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Abstract. The intuition according to which an infinite word is “com-
plicated” all the more as it has many distinct factors can be translated
into terms of “complexity function” of this word. In this paper, some
properties of a new notion of complexity called “window complexity”
are studied. A characterization of modulo-recurrent words via window
complexity is given.

1 Introduction

The study of factors of infinite words goes back at least to the work of Thue [13,
14]. Among questions which have been addressed, is the problem of computing
the complexity function P, where P(n) is the number of distinct factors of
length n; it was introduced in 1975 by Ehrenfeucht et al. [6]. And since then,
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128 J. Cassaigne, I. Kaboré, T. Tapsoba

it has been abundantly used to study infinite words; in particular it allowed the
classification of certain families of infinite words (see for instance [1, 4, 10]).

As is shown in [12], this classical definition of complexity does not always
show how complicated an infinite word is. That is why other notions of com-
plexity were introduced by many authors, such as arithmetic complexity [3]
and palindromic complexity [2].

Our aim in this paper is to give some properties of the window complexity.
This new complexity was introduced by two of the authors in [8].

2 Preliminaries

Let A* be the free monoid generated by a non-empty finite set A called al-
phabet. The elements of A are called letters and those of A*, words. For any
word v in A*, |v| denotes the length of v, namely the number of its letters.
The identity element of A* denoted by ¢ is the empty word; it is the word of
length 0.

An infinite word is a sequence of letters in A indexed by N. We denote by
A® the set of infinite words in A and we set A® = A* U A%,

An infinite word u is said T-periodic if T is the least positive integer such
that wiyr =u; for all i > 0.

A finite word u of length n formed by repeating a single letter x is typically
denoted x™. We define the nth power of a finite word v as being the concate-
nation of n copies of v; we denote it v'*. We say that an infinite word u is even-
tually periodic if there exist two finite words v and w such that u =wvwvv - - -;
then u is simply denoted wv®.

Let ue A® and v € A*. The word v is said to be a factor of u if there exist
u; € A* and uy € A such that u = wjvu,.

For any infinite word u in A%, we shall write w = upuwjuyusz--- where
u; € A for all 1 > 0. Let u € A®. The language of length n of u, denoted by
Ln(u), is the set of factors of u of length n:

Ln(w) = {uwlpq1 - Uyn—1:k >0},

The set of all the factors of u is simply denoted by L(u). A factor v of length n
of a word u = ugujuy - - - appears in u at position k if v = w1+ Uprn_1-
A word u is said to be recurrent if every factor of u appears infinitely many
times in u.

The complexity function of the infinite word u is the map from N to N*
defined by P(u, n) = #L,(u), where #L(u) is the number of elements in
La(u).



On a new notion of complexity on infinite words 129

A Sturmian word is an infinite word u such that P(u, n) =n 4 1 for every
integer n > 0. Sturmian words are non-eventually periodic infinite words of
minimal complexity, for more details see for instance [9, 11].

Let us recall the definition of window complexity, which was introduced
in [8].

Definition 1 Letu = upujuy--- be an infinite word. The window complezity
function of w is the map Pe(u, .) : N — N* defined by'

Pe(u, 1) = # {UnWint1 - Ugernt : k> 0} .

Factors of length n occurring in u at a position multiple of n, as above, will
be called “window factors of length n of W”’. The decomposition of u into such
factors will be called the “window decomposition of size n of u” or simply
“n-window decomposition of u”.

3 Properties of the window complexity

3.1 Comparison of P¢(u, .) and P(u, .)

Let us first compare the window complexity function with the usual complexity
function.

Proposition 1 For any infinite word u, we have:
Yn >0, Pe(u,n) <Pu,n) .
Proof. For any infinite word u, we have
{WenWin 1+ Upepmo1 k> 0} C Lo(u) .

Thus P¢(u, n) < P(u, n). O

We shall see in the next section that this proposition is sharp, i.e., there
exist infinite words for which P¢(u, n) = P(u, n) for all n € N.

Proposition 2 For any infinite word u, we have:

¥n>2, Plu,n) < (n—1)(Pe(u, n—1))* .

Lf in Ps is from ” fenétre”, window in French
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Proof. For all n > 2, let v, w be two window factors of length n — 1 in u
such that vw appears in the n-decomposition of w. Then, there are at most
n — 1 factors of u of length n contained in vw, and all factors of length n are
obtained this way. The result follows. O

We deduce from this proposition that if P¢ is bounded, then P is at most
linear. Such infinite words actually exist, as we shall see in Proposition 7.

3.2 Window complexity and modulo-recurrent words

Let us now study the window complexity of a particular class of infinite words,
introduced in [7]: modulo-recurrent words.

Definition 2 An infinite word w = uguiuy - - - s said to be modulo-recurrent
if, for any k > 1, every factor w of w appears in u at every position modulo
k, i.e.,

Vie {0, 1, ..., k— 1}, dieN:w= Wkl HWKL 441 77 WKL it -1 -

Note that all modulo-recurrent words are recurrent. The class of modulo-
recurrent words includes words of diverse complexity, for instance Sturmian
words or words with maximal complexity:

Proposition 3 [7] Sturmian words are modulo-recurrent.

Proposition 4 Let u € A% be an infinite word such that P(u, n) = (#A)™
for all n € N. Then u is modulo-recurrent.

Proof. If P(u, n) = (#A)" for all n € N, then L(u) = A*. Let w € A* and
k > 1. Choose j € N such that |[w|+j =1 (mod k), and a € A. Then the word
(wal)¥ occurs at some position n in u. It follows that W occurs at positions

n+i(jw/+j)inuforie{0, 1, ..., k— 1}, hence at every position modulo k.
O

A consequence of Proposition 4 is that almost every infinite word is modulo-
recurrent, in the following sense: choose an infinite word u in A® at random,
each letter being independently chosen in A according to a uniform law; then,
with probability 1, the word u is modulo-recurrent. Indeed, it is known that
L(u) = A* for almost every u.

Modulo-recurrent words can be characterized in terms of window complex-

ity:



On a new notion of complexity on infinite words 131

Theorem 1 Letu be a recurrent infinite word. Then, the following assertions
are equivalent:

1. The word u is modulo-recurrent.

2. Vn >0, P¢(u, n) =P(u, n).

Proof. Let u be a modulo-recurrent word. Since P¢(u, n) < P(u, n) by
Proposition 1, we need only to check that P(u, n) < P¢(u, n). Let w be a
factor of length n in w. Then, w appears in u at any position modulo n,
in particular at a position = 0 (mod n). So, there exists k € N such that
W = UknUkn+1 " U(kt1)n—1- Hence, we have the inclusion

Ln(u) C {U—knukn+1 U (k-1 ¢ k > O}

and thus
P(u, n) < Pg(u, n).

Conversely, suppose that
vn >0, P¢(u, n) =P(u, n).

Then, for every integer n, any factor of u of length n appears in u at least at
one position = 0 (mod n). Let w be a factor of u of length n and k a positive
integer. Let us consider an integer i such that 0 < i < k. We have to show
that w appears in u at a certain position = 1 (mod k). As u is a recurrent
infinite word, we can find some words x and y such that xwy is a factor of u
of length [xwy| =0 (mod k), with |x| =1i.

It follows that there exists an integer 1 such that xwy appears in u at
position lxwyl, i.e., XWY = Wiy Wiowyl+1 * * * W(i4+1)xawy|—1- Lhus,

W = Uy [+ W xwy|[+i4+1 *°* Wxwy|+i+n—1-

Therefore, w appears at a position =1 (mod k). O

Note that Theorem 1 does not hold for non-recurrent words. Indeed, the
word u = ab® satisfies P¢(u, n) = P(u, n) = 2 for all n > 1 (and of course
P¢(u, 0) = P(u, 0) = 1), but it is not modulo-recurrent.

3.3 Window complexity and automatic words

One very interesting way to generate infinite words is to proceed by iterating
a substitution on a letter.
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A substitution is a map f : A — A*. It can be naturally extended to a
morphism from A* to A*, and to a map from A* to A*.

If there exists a constant o such that [f(a)] = o for all a € A, then we
say that f is o-uniform (or just uniform, if o is clear from the context). A
T-uniform morphism is called a coding.

Let f be a substitution on A*. A word w on the alphabet A such that
f(w) = w is said to be a fixed point of f. If f is a non-erasing morphism and
there exists a letter a € A such that f(a) = am with [m| > 0, then we say that
f is prolongable on a. In this case, the sequence a, f(a), f>(a),... converges to
the infinite word

u=amf(m)f2(m)...fm)...

which is a fixed point of f.

An infinite word is said to be c-automatic if it is the image under a coding
of a fixed point of a o-uniform morphism, for o > 2. Indeed, such a word is
recognizable by a o-automaton [5].

Proposition 5 Let u be a o-automatic infinite word. Then the sequence of
integers (P¢(u, n)), oy s not strictly increasing.

Proof. Let u = g(v), where v is a fixed point of the o-uniform morphism f
and ¢ is a coding. Then, for all n € N, we have P¢(u, o™) < P¢(v, 1) since the
window factors of length o™ of u are the words g(f™(a)) for a € L(v). Since
the sequence (Pf(u, n)), oy contains a bounded subsequence, it is not strictly
increasing. O

3.4 Bounded window complexity

We know that the complexity function of an eventually periodic word is
bounded. By Proposition 1, it follows that the window complexity of an even-
tually periodic word is also bounded. More precisely:

Proposition 6

1. Ifu is a t-periodic word, then P¢(u, n) < L
ged(n, 1)

2. If u is eventually T-periodic, then for n large enough,
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Proof.

1. Let n € N. A window factor of length n of u can be written as

UknUWkn+1 - W(k4+1)n—1»

T

and it is entirely determined by kn mod T, which takes exactly ———
ged(n, T)

different values.

2. If n is large enough, then u = wv where |[w| = n and v is T-periodic.
Then P¢(u, n) < 1+ Pg(v, n).

O

Since the window complexity of any eventually periodic word is bounded,
a natural question is what happens for non-eventually periodic infinite words.
Contrarily to the situation with the usual complexity function, bounded win-
dow complexity does not imply eventual periodicity. We present below a non-
eventually periodic infinite word whose window complexity is bounded.

Consider the sequence (ni)i>o such that no = 0 and for all i > 0, nyy1 =
ni! + ny; and let t = tot1ty - - - be the infinite word defined by t,, = 1 if there
exists 1 € N such that n =n; and t,, = 0 otherwise.

The first few terms of (ni) and t are:

101123 4 5
ng (0| T1]2(4]28|28!+28

t =11101000000000000000000000001000. . ..

Let us note that t is neither eventually periodic nor recurrent.

Proposition 7 The window complexity of the infinite word t defined above
satisfies P¢(t, 0) =1, P¢(t, 1) = 2, and

vn>2, Pet,n)=3.

Proof. Obviously, P¢(t, 0) =1 and P¢(t, 1) = #A = 2.

We see from the first terms of t that 11, 10, 00 all occur in the 2-window
decomposition of t. Morever, since all n; are even except ny = 1, we have
to11 =0 for 1 > 1, therefore tytz141 cannot be equal to 01. So P¢(t, 2) = 3.

More generally, let n > 2, let 1 be the smallest integer such that n < ny, and
let r = nymod n. Then ni_; <n <n; and i > 2. We first prove by induction
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on j that nj = r (mod n) for all j > i. This obviously holds for j = 1. Assume
that n; = v (mod n) for some j > i. Then nj 1 —r =n;! + (nj —r), which is
a multiple of n since n; > n.

There are at least 3 window factors of length n: toty---tn_1, with 11 as a
prefix, occurring at position 0; 0™, occurring at position ni;; +n —r (since
Mg <Nip1+Fn—1 <Ny +n—r+n—1<mni); and 0"10™ !, occurring
at position ny — .

Assume now that w = tinting1 - - t(41)n_1 is a window factor of length n of
t. If it starts with 11, then it must be the prefix of length n, since 11 does not
occur in t after position 1. Otherwise, L > 1. For 0 <k <n—1, In+k =n;is
only possible if k =1, since nj = r (mod n) if j > i, and ny < n if j < i. Hence
w is either O™ or 0"10™ ™!, We have shown that there is not other window
factor of length n, i.e., P¢(t, n) = 3. O

By Proposition 2, and since the word t is non-eventually periodic, we have
n+1<P, n)<9n—1) for n > 2. Actually, one can prove that P(t, n) =
n+ o(logmn).

4 Some questions

We conclude with a few open questions.

e By Proposition 6, we know that if u is an eventually periodic infinite
word then its window complexity function P¢(u, -) is bounded. Also, we
have presented (Proposition 7) an infinite word, non-eventually periodic
and non-recurrent, such that its window complexity function is bounded.
Does there exist some infinite recurrent and non-eventually periodic word
for which the window complexity function is bounded?

e Among infinite words with bounded window complexity, a subclass of
particular interest is that of words with eventually constant window
complexity, i.e., verifying the following property:

Ing, c € N:Vn > ng, Pe(u, n) =c. (1)

Eventually constant words have eventually constant window complex-
ity. The example constructed in Proposition 7 shows that even non-
eventually periodic words may have eventually constant window com-
plexity.

It would be interesting to see if there exist recurrent words, or better
automatic words, that possess Property (1).
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e We know by Proposition 5 that the window complexity function of an
automatic word is not strictly increasing, and even contains a bounded
subsequence. On the other hand, by Theorem 1, modulo-recurrent words
have strictly increasing window complexity. Do there exist non-modulo-
recurrent words with strictly increasing window complexity?
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Abstract. In a directed multigraph, the imbalance of a vertex v; is
defined as b,, = dJ —d, , where d and d;, denote the outdegree
and indegree respectively of vi. We characterize imbalances in directed
multigraphs and obtain lower and upper bounds on imbalances in such
digraphs. Also, we show the existence of a directed multigraph with a
given imbalance set.

1 Introduction

A directed graph (shortly digraph) without loops and without multi-arcs is
called a simple digraph [2]. The imbalance of a vertex v; in a digraph as by,
(or simply b)) = d\j: —d,,, where dQ,Li and d,, are respectively the outdegree
and indegree of vi. The imbalance sequence of a simple digraph is formed by
listing the vertex imbalances in non-increasing order. A sequence of integers

F=[fy,fa,...,fn] with f1 > f, > ... > f,, is feasible if the sum of its elements
Kk

is zero, and satisfies Z fi <k(n—k), for 1 <k <n.

i=1

2010 Mathematics Subject Classification: 05C20
Key words and phrases: digraph, imbalance, outdegree, indegree, directed multigraph,
arc.
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The following result [5] provides a necessary and sufficient condition for a
sequence of integers to be the imbalance sequence of a simple digraph.

Theorem 1 A sequence is realizable as an imbalance sequence if and only if
it is feasible.

The above result is equivalent to saying that a sequence of integers B =
[b1,by,...,bn] with by > by > ... > by, is an imbalance sequence of a simple
digraph if and only if

k
D bi<k(n—k),
i=1

for 1 < k < n, with equality when k =n.
On arranging the imbalance sequence in non-decreasing order, we have the
following observation.

Corollary 1 A sequence of integers B = [b1,by,...,bn] withby; <b, < ... <
bn is an imbalance sequence of a simple digraph if and only if

k

D _bi>k(k—mn),

i=1

for 1 <k <n with equality when k =mn.

Various results for imbalances in simple digraphs and oriented graphs can
be found in [6], [7].

2 Imbalances in r-graphs

A multigraph is a graph from which multi-edges are not removed, and which
has no loops [2]. If r > 1 then an r-digraph (shortly r-graph) is an orientation
of a multigraph that is without loops and contains at most r edges between the
elements of any pair of distinct vertices. Clearly 1-digraph is an oriented graph.
Let D be an f-digraph with vertex set V ={vi,v2,...,vn}, and let d} and d;
respectively denote the outdegree and indegree of vertex v. Define by, (or
simply bi) = d} —d,, as imbalance of v;. Clearly, —r(n—1) < by, < r(n—1).
The imbalance sequence of D is formed by listing the vertex imbalances in
non-decreasing order.
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We remark that r-digraphs are special cases of (a,b)-digraphs containing
at least a and at most b edges between the elements of any pair of vertices.
Degree sequences of (a,b)-digraphs are studied in [3, 4].

Let u and v be distinct vertices in D. If there are f arcs directed from
u to v and g arcs directed from v to u, we denote this by u(f — g)v, where
0<f,g,f+g<n.

A double in D is an induced directed subgraph with two vertices u, and v
having the form w(fif,)v, where 1 < fq, f2 <r,and 1 < f;+f, <7, and f; is
the number of arcs directed from u to v, and f5 is the number of arcs directed
from v to w. A triple in D is an induced subgraph with tree vertices u, v,
and w having the form u(fif2)v(g1g2)w(hiho)u, where 1 < fq, f2, g1, g2, h1,
hy, <r,and 1 < f1+f), g1+ g2, h1 + hy < 1, and the meaning of 1, f2, g1,
g2, h1, hy is similar to the meaning in the definition of doubles. An oriented
triple in D is an induced subdigraph with three vertices. An oriented triple is
said to be transitive if it is of the form u(1 — 0)v(1 — 0)w(0 — 1)u, or u(1 —
0)v(0—T)w(0—0)u, or u(1—=0)v(0—0)w(0—1)u, or u(1—-0)v(0—0)w(0—0)u,
or u(0 —0)v(0 — 0)w(0 — 0)u, otherwise it is intransitive. An r-graph is said
to be transitive if all its oriented triples are transitive. In particular, a triple
C in an r-graph is transitive if every oriented triple of C is transitive.

The following observation can be easily established and is analogues to The-
orem 2.2 of Avery [1].

Lemma 1 If Dy and D, are two r-graphs with same imbalance sequence,
then D1 can be transformed to Dy by successively transforming (i) appropriate
oriented triples in one of the following ways, either (a) by changing the intran-
sitive oriented triple w(1 — 0)v(1 — 0)w(1 — 0)u to a transitive oriented triple
u(0—0)v(0—0)w(0—0)u, which has the same imbalance sequence or vice versa,
or (b) by changing the intransitive oriented triple u(1 — 0)v(1 —0)w(0 — 0)u
to a transitive oriented triple w(0 — 0)v(0 — 0)w(0 — 1)u, which has the same
imbalance sequence or vice versa; or (ii) by changing a double u(1 —1)v to a
double w(0 — 0)v, which has the same imbalance sequence or vice versa.

The above observations lead to the following result.

Theorem 2 Among all r-graphs with given imbalance sequence, those with
the fewest arcs are transitive.

Proof. Let B be an imbalance sequence and let D be a realization of B that
is not transitive. Then D contains an intransitive oriented triple. If it is of
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the form u(1—0)v(1—0)w(1—0)u, it can be transformed by operation i(a) of
Lemma 3 to a transitive oriented triple u(0—0)v(0—0)w(0—0)u with the same
imbalance sequence and three arcs fewer. If D contains an intransitive oriented
triple of the form u(1—0)v(1—0)w(0—0)u, it can be transformed by operation
i(b) of Lemma 3 to a transitive oriented triple u(0 — 0)v(0 — 0)w(0 — 1)u
same imbalance sequence but one arc fewer. In case D contains both types of
intransitive oriented triples, they can be transformed to transitive ones with
certainly lesser arcs. If in D there is a double u(1 — 1)v, by operation (i) of
Lemme 4, it can be transformed to u(0 — 0)v, with same imbalance sequence
but two arcs fewer. O

The next result gives necessary and sufficient conditions for a sequence of
integers to be the imbalance sequence of some r-graph.

Theorem 3 A sequence B = [by,by,...,bn] of integers in non-decreasing
order is an imbalance sequence of an r-graph if and only if

k
Y b >rk(k—n), (1)

i=1

with equality when k =n.

Proof. Necessity. A multi subdigraph induced by k vertices has a sum of
imbalances rk(k —n).

Sufficiency. Assume that B = [by,b2,...,bns] be the sequence of integers
in non-decreasing order satisfying conditions (1) but is not the imbalance
sequence of any r-graph. Let this sequence be chosen in such a way that n is
the smallest possible and by is the least with that choice of n. We consider
the following two cases.

Case (i). Suppose equality in (1) holds for some k < n, so that

k
> bi=rk(k—n),
i=1

for 1 <k<n.

By minimality of n, By = [by, by, ..., by] is the imbalance sequence of some
r-graph Dy with vertex set, say Vi. Let By = [byy1,bki2,...,bnl.
Consider,
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f K+f K
Zbk+i:Zbi_Zbi
i1 i1 i1

>r(k+f)(k+f)—n] —rk(k—n)

=71(ky + kf —kn + fk + f; — fn—ky + kn)
> 1(f; —fn)

=rf(f —n),

for 1 < f < n—k, with equality when f = n—k. Therefore, by the minimality
for n, the sequence B, forms the imbalance sequence of some r-graph D, with
vertex set, say V3. Construct a new r-graph D with vertex set as follows.

Let V =V, UV, with, V1NV, = ¢ and the arc set containing those arcs
which are in Dy and D,. Then we obtain the r-graph D with the imbalance
sequence B, which is a contradiction.

Case (ii). Suppose that the strict inequality holds in (1) for some k < n, so
that

k
> bi>rk(k—n),
i=1
for 1 <k <n. Let Bj = [b; —1,by,...,bn_1,bn + 1], so that By satisfy
the conditions (1). Thus by the minimality of by, the sequences By is the
imbalances sequence of some r-graph Dy with vertex set, say V7). Let b,, =
by —1 and by, = an + 1. Since b, > by, + 1, there exists a vertex v, € V;
such that v (0—0)v,(1—=0)vy, or vi(1—=0)vp(0—=0)vy, or vi(1—=0)vp(1—=0)vq,
or vp(0 — 0)vp(0 — O)vy, and if these are changed to vn(0 — 1)vp(0 — O)vy,
or vn(0 — 0)vp(0 — T)vy, or vu(0 — 0)vp(0 — 0)vy, or vr(0 — 1)vp(0 — 1)vy
respectively, the result is an r-graph with imbalances sequence B, which is
again a contradiction. This proves the result. O
Arranging the imbalance sequence in non-increasing order, we have the fol-
lowing observation.

Corollary 2 A sequence B = [b1,b2,...,bn] of integers withby > by > ... >
bn is an imbalance sequence of an r-graph if and only if

k
Zbi <rk(n—k),

i=1

for 1 <k <n, with equality when k =n.
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The converse of an r-graph D is an r-graph D’, obtained by reversing ori-
entations of all arcs of D. If B = [by,by,...,bn] with by < b, < ... < b, is
the imbalance sequence of an r-graph D, then B’ = [-by, —b,_1,...,—bq] is
the imbalance sequence of D.

The next result gives lower and upper bounds for the imbalance b; of a
vertex v; in an r-graph D.

Theorem 4 IfB = [by,by,...,bn] is an imbalance sequence of an r-graph D,
then for each i

ri—m)<b;<r(i—1).
Proof. Assume to the contrary that b; < r(i —n), so that for k < 1,
b < by < r(i—n).

That is,
bi<ri—m),bo<r(i—m),...,by<r(i—mn).
Adding these inequalities, we get

i
D be<rifi—n),
k=1

which contradicts Theorem 3.

Therefore, r(i — n) < b;.

The second inequality is dual to the first. In the converse r-graph with
imbalance sequence B = [b/, b}, ..., b} ] we have, by the first inequality

b i >l —i+1)—n]

=7r(—i+1).
Since by = —b] _; 4, therefore
bi < —r(—i4+1)=r(i-1).
Hence, by <r(i—1). O

Now we obtain the following inequalities for imbalances in T-graphs.

Theorem 5 If B = [by,by,...,bn] is an imbalance sequence of an r-graph
with b1 > by > ... > by, then

k k
Z biz < Z(Zrn — 2tk — by)?,
i=1 i=1

for 1 <k <n with equality when k =n.
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Proof. By Theorem 3, we have for 1 < k < n with equality when k =n

k

tk(n—k) > ) by,

i=1

implying
k k k
D bi+22m—2rk)rk(n—k) = ) b{+2(2rm —2rk) ) by,
i=1 i=1 i=1

from where

k k k
Z biz + k(2rn — 2rk)% — 2(2rn — 2rk) Z b; > Z biz,
i=1 i=1

i=1
and so we get the required

bZ 4+ b3+ ...+ b2+ (2rn—2rk)% + (2rn — 2rk)% + ... + (2rn — 2vk)?
—2(2rn — 2rk)by — 2(2rn — 2rk)by — ... — 2(2rn — 2rk)by

K
=) b
i=1

or
k

k
D> (2m—2rk—b)*> > bi.
i=1 i=1

0

The set of distinct imbalances of vertices in an r-graph is called its imbalance
set. The following result gives the existence of an r-graph with a given im-
balance set. Let (p1,p2,...,Pm, d1,92,...,dn) denote the greatest common

divisor of p1,p2,...,Pn, 41,42, -, dn.

Theorem 6 If P = {PI»P2»~-->pm} and Q = {*qb*qu--»*qn} where
P1,P2y -+ Pm,d1,d2,-..,dn are positive integers such that p1 < py < ... <

pm and q] < q2 <...< q‘rl (]//'ld (ppr)nwpm)q]»qu'->Qn) :t; ] é t S
T, then there exists an r-graph with imbalance set P U Q.

Proof. Since (p1,p2,...,Pm, d1,4d2,...,dn) = t, 1 < t < 1, there exist
positive integers f1,f2,...,fm and g1,92,...,9n with f1 < fy < ... < f, and
g1 < g2 <...< gn such that

pi = tfy
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for 1 <i<m and

di = tgi
for 1 <j<n.
We construct an r-graph D with vertex set V as follows.
Let

v =xjuxiu...uxl uxtuxiu...uxTuyluylu...uy! uYZuYSU...UYT,

with X)N XL =, YN YL = b, XN Y. = ¢ and

IXEI =g, forall T<i<m,

|X§| =g, forall 2 <i<m,

IYS\ =fy, forall T<i<m,

IY}I =fy, forall 2 <1< n.

Let there be t arcs directed from every vertex of XE to each vertex of Yf,
for all 1 <1 < m and let there be t arcs directed from every vertex of X%
to each vertex of Y}, for all 2 < i < n so that we obtain the r-graph D with
imbalances of vertices as under.

For 1 <i<m, forallx! GXE

bx] = t|Y11| — 0 =1tfy =py,
for 2 <i<m, for all x} € X}
by =tlYjl —0 = tf; =p1,
for 1 <i<m, for all y] € Y]
by = 0—tiX{| = —tgi = —ay,
and for 2 <1 <mn, for all y% € Y}
b =0-— tIXj| = —tgi = —qi.

Therefore imbalance set of D is P U Q. U
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Abstract. For a connected graph G of order p > 2 and a vertex x of G,
aset S C V(G) is an x-detour set of G if each vertex v € V(G) lies on an
x —y detour for some element y in S. The minimum cardinality of an x-
detour set of G is defined as the x-detour number of G, denoted by d,(G).
An x-detour set of cardinality d,(G) is called a dy-set of G. A connected
x-detour set of G is an x-detour set S such that the subgraph G[S] induced
by S is connected. The minimum cardinality of a connected x-detour set
of G is defined as the connected x-detour number of G and is denoted by
cdx(G). A connected x-detour set of cardinality cdy(G) is called a cdy-
set of G. We determine bounds for the connected x-detour number and
find the same for some special classes of graphs. If a,b and c are positive
integers such that 3 < a < b+1 < ¢, then there exists a connected graph
G with detour number dn(G) = a,d,(G) = b and cd«(G) = ¢ for some
vertex x in G. For positive integers R,D and n > 3 with R < D < 2R,
there exists a connected graph G with radpG = R, diampG = D and
cdx(G) = n for some vertex x in G. Also, for each triple D,n and p of
integers with 4 < D <p —1 and 3 <n < p, there is a connected graph
G of order p, detour diameter D and c¢d,(G) = n for some vertex x of G.

1 Introduction

By a graph G = (V,E) we mean a finite undirected connected graph without
loops or multiple edges. The order and size of G are denoted by p and ¢

2010 Mathematics Subject Classification: 05C12
Key words and phrases: detour, vertex detour number, connected vertex detour number
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respectively. For basic graph theoretic terminology we refer to Harary [6]. For
vertices x and y in a connected graph G, the distance d(x,y) is the length of
a shortest x —y path in G. An x —y path of length d(x,y) is called an x —y
geodesic. For a cut-vertex v in a connected graph G and a component H of
G — v, the subgraph H and the vertex v together with all edges joining v and
V(H) is called a branch of G at v. The closed interval I[x,y] consists of all

vertices lying on some x —y geodesic of G, while for S C V, I[S] = |J Ilx,yl.
X,yES
A set S of vertices is a geodetic set if I[S] =V, and the minimum cardinality

of a geodetic set is the geodetic number g(G). A geodetic set of cardinality
g(G) is called a g-set. The geodetic number of a graph was introduced in [1,
7] and further studied in [3].

The concept of vertex geodomination number was introduced by Santhaku-
maran and Titus in [8] and further studied in [9]. Let x be a vertex of a
connected graph G. A set S of vertices of G is an x-geodominating set of G
if each vertex v of G lies on an x —y geodesic in G for some element y in S.
The minimum cardinality of an x-geodominating set of G is defined as the
x-geodomination number of G and is denoted by gx(G). An x-geodominating
set of cardinality gx(G) is called a gyx-set. The connected vertex geodomina-
tion number was introduced and studied by Santhakumaran and Titus in [11].
A connected x-geodominating set of G is an x-geodominating set S such that
the subgraph GI[S] induced by S is connected. The minimum cardinality of a
connected x-geodominating set of G is the connected x-geodomination number
of G and is denoted by cgx(G). A connected x-geodominating set of cardinality
cgx(G) is called a cgy-set of G.

For vertices x and y in a connected graph G, the detour distance D(x,y)
is the length of a longest x —y path in G. For any vertex u of G, the detour
eccentricity of u is ep(u) = max {D(u,v) : v € V}. A vertex v of G such that
D(u,v) = ep(u) is called a detour eccentric vertex of u. The detour radius R
and detour diameter D of G are defined by R = radpG = min {ep(v) : v € V}
and D = diampG = max {ep(v) : v € V} respectively. An x—y path of length
D(x,y) is called an x —y detour. The closed interval Ip[x,y] consists of all

vertices lying on some x —y detour of G, while for Ip[S] = (J Iplx,yl. A
X,YES
set S of vertices is a detour set if Ip[S] =V, and the minimum cardinality of a

detour set is the detour number dn(G). A detour set of cardinality dn(G) is
called a minimum detour set. The detour number of a graph was introduced
in [4] and further studied in [5].

The concept of vertex detour number was introduced by Santhakumaran
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and Titus in [10]. Let x be a vertex of a connected graph G. A set S of
vertices of G is an x-detour set if each vertex v of G lies on an x —y detour in
G for some element y in S. The minimum cardinality of an x-detour set of G
is defined as the x-detour number of G and is denoted by dy(G). An x-detour
set of cardinality dy(G) is called a dy-set of G.

Figure 1

For the graph G given in Figure 1, {a,y} and {a,z} are the minimum x-
detour sets of G and so dy(G) = 2. It was proved in [10] that for any vertex
x in G, 1 < dy(G) < p — 1. An elaborate study of results in vertex detour
number with several interesting applications is given in [10].

The following theorems will be used in the sequel.

Theorem 1 [6] Let v be a vertex of a connected graph G. The following state-
ments are equivalent:

(1) v is a cut vertex of G.

(i) There exist vertices w and w distinct from v such that v is on every
u—w path.

(1i1) There exists a partition of the set of vertices V—{v} into subsets U and
W such that for any verticesuw € U and w € W, the vertex v is on every u—w
path.

Theorem 2 [4] Every end-vertex of a nontrivial connected graph G belongs
to every detour set of G.

Theorem 3 [4] If T is a tree with k end-vertices, then dn(T) = k.

Theorem 4 [10] Let x be any vertex of a connected graph G. Then every end-
vertex of G other than the vertex x (whether x is end-vertex or not) belongs to
every dy-set.
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Theorem 5 [10] Let T be a tree with k end-vertices. Then dy(T) =k —1 or
d«(T) =k according as x is an end-vertex or not.

Theorem 6 [10] For any vertex x in G, dn(G) < dy(G) + 1.

Theorem 7 [10] If G is the complete graph K, (p > 2), the cycle Cp, (p > 3),
the complete bipartite graph Kymn (m,n > 2), the n-cube Qn (n > 2) or the
wheel Wy, = K1+ Cr1 (n>4), then dy(G) =1 for every vertex x in G.

Throughout this paper G denotes a connected graph with at least two ver-
tices.

2 Connected vertex detour number

Definition 1 Let x be any verter of a connected graph G. A connected x-
detour set of G is an x-detour set S such that the subgraph G[S] induced by S
is connected. The minimum cardinality of a connected x-detour set of G is the
connected x-detour number of G and is denoted by cdx(G). A connected
x-detour set of cardinality cdx(G) is called a cdy-set of G.

Example 1 For the graph G given in Figure 2, the minimum vertex detour
sets, the verter detour numbers, the minimum connected vertex detour sets
and the connected vertex detour numbers are given in Table 1.

It is observed in [10] that x is not an element of any dy-set of G. However,
x may belong to a cdx-set of G. For the graph G given in Figure 2, the vertex
v is an element of a cd,-set and the vertex t is not an element of any cdi-set.

Figure 2
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Table 1
Vertex x d,-sets d«(G) cdy-sets cdy(G)
t {y,w} {z,w},{u, w} 2 {y,v,w}, {u,v,w} 3
y {w} 1 {w} 1
z {w} 1 {w} 1
u {w} 1 {w} 1
v {y,w} {z,w},{u,w} 2 {y,v,w}, {u,v,w} 3
w {yh {z}, {u} 1 {yh {z}, {u} 1

Theorem 8 Let x be any vertex of a connected graph G. Ify # x is an end
vertex of G, then y belongs to every x-detour set of G.

Proof. Let x be any vertex of G and let y # x be an end-vertex of G. Then
Yy is the terminal vertex of an x —y detour and y is not an internal vertex of
any detour so that y belongs to every x-detour set of G. O

Theorem 9 Let G be a connected graph with cut vertices and let Sy be a
connected x-detour set of G. If v is a cut vertex of G, then every component
of G —{v} contains an element of Sx|J{x}.

Proof. Suppose that there is a component B of G — {v} such that B contains
no vertex of Sy |J{x}. Then clearly, x € V — V(B). Let u € V(B). Since Sy is
a connected x-detour set, there exists an element y € Sy such that u lies in

some x — Yy detour P :x =up,uy,...,u,...,un, =y in G. By Theorem 1, the
x —u subpath of P and the uw—y subpath of P both contain v, it follows that
P is not a path, contrary to assumption. O

Corollary 1 Let G be a connected graph with cut vertices and let Sx be a
connected x-detour set of G. Then every branch of G contains an element of

Sy U{x}

Theorem 10 (i) If T is any tree, then cdx(T) =p for any cut vertex x of T.
(1) If T is any tree which is not a path, then for an end vertex x, cdx(T) =
p — D(x,y), where y is the vertex of T with degy > 3 such that D(x,y) is
MINIMUM.
(ii1) If T is a path, then cdx(T) =1 for any end vertex x of T.
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Proof. (i) Let x be a cut vertex of T and let S be any connected x-detour
set of T. By Theorem 8, every connected x-detour set of T contains all end
vertices. If S £ V(T), there exists a cut vertex v of T such that v ¢ S. Let u
and w be two end vertices belonging to different components of T — {v}. Since
v lies on the unique path joining u and w, it follows that the subgraph G[S]
induced by S is disconnected, which is a contradiction. Hence cdy(T) = p.

(ii) Let T be a tree which is not a path and x an end vertex of T. Let
S = (V(T) — Iplx,yl) U{y}. Clearly S is a connected x-detour set of T and so
cdx(T) <] S |= p — D(x,y). We claim that cdy(T) = p — D(x,y). Otherwise,
there is a connected x-detour set M of T with | M |< p—D(x,y). By Theorem
8, every connected x-detour set of T contains all end vertices except possibly
x and hence there exists a cut vertex v of T such that v & S and v ¢ M. Let
By,B2,...,Bm(m > 3) be the components of T — {y}. Assume that x belongs
to Bj.

Case 1. Suppose v = y. Let z € B, and w € B3 be two end vertices of T.
By Theorem 1, v lies on the unique z —w detour. Since z and w belong to M
and v ¢ M, G[M] is not connected, which is a contradiction.

Case 2. Suppose v #y. Let v € Bi(i # 1). Now, choose an end vertex u € B;
such that v lies on the y —u detour. Let a € Bj(j #1,1) be an end vertex of T.
By Theorem 1, y lies on the u — a detour. Hence it follows that v lies on the
u — a detour. Since u and a belong to M and v ¢ M, G[M] is not connected,
which is a contradiction.

(iii) Let T be a path. For an end vertex x in T, let y be the eccentric vertex
of x. Clearly every vertex of T lies on the x —y detour and so {y} is a connected
x-detour set of T so that cdy(T) =1. O

Corollary 2 For any tree T, cdx(T) = p if and only if x is a cut vertex of T.

Proof. This follows from Theorem 10. O

Theorem 11 For any vertex x in a connected graph G,
1 < di(G) < cdi(G) < p.

Proof. It is clear from the definition of x-detour number that dy(G) > 1.
Since every connected x-detour set is also an x-detour set, it follows that
d«(G) < cdy(G). Also, since V(G) induces a connected x-detour set of G, it is
clear that cdy(G) < p. O
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Remark 1 The bounds in Theorem 11 are sharp. For the cycle Cy, dx(Cy) =
1 for every vertex x in Cn. For any non-trivial tree T with p > 3, ¢dx(T) =p
for any cut vertex x in T. For the graph G given in Figure 3, dx(G) = cd«(G) =
2 for the verter x. Also, all the inequalities in the theorem are strict. For an
end vertex x in the star G = Kyn(n > 3), dx(G) =n —1, cdx(G) =n and
p=n+1 so that 1 < d«(G) < cdx(G) < p.

Figure 3

X4

ot
:C2-

Figure 4

The following theorem gives a characterization for cdy(G) = 1. For this,
we introduce the following definition. Let x be any vertex in G. A vertex
Yy in G is said to be an x-detour superior vertexr if for any vertex z with
D(x,y) < D(x,z), z lies on an x —y detour. For the graph G given in Figure
4, xo and x1¢ are the only xj-detour superior vertices.

Theorem 12 Let x be any vertex of a connected graph G. Then the following
are equivalent:
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(1) cdx(G) =1

(i) dx(G) =1

(1i1) There exists an x-detour superior vertexy in G such that every vertex
of G is on an x —y detour.

Proof.

(1) = (ii) Let cd«(G) = 1. Then it follows from Theorem 11 that d«(G) = 1.

(i1) = (ii1) Let d«(G) = 1 and Sy = {y} be a dy-set of G. If y is not an
x-detour superior vertex, then there is a vertex z in G with D(x,y) < D(x, z)
and z does not lie on any x —y detour. Thus Sy is not a dy-set of G, which is
a contradiction.

(1i1) = (1) Let y be an x-detour superior vertex of G such that every vertex
of G is on an x —y detour. Then {y} is a connected x-detour set of G so that
cdy(G) =1. O

Corollary 3 (i) For the complete graph K, cdx(Ky) =1 for any vertex x in
Kop.

(i) For any cycle Cp, cdx(Cp) =1 for any vertex x in Cyp.

(iii) For the wheel Wy, = Ky 4+ Cp_1(p > 5), cdx(Wp) =1 for any vertex x
mn Wp.

(iv) For any cube Qn, cdx(Qn) =1 for any vertex x in Qn.

(v) For the complete bipartite graph Kmn(m,n > 2), cdx(Kmn) =1 for any
vertex x 1 Kyn.

Proof. This follows from Theorems 7 and 12. O

Theorem 13 For any vertex x in a connected graph G, dn(G) < dy(G)+1 <
cdy(G) + 1.

Proof. This follows from Theorem 6 and Theorem 11. O

The following theorem gives a realization for the detour number, the vertex
detour number and the connected vertex detour number when

3<a<b+l<ec

Theorem 14 For any three integers a,b and ¢ with3 < a <b+1 < ¢, there
exists a connected graph G with dn(G) = a,dx(G) = b and cd«(G) = ¢ for
some vertex x in G.
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Proof. We prove this theorem by considering two cases.

Case 1. 3 < a=b+1 < c. Let k > c be any integer and let Py_qg42 :
ur,ug,..., Uk g2 be a path of order k — a + 2. Add a — 2 new vertices
V1,V2,...,Vq—2 to Px_qy2 and join these to ux_c41, thereby producing the
graph G of Figure 5. Then G is a tree of order k with a end vertices. By
Theorem 3, dn(G) = a and it follows from Theorem 5 and Theorem 10 (ii)
that dx(G) = b and cdy(G) = ¢ respectively, for the vertex x = uy.

11 2 U3 My . Ug—c+1 Ui o4z Hp-g+1 Up_g=2
[ 3 L ] L ] LI —i PR —a L ]
f
/ e
/ Lor VMa-z
1 L
V2
Figure 5

Case 2. 3<a<b+1<c. Let F=(K3JP2J(b— a+ 1)K;) + Kz, where
U = V(K3) = {ur,uz,uz}, W = V(P2) = {wy,wa}, X = V((b—a+1)Kyq) =

{X1>X2) e »Xb—a+1} and V(K72) = {X,U}~ Let Pc—b—1 V1, V2,..., Vb1 be the
path of order ¢ — b — 1. Let H be the graph obtained from P, 7 by adding
a — 1 new vertices z1,z2,...,2q—1 and joining each z;(1 <1 < a—1) to vy.

Now, let G be the graph obtained from F and H by identifying u; in F and
Ve_p_1 in H. The graph G is shown in Figure 6. Let Z ={z1,22,...,zq_1} be
the set of all end vertices of G.

First, we show that dn(G) = a. By Theorem 2, every detour set of G con-
tains Z. Since Ip[Z] = Z|J{v1} # V(G), it follows that Z is not a detour set of G
and so dn(G) >| Z |= a—1. On the other hand, let S = Z | J{w1}. Then, for each
iwith 1 <i1<b—a+1, the path P:zy,vi,v2,...,Ve_p_2, U1, U2, U3, Y, Xi, X,
Wy, W1 is a z1 —wq detour in G of length ¢ — b+ 6. Hence S is a detour set of
G and so dn(G) <| S |= a. Therefore, dn(G) = a.

Next, we show that d«(G) = b for the vertex x. Let Sy be any x-detour set of
G. By Theorem 8, Z C S,. It is clear that D(x,z;) =c—b+5for 1 <i<a-—1
and no x;(1 <j <b—a+1) lies on an x — z; detour for any z; € Z. Thus Z is
not an x-detour set of G. Now we claim that X C Sy. Assume, to the contrary,
X D Sy. Then there exists an x; € X such that x; € Sx(1 <i<b—a+1).
Now, it is clear that this x; does not lie on any x — v detour for any v € Sy,
which is a contradiction to Sy is an x-detour set. Hence X C Sy. Thus we see
that every x-detour set Sy contains X JZ. Now, since X|J Z is an x-detour set



The connected vertex detour number of a graph 155

Figure 6

of G, it follows that X|JZ is the unique minimum x-detour set of G so that
d«(G) = X|UZ|=0.

Now, we show that cdx(G) = c. Let Ty be any connected x-detour set of
G. Since any connected x-detour set of G is also an x-detour set of G, it
follows that Ty contains X|JZ as in the above paragraph. Now, since the
induced subgraph G[Ty] is connected, M = {v1,v2,...,ve_p_1} C Tx. Thus
MUXUZ C T. It is clear that MJX(JZ is an x-detour set of G and the
induced subgraph G[M |J X Z] is not connected. Let T = M X Z | J{x}. It
is clear that T is a minimum connected x-detour set of G and so cdy(G) = c.
O

For every connected graph G, radpG < diampG < 2radpG. Chartrand,
Escuadro and Zhang [2] showed that every two positive integers a and b with
a < b < 2a are realizable as the detour radius and detour diameter, respec-
tively, of some connected graph. This theorem can also be extended so that
the connected vertex detour number can be prescribed when a < b < 2a.

Theorem 15 For positive integers R, D and n > 3 with R < D < 2R, there
exists a connected graph G with radpG = R, diampG = D and cd«(G) = n
for some vertex x in G.

Proof. If R = 1, then D = 2. Let G = K. Then by Theorem 10 (ii),
cdx(G) = n for an end vertex x in G. Now, let R > 2. We construct a graph
G with the desired properties as follows:

Let Cry1 : v1,v2,...,VRe1,V1 be a cycle of order R+ 1 and let Pp_gq :
Ug, Uy, ..., up_r be a path of order D — R+ 1. Let H be the graph obtained
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from Cry1 and Pp_gry1 by identifying vi in Cgryq and up in Pp_gy1. Now, add
n—2 new vertices Wi, wo, ..., Wn_> to H and join each vertex wi(1 < i< n-2)
to the vertex up_gr_1 to obtain the graph G of Figure 7.

Up-R-1 UD-R
)
|
)
Wy i'll Wy_2
Wy

Figure 7

Now radpG = R, diampG = D and G has n — 1 end vertices. Let S =
{wi,wy,...,wn_2, up_g} be the set of all end vertices of G. Then by Theorem
8, every connected x-detour set of G contains S for the vertex x = v,. It is clear
that S is an x-detour set of G and the induced subgraph G[S] is not connected
so that cdy(G) >n—1.Let S" = S J{up_r_1}. Then S’ is a connected x-detour
set of G and so cdy(G) =mn. O

The graph G of Figure 7 is the smallest graph with the properties described
in Theorem 15. We leave the following problem as an open question.

Problem 1 For positive integers R and n > 3, does there exist a connected
graph G with radpG = diampG = R and cd«(G) = n for some vertex x of
G?

In the following, we construct a graph of prescribed order, detour diameter
and vertex detour number under suitable conditions.

Theorem 16 For each triple D,n and p of integers with4 <D <p—1 and
3 < n < p, there is a connected graph G of order p, detour diameter D and
cd«(G) =n for some vertex x of G.

Proof. We prove this theorem by considering three cases.

Case 1. Suppose 3 < n < p—D + 2. Let G be a graph obtained from
the cycle Cp : uj,uy,...,up,u; of order D by (i) adding n — 2 new vertices
V1,V2,...,Vn_2 and joining each vertex vi(1 <1 <m—2) to u; and (ii) adding
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p — D —n + 2 new vertices wy,wp,...,Wp_p_n42 and joining each vertex
wi(l <i<p—D—n+2) to both u; and uz. The graph G has order p and
detour diameter D and is shown in Figure 8. Let S = {v1,v>,...,vn_2} be the
set of all end vertices of G. Then by Theorem 8, every connected x-detour set
of G contains S for the vertex x = wy. It is clear that S is not an x-detour
set of G. Also any connected x-detour set of G must contain S| J{u1}. Since
SU{w} is not an x-detour set of G, cdyx(G) > n — 1. Let S’ = S J{u1,up}.
Then S’ is a connected x-detour set of G and so cdy(G) = n.

Vi V2

Figure 8

Case 2. Suppose p—D +3 <n <p—1. Let Ppy1:up,us,uy,...,up be
a path of length D. Add p — D — 1 new vertices vi,v2,...,vp_p_1 to Pp4g
and join each vi(1 <i<p —D —1) to up_n, so by producing the graph G of
Figure 9. The graph G has order p and detour diameter D. Then by Theorem
10 (ii), cdx(G) = p — (p —n) = n for the vertex x = uo.

1y i iy My noy Hp-nm My wen Hp-1 Up
- e ow o

Figure 9

Case 3. Suppose n = p. Let G be any tree of order p and detour diameter
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D. Then by Theorem 10 (i), cdx(G) = p for any cut vertex x in G. O

Theorem 17 For any two integers 1 and p with 3 < n < p, there exists a
connected graph G with order p and cdy(G) =n for some verter x of G.

Proof. We prove this theorem by considering two cases.

Case 1. Let 3 < n <p—2 Thenp—n+1 > 3. Let G be the graph
obtained from the cycle Cp_ni41 : U1, U2, ..., Up_n41,u1 by adding the n — 1
new vertices vi,v2,...,vn_1 and joining these to wy. The graph G has order
p and is shown in Figure 10. Let S = {v1,v7,...,vn_1} be the set of all end
vertices of G. Then by Theorem 8, every connected x-detour set of G contains S
for the vertex x = uy. It is clear that S is an x-detour set of G and the induced
subgraph GI[S] is not connected so that cdx(G) >n —1. Let S’ = S| J{ui}. Tt
is clear that S’ is a connected x-detour set of G and so cdy(G) =n.

Case 2: Let n =p—Tor p. Let G = Kq ,_1. Then by Theorem 10, cd«(G) =
p — 1 or p according as x is an end vertex or the cut vertex. ]

Figure 10
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Abstract. Let f be an arithmetical function. The matrix [f(i,])]nxn
given by the value of f in greatest common divisor of (1i,j), f((i,j)) as
its i, j entry is called the greatest common divisor (GCD) matrix. We
consider the generalization of this matrix where the elements are in the
form f(i, (i, )))

1 Introduction

The classical Smith determinant was introduced in 1875 by H. J. S. Smith [14]
who also proved that

1,1 (1,2) --- (1,n)
detl(i,jllnn = | 21 B2 B o1)02)- o), ()
(n, 1) (n,2) --- (n,n)

where (1,j) represents the greatest common divisor of i and j, and ¢(n) denotes
the Euler’s totient function.
The GCD matrix with respect to f is

f(n,n) f(,2) - f((1,n)
e
f(m, 1)) f((n,2)) -+ f((n,n))

2010 Mathematics Subject Classification: 11C20, 11A25, 15A36
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If we consider the GCD matrix [f(i,]j)]nxn, where
fn) = Y g(d),
dn

H. J. Smith proved that
det[f(1,j)]nxn = g(1) - 9(2) - - - g(n).

Forg=o¢
fL,j)= ) eo(d) = (i),
)

dl(i,j

this formula reduces to (1). Many generalizations of Smith determinants have
been presented in literature, see [1, 5, 7, 10, 13].
If we consider the GCD matrix [f(1,j)]nxn where f(n) = Zdln g(d) Pélya and
Szeg6 [12] proved that

[f(i,i)lnxn =G - CT, (2)

where G and C are lower triangular matrices given by

T
gij:{gg) j

otherwise
and
o — 1, jli
Y71 0, otherwise
L. Carlitz [4] in 1960 gave a new form of (2)

L[l
P10, i

D = [dijlnxn diagonal matrix

[, i=i
d”‘{ 0, i)

From (3) it follows that the value of the determinant is

where Cy, = [Cij]nxm

det[f(1,j)lnxn = g(1)g(2) - - - g(n). (4)
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There are quite a few generalized forms of GCD matrices, which can be found
in several references [2, 3, 6, 8, 9, 11].

In this paper we study matrices which have as variables the gratest common
divisor and the indices:

f(1,(1,1)  f(1,(1,2)) --- f(1,(1,n))
f(2,(2,1))  f(2(2,2)) --- £(2,(2,n))

f(n,(n, 1)) f(n,(n,2)) f(n, (n,n))

2 Generalized GCD matrices

Theorem 1 For a given arithmetical function g let
=) gld)— > gld)
dn d/(n,m)

Then
[f(i,7)lnxn = Cn diaglg(1),g(2),...,g9(n) Dy,

where C = [Cijlnxn,
o — T, jli
VU0, g

AR
%‘{a i

Dn = [dij]nxn}

Proof. After multiplication, the general element of

A = [aijlnxn = C diaglg(1),9(2),...,g(n)ID"

ag= Y gk)=> gld— ) g(d)="(ij).

k | i dn d|(n,m)

is

Particular cases
1. If g(n) = @(n) then

flnm) =Y @(d)— Y o¢(d=n—(nm)

dn d|(n,m)
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We have the following decomposition:

1-1,1 1-(1,2) 1-(,n)
[i_ (i»j)]nxn: o 2= 2)2) B ,Tl)
n_(n')1) n—(n,Z) n_(n)n)

2. If g(n) =1 then
f(n,m) = 1t(n) —t(n,m)
and
[t(i) — T(i,j)Inxn = Cn diag(1, 1,...,1) D}

n:

3. Let g(n) = u(n). From

0, n=1
fnm)=> wd- > wd=< 0, n>1m>1(nm)>1
dn d/(n,m) —1, othewise

we have

[f(1,i)lnxn = Cn diag(uﬂ ), w2),..., H(n)) DIL-

4. For g(n) =n, f(n,m) = o(n) — o((n,m)) and
[f(1,5)]nxn = Cn diag(1, 2,...,n) D

Remarks
1. Due to the fact that the first line of the matrix [f(i,]j)]lnxn contains only
0-s, the determinant of the matrix will always be 0.

2. We can determine the value of the matrix associated with f, if the function
f is of the form
f(n,m) = h(n) — h((n,m)).

By using the Mo6bius inversion formula, we get

oln) = ) nan(3),

dn

consequently by using Theorem 1, the matrix can be decomposed according
to the function h(n):

[f(1,7)]nxn = Cn diag[(p* h)(1), (1% h)(2),..., (L*h)(n)] DL
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Theorem 2 For a given arithmetical function g let

fL,5) =) ak)—) gld)—) g(d)+ ) g(d).

k=1 di dlj di(i,j)

Then
[f(i,})lnxn = Dn diaglg(1),g(2),...,g(n)] D},

where Dn = [dijlnxn, o
dﬁ:{ o 5t
Proof. After multiplication, the general element of the matrix
A = [aijlnxn = Dn diaglg(1),9(2), ..., g(n)] D}

is

n

ay = Y gk)=) gkl— > glk=

k /}/TL k=1 kin or klm
k fm

= ) gk)=) ak)=) glk)+ Y g(k)="f(ij).
k=1

kin klm kl(n,m)

Particular cases
1. If g(n) = @(n) then

fL,3) =) olk)—i—j+(i]),

k=1

2. If g(n) =1 then

f(1,j) =n—1() — () +*(i,j)

and

[f(iaj)]nxn = Dn diag(1, ],. cey ]) DIL



Generalized GCD matrices 165

and

Another generalization is the following;:
Theorem 3 For a given arithmetical function g let
f1,5) =) gk)=) old)—) gld)+ Y g(d).
k=1 dli dfj dl(i,j)

We define the following A = [aijlnxn matriz

Qo — f(i,7), L,ji>1
YVl g()+f(i,j), i=1orj=1

Then
A = D}, diaglg(1),9(2),...,9(n)I Dy,

where D), = [d{j]nxn,

1, i=j=1
dl; = ’ ..
K { dyj, H#1

Proof.
We calculate the general element of the matrix

B = [aijlnxn = Dy, diaglg(1),9(2),...,g9(n)] DL

Ifi>1orj>1we have

by = Y gk)=) gkl— > glk)=
k /}/TL k=1 kln or klm
k fm
= > 9k =) gk)=) glk)+ Y gk = ay.
k=1 Kin Km K/(n,m)

TFi—j—1
by =g(1) = a.



166 A. Bege

Particular cases
1. If g(n) = @(n) then

(lij:

n

> ol

k=1

n
D ek —i—j+ (i) +1, i=Torj=1
k=1

2. If g(n) =1 then

_ n—1()=1() +(i,j), i,j>1
W\ n—1@) =) + 1) +1, i=Torj=1

The following problems remain open:

Problem 1 Let F(n, m) be an arithmetical function with two vriables. Deter-
mine the structure and the determinant of modified GCD matrices
A = [a(i,j)]lnxn, where

ay = F(i, (1,])).

Problem 2 Determine the structure and the determinant of modified GCD
matrices A = [a(1,7)]nxn, where

ay = F(T\.,:L,]', (l>]))
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Abstract. Making use of a convolution structure, we introduce a

new class of complex valued harmonic functions which are orientation
preserving and univalent in the open unit disc. The results presented
in this paper include the coefficient bounds, distortion inequality and
covering property, extreme points and certain inclusion results for this
generalized class of functions

1 Introduction and preliminaries

A continuous function f =u + iv is a complex-valued harmonic function in a
complex domain G if both u and v are real and harmonic in G. In any simply-
connected domain D C G, we can write f = h+ g, where h and g are analytic
in D. We call h the analytic part and g the co-analytic part of f. A necessary
and sufficient condition for f to be locally univalent and orientation preserving
in D is that [h/(z)| > |g’(z)| in D (see [3]).

Denote by H the family of functions

f=h+g (1)

2010 Mathematics Subject Classification: 30C45, 30C50
Key words and phrases: harmonic univalent functions, distortion bounds, extreme points,
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which are harmonic, univalent and orientation preserving in the open unit disc
U ={z: |z| < 1} so that f is normalized by f(0) = ’(0) — 1 = 0. Thus, for
f = h+9g € H, the functions h and g analytic ¢4 can be expressed in the
following forms:

h(z) =z + Z anz”™, g(z) = anzn (0<byr <),
=2 n=1

and f(z) is then given by

fz) =z+) anz"+) buz (0<by<1). (2)
n=1

n=2

We note that the family H of orientation preserving, normalized harmonic
univalent functions reduces to the well-known class S of normalized univalent
functions if the co-analytic part of f is identically zero, i.e. g = 0.

For functions f € H given by (1) and F € H given by

F(z) =H(z) + G(z) =z + Z Anz™ + Z Bnz™, (3)
n=1

n=2

we recall the Hadamard product (or convolution) of f and F by

(fxF)(2) =2+ ) anAnz"+ ) bpBnz" (z€U). (4)

n=2 n=1

In terms of the Hadamard product (or convolution), we choose F as a fixed
function in H such that (f*F)(z) exists for any f € H, and for various choices
of F we get different linear operators which have been studied in recent past.
To illustrate some of these cases which arise from the convolution structure
(4), we consider the following examples.

(1) If
F(z) :Z+Zan(0¢1) Zn‘i‘ZGn(O‘]) zZ" (5)
=2 n=1

and on (o) is defined by

O (o + Ar(n—1))...T(ap + Ap(n—1))
(M—1IT(B1+Bi(m—1))...T(Bgq+Bgm—1))

(6)

onla) =
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where @ is given by

P -1/ q
0= <H r(“m)) (H r(ﬁm)) (7)
m=0

m=0

and then the convolution(4) gives the Wright’s generalized hypergeometric
function (see [17])

pwq[(“bA])» 5 (B1,B1), ... 2] =p lyq[(‘xmAn)],p(ﬁmBn)1,q;l]
defined by

p‘yq[(fxn»An)]‘p(Bm 1,052 Z{H I'( ‘Xm‘l'nAm}{H I'( Bm+an}_

n=0 m=1

which was initially studied by Murugusundaramoorthy and Vijaya (see [10]).
2)IfAn=1(m=1,...,p)and B;,y=1(m =1,...,q), then we have the
following relationship

—z—i—ZFnz —I-Zrnz (8)

n=2

where
(1)n—1-.. (&p)n_1 1

(B)n-1--.(Bgln1 (=1
and the convolution (4) gives the Dziok—Srivastava operator (see [5]):

/\-((X]) R O‘p;B]» ) BQ)Z)f(Z) = HE(O(D B])f(Z),

where &1, ..., &p; B1,. .., Pqare positive real numbers, p < q+1;p, g € NU{0},
and (a)n denotes the familiar Pochhammer symbol (or shifted factorial).

=

Remark 1 Whenp=1,q=1, 61 =a, apx =1; 1 =c, then (8) corresponds
to the operator due to Carlson-Shaffer (see [2]) given by

L(a,c)f(z) = (f xF)(z),

where

F(z)::z+Z (a)n 1Z“—I—Z (@) ]E“ (c#0,—1,-2,...). 9)
n=1

= (c)n (c)n
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Remark 2 Whenp=1,q=0; 01 =k+1(k>—-1), 00 =1; 1 =1, then (8)
yields the Ruscheweyh derivative operator (see [8]) given by D*f(z) := (fxF)(z)

where
+Z<k—|—n—1) +Z<k+n_]>z’ (10)

which was initially studied by Jahangiri et al. (see [8]).
(3) If DYf(z) = f * F where

Fiz) =z+ ) n'z"+(-1') n'z" (120), (11)
n=2 n=1

was initially studied by Jahangiri et al. (see [9]).

(4) Lastly, if Saf(z) = f * F we have

D=2+ Y [Calwlz"+ Y [Calaiz, (12)
m=2 n=1
and N
Culay = 20720 N =123 ) (13)

(n—1)!

which is decreasing in « and satisfies

00 ifcx<%
Jim Cy(a) = 1 if o =1 (14)
0 ifoc>%

For the purpose of this paper, we introduce here a subclass of H denoted
by Ru(F;A,y) which involves the convolution (3) and consist of all functions
of the form (1) satisfying the inequality:

i z(f(z) x F(z))’ B up}
Re{“+e TNzt AfD+Fa) € 2 (15)

Equivalently

z(h(z) x H(z))" —z(g(z) x G(z))" 4 >y (16)
(1 =Nz + Alh(z) * H(z) + g(z) * G(z)] o

Re {(1 +e'¥)
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where ze U, 0 <A< 1.
Also denote Tx(F;A,v) = Ru(F; A, v) (7 where T3 is the subfamily of H
consisting of harmonic functions f = h + g of the form

fz) =z— ) anz™+ ) baz™ (0<by<1). (17)
n=I1

n=2

called the class of harmonic functions with negative coefficients (see [14]).
It is of special interest to note that for suitable choices of A =0 and A = 1
the classes USD [13] and S, [11] to include the following harmonic functions

Re {(1+e™)(f(z) + F(z)) — e} > v,

wn 2(f(2) x F(2))" hp}
Re {(1+€ )—(f(z)*F(z)) e > .
We mention below some of the function classes which emerge from the func-
tion class Ry (F;A,v) defined above. Indeed, we observe that if we specialize
the function F by (5) to (11), and denote the corresponding reducible classes
of functions of Ry (F;A,v), respectively, by WA, v), GE(A,y) LEA,v),
R(k,A,v), Q(A,y) and S(LA,y).

It is of special interest because for suitable choices of F from (15) we can
define the following subclasses:
(i) If F is given by (5) we have (f * F)(z) = W§[o7]f(z) hence we define a class
WY (A,7y) satisfying the criteria

z(Whloi]f(z))
(1—=AN)z+ ?\Wg[oq]f(z)

Re {(1 +e'¥) —ei‘p} >y

where Wg[oq] is the Wright’s generalized operator on harmonic functions (see
10]) .

(ii) If F is given by (8) we have (f  F)(z) = HE[o7]f(z) hence we define a class
GH(A,7y) satisfying the criteria

Z(HB[OH]]C(Z))/ i
(1= Nz +AHRlaqlf(z)  © } =Y

Re {(1 + etV

where Hyloi] is the Dziok - Srivastava operator (see [5]).
(iii) H%([a, 1;cl) = L(a,c)f(z), hence we define a class L$(A,y)satisfying the

criteria ,
zL(a,c)f(z)) _ ehp} >y

(1—=Nz+AL(a,c)f(z)

Re {(1 + e'¥)
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where L(a,c) is the Carlson - Shaffer operator (see [2]).
(iv) H%([k +1,1;1]) = D*f(z), hence we define a class R(k,A,y) satisfying
the criteria
k /
2D )
(1 —A)z + ADKf(z)

Re {(1 + ')

where D*f(z)(k > —1) is the Ruscheweyh derivative operator (see [12]) (also
see [8]).
(v) H%([Z, 1;2 — u]) = QYf(z) we define another class Q(A,y) satisfying the
condition

z(QFf(z))’ . ei‘l’} >y
(1 =Nz +AQEf(z)

Re {(1 +e¥)

given by
QUf(z) = T2 — WZ*DEf(2); (0 < u < 1),
where QF is the Srivastava-Owa fractional derivative operator (see [15]).

(vi) If F is given by (12), we have Sq(z) * f(z) = (f * F)(z), hence we define a
class PGy (o, y) satisfying the criteria

z(S«(z) * f(z))’ b
(T—Nz+ASal2) xfz) } =N (18)

Re {(1 +e'¥)

this class was introduced and studied by Vijaya [16] for A = 1.
(vii) If F is given by (11), we have D'(z) = (f * F)(z), hence we define a class
S(1,A,7y) satisfying the criteria

z(D'(z))’ i
(T—Nz+ADY(z) ¢ } =Y

Re {(1 + ')

where DY(z); (1 € N) is the Sildgean derivative operator for harmonic func-
tions (see [9]) A =1.

Motivated by the earlier works of (see [6, 9, 17]) on the subject of harmonic
functions, in this paper we obtain a sufficient coefficient condition for functions
f given by (2) to be in the class Sy (F;A,v). It is shown that this coefficient
condition is necessary also for functions belonging to the class 7x(F;A,v).
Further, distortion results and extreme points for functions in 7y (F;A,vy) are
also obtained.

For the sake of brevity we denote the corresponding coefficient of F as Cy,
throughout our study unless otherwise stated.
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2 Coefficient bounds

In our first theorem, we obtain a sufficient coefficient condition for harmonic
functions in Ry (F;A,v).

Theorem 1 Let f =h+g be given by (2). If

5 [Zn— Oy, 2l —|—y)7\|bn|] c

1— 1— (19)

n=1
where a1 =1 and 0 <y < 1, then f € Ry (F A, v).

Proof. We first show that if (19) holds for the coefficients of f = h + g, the
required condition (19) is satisfied. From (16) we can write

Re {(1—1—6“")“ z(h(z) * H(z ))'—z(g(z)*@(zn'( )]_ew}zy

Nz + Alh(z) * H(z) + g(z) * G(z

)
_ pe U +e)z(h(z) * H(z))" —z(g(z) * G(2))]
(T =A)z + Alh(z) * H(z) + g(z) = G(z)]
)

e™[(1 —A)z+A(h(z) * H(z) + 9(2) * G(2) 1} B
(1-A)z+Ah(z) *H(z) + g(2) *G(2)] |
= Re Alz) >y
B(z)

where

A(z) = (1 +e")[z(h(z) * H(z))" — z(g(z) * G(z))"]—
—e[(1=A)z+A(h(z) * H(z) + g(z) * G(z2))] =

—z+ Z I+ (n—2AeV]Chanz™ — Z I+ (m—A)e]Chbnz"

n=2 n=1

and B(z) = (1 —A)z+ Alh(z) * H(z) + g(z) * G(z)]
=z+ Z ACnhanz™ + Z AC,bnzZ"
n=2 n=1

Using the fact that Re {w} > v if and only if |1 —y +w| > |1 +v — w]|, it suffices to
show that

IA(z) + (1 —v)B(z)| = |A(z) — (1 +v)B(z)| = 0. (20)
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Substituting for A(z) and B(z) in (20), we get

IA(z) + (1 —=v)B(z)| = A(z) — (1 +v)B(z)| —

2—vy)z+ Z[TH— (n—Ae™ 4+ (1 —y)AIChanz"—

n=2

— Y M+ n—Ae" —(1-y)AICpby 2"

o0

> 2-Y)ld= ) m+m=A)+(1=y)ACulanlz"™ -
n=2
—Y (A — (1= yAIC o] 2" —

—ylzZl—= Y I+ (n—=A) —(1+7)ACulan| 2™ —
n=2

— ) M+ m—=2A)+(1+yACulbn 2" >

n

Il
=

Y

Y

n=1

The above expression is non negative by (19), and so f € Ry /(F;A,v).

The harmonic function

T—v

— 1-v n S
2= ”né 2n— (1 +y)NC, ™ +; 2n+ (1 +y)AIC,

= [2n—(14+y)A 2n+ (14+vy)A o
zm—wz{z— [|an|+|bn|} Calz® }
1; 1—vy 11—y
201 ) {z— S [2n—1(1;1/-1/)7\an n 2“_1(1$Y)A|bn|} cn}.

un(2)™ (21)

o0 o0
where Y [xn|+ Y [yn| =1 shows that the coefficient bound given by (19) is

n=2 n=1

sharp.
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The functions of the form (21) are in Ry/(F;A,y) because

S <[2T1— (1 +Y)}\]C“Ian\ n [2n — (1 +Y)7\]Cn|bn|> _

1—vy 1—

n=1
o0 o0
:1+Z‘Xn|+Z|yn‘:2-
n=2 n=1
Next theorem establishes that such coefficient bounds cannot be improved

further.
Theorem 2 Fora;=1and0<vy<1,f=h+7ge Ty(FA,v) if and only if

— [2n—(1+7vy)A 2n+ (14+v)A
> [P Ry 22 Ry e <20

n=1

Proof. Since 74 (F;A,v) C Ru(F;A,v), we only need to prove the ”only if”
part of the theorem. To this end, for functions f of the form (17), we notice
that the condition

Re{“+ew) z(h(2) * H(z))’ —2(g(2) * G(z))’

(1 =A)z+Alh(z) « H(z) + g(z) * G(z]]

—(e“"ﬂ/)} >0

The above inequality is equivalent to

(T=y)z— 5 (1 +e) — (1 +v + eP)AICranz™

Re n=2 —
z— Y ACpanz™+ Y ACpbnz"
n=. n=1
S m(1+e) + (14+v+e¥)AICrbnz™
n=1
- = = > 0.
z— Y ACpanz™+ Y ACpb,z"

n=2 n=1

The above required condition must hold for all values of z in U. Upon choosing
the values of z on the positive real axis where 0 <z =r < 1, and noting that
Re(—e™) > —[ei¥| = —1, we must have

(T—=v)—

M8

2n— (T+y)AIChan™ ' — 5 2n— (1 +v)AIC by !
2 n=1

. . >0. (23)
1— Y AChanm '+ Z1 ACbyrn!
n=

n=2
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If the condition (22) does not hold, then the numerator in (23) is negative for v
sufficiently close to 1. Hence, there exist zg = 7o in (0,1) for which the quotient of
(23) is negative. This contradicts the required condition for f € 75(F;A,y). This
completes the proof of the theorem. O

3 Distortion bounds and extreme points

The following theorem gives the distortion bounds for functions in 75 (F;A,v)
which yields a covering result for the class 7y (F;A,v).

Theorem 3 Let f € Ty (F;A,y). Then for |zl =1 < 1, we have

1 1—vy 14y
4_

2
RO Vg Sy +v)xb‘>r S

< (T+by)r+— — by | .
=(+birt e <4(1+w7\ (v ‘)

Proof. We only prove the right hand inequality. Taking the absolute value of
f(z), we obtain

(1—Dby)r

<(1+b1lzl+ ) (an+bn)z™ <

f(z)] = Z—I—Zanzn_i_zgnzn
= n=l n=2
) n=2 - [4—(1+v)AIC2

= (M- (+yNC: = (14yNC, E
n;( = ¢ o)

-1 (v, ) o
< b e (e s

< (1+byr+ — _ by ) 2.
< (4bir+ = (4—(1+y))\ A=+ ‘>T

The proof of the left hand inequality follows on lines similar to that of the
right hand side inequality. O

The covering result follows from the left hand inequality given in Theorem 3.
Corollary 1 If f(z) € Ty(F;A,7y), then

. A—(0+yNC—(T—y) B-0+vAC—(1+Y)
P < NG e e LU S
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Proof. Using the left hand inequality of Theorem 3 and letting r — 1, we
prove that

1 1—vy T+vy _
- (g i) =

— (1 —by) - L

M-y —(1+vy)bi] =

Cald — (1 +v)Al
(1= b1)Cald— T+ YA — (1 —y) + (1 +y)by
B Cald — (1 +v)Al B
B0+ yNC—(0—y) “-0+yAC—(1+Y)
B { [4— (1 +y)AC, 4 —(1+v)AIC, 'b”} <.
0

Next we determine the extreme points of closed convex hulls of 7 (F; A, v)
denoted by clcoZx(F;A,v).

Theorem 4 A function f(z) € Ty (F;\,y) if and only if

f(z) = Z (Xnhn(z) + Yngn(z))

n=1
where
hi(z) = 2 hal2) =2 L2 (n>2),
2n— (T+v)AICh
1—vy n

gnl(z) =z + (n=>2),

2n—(1+yNCy

(e¢]

Y Xn+Yn)=1, Xp>0and Yy >0.

n=1
In particular, the extreme points of Tr(F;A,v) are {hn} and {gn}.
Proof. First, we note that for f as in the theorem above, we may write

f(z) = Z (Xnhn(z) + Yngn(z)) =

n=I1

i 1

—-Y
(Xn+¥n)z— n; 2n— (1 +7)A\Cn

K

Xnz™+

p

3
i

=N

o0 ] o
2 n = (T NG, ™

n=1

_|_
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Then

= 2n—(1+ - JAIC
> YNG4y 2 2og| =
-Y
n=2 n=1

:Z +iYn_1—X1<1

and so f(z) € clcoTx(F;A,v).
Conversely, suppose that f(z) € clcoZy(F;A,y). Setting

[2n — (T +v)AICy

Xn: 1— |an|, (OSXnSLnZZ)
2n— (1 A
Yn:[n (]_—l_;/) ]Cn|bn|a (OSYnSLnZ])
and X1 =1— > X;— > Yyn. Therefore, f(z) can be rewritten as
n=2 n=1
o o
f(z) =z— Z anz™ + ZE@“ =
n=2 n=1

_ 1-vy n 1- AL
=272 e L e e

=z+ Z(hn(z) —z)Xn + Z(gn(z) —z)Yn =
n=2 n=1
= z{1 —an Zvn}+ Zhn ><n+Zgn Yo =
i z) + Yngn(z)) as required.

n=1

4 Inclusion results

Now we show that 7x(F;A,vy) is closed under convex combinations of its
member and also closed under the convolution product.
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Theorem 5 The family T (F;\,7y) is closed under convexr combinations.
Proof. Fori=1,2,..., suppose that f; € 74(F;A,y) where
J=2z— Zalnz + Zblnz
n=2

Then, by Theorem 2

© o (4yNCh | & B (1 4yINC,
in bin<1. 24
Ly L iy st Y

o0
For Y t;i=1,0<t; <1, the convex combination of f; may be written as
i=1

itifi(z) :z—Z (Ztlaln> z +Z (Zt bm> "

n=2

Using the inequality (22), we obtain

i 2n — (1]1»’}’/}/))\](:“ (i tiai,n> n i 2n — (11j’;/}/)}\]cn (i tib;

n=2 i=1
— — 2n— (1 +v)A 2n — 1—|—y) AlCh
.Zti<z T ln—i—Z bin| <) ti=1,
i=1 n=2 i=1
o0
and therefore ) tif; € Ty (F;A,v). O

i=1
Now, we will examine the closure properties of the class 73 (F;A,y) under
the generalized Bernardi-Libera -Livingston integral operatorL.(f) which is
defined by

Lo(f) = CZ“ Jtc Tf(t)dt,c > —1.
0

Theorem 6 Let f(z) € Ty(F;A,v). Then Lc(f(z)) € T (F; A, v)
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Proof. From the representation of L.(f(z)), it follows that

c+1 [ _ —
Llf) = — Jtc "R + 9] at =
0
] z o0 z o0
_ Ct JtC1 (t — Z ant“> dt + Jtc—‘ (Z bntn> dt | =
z 0 n=2 0 n=1

o0 oo
B c+1 n c+1 n
= Z_TIZZC"'nanZ —|—nZ1€+n bnz™.

Using the inequality (22), we get

Z Pn—(T4+vy)A c+1 2n+(14+v)Al, c+1
> (SR E fan + N S ) €
— —-v c+n -y c+n
= /2n—(1+v)A 2n+ (1 +v)A

5 (B, B0 )
n=1 Y Y

< 2(1—1y), since f(z) € Ty (F;A,7y).

Hence by Theorem 2, L.(f(z)) € Tx(F;A,v). O

Concluding remarks

For suitable choices of F(z), as we pointed out the Ry (F;A,y) contains, various
function class defined by linear operators such as the Carlson-Shaffer opera-
tor, the Ruscheweyh derivative operator, the Salagean operator, the fractional
derivative operator, and so on. When A = 0 and A = 1 the various results
presented in this paper would provide interesting extensions and generaliza-
tions of those considered earlier for simpler harmonic function classes[1] and
[8, 9, 10] respectively. The details involved in the derivations of such spe-
cializations of the results presented in this paper are fairly straight- forward,
hence omitted.
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Abstract. For some classes of family of real valued functions defined in
a unit disk, we use a linear operator to obtain some interesting differential
subordination results.
1 Introduction and preliminaries
Let EZ, denote the family of all functions F(z), in the unit disk U, of the form
o0
Flz)=1+) anz" ™" a={2,3,4...} (1)
n=1

satisfying F(0) = 1.
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Let E, denote the family of all functions F(z), in the unit disk U, of the
form

(e ¢]
Flz) =1-) anz™ ™% «=1{2,3,4...} (2)
n=I1
which satisfy the condition F(0) = 1.

We know that if functions f and g are analytic in U, then f is called sub-
ordinate to g if there exists a Schwarz function w(z), analytic in U such that
f(z) =gw(z)),andze U={z:2€ C, z| < 1}.

Then we denote this subordination by f(z) < g(z) or simply f < g, but in
a special case if g is univalent in U then above subordination is equivalent to
f(0) = g(0), and f(U) C g(U).

Let ¢ : C3 x U — C and let h analytic in U. Assume that p, ¢ are analytic
and univalent in U and p satisfies the differential superordination

h(z) < d(p(2),zp'(2), 2%p" (2); 2). (3)

Then p is called a solution of the differential superordination.

An analytic function q is called a subordinant if g < p, for all p satisfying
equation (3). A univalent function ¢ such that p < g for all subordinants p of
equation (3) is said to be the best subordinant.

Let E* be the class of analytic functions of the form

fz) =1+ ) anz", z€U, an, by >0.
n=1
Let f,g € ET where
flz) =1+ Z anz™ and g(z)=1+ Z bnz™,
n=1 n=1
then their convolution or Hadamard product f(z) * g(z) is defined by
f(z) x g(z) =1+ ) anbnz", z€U.
n=I1

Juneja et al. [1] define the family ¢(¢,) so that

Re (1200

ﬂﬁ*wm>>°¢€“
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where

b(z) =T+ bnz"
n=1

and N
B(E) =1+ oz
n=1
are analytic in U with the conditions ¢, psin > 0, dn > VY, and
¢(z) xP(z) #0.

Definition 1 Let Cl(@,d) be the class of family of all F(z) € Ef such that

F(z) * ¢(2)
Re (F(Z)*f}) > O, zeU

where

x [ee)
ez) =1+ Y @nz™m™V*and 8(z) =1+ Y Dz Ve

n=2 n=2
are analytic in U with specific conditions, ©n,9n > 0, @n > Y4 and
F(z) *8(z) # 0 and for alln > 0.

Definition 2 Let ( (¢@,d) be the class of family of all F(z) € E such that
> >0,zeld

where
ez)=1— Y @nz™mV*and d(z) =1— Y Dz Ve
n=2 n=2
are analytic in W with specific conditions, @n,9n > 0, @n > O and
F(z) *8(z) # 0 and for alln > 0.

The aim of the present paper is to propose some sufficient conditions for all
functions F(z) belongs to the new classes Ef and E to satisfy

F(z) * ¢(z)

T2+ 92 < q(z), z€ U.

Where ((z) is a given univalent function in U such that q(0) = 1.



Differential subordination results 187

Define the function @«(a,c;z) by

oxla,cz) =1 —I—Z ((Sinz““/"‘, zel, ce®R\{0,—1,-2...}
1 n

where (a)y is the Pochhammer symbol defined by

Nn+a) 1 ifn=0
(a)nzz{

Ma) ala+1)(a+2)---(a+n—1) ifneN
Corresponding to the function @4(a,c;z), define a linear operator I4(a,c) ,
by

Ia(a,c)F(z) = Ia(a,c;2) * F(z), F(z) € Eg,

or equivalently by

((E;nznn/oc’z c u,C c m\{o,—L—Z}

In(a,c)F(z) =1+ i
;

3

Different authors have used this linear operator for various types of classes
of univalent functions namely, Uralgaddi and Somanatha [4], Cho, Kwon and
Srivastava [5], Saitoh [6], and Sokol and Spelina [7], respectively.

The classes E and E defined above exhibit some interesting properties.
We need the following lemmas.

Lemma 1 [3]. Let q(z) be univalent in the unit U disk and 0(z) be analytic
in a domain D containing q(U). If zq'(2)0(q) is starlike in U , and

zp'(2)8(p(2)) < zq'(2)8(q(2))
then p(z) < q(z) and q(z) is the best dominant.

Theorem 1 Let the function q(z) be univalent in the unit disk U such that
!/
q'(z) # (0) and 2q’(2) # 0 is starlike in U, if F(z) € B, satisfies the subordi-

. q(z)
nation
b [Z(Ioc(a)c)d)(z)), B Z(Ia(a,C)w(Z))’] - bzq'(z)
Ia(a,c)d(z) Iala, c)P(z) q(z)
then,

[Ia(a»c)d)(z)
Ia(a, c)b(z)
Then is q(z) the best dominant.

} < q(z)
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Proof. First we defined the function p(z),

then,

bzp'lz) _ [Z(Ia(a»c)(b(z))/ Z(Ia(a,C)w(Z))’}
a Ia(a,c)d(z) Ix(a, c)(z)

b
By setting, 8(w) = " it can easily observed that 6(w) is analytic in C \ {0}.
Then we obtain that,

b
O(p(z)) = 1?2) and 6(q(z)) = ﬁ

So from equation (4), we have

this implies,
zp'(2)8(p(z)) < zq'(2)0(q(2))

from lemma (1), we have
p(z) < q(2)

this implies,

q)(” < q(z)

Corollary 1 If F(z) satisfies the subordination

b [Z(Ia(a,C)d)(Z))’ Z(Ia(a&)w(Z))’] = [ b(A—B)z
Ix(a,c)d(z) Ix(a,c)(z) (1+Az)(1+BZ)

then,
Ix(a,c)Pp(z) 14+ Az
< —-1<A<B<I
[I“(a,c)ll)(z) 1+Bz|’ - =
and (1+Az) 1s the best dominant.
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Corollary 2 If F(z) satisfies the subordination

b[l(lcx(a,C)d)(Z))’ z( a(a,c)w(z))’]%” 2bz }

+2z)(1 +2)
then,
] < i r=asse
and 8 13 is the best dominant.

Lemma 2 [2]. Let q(z) be convex in the unit disk U with q(0) =1 and R(q) >
1/2, ze W. If 0 < U < 1, p is analytic function in with p(0) =1 and if

(1= wWp?(z) + 2u—1p(z) —pu+ (1= pzp'(2)
< (1=wa*(z) + 2u—1q(z) —u+ (1 — wzq'(2)
then p(z) < q(z) and q(z) is the best dominant.

Theorem 2 Let q(z) be conver in the unit disk U with q(0) =1 and R(q) >

Io(a,c)d(z)
1/2. If F(z) € Ef and [I(x(ac)xp(z)

] s an analytic function in U satisfies the

subordination
[Tala,0)d(2)]? o [Tala,)p(z)]
( MLJ&@M@]+QH ”&dwdwm] bt
+(y_mvdmdwﬂ]FH&&dM@Y_th&M&W}<
Iu(a,c)¥(z) | | Tala,c)d(z Tu(a,c)¥(z)
< (1—=wa?(2) + 2u—1Na(z) — p+ (1 — wzqd'(2)

and q(z) is the best dominant.

Proof. Let the function p(z) be defined by
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since p(0) = 1, therefore

(1—wp?(z) + 2p—Nplz) —u+ (1 —wzp'(z) =
(z
(z

«la,0)¢(z)]? o [Male0)e(2)]
== )[a(a,c) )] s ”[1 (a,c)w(z)} -
w(a,c)b(2)
+ "‘[ In(a, O (2) ] -
«(a,c)d(z) Ix(a,c)d(z)
=l {a(a,c ()] +2p =1l [Ia(a,c)w(z}_[“”
[(x )bz H (a,c)qa(zn'_zuaa,cm)(z))’]<
(@%@ | | Inla, 0 Iala,ob()
21— w2 + 2r—1)a(z) - p+ (1 — wza'(2)

now by using the Lemma 2, we have

p(z) < d(z)
implies that,
Io(a,c)d(z }
< q(z
et <9
and q(z) is the best dominant. O

I
Corollary 3 If F(z) € Ef and [W] is an analytic function in U

satisfying the subordination

: 14+ Az (A—B)z
+(1—w {1 —I—Bz] [(1 T AZ)(] —I—Bz)]

Then,
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14+ Az
1+ Bz

and [ ] is the best dominant.

Proof. Let us define q(z) by

(2) = 1+ Az
| 1+Bz

],ZEU

this implies that q(0) = 1 and PR(q) > 1/2 for arbitrary A, B,z € U where

zq'(z) (A—B)z

q(z) (14+ Az)(1+Bz)

Then applying the Theorem 2, we obtain the result. ]

Ix(a,c)d(z)

————~| s an analytic function in U
Ia(a,c)w(z)] ytic f

Corollary 4 If F(z) € B} and {

satisfying the subordination

~[Tala,0)d(2)]? B [Ia(a,C)dD(Z)]_

( )[Ia(a,c)w(z)] T o | T

0w { a(a,C)Cb(Z)] [Z(Ia(a,C)Cb(Z))’ - z(la(a,c)w(z))'} )
M@ 0v(@) | | Ta(a,0)d(z) To(a, c)(2)

2
< (11— “tj +(2u—1) “J_rj L [:ij [(Hjé—ﬁ}

1
and tz 18 the best dominant.

1—2z

Proof. Let the function q(z) be defined by

1+z
1—2z

q(z)z[ },zeU,

then in view of Theorem 2 we obtain the result.
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Definition 3 The fractional integral of order « is defined, for a function f(z)

by
‘I z
[Xf(z) = J f(z)(z—0)*'dl, 0<a<1

M) Jo
where, the function f(z) is analytic in simply-connected region of the complex
z-plane containing the origin and the multiplicity of (z — {)*~! is removed by
requiring log(z — ¢) to be real when (z — C) > 0. Note that 13f(z) = f(z) X
2% V/T(«) for z> 0 and 0 (see [8, 9, 10, 11]). Let

f(Z) — Z (bnznfn/BJr]foc)
0
this implies that,
I5f(z) = f(z) x 2% "/T(a) =2 "/T(«) ) pnz™ P forz>0
0

o0

= Zanz“_n/e’, where an = ¢n/T(«),

o

thus,
1+£1%(z) € ME(MY)

then we have the following results.

Theorem 3 Let q(z) be convex in the unit disk U with q(0) = 1 and R(q(z)) >

(14 IX(2) * @(2)
2. IfF + z
1/2. IfHz) € Ea and (e o5
the subordination

18 an analytic function in U satisfies

(T+IX(z)) oz 2 + [¥f(2)) * ¢(2)
“_u)[ﬂﬂ"‘f )# 9 Z] { —I-I"‘fz (ZJ—H
Y [LES S IR {( LIS o) 2 4 121(2) (2]

(1+1¢f(z)) xD(z) | [ (T4 I2f(z)) * ( ) (1+1f(z)) x d(z2))
< (1=u)q?(z) + (2u—1)q(z) —u+ (1 —wzq'(z)
then,

{(1 + I27(z)) * 9(2)

(1 + 12f(2)) *S(ZJ = alz).
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Proof. Let the function p(z) be defined by

(14 I3f(2)) * @(2)
(1+1(z)) xd(z)’

F(z) = zel

then in view of Theorem 2 we obtain the result. OJ

Theorem 4 Let the function q(z) be univalent in the unit disk U such that
/
q'(z) # 0 and 2q'(2) # 0 is starlike in U, if (1 —1f(z)) € &5 satisfies the

qa(z)
subordination

b [(1 —IZf(z)) x @(z))" (1 -1(2) *8(2))’] _ bzd'(z)

(T=1gf(2)) x @(2)) (1 —12f(z)) *9(z))

then,

b [(1 —171(z)) * ¢(2)

1 1ef(z)) *%(z)] =< alz)

then q(z) is the best dominant.

Proof. Let the function p(z) be defined by

(1—IZf(z)) * @(2)

(—isfz) 0z =Y

then in view of Theorem 2 we obtain the result. O
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Subordination results for certain classes of
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Abstract. In this paper, we derive some subordination results for

certain classes of analytic functions defined by a generalized differen-
tial operator using the principle of subordination and a subordination
theorem. Relevant connections of the results presented here with those
obtained in earlier works are also pointed out.

1 Introduction and preliminaries

Let A denote the class of functions f(z) of the form

f2)=z+ Y ane™ M

mn—

which are analytic in the open unit disk &/ = {z : z € C and |z] < 1}. We
denote by S, §*, K and C, the class of all functions in A which are, respectively,
univalent, starlike, convex and close-to-convex in . For functions f given by
(1) and g given by

o0
glz) =z+ 3 buz,

n=2

2010 Mathematics Subject Classification: 30C45, 30C80
Key words and phrases: analytic functions, univalent functions, Hadamard product (or
convolution), subordination between analytic functions
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the Hadamard product (or convolution) of f and g is defined by

(fxg)(z) =2+ ) anbnz™

n=2

Let 7 (v, «) denote the class of functions in A satisfying the inequality

/ 2cn
%<( zf'(z) + yz=f"(z)

T—v)f(z) +vzf’(2)> > zel,

for some o (0 < < 1)andy (0 <y < 1), and let C(y, «) denote the class of

functions in A satisfying the inequality

m<yz3f’”(z) + 2y + 122" (2) 4 zf'(2)
vz (z) + zf!(z)

)>oc, zelU,

for some & (0 < ¢ < 1) and vy (0 <y < 1). We note that
felly,a) & zf' € T(y, «).

The classes 7 (v, &) and C(y, o) were introduced and investigated by O. Altintas
[2], and M. Kamali and S. Akbulut [4], respectively.
Let M(B) be the subclass of A consisting of functions f which satisfy the

inequality
zf'(z)
i)%< 2] ) <P, zeU,

for some B (B > 1), and let N(B) be the subclass of A consisting of functions
f which satisfy the inequality

zf"(z)
9‘%(1 + () ) <PB,zel,

for some B (B > 1). The classes M(pB) and N(B) were introduced and
investigated by S. Owa and H. M. Srivastava [6] (see also J. Nishiwaki and S.
Owa [5], S. Owa and J. Nishiwaki [7], H. M. Srivastava and A. A. Attiya [9]).

Let oy, 002,...,xq and B1,B2,...,Ps (4,5 € NU{0},q < s+ 1) be complex
numbers such that By # 0,—1,-2,... for k € {1,2,...,s}. The generalized
hypergeometric function 4Fs is given by

. ) - (“1)n(cx2)n---((xq)n£
qu((Xl,OCz,...,OCq,f)],Bz,...,BS,Z)T;)(B”n(ﬁz)n.”(ﬁs)n 7 (zelU),
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where (x)n, denotes the Pochhammer symbol defined by
X)n=x(x+1Nx+2)---(x+n—1)forne Nand (x)g=1.

Corresponding to a function G s(a1; B1;z) defined by

Gas(o, B1;2) i=z gFslo, o2y . ooy g5 B, B2y - -, Bsi 2),
we now define the following generalized differential operator:
DS, (o1, B1)f(z) = f(z) * Gqs(ot1, B1; 2),
Dau(ar, B1)f(z) = Dapl(as, B1)f(z) = Apz?(f(z) * Gg,s(ar, B132)) "+
+ (A= Wz(f(z) * Gq,s(ar, B152)) +
+ (T =A 4 p)(f(z) * Gq,s(x1, B1;2)), and
DRh(ea, B1)f(z) = Dau(DR (o1, B1)f(2)),
where 0 < p <A <1and m € Ny =NU{0}.

If f(z) € A, then we have

Dxu(or, Br)f(z) =z + Zﬁ?on anz™, (2)
n=2
where
n=T+Aumn+A—p)(n—1) (3)
and

(1) n—1(a2)n-1...(xg)n-1

(B1)n—]([32)n—1 cee (Bs)n—1 (TL— ])!.

It can be seen that, by specializing the parameters the operator D;\‘L(oq ,B1)f(2)
reduces to many known and new differential operators. In particular, when
m = 0 the operator D}\’L(oq, 1)f(z) reduces to the well- known Dziok-Srivastava
operator [3] and for uy=0,q =2,s =1, a1 = 1, and ay = 1, it reduces to
the operator introduced by F. M. Al-Oboudi [1]. Further we remark that, when
A=1,u=0,q=2,s=1, 1 =p1, and xp =1 theoperatorDR}l(oq,B])f(z)
reduces to the operator introduced by G. S. Salagean [8].

Oon =

(4)

For simplicity, in the sequel, we will write D}\’Lf (z) instead of D}IL( 1, B1)f(z).

Motivated by the above mentioned function classes, we now introduce the
following subclasses of A involving the generalized differential operator D;\‘:Lf (z).
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Definition 1 A function f € A is said to be in the class S)T\T:L(y, o) if it satisfies
the following inequality

{ (1 —y)D3f(z) +yD3, (2

(1 —¥)DRLf(z) + YDA ()

)
}>oc, zelU,

where
meNy, 0<y<1l 0<a<l.

It is easy to see that the classes 7 (y,«) and C(y, &) are special cases of the
class S;j:t(y, o).

Definition 2 A function f € A is said to be in the class M%(%B) if it
satisfies the following inequality
1 2
{(1 —y)D M (z) + YD H(2)
(1—y)Df(z) + yDR ()

}<{3, zeU,

where
meNy, 0<y<1, pB>1.

It is also easy to see that the classes M(B) and N () are special cases of the
class Mﬁ(% B).

We now provide some coefficient inequalities associated with the function
classes S;\":L(y, o) and Mﬁ(y, B).

2 Coefficient inequalities

Theorem 1 Let 0 < a <1 and 0 <y < 1. If f € A satisfies the following
coefficient inequality

o]

> (1= +¥9) (00— ) O onlan < T -« (5)

n=2

where 9y, and oy are given by (3) and (4) respectively, then f € S;\rﬁ(v, o).

Proof. It is suffices to show that
‘ (1 —v)DR1(2) + yDR ?f(2)

-1 <1T—q, z€eU.
(1—v)DIf(z) + DR ()
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Now we note that for any z € U,

- _ _ m n—1
(1R i) +yDR M) || S Y YOO T onanz
m m+1 - - o]
(1= Y)DR,f(z) +yDJ (2] T+ 3 (1—y+ vy )0 onan zn
n=2
Z (1=v+v9)On — 1) onlan|

n=2

IN

1—

M2

(1—vy ""‘Yan)ﬁ;&no—n‘aﬂ
2

It follows from (5) that the last expression is bounded by 1 — «. This completes the
proof of the theorem. O

Theorem 2 Let B > 1 and 0 < v < 1. Iff € A satisfies the following
coefficient inequality

0¢]

D> (T =y +¥90)(On + 190 — 2B)) O o fan| < 2(B — 1), (6)

n=2

where 9y and on are given by (3) and (4) respectively, then f € M}&(y, B).

Proof. It is sufficient to show that

— 2B,
(7)

‘ (1 —y)DJf(z) + YD (2)

‘ (1 =)D (2) + YD (2)
(1 —v)DRLf(2) + YDy (2)

(1—v)DRf(2) + YDy '(2)

where z € U.
Now, we define M € R by

M:=|(1—y)DRf(z) + YD f(2) |-
— |(1 =)D (z) +¥yDR 2 (2) — 2B (1 —v)DRLf(2) + ¥yDR H(2) | =

(e.¢]

=lz+ Z (1 =yt + 32| onanz™|—
n:OO
—lz+ Z (1 =y + v onanz™—
n=2
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Thus, for |z] =1 < 1, we have

(T —v +yo) 00 onlan™—

M2

M<r+
=2

2p—1r—Y (1—v +vsn)|sn—zs|sman|an|r“] <

n=2

— 3

< (Zu ¥ YO B+ 90 — 2B owlan] — 2(B —n)r.

n=2
It follows from (6) that M < 0, which implies that (7) holds. This completes
the proof of the theorem. O

In view of Theorem (1) and Theorem (2), we now introduce the subclasses

Shly, ) CSP(yv,a)  and  MT(y,B) € MPL(v, B),

which consist of functions f € A whose Taylor-Maclaurin coefficients satisfy
the inequalities (5) and (6) respectively. We now derive some subordination
results for the function classes S{t(y, ) and M%(y, B).

~

3 Subordination result for the class ;\“:L(‘y, B)

We will use of the following definitions and lemma to prove our result.

Definition 3 (Subordination Principle) Let f(z) and g(z) be analytic in U.
Then we say that the function f(z) is subordinate to g(z) in U, and write

f<g or f(z) < g(z)
if there exists a Schwarz function w(z), analytic in U with
w(0) =0, [w(z)l<1 (zelU),

such that
f(z) = g(w(z)) (zeU).

In particular, if the function g(z) is univalent in U, then

f(z) < g(z) (zelU) & f(0)=g(0) and f(U) C g(UU).
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Definition 4 (Subordinating Factor Sequence) A sequence {bn}>>_; of complex
numbers is said to be a subordinating factor sequence if, whenever f(z) of the
form (1) is analytic, univalent and conver in U, we have the subordination
given by

Zanbnz“—<f(z) (zel; a;:=1).
n=1

Lemma 1 (See Wilf [11]) The sequence {bn}%_; is a subordinating factor
sequence if and only if

ee}
m<1 —I—Zanzn> >0 (zelU).
n=1

Theorem 3 Let the function f(z) defined by (1) be in the class g{’;(y, o). If
g(z) € K, then

(1T—=v+vd2)(P2— )0 02
2[1 —a) + (1 =y +vy92) (92 — )T 02

(zeU, meNy, 0<y<1,0<a<1)

] (f*g)(z) < g(z) (8)

and
=)+ (0 =y +y9)[B2— a)d 0,
A > 50, — a9 ©)

where ¥ and oy, are given by (3) and (4) respectively. The constant factor in
the subordination result (8)

(1 —v+v92)(92 — x)0) 02
2[(1 = o) + (1 =y +vd2) (V2 — a)B3 02

cannot be replaced by a larger one.

Proof. Let f(z) € g;\“:t(y, o) and suppose that

g(z) =z + chzn e K.

n=2
Then we readily have
(1=v+vd2)(P2— x)dT 02
2[(1 = o) + (1 =y +vy92) (D2 — a)9F 02

_ (1—v+v92)(d2— a)d] 02 ( 00 n)
C2[(T— o) + (T =y +vd2) (92 — ¥)85 02 Z+nZza“C“Z ‘

(fxg)(z) =
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Thus, by Definition 4, the subordination result (8) will holds if

{ (1 =y +v92)P2— x)9 02 a }“’
21— o)+ (1 =y +v92) (92— x)O o]

n=1

is a subordinating factor sequence, with a; = 1. In view of Lemma 1 this is
equivalent to the following inequality:

- (1T—=v+vyd2)(D2— )0 02
{ Z (1T—oa)+

anz s >0 zcU).
(T—v+v92) (P2 — )Moy } ( )

1

(10)

Since (T—y+vyd)(On—a) I on (N> 2, m e Np) is an increasing function
of n, we have

(1T —v+v92)P2—«)dT 02
] mn
{ +Z -+ (1—y+792)(92 — )00, ™"
_ {1+ (1—=v+v2)d2— ) o2 )
(1—o) + (T =y +vy92) (D2 — )0F 02
1
(1 =)+ (1 —y+vy82) 02— )0z

C Y (=7 +v82)(92 — wl9F 0 anz“}

_|_

n=2
. (1—v+v92)P2— )T 02 .
T (T=a+ (1 =y +vyd2)[2— «)d 02
1
(1—o)+ (1T =y +v92) (D2 — x)0F 02
C Y (1 =y +¥0) (O — )0 o fan| "
n=2
S (1—v+v92)(P2— «)9T 02 .
(1—o)+ (1T =y +vd2)[D2— x0T 02
1—x
o)+ (T -y +v82) (32— 085 0z |
=1-r>0 (lzZl =r < 1),

where we have also made use of the assertion (5) of Theorem 1. This evidently
proves the inequality (10), and hence also the subordination result (8) asserted
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by Theorem 3. The inequality (9) follows from (8) upon setting

z

g(z) =7 =z+) "€k
n=2

Next we consider the function

_ T—« ;2
(T—=v+v9)d2—x)d)0o,

q(z) =z (11)

(MeNy, 0<y<1,0<a<1),

where 9, and oy are given by (3) and (4) respectively, which is a member of
the class Sy, (v, «). Then, by using (8), we have

(1 =y +v92)(P2— x)d) 02 (2) < -2
A0 — )+ (1 —v +v92) (92 — a9 o] T—2

(zelU).

One can easily verify for the function q(z) defined by (11) that

: (T =y +v92) (02 — )97 02 1
mm{m<2[(1—0¢)+(1—Y+Y32)(92—06)192“02]q(z))}_ ;=)

which completes the proof of Theorem 3. g

Remark 1 Seitingy =0,A=1,u=0,g=2,s=1, 01 = p1, and ap = 1
in Theorem 3, we get the corresponding result obtained by S. Stuimer Eker et
al. [10].

—~

4 Subordination result for the class M} (v, 3)

The proof of the following subordination result is similar to that of Theorem
3. We, therefore, omit the analogous details involved.

Theorem 4 Let the function f(z) defined by (1) be in the class //\;IJRL(Y, B).
If g(z) € K, then

(1 —=v+vd2)(D2+ 92— 2B[)0) 02
2B =1+ (1 =y +vd2) (D2 + B2 — 2B[)05 03]

(fxg)(z) <g(z) (12)

(zeU, meNy,, 0<y<T,0<a<1)
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and

2B 1)+ (1 v +¥92) (92 + 192 — 2B} 0
U 0=y +v0,) 02 + 92— 28950,

where ¥ and oy are given by (3) and (4) respectively. The constant factor

(1T =y +vd2) (V2 + D2 — 2B 02
2B =1+ (1 =y +vd2) (D2 + B2 — 2B1)0T 03]

in the subordination result (12) cannot be replaced by a larger one.

Remark 2 Setting m = 0, ory =0,A =1, u=0,g=2,s =1,01 =
B1 and o =1 in Theorem 3, we get the corresponding results obtained by H.
M. Srivastava and A. A. Attiya. [9].
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Abstract. The coin tossing experiment is studied. The length of
the longest head run can be studied by asymptotic theorems [3, 4], by
recursive formulae [7, 11] or by computer simulations [1]. The aim of
the paper is to compare numerically the asymptotic results, the recursive
formulae, and the simulation results. Moreover, we consider also the
longest run (i.e. the longest pure heads or pure tails). We compare the
distribution of the longest head run and that of the longest run.

1 Introduction

The success-run in a sequence of Bernoulli trials has been studied in a large
number of papers. Consider the well-known coin tossing experiment. Let Ry,
denote the length of the longest run of consecutive heads (longest head run).
Moreover, let R;l denote the longest run of consecutive heads or consecutive
tails (longest run). The asymptotic distribution of Ry, is studied in several
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Key words and phrases: coin tossing, longest run, probability distribution, recursion,
simulation, asymptotic distribution
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papers (see, e.g. [3, 4, 5, 6,9, 10]). However, these results give approximations
being accurate for large enough n. Precise values of the distributions can be
calculated by certain recursive formulae (see, e.g. [2, 7, 11]). However it is
difficult and slow to calculate them numerically for large n. The distributions
of Ry, and R;, can be calculated by simulations, as well. Simulations can be
applied both for small and large values of n, but they offer only approximations
(which can be improved by using large number of repetitions). The comparison
of the asymptotic theorems and the simulations are given in [1].

In this paper we compare numerically the asymptotic theorems, the recursive
formulae and the simulations. As the case of a fair coin is well-known, we focus
on a biased coin (i.e. when P(head) = p # %) Moreover, as our aim is to
obtain precise numerical results, we emphasize the importance of the recursive
formulae. We give detailed proofs for the (known) recursive formulae. Finally,
we remark that most results in the literature concern the longest head run
(i.e. Rp) but in practice people are interested in the longest run (i.e. R;l)
Therefore, we concentrate mainly on R.,.

The numerical results show that the asymptotic theorems give bad results
for small n (i.e. n < 250) and give practically precise results for large n (i.e.
n > 3000). It can also be seen that for large n the distribution of R;L is close
to that of Ry, if p > % (p is the probability of a head).

We present recursion formulae offering the exact distribution of the longest
run of heads (Section 2), and the distribution of the longest whatever run
(Section 3). We consider the situation in which the probability of a head can
take any value in (0,1).

2 The longest head run

Consider n independent tosses of a (biased) coin, and let Ry, denote the length
of the longest head run. The (cumulative) distribution function of Ry, is the
following

Falx) =PRa <x) = Y Chl(x)pkq™, (1)

where Cg< )(x) is the number of strings of length n where exactly k heads
occur, but not more than x heads occur consecutively. We have the following
recursive formula for CQQ ](x).
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Proposition 1 (See [11])

(2)

Proof. If x < k =n, then CK(x) = 0, because in this case all elements (being
more than x) are heads, so there is no series containing less than or equal to
x heads consecutively.

If 0 < k < x, then the value of lel(x) is equal to the binomial coefficient. In
this case there are less than or equal to x heads among n elements and we have
to count those cases when the length of the longest head run is less than or
equal to x. All possible sequences have this property, therefore C% )(x) = (L‘)

If x < k < n, then we need to consider the following. Our series may start
with j = 0,1,2,...,x heads, then must be one tail, then a sequence follows
containing k—j heads among the remaining n—j —1 objects. In this sequence
the length of the longest head run must be less than or equal to x. The number
of these sequences equals exactly C (k=) (x).

n—1-—j
H...H T ... H . T ... ]
LY
j heads n —j — 1 elements, containing k — j heads,

and the length of the longest head run is less than or equal to x

The following table displays the values of CX(3) for n < 8.

8 0
7 0
6 0] 110
5 0| 2| 1240
] 0 123165
3 1410203556
2 1[3]6[1015] 21 | 28
1 11231456 78
0 |1t f[1|1t[t 111
ki n 2134156 78

The first four rows of the table (k = 0,1,2,3) are part of Pascal’s triangle.
Entries above that four rows are computed by taking diagonal sums of four
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entries from the rows and columns below and to the left. The "hockey stick’
(printed in boldface in the table) illustrates the case C(75) (3) =24+3+443 =12.
Tossing a biased coin 8 times, we now have the probability of obtaining not

more than three consecutive heads: Fg(3) = Céo)(S)qus—f— Cé”(S)p1 q’+...+

CY(3)p7a+CPY(3)p3q° = 1q8+8pq” +28p2q®+56p3q°+65p*q* +40p5q> +
10p®q? + 0 + 0. Knowing the value of p we can calculate the exact result.

The asymptotic behaviour is described by the following theorem.

Theorem 1 (See [5].) Let pu(n) = —ﬁgg, q=1—p and let W have a double

exponential distribution (i.e. P(W < t) = exp(—exp(—t))), then uniformly
mn t:

P(Rn— p(qn) <) — P ([ +{u(qn)}} —(ulqn) < t) S0 @)

—logp

as N — oo where [a] denotes the integer part of a and {a} = a — [a].

We emphasize that the above theorem does not offer a limiting law for
R — ul(gn) but it gives a sequence of accompanying laws. The distances
of the laws in the two sequences converge to 0 (as n — o00). So the above
theorem is a merge theorem. Observe, the periodic property in the sequence
of the accompanying laws.

3 The longest run

For a coin with p # 0.5 the (cumulative) distribution function F/ (x) is com-
plicated. Let R} denote the length of the longest run in the sequence of n coin
tossings. That is the maximum of the longest head run and the longest tail
run. Let F], be the distribution function of RJ,.

n

Frx) =P(Rp <x) =) Cy (x)p*q™ " (4)
k=0

where 6&5 )(X) is the number of strings of length n with exactly k heads, but
not more than x of heads and not more than x of tails occur consecutively (p
is the probability of a head and q =1 —p). First consider

6m+k(7<) = Cxy1(m, k). (5)
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Here C¢(m, k) denotes the number of strings of m indistinguishable objects
of type A and k indistinguishable objects of type B in which no t-clump (run
of length t) occurs. (A and B may interpret head and tail, respectively.) We
have the following recursive formulas for C¢(m, k).

Proposition 2 (See [2].)

t—1 t—1
Cimk) =) Cefm—1,k—i) =Y Cim—t,k—1i)+ed(mXk), (6)
i=0 i=1

where
1, if m=0 and 0<k<t,
eg(mk)=< —1, if m=t and 0<k<t, ,
0, in all other cases
moreover if m = k = 0, then C¢(0,0) = 1, if m or k is negative, then
Ct(m, k) =0.
We give a detailed proof which is not contained in [2].
Proof.
Case m = 0.

If 0 <k < t, then C¢(0,k) = 1, because this means that there is only one
type of the elements but the number of objects is less than the length of the
run. So there can not be any t run. As the elements are indistinguishable,
this means only one order. In this case (6) means 1 =0 — 0+ 1. For example:
C3(0,2) = C3(—1,2) + C3(—1,1) + C3(—1,0) — [C3(—3,1) + C3(—3,0)] + 1 =
0+04+0—[0+0]+1=1.

If k > t, then C¢(0,k) = 0, because there is only one type of the elements,
but the number of objects is greater or equal to the length of the run. So
there is no one sequence in which there is no t run. For example: C3(0,4) =
C3(—1,4) 4+ C3(—1,3) + C3(—1,2) — [C3(—3,3) + C3(—-3,2)] +0=0+0+0—
0+0]+0=0.

In case of 0 < m < t our formula (6) is the following.

t—1
Cym,k) =) Cim—1,k—1)—0+0.
i=0

Because this case means the following

B...B A B A
—
iof B

(k—1) of B, (m—1) of A,

and there is no t-run among them
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The number of these sequences is: Ci¢(m,—1,k —1). As m < t, so there can
not be t run from A, so we do not need to subtract anything. For example:
C3(2,2) = C3(1,2)+C3(1,1)+ C3(1,0) = [C3(—1,1)+ C3(—1,0)] + 0 =3+2+
1—[0+0]+0=6.

The case of m=tand 0 <k < t.

This means that there are less than t of B elements, and the number of A
elements is equal to t. In this case our formula is the following: C¢(m,k) =
Z;:(]) Ci(m—-1k—1) — Zf;] C¢(0,k —1i) — 1. The first sum consists of k + 1
positive terms (not t), when the i-th term starts with i of B objects, then
follows A, then follows a sequence consisting of m —1 A and k —1i B and not
containing t run.

B...B A B A
——

iof B (k—1) of B, (m—1) of A,

and there is no t-run

But there is a 'bad’ term in each of them, when the m = t A objects are
consecutive. As the second sum consists of k terms, so the above k 4+ 1 bad
cases are subtracted. For example: C3(3,2) = C3(2,2) + C3(2,1) + C3(2,0) —
[C3(0,1)+C3(0,0)] = T=64+3+1—-[14+1]—-1=7.

In the case of m =t and k > t, our formula is the following

t—1 t—1
Cem, k) =) Cum—1,k—1) =) Ci(0,k—1)+0.
i=0 i=1

If 1 =0 in the first sum, then our possibility is the following

A ... A ... B..

kof B, (m—1)of A

and there is no t-run

The number of these sequences is C¢(m — 1,k). Seemingly there is one ’bad’
event among them, when in the second part starts with m — 1 A objects and
they make a t run with the very first A object. But the k B objects are in
the end of the second part and they would make a t run, so the above ’bad’
situation is not included in C¢(m — 1,k).

Ifi=1,2,...,t—1, then we have

B...B A B A
—
iof B

(k—1) of B, (m—1) of A,

and there is no t-run
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The number of these sequences is C¢(m — 1,k —1i). But there can be a ’bad’
event in this situation, when all objects A (m = t) are next to each other, so
we have to subtract C¢(0,k —1) (it can be equal to 0 as well). For example:
C3(3,4) = C3(2,4) + C3(2,3) + C3(2,2) — [C3(0,3) + C3(0,2)] + 0 =6+ 7 +
6—[0+1]4+0=18.

Case m >0 and m > t.

Our sequence may start with i (i is less than t) same type objects (for
example with B) then follows a different one (A) and ends with a string without
t run.

B...B A ... B - A

——
iof B

(k—1) of B, (m—1) of A,

and there is no t-run

The number of these sequences is: Z:} Ci(m—1,k—1).

But among them there may be sequences when there are same A objects
after the individual A, so that together there are t consecutive A objects and
after them there is no t run

B...BA ... A B A
—_—— —
iof B tof A

(k—1) of B, (m—1) of A and

there is no t-run

The number of these strings is Zf;} Ci(m—t,k—1), that we have to subtract
from the previous sum. But in these there can be such sequences, when A
object stands after the t run of A, so there can be another t run. The number
of these can be denoted by ng Cilm—t,k—1).
What happens is if i = 0, so our sequence starts with A? In this case the
first object is A and then there is no t run
A ... A ... B..

e

kof B, (m—1)of A

and there is no t-run

The number of these strings is C¢(m — 1, k). But in these strings there can be
some sequences starting with t run and then there is no t run

A...AB...B A... B...A ...
tof A, iof B

(m—1t)of A, (k—1) of B
and there is no t-run

(1<i<(t—1))
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The numbers of these strings is Z C* (m—t,k—1), that we have to subtract
from the previous sum.
Summarizing our results we get the following

t—1
thm 1,k—1) {th —t,k—i)—Zc:(m—t,k—i)}Jr
i=1

+{ m—1,k) — Zc*m tk—1)}+et(m,k)-

For example: C3(5,2) = C3(4,2)+C3(4,1)+C3(4,0)—[C3(2,1)+C3(2,0)]+0 =
6+1+0—-[3+1]+0=3.
So recursive formula (6) is satisfied. O

Proposition 3 (See [2].) Let t > 2. Then
Ct(m, k) = Ct(m—1 y k) +Ct(m, k—])—Ct(m—t, k—1 ) —Ct(m—1,k—t) (7)
+Ct(m - t) k — t) + e’t(m) k))
where

e;(m, k) -1, if (m,k)=(0,t) or (m,k)=(t,0),

1, if (mk)=(0,0) or (mk)=I(t1),
0, in all other cases,
k =

moreover if m =

Ce(m, k) = 0.

0, then C¢(0,0) = 1, if m or k is negative, then

Here we give a proof being different from the one in [2].
Proof. Our sequence may start either with A or B

A ..A...B... The number of these sequences is C¢(m — 1,k).
(m—1)of A and kof B

B ...A...B... The number of these sequences is C¢(m,k —1).
mof A and (k—1) of B
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We have to subtract the number of those sequences in which after the first A
element there are t — 1 consecutive A’s (so there is a t-clump) and then there
is a different element and there is a string with no t-clump

The number of these sequences is

A...A B .. A...B... Colm—t.k—1).

tof A (m—1t)of Aand (k—1) of B

BB A A B The number of these sequences is
— Ci(m—1,k—1).

tof B (m—1)of Aand (k—t) of B

But these cases contain the following sequences as well.

The sequence starts with t consecutive A’s followed with t consecutive B’s
and ends with a string containing m —t A and k —t B elements and not
containing t clump but starting with A. The number of these sequences is
C,(CA)(m—t,k—t). Changing the role of A and B we get again C,(CB)(m—t, k—1)
sequences. But for the sum of them we have CiA)(m —t,k—1t)+ CiB)(m —
t,k—t) = C¢(m—t,k—1).

Summarizing the above statements we can get our formula

Ci(m,k)=C¢{(m—-1,k)+ C¢(m,k—1)—

—{C¢(m—t,k—=1)+ C¢(m—1k—1t) — C¢(m—t, k—t)} + ef(m, k).
t

To see how these work, let us calculate some data in case where t = 3 and
m and k are less than 10:

mN\k

=

Rl Resl NN

| o|o|o|<w

(2] Nev)l Hen) New) Nan) IV

43 | 30 15
16 | 45 | 84 | 113 | 114 | 87 50
10 | 43 | 113 | 208 | 285 | 300 | 246
4 130 | 114 | 285 | 518 | 720 | 786
1 |15 | 87 | 300 | 720 | 1296 | 1823
0] 5 o0 | 246 | 786 | 1823 | 3254

OO ORI WD || W~
—
(0¢)
w
e~
N
(@)

(en) Nen)l Hen) Nenl e e} Neo) il Bl B K
OO OO0 NWIN| |~

| | < | i 2| wof vo| ~
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For example C3(6,5) = (84 4+ 45+ 16) — (18 + 14) = 113. (See the numbers
in bold style in the above table.)

The number of terms on the right hand side of (6), increases with t, but in
formula (7), the right hand side has only six terms no matter how large t is.

Let p denote the probability of a head. To find the asymptotic behaviour of
R/, denote by Vi (p) the probability that the longest run in n trials is formed
by heads. Then, by Theorem 5 of [8],

lim Vy(p) =

n—oo

0, if 0<p<1/2 )
1, if  1/2<p<T.

Therefore, if p > 1/2, the asymptotic behaviour of R}, is the same as that of
Rn.

It means that ”the one with lower chances” will not intervene in the for-
mation of the longest run. When n is sufficiently large, the values that
F/ (x) are well approximated by the values of F,(x) calculated for the case
of P(head) = max{p,1—p}. The longest run will almost certainly be composed
of whichever is more likely between heads and tails.

4 Numerical results, simulations

For numerical calculation we used MATLAB software. The data of the com-
puter are INTEL Core2 Quad Q9550 processor, 4Gb, memory DDR3. The
following table shows some running times

n repetition running time
3,100 20.000 172.6209 sec
p=0.6 1,000 20.000 15.4258 sec
250 20.000 2.8452 sec
30 20.000 2.0678 sec

We calculated the distributions of Ry and R},. We considered the precise
values obtained by recursion, the asymptotic values offered by asymptotic
theorems, and used simulation with 20.000 repetitions. On the figures below
x denotes the result of the recursion, o belongs to the asymptotic result,
while the histogram shows the relative frequencies calculated by simulation.
If n is small, the recursive algorithm is fast, but it slows down if n increases.
For biased coin we used p = 0.6. We show the results for short trials (n = 30),
medium trials (n = 250), and long trials (n = 1000 and n = 3100). We can
see from the results that the asymptotic theorem does not give good (close to
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the recursive) results for small n. But we should say that if n > 3000, then the
results of the recursion and the results of the asymptotic theorem are almost
the same. As the algorithm is slowing down, we offer to use the asymptotic
theorem instead of the recursion in case of large n. The asymptotic value is a
good approximation if n > 1000. The figures below show that the distribution
of R/, is far from that of Ry, for small n (n = 30). However, they are practically
the same if n is large.

If p is much larger than 1/2, the distribution of R1/1 is quite close to Ry, for
moderate values of n as well. These facts give numerical evidence of (8).

0251 [ simulation [ simulation
x  recursive 0.25¢ ” x  recursive
O asymptotic O asymptotic
s
X1
0.2
0.2
Ol
o )
o
=
0.15
) O % 0.15
c o < o
g g 9
g & g
01 > oah
o Q
0.05- 0.05F
1 :
0 2ese 0
0 5 10 15 20 0 5 10 15 20 25

Distribution of the longest head run Distribution of the longest run
p =0.6,n = 30. p =0.6,n = 30.
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[ simulation [ simulation
X recursive X recursive
0.2 O asymptotic 0.2 x O asymptotic
er] ™
o9 ol
Ead|
0.15 5 0.15 o
> o) > (o]
(5] (5] %]
5 5
g ® g 5
£ o1 £ o1
0.05 O 0.05 O
0-88e 0-886
5 10 15 20 0 10 15 20

Distribution of the longest head run  Distribution of the longest run

p =0.6,n = 250.

p =0.6,n = 250.

[ simulation [——Jsimulation
0.2 X recursive 0.2 X recursive
O asymptotic 5 O  asymptotic
8
0.18 0.18
B B
0.16 0.16
.| &

0.14 8 0.14 by
3 0.12 3 012
< c
(7] [}
5 =
g 01 [ g 01 8

0.08 0.08

0.06 0.06

0.04 0.04

0.02 0.02

0 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Distribution of the longest head run Distribution of the longest run

p = 0.6, = 1000.

p = 0.6, = 1000.
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02} [ simulation 02} [ simulation
x recursive x recursive
O asymptotic O asymptotic
0.18 ] 0.18 8
0.16 0.16
™ >
0.14 0.14
a i
.. 012} .. 012}
3 3
2 2
El B g B
g 0.1r g 0.1r
0.08 0.08
0.06 0.06
0.04 0.04
0.02 0.02
0 0
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Distribution of the longest head run Distribution of the longest run
p =0.6,n =3100. p =0.6,n =3100.

References

[1] K. Binswanger, P. Embrechts, Longest runs in coin tossing, Insurance
Math. Econom., 15 (1994), 139-149.

[2] D. M. Bloom, Probabilities of clumps in a binary sequence, Math. Mayg.,
69 (1996), 366-372.

[3] P. Erdés, P. Révész, On the length of the longest head-run, Topics in in-
formation theory (Second Colloq., Keszthely, 1975.), pp. 219-228. Collog.
Math. Soc. Janos Bolyai, Vol. 16, North-Holland, Amsterdam, 1977.

[4] A. Foldes, The limit distribution of the length of the longest head-run,
Period. Math. Hungar., 10 (1979), 301-310.

[5] L. Gordon, M. F. Schilling, M. S. Waterman, An extreme value theory for
long head runs, Probab. Theory Relat. Fields, 72 (1986), 279-287.

[6] J. Komlés, G. Tusnddy, On sequences of “pure heads”, Ann. Probability 3
(1975), 608-617.

[7] B. Kopocinski, On the distribution of the longest succes-run in Bernoulli
trials, Mat. Stos., 34 1991, 3—-13.



228 1. Fazekas, Zs. Karacsony, Zs. Libor

[8] M. Muselli, Useful inequalities for the longest run distribution, Statist.
Probab. Lett., 46 (2000), 239-249.

[9] P. Révész, Strong theorems on coin tossing, Proceedings of the Interna-
tional Congress of Mathematicians, Helsinki, 1978.

[10] P. Révész, How random is random? (in Hungarian), Akadémiai szék-
foglalé, Akadémiai Kiadé, Budapest, 1982.

[11] M. F. Schilling, The longest run of heads, College Math. J., 21 (1990),
196-207.

Received: November 28, 2009



Acta Universitatis Sapientiae

The scientific journal of the Sapientia University publishes original papers and deep
surveys in several areas of sciences written in English.
Information about the appropriate series can be found at the Internet address
http://www.acta.sapientia.ro.

Editor-in-Chief
Antal BEGE
abege@ms.sapientia.ro

Main Editorial Board

Zoltdn A. BIRO Zoltédn KASA Andrés KELEMEN
Agnes PETHO Emod VERESS

Acta Universitatis Sapientiae, Mathematica

Executive Editor
Antal BEGE (Sapientia University, Romania)
abege@mes.sapientia.ro

Editorial Board
Sébastien FERENCZI (Institut de Mathématiques de Luminy, France)
K4lman GYORY (University of Debrecen, Hungary)
Zoltan MAKO (Sapientia University, Romania)
Ladislav MISIK (University of Ostrava, Czech Republic)
Jénos TOTH (Selye University, Slovakia)
Adrian PETRUSEL (Babeg-Bolyai University, Romania)

Contact address and subscription:
Acta Universitatis Sapientiae, Mathematica
RO 400112 Cluj-Napoca
Str. Matei Corvin nr. 4.

Email: acta-math@acta.sapientia.ro

Each volume contains two issues.

&

Sapientia University Scientia Publishing House

ISSN 1844-6094
http://www.acta.sapientia.ro



Information for authors

Acta Universitatis Sapientiae, Mathematica publishes original papers and sur-
veys in all field of Mathematics. All papers will be peer reviewed.

Papers published in current and previous volumes can be found in Portable Document
Format (pdf) form at the address: http://www.acta.sapientia.ro.

The submitted papers should not be considered for publication by other journals. The
corresponding author is responsible for obtaining the permission of coauthors and of
the authorities of institutes, if needed, for publication, the Editorial Board disclaims
any responsibility.

Submission must be made by email (acta-math@acta.sapientia.ro) only, using the
LaTeX style and sample file at the address: http://www.acta.sapientia.ro. Be-
side the LaTeX source a pdf format of the paper is needed too.

Prepare your paper carefully, including keywords, 2010 Mathematics Subject Clas-
sification (MSC 2010) codes (http://www.ams.org/msc//msc2010.html), and the
reference citation should be written in brackets in the text as [3]. References should
be listed alphabetically using the following examples:

For papers in journals:

A. Hajnal, V. T. S6s, Paul Erdés is seventy, J. Graph Theory, 7 (1983), 391-393.
For books:

D. Stanton, D. White, Constructive combinatorics, Springer, New York, 1986.
For papers in contributed volumes:

Z. Csornyei, Compilers in Algorithms of informatics, Vol. 1. Foundations (ed. A.

Ivényi), mondAt Kiadé, Budapest, 2007, pp. 80-130.
For internet sources:

E. Ferrand, An analogue of the Thue-Morse sequence, Electron. J. Comb., 14
(2007) #R30, http://www.combinatorics.org/.
Nlustrations should be given in Encapsulated Posteript (eps) format.

Authors are encouraged to submit papers not exceeding 15 pages, but no more than
10 pages are preferable.

One issue is offered each author. No reprints will be available.

Publication supported by

Printed by Gloria Printing House
Director: Péter Nagy



	Cimlap_Matem_2kotet_2szam_2010.pdf
	Tartalom_Matem_2-2010_szam.pdf
	Belsolap_Matem_2kotet_2szam_2010.pdf
	Szerzonek_Matem_2_2_2010.pdf

