and 8 we define the following linear functionals:

a+A b
Li(f) = J f(t)dt —J f(t)g(t)dt

a a

+ G xB_< )dx)[f_(b)—f_(a)]
- ) 1 L
a+A b
L,(f) :J f( )dt—J f(t)g(t)dt
a a (43)
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b b
Lg(f):J f(t)g(t)dt—J f(t)dt

a b—A
n Q)2 /b (44)
x—a 1) (k=1)
# Y B (] et (322 ax) i) -+ Ve
= a b—a
b b
L4(f) :J f(t)g(t)dt—J f(t)dt
a b—A
n—1 k—Z b Xx—a (45)
+ (J Ga(x)By_1 ( ) dx) [ (1) — 1 (a)].
a b—a
k=1
Remark 1 We have Li(f) > 0,i=1,...,4 for all n—convex functions f.

Now, we give the Lagrange-type mean value theorem related to defined
functionals.

Theorem 20 Let f: [a,b] — R be such that f € C*[a,b]. If the inequalities
n (15) i=1), (17) (i =2), (19) (i = 3) and (21) (i = 4) hold, then there
exist &; € [a,b] such that

Li(f) = fM(&)Li(e), i=1,...,4 (46)
where @(x) = % and Li, i=1,...,4 are defined by (42)-(45).
Proof. Let us denote

m= min fY(x) and M = max f™(x).
x€la,b] x€[a,b]

For a given function f € C"[a,b] we define the functions Fi,F; : [a,b] — R
with

Fi(x) = MtP(X) —f(x) and Fp(x) = f(x) — me(x).
Now F"(x) =

1,...,4 and then L; ( )
conclude m-Li(p) <
If Li(e) = 0, then (46)

" (x) > 0, so from Remark 1 we conclude Li(F;) > 0,1 =

< M-Li(@). Similarly, from FJ") (x) = ™ (x)—m > 0 we
Li(f). Hence, m-Li(@) < Li(f) < M- Li(p),i=1,...,4.
holds for all &; € [a, b]. Otherwise,

m <

<M, i=1,...4.
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Since f™ is continuous on [a, b] there exist & € [a,b], i = 1,...,4 such that
(46) holds and the proof is complete. O

We continue with the Cauchy-type mean value theorem.

Theorem 21 Let f,F : [a,b] —> R be such that f,F € C"[a,b] and F™ £ 0.
If the inequalities in (15) (1 =1), (17) (1 =2), (19) (i =3) and (21) (1 =4)
hold, then there exist &; € [a, b] such that

= L i=1,...,4 (47)

where Ly, 1=1,...,4 are defined by (42)-(45).

Proof. We define functions ¢i(x) = f(x)Li(F) — F(x)Li(f), i = 1,...,4. Ac-
cording to Theorem 20 there exist &; € [a, b] such that

Lild) = oV (E)Lil@), i=1,...,4.
Since Li(¢;) = 0 it follows that f™(&)Li(F) — F™(&)Li(f) = 0 and (47) is

proved. O
6 m—exponential convexity

Let us begin by recalling some definitions and results related to n—exponential
convexity. For more details see e.g. [2], [6] and [9].

Definition 2 A function { : I — R is said to be n-exponentially convex in
the Jensen sense on I if

Z E185 ) <X‘+XJ) >0,

=1

holds for all choices of & € R andxi€ I,i=1,...,n
A function P : 1 — R is said to be n-exponentially convex if it is n-
exponentially convex in the Jensen sense and continuous on 1.

Remark 2 It is clear from the definition that 1-exponentially convex func-
tions in the Jensen sense are in fact nonnegative functions. Also, n-exponentially
convex functions in the Jensen sense are k-exponentially convex in the Jensen
sense for every k € N; k <n.
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Definition 3 A function P : I — R is said to be exponentially convex in the
Jensen sense on I if it is n-exponentially convex in the Jensen sense for all
neN.

A function : I — R is said to be exponentially convex if it is exponentially
convez in the Jensen sense and continuous.

Remark 3 It is known that P : I — R is log-convex in the Jensen sense if

and only if

x+y
2

holds for every o, 3 € R and x,y € I. It follows that a positive function is
log-convex in the Jensen sense if and only if it is 2-exponentially convex in the
Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

o P(x) + 2B < ) + BMp(y) >0,

Proposition 1 If f is a convex function on 1 and if x; <y1, x2 <Yz, X1 #
X2, Y1 # Yz, then the following inequality is valid
fixa) —f(x1) _ fly2) —fly1)
X2—X1 Y-y

If the function f is concave, the inequality is reversed.

We use defined functionals L;, 1 = 1,...,4 to construct exponentially con-
vex functions. An elegant method of producing n— exponentially convex and
exponentially convex functions is given in [9]. In the sequel the notion log
denotes the natural logarithm function.

Theorem 22 Let O = {f, : p € J}, where J is an interval in R, be a fam-
ily of functions defined on an interval 1 in R such that the function p —
[X0y -+« y Xm; fpl is n—exponentially convex in the Jensen sense on ] for every
(m+ 1) mutually different points xgy...,xm € I. Let Li, i =1,...,4 be linear
functionals defined by (42) —(45). Then p — Li(fp) is n—exponentially convex
function in the Jensen sense on J.

If the function p — Li(fp) is continuous on J, then it is n—exponentially con-
vex on J.

Proof. For £ € R and p; € ],j =1,...,n, we define the function

Y(x) = Z E»)'E»kfb";& (x).

],k:]
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Using the assumption that the function p — [xo, ..., Xm; fp] is n-exponentially
convex in the Jensen sense, we have

[XO>---)XTTU Z E]Evk X0y - Xmafpfrpk] > 0,
jrk=1

which in turn implies that ¥ is a m-convex function on J, so Li(¥) > 0,

i=1,...,4. Hence
Z &ExLs <fp]+pk> > 0.

j,k=1

We conclude that the function p — Li(f,) is n-exponentially convex on | in
the Jensen sense.

If the function p +— Li(fp) is also continuous on J, then p — Li(fp) is n-
exponentially convex by definition. O

As an immediate consequence of the above theorem we obtain the following
corollary:

Corollary 1 Let QO = {f, : p € J}, where ] is an interval in R, be a fam-
ily of functions defined on an interval 1 in R, such that the function p +—
[X0y ...y Xm; fpl is exponentially convex in the Jensen sense on | for every
(m -+ 1) mutually different points Xoy...,xm € 1. Let Lj, i=1,...,4, be linear
functionals defined by (42)-(45). Then p — Li(f,) is an exponentially convex
Junction in the Jensen sense on J. If the function p — Li(fp) is continuous on
J, then it is exponentially convex on J.

Corollary 2 Let QO = {fy, : p € J}, where ] is an interval in R, be a fam-
ily of functions defined on an interval I in R, such that the function p —
[X0y + ++yXm; fpl 45 2-exponentially convex in the Jensen sense on ] for every
(m + 1) mutually different points xgy...,xm € 1. Let Li, i =1,...,4 be linear
functionals defined by (42)-(45). Then the following statements hold:

(i) If the function p — Li(fp) is continuous on ], then it is 2-exponentially
convex function on J. If p — Li(fy) is additionally strictly positive, then
it is also log-conver on J. Furthermore, the following inequality holds
true:

[Li(f )] < [Li(f)] S IL(F)1ST, i=1,...,4

for every choice vys,t € ], such that v < s < t.
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(i) If the function p — Li(fp) is strictly positive and differentiable on J,
then for every p, q,u,v € J, such that p <u and q < v, we have

Hp,q(Li, Q) < (L, Q), (48)
where :
Li(fp) \ P—d
Hp»q(Li»Q) = (Li(fq)ddLi(fp)) P7 v (49>
eXp( Ei(p) >» P=q,
for f,,fq € Q.
Proof.

(i) This is an immediate consequence of Theorem 22 and Remark 3.

(ii) Since p — Li(fp) is positive and continuous, by (i) we have that p —
Li(f,) is log-convex on J, that is, the function p — log Li(fp) is convex
on J. Applying Proposition 1 we get

log Li(fp) —log Li(fq)  log Li(fy) —log Li(fy)

P—d - u—v ’ (50)
for p <u,q <v,p # q,u #v. Hence, we conclude that
Hp,a(Li, Q) <y (Li, Q).
Cases p = q and u = v follow from (50) as limit cases.
O

Remark 4 Results from the above theorem and corollaries still hold when two
of the points xg,...,xm € I coincide, say x; = x¢, for a family of differentiable
functions f, such that the function p — [xo,...,Xm;fp] is n-exponentially con-
vex in the Jensen sense (exponentially convex in the Jensen sense, log-convex
in the Jensen sense), and furthermore, they still hold when all m + 1 points
coincide for a family of n differentiable functions with the same property. The
proofs use (6) and suitable characterization of convexity.
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7 Applications to Stolarsky type means

In this section, we present some families of functions which fulfil the conditions
of Theorem 22, Corollary 1, Corollary 2 and Remark 4. This enables us to
construct a large families of functions which are exponentially convex. For a
discussion related to this problem see [5].

Example 1 Let us consider a family of functions

O ={fp:R—=R:pecR}

£(x) = {

Since ‘g;fl’ (x) = eP* > 0, the function f, is n-convex on R for every p € R

and p — ‘i;jf (x) is exponentially convex by definition. Using analogous ar-
guing as in the proof of Theorem 22 we also have that p — [xo,...,xn;fpl is
exponentially convex (and so exponentially convex in the Jensen sense). Now,
using Corollary 1 we conclude that p — Li(f,),i=1,...,4, are exponentially
convex in the Jensen sense. It is easy to verify that this mapping is continuous
(although the mapping p — fp, is not continuous for p = 0), so it is exponen-
tially convex. For this family of functions, p, 4(Li, Q1),1=1,...,4, from (49),

becomes

defined by

St PED,
%) p=0.

1
Li(f g
(Ligfzg)p ‘ ) P?éq,
Hp,q“—i,Ql) = exp Lg:&:;’) — %) , pP=q#0,
Li(id-f
exp ( 7 L(il(foio)> » P=a=0,

where id is the identity function. By Corollary 2 u, (L, Q1), 1 =1,...,4 are
monotonic functions in parameters p and q.

Since ]
d™fp \ p—q
dx™ _
dnf (log X) - X)

dxn

using Theorem 21 it follows that:
Mp,q(Li)Q1):logup,q(Li)Q”) 1:1))4

satisfy
GSMpyq(Li,QﬂSb, i:],...,4.

So, My 4(Li, Qq),i=1,...,4 are monotonic means.



Generalizations via some Euler-type identities 125

Example 2 Let us consider a family of functions

Q) ={gp : (0,00) = R:p € R}

defined by
xP
) ¢{O,],...,Tl—1},
o] PPNt "
o) = X log x
s =je{0,1,...,n—T1)
O T =Ty PSR
Since d;ff (x) = xP™™ > 0, the function g, is n—convex for x > 0 and p —
dc;(%p (x) is exponentially convex by definition. Arguing as in Example 1 we get
that the mappings p — Li(gp),i = 1,...,4 are exponentially convex. Hence,
for this family of functions wp (Li, Qp), 1 =1,...,4, from (49), is equal to
1
Li(gp) p-a
<L1(gq) ) 1 p # q?
L; = 1
exp [ (=) T (n—1)! il909p) ,
Li(gp) o k—p
u‘p,q(I—i)QZ): P:q¢{0>1»»n—1}»
L L.
exp | (1) (n — 1) il90%0) | :
2Li(gp) o k—p
k#p
p=qe{0,1,...;,n—1}hL
Again, using Theorem 21 we conclude that
1
a<<Li(gp)>pq<b, i=1,....,4 (51)
I—i(gq)

So, Hpq(Li, Q2),1=1,...,4 are means and by (48) they are monotonic.
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Abstract. The maximum of the conditional hazard function is a param-
eter of great importance in seismicity studies, because it constitutes the
maximum risk of occurrence of an earthquake in a given interval of time.
Using the kernel nonparametric estimates of the first derivative of the
conditional hazard function, we establish uniform convergence properties
and asymptotic normality of an estimate of the maximum in the context
of independence data.

Introduction

The statistical analysis of functional data studies the experiments whose re-
sults are generally the curves. Under this supposition, the statistical analysis
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focuses on a framework of infinite dimension for the data under study. This
field of modern statistics has received much attention in the last 20 years, and
it has been popularised in the book of Ramsay and Silverman (2005). This
type of data appears in many fields of applied statistics: environmetrics (Da-
mon and Guillas, 2002), chemometrics (Benhenni et al., 2007), meteorological
sciences (Besse et al., 2000), etc.

From a theoretical point of view, a sample of functional data can be in-
volved in many different statistical problems, such as: classification and princi-
pal components analysis (PCA) (1986,1991) or longitudinal studies, regression
and prediction (Benhenni et al., 2007; Cardo et al., 1999). The recent mono-
graph by Ferraty and Vieu (2006) summarizes many of their contributions to
the nonparametric estimation with functional data; among other properties,
consistency of the conditional density, conditional distribution and regression
estimates are established in the i.i.d. case under dependence conditions (strong
mixing). Almost complete rates of convergence are also obtained, and differ-
ent techniques are applied to several examples of functional data samples.
Related work can be seen in the paper of Masry (2005), where the asymp-
totic normality of the functional nonparametric regression estimate is proven,
considering strong mixing dependence conditions for the sample data. For au-
tomatic smoothing parameter selection in the regression setting, see Rachdi
and Vieu (2007).

Hazard and conditional hazard

The estimation of the hazard function is a problem of considerable interest,
especially to inventory theorists, medical researchers, logistics planners, relia-
bility engineers and seismologists. The non-parametric estimation of the haz-
ard function has been extensively discussed in the literature. Beginning with
Watson and Leadbetter (1964), there are many papers on these topics: Ahmad
(1976), Singpurwalla and Wong (1983), etc. We can cite Quintela (2007) for a
survey.

The literature on the estimation of the hazard function is very abundant,
when observations are vectorial. Cite, for instance, Watson and Leadbetter
(1964), Roussas (1989), Lecoutre and Ould-Said (1993), Estvez et al. (2002)
and Quintela-del-Rio (2006) for recent references. In all these works the au-
thors consider independent observations or dependent data from time series.
The first results on the nonparametric estimation of this model, in functional
statistics were obtained by Ferraty et al. (2008). They studied the almost
complete convergence of a kernel estimator for hazard function of a real ran-



Nonparametric estimation of conditional risk 129

dom variable dependent on a functional predictor. Asymptotic normality of
the latter estimator was obtained, in the case of &~ mixing, by Quintela-del-
Rio (2008). We refer to Ferraty et al. (2010) and Mahhiddine et al. (2014)
for uniform almost complete convergence of the functional component of this
nonparametric model.

When hazard rate estimation is performed with multiple variables, the re-
sult is an estimate of the conditional hazard rate for the first variable, given
the levels of the remaining variables. Many references, practical examples and
simulations in the case of non-parametric estimation using local linear approx-
imations can be found in Spierdijk (2008).

Our paper presents some asymptotic properties related with the non-para-
metric estimation of the maximum of the conditional hazard function. In a
functional data setting, the conditioning variable is allowed to take its values
in some abstract semi-metric space. In this case, Ferraty et al. (2008) define
non-parametric estimators of the conditional density and the conditional dis-
tribution. They give the rates of convergence (in an almost complete sense)
to the corresponding functions, in a independence and dependence (o-mixing)
context. We extend their results by calculating the maximum of the condi-
tional hazard function of these estimates, and establishing their asymptotic
normality, considering a particular type of kernel for the functional part of
the estimates. Because the hazard function estimator is naturally constructed
using these two last estimators, the same type of properties is easily derived
for it. Our results are valid in a real (one- and multi-dimensional) context.

If X is a random variable associated to a lifetime (ie, a random variable with
values in R*, the hazard rate of X (sometimes called hazard function, failure
or survival rate ) is defined at point x as the instantaneous probability that
life ends at time x. Specifically, we have:

P < >
h(x) = lim (X <x+ dx|X > x)

dx—0 dx ’ (X = 0)'

When X has a density f with respect to the measure of Lebesgue, it is easy
to see that the hazard rate can be written as follows:

f(x) f(x)

X
Rt e R .y

, for all x such that F(x) <1,

where F denotes the distribution function of X and S = 1 — F the survival
function of X.
In many practical situations, we may have an explanatory variable Z and
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the main issue is to estimate the conditional random rate defined as

PX<x+4+dxX>x, Z)

Z o .
he(x) = dl;go ix , for x >0,
which can be written naturally as follows:
fZ fZ
h%(x) = (x) () , once F4(x) < 1. (1)

SZ(x)  1—FZ(x)

Study of functions h and h? is of obvious interest in many fields of science
(biology, medicine, reliability , seismology, econometrics, ...) and many authors
are interested in construction of nonparametric estimators of h.

In this paper we propose an estimate of the maximum risk, through the
nonparametric estimation of the conditional hazard function.

The layout of the paper is as follows. Section 2 describes the non-parametric
functional setting: the structure of the functional data, the conditional density,
distribution and hazard operators, and the corresponding non-parametric ker-
nel estimators. Section 3 states the almost complete convergence! (with rates
of convergence?) for nonparametric estimates of the derivative of the condi-
tional hazard and the maximum risk. In Section 4, we calculate the variance of
the conditional density, distribution and hazard estimates, the asymptotic nor-
mality of the three estimators considered is developed in this Section. Finally,
Section 5 includes some proofs of technical Lemmas.

2 Nonparametric estimation with dependent func-
tional data

Let {(Zi, Xi), 1 =1,...,n} be a sample of n random pairs, each one distributed
as (Z,X), where the variable Z is of functional nature and X is scalar. For-
mally, we will consider that Z is a random variable valued in some semi-metric
functional space F, and we will denote by d(-,-) the associated semi-metric.
The conditional cumulative distribution of X given Z is defined for any x € R

'Recall that a sequence (Ty )nen of random variables is said to converge almost completely
to some variable T, if for any € > 0, we have }  P(|T. — T| > €) < oo. This mode of
convergence implies both almost sure and in probability convergence (see for instance Bosq
and Lecoutre, (1987)).

2Recall that a sequence (Tn)nen of random variables is said to be of order of complete
convergence 1, if there exists some € > 0 for which ) P(|Tn| > eun) < oo. This is denoted
by Tn = O(un), a.co. (or equivalently by Tn = Oq.co.(Un))-
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and any z € F by
F2(x) = P(X < x|Z = 2),

while the conditional density, denoted by f4(x) is defined as the density of
this distribution with respect to the Lebesgue measure on R. The conditional
hazard is defined as in the non-infinite case (1).

In a general functional setting, f, F and h are not standard mathematical
objects. Because they are defined on infinite dimensional spaces, the term
operators may be a more adjusted in terminology.

The functional kernel estimates

We assume the sample data (Xi, Zi)1<i<n is i.i.d.
Following in Ferraty et al. (2008), the conditional density operator fZ(-) is
defined by using kernel smoothing methods

i hy'K (hg‘ d(z, z-l)) H’ (hg‘ (x — Xi))
Z(x) = = 5 ,

; K (hg‘d(z, zi)>

where k and H’ are kernel functions and hy and hg are sequences of smoothing
parameters. The conditional distribution operator F4(-) can be estimated by

i K (h? d(z, zi)) H (hg‘ (x — Xi))
F(x) = = ,

g K (h;‘ d(z, zi))

with the function H(-) defined by H(x) = f’ioo H’(t)dt. Consequently, the
conditional hazard operator is defined in a natural way by

2

RZ(x) = )

Ep=T

For z € F, we denote by h%(-) the conditional hazard function of X; given
Z1 = z. We assume that h%(-) is unique maximum and its high risk point is
denoted by 6(z) := 0, which is defined by

h%(0(z)) := h%(8) = rggaghz(x). (2)
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A kernel estimator of 0 is defined as the random variable @(z) := 0 which
maximizes a kernel estimator h%(-), that is,

o~

h%(8(z)) := h?(8) = max h(x), (3)

where hZ and hZ are defined above.

Note that the estimate 0 is note necessarily unique and our results are valid
for any choice satisfying (3). We point out that we can specify our choice by
taking

@(Z) = inf {t € S such that ﬁz(t) = max ﬁz(x)} .
Xe

As in any non-parametric functional data problem, the behavior of the esti-
mates is controlled by the concentration properties of the functional variable
Z.

$.(h) =P(Z € B(z,h)),

where B(z,h) being the ball of center z and radius h, namely B(z,h) =
P(f € F,d(z,f) < h) (for more details, see Ferraty and Vieu (2006), Chap-
ter 6 ).

In the following, z will be a fixed point in F, N, will denote a fixed neigh-
borhood of z, & will be a fixed compact subset of RT. We will led to the
hypothesis below concerning the function of concentration ¢,

(HL) ¥h>0, 0 <P(Z € B(zh)) = (h) and lim ¢-(h) =0

Note that (H1) can be interpreted as a concentration hypothesis acting on
the distribution of the f.r.v. of Z.

Our nonparametric models will be quite general in the sense that we will
just need the following simple assumption for the marginal distribution of Z,
and let us introduce the technical hypothesis necessary for the results to be
presented. The non-parametric model is defined by assuming that

(H2) { Y (x1,%2) € 82, V(z1,zz) ENZ, for some b; >0, by >0
[F=1 (x1) — F2(x2)| < C.(d(z1,22)"" + Ixg —Xz|b2)

| <
(H3){V(x1,xz)68 ,V(z1,22) € N2, for somej=0,1, v>0, B >0
721 D (xq) — 22 0) (x )| < C(d(z1,22)Y + 1 —x2[P),

(H4) 3y < o0, f'%(x) <7, V(z,x) € F xS,
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(H5) 37> 0,F4(x) <1—1, V(z,x) € F x S.
(H6) H’ is twice differentiable such that

(H6a) ¥ (tr,t2) € R% [HU)(t1) = HU ()] < Clty —ta, for j =0,1,2
and HWare bounded for j =0,1,2;

(H6b)J t?H2(t)dt < oo;
R

(H6c) JR [t/F(H”(t))?dt < oco.

(H7) The kernel K is positive bounded function supported on [0, 1] and it is
of class C' on (0,1) such that 3Cy, Ca, —oo < C; < K’(t) < C2 < 0 for
O<t< .

(H8) There exists a function ¢§(-) such that for all t € [0, 1]

lim d)z(thK)
hg—0 ¢, (hy)

= (5(t) and nhydy(hg) — 00 asn — oo.

(H9) The bandwidth hy and hx and small ball probability ¢,(h) satisfying

(H9a) lim hK = 0, lim hH == 0;
n—oo

n—oo

. logn
H 1 — =0
(Hob) Jixg, ndy (hy) K
1
(H9c) lim O8N _o j=0,1.

n=oo nha ¢, (hy)

Remark 1 Assumption (H1) plays an important role in our methodology. It is
known as (for small h) the ”concentration hypothesis acting on the distribution
of X7 in infi- nite-dimensional spaces. This assumption is not at all restric-
tive and overcomes the problem of the non-existence of the probability density
function. In many examples, around zero the small ball probabilityd,(h) can
be written approximately as the product of two independent functions \(z)
and @(h) as ¢,(h) = Pp(z)e(h) + o(@(h)). This idea was adopted by Masry
(2005) who reformulated the Gasser et al. (1998) one. The increasing proprety
of &.(-) implies that C%(-) is bounded and then integrable (all the more so C5(-)
is integrable).

Without the differentiability of &,(-), this assumption has been used by many
authors where \p(-) is interpreted as a probability density, while @(-) may be
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interpreted as a volume parameter. In the case of finite-dimensional spaces,
that is S = RY, it can be seen that d,(h) = C(d)hdp(z) +oh?), where C(d) is
the volume of the unit ball in RY. Furthermore, in infinite dimensions, there
exist many examples fulfilling the decomposition mentioned above. We quote
the following (which can be found in Ferraty et al. (2007)):

1. ¢z(h) = P(h)hY for som vy > 0.
2. ¢.(h) = P(h)hY exp{C/hP} for somy >0 and p > 0.

3. ¢z(h) =P(h)/[Inh].

The function Ci,(-) which intervenes in Assumption (H9) is increasing for all
fized h. Its pointwise limit C§(-) also plays a determinant role. It intervenes in
all asymptotic properties, in particular in the asymptotic variance term. With
simple algebra, it is possible to specify this function (with Co(u) := C§(u) in
the above examples by:

1. Golu) =w,
2. Co(u) = 81(u) where 81(+) is Dirac function,

3. Co(u) =1y qy(u).

Remark 2 Assumptions (H2) and (H3) are the only conditions involving the
conditional probability and the conditional probability density of Z given X. It
means that F(-|-) and f(-|-) and its derivatives satisfy the Holder condition with
respect to each variable. Therefore, the concentration condition (H1) plays an
important role. Here we point out that our assumptions are very usual in the
estimation problem for functional regressors (see, e.g., Ferraty et al. (2008)).

Remark 3 Assumptions (H6), (H7) and (H9) are classical in functional es-
timation for finite or infinite dimension spaces.

3 Nonparametric estimate of the maximum of the
conditional hazard function
Let us assume that there exists a compact S with a unique maximum 0 of h?

on S. We will suppose that h? is sufficiently smooth ( at least of class C?) and
verifies that h/4(8) = 0 and h" 4(8) < 0.
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Furthermore, we assume that 0 € S°, where §° denotes the interior of S, and
that 0 satisfies the uniqueness condition, that is; for any ¢ > 0 and u(z), there
exists & > 0 such that [8(z) — u(z)| > € implies that [h4(8(z)) —h%(u(z))| > &.

We can write an estimator of the first derivative of the hazard function
through the first derivative of the estimator. Our maximum estimate is defined
by assuming that there is some unique 6 on S§°.

It is therefore natural to try to construct an estimator of the derivative
of the function hZ on the basis of these ideas. To estimate the conditional
distribution function and the conditional density function in the presence of
functional conditional random variable Z.

The kernel estimator of the derivative of the function conditional random
functional h% can therefore be constructed as follows:

~Z7
/\,Z . f/ (X) ~7 2
W0 = T+ (0 (@

the estimator of the derivative of the conditional density is given in the fol-
lowing formula:

D Ky 'd(Z, Z))H (hy (x — X0)
() = = 7 : ©)
Y K(hy'd(Z,zy)

i=1

Later, we need assumptions on the parameters of the estimator, ie on K, H, H’,
hy and hg are little restrictive. Indeed, on one hand, they are not specific to
the problem estimate of h% (but inherent problems of F#, % and f'? estima-
tion), and secondly they consist with the assumptions usually made under
functional variables.

We state the almost complete convergence (withe rates of convergence) of
the maximum estimate by the following results:

Theorem 1 Under assumption (H1)-(H7) we have
-0-0 a.co. (6)
Remark 4 The hypothesis of uniqueness is only established for the sake of

clarity. Following our proofs, if several local estimated maxima exist, the asymp-
totic results remain valid for each of them.
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Proof. Because h'4() is continuous, we have, for all € > 0. I n(e) > 0 such
that
[x — 0] > e = [N4(x) — h'4(0)] >nle).

Therefore,
P{0 — 0] > €} < P{Ih'4(6) — h'%(0)| > n(e)}.
We also have
INZ(8) —h'2(0)] < [h'#(8) —h'4(8)|+[h%(8) —h'%(8)] < sup [h'%(x) —h'*(x)],

xeS
o (7)
because h’'4(8) = h'4(8) = 0. R
Then, uniform convergence of h’4 will imply the uniform convergence of 9.
That is why, we have the following lemma.

Lemma 1 Under assumptions of Theorem 1, we have

sup [h'%(x) —h'%(x)] = 0 a.co. (8)
xeS

d
The proof of this lemma will be given in Appendix.

Theorem 2 Under assumption (H1)-(H7) and (H9a) and (H9c), we have

~ logmn
0—0l=0(hY +h%) +Opco [ [—2—]. 9
p-01=0 (2 1) - 0ue (it )

Proof. By using Taylor expansion of the function h’% at the point @, we obtain
R'(8) = h'*(8) + (6 — 8)h"4(85,), (10)
with 0% a point between 8 and 0. Now, because h'Z(0) = h'Z(0)

—~ 1 —~
10— 0] < ———— sup [h/%(x) — h/4(x)|. 11
h""Z(0%) xeg () b (11)

The proof of Theorem will be completed showing the following lemma.

Lemma 2 Under the assumptions of Theorem 2, we have

~ logn
hZ(x) —h'Z(x)| = O (hY + hP2) + O =" |. Q2
sup(Z(x) ~ 200 = O (g4 1) + Oueo. 1/ s |+ 12)

The proof of lemma will be given in the Appendix.
O
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4 Asymptotic normality

To obtain the asymptotic normality of the conditional estimates, we have to
add the following assumptions:

(H6d) JR(H”(t))zdt < o0,

(H10) 0 = '’ (8) < [R“(x)]),Vx € S, x #0

The following result gives the asymptotic normality of the maximum of the
conditional hazard function. Let

A= {(z,x) S (z,x) € S x R, aXFZ(x) (1 - Fz(x)) ” o} .

Theorem 3 Under conditions (H1)-(H10) we have (8 € S/f4(0),1—TF4(0) >
0)

/2 /~, /
(nhd=(m))  (R2(0) —n'Z(0)) BN (0,0,(0))
where —P denotes the convergence in distribution,
/
(K‘(u)) Gwdu forl=1,2

and .
o2,(0) = 2 (®) H())2dt.
h()(qy“_ﬂwnﬁ (0)2dt

Proof. Using again (17), and the fact that

(1—F4(x)) . 1
(1 =F2(x) (1 =F2(x))  T-FE)

and N
fZ(x) fZ(x)

(1 —fZ(x)) (1—FZ(x)) o)

~7
The asymptotic normality of (nh3Hq)Z(hK))1/ 2 (h’ (

duced from both following lemmas,

0) — h'Z(e)) can be de-
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Lemma 3 Under Assumptions (H1)-(H2) and (H6)-(HS), we have

(mep=(nc))? (F400) = F£00) ) BN (0, 0% (),
where
a3F4(x) (1— Fz(x))

(a3)*

0']Z:Z (x) =

Lemma 4 Under Assumptions (H1)-(H3) and (H5)-(H9), we have

(mhuz(hic))'? (RZ(x) =12 (x)) BN (0,082 (%)),
where
a}hz(x)

(a¥)? (1 = FZ(x))

Uﬁz (x) =

J (H'(t))?dt.
R
Lemma 5 Under Assumptions of Theorem 3, we have

(nhﬁq;z(h;())]/z (F’Z(x) — f’Z(X)> BN (0, 0Fz (X)) ;

where
) B a’z‘fz (x)

O'flz(x) - (ax)z
1

J (H”(t))?dt.
R

Lemma 6 Under the hypotheses of Theorem 3, we have

2

~Z B Gf/z(x) 1
var [f N(")} BTN <nh$qd>z(h1<)> ’

=7 _ 1 )
Var [FN(X)} =0 <Tth¢z(hK)> :

Var [?é} =o0 (nthjz(hK)> .

Lemma 7 Under the hypotheses of Theorem 3, we have

and

~7 ~ 1
Cov(f'N(x),FB) = <> ,
ov(f'N(x),Fp) =0 nh}s_{d)z(hK)

(13)

(14)

(15)
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R N 1
Cov(f(x), F(x)) = 0 (m@lmm)

and

R A S B
Cov(F5, FR(x) =0 <nth>z(hK)> '

Remark 5
It is clear that, the results of lemmas, Lemma 6 and Lemma 7 allows to

write |
Var [fé —fﬁ(x)} =0 <T1hHCbz(hK)>

The proofs of lemmas, Lemma3 can be seen in Belkhir et al. (2015), Lemma
lem2-4 and Lemma lem3-4 see Rabhi et al. (2015).
O

Finally, by this last result and (10), the following theorem follows:

Theorem 4 Under conditions (H1)-(H10), we have (6 € S/f*(0),1—F4(0) >
0)
2
, 1/2 A D [0} /(e) .
(Tthd)z(hK)) (6 B 9) —N (O’ (huhzw )

with o2,(8) = h%(8) (1—F4(9)) J(H”(t))zdt.

5 Proofs of technical lemmas

Proof. Proof of Lemma 1 and Lemma 2. Let

NV F2(x) WASHRY)
R e RALILE (16)
with
1z 1Z
200~ w2 = { (A2 (hz(x))2}+{] R )}» (1)
N T

for the first term of (17) we can write

] (ﬁz(x))z — (hz(x)>2‘ < ]ﬁz(x) —hz(x)‘.’ﬁz(x) + hZ(x)

y o (18)
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because the estimator ‘rAIZ(-) converge a.co. to h%(-) we have

sup (ﬁz(x))z _ (hz(x)>2’ < 2\#(9)
xXe

sup [R(x) = h?(x)[;  (19)
XES

for the second term of (17) we have
2 (x) £2(x) 1

1-F(x) T-F() (1 —Fx)(1 - Fx) (e =}
{1200 (FA00 —F#(0) |

1
{Fz(x) (F’Z(x) - f’z(x)>} .

T - )
1
=)0 - )

Valid for all x € §. Which for a constant C < oo, this leads

w0 f2(x)  f?(x) ’<
xes11—FZ(x) T—F4(x)I~

F20x) — 2 (x)| + sup [F£(x) — F(x) ]}
x€S

{sup
C XES - (20)
inf ‘1 - Fz(x)‘
xeS

Therefore, the conclusion of the lemma follows from the following results:

sup [F*(x) —F (x)|_0<hK +hH>+oa,co, <1/n¢z(hK)>, (21)
DZoN e1Z(| b1 | 1.b2 logn
sup [ (x) — f ()= O (R + 1) + Oaco. (’/nhﬁ th)), (22)
sup R (x) — () = O (! + 1) + Ouco. (, e m(m)) e

36 > 0 such that E P{in£|1 ~F(x)| < 6} < o0. (24)
ye
1

The proofs of (21) and (22) appear in Ferraty et al. (2006), and (23) is
proven in Ferraty et al. (2008).
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e Concerning (24) by equation (21), we have the almost complete conver-
gence of F£(x) to F£(x). Moreover,

Ve >0 ip{ﬁz(x) —FA () > e} < oo

n=1
On the other hand, by hypothesis we have F# < 1, i.e.
1_FLsF T2
thus,

inf [1-FZ(x)| < (1—sup F£(x))/2 = sup [F%(x)—F4(x)| > (1—sup F£(x))/2.
yes xeS XES xXES

In terms of probability is obtained

]P’{inf 1T —F4(x)| < (1 —supFZ(x))/Z}
xes xeS

<P {sup [FZ(x) — F£(x)| > (1 — sup FZ(X))/Z} < .
xeS XES

Finally, it suffices to take & = (1 — sup F#(x))/2 and apply the results
xXeS

(21) to finish the proof of this Lemma.

Proof. Proof of Lemma 4. We can write for all x € §

hZ(x) —h%(x) = _

with DZ(x) = (1 — FZ(x)) (1 —FZ(X)>.
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As a direct consequence of the Lemma 3, the result (26) (see Belkhir et al.
(2015)) and the expression (25), permit us to obtain the asymptotic normality
for the conditional hazard estimator.

D

(b (i) (F(x) = #2(x)) BN (0,0%00)) (26)

where
aXfZ(x)
2 = J (H/())%dt.
(af)” Jr
O
Proof. Proof of Lemma 5. For i = 1,...,n, we consider the quantities K; =

K (h'd(z, Z4)), H (x) = H” (hyy' (x — X;)) and let P2 (x) (resp. FZ) be defined
as

-2
F’ﬁ(x) = M En KiH{(x) resp. F5 = 1 En Ki | .
nEK; ' nEK; —

This proof is based on the following decomposition

700 = 12(x) = F]é {(FR) =B 00) = (1200 —EFR(0) } +
f’%") {£7 75}, (27)

and on the following intermediate results.
3 it ot D 2 :
i (he) (Fr(x) = BP0 ) BN (0,022(x)) 5 (28)

where O'%,Z (x) is defined as in Lemma 5.

lim \/nhd . () (IEfA’i (x) — f’Z(x)) 0. (29)

n—oo

nh3, b, (h) (Fé(x) - 1) 20, as n— oo (30)



Nonparametric estimation of conditional risk 143

e Concerning (28).
~7
By the definition of f/y(x), it follows that

O = i (F'Z(x)—EF'i(x))

h

= Z Ay,
i=1
which leads
Var(Qn) = nhid, () Var (?fﬁ (x) —E [?fﬁ x)]).- (31)

~7
Now, we need to evaluate the variance of f’y(x). For this we have for all
1 <1< n, Ai(z,x) = Ki(z)H/ (x), so we have

1

Var(fig(x)) = (nthK] ZZCOV(Ai(Z,X),Aj(Z,X))
1
p— v A ) .
A CICE)

i=1 j=I1

Therefore

Var (A1(z,x)) < E (H{2(x)K}(2)) < E (K} 2E [H{2(x)[21] ).

Now, by a change of variable in the following integral and by applying
(H4) and (H7), one gets

E( //2( )|Z> _ JRH//2<d(XhHu)>fZ(u)du

< hHJ H"2(t) (fz(x—th,z)—fZ(x)> dt
R
—I—thZ(x)J H"(t)dt (32)
R

IN

h,‘j‘JZJ |t|b2H”2(t)dt—|—thZ(x)J H"2(t)dt
R R

= hy <o(1)+fz(x)J H"Z(t)dt>.

R
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By means of (32) and the fact that, as n — oo, E (K%(z)) — ayd,(hk),
one gets

Var (A1(z,x)) = ab, (hx)hy (0(1) + 4 (x) JR H”z(t)dt> )

So, using (HS8), we get
1
n (REK, (2)])?

_ a)ch)z(hK) h < 1 £Z H/”2 d)
Py GUR )| HEmar

Var (Aq1(z,x))

1 sz( ) "2
= H dt.
© <TLh3H(bz(hK)> " (af)?nh} ¢ (hy) J]R (e

Thus as n — oo we obtain

aXfZ(X)
Var (Aq(z, 2 H2(0dt. (33
T L P X X () J e @

Indeed

¢z(hk) .2 ¢ (hk) 2
§ EA? = 222  EK3(H] TRV (BKHY) =TTy — T, (34
h EZK] ( ) hHEZK] ( 1M ) n 2n (3 )

As for TIy,, by the property of conditional expectation, we get

Ty = d)IEgET)E {K%JH"Z(’L) (f’z(x—thH) —f2(x) + f’Z(X)) dt} :

Meanwhile, by (H1), (H3), (H7) and (HS8), it follows that:

¢:(NIEK}  ay
E2K;  nooo (a})2’

which leads

J(H"(t))zdt, (35)
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Regarding Ty, by (H1), (H3) and (H6), we obtain

My, — 0. (36)

n—oo

This result, combined with (34) and (35), allows us to get
n
- 2
nlgr;(} ;EAi = Uf/z(x) (37)
i=

Therefore, combining (33) and (36)-(37), (28) is valid.

Concerning (29).

The proof is completed along the same steps as that of TTy,. We omit it
here.

Concerning (30). The idea is similar to that given by Belkhir et al. (2015).

By definition of 1:% (x), we have

/R b2 (i) (F5(x) — 1) = Q, — EQy,

_ V nhi‘bz(hK) Z{L:1 K

where O, HEK L. In order to prove (30), similar to Belkhir
et al. (2015), we only need to proov Var Q, — 0, as n — oo. In fact,
since

nh?; . (hy)
TIEZK]
nh?; . (hy)
E2K;
= ‘1}1’

Var Q, (nVarKj)

EK?

then, using the boundedness of function K allows us to get that:
Yy < Chiid.(hg) — 0, asmn — .

It is clear that, the results of (21), (22), (24) and Lemma 6 permits us
E (F5— TR0 — 1+ F4(x)) — 0,

and A R
Var (Fg () -1+ FZ(X)) —0
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then L .
Fy — FR(x) — 1+ F4(x) — 0.

Moreover, the asymptotic variance of ?é — ?ﬁ (x) given in Remark 5
allows to obtain

nhy d)z(hK)

07 (x)

> Var (?g “F4(x)—1+E (?ﬁ (x))) 0.

By combining result with the fact that
E(F5—Fhi0 —1+E (Fit) ) =0,

we obtain the claimed result.

Therefore, the proof of this result is completed.

Therefore, the proof of this Lemma is completed.
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Stability of the solutions of nonlinear third
order differential equations with multiple
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Abstract. In this paper, with use of Lyapunov functional, we investigate
asymptotic stability of solutions of some nonlinear differential equations
of third order with delay. Our results include and improve some well-
known results in the literature.

1 Introduction

The investigation of qualitative behavior of solutions such as stability, conver-
gence, boundedness, asymptotic behavior to mention few, are very important
problems in the theory and applications of differential equations. For instance,
in applied sciences some practical problems concerning mechanics, engineering
technique fields, economy, control theory, physical sciences and so on are asso-
ciated with third, fourth and higher order nonlinear differential equations. In
recent years, there has been increasing interest in obtaining sufficient condi-
tions for the asymptotic stability and boundedness of solutions of the nonlinear
third order differential equations. Many results relative to the stability, bound-
edness of solutions of third order differential equations with delays or without

2010 Mathematics Subject Classification: 34C11, 34D20
Key words and phrases: stability, Lyapunov functional, delay differential equations, third-
order differential equations
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delays have been obtained. We refer the reader to the papers (Burton [1, 2],
Swick [10] and Yoshizawa [16] and references therein) to discuss the qualitative
properties of various form of nonlinear differential equations without delay.

The Lyapunov second method had also been found useful and applicable to
study the qualitative properties of the equation with delay. Many interesting
results, on the qualitative behavior of solutions of the third order differential
equations have been obtained by Omeike [4, 5], Remili and Oudjedi [7], Sadek
[8, 9], Tung [11, 12, 13, 14] and Zhu [17] and references therein.

In 2009, the author [5] adapted [10] and used a suitable Lyapunov function
to establish criteria which guarantee asymptotic stability of solution of non-
autonomous delay differential equation of the third order that is bounded
together with its derivatives on the real line, and boundedness under explicit
conditions on the nonlinear terms of the equation

X" +a(t)x" +b(t)g(x') + c(t)h(x(t —71)) = p(t).

Recently, in 2013 Tung and Gozen [15] considered the non autonomous differ-
ential equation of the third order with multiple deviating arguments:

X"+ a(t)x” + nb(t)g(x) +c(t) ) hi(x(t—1)) =p(t).

i=1

He discussed the stability and boundedness of solutions of this equation.

Our aim in this paper, by using Lyapunov second method is to study the
asymptotic stability of third-order nonlinear differential equation with multiple
deviating arguments

n

[ (O (0] + at)x"(t) + nb(t)g(x (1) +c(t) Y hilx(t—13)) =0, (1)

i=1
and the boundedness of solutions of the equation

n

[ ()X (1)) +alt)x" (1) +nb(t)g(x' (1)) +c(t) Y hilx(t—ri)) =q(t), (2)

i=1

where 1 are certain positive constants. It is supposed that the derivatives,
d : . .
a'(t),b'(t), ¢/ (1), V'(y) = d;l)’ and hf(x) = ‘g}g, exist and are continuous.

In this work, we want to adopt the approach in Omeike [5] and Tung [15] to
extend the result in Swick [10] to the equation (1) and give sufficient criteria



152 M. Remili, L. D. Oudjedi

which guarantee the existence of uniform asymptotic stability of the solution
with their derivatives on the real line. Obviously, the equations discussed in
[5] and [15], are particular cases of our equation (2). Here, by this work, we
improve the boundedness result obtained in [5, 15].

2 Preliminaries

First, we will give some basic definitions and important stability criteria for
the general non-autonomous delay differential system. Consider the general
non-autonomous delay differential system

X/:f(t)xt)a Xt(e) :X(t+e) ) —TSGSO, tZO) (3)

where f : I x Cy — R™ is a continuous mapping, f(t,0) = 0, Cy := {$p €
C([=r,0], R™) : ||d|| < H}, and for H; < H, there exists L(H;) > 0, with
If(t, )l < L(Hy) when [[¢[| < H;.

Definition 1 [2] An element P € C is in the w — limit set of ¢, say Q(b),
if x(t,0,d) is defined on [0,+00) and there is a sequence {tn},tn — oo, as
n — oo, with ||x¢, (¢) — || — 0 as n — oo where x¢, (¢) = x(tn + 6,0, P) for
—1r<0<<0.

Definition 2 [2] A set Q C Cy is an invariant set if for any ¢ € Q, the
solution of (3), x(t,0, ), is defined on [0,00) and x¢($p) € Q for t € [0,00).

Lemma 1 [1] If ¢ € Cyis such that the solution x¢(¢$) of (3) with xo(P) = b
is defined on [0,00) and ||x¢(d)|| < H; < H for t € [0,00), then Q(d) is a
non-empty, compact, invariant set and

dist(x¢($), Q(Pp)) =20 as t — oco.

Lemma 2 [1] let V(t,$): I x Cy — R be a continuous functional satisfying
a local Lipschitz condition. V(t,0) =0, and such that:

() Wi19(0)]) < V(t, &) < Wa(9(0)]) + Ws([[]]2) where
ol = (Ji lb(s)IPds)

(ii) V(g)(t, b) < —Wy(Ip(0)]), where, W; (1 =1,2,3,4) are wedges. Then the

zero solution of (3) is uniformly asymptotically stable.
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3 Assumptions and main results

The following assumptions will be needed throughout the paper. Let ap, by, co,
d, m, dy, dq, A,B,C,L, M, and ¢, §;, p; be an arbitrary but fixed positives num-
bers and suppose that a(t), b(t),c(t) € C'(IR;), h € C'(IR), g € C(IR) and let
1V be a twice continuously differential function on I R, such that the following
assumptions are satisfied:

i) 0< agp<a(t)<A; 0<by<b(t)<B;0<cy<c(t)<C.

i)  c(t) <b(t), b/(t) <c/(t) <O fort e [0,00).

i) 0<m<Plu) <M, O<d0§g;y)§d1 fory #£0 .

hi(x)
X

iv) hi(0) =0, > 8; >0 (x #0), and |hi(x)| < p; for all x.

Mo:
V) d§1<d< ap.

‘I n
vi) Eda’(t) —bo(ddg — MZ pi) < —e < 0.

i=1

+00
vii) J [V’ (u)] du < oo.

viii) inf u¥’'(u) =1 > —m.
ueR

ix) Q(t) = J Iq(s)| ds < oo.

For ease of exposition throughout this paper we will adopt the following no-
tation

_ / o P’ (x'(t)) "
P(t) = b(x'(t)), R(t) = mx (t).

Theorem 1 In addition to conditions (i)-(vii) being satisfied, suppose that the
following is also satisfied

n
Z Ty < min{(xi, Bi})
i=1
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where
. — 2(ap—d) and B — 2mde
7 MCpy YU CoM2(d+dm2 +m)’

Then every solution of (1) is uniformly asymptotically stable.

Proof. We write the equation (1) as the following equivalent system

Note that the continuity of the functions a(t),b(t),c(t), q(t) on [0,+oo[, and
P(x'), g(x'), hi(x) in their respective arguments on IR with h(0) = g(0) = 0,
guarantee the existence of the solution of (4) (see [3]). It is assumed that the
right hand side of the system (4) satisfies a Lipschitz condition in x(t), x'(t), x”(t)
and x(t — r;). This assumption guarantees the uniqueness of solutions of (4)
(see [3], pp.15).

We shall use as a tool to prove our main results a Lyapunov function U =
U(t, xt,Yt, z¢) defined by

U(t, Xt,yt,Zt) = exp <_YS)> V(t) Xt)ybzt) = exp <_Yl(f)> V) (5)

where .
¥l = | Ris)as
0
and
n | y : )
V = de(t)H( )—i—C(t)U;hl(x) +nb(t)P(t)G (P(t)> + 52
N (©)
d t
TRt 2P2 o Z A JTL Ls (£)dEds,
n X y
where H(x) = Z J hi(u)du and G(y) = J g(uw)du. p and A are certain pos-
0 0

itive constants, which will be specified later in the proof. From the definition
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of V in (6), we observe that the above Lyapunov functional can be rewritten
as follows

t+s

n 0 t
V=V +V2+Z7\ij J y?(£)déds,
i=1 T

with

Vi = de(t)H(x) +c(t)y D hi(x) + nb(t)P(t)G(5>-),
i=1

and
da(t) ,

d
_ 12
V, =227+ yz+zpz(t)y .

{
(

Using the conditions on a(t) in (v),

First consider

1 2
VvV, = 22+

d da(t) ,
P YT P Y }
d \? d(a(

P(t)”) T Y
d(a(t) —d) S d(ap —d)

2P2(t) T 2P%(t)
that there exists sufficiently small positive constant &, such that

2
lz—i—
2

> 0, it follows

V, > 8(y* +22). (7)
n

Vi > de()H(X) +c(t)y ) hi(x) +

i=1

ndob(t) 2
BIORE

d
since QS‘J) > do > 0 implies that G (P?t)) > ZPZ(Et)yZ' We wish to arrange

Vi, and using the assumptions (i)-(v), we get,

n ) 2
Vi > de(tH(x) + 2000 > {9 + W}

oox c(t)P(t)h](w)
> de(t) ZL (1 — ddob(t)> hi(w)du

i=1

= (" Mp;
> dc(t)ZJ (1 T > hi(u)du

i—1 v0
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= [ Mp;\ hi(u)
2dc(t)ZJ <]_ddo) " udu

i—1 Y0
n X
Mp;
> dc(t) J <1 — ) diudu
0 ddo )

de(t) L Mp; )
> 1— :
> & Z( o) s,

so that 5
wzgﬁ (8)
n n
Mp; d
where 83 = dc();éi (1 — ddo> > dc();éi (1 —d> = 0. From (8), (7)

and (6), It is easy:to check that

5 n 0 t
V> 8y + 5222 + =X+ > AiJ J y2(&)déds.
2 ; —Ti Jt+s
i=1 i
Subject to the conditions of Theorem 1, V(0,0,0) = 0 and there exists suffi-
ciently small positive constant k such that

V > k(x* +y? +2%), (9)

t 5
since the integral J yz(i)dé is positive, where k = min (62, 23'>
t+s

Assumptions (iii) and (vii) imply the following:

t
Y = j R(s)] ds

0
J“Z“) ' (0)|
o (t) 11)2 (T)

+00
< | WElersN<e,

dt

—00

where o (t) = min{x’'(0),x'(t)}, and o (t) = max{x'(0),x'(t)}. Now, we can
deduce that there exists a continuous function W; with W4 (|®@(0)]) > 0 such
that W (|@(0)]) < U(t, @).

The existence of a continuous function W5 (||$||) which satisfies the inequality
U(t, d) < Wi(||dl|), is easily verified.
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Now, let (x,y,z) = (x(t),y(t),z(t)) be any solution of differential system
(4).
Differentiating the function V, defined in (6), along system (4) with respect
to the independent variable t, we have

%v = dc/(YHE) +¢/(ty }_hi(x) + b (YP(H)G (Pl(Jt)> = ;((tl)(t) g

i=1

#R(0) |(afe) — dizy ~wo(0P(0) (g (oo ) v = P06 (5o ))] 2 A
i=1

da/(t) + 2¢(t Zl h’ y y
*[ zpzu e “‘“’“)P(t)g(mu)]

dy Couls) L )
elt )< +P(t)>;L_r P(s)h Z’\J v (£)dE.

Consequently by the hypothesis (i)-(vi), it follows that

n b n
SV < AV + ¢ty 3 i) + ey <Ajz 3 m) v’

i=1

+ [R(t)] [(A d) |zy| + 3an1y } (ap—d)z?

1
M
n t

dy t y(s),,

—1 YT =1 Yt
We claim that
n

0(t,%,y) = dc/()H(x) + c/(thy ) hi(x) +

i=1

ndob,(t) 2
_ <
iy ¥ S0

for all x,y and t > 0. First suppose that ¢’(t) = 0, then

ndob/(t) 2

e(tv x)U) = ZP(t)

<0.

Finally, suppose that ¢’(t) < 0, the quantity in the brackets above can be
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written as,
0(t,x,y) = dc’(t) [H(x dyZh myzl
s [§ o]

Hence, on combining the two cases, we have 0(t,x,y) <0 forallt > 0, x and y.
Utilizing the assumptions of theorem and Schwartz inequality [uv| < %(u +v7),
the following inequalities are obtained

t

dC(t)y ZJ Mh/ ))ds < Z dem y? ii ZJ piy*(E)dE,
i

PO Y& ) Pl 2

<) dgsinyz = gﬂ_nyz(i)da,

c(t) i [ Biemintsnes < i S zflziflplyz(a)da
<y BTy B S Ln (£)de,
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and
3
W, = |R(t)] [A d) [zy| + TLBd]y }
B A—d 24 A—d+3nBd; ,
2 2 Y
< ki [R(D)| (y* +2%),
— B
where k; = A—d ; SnBd, . These estimates imply that

d € e dCp; 5
V< - |- — L Pt .
at’ = [MZ 2 <)‘1 " om >r] Y

m2

d € " Cpi 1 d 5
Sve_ | &2 T
dt — [Ml ,ZZm <d+m+m2>n]y

i=1

[

If we take ZC Pi (1 + i) = A, the last inequality becomes

L 22+ kg IR(t)I(y2 + ZZ>.

k
Using (9), (5) and taking u = o we obtain:
1

d. . _ kiy(t) (d,, kiRt
dtU—exp<— > )(dtv_ . V)
(B Gr £ B S
=1

ap — d i Cpﬂ‘i 2
— — Jz7|.
< M = 2
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Provided that

ir~<min 2(ap—d) 2m’e
— ' MCp; ' CpiMZ(d+dmZ+m) [’

The inequality (10) becomes

d k1N
au(t) Xt)U’UZt) < _B exp < - %)(yz + Zz)) for some B > 0.
It is clear that the largest invariant set in Z is Q = {0} , where
d
= C u - O .
{0 cus fuwi o}

d
Namely, the only solution of system (4) for which aU(t, Xt, Yt, zt) = O is the

solution x =y = z = 0. Thus, we conclude that every solution of system (4)
is uniformly asymptotically stable. Now from (4) we have

X (Y (1) = y(t), (11)
Furthermore, it follows from (iii) that
ly(t)l ey Yl ly(t)
M= MOIE gy = e
which implies that hm x'(t) = 0. Differentiating (11) we obtain
(1) [¥X' (1) + W () (1] = (1), (12)

then hm x"(t) = 0 since hrn Y(x'(t)) + W (X (t))x/(t) =¥(0).

Thus under the above dlscussmn we conclude that every solution of equation

(1) is uniformly asymptotically stable. O
For the case q(t) # 0, we consider the equivalent system of (2)
x = 1
Pt)Y
Y=z
a(t) Y - (13)
Z = ——Zz+a(t)R(t)y —nb(t ()—c(t) hi(x)
+c(t) i Jt @h’(x(s))ds +q(t)
'L:] t*Ti P(t) ' q '

The following result is introduced.
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Theorem 2 In addition to the assumptions of Theorem 1, we assume that
(viii) and (ix) hold. Then, there exists a finite positive constant C such that
every solution x(t) of equation (2) defined by the initial functions

x(0)=¢(t), X (0)=¢'(t), x"(0)=0"(t),
satisfies the inequalities

x(I<C, KMI<C K'(tI<C vt>0,
where ¢ € C%([—,0],R).
Proof. An easy calculation from (13) and (5) yields that

d d

d
dtu” au(4)+(2+79)qm-

P(t)

d
Since aum < 0, then it follows that

d
S < (2 + gl latel

Noting that |x| < 14 x?, which implies that

<|z| ; Pft)|y|>|q(t)| < ¥a(lzl + yDlq(t)]

< k(2 + 2 +yd)lq(1)|
< k| X[l (t)] + 2kalq(t)

2 1q(t)[U + 22| q ()],
de w

where k; = max {], i}, recalling that
N
be ® HXH < u(t)xt)ybzt)-

k2
Let n = max {Zkz, } then
567 W

d
¢ S <nla®)l+niqt)iu
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Multiplying each side of this inequality by the integrating factor e R we
get

. d — —
e T]Q(t)au(”) <e ﬂQ(t)an(t) Te ﬂQ(t)an(t)u'

Integrating each side of this inequality from 0 to t, we get, where X, =

(x(0),y(0),z(0)),
e MU —U(0,Xp) <1 —e MM,

Since Q(t) < L for all t, we have
u(t) Xt)yt)zt) < U(O)XO)enL + [e'ﬂ]— - ]] for t > 0.

Now, since the right-hand side is a constant, and since U(t, x¢, Yt,z¢) — 00 as
x* +y2 + 22 = o0, it follows that there exists a D > 0 such that

x(t) <D, yt)| <D, [z(t) <D Vt=>0.

From (11) and (iii) we obtain

x| = ‘

Y(x')
it follows from condition (viii) that
K(x') =) + x'P'(x') > m +n,

but (12) implies
2| . D

"
‘X }_ K(x) ~n+m’

thus we can deduce

() < C, (1) <C, K'(t) <C vt>0,

D D
where C = sup <D> —, ) This completes the proof of theorem. O
Example 1
X/ " 1 1
<<H‘Xl2 '|‘Tl(n + ])) Xl) + <4n2(n + ])2 - Eeizt + 2) X//
1 , x/
() (v ) (14)

1 N « [ ix(t—r) 1
+ <2(1 +1) +2> 1Z [m(t_riH 1 —i—lx(t—ri)l] =e

=1
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We can simply verify that

)

11)? 4n2(n+1)241, 1> 0,
_ 1

<2, t>0,

ii) From (i) we have b(t) > c(t) and b’(t) < c/(t) <0, Vt >0,

i) P = ]fﬁ +n(n+1). Now, it is easy to see that

1
inf ¥(u) :—§+n(n+1) >m=—14+nn+1),

uekR
1
supY(u) =z +nn+1)<M=14+nn+1),
ueRr 2
g(y) :
=2< =2 =2 <3= th .
do =7 +]+y2_3 dy withy #0

Also

iv) 5y = i< b — (1+ 1+Ix\> with x # 0, and [h(x)] < py = 2i,

X

then Zpl ZZI— (m+1).

v) For d = ZMTL(TL + 1) we have

Mp;

Mi =
i a4

<Mn<d<ay=4n*(n+1)?

vi) a’(t) = e 2t < 1, and

1 - 3
ida'(t) —bo (ddo — MZ pi> < —id-i- Mnn+1) <0.

vii) An explicit calculation shows that

too e w4+1-2
J -l = | PG

L2
(1+u?)?

J au

—00 —0Q

viii) in&uw'(u) =n=—1>-nn+1)+1,
ue
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ix

) Q(t) = [ye*ds < co.

If we take vy = %, with k = min{o, Pn}. Then

i=n 0 2k
;Ti < Z] 22 =k < min{ay, Bi}.
1= 1=

All the assumptions (i) through (ix) are satisfied, we can conclude using
Theorem 3.2 that every solution of (14) is uniformly bounded.
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Abstract. In this paper, we focus on the time-varying shortest path
problem, where the transit costs are fuzzy numbers. Moreover, we con-
sider this problem in which the transit time can be shortened at a fuzzy
speedup cost. Speedup may also be a better decision to find the shortest
path from a source vertex to a specified vertex.

1 Introduction

Time-varying shortest path problem may arise in the applications of math-
ematics such as transportation, telecommunication and computer networks.
The problem is to find the shortest path from a source vertex to a target ver-
tex, so that the total costs of path is minimized subject to the total times of
path is at most T, where T is the time horizon and a given positive integer.
The shortest path problem with fuzzy numbers has been studied by Kelvin
[7], where a new model based on fuzzy number was presented. Lin and Chern
[10] and Li and Gen [9] surveyed this subject, separately. Gent et al. in [3]
solved the shortest path problem by genetic algorithm. Shirdel and Rezapour
in [15] studied a k-objective time-varying shortest path problem, which cannot

2010 Mathematics Subject Classification: 90C35, 90B10
Key words and phrases: time-varying optimization, shortest path, fuzzy numbers,
speedup

166
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be combined into a single overall objective. Okada and Gen [13] concentrated
on the problem with interval numbers. Then, Okada and Soper maintained
their work on the shortest path in network with fuzzy number in [14]. We
encourage the reader to consult [2, 4, 6, 8, 11, 12] for historical background,
computational techniques and mathematical properties of the fuzzy shortest
path problem. In this paper, we consider time-varying shortest path, where
transit costs are triangular fuzzy numbers. Moreover, we assume that the tran-
sit times and the transit costs are dependent on discrete time T, where T is
the time horizon. The preliminary and definitions are given in Section 2. The
problem is discussed in Section 3 and two theorems are proved for solving of
problem. An algorithm is presented in Section 4 for the mentioned problem.

2 Preliminary

Consider a time-varying network G(V,A,b,c), where V and A are the set
of vertices and the set of arcs, respectively, with [V| = n, |A] = m. The
transit time b(i,j,t) and the fuzzy transit cost ¢(i,j,t) are associated with
each arc (i,j), respectively, such that t is the departure time of a vertex i.
Moreover, ¢(1i,j,t) is assumed to be triangular fuzzy number. The transit time
b(i,j,t) and the fuzzy transit cost c¢(i,j,t) are the functions of discrete time
t=0,1,...,T, where T is a given positive integer. The waiting time at vertex
i from t to t + 1 is shown by w(i) and the associated fuzzy waiting cost is
presented by ¢(i,1).

Definition 1 [5] The membership function pa(x) : X — [0, 1] allocates a value
between 0 or 1 to each member in X, where X is a universal set and A C X.
The assigned values point out the membership grade of the element in the set

A, and moreover the set {(X, uA(x)) IX E X} is named fuzzy set.

Definition 2 [5] A fuzzy number A = (o, B,Y) is called to be a triangular
fuzzy number, when it has the following membership function:

X —

R

m a<x<p
1 x=
Hi(x) = .
X p<x<y
Y—B
0 otherwise
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where, « € R, B € R and y € R.

Definition 3 [6] Let A= (1, B1,v1) be a triangular fuzzy number, then its
ranking function A is a function R : R(A) — R, where R(A) is the set of
all fuzzy numbers. For a triangular fuzzy number A= (o1, B1,7v1), the ranking
function R is calculated by R(A) = zll(o‘] + 231 +v1).

Definition 4 [6] Assume A = (a1, B1,v1) and B = (&2, B2,2) are two trian-
gular fuzzy numbers, then:

o A®B = (o1 + &2, B1 + B2, V1 +v2),

e A > B if and only if R(A) > R(B),

o A =B if and only if R(A) = R(B),

e A < B if and only if R(A) < R(B),

o A triangular fuzzy number Ay is the mazimum triangular fuzzy numbers
Ai such that R(Ax >)R(A4) for all1 <i<n,

o Minimum triangular fuzzy numbers A, is similarly defined,

o Moreover, let0 = A & oy =0, B = 0, v1=0 and A = 50 & R(A) = .

Definition 5 [1] Suppose a time-varying path from iy to ik is specified by
P(i1 —1iy — -+ —ix). Consider «(i;) be the arrival time of a vertex i, on P
such that x(i1) = t; > 0 and we have:

ofiy) = oe(ir1) + w(irq) + b(ir—hir) (i )) Jor2<r<k

where, T(i,_1) is the departure time of a vertex i,_1 for for2 <r <k on P and
we have:

(1) = alir1) +w(ir—)  for2<r <k
Moreover, let «(s) =0 for the source vertex s.

Definition 6 [1] Let P (i =s—1; —--- —1ix) be a time-varying path from s
to i, then the time of time-varying path P is determined by o(ix) + w(ix).

Definition 7 The fuzzy cost of the time-varying path P (i1 —1i; —--- —ix) is
defined as follow:

= Z. i . . . i)—T = /s .

C(P) = (i) = Clik—1) + € ik, ik, Tlik—1)) + ZIYL‘S) ¢ (e, ' + ot(ix))
Moreover, the path P is the shortest path within time t if for each path P’
within time t, we have: {(P) < {(P').
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3 The fuzzy shortest path problem with speed up

Consider that the transit time b(i,j,t) can be reduced at a fuzzy speedup cost
¢y(i,j, t) i.e. an arc (i,j) is traversed in shorter time and b(i,j,t) is rebated
by paying the speedup cost ¢ (i,j,t). Speedup on one or several arcs may be
leaded to a better solution; especially it may be necessary when the deadline
T is tight. Let y(i,j,t) be the amount of time reduced from the transit time
b(i,j, t) with fuzzy speedup cost ¢ (i,j,t), such that b(i,j,t) —v(i,j, t) > 0.

Theorem 1 Define dj (j,t) as the fuzzy cost of a time-varying shortest path
from s toj of time exactly t with speed up. Then d}(j,0) = co for all j # s,
d5 (s,0) =0 and if t > 0 have:

5,(j,t) = min { a5 (i, t 1) + €lj, t -
”) min(i,j)eA minu-&-b(i,j,u)—y(i,)’,t):t {di\(l) LL) + 6(i>j)u) + 6y(i> jv u)}}

Proof. It is clear that dj(j,0) = co for all j # s and dj(s,0) = 0, since
all transit times are positives. The theorem is proved by induction on t > 0.
Consider t = 1, for j = s the theorem clearly holds. If j # s, for (s,j) € A
and b(s,j,0) = 1, the theorem holds with dj(s,0) + ¢(s,j,0) + ¢y(s,j,0).
Assume that the theorem is correct for t' < t and dj (j, t) is finite. If d3, (j, t) =
dj (j,t —1) +c(j,t — 1), by induction, there is a path from s to j within time
t — 1, by waiting at j one unit of time more, the time of path is exactly t . If
d;j (j,t) = dj (i,u) + c(i,j,u) + ¢y (i,j,u), since b(i,j,t) —v(i,j,t) > 0, then
u < t, therefore by induction, there is a path from s to i within time u and cost
dj (i, u). We can extend this path to j, obtaining a path from s to j within time
u+b(i,j,u) —v(i,j,t) =t and cost dj (j, t) = d5 (i,u) +c(i,j,u) + ¢, (i,j,u).
It is easy to see that d$ (j, t) is the fuzzy cost of shortest path from s to j. [

Theorem 2 Define dj’\* (j) as the cost of a time-varying shortest path form s
toj of time at most T with speed-up, then we have:

d3 () = minp<i<t d3 (j, t).

Proof. The proof is Straightforward. O

4 The algorithm for solving fuzzy shortest path prob-
lem with speed up

The key idea in the below algorithm is to first sort the values of u+b(i,j,u)—
v(i,j,t) =tforallu=0,1,2,...,T and all arcs (i,j) € A, before the recursive
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relation as given in theorem 1 is applied to compute dj (j,t) for all j € V and
t=0,1,2,...,T.

Algorithm

1. Begin

2. Let d3(j,0) = & for all j # s, d (s,0) = 0;

3. Sort all values uw+ b(i,j,u) —y(i,j,t) =t for all u =0,1,2,..., T and
all arcs (1,j) € A;

4. Fort=0,1,2,...,T, do;
For j € V, do;
For each (i,j) € A, and each u and vy, do;
d3 (G, t) = min{d;(j,t —1) +&(j, t —
]), min(i’j)eA minu+b(i,j’t)_y(i,j’t):t {dSA('L, u) + 6(1,],u) + Ey(i, j, u)}}
5. Let df (j) = minp<i< d§y (j, 1);
6. End

Example 1 Consider a given time-varying network G in Figure 1, where
T=6.

Figurel. A network for example 1

Assume that the waiting at vertices are not allowed, i.e. w(i) =0 for alli € V.
Furthermore, for arcs (1,2), (1,3) and (2,4) and for each time t =0,1,...,6
let:
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b(iaj)t) = 3; 6(i>jvt) = (2»3>4)

for arcs (4,6) and (5,6) and for each time t =0,1,...,6 let:
b(i)j)t) =3, é(i)j)t) = (1)3)5)

Other transit times and fuzzy transit costs are shown in Table 1.

Table 1. Information for network G

Arcs 2,5) (3.4) (3,5)

b.c | p ¢ | b ¢ | b ¢

0 1 (123)| 2 (2.4,6) | 3 (1,4,5)
1 4 (134) | 2 (2.4,5) | 2 (1,4,6)
2 3 (134) | 1 (345 | 3 (2,3,4)
3 3 (23,5 | 4 (3.4,6) | 5 (2,4,6)
4 2 (13,6) | 3 (13,5) | 4 (3,5,6)
5 3 (13,5) | 2 (134 | 3 (4,5,6)
6 4 (134) | 3 (124) | 2 (2,5,7)

There is not any feasible path from source vertex 1 to vertex 6 with T = 6,
because each path has time more than time horizon T = 6. Let y(i,j,t) = 1,
corresponding to each vy, consider that there is a speedup cost ¢y(i,j,t) =
(2,4,6). After applying the described algorithm to find the shortest path between
the vertex 1 and the verter 6, we can obtain a path 1-2-5-6 with fuzzy cost
df\*(j) = (10,20, 31).

5 Conclusion

In the time-varying shortest path problem, speedup may be a better decision
for the solution, although it incurs an extra cost. In particular, speedup may
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become necessary when the deadline T is tight. In this paper, we have consid-
ered one class of the time-varying shortest path, where the transit costs are
fuzzy numbers and speedups on all arcs along the path are decision variables.
Moreover, we have presented an algorithm for solving the problem.
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Abstract. In this paper, we establish some common random fixed point
theorems for contractive type conditions in the setting of cone random
metric spaces. Our results unify, extend and generalize many known re-
sults from the current existing literature.

1 Introduction

Random nonlinear analysis is an important mathematical discipline which is
mainly concerned with the study of random nonlinear operators and their
properties and is needed for the study of various classes of random equations.
The study of random fixed point theory was initiated by the Prague school of
Probabilities in the 1950s [9, 10, 24]. Common random fixed point theorems
are stochastic generalization of classical common fixed point theorems. The
machinery of random fixed point theory provides a convenient way of model-
ing many problems arising from economic theory (see e.g. [19]) and references
mentioned therein. Random methods have revolutionized the financial mar-
kets. The survey article by Bharucha-Reid [7] attracted the attention of several
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mathematicians and gave wings to the theory. Itoh [14] extended Spacek’s and
Hans’s theorem to multivalued contraction mappings. Now this theory has be-
come the full fledged research area and various ideas associated with random
fixed point theory are used to obtain the solution of nonlinear random system
(see [4, 5, 6, 11, 22]). Papageorgiou [17, 18], Beg [2, 3] studied common random
fixed points and random coincidence points of a pair of compatible random
operators and proved fixed point theorems for contractive random operators
in Polish spaces.

In 2007, Huang and Zhang [12] introduced the concept of cone metric spaces
and establish some fixed point theorems for contractive mappings in normal
cone metric spaces. Subsequently, several other authors [1, 13, 21, 23] studied
the existence of fixed points and common fixed points of mappings satisfying
contractive type condition on a normal cone metric space.

In 2008, Rezapour and Hamlbarani [21] omitted the assumption of normality
in cone metric space, which is a milestone in developing fixed point theory in
cone metric space. Recently, Mehta et al. [16] introduced the concept of cone
random metric space and proved an existence of random fixed point under
weak contraction condition in the setting of cone random metric spaces.

In this paper, we establish some common random fixed point theorems for
contractive type conditions in the setting of cone random metric spaces. Our
results extend the corresponding results of [16] and some others from the
current existing literature.

2 Preliminaries

Definition 1 (See [16]) Let (E, T) be a topological vector space. A subset P of
E is called a cone whenever the following conditions hold:

(c1) P is closed, nonempty and P #£ {0};

(c2) a,b €R, a,b >0 and x,y € P imply ax + by € P;

(c3) If x € P and —x € P implies x = 0.

For a given cone P C E, we define a partial ordering < with respect to P by
x <y if and only if y —x € P. We shall write x < y to indicate that x <y but
x #y, while x < y will stand for y —x € P°, where P° stands for the interior
of P.

Definition 2 (See [12, 25]) Let X be a nonempty set. Suppose that the map-
ping d: X x X = E satisfies:
(d1) 0 < d(x,y) for all x,y € X and d(x,y) =0 if and only if x =y;
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(d2) d(x,y) = d(y,x) for all x,y € X;

(ds) d(x,y) < d(x,z) + d(z,y) for all x,y,z € X.

Then d is called a cone metric [12] or K-metric [25] on X and (X, d) is called
a cone metric space [12].

The concept of a cone metric space is more general than that of a metric
space, because each metric space is a cone metric space where E = R and
P = [0, +00).

Example 1 (See [12]) Let E =R?*, P ={(x,y) € R?: x > 0,y > 0}, X =R
and d: X x X = E defined by d(x,y) = (Ix —y|, «|x — yl), where « > 0 is a
constant. Then (X, d) is a cone metric space with normal cone P where K = 1.

Example 2 (See [20]) Let E = €2, P = {xn}n>1 € E:xn > 0, for alln}, (X, p)
a metric space, and d: X x X = E defined by d(x,y) ={p(x,y)/2"n>1. Then
(X,d) is a cone metric space.

Clearly, the above examples show that the class of cone metric spaces con-
tains the class of metric spaces.

Definition 3 (See [12]) Let (X,d) be a cone metric space. We say that {xn}
18:

(i) a Cauchy sequence if for every ¢ in E with 0 < €, then there is an N
such that for alln,m >N, d(xn, xm) < €;

(ii) a convergent sequence if for every € in E with 0 < ¢, then there is an N
such that for alln > N, d(xn,x) < € for some fized x in X.

A cone metric space X is said to be complete if every Cauchy sequence in X
is convergent in X.

In the following (X, d) will stands for a cone metric space with respect to a
cone P with P® # ) in a real Banach space E and < is partial ordering in E
with respect to P.

Definition 4 (Measurable function) (See [16]) Let (Q,X) be a measurable
space with L-a sigma algebra of subsets of QO and M be a nonempty subset
of a metric space X = (X,d). Let 2M be the family of nonempty subsets of
M and C(M) the family of all nonempty closed subsets of M. A mapping
G: Q — 2M s called measurable if for each open subset U of M, G~1(U) € X,
where G (U) = {w € Q: G(w)NU # 0}.
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Definition 5 (Measurable selector) (See [16]) A mapping &: Q — M is
called a measurable selector of a measurable mapping G: Q — 2M if & is
measurable and &(w) € G(w) for each w € Q.

Definition 6 (Random operator) (See [16]) The mapping T: Q x M — X
is said to be a random operator if and only if for each fixzed x € M, the mapping
T(., x): Q — X is measurable.

Definition 7 (Continuous random operator) (See [16]) A random oper-
ator T: QO x M — X is said to be continuous random operator if for each fixed
x € M and w € Q, the mapping T(w, .): M — X is continuous.

Definition 8 (Random fixed point) (See [16]) A measurable mapping &: Q
— M is a random fized point of a random operator T: Q x M — X if and only
if T(w, &(w)) = &E(w) for each w € Q.

Definition 9 (Cone Random Metric Space) Let M be a nonempty set
and let the mapping d: QO x M — P, where P is a cone, w € Q be a selector,
satisfy the following conditions:

(i) d(x(@),y(w)) > 0 and d(x(w),y(w)) = 0 if and only if x(w) = y(w)
for all x(w), y(w) € QO x M,

(ii) d(x(w),y(w)) = d(y(w),x(w)) for allx,y € M, w € Q and x(w), y(w)
e xM,

(iil) d(x(w),y(w)) < d(x(w),z(w)) +d(z(w),y(w)) for allx, y, z € M and
w € Q be a selector,

(iv) for any x,y € M, w € Q, d(x(w), y(w)) is non-increasing and left
continuous.

Then d is called cone random metric on M and (M, d) is called a cone
random metric space.

Definition 10 Let (X,d) be a metric space. A mapping T: X — X is called
an a-contraction if

d(Tx, Ty) < ad(x,y) forallx, y € X, (1)

where a € (0,1).
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Definition 11 The mapping T is called Kannan contraction mapping [15] if
there exists b € (0, %) such that

d(Tx, Ty) < bld(x, Tx) + d(y, Ty)] for all x, y € X. (2)

Definition 12 The mapping T is called Chatterjea contraction mapping [8] if
there exists ¢ € (0, %) such that

d(Tx, Ty) < cld(x, Ty) + d(y, Tx)] for all x, y € X. (3)

Generalized contraction condition for two mappings

Let (X, d) be a metric space and let S, T: X — X be two mappings satisfying
the condition:

d(Sx, Ty) < ad(x,y) + bld(x,Sx) + d(y, Ty)]

N (4)
c[d(x, Ty) + d(y, Sx)I,

for all x,y € X and a+ 2b + 2c < 1, where a,b,c > 0 are constants.

Remark 1 (i) If we take S =T and b = ¢ =0, then condition (4) reduces to
the contraction condition (1).

(ii) If we take S = T and a = ¢ = 0, then condition (4) reduces to the
Kannan contraction condition (2).

(iii) If we take S = T and a = b = 0, then condition (4) reduces to the
Chatterjea contraction condition (3).

Thus it is clear from Remark 1 that the generalized contraction condition for
one or two mappings is weaker than Banach contraction, Kannan contraction
and Chatterjea contraction conditions.

3 Main results

In this section we shall prove some common random fixed point theorems under
generalized contractive condition (4) in the setting of cone random metric
spaces.

Theorem 1 Let (X,d) be a complete cone random metric space with respect
to a cone P and let M be a nonempty separable closed subset of X. Let S and
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T be two continuous random operators defined on M such that for w € Q,
S(w, .), T(w, .): Q x M — M satisfying the condition:

forallx,y € M, a(w)+2b(w)+2c(w) < 1, where a(w), b(w), c(w) >0 and
w € Q. Then S and T have a unique common random fized point in X.

Proof. For each xo(w) € QxM and n =0,1,2,..., we choose x1(w), x2(w) €
Q xM such that x1(w) = S(xo(w)) and x2(w) = T(x7(w)). In general we define
sequence of elements of M such that xpn1(w) = S(xon(w)) and xon2(w) =
T(x2n4+1(w)). Then from (5), we have

d(x2n1(w), xzn (w)) = d(S(xn(w)), T(xzn-1(w)))
< a(w) d(x2n(w), x2n—1(w)) + blw) [d(xzn(w), S(x2n (w)))
+ d(x2n—1(w), T(x2n—1(w)))]
+ c(w) [d(x2n(w), T(x2n-1(w)))
+ d(x2n—1(w), S(x2n(w)))]
< a(w) d(xon(w)yxon—1(w)) + blw) [d(xn (W), x2ni1 (W)
+ d(x2n—1(w), Xon (w))] + c(w) [d(x2n (W), Xon (w))

+ d(xzn—1(w), x2n 41 (w))]
= a(w) d(xn(w)yx2n—1(w)) + blw) [d(xzn (W), x2n41(wW))
+ d(xzn—1 (W), xon (w))] + c(w) d(x2n—1(w), X2n 11 (W))
< a(w) d(xzn(w), x2n—1(w)) + b(w) [d(xzn (w), x2n+1(w))
+ d(xan-1(w), x2n (W))] + c(w) [d(xzn—1(w), X2n (w))

+ d(x2n(w), x2n 1 (w))]
= (a(w) + b(w) + c(w)) d(xzn(w), Xzn—1(w))
+ (b(w) + c(w)) d(xz2n1 (W), x2n(w))

Therefore,

a(w) +b(w) + c(w)
d(x2n41(w), xn(w)) < ( 1—b(w)—c(w)

= Ad(xon (W), xon—1(w)),

)d(XZn(w),xZn1(w)) o
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where

A <a(w) +blw) + c(w))
- 1—b(w)—clw) /°

By the assumption of the theorem
alw) +2b(w) + 2c(w) < 1= a(w)+b(w) +c(w) <1T—Db(w) —c(w)

alw) +b(w) + c(w)
T~ b(w) — c(w) )<

ék:(

Similarly, we have
d(xan(w), xon—1(w)) < Ad(xon—1(w),x2n2(w)).

Hence
d(xans1(w), xan (@)) < A2 d(x2n-1(w), X2n-2(w)).

On continuing this process, we get
d(x2ns1 (W), Xzn (W) < A d(x1 (W), xo(w)).
Also for n > m, we have

d(xn(w), xm(w)) < d(xn(w), xn—1(w)) + d(xn-1(w), Xn-2(w)) +...
+ d(xmy1(w), xm(w))
ST HATT 4 AN d (x4 (W), xo(w))
)\m

< (2

< (17 ) dbalw), xofw)).
Let 0 < € be given. Choose a natural number N such that <%) d(x1 (w), xo(w))
< ¢ for every m > N. Thus

}\TI‘L

dxen(@), xm(w)) < (7

) alxi(w), xo(w)) <,

for every m > m > N. This shows that the sequence {x,(w)} is a Cauchy
sequence in Q) x M. Since (X, d) is complete, there exists z(w) € Q x X such
that xn(w) — z(w) as n — oo. Choose a natural number N7 such that

(7)

d(x2ns1(w), xonp2(w)) <
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and

e(1—Db(w)—clw))
2(1 + a(w) + 2c(w))’

d(z(w), x2ns2(w)) <

for every n > Nj. Hence for n > Ny, we have
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The above inequality gives

1+ a(w) + 2c(w)
1—b(w)—c(w)

d(z(w), S(z(w))) < ( ) d(2(w), xams2())

(9)
(5 o)) a0 mancal)).
Using (7) and (8) in (9), we get
d(z(w), S(z(w))) < S+ £ =e. (10)

2 2

Thus d(z(w), S(z(w))) < for all m > 1. So = — d(z(w), S(z(w))) € P for
all m > 1. Since = — 0 as m — oo and P is closed, —d(z(w), S(z(w))) € P.
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But d(z(w), S(z(w))) € P. Therefore by definition 1(c3), d(z(w), S(z(w))
=0 and so S(z(w)) = z(w).

In an exactly the similar way we can prove that for all w € Q, T(z(w)) =
z(w). Hence S(z(w)) = T(z(w)) = z(w). This shows that z(w) is a common
random fixed point of S and T.

Uniqueness

Let v(w) be another random fixed point common to S and T, that is, for
weQ, Sv(w)) =Tv(w)) =v(w). Then for w € Q, we have

d(z(w),v(w)), since 0 < a(w) + 2¢c(w) < 1,

a contradiction. Hence z(w) = v(w) and so z(w) is a unique common random
fixed point of S and T. This completes the proof. O

Corollary 1 Let (X,d) be a complete cone random metric space with respect
to a cone P and let M be a nonempty separable closed subset of X. Let T be a
continuous random operator defined on M such that for w € Q, T(w, .): Q x
M — M satisfying the condition:

d(T(x(w)), T(y(w))) < a(w) d(x(w),y(w))
+ b(w) [d(x(w), T(x(w))) + d(y(w), T(y(w)))]
+ c(w) [d(x(w), T(y(w))) + d(y(w), T(x(w)))]

for allx,y € M, a(w)+2b(w)+2c(w) < 1, where a(w), b(w), c(w) > 0 and
w € Q. Then T has a unique random fized point in X.

Proof. The proof of the corollary immediately follows by putting S = T in
Theorem 1. This completes the proof. O

If we take S =T and b(w) = ¢(w) = 0 in Theorem 1, then we obtain the
following result as corollary.
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Corollary 2 Let (X,d) be a complete cone random metric space with respect
to a cone P and let M be a nonempty separable closed subset of X. Let T be
a random operator defined on M such that for w € Q, T(w, .): QA x M - M
satisfying the condition:

d(T(x(w)), Tly(w))) < a(w) d(x(w),y(w)),

forallx,y € M, a(w) € (0,1) and w € Q. Then T has a unique random fized
point in X.

If we take S =T and a(w) = ¢(w) = 0 in Theorem 1, then we obtain the
following result as corollary.

Corollary 3 ([16], Corollary 3.2) Let (X,d) be a complete cone random met-
ric space with respect to a cone P and let M be a nonempty separable closed
subset of X. Let T be a continuous random operator defined on M such that
forwe Q, T(w, .): Q x M — M satisfying the condition:

d(T(x(w)), T(y(w))) < b(w) [d(x(w), T(x(w))) + d(y(w), T(y(w)))]

for all x,y € M, b(w) € (0, %) and w € Q. Then T has a unique random fixed
point in X.

If we take S =T and a(w) = b(w) = 0 in Theorem 1, then we obtain the
following result as corollary.

Corollary 4 ([16], Corollary 3.3) Let (X,d) be a complete cone random met-
ric space with respect to a cone P and let M be a nonempty separable closed
subset of X. Let T be a continuous random operator defined on M such that
forwe Q, T(w, .): Q x M — M satisfying the condition:

d(T(x(w)), T(y(w))) < e(w) [d(x(w), T(y(w))) + d(y(w), T(x(w)))]
for all x,y € M, c(w) € (0, %) and w € Q. Then T has a unique random fized
point in X.

Theorem 2 Let (X,d) be a complete cone random metric space with respect
to a cone P and let M be a nonempty separable closed subset of X. Let S and
T be two continuous random operators defined on M such that for w € Q,
S(w, .), T(w, .): Q x M — M satisfying the condition:

A(S(x(@)), T(y(w))) < h(w) max {d(x(w), y(@), d(x(w),S(x(w)),
dly(w), Tly(@)), dx(w), Tly(w))), (1)
dly(w), S(x(w))) |



184 G. S. Saluja, B. P. Tripathi

for allx,2y € M, 0 < h(w) < 1T and w € Q. Then S and T have a unique
common random fized point in X.

Proof. For each xp(w) € Q x M and n=0,1,2,..., we choose xq(w),xs(w)
€ Q x M such that x;(w) = S(xo(w)) and x2(w) = T(x7(w)). In general
we define sequence of elements of M such that xoni1(w) = S(xon(w)) and
Xon2(w) = T(xon41(w)). Then from (11), we have

d(S(xan(w)), T(x2n-1(w)))

d(xan1 (W), xon(w)) = d(

< h(w) maX{d Xan (W), x2n—1(w)),
(
(

o

Xan (@), S(xan (@), dlxan-1 (), Tlxzn1 (@),
Xon (W), T(xon—1(w))), d(Xan(w),S(XZn(w)))}
= h(w) max { d(xan (@), Xon-1(@)),
d(x2n (W), Xon41 (@), d(xzn—1(w), Xon (w)), (12)
d(xan (@), Xan (@), d(xan1 (@) xan i1 (@) }
(w) max { dlxan(w), xan-1 (@),
d(xon(w), Xon41(w)), d(xon—1(w), xon(w)),
(
(

o

=h

Xan-1(@), a1 (@) }
< h{w) d(x2n(w), x2n—1(w)).
Similarly, we have

d(x2n(w)y x2n—1(w)) < h(w) d(xzn—1(w), Xn—2(w)).

Hence
d(x2n41 (W), Xon (W) < h{w)? d(xon—1(w), Xzn_2(w)).

On continuing this process, we get
d(x2n41 (W), Xzn (@) < h(w)™™ d(x1(w), xo(w)).
Also for n > m, we have
d(xn(w), xm(w)) < d(xn(w), xn—1(w)) + d(xn-1(w), xn2(w)) + ...

+ d(Xmp1 W)y xm(w))
< (h(@)™ " +h(w)* 2+ + h(w)™) d(x1(w), xo(w))



Some common random fixed point theorems for ... 185

< ( h(w)™

T hiwy) d0a (@) xa(w).

Let 0 < € be given. Choose a natural number N such that (1}1_(:();1)) d(xq(w),

xo(w)) < ¢ for every m > N. Thus
h(w)™

d(xn(w), xm(w)) < (W

) dbxi (@), xo(w)) <,
for every n > m > N.

This shows that the sequence {x,(w)} is a Cauchy sequence in Q x M. Since
(X,d) is complete, there exists z(w) € Q x X such that x,(w) — z(w) as
n — oo. Hence, we have

S
y T(xant1(w))), d(in+1(w),S(Z(w)))}
= d(z(@), Xans2(w)) + h(w) max {d(z(w), Xans1 (),

d(z(w), S(z(w))), d(xgn+1(w), X2n12(w)),

d(z(w), xan42(w)), d(inH(w),S(Z(w)))}-
Taking the limit as n — oo in the above inequality, we get

d(z(w), S(z(w))) < h(w) d(z(w), S(z(w)))

or,

(1 —h(w))d(z(w), S(z(w))) <0

= d(z(w),S(z(w))) <0, since 0 < (1 —h(w)) < 1.

Thus —d(z(w), S(z(w))) € P. But d(z(w),S(z(w))) € P. Therefore by defi-
nition 1(cg3), we have d(z(w),S(z(w)) =0 and so S(z(w)) = z(w).

In an exactly the similar way we can prove that for all w € Q, T(z(w)) =
z(w). Hence S(z(w)) = T(z(w)) = z(w). This shows that z(w) is a common
random fixed point of S and T. Rest of the proof is same as that of Theorem
1. This completes the proof. O

If we take S =T in Theorem 2 we get the following result as corollary.
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Corollary 5 Let (X,d) be a complete cone random metric space with respect
to a cone P and let M be a nonempty separable closed subset of X. Let T be a
continuous random operators defined on M such that for w € Q, T(w, .): Q%
M — M satisfying the condition:

A(T(x(@), T(y(@))) < h(w) max {d(x(w), y(w)), dx(w), Tix(@)),
dly(w), Tly()), dx(w), Tly(w))),  (13)
dly(w), Tix(w))) }

for all x,2y € M, 0 < h(w) <1 and w € Q. Then T has a unique random
fized point in X.

Proof. The proof of corollary 5 immediately follows by putting S = T in
Theorem 2. This completes the proof. O

The following corollary is a special case of Corollary 5.

Corollary 6 Let (X,d) be a complete cone random metric space with respect
to a cone P and let M be a nonempty separable closed subset of X. Let T be a
continuous random operators defined on M such that for w € Q, T(w, .): Q%
M — M satisfying the condition:

d(T(x(w)), T(y(w))) < h(w) d(x(w),y(w)) (14)

for all x,2y € M, 0 < h(w) <1 and w € Q. Then T has a unique random
fized point in X.

Condition (14) is called Banach contractive condition.
Proof. (Proof of corollary 6) The proof of corollary 6 immediately follows
from Corollary 5 by taking

maX{d(X(w),y(w)), d(x(w), T(x(w))), d(y(w), T(y(w))),
d(x(w), T(y(w))), d(y(w),T(X(w)))} = d(x(w), y(w)).

This completes the proof. O

Example 3 Let QO =[0,1] and L be the sigma algebra of Lebesgue’s measur-
able subset of [0,1]. Take X = R with d(x,y) = |x — y| for x,y € R. Define
random mapping T from Q x X to X as T(w,x) = w —x. Then a measurable
mapping &: Q — X defined as E(w) = 5 for all w € Q, serve as a unique
random fized point of T.
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Example 4 Let M =R and P={x € M : x >0}, also Q = [0,1] and L be
the sigma algebra of Lebesque’s measurable subset of [0,1]. Let X = [0, 00) and
define a mapping d: (QAxX)x (QAxX) = M by d(x(w),y(w)) = [x(w)—y(w)|.
Then (X,d) is a cone random metric space. Define random operator T form
(Q x X) to X as T(w,x) = # Also sequence of mapping &n: QO — X
is defined by En(w) = (1 — w0/ for every w € Q and n € N. Define
measurable mapping &: Q — X as &(w) = (1 — w?) for every w € Q. Hence
(1 — w?) is the random fized point of the random operator T.

Example 5 Let M =R and P={x € M : x >0}, also Q = [0,1] and L be
the sigma algebra of Lebesgque’s measurable subset of [0,1]. Let X = [0,00) and
define a mapping d: (QAxX)x (QAxX) = M by d(x(w),y(w)) = [x(w)—y(w)|.
Then (X, d) is a cone random metric space. Define random operators S and T
form (Q x X) to X as S(w,x) = = ‘3 2 and T(w,x) = % Also sequence
of mapping &n: Q — X is defined by &n(w) = (1—w?)1/M for every w € Q
and n € N. Define measurable mapping &: Q — X as E(w) = (1 — w?) for
every w € Q. Hence (1 — w?) is a common random fized point of the random
operators S and T.

Example 6 Let E = {0, 1, 2, 3, 4} C R with the usual metric d. Consider
Q =1{0,1,2, 3,4} and let X be the sigma algebra of Lebesgque’s measurable
subset of Q. Define S, T: Q x E - E by

{S(w,x) =3, wherex=0and w e Q

=1, otherwise,

and

T(w,x) =2, wherex=0and w e Q
=1, otherwise.

Let us take x(w) =0, y(w) = 1. Then from condition (11), we have

2= d(S(x(w), T(y(w))
< h(w) max {d(x(w), y(w)), dlx(@), S(x(w))),
dly(w), Tly(w)), d(x(w), Tly(w)),
dly(w), S(x(w)) |
= h(w) max{1,3,0,1,2}
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which implies h(w) > % Now if we take 0 < h(w) < 1, then condition (11)
is satisfied. The measurable function &: Q — E with &(w) = 1 is a unique
common random fized point of S and T, that is, S(w,x) = T(w,x) =1 =§&(w).

Example 7 Let E = {0, 1, 2, 3, 4} C R with the usual metric d. Consider
Q ={0,1,2, 3,4} and let X be the sigma algebra of Lebesgue’s measurable
subset of Q). Define S, T: Q x E — E by

S(w,x) =4, wherex=0and w e Q
=3, otherwise,
and

T(w,x) =2, wherex=0and w € Q
=3, otherwise.

Let us take x(w) = 0 and y(w) = 1. Then condition (5) of Theorem 3.1 is

satisfied with a(w) = b(w) = c(w) = 15 and a(w) + 2b(w) + 2c(w) = & €

(0,1). The measurable function &: Q — E with &(w) = 3 is a unique common

random fized point of S and T, that is, S(w,x) = T(w,x) =3 = &(w).

Remark 2 Our results extend and generalize many known results from the
current existing literature.
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