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Abstract

The power mean M,(a,b) of order p of two positive real values a and b
is defined by M,(a,b) = ((a? 4+ b?)/2)*?, for p # 0 and M, (a,b) = Vab, for
p = 0. In this short note we prove that the power mean Mp(a,b) is convex in
p for p < 0, log-convex for p < 0 and log-concave for p > 0.

Keywords: power mean, logarithmic mean

MSC: 26E60, 26D20

1. Introduction

For p € R, the power mean Mp(a,b) of order p of two positive real numbers, a and

b, is defined by
1
a?+bP\p
M, (a,b) = ( 2 ) , p#0
Vab, p=0.

Within the past years, the power mean has been the subject of intensive research.
Many remarkable inequalities for M, (a,b) and other types of means can be found
in the literature.

It is well known that M, (a,b) is continuous and strictly increasing with respect
to p € R for fixed a,b > 0 with a # b.

*The second and the third author was supported by VEGA Grant no. 1/1022/12, Slovak
Republic.
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Note that M, (a,b) = aM,(1, g) Mildorf [3] studied the function

F(p.a) = My(1,0) = (”2“’));

and proved that for any given real number a > 0 the following assertions hold:
(A) for p > 1 the function f(p,a) is concave in p,
(B) for p < —1 the function f(p,a) is convex in p.

The aim of this note is to study the log-convexity of the power mean M,(a,b) in
variable p. As a consequence we get several known inequalities and their general-
ization.

2. Main results

Theorem 2.1. Let f(p,a) = Mpy(1,a). We have
(i) for p <0 the function f(p,a) is log-convex in p,
(ii) for p > 0 the function f(p,a) is log-concave in p,
(iii) for p <0 the function f(p,a) is convex in p.
Proof. Observe that for any real number ¢ there holds
fpt,a)* = f(p,a’). (2.1)

Let
9(p,a) =In f(p,a).
Taking the logarithm in (2.1) we have

tg(pt,a) = g(p, a’).
Calculating partial derivatives of both sides of the above equation we get

g} (pt,a) = g (p,a")

and

g1, (pt, a) = g1 (p, a'). (2.2)
Specially, taking p = 1 in (2.2), we have

2911 (t,a) = g1, (1, a"). (2.3)

Taking into account that the function f(p,a) is increasing and concave in p for
p > 1 (see (A)), the function g(p,a) is also increasing and concave in p for p > 1.
For this reason

gll/l(Lat) <0



On (log-) convezity of power mean 5

for an arbitrary a > 0 and real ¢. Let us consider the left hand side of (2.3). We
have
t3g1,(t,a) <0

which yields to the facts that the function g(p,a) is concave for p > 0, therefore
the function f(p,a) is log-concave in this case and the function g(p,a) is convex
for p < 0. Hence the assertions (i), (ii) follow. Clearly, the assertion (iii) follows
immediately from (i). O

The following result is a consequence of the assertion (iii) Theorem 2.1.

Corollary 2.2. Inequality
aMp(aa b) + (1 - oz)Mq(a, b) > Map+(17a)q(a'a b) (24)
holds for all a,b >0, o € [0,1] and p,q < 0.

Let us denote by G(a,b) = vab and H(a,b) = %}i the arithmetic mean and

harmonic mean of a and b, respectively. For a = %, p=0,¢g=1in (2.4) we get
the inequality

3

;G(a, b) + %H(a, b) > M._, (a,b)

which was proved in [6].
The next result is a consequence of (ii) in Theorem 2.1.

Corollary 2.3. For o € [0,1], p,q > 0 the inequality
M (a,b) M~ (a,b) < Mups(1—a)q(a;b) (2.5)
holds for all a,b > 0.
Let us denote by A(a,b) = “7“7, G(a,b) = Vab,
L(a b) — an:ilna’ a 7& b
’ a, a=nh.

the arithmetic mean, geometric mean and logarithmic mean of two positive numbers
a and b, respectively. Taking into account the result of Tung-Po Lin [2]

L(a,b) < M (a,b) (2.6)

1
3
together with (2.5) we have

M (a, b) LA~ (a,b) < Map+(17a)%(a, b). (2.7)
Specially, for p=1 and p = 0 in (2.7) we get the inequalities

A%(a,b) LY~ (a,b) < Mi20 (a,b)
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and
G* (a7 b)L(lia) (av b) < Ml_T“ (av b)

respectively, which results were published in [5].

Denote by
I(a,b):{ ()77, a#b

a=nb.

Q o=

the identric mean of two positive integers. It was proved by Pittenger [4] that

M:(a,b) < I(a,b) < Mino(a,b). (2.8)

2
3

Using (2.5) together with (2.6) and (2.8) we immeditely have
Ia (a’ b)L(l—a) (a’ b) S Ma 1112-‘1-(1—06)% .

Note, in the case of a = % our result does not improve the inequality

I(a,b)L(a,b) < My (a,b)

which is due to Alzer [1], but our result is a more general one.
With the help of using Theorem 2.1 more similar inequalities can be proved.

3. Open problems

Finally, we propose the following open problem on the convexity of power mean.
The problem is to prove our conjecture, namely

In2
inf {p: Mp(a,b) is concave for variable p} = n—,
a,b>0 2

1
sup {p : M,(a,b) is convex for variable p} = 7
a,b>0
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Abstract

Our goal is to develop techniques for using distributed computing re-
sources to efficiently solve instances of the propositional satisfiability problem
(SAT). We claim that computational grids provide a distributed computing
environment suitable for SAT solving. In this paper we apply the Cube and
Conquer approach to SAT solving on grids and present our parallel SAT solver
CCGrid (Cube and Conquer on Grid) on computational grid infrastructure.

Our solver consists of two major components. The master application runs
march_cc, which applies a lookahead SAT solver, in order to partition the in-
put SAT instance into work units distributed on the grid. The client applica-
tion executes an iLingeling instance, which is a multi-threaded CDCL SAT
solver. We use BOINC middleware, which is part of the SZTAKI Desktop
Grid package and supports the Distributed Computing Application Program-
ming Interface (DC-API). Our preliminary results suggest that our approach
can gain significant speedup and shows a potential for future investigation
and development.

Keywords: grid, SAT, parallel SAT solving, lookahead, march _cc, iLingeling,
SZTAKI Desktop Grid, BOINC, DC-API

*Supported by Austro-Hungarian Action Foundation, project ID: 836ul?.
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1. Introduction

Propositional satisfiability is the problem of determining, for a formula of the propo-
sitional logic, if there is an assignment of truth values to its variables for which
that formula evaluates to true. By SAT we mean the problem of propositional
satisfiability for formulas in conjunctive normal form (CNF). SAT is one of the
most-researched NP-complete problems [8] in several fields of computer science,
including theoretical computer science, artificial intelligence, hardware design, and
formal verification [5]. Also it should be noted that the hardness of the problem is
caused by the possibly increasing number of the variables, since by a fixed set of
variables SAT and n-SAT are regular languages and therefore there is a determin-
istic (theoretical) linear time algorithm to solve them, see, [21, 23].

Modern sequential SAT solvers are based on the Davis-Putnam-Logemann-
Loveland (DPLL) [9] algorithm. This algorithm performs Boolean constraint prop-
agation (BCP) and backtrack search, i.e., at each node of the search tree it selects
a decision variable, assigns a truth value to it, and steps back when conflict oc-
curs. Conflict-driven clause learning (CDCL) [5, Chpt. 4] is based on the idea
that conflicts can be exploited to reduce the search space. If the method finds a
conflict, then it analyzes this situation, determines a sufficient condition for this
conflict to occur, in form of a learned clause, which is then added to the formula,
and thus avoids that the same conflict occurs again. This form of clause learning
was first introduced in the SAT solver GRASP [19] in 1996. Besides clause learning,
lazy data structures are one of the key techniques for the success of CDCL SAT
solvers, such as “watched literals” as pioneered in 2001, by the CDCL solver Chaff
[20, 18] . Another important technique is the use of the VSIDS heuristics and the
first-UIP backtracking scheme. In the state-of-the-art CDCL solvers, like PrecoSAT
and Lingeling [3, 4], several other improvements are applied. Besides enhanced
preprocessing techniques like e.g. failed literal detection, variable elimination, and
blocked clause elimination, clause deletion strategies and restart policies have a
great impact to the performance of the CDCL solver.

Lookahead SAT solvers [5, Chpt. 5] combine the DPLL algorithm with looka-
heads, which are used in each search node to select a decision variable and at the
same time to simplify the formula. One popular way of lookahead measures the
effect of assigning a certain variable to a certain truth value: BCP is applied, and
then the difference between the original clause set and the reduced clause set is
measured (by using heuristics). In general, the variable for which the lookahead
on both truth values results in a large reduction of the clause set is chosen as the
decision variable. The first lookahead SAT solver was posit [10] in 1995. It al-
ready applied important heuristics for pre-selecting the “important” variables, for
selecting a decision variable, and for selecting a truth value for it. The lookahead
solvers satz [17] and OKsolver [16] further optimized and simplified the heuristics,
e.g., satz does not use heuristics for selecting a truth value (rather prefers true),
and OKsolver does not apply any pre-selection heuristics. Furthermore, OKsolver
added improvements like local learning and autarky reasoning. In 2002, the solver
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march [13] further improved the data structures and introduced preprocessing tech-
niques. As a variant of march, march_cc [14] can be considered as a case splitting
tool. It produces a set of cubes, where each cube represents a branch cutoff in the
DPLL tree constructed by the lookahead solver. It is also worth to mention that
march_cc outputs learnt clauses as well, which represent refuted branches in the
DPLL tree. The resulting set of cubes represents the remaining part of the search
tree, which was not refuted by the lookahead solver itself.

There are two types of basic appearance of parallelism in computations, the
“and-parallelism” and the “or-parallelism” [22]. The first is used in high perfor-
mance computing, while the latter is more similar to nondeterministic guesses
(data parallel). SAT can (theoretically effectively) be solved by several new com-
puting paradigms using or-parallelism and by using, roughly speaking, exponential
number of threads. Since multi-core architectures are common today, the need for
parallel SAT solvers using multiple cores has increased considerably.

In essence, there are two approaches to parallel SAT solving [12]. The first group
of solvers typically follow a divide-and-conquer approach. They split the search
space into several subproblems, sequential DPLL workers solve the subproblems,
and then these solutions are combined in order to create a solution to the original
problem. This first group uses relatively intensive communication between the
nodes. They do for example load balancing, and dynamic sharing of learned clauses.

The second group apply portfolio-based SAT solving. The idea is to run inde-
pendent sequential SAT solvers with different restart policies, branching heuristics,
learning heuristics, etc. ManySAT [11] was the first portfolio-based parallel SAT
solver. ManySAT applies several strategies to the sequential SAT solver MiniSAT.
Plingeling [3, 4] follows a similar approach, and uses the sequential SAT solver
Lingeling. In most of the state-of-the-art portfolio-based parallel SAT solvers
(e.g. ppfolio, pfolioUZK, SATzilla) not ounly different strategies, but even dif-
ferent sequential solvers compete and, to a limited extent, cooperate on the same
formula. In such approaches there is no load balancing and the communication is
limited to the sharing of learned clauses.

GridSAT [7, 6] was the first complete and parallel SAT solver employing a grid.
It belongs to the divide-and-conquer group. It is based on the sequential SAT solver
zChaff. Besides achieving significant speedup in the case of some (satisfiable and
even unsatisfiable) instances, GridSAT is able to solve some problems for which
sequential zChaff exceeds time out. GridSAT distributes only the short learned
clauses over the nodes, therefore it minimizes the communication overhead. Search
space splitting is based on the selection of a so-called pivot variable z on the
second decision level, and then creating two subproblems by adding a new decision
on x resp. ~x to the first decision level. If sufficient resources are available, the
subproblems can further be partitioned recursively. Each new subproblem is defined
by a clause set, including learned clauses, and a decision stack.

[15] proposes a more sophisticated approach, based on using “partition func-
tions”, in order to split a problem into a fixed number of subproblems. Two par-
tition functions were compared, a scattering-based and a DPLL-based one with
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lookahead. A partition function can be applied even in a recursive way, by repar-
titioning difficult subproblems (e.g., the ones that exceeds time out). For some of
the experiments, an open source grid infrastructure called Nordugrid was used.

SAT@home [25] is a large volunteer SAT-solving project on grid, which involves
more than 2000 clients. The project is based on the Berkeley Open Infrastruc-
ture for Network Computing (BOINC) [1], which is an open source middleware
system for volunteer grid computing. On top of BOINC, the project was imple-
mented by using the SZTAKI Desktop Grid [24], which provides the Distributed
Computing Application Programming Interface (DC-API), in order to simplify the
development, and then also to deploy and distribute applications to multiple grid
environments. [25] proposes a rather simple partitioning approach: given a set of
n selected variables, called a decomposition, a set of 2" subproblems is generated.
The key issue is how to select a decomposition. One way to solve this issue, is
to derive the set of “important” decomposition variables from the original problem
formulation, which, however, then is problem-specific, and needs human guidance.
For instance, in the context of SAT-based cryptoanalysis of keystream generators,
a decomposition set can be obtained from the encoding of the initial state of the
linear feedback shift registers [25]. SAT@home uses no data exchange among clients.

Our approach, called CCGrid, also uses BOINC and the SZTAKI Desktop Grid,
as it is detailed in Sect. 3, but is based on the Cube and Conquer approach [14].
For partitioning the input problem, we use march_cc. Our approach differs from
the previous ones in the fact that it uses a parallel SAT solver, iLingeling, for
solving the particular subproblems, on each client. In Sect. 4 we present some
experiments and preliminary results.

2. Preliminaries

Given a Boolean variable z, there exist two literals, the positive literal = and the
negative literal ZT. A clause is a disjunction of literals, a cube is a conjunction of
literals. Either a clause or a cube can be considered as a finite set of literals.

A truth assignment for a (finite) clause set or cube set F' is a function ¢ that
maps literals in F' to {0,1}, such that if ¢(x) = v, then ¢(Z) =1 —v. A clause
resp. cube C' is satisfied by ¢ if ¢(I) = 1 for some resp. every [ € C. A clause set
resp. cube set F' is satisfied by ¢ if ¢ satisfies C' for every resp. some C € F'.

For representing the input clause set for a SAT solver, the DIMACS CNF format
is commonly used, which references a Boolean variable by its (1-based) index. A
negative literal is referenced by the negated reference to its variable. A clause
is represented by a sequence of the references to its literals, terminated by a “0”.
The iCNF format extends the CNF format with a cube set.! A cube, called an
assumption, is represented by a leading character “a” followed by the references to
its literals and a terminating “0”.

Ihttp://users.ics.tkk.fi/swiering/icnf/
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3. Architecture

Our application is a variant of the Cube and Conquer approach [14] and consists of
two major components: a master application and a client application. The master
is responsible for dividing the global input data into smaller chunks and distributing
these chunks in the form of work units. Interpreting the output generated by the
clients out of the work units and combining them to form a global output is also
the job of the master. The architecture is depicted in Fig. 1. Similar to [25],
the environment for running our system is the SZTAKI Desktop Grid [24] and
BOINC [1], and was implemented by the use of the DC-API.

BOINC
Server
march cc —

E § —
! database

- ~

/" BOINC

deamons J
. work units ,’

\

BOINC BOINC BOINC
Client Client Client
iLingeling iLingeling iLingeling
PCy PC, PC,

Figure 1: CCGrid architecture

The master

The master executes a partitioning tool called march_cc [14], which is based on
the lookahead SAT solver march. Given a CNF file, march_cc primarily tries to
refute the input clause set. If this does not succeed, march_cc outputs a set of
assumptions (cubes) that describe the cutoff branches in the DPLL tree. These
assumptions cover all subproblems of the input clause set that have not been refuted
during the partitioning procedure. Given these assumptions, the master application
creates work units, each of which consists of the input CNF file and a slice of the
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assumption set. As it can be seen in Fig. 2, if one of the clients reports one of
the work units to be satisfiable, then the master outputs the satisfying model and
destroys all the running work units. If every clients report unsatisfiability, then the
master outputs unsatisfiability.

Running  SAT Running UNSAT UNSAT UNSAT

Figure 2: (a) If the problem is SAT, it is enough to find a SAT
derived instance. (b) If the problem is UNSAT, one must show all
derived instances UNSAT.

The pseudocode below shows how the master application works. It is divided
into three procedures; the MAIN procedure is shown in Algorithm 1. It shares
two constants with the other procedures: (i) mazAsmCount defines the maximum
number of assumptions per work unit; (i) rfsInterval gives a refresh interval at
which DC-API events are processed. The master application uses several global
variables; all of them are self-explanatory. In loop 6-9, work units are created,
by calling the procedure CREATEWORKUNIT. Loop 10-13 then processes DC-API
events generated by those work units that have finished solving their subproblems.
Processing DC-API events is done by calling a callback function which has been
previously set to PROCESSWORKUNITRESULT in line 3. The loop stops if either
one of the work units returns a SAT result or all the work units completed.

CREATEWORKUNIT, shown in Algorithm 2, creates and submits a work unit
to the grid. First, the CNF file is added to the new work unit. Then, in the
loop, at most mazAsmCount assumptions from asmFile are copied into the new
file asmChunkFile. Note that asmFile is global, it has been opened by the MAIN
procedure (Algorithm 1, line 4), and therefore its current file position is held.
Finally, asmChunkFile is added to the work unit, which is then submitted to the
grid.

As already mentioned, PROCESSWORKUNITRESULT, shown in Algorithm 3,
works as a callback function for DC-API events. It processes the result returned
by a work unit.
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Algorithm 1 Master: main procedure

Require: global constants mazAsmCount, rfsinterval

Require: global variables cnfFile, asmFile, wuCount, res, resFile
1: procedure MAIN

2 initialize DC-API master

3 set PROCESSWORKUNITRESULT as result callback
4: open asmFile

5: wuCount < 0

6: while not EOF (asmFile) do

7 CREATEWORKUNIT

8 wuCount < wuCount + 1

9: end while

10: while res # SAT and wuCount > 0 do

11: wait rfsInterval

12: process DC-API events

13: end while

14: if res # SAT then

15: res < UNSAT

16: cancel all work units

17: end if

18: end procedure

Algorithm 2 Master: creating work units

1: procedure CREATEWORKUNIT

2 wu +— new work unit

3 wu.cnfFile < cnfFile

4: asmChunkFile < new file

5: for i + 1 to mazAsmCount do
6: if EOF(asmFile) then

7
8

9

break
end if
: copy next assumption from asmFile to asmChunkFile
10: i1 1+1
11: end for
12: wu.asmFile < asmChunkFile

13: submit wu to the grid
14: end procedure

Algorithm 3 Master: processing work unit result

1: procedure PROCESSWORKUNITRESULT (wu)
2 if wu.res = SAT then

3: res <— SAT

4: copy wu.resFile to resFile

5 end if

6 wuCount < wuCount — 1

7: end procedure




16 Cs. Bird, G. Kovdsznai, A. Biere, G. Kusper, G. Geda

The client

Each client executes the parallel CDCL solver iLingeling [14, 4], for a fixed num-
ber of threads. Each thread executes a separate lingeling instance. iLingeling
expects as input an iCNF file, including 1 or more assumptions, which is then
loaded into a working queue. Each lingeling instance reads the input clause set,
and then, in each iteration, gets the first assumption from the working queue.

If one of the lingeling instances can prove that the clause set is satisfiable
under the given assumptions, then iLingeling reports that the clause set itself is
satisfiable, the satisfying model is returned, and hence the remaining assumptions
in the working queue can be ignored. Otherwise, i.e., if a lingeling instance
reports unsatisfiability, then the assumption is retrieved from the working queue
and the same SAT solver instance continues with the solving procedure. If the
working queue becomes empty, then iLingeling reports that the clause set under
the given set of assumptions is unsatisfiable.

Algorithm 4 shows the client’s MAIN procedure. It uses one global constant,
thrCount, which specifies the number of worker threads to use. First, the procedure
creates an iLingeling instance with thrCount worker threads, loads both the CNF
and the assumption files, and runs iLingeling. In loop 7-12, the results by all
the threads are checked: if any of them is SAT then the result for the work unit
is SAT; otherwise it is UNSAT (line 14). The result, as well as the satisfying
model, is written into a result file by the procedure CREATERESULTFILE, shown
in Algorithm 5.

Algorithm 4 Client: main procedure

Require: global constant thrCount
1: procedure MAIN(wu)
2 initialize DC-API client
3 iLingeling < new iLingeling instance using thrCount threads
4: load wu.cnfFile into iLingeling
5: load wu.asmFile into iLingeling
6: run iLingeling
7 for i < 1 to thrCount do
8 if i¢th thread’s result is SAT then
9: wu.res + SAT
10: break

11: end if

12: end for

13: if i > thrCount then

14: wu.res < UNSAT

15: end if

16: CREATERESULTFILE(wu, iLingeling)

17: end procedure
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Algorithm 5 Client: creating result file

1: procedure CREATERESULTFILE(wu, iLingeling)

2 resFile < new file

3 write wu.res into resFile

4 if wu.res = SAT then

5: model +— satisfying assignment from iLingeling
6 write model into wu.resFile

7 end if

8 wu.resFile «+ resFile

9: end procedure

4. Results and testing environment

Our implementation consists of a quad-core SUN server with 6 GB memory, used
as a master, and 20 quad-core PCs with 2 GB memory, used as clients. In our
experiments, we used instances from the SAT Challenge 2012, from the Application
(SAT + UNSAT) and the Hard Combinatorial (SAT + UNSAT) tracks. Results are
presented in Tab. 1 and Tab. 2. The 1st column represents the instance’s name.
In the 2nd column, A resp. HC denotes Application resp. Hard Combinatorial
problems. The 4th column shows the number of cubes, generated by march_cc.
The 3rd resp. 5th column shows the runtime of march_cc resp. iLingeling, being
executed on the master. The 6th column contains the sum of the previous two
numbers, which represents the overall runtime of the cube-and-conquer approach
running on a single (quad-core) machine. The total runtime of CCGrid is shown
in the 7th column, while the 8th column measures the speedup as the ratio of the
runtimes in the 6th and 7th columns.

In our approach, CCgrid have been executed without any communication among
clients. Even though they do not cooperate and do not exchange learnt clauses,
CCGrid shows a wide range of speedups. We achieved speedup up to ca. 8.5 on
UNSAT instances (QG-gensys-icl003.sat05-2715.reshuffled-07) and up to ca. 7 on
SAT instances (sgenl-sat-160-100).

Since the master has to distribute quite large work units over the network, com-
munication overhead matters in the case of small instances, where communication
costs are significant compared to the input size. Therefore, although we used a
1Gbps LAN in our experiments, cube-and-conquer running on a single machine
outperformed CCgrid on some instances. If we look at the battleship-16-31-sat row
in Tab. 1, we can see that march_cc and iLingeling can solve this problem on 1
client a bit faster than CCGrid on 20 clients.

In the case of satisfiable instances, we might be lucky, finding a model quickly,
or unlucky. If there are many satisfying models, then it is not worth to distribute
the problem over many clients. However, if there exist only a few models, then it is
a good idea to use many clients, since the more clients we use, the more probable it
is for a client to be lucky enough to find one of those few solutions. Unfortunately,
we have no information about how many models the instances in Tab. 1 have.
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# of clients 1 1 1 20
vmpc_ 26 A 8.38 296 40.22 48.6 13.64 3.56
AProVE09-07 A 65.93 4245 19.12 85.05 79.16 1.07
clauses-4 A 29.68 25 59.01 88.69 81.98 1.08
gss-16-s100 A 155.28 6292 201.21 356.49 171.71 2.08
IBM FV A 17.93 361 148.95 166.88 154.02 1.08
2004 rule_
batch 22
_SAT dat. k65
ezfact64 3. sat05- HC 458.71 469428 63.71 522.42 505.72 1.03
450. reshuffled-07
sgenl-sat-160-100 HC 10.65 210168 419.92 430.57 62.28 6.91
em 7 4 8 exp HC 20.06 19419 170.9 190.96 46.47 4.11
battleship-16-31- HC 174.89 91757 2.69 177.58 180.89 0.98
sat
Hidoku enu 6 HC 125.02 256225 91.61 216.63 159.31 1.36

Table 1: Runtimes and speedup
all instances are SAT

CCGrid seems to be much better in distributing satisfiable instances from the
HC track than the ones from the A track, since march_cc seems to generate much
more cubes for the previous ones.

In the case of unsatisfiable instances, we cannot be lucky to find an early solution
since there is no satisfying model. When comparing the speedups in Tab. 1 and
Tab. 2, we can see that speedups around 1 are more frequent on satisfiable instances.

This shows that in the case of unsatisfiable instances there is less risk of wasting
resources without any speedup.

5. Future work and conclusion

This paper presents a first attempt of applying the Cube and Conquer approach [14]
to computational grids. We presented the parallel SAT solver CCGrid, which runs
on the MTA SZTAKI Grid using BOINC. In this version, the master application
applies march_cc, using a lookhead solver, to split a SAT instance. The client ap-
plication uses the parallel SAT solver iLingeling to deal with several assumptions.
The client creates a separate iLingeling instance for each work unit, and destroys
it after completing the work unit. For the sake of improving our current results, in
future work, we would like to preserve the state of iLingeling instances, including
learnt clauses.

In our experience, the cube generation phase implemented in march_cc makes
up a significant part of the runtime. As a consequence, we were mostly able to
achieve significant speedup on such instances on which the cube generation phase
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# of clients 1 1 1 20
counting-clqgcolor- A 5.77 112757 12.77 18.54 8.71 2.13

unsat-set-b-
clqgcolor-08-06-
07.sat05-1257.
reshuffled-07
gensys- A 12.70 21408 230.01 242.71 71.55 3.39
ukn002.sat05-
2744. reshuffled-07
Q32inK09
QG6-dead-
dnd002.sat05-
2713. reshuffled-07
QG-gensys- A 25.43 38466 291.05 316.48 37.24 8.49
icl003.sat05-2715.
reshuffled-07

12.15 5279 35.89 48.04 14.38 3.34
2.38 12147 35.79 38.17 4.74 8.05

> >

instance_n6 A 103.78 29290 111.72 215.50 117.20 1.84
i7_pp_ci_ce

AProVEO07-09.cnf A 34.43 86048 4.55 37.98 37.46 1.01
battleship-10-10- HC 0.36 2317 15.47 15.83 4.48 3.53
unsat

rand _net60-40- HC 111.23 130227 13.24 124.47 115.62 1.08
10.shuffled

smtlib-qfbv-aigs- HC 67.24 22384 7.29 74.53 71.47 1.04

ext con 032
008 0256-tseitin

Table 2: Runtimes and speedup
all instances are UNSAT

took a relatively short time. Therefore, our further aim to reduce the time spent on
cube generation by parallelizing the look-ahead solver. We plan to adapt march_cc
to a cluster infrastructure and to investigate the possibility of merging our BOINC-
based approach with a cluster-based master application. We expect further im-
provement by analyzing the generated cubes and then, based on the result of the
analysis, partitioning the cube set in a more sophisticated way.

In order to achieve larger speedup on unsatisfiable instances, it might be useful
to call march_cc not only while partitioning the original problem, but also for
repartitioning difficult subproblems, e.g., those on which a client exceeds a certain
time limit. Finally, it might be interesting to apply similar techniques not only to
clusters resp. grids, but also to cloud computing platforms.
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Abstract

In the paper the regular hyper-zones in the multi-dimensional non-Eucli-
dean space are discussed. The determined bijection between the normals of
the first and second kind for the hyper-zone makes it possible to construct
the bundle of normals of second-kind for the hyper-zone with assistance of
certain bundle of normals of first-kind and vice versa. And hence the bundle
of the normals of second-kind is constructed in the third-order differential
neighbourhood of the forming element for hyper-zone. Research of hyper-
zones and zones in multi-dimensional spaces takes up an important place in
intensively developing geometry of manifolds in view of its applications to
mechanics, theoretical physics, calculus of variations, methods of optimiza-
tion.

Keywords: non-Euclidean space, regular hyper-zone, bundle of normals, bi-
jection
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1. Introduction

In this article we analyze the theory of regular hyper-zone in the extended non-
Euclidean space. We derive differential equations that define the hyper-zone SH,
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with regards to a self-polar normalised frame of space *S,. The tensors which
determine the equipping planes in the third-order neighborhood of the hyper-zone
are introduced. The bundles of the normals of the first and second kind are con-
structed by an inner invariant method in the third-order differential neighbourhood
of the forming element for hyper-zone. The bijection between the normals of the
first and second kind for the hyper-zone SH,. is determined.

The concept of zone was introduced by W. Blaschke [1]. V. Wagner [7] was
the first who proposed to consider the surface equipped with the field of tangent
hyper-planes in the n-dimensional centro-affine space.

We apply the group-theoretical method for research in differential geometry
developed by professor G.F. Laptev [4]. At present the method of Laptev remains
the most efficient way of research for manifolds, immersed in generalized spaces.
We use results obtained in the article [3].

For the past years the methods of generalizations of Theory of regular and sin-
gular hyper-zones (zones) with assistance of the Theory of distributions in multidi-
mensional affine, projective spaces and in spaces with projective connections were
studied by A.V. Stolyarov, Y.I. Popov and M.M. Pohila. In this article we analyze
the theory of regular hyper-zone in the extended non-Euclidean space. We derive
differential equations that define the hyper-zone SH, with regards to a self-polar
normalised frame of space *S,,. The tensors which determine the equipping planes
in the third-order neighborhood of the hyper-zone are introduced. The bundles
of the normals of the first and second kind are constructed by an inner invariant
method in the third-order differential neighbourhood of the forming element for
hyper-zone. The bijection between the normals of the first and second kind for the
hyper-zone SH, is determined.

Before M. Grebenyuk and J. Mike§ in the article [2] discussed the theory of
the linear distribution in affine space. The bundles of the projective normals of
the first kind for the equipping distributions are constructed by an inner invariant
method in second and third differential neighbourhoods of the forming element.
In the article we apply the group-theoretical method for research in differential
geometry developed by G.F. Laptev [4]. At present the method of Laptev remains
the most efficient way of research for manifolds, immersed in generalized spaces.
We use results obtained in the article [3].

2. Definition of the hyper-zone in the extended non-
Euclidean space
Let a non-degenerated hyper-quadric be given in a projective n-dimensional space
P, as
drxla? =0, ¢, =d);, det]d),| #0, I,J=0,1,...,n,

where the smallest number of the coefficients of the same sign is equal to A\. Thus, it
is possible to determine a subgroup of collineations for space P, , which are preserv-
ing this hyper-quadric and, hence, it is possible to introduce a projective metrics.
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Let us name the obtained in this way metric space with this fundamental group
as the extended non-Euclidian space *S,, with index X [5], and the corresponding
hyper-quadric as the absolute of the space *3,,.

Let us consider a plane element (A, 7) in the space *S,, which is composed of a
point A and a hyper-plane 7, where point A belongs to plane 7.

Definition 2.1. Suppose that the point A defines an r-dimensional surface V.
and the hyper-plane 7(A) is tangent to the surface V, in the corresponding points
A € V,. Then the r-parametric manifold of the plane elements (A, 7) is called
r-parametric hyper-zone SH, C *S,. The surface V, is called the base surface
and the hyper-planes 7(A) are called the principal tangent hyper-planes to the
hyper-zone SH,.

Definition 2.2. The characteristic plane X,,_,_1(A) for the tangent hyper-plane
7 =7(ul,...,u") is called the characteristic plane for the hyper-zones SH, at the
point A(ul,... u").

Definition 2.3. The hyper-zone SH,. is called regular if the characteristic plane
Xn—r—1(A) and the tangent plane T,.(A4) for directing surface V,. for hyper-zone
SH, at each point A € V,. have no common straight lines.

The regular hyper-zone SH, in a self-polar normalized basis {Ag, 41,..., 4.}
in the space *S,, is defined as follows:

n o n _ o __ o __ o __
wy =0, wy=0, wi;=0, wp=0 wy,=0wf=0,

n __ i __ 10 j [ oY | o __ i -
w; = a’ijwj7 Wo = bajw]’ Wi = bijwj7 Wiy = =&, Wy = sinaijwja
N < AR k i __ 1 k o _ o k
Va;j = —ajjwy — aijpw™,  Vbg; = by w™, Vb = b w”,
where
% _ 1t (o750 R (% i 11]
bajaig = bagaij, bYik = —Em'ba]ajk, bak = bajajk,

and functions b, ;1 are symmetric according to indices j and k.
Systems of objects

Iy = {az‘j,b?&j}, I's = {F%“ijk’bajk}

make up fundamental objects of second and third orders respectively for hyper-zone
SH, CS,.

3. Canonical bundle of projective normals for the

hyper-zone

With the help of the components of fundamental geometric object of the third
order for hyper-zone SH, C *S,, let us construct the quantities

1 .
d; = ) aijra’®,  Vsd; =0,
i 1 ik i i n
d' = a%a;y, Vsd' =d'T)}.

r—+2
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The tensors d; and d¢ define dual equipping planes in the third-order neighborhood
of the hyper-zone SH,

B, 1 =[M;] = [A; + d;Ay], En_,=[0"]=[r"+d'r"].
Using the Darboux tensor
Lijrk = aiji — aijd),
one builds the symmetric tensor
Lij = a*a™ LigmLiep,  VsLij =0,

which is non-degenerate in general case.
Let us consider a field of straight lines associated with the hyper-zone SH,

h(A,) = [A,, P, P=A,+z'A; + 2%A,,

where each line passes through the respective point A of the directing surface V.
and do not belong to the tangent hyper-plane 7(A4,).

Let us require that straight line h = [A,, P] is an invariant line, i.e. dh = 6h.
The last condition is equivalent to the differential equations:

Vsx® = x%n) and Vsx! = Xiﬂ'ﬁ.

First equations are realized on the condition that x® = B®, and second equations
have two solutions:
zt = —d', ' =B
Hence, the system of the differential equations has a general solution of the following
form: 4 4 ' 4
2t =—d'+o(B'+d"),

where o is the absolute invariant.

Thus, we obtain the bundle of straight lines, which is associated with the hyper-
zone S H, by inner invariant method:

h(o) = [Ao, P(0)] = [Ay, Ap + {(0 — 1)d’ + 0 B*} A; + B®A,],

where o is the absolute invariant.

The constructed projective invariant bundle of straight lines makes it possible
to construct the invariant bundle of first-kind normals F,,_,, which is associated
by the inner method with the hyper-zone SH, in the differential neighborhood of
the third order of its generatrix element.

Consequently, it is possible to represent each invariant first kind normal E,,.(A,)
as the (n — r)-plane that encloses the invariant straight line h(A,) and the charac-
teristic X,,_,_1(A4,) for hyper-zone SH, [6].

def

En_r(0) D[ Xn_r_1(A,); A, + {(0c —1)d" + 0B} A; + B®A,,

where o is the absolute invariant.
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4. Bijection between first- and second-kind normals
of the hyper-zone SH,

Let us introduce the correspondence between the normals of the first- and second-
kind for the hyper-zone SH,. For that, let us construct a tensor:

P, = —a,»juj + d;, V5Pj =0 (41)

where 17 is the tensor satisfying the condition Vsv/ = vinn.
The tensor P; defines the normal of second-kind for hyper-zone SH, that is
determined by the points

M; = A; + xiAo,  Vsxi = 0.

Further, the tensor v7 can be represented using the components of the tensor
P; as follows A Ny ‘
v = —PFaV +d.

Therefore, the bijection between the normals of the first- and second-kind for
the hyper-zone SH, is obtained using the relations (4.1). The constructed bijection
makes it possible to determine the bundle of second-kind normals, using the bundle
of first-kind normals and vice versa. Therefore, we got constructed the bundle of
second-kind normals, which is associated by the inner method with the hyper-zone
SH, in the differential neighborhood of the third order of its generating element.
So true the following theorem.

Theorem 4.1. Tensor P; defines the bijection between the mormals of the first-
and second-kind for the hyper-zone SH,..

Finally, we get the theorem.

Theorem 4.2. Tensor v/ = —P;a +d' defines the bundle of second- kind normals,
which is associated by inner method with the hyper-zone SH, in the differential
neighborhood of the third order of its generating element.
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Abstract

In this paper we are going to present how to use an analyzer, which is
a part of the RefactorErl [10, 12, 13], that reveals inadequate programming
style or overcomplicated erlang [14, 15] program constructs during the whole
lifecycle of the code using complexity measures describing the program. The
algorithm [13], which we present here is also based upon the analysis of the
semantic graph built from the source code, but at this stage we can define
default complexity measures, and these defaults are compared to the actual
measured values of the code, and so the differences can be indicated. On
the other hand we show the algorithm measuring code complexity in Er-
lang programs, that provides automatic code transformations based on these
measures. We created a script language that can calculate the structural com-
plexity of Erlang source codes, and based on the resulting outcome providing
the descriptions of transformational steps. With the help of this language we
can describe automatic code transformations based on code complexity mea-
surements. We define the syntax [11] of the language that can describe those
series of steps in these automatic code refactoring that are complexity mea-
surement [7, 9] based, and present the principle of operation of the analyzer
and run-time providing algorithm. Besides the introduction of the syntax
and use cases, We present the results we can achieve using this language.

Keywords: software metrics, complexity, source code, refactorerl
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1. Introduction

Functional programming languages, thus Erlang as well, contain several special pro-
gram constructs, that are unheard of in the realm of object-oriented and imperative
languages.

The special syntactic elements make functional languages different, these at-
tributes contribute to those being interesting or extraordinary, but also due to
these, some of the known complexity measures are not, or only through modifica-
tions usable to measure code.

This does not mean that complexity measures are not developed to these lan-
guages, but very few of the existing ones are generic enough to be used with any
functional language [3, 4, 8] language-independently, therefore with Erlang as well,
because most of these only work well with one specific language, thus have low
efficiency with Erlang codes.

For all of this I needed to define the measures of complexity that can be utilized
with this paradigm, and create new ones as necessary.

There are tools for measuring software complexity, like Eclipse [6], or the soft-
ware created by Simon, Steinbriickner and Lewerentz, that implements several
complexity measures that help the users in measurement.

The aim of the Crocodile [5] project is to create a program that helps to ef-
ficiently analyze source code, therefore it can be used quite well to makes mea-
surements after code transformations. Tidier [17, 18] is an automatic source code
analyzer, and transformer tool, that is capable of automatically correcting source
code, eliminating the syntactic errors static analysis can find, but neither soft-
ware/method uses complexity measures for source code analysis and transforma-
tion.

This environment raised the demand for a complex and versatile tool, that is
capable of measuring the complexity of Erlang codes, and based on these measure-
ments localize as well as automatically or semi-automatically correct unmanageably
complex parts.

We have developed a tool RefactorErl [12, 10, 13] which helps to performing
refactoring steps. In the new version of the tool we implemented the algorithm and
the transformation script language, which enables to write automatic metric based
source code transformations.

Problem 1.1 (Automated program transformations). In this article we examined
the feasibility of automated transformation of (functional) Erlang [14, 15] programs’
source codes based on some software complexity measures, and if it is possible to
develop transformation scheme to improve code quality based on the results of these
measurements.

In order to address the problem we have created an algorithm that can measure
the structural complexity of Erlang programs, and can provide automatic code
transformations based on the results, we have also defined a script language that
offers the description of the transformation steps for the conversion of different
program designs.
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In our opinion the analysis of complexity measures on the syntax tree created
from the source code and the graph including semantic information built from this
[12, 16| allows automatic improvement of the quality of the source code.

To confirm this statement, we attempt to make a script that improves a known
McCabe complexity measure, namely the cyclomatic number (defined in Chapter
2.), in the language described in the first section of Chapter 4., and run this on
known software components integrated in Erlang distributions.

We chose McCabe’s cyclomatic number for testing, because this measure is well
enough known to provide sufficient information on the complexity of the program’s
source code not only to programmers that are familiar with Erlang or other func-
tional languages.

With the examination of the results of measurements performed in order to
validate our hypothesis, and with the analysis of the impact of the transformations
we addressed the following questions:

e The modules’ cyclomatic number is characterized by the sum of the cyclo-
matic numbers of the functions. This model cannot take into account the
function’s call graph, which distorts the resulting value. Is it worthwhile to
examine this attribute during the measurements, and to add it to the result?

e Also in relation with the modules, the question arises as to which module is
more complex: one that contains ten functions, all of whose McCabe value is
1, or one that has a function bearing a McCabe value of 107

e The cyclomatic number for each function is at least one, because it contains a
minimum of one path. Then if we extract the more deeply embedded selection
terms from within the function, in a way that we create a new function
from the selected expression (see Chapter 2.) the cyclomatic number that
characterizes the module increases unreasonably (each new function increases
it by one). Therefore, each new transformation step is increasingly distorting
the results. The question in this case is that this increase should or should
not be removed from the end result?

e Taking all these into account, what is the relationship between the cyclomatic
number of the entire module, and the sum of the cyclomatic numbers of the
functions measured individually?

e How can we best improve the cyclomatic number of Erlang programs, also
what modifications should be carried out to improve the lexical structure,
the programming style, of the program?

e If a function contains more consecutive selections and another one embeds
these into each other, should the cyclomatic numbers of the two functions be
regarded as equivalent?
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2. Used complexity metrics

In this chapter, for the sake of clarity, we define the complexity metrics that are
used during the application of the scripts that manage the transformations. Out
of the applicable metrics of the analytical algorithm we have made, in the present
writing we only use the McCabe cyclomatic number, the case statements’ maximum
embeddedness metric, and the measuring of the number of functions, therefore we
only describe these in detail.

The McCabe McCabe complexity measure is equivalent to the number of basic
routes defined in the control graph [1] constructed by Thomas J. McCabe, namely
how many types of outputs can a function have not counting the number of the
traversal paths of the additionally included functions.

The McCabe cyclomatic number was originally developed for the measurement
of subprograms in procedural languages. This metric is also suitable for the mea-
surement of functions implemented within modules in functional languages, such
as Erlang [14]. Thomas J. McCabe defines the cyclomatic number of programs as
follows:

Definition 2.1 (McCabe cyclomatic number). The G = (v, e) control flow graph’s
V(G) cyclomatic number is V(G) = e — v + 2p, where p represents the number of
the graph’s components, which corresponds to the number of linearly connected
loops that are located in the strongly connected graph [9].

The McCabe number to measure the functions of Erlang programs can be spec-
ified as follows:

Definition 2.2 (McCabe in Erlang). Let f; be the branches (overload versions)
of the fec(f;), function, let i f(f;), and case(f;) denote the branches of the if’s,
and case’s within the branches. Then the result of the McCabe cyclomatic number
measured for functions is MCB(f;) = |fe(fi)| + |casea(fi)| + i fear(fi)]-

The measure can be applied to a group of functions:
k
MCB(fy, ... fx) = Y MCB(f;).
Jj=1

The results measured on the module’s functions m; € M are equal to the sum of
the results measured on all the function from within the module:

MCB(m;) = MCB(F(m;))

The next measure of complexity we use measures the maximum embedding of the
case statements within the functions.

MCB(M) =Y MCB(F(m))
meM
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The next measure of complexity we use measures the maximum embedding of the
case statements within the functions.

Co:
case e of
1 1.
p1 [when g1] — e1,...,¢];
Pn [When gn] — ef, ... el
end

denotes an Erlang case case statement, where e, ands e; € E are Erlang expres-
sions, p € P are patterns, g; € G are guards in the branches. The eé expressions in
branches of the case statements may contain nested control structures, including
further case expressions.

Definition 2.3 (Max depth of cases). In order to measure the embeddedness
T(f;) be the set of all case expression located in the f; function. Let t(cp,co)
denote any branch of the case expression c¢; that contains case expression ¢y and
Pes case expression that t(cy, c3) At(cs, cz). Let t4(c, ;) denote the case that case
expression ¢ contains in one of its branches, at some depth case expression ¢, that
is 3 ¢1, ..., ¢, case expressions so that

t(C, cl)7t(017 02)7 -~-7t(cn713 Cn);t(cnycw)-

The |ts(c, c;)|’s embeddedness depth in this case is n + 1. Let Tp(f;) be the set
of those case expressions which are not contained in any of the T'(f;) set’s case
expressions (top-level case statement). Then the

MDC(f;) = maz{lt.(c,c)| |e € To(fi). e € T(f)}-

After defining the embeddedness depth let us inspect the third metric we have
applied, which measures the number of functions in the modules. This measure
is particularly relevant in the characterization of functional programs, since these
contain a large number of function-constructions, so in addition to the number of
rows, by using this metric we can infer the size of the modules. The general defi-
nition of the functions in Erlang can be described by the following formula:

fo:
f¢(p1) when g1 —
e},...,elll;

f<(pn) when g, —
et,...,el.

n

where f¢ is the i*" function’s branch, e; € E are Erlang expressions g; € G are
guards belonging to the branches, and p; € P are patterns that form the function’s
formal parameter list.
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Definition 2.4 (Number of functions). The result of the measurement for all the
modules in the semantic graph [12, 16] used to store the source code is NOF (M) =
|F'(M)|, where F'(M) denotes all functions in all modules.

In addition to the metrics presented here the analytical algorithms is capable
of assessing several other complexity measures, and can apply these measurement
results in the construction of various transformations.

3. Transformations used to improve code quality

This chapter describes the operation of the transformation steps from the scripts
used to improve the quality of the source code. The scripts automatically transform
the program constructions located in the source code, based on the complexity
measures presented in Chapter 2.

To improve the McCabe cyclomatic number and the programming style we apply
the extraction of deeply embedded case statements, and in some cases, where, as
the effect of the transformations, the number of functions becomes too high, the
transformation steps carrying out the movement of functions.

3.1. Conversion of a case expression into a function

This transformation step converts the case statement designated for extraction into
a function, then places a call to the new function in place of the original expression
in the way that the bound variables in the expression are converted into parameters
(see: Figure 1.).

function statement
€0
m : f(e) or
case statement f(e)
€0
case e of where the definition of the
p1 when g1 —ef,...,e/; | _, | function is:
) f when —
pn When g, —ef,..., ¢} (p11) 19.1
end n €Ty, €5
f(pn) when g, —
ery e

Figure 1: The extraction of a case expression

The transformation in terms of impact affects the complexity of the transformed
function, and its modules. The number of functions, of rows, and of characters
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may increase in the module, but along with this decreases in the function. The
transformation is local to the module.

It has a beneficial effect on the rates of embeddedness. As long as when ap-
plying, the extractions are kept at bay by limiting the number of functions, good
results can be achieved regarding the McCabe number and the rate of embedded-
ness.

3.2. Movement of functions between modules

The moving of functions transformation transfers the selected functions to an-
other module. Of course, these transformation steps (in compliance with pre- and
well-defined rules) perform the necessary compensatory measures such as ensuring
availability of related records, and macros, and managing or replacing the calls
from the function. The transformation is complex, so the structural complexity
levels are also markedly changed.

The result code

-module (movefun) .

— The original code -export ([£/1]1).
-module (movefun) . £f(X)->
-export ([£/1, g/11). X+ 1.
£f(X)-> ----movefun_new.erl-----
X+ 1. -
-module (movefun_new) .
gX) -> -export([g/1]1).
X -1.
g(X)->
X - 1.

Figure 2: Move function to another module

It has an impact on the participating function, but only in the event if it calls
other functions or it contains qualified function calls. It affects the function’s
module, the functions and modules that are linked via function calls, and of course
the module that is designated as the intended destination of the move. There is
a change in the number of measured values of the relationships between modules,
and the inbound and outbound function calls.
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4. Transformation scripts

In this chapter, we present a language [19, 20, 21] suitable for automatic program
transformations that we have developed and implemented to create scripts aimed
to improve the code complexity measurements.

We present the syntax of the language, and also present the operation of the
algorithm that was prepared to run it. We show the ways in which the quality of
the program code can be improved based on the complexity metrics.

Based on measurements, and taking into account the predefined conditions the
transformation language is suited to automatically convert source code stored in the
semantic graph [12, 16] constructed from the program code and afterwards restore
the code from the modified graph. By using the optimizer scripts and taking into
account the changes in the complexity measures, the quality of the source code can
be automatically transformed.

Query — MetricQuery | OptQuery
OptQuery — Opti Where Limit
Opti — optimize Transformation
Transformation — TransformationName
| TransformationName Params
Params — (Attr, ValueList)
Where — where Cond
Cond — Metric Rel CondValue
| Cond LogCon Cond
Limit — limit Int

Figure 3: Language of the transformation scripts

In the specification of the syntax Transformation denotes a transformation (e.g.
move_fun), Rel stands for a relation or other operator (e.g. <,<=,>=,> like),
LogCon denotes a logical operator (e.g. “and”, “or”), the CondValue can be an
integer or a designated lexical item (for example, using a modules name with like).
Int in the limit section a can be substituted with a positive integer. (The non-
terminal elements are with capital initials whereas the keywords of the language
begin with small letters.)

In the optimize section the applied conversion’s transformation steps and its
parameters can be specified. The complex condition that can be defined after
the where keyword, is the one that initiates the measurements, and controls the
execution of transformations, namely under what conditions a given transformation
step should be re-execute, and also which nodes of the semantic graph should be
transformed.

Therefore the “basic condition” that can be specified, which is a logical expres-
sion, must contain at least one partial expression, which includes a measurable
level of complexity on the modules or functions designated for transformation, an
arithmetic operator, as well as a constant value.
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The selected elements, which are the subject of the transformation, are not
directly defined software constructions or expressions, but program slices that are
selected automatically based on the given terms. With this method, the designation
of the program parts that need to be transformed is transferred from the lexical
level to the level of semantic analysis [11].

During the execution of the script written in the transformation language the
analyzer searches for the program parts that fit the conditions, then performs the
transformation given in the optimize section after which it measures the values of
the complexity metrics specified in the criteria for all semantic graph node. The
nodes that do not need to be included in further transformations based on the
operator, and the constant, are drop out from the scope of the script. If there
are no nodes on which the transformation must be re-executed, the script stops
running.

Using the transformations we do not always reach the set objective, that is, by
executing the script over and over again it always finds graph nodes awaiting an-
other transformation (sometimes the script itself creates these with the application
of the transformations).

Under these conditions, there may be cases when the execution does not ter-
minate. To avoid this problem, the maximum number of executable iterations
can be defined with the constant given after the limit keyword. Therefore if the
transformation step does not produce the desired results, the constant of limit will
definitely stop the execution after the given number of steps.

5. Measurement results

The measured software is the Dialyzer, that is part of the Erlang language; it is
complex enough to produce results for each of the analyzed measures.

Overall, it consists 19 modules, and the modules contain 1023 functions in total.
The number of function’s branches is 1453. The most functions within a module
is 163, and the highest number of function’s branches in one module is 238.

The sum of the measured cyclomatic numbers on the modules was 3024, and
with the same measurement the highest value for an individual module was 704,
which is an outstanding result. (The source code will not be shared, since it is
included in the Erlang distributions, and thus freely available.

The results apply to the release available at time of writing of the article).
These figures make the software suitable to test the transformation algorithm on
it. In the first experiment, we measured the number of functions, from a module
and the McCabe number, and then we took the ratio of the two values:

meCabe(src)

number of _fun(src)’

where mcCabe(src) is McCabe’s cyclomatic number measured in the source code,
src the measured source code, while nof is the number of all the functions in the
module.
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Mc Cabe number

optimize
extract_function (exprtype, case_expr)
where
f_mcCabe > 6
and
f_max_depth_of_structures > 2
and
f_max_depth_of_cases > 1
limit
7;

Figure 4: The code quality improving script

The result is: 21 = % = 4.26666666667. This value was taken as the base and

we tried to improve it with the help of the script; that is we tried to improve the
module’s cyclomatic number in some way.

Figure 5: The maximum embeddedness of structures (MDS) and
of case statements (MDC) (y-axis) during the transformation steps
(x-axis)

We divided the cyclomatic number by the number of functions during the test,
because the distorting effect that developed due to the increase in the number of
functions had to be eliminated.
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After running the script on the source code, whose exact task is to extract case
expressions nested deeper than a given depth and insert in their place a call to
functions generated by it, the following results were obtained:

meCabe(src’) 794
= = — = 3,1137254901960785
2 number of fun(src’) 255

% — 0.8473122889758293 = 84% = 16% f(limit=1)
1
T2 0.729779411764706 = 72% — 28% +(limit=2)
Z1

To obtain better results, we measured the maximum embeddedness levels of the
case expressions in the module (maz_depth of cases). The measurement result
indicated seven levels, that is the value that we should specify in the script’s limit
section, as this instructs the script to perform the extraction at least seven times.

mecCabe(src”) 868
— =~ = 2.6382978723404
8 number _of fun(src’) 329
% = 0.6183510638297872 = 61% = 39% 1(#mt=7)
1

By examining the new results we can draw some important conclusions. The
first of which is that the measured values of the modules’ cyclomatic number have
increased because of the new functions.

Comparing the number of functions, and the cyclomatic number before and after
the transformation, it is clear that mcCabe(src) = mcCbhae(src’) — (nof(src) —
nof(src’)), so with the extractions the cyclomatic number of modules does not
change, in the case the degree of embeddedness and the number of functions are
not included in the calculated value.

This is so because the “decisions” from the expressions of the functions remain
in the module, that is, whether or not a decision inside a function is extracted to a
new function it does not disappear from the module (hence earlier we have divided
the value by the number of functions).

In addition to the measured values of the modules we have to consider the
cyclomatic number of each function in the module measured individually, as well
as the maximum and the minimum from these values. If the changes of these results
are compared with the values before and after the transformation, only then can
we get a clear picture of the impact of the transformation. (Otherwise the average
values of the module cannot be called accurate and the number of functions in the
original module can greatly influence the results, as each new function adds at least
one to this value...)

Analyzing the performed measurements we can see that the sum of cyclomatic
numbers measured before the transformations is 704, and 794 after, if it is not
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divided by the number of functions; also prior to the transformation, the number
of functions is 165, and 225 thereafter. Since 794 — 704 = 255 — 165, it is clear that
the newly created functions bring the increase in value.

In light of these we can make the suggestion that when measuring McCabe)’s
cyclomatic number the values measured in the module should not be taken into ac-
count, but rather the highest reading obtained from the module’s functions should
be compared before the execution of the transformation, and thereafter.

max(mcCabey(src)) > mazx(meCabey(src’))

We should consider the extent of the nestedness of different control structures, and
so we should calculate according to the following formula, also we need to develop
the appropriate transformation scripts based on this. Calculation of the result for
the initial source code is as follows:

mcCabe(sre) + sum(max_dept _of struct(src)) — z

+number _of exceptions(src)

From the maximum of the embeddedness value the number of those functions
where the degree of embeddedness is one (or the value we optimized the script to)
can be subtracted as they also distort the value (in the formula this value is denoted
by z). The +(number _of exceptions) section, which accounts for choices brought
in by the exception handlers is optional, but if we use it for the initial condition, we
cannot omit it from the calculation of the post-transformation state. (We would
have even more accurate results if we would also included the branches of the
exception handlers, that is the possible outcomes of exceptions, in the results. At
this point, we have introduced a new measurement, but only in order to achieve
better results. This metric returns the number of exception handlers located in
programs in the module and function type nodes. To implement this measurement
the function realising the measuring of the function expressions was converted so
that it does not only return the number of expressions (fun_expr), but also the
number of exception handlers(try _expr).

In the Erlang language, the exception handling ¢ry block can contain branches
based on pattern matching that are customary for case control structures, also
in a catch block the program’s control can branch in multiple directions. So the
solution does not find the decisions in the exception handlers, but rather it only
returns the number of exception handlers, therefore it is not entirely accurate, but
it is still convenient.) For the transformed text the result can be calculated with
the following formula:

mcCabe(src’) + sum(maz_dept_of struct(src')) — z

+number _of exceptions(src’)

Thereafter from the measured maximum value of the functions and from the val-
ues calculated with the formula it can be decided with a high degree of certainty
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whether the result is better or not than the initial value. The calculation method
already takes into account the depth of embeddedness, by increasing the cyclomatic
number of a given function or module with each level.

Unfortunately this method together with the additional elements is still not
perfect, because with regard to the measured values of the module it does not take
into account the relationships between functions, and the resulting decision-making
situations, which can be mapped to the call graph, but it is definitely better than
the previous ones.

McCabe function (max)

hA
8

70 : }
0 1 2 3 4 5

Figure 6: The maximum McCabe number of functions (y-axis)
after each transformation step (x-axis)

In order to obtain more representative results than the previous one we had to
analyze the complete source code of the Dialyzer software, with the source code
scanning algorithm and then we transformed it. To perform the sequence of steps
the previously used script was applied however, we took into account the proposed
changes, so the embeddedness is added to the result, and the minimums and the
maximums measured for the functions are also examined when the conclusions are
deducted. The measured maximum value of the cyclomatic number of the func-
tions before the transformation max(mcCabes(src)) = 96, and after restructuring
maz(meCabes(src’)) = 73, that is maz(mcCabey(src)) > max(meCabes(src’)).

The results show an improvement, but the script performs the extraction on
all the function of each module that has an embeddedness greater than one. This
embeddedness depth is not necessarily bad. As far as possible extractions should
only be applied to areas where this is absolutely necessary, that is, in those modules
in which the measured maximum cyclomatic numbers of the functions is high.
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6. Conclusion

We introduced the language we have developed and the operation of the analysis
algorithm. The language enables us to write automated program transformation
scripts based on the measuring of complexity rates. In Chapter 2 we presented
those structural complexity measures that were used to measure the complexity of
Erlang source codes.

In Chapters 3 and 4 we examined the possibility of implementing an auto-
mated program for transformations based on the measurement and analysis of the
complexity levels.

We defined the syntax of the language suitable for describing and executing the
sequence of automated transformation steps based on software complexity mea-
surements and described the operating principle of the analyzing and execution
conducting algorithm that was constructed for the language.

In Chapter 5 using example programs, and their execution results we demon-
strated the operability of automatic code quality improvement.

Beside the syntax and the descriptions of use cases we showed what results can
be achieved by using a simple script made up of only a couple of lines.

In summary, the analyzing and the optimizing algorithm based on complexity
measurements, which can be used to automatically or semi-automatically improve
the source code of software written in Erlang language as well as previously pub-
lished programs that are awaiting conversion, operated properly during the trans-
formation of large-scale software.

The sequences of transformational steps improved the complexity rates which
were designated for optimization. During the transformation the meaning of the
source code did not change, and the program worked as expected following the
re-translation.

In the following by using the results presented here we would like to test the
parser and the transformational language constructed for it, on working client-
server based software and programs from the industrial environment, for analyzing
and also improving the quality of the source code. In addition we attempt to prove
that following the execution of the transformation script, the modified source code’s
meaning conservation properties and correctness by using mathematical methods.
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Abstract

We can use a variety of encryption standards to encrypt data traffic to
ensure the safety of wireless networks. The question is to what extent the
security of the network affects network performance. For answering this ques-
tion, experiments were performed without data encryption, and the use of
various encryption standards. IEEE 802.11g and 802.11n wireless network-
ing standards were used in the experiment. The answer of the question is
that encryption should be used because it does not cause significantly slower
speed.

Keywords: Wireless networking, security, encryption, WEP, WPA /TKIP,
WPA2/AES

MSC: 68M20, 68M12, 94A60

1. Introduction

Wireless networks are increasingly exposed to the risk of unauthorized access. The
reason for this is that the information runs instead of cable into the air. So it is
enough to be in radio signal propagation range, and eavesdropping is easy (password
and file contents can be stolen). You can use other internet subscriptions, and
perform various illegal activities.

Avoiding illegal access to our network, we can encrypt the data flow. We can
read about various wireless security tools in books [6, 7]. Wireless network security

45



46 T. Krausz, J. Sztrik

was examined in [2, 3, 5]. Paper [1] discovers the effects of the IEEE802.11i secu-
rity specification on the performance of wireless networks. In [4], the throughput
performance of IPv4 and IPv6 using UDP for wireless LAN networks with 802.11n
and with and without security for two client-server networks were compared.

The question arises as to the security of wireless networks influences the speed
of data transfer, that is, the network performance. To answer this question, exper-
iments were performed without data encryption, and the use of various encryption
standards.

At first, a wireless router was connected directly (USB 2.0) to hard disk and the
file transfer speeds between client and disk were measured, than the file transfer
speeds between two wireless clients were tested using a modern wireless router for
home use.

The number of clients was increased for further examination of the network
performance. In experiments, the number and type of clients were changing and
the ftp service speed was measured in conjunction with encryption.

The following encryption standards were used in the experiments:

WEP (Wired Equivalent Privacy) is a security algorithm for IEEE 802.11 wire-
less networks. Obsolete, it is not safe in today’s circumstances. Each 802.11 packet
is encrypted separately with an RC4 cipher stream generated by a 64-bit RC4 key.

WPA /TKIP (Wi-Fi Protected Access, Wi-Fi Protected Access), which is similar
to the WEP uses RC4 coder 128-bit key and 48-bit initialization vector, but this
has been introduced in accessing the TKIP (Temporal Key Integrity Protocol,
temporary secure key protocol), which continuously rotates keys used in the link.

WPA2/AES (Advanced Encryption Standard) uses a new coder instead of the
old RC4.

2. The effect of encryption for the wireless network
speed

During the experiments ca. 50 MB (50 298 448 bytes) transfer file was used.

2.1. First experiment

Copy to laptop from hard drive and back.

The laptop was placed close to the router, a SATA hard disk was connected to
the router with USB port. We set up the router smb share. The wireless settings
2.4 GHz band and b / g / n mixed mode were used.

laptop 1: dell studio 1557 (Dell 1520 wireless N card, Core i720Qm, 8GB

RAM, windows7 x64 operating system

router: TP-LINK WR2543ND wireless router (Atheros AR7242@400MHz

CPU 64MB RAM)

The following speeds were measured:
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1. meas. | 2. meas. | 3. meas. | 4. meas. | 5. meas. | average
copy to laptop 17,16 16,94 16,88 16,81 17,03 16,96
(sec)
copy back to USB 29,05 29,12 28,97 29,67 29,93 29,35
hdd (sec)
copy to laptop 2,93114 | 2,96921 2,97977 | 2,99217 | 2,95352 | 2,96501
(MB/sec)
copy back to USB 1,73144 1,72728 1,73623 1,69526 1,68054 | 1,71386
hdd (MB/sec)

Table 1: Without encryption

1. meas. | 2. meas. | 3. meas. | 4. meas. | 5. meas. | average
copy to laptop 27,33 25,94 26,18 25,77 26,84 26,412
(sec)
copy back to USB 38,06 38,74 38,11 37,92 38,55 38,276
hdd (sec)
copy to laptop 1,84041 1,93903 1,92125 1,95182 1,87401 | 1,90438
(MB/sec)
copy back to USB 1,32156 1,29836 1,31982 1,32644 1,30476 1,3141
hdd (MB/sec)

Table 2: WEP 64 bit encryption (no n)

1. meas. | 2. meas. | 3. meas. | 4. meas. | 5. meas. | average
copy to laptop 29,49 28,81 28,11 29,22 28,79 28,884
(sec)
copy back to USB 39,67 38,49 39,12 39,08 39,53 39,178
hdd (sec)
copy to laptop 1,70561 1,74587 | 1,78934 1,72137 | 1,74708 | 1,74139
(MB/sec)
copy back to USB 1,26792 1,30679 1,28575 1,28706 1,27241 | 1,28384
hdd (MB/sec)

Table 3: WPA/TKIP (no n)

1. m. 2. m. 3. m. 4. m. 5. m. | average
copy to laptop 19,29 18,31 18,95 19,75 18,54 18,968
(sec)
copy back to USB 32,13 31,94 32,75 32,76 32,48 32,412
hdd (sec)
copy to laptop 2,60749 | 2,74705 | 2,656427 | 2,54676 | 2,71297 | 2,65175
(MB/sec)
copy back to USB | 1,56547 | 1,57478 | 1,53583 | 1,53536 1,5486 | 1,55185
hdd (MB/sec)

Table 4: WPA2/AES
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Figure 1: Copy to laptop (MB/sec)
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Figure 2: Copy back to USB (MB/sec)

3. Second experiment

In the second experiment, we copied the file between the two laptops using the
TP-LINK WR2543ND wireless router.

laptop 1: dell studio 1557 (Dell 1520 wireless N card, Core i720Qm, 8GB
RAM, window7 x64 operating system

laptop 2: fujisu amilo Pal538 ( TP-Link TL-WT722N usb wireless card, AMD
turion x1-50 processor 4GB RAM, windows 7 x64 operating system)

router: TP-link wr2543ND wireless router (Atheros AR7242@400MHz CPU
64MB RAM)

The following speeds were measured:
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1. meas. | 2. meas. | 3. meas. | 4. meas. | 5. meas. | average
from laptopl to 13,87 14,05 14,69 14,13 14,54 14,256
laptop2 (sec)
from laptop2 to 17,61 17,92 16,99 17,51 17,44 17,494
laptopl (sec)
from laptopl to 3,62642 | 3,57996 | 3,42399 | 3,55969 | 3,45932 | 3,52823
laptop2 (MB/sec)
from laptop2 to 2,85624 | 2,80683 | 2,96047 | 2,87256 | 2,88409 | 2,87518
laptopl (MB/sec)

Table 5: Without encryption

1. meas. | 2. meas. | 3. meas. | 4. meas. | 5. meas. | average
from laptopl to 41,69 39,98 40,22 40,89 40,92 40,74
laptop2 (sec)
from laptop2 to 39,5 39,88 40,13 39,64 40,02 39,834
laptopl (sec)
from laptopl to 1,20649 | 1,25809 | 1,25058 | 1,23009 | 1,22919 | 1,23462
laptop2 (MB/sec)
from laptop2 to 1,27338 1,26124 1,25339 1,26888 1,25683 1,2627
laptopl (MB/sec)

Table 6: WEP

1. meas. | 2. meas. | 3. meas. | 4. meas. | 5. meas. | average
from laptopl to 46,07 45,16 45,54 45,93 46,12 45,764
laptop2 (sec)
from laptop2 to 45,03 44,59 45,15 45,37 45,42 45,112
laptopl (sec)
from laptopl to 1,09178 | 1,11378 | 1,10449 | 1,09511 1,0906 | 1,09908
laptop2 (MB/sec)
from laptop2 to 1,117 | 1,12802 | 1,11403 | 1,10863 | 1,10741 | 1,11497
laptopl (MB/sec)

Table 7: WPA /TKIP

1. meas. | 2. meas. | 3. meas. | 4. meas. | 5. meas. | average
from laptopl to 15,87 16,17 16,43 16,01 16,23 16,142
laptop2 (sec)
from laptop2 to 19,89 20,32 20,51 20,88 19,97 | 20,314
laptopl (sec)
from laptopl to 3,1694 3,1106 | 3,06138 | 3,14169 3,0991 3,116
laptop2 (MB/sec)
from laptop2 to 2,52883 | 2,47532 2,45239 | 2,40893 2,5187 | 2,47605
laptopl (MB/sec)

Table 8: WPA2/AES
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Figure 4: Copy from laptop2 to laptopl (MB/sec)

3.1. Conclusions

Based on the first measurement, WPA2/AES causes slowdown of 10-30 percent,
depending on the direction of the copy.

The 802.11n does not allow WEP and WPA /TKIP encryption, so the router
will switch back to 802.11 g mode, so despite the weaker encryption much slower
speeds are obtained. The WEP is no longer secure only marginally faster than the
WPA /TKIP encryption.

On modern devices, WPA2/AES encryption should be used because it does not
cause too significantly slower speed when transferring files.

In the second experiment, WPA2/AES encryption with the 802.11n causes 10-
15 percent slowdown of copying in both directions. WPA /TKIP is 12-13 percent
slower than WEP because the stronger encryption makes more load on the network
card and the router.

4. FTP speed change depending on the number of
clients and encryption

In these experiments, increasing the number of clients, we have examined the data
traffic rate in the context of encryption. We have used TP-LINK WR2543nd router
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built-in FTP server to which USB 2.0 hard drive was connected. The transfer file
was approximately 100 MB (100 769 606 bytes). The wireless router setting was
2.4 GHz band and b / g / n mixed mode.

During the measurements, the following devices were used:

laptop 1: Lenovo R500 (Atheros AR5006X wireless a/b/g card, Core2 Dou
P8400 CPU, 4GB RAM Windows7 x64 operating system)

laptop 2: Dell studio 1557 (Dell 1520 wireless N card, Core i720Qm 8GB
RAM, Windows7 x64 operating system)

desktop: Pentium dual core E6500 (TL-WN721N 150 MB usb wireless card,
4GB RAM, window8 x64 operating system)

router: TP-Link WR2543ND wireless router (Atheros AR7242@400MHz CPU
64MB RAM)

The following speeds were measured:

4.1. Download

Lenovo | Dell | deskt Dell + desktop all three
Dell | deskt | avg | Lenovo | Dell | deskt | avg
transmission 55 27 24 40 39 39,5 73 66 65 68,0

time (sec)
transmission 1832 3732 | 4199 | 2519 | 2584 | 2551 1380 1527 | 1550 | 1482
rate

(KB/sec)
Table 9: WPA2/AES encryption
Lenovo | Dell | deskt Dell + desktop all three

Dell | deskt | avg | Lenovo | Dell | deskt | avg
transmission 45 23 22 38 38 38,0 69 53 54 58,7
time (sec)
transmission 2239 4381 | 4580 | 2652 | 2652 | 2652 1460 1901 | 1866 | 1718
rate(KB/sec)

Table 10: Download without encryptions

Lenovo | Dell | deskt Dell + desktop all three
Dell | deskt | avg | Lenovo | Dell | deskt | avg
transmission 48 63 57 80 79 79,5 119 120 119 | 119,3

time (sec)
transmission 2099 1600 | 1768 | 1260 | 1276 | 1268 847 840 847 844
rate(KB/sec)

Table 11: WEP 64 bit download



52 T. Krausz, J. Sztrik

4.2. Upload

Lenovo | Dell | deskt Dell + desktop all three
Dell | deskt | avg | Lenovo | Dell | deskt | avg
transmission 86 68 96 115 116 | 115,5 178 177 178 | 177,7

time (sec)
transmission 1172 1482 | 1050 | 876 869 872 566 569 566 567
rate(KB/sec)

Table 12: WPA2/AES upload

Lenovo | Dell | deskt Dell + desktop all three
Dell | deskt avg | Lenovo | Dell | deskt avg
transmission 69 65 93 109 115 112,0 176 176 175 175,7

time (sec)
transmission 1460 1550 | 1084 | 924 876 900 573 573 576 574
rate(KB/sec)

Table 13: No encryption upload

Lenovo | Dell | deskt Dell + desktop all three
Dell | deskt | avg | Lenovo | Dell | deskt | avg
transmission 73 78 57 125 112 | 118,5 184 184 180 | 182,7

time (sec)
transmission 1380 1292 | 1768 | 806 900 850 548 548 560 552
rate(KB/sec)

Table 14: WEP 64 bit upload

4.3. Download speed rates

download speed Lenovo | Dell | desktop | Dell + desktop all three

average average
WPA2/AES 1832 3732 4199 2551 1482
no encryption 2239 4381 4580 2652 1718
WEP 64 bit 2099 1600 1768 1268 844

Table 15: Download speed rates
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Figure 5: Download transfer speeds

Compared to the unencrypted case, the download speeds are slowed somewhat
by increasing the number of clients at WPA2/AES case. The rate reduction of
computers with 802.11n card is bigger if the computers are used alone compared
to the case when we use them together. The three computers one-time download
speed loss is similar to that of the single download.

4.4. Upload speed rates

In case of 802.11n there is no significant difference among the speed of type of
encryption, because the upload speed is slow. Lenovo uses 802.11g speed in the
upload. WPA2/AES is 24 percent slower than unencrypted. When all three com-
puters upload simultaneously the speed was slow and therefore it did not signifi-
cantly slow down.

upload speeds Lenovo | Dell | desktop Dell + desktop all three
average average

WPA2/AES 1172 1482 1050 872 567

upload

no encryption up- 1460 1550 1084 900 574

load

WEP 64 bit up- 1380 1292 1072 850 552

load

Table 16: Upload speed rates
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Figure 6: Upload transfer speeds

4.5. Conclusions

The WEP security is poor and 802.11n switches back to 802.11g, and therefore
the speed is significantly reduced. The only exception from this is Lenovo, which
originally used the 802.11g standard.

Using the FTP service when security matters, WPA2/AES encryption should
always be used. If speed is more important than safety (such as anonymous FTP
service), you can disable the encryption and speed of 10-20 per cent gain can be
obtained.

5. Summary

We got similar result to paper [1] using more modern hardware and operating
system with 802.11n wireless standard. The encryption and decryption takes time
so that is the main cause of slowing down the traffic. (The packet size does not
change significantly.)

In wireless networks where devices on the network are compatible and security
matters, WPA2/AES encryption should always be used. The weaker encryptions
switch back the more modern devices, on the older devices do not give a significantly
better rate, but their security is worse. If speed is more important than safety (e.g.,
media playback with wireless), with disabling the encryption 10-30 percent speed
gain can be obtained.

After these results we can raise the question what is more responsible for slowing
down the transmission speed, either the encryption or the full bandwidth of the
device.
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1. Introduction

A. P. Norden developed the theory of normalization which appeared useful in ap-
plications to conformal, non-Euclidean and linear geometry [4]. By means of the
normalization theory, A. P. Shirokov [8] succeeded to construct conformal models
of non-Euclidean spaces. We show here basic steps of this construction.
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Let a real non-degenerate hyperquadric @ be given in the projective space P*+1,
Let us choose a projective frame (Ey, ..., E,y1) such that E, ;1 is the pole of the
hyperplane y"*! = 0, and the straight line FE, F, ,; intersects the hyperquadric Q
in two real points N and N’, and the points Ey, ..., E,_1 belong to the polar of
the straight line E, F, 1.

Then the analytic expression of the hyperquadric @) reads

n+1)2 — 0

v = apyPy? + (y")? - (y : (1.1)

where p,q = 0,...,n— 1. The hyperquadric (1.1) intersects the hyperplane Yyt =
0 in a hypersphere @

apgy’y? + (y")* =0,

which can be either real or imaginary.

Let us construct the stereographic projection with the pole N(0:...:0:1:1)
of the hyperplane P" : y"*! = 0 into the hyperquadric Q. If U(y" : ... : y™ : 0) € P"
take the straight line

MU +uN =Moo ™ Ay )
coordinates of its intersection point with @ satisfy
NapgyPy? + (A" + p)? — p? =0, A#0.
Setting k = § we can write the previous equation as
apqy’y? + (") + 2ky" = 0.
If 4™ # 0, i. e. the point U ¢ P"~!, then

b — apgy’y? + (yn)2

2y"
Hence the intersection point of the straight line UN with the hyperquadric @ is
uniquely determined. In the hyperplane y"*! = 0, consider the (n—1)-plane P*~!:
y™ = 0 as an ideal hyperplane; we obtain the structure of affine space A" on the
rest. In A", we can introduce Cartesian coordinates u’ = y*/y". Moreover, in A"
there exists the structure of Euclidean space E™ with the metric form

dsg = +ay,duPdul. (1.2)
The point U(u® : ub: ... :u" 1 :1:0) is mapped into the point
Xp(2u®: 20" 01— apguPul s —1 — apuPud).

Let us normalize the hyperquadric (1.1) self-polar, taking the lines of the sheaf
of lines with a fixed center Z = E,,;1 as normals of the first-order, and their polar
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(n—1)-planes belonging to the hyperplane y"*! = 0 as second-order normals. The
straight line F, ;X intersects the hyperplane y"*! = 0 in the point

X(2u .20 1 — apguPul : 0).

Note that the polar of the point X related to the hyperquadric (1.1) intersects the
hyperplane y"*1 = 0 exactly in the (n— 1)-dimensional second-order normal which
corresponds to the first-order normal X, F, ;. Hence in the hyperplane "+ = 0,
a point X in general position is in correspondence with an (n — 1)-plane, and the
hyperplane ™ t! = 0 appears to be a polary normalized projective space P" with
the same geometry as the quadric itself.

Let us define a second-order normal by basic points Y; = 9; X —1; X. We find the
scalar product (X, X) = (1+ ap,uPu?)?. The points X and Y; are polar conjugate,
i. e. the scalar product (X,Y;) = 0. From these conditions we calculate the
normalizator [;:

I — 2a;su’
1+ apguPut’
The decompositions
@Yi = l]}/z + Ffj}/s +pin

determine components of the projective-Euclidean connection Ffj and the tensor
pij |4]. Then the differential equations of the normalized space P : y"*1 = 0 read

56X =Yi+LX,  V;Yi=1LY;+p;X. (1.3)
Covariant differentiation of the equation (X,Y;) = 0 gives
(0, X,Y;) + (X,V,Y;) =0.
By (1.3) we get

= —(0:X — L,X,0;X — ;X) = —(8:X,0;X) — Lil; (X, X).
Therefore
(X, VJY;) (&X, an) 4(11‘]‘

i = - _ il =——— 1.4
Pis (X, X) (X, X) i (1+apqupuq)2 (14

Hence considering in A™ the structure of the Euclidean space E™ with the Cartesian
coordinates u* we obtain a conformal model of a polar normalized projective space
P™ i.e. a non-Euclidean space with the metric tensor
S +a,;duldu’
ds? = gjjdu‘dy? = ——— . (1.5)
(14 apquPud)?

As we can see from (1.2) and (1.5), the obtained non-Euclidean space is conformally
equivalent to the Euclidean space.

Quadrics of a special type in the projective spaces have been also studied in
1, 2].
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2. On pseudoconformal models of fibrations deter-
mined by the algebra of antiquaternions and pro-
jectivization of them

Consider the associative unital 4-dimensional algebra A of antiquaternions [5, 6]
with the basis 1, f, e, and the multiplication table

11 f |e 1
111 f el 4
flfl1 1 e
elel|l —i|1]—f
i1 | —e| f| -1

As well known, any antiquaternion can be uniquely expressed as x = 2 +z' f +
x2e + 234, conjugation is given by x — & = 20 — 2 f — 22e — 234, Xy = ¥% holds,
the number xx = (2°)2 — (2!)? — (22)2 + (2®)? is real, and x — |x| = /XX defines
a norm corresponding to the scalar product xy = %(X)_’—‘ryi) that turns A into the
four-dimensional Pseudoeuclidean space E3. |1| = |i| = 1, |e| = |f| = i. For any x
with |x| # 0 there exists the inverse element x ! = % The set of all invertible
elements from A

A= {x|[x]2 #0}

is a Lie group [7].
The group of antiquaternions of the unit norm xX = 1 can be interpreted as
the unit sphere S3(1)

(@) = (@) = (2)* + (2°)* =1 (2.1)

in the Pseudoeuclidean space Ej.
We extend Ej into P4; taking

1 2
1Y 2_ Y 3 _
r=g, nt =g, 0t =

<
<

we introduce homogeneous coordinates (y° : y' : y? : > : y*). The quadric S3(1)
has coordinate expression

Y =" =) - )+ (°)? - () =0 (2:2)
The quadric (2.2) intersects the hyperplane 4 = 0 in the sphere S?
W)+ ) = (¥*) + (y")? = 0.

The point Ey of the projective frame (FEy, ..., Fy4) is the pole of the hyperplane
yY = 0, the straight line EyEy intersects the quadric in two real points N(1:0: 0 :
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0:1)and N'(—=1:0:0:0:1), and the points E;, Fy, E3 belong to the polar P?
of the straight line EqE}.

The tangent plane at the point N has the equation y° — y* = 0 and intersects
the sphere in the real cone —(y')? — (¥2)? + (v®)? = 0. Also it intersects P? in
the 2-plane P?: 3% = 0, y* = 0. Hence in the hyperplane P? there is a structure
of affine space A3 for which P? is the improper plane. Consequently, under the
assumption y* # 0 we can introduce Cartesian coordinates

. yi .
u==,1=1,2,3.
yl
The sphere S? determines in A3 the structure of Pseudoeuclidean space E3 with
the metric form
ds? = —(du®)? — (du®)? + (du®)?. (2.3)
Consider the stereographic projection of the hyperplane ¢y° = 0 from the pole
N(1:0:0:0:1) onto the quadric (2.2). The point U(0 : u! : u? : u? : 1) is
mapped into the point

Xo(=1472:2u' 2% 203 1 1 +r?),

where 72 = —(u!)? — (u?)? + (u®)? is the square of distance of the point U from
the origin of the Pseudoeuclidean metric of the space E3.

Let us normalize the quadric (2.2) self-polar, taking as the first-order normals
straight lines passing through FEjy, and as second-order normals their polar two-
planes belonging to the hyperplane y° = 0. The straight line FyX; intersects the
hyperplane y° = 0 in the point

X(0:2u' ;20?20 0 1 412).

The polar of the point X related to the quadric (2.2) intersects the hyperplane
y? = 0 in the normal of the second order. Hence in the hyperplane y° = 0, a point
X in general position corresponds to a two-plane, and the hyperplane y° = 0 is the
normalized projective space P3.

Let us define the second-order normal by basic points Y; = 0;X — [; X. Points
X and Y; are polar conjugate, i. e. (X,Y;) = 0. From this condition and since

(X, X) = —(r? — 1)? we find coordinates of the normalizer:
- 2ut I — 2u? I 2u3
YT T 2o B

Then by (1.4) we obtain finally

_ _ 4 _ 4
pll - p22 - (T’Q _ 1)27 p33 - (7'2 _ 1)2 .

Now introducing in A® the structure of Pseudoeuclidean space E3 with u’ as Carte-
sian coordinates we find the pseudoconformal model of the sphere S3(1) with the
metric form

—(dut)? — (du?)? + (du®)®

2 _ i
ds gijdu'du o1

(2.4)
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The corresponding Riemannian (Levi-Civita) connection of this Pseudoriemannian
metric form appears. Non-vanishing components (Christoffel symbols) of it are

1 _ 1_1_2_3_2u1
=T =T33 =15 =175 = 2_1°
r2 —
2u?
2 1 2 2 3
Iy =Tp=-T1=I5=1%= 2_1
2u3
3 3 1 3 2
e e e e T 2 _1
r2 —
The connection is of constant curvature K = —1.

As an example, we obtain equations of fibres in model of the fibration defined
by the subalgebra of complex numbers.

3. Example

Let us write an antiquaternion in the form
x =20 + 2% + f(z! + 2%) = 21 + fz0, 21,22 € R(3),

where R(4) is a 2-dimensional subalgebra of complex numbers with basis {1,4}.
The set of its invertible elements

R(i)={A=a+bi|\#0}, a,beR

turns out to be a Lie subgroup of the group A, a 2-plane with exception of one
point.
The canonical projection 7 : A — A/R(¢) takes the form

’/T(X) = (21 : 22).
The factorspace A/R(3) is a subset M of a complex projective line P(i) and
M = {[2’1 : 22] S P(Z) |2121 — 2929 7é 0}

It is covered by two charts

U ={[z1: 22]| 22 # 0} with the coordinate z = il ,
z2
where |2]? # 1, since 2121 — 227 # 0;
Us = {[z1: 22]| 21 # 0} with the coordinate 2z = 2 )
21

where |Z|? # 1 by the same reason.
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Let the point z =« +4v € M C P(i) is in U;. Then the coordinate expression
of the projection 7 in real coordinates is

0,1 _ 2,3 _ (0,2 1,.3
71'(21,2’2):2: (xx v (CC:E tra )> (31)

(D2 + (22)2) (2V)2 + (22)?
Then z = %, where in homogeneous coordinates

Y0 + P y' oy
21 = Y 29 = 1 -
y y

The projection 7(y) = z can be written as
() = vyt - vty =0y 'y’
W2+ W)+ )7

which is equivalent to (3.1), and 2-planes Loy : Z; — 229 = 0 are given by a system
of equations

0_ .1 2 _p
{y uy” + vy , (3'2)

Y3+ oyt +uy? =0.

These 2-—planes are the fibres of this fibration. By intersection with the sphere
(2.2), we obtain a 2—parameter family of second order curves

02— )2 = W+ (%) - (y)* =0,
Y’ —uy' +uy® =0,

3 1 2 _
y° + oy +uy® =0,

which define the fibration. Excluding y° we find the projection of the family of
fibres into the space E$. Passing to the Cartesian coordinates we obtain

{—(x1)2 — (@) + (2%)? + (uz! —va?)? =1, (33)

3 + vzt +uz? =0.

There is a correspondence of these equations with the equations (21) ([3, p. 89]).
If y is a point on the quadric distinct from N (i.e. 3 — y* # 0 holds), the cor-
responding point ¢ in E3: 3 = 0 is uniquely determined by the homogeneous
coordinates (0: y' : y? : y : y* —¢¥), that is
yboo o
B S S

§(0: — : 1),

Yy
and in the space A3: y* # 0 the point ¢ has the Cartesian coordinates

1 2 3
1 T 2 T 3 T

w=— = ur=-—
1—29’ 1—2a9’ 1—20
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The inverse mapping is characterized by the formulas

o -1 2u! 9 2u? 3 2u?
= - um—— xr = rum—— xr = > xTr = -,
gy’ ey Terr T e
&€ =—(u)’ = ()’ + @)’ € +1#£0,
similar to the formulas (18) (cf. [3, p. 88]). Hence the coordinates of the points y

and £ are related by the conformal mapping. Substituting these expressions into
(3.3) we obtain the equations of the family of fibres in the form

(3.4)

(ul)? + (u?)? — (u®)? + 2(uu! —vu?)2 +1=0,
vul +uu? +u? = 0.

These equations coincide with the system (21) (cf. [3, p. 89]). So, we have the
following result.

Theorem 3.1. In the projective model the equations of fibres of the fibration defined
by the subalgebra of complex numbers are (3.4).
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Abstract

In computer graphics and geometric modeling for good quality displaying
of an object it is required that the object must fit on the screen. It often
happens, for example when we are using modeling software, that the object
we would like to rotate around an axis, or edit from another point of view,
is partly out of the screen, and thus some parts are not visible. In two
dimensions the isoptic curve of a curve is constructed by involving lines with
a given angle intersect each other at a certain point of the isoptic curve.
In three dimensions the points of an isoptic curve may be the admissible
positions of the camera. So from these points we can watch the object with
respect to the given viewing angle. The purpose of this paper is to find a
general method and computational algorithm that helps to locate the closest
possible position of the camera, which positions form a closed curve around
the surface. The developed algorithm produces this curve for a special case.

Keywords: isoptic curve, Bézier surface
MSC: 65D17, 68U07

1. Introduction

Let us overview briefly the planar case of the isoptic problem.

*This research was supported by the European Union and the State of Hungary, co-financed
by the European Social Fund in the framework of TAMOP 4.2.4.A/2-11-1-2012-0001 ‘National
Excellence Program’.
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Definition 1.1. For a given curve C, consider the locus of points from where the
tangents to C meet at a fixed given angle.

The isoptic of quadratic curves can be determined from the definition by calcu-
lation based on elementary geometric results [5] and several further results are also
known, mainly about classical curves [6, 7]. For freeform curves, the intersections
of the appropriate tangents of the given curve determine the points of the isoptic
curve. In this case we need to derivate the given curve to find the involving lines.
With this algorithm we can find the set of points which form the isoptic curve of
convex curves (see Figure 1).

Figure 1: The isoptic curve with 90° (red one) of a Bézier curve

In case of Bézier curves there is a calculation for obtaining an exact formula of
the isoptic curve based on [1]. This method defines the isoptic as the envelope of
envelopes of families of isoptic circles over the chords of the Bézier curve. Although
it cannot always be resolved exactly, the numerical algorithms can provide sufficient
results as well.

In this paper we provide a way of generalization of isoptics in 3D and compute
a curve around a convex surface from which the surface can be seen under a given
angle.

2. Isoptic of surfaces

The first difficulty is that the generalization of the two-dimensional definition is not
straightforward and not unique in the three dimensional space. It is not evident
how to define the angle of view in 3D. One possibility is looking for points, from
where we can draw tangent lines to the surface, which intersect each other at the
given angle, but this computation is not uniquely determined. So we are looking
for points in a special case for Bézier surfaces.

Figure 2 shows the special circumstances. At first, we suppose that the surface
is convex and it is entirely above (but as close as possible to) the base plane which is
given by the equation Y = 0 in the coordinate system. Moreover, we suppose that
the origin of the coordinate system is in the orthogonal projection of the surface
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onto the base plane. We will search for points of this plane around the surface,
from which the viewing angle, that is the angle of the plane Y = 0 and the deepest
tangent line to the surface from this point is a predefined angle. We will call these
points isoptic points of the surface. To locate an isoptic point we use two vectors:
m and v. The vector m is parallel to the X-axis; the vector v is rotated around
the X-axis. This angle of the rotation needs to be selected as follows. If we look
from one isoptic point to the origin, the surface should fit on the viewing screen
on the top. For all points it is true that vector v and one of the normal vectors of
the surface are orthogonal. It is also true for the vector m. There are two ways to
do the scan: by rotating the surface and by rotating vectors m and v around the
Y-axis. With this condition, we can find several points on the plane Y = 0, and
based on these points we can produce a curve around the surface (see Figure 3)
interpolating these points by a closed B-spline curve [2]. In the next subsections
details of the two computational approach are provided.
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Figure 2: The special case for finding isoptic points of Bézier sur-
face

Figure 3: Result of the algorithm



68 F. Nagy, R. Kunkli

2.1. Rotating the control points of the surface

In this algorithm we have to rotate the control points of the Bézier surface, which
is given by the following equation:

n n
S(u,v) => > B} (u)B}(v)P, ;.

i=0 j=0
We need to compute the normal vector by the partial derivatives of the surface, with
respect to the parameters u and v: U(u,v) = W and V(u,v) = %. The
normal vector will be the cross product of the two partial derivatives: N(u,v) =
U(u,v)xV (u,v).

We can write the equation of a plane that touches the Bézier surface in the

point from where the normal vector perpendicular to vectors m and v:

Ny (u, v)(X — Xo) + N.(u,v)(Z — Zy) = Ny(u,v)Yp,

where X, Yy, Zy are the coordinates of the points of the Bézier surface. The
isoptic point is lying on the line in which this plane and the base plane given by
the equation Y = 0 intersect each other. By solving this equation with X = 0, we
obtain the distance from the origin. This will be the Z coordinate of the isooptic
point:

7 Ny(u,v)Yy — Ny (u,v)Xo

N (u,v)

The X and Y coordinates of this point are equal to zero. We need to rotate
this point with the same angle as we used to rotate the surface. While we rotate
the control points around the Y-axis the following conditions need to be satisfied:
(N(u,v),m) =0 and (N (u,v),v) =0, that means the following:

N (u,v) =0
sin(a)-Ny (u,v) = cos(a) N (u,v).

+ Zy.

If we can solve this equation for © and v we obtain an exact formula to compute the
normal vector and from this we can calculate exactly the position of each isoptic
point. Unfortunately the solution cannot be given in closed form in most of the
cases, but numerical methods work sufficiently.

2.2. Rotating vectors m and v

The other way to find the isoptic points is to rotate the vector m and v around the
Y-axis. The coordinates of the vectors will be the following:

m = (cos(B),0,—sin(5)) and v = (—sin(B)- cos(a),sin(a), — cos(B)- cos(a)),

where § is the angle of rotation around the Y-axis, in the interval [0,27]. The
condition of the search is that (N(u,v),m) = 0 and (N(u,v),v) = 0 have to be
fulfilled. From these we obtain the following:

Ny (u,v) = tan 8-Nz(u,v)
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1
Ny(u,v) = cot a-——-N,(u,v).
'U( ) COS/B Z( )
We also tried to resolve this equation for v and v, but it cannot be obtained in
closed form as well. But there is no need to rotate the isoptic points so we can
compute exactly the X and Y cordinates of these points.

Let e be the intersection line of the plane that touches the surface and the base
plane given by the equation Y = 0, and let f be the line which has one point in
the origin and its normal vector m. The isoptic point is the intersection of these
lines:

sin (8)-c
COS(ﬂ)-Nz (uv ’U) - SIH(B)NI (uv U)
B cos (B8)-c
COS(ﬂ)-NZ (uv U) - Sln(ﬁ)Nz (U, U) ’

where ¢ = Ny (u,v)Xo + Ny(u,v)Yy + N, (u,v)Zy. Since (N(u,v), m) = 0, we can
compute the coordinates by the following equations:

X =

¥ — N, (u,v)
(Ng(u,v), Ny(u,v)) + (N, (u,v), N.(u,v))
7 cN, (u,v)

(N (u,v), Nao(u, v)) + (Nz(u, v), N2 (v, v))

2.3. Calculation by linear combination

There is another way to compute the isoptic points. To find these points we still
need to use the vectors m and v. If the normal vector of the surface is the cross
product of the vector U(u,v) and V(u,v), and N(u,v) is perpendicular to the
vector m and v, then v, m, U(u,v) and v, m, V(u,v) are linearly dependent.
Thus U(u,v) and V(u,v) can be obtained by linear combination of vectors m and
v. This means the following:

1 0 0
1 sin(a)  —cos(a) | =0,
Uz(u,v) Uy(u,v)  U,(u,v)

1 0 0
1 sin(a)  —cos(a) | =0.
Va(u,v) Vy(u,v)  Vi(u,v)

From this we obtain the following equations:
sin(a) - U (u,v) + cos(a) - Uy(u,v) =0
sin(a) - V(u,v) + cos(a) - V,(u,v) = 0.

By solving this system we acquire a complex fifth order equation for u and v,
but it is not possible approximate the roots even by computer algebra systems.
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3. Conclusions

The possibilities of 3 dimensional generalization of isoptic curves are considered.
We provided a special scene where isoptic points of a surface can be computed,
although in some cases only by numerical methods. This method can be applied
in circumstances when a convex surface is above a given plane and the method
provides a curve in this plane from the point of which one can see the surface
under a given angle. Further investigations in terms of computational efficiency
and generalization can be subject of future work.
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Abstract

Generalized one-sided concept lattices represent one of the conceptual
data mining methods, suitable for an analysis of object-attribute models with
the different types of attributes. It allows to create FCA-based output in form
of concept lattice with the same interpretation of concept hierarchy as in the
case of classical FCA. The main aim of this paper is to investigate relation-
ship between formal contexts and generalized one-sided concept lattices. We
show that each one uniquely determines the other one and we also derive
the number of generalized one-sided concept lattices defined within the given
framework of formal context. The order structure of all mappings involved in
some Galois connections between a power set and a direct product of complete
lattices is also dealt with.

Keywords: Galois connection, generalized one-sided concept lattice, formal
context.

MSC: 06A15

1. Introduction

Handling uncertainty, imprecise data or incomplete information has become an
important research topic in the recent years. One of the frequent solutions, how to

*This work was supported by the Slovak Research and Development Agency under contract
APVV-0482-11 and by the Slovak VEGA Grants 1/0729/12 and 1/0497/11.
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deal with “imperfect” information, usually leads to the development of the fuzzified
versions of several well-known standard structures or approaches. In this paper,
we focus on the area of the formal concept analysis, specifically, on the approach
known as generalized one-sided concept lattices.

Formal Concept Analysis (FCA [9]) represents a method of data analysis for
identifying conceptual structures among data sets. As an efficient tool, Formal
Concept Analysis has been successfully applied to domains such as decision sys-
tems, information retrieval, data mining and knowledge discovery. Classical FCA
is suitable for crisp case, where object-attribute model is based on binary rela-
tion (object has/has-not the attribute). In practice there are natural examples
of object-attribute models for which relationship between objects and attributes
are represented by many-valued (fuzzy) relations. Therefore, several attempts to
fuzzify FCA have been proposed. As an example we mention work of Bélohlavek
[2, 3, 4] or other approaches [12, 14, 15]. One-sided concept lattices play a spe-
cial role in fuzzy FCA, where usually objects are considered as crisp subsets and
attributes obtain fuzzy values. In this case the interpretation of object clusters is
straightforward as in classical FCA, instead of fuzzy approaches with fuzzy subsets
of objects, where interpretability often becomes problematic.

Recently, there was a generalization of all known one-sided approaches [1, 10,
11], so called generalized one-sided concept lattices, cf. [7, 8. This approach is,
in contrary with the previous one-sided approaches, convenient for the analysis
of object-attribute models with different truth value structures. From this point
of view it is applicable to a wide spectrum of real object-attribute models where
methods of classical FCA are appropriate, cf. [5, 6, 16, 17]. In this note we deal
with theoretical question, whether correspondence between formal contexts, which
represent object-attribute models, and concept lattices on the other side is one-to-
one or equivalently injective.

In order to make this paper as self-contained as possible, in the next section
we give a brief overview of the notions like formal context, Galois connections,
complete lattices, direct product, etc. We also describe the basic definitions and
the results concerning generalized one-sided concept lattices.

Our main results are in Section 3. Firstly we prove that the correspondence
between formal context and generalized one-sided concept lattices is injective, i.e.,
that each generalized one-sided concept lattice also uniquely determines formal
context. Based on this result, we deduce the formula expressing number of gen-
eralized one-sided concept lattices defined within the fixed framework of a given
formal context. Further, we are studying the order structure of mappings involved
in some Galois connections between a power set and a direct product of complete
lattices. In particular, we show that the lattice of all such mappings and the lattice
of all incidence relations are isomorphic.
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2. Formal contexts and generalized one-sided con-
cept lattices

In this section we examine the notion of the object-attribute model and its mathe-
matical counterpart formal context. Further, based on the notion of formal context
we define generalized one-sided concept lattices as fuzzy generalization of classical
concept lattices.

Firstly, we briefly describe the object-attribute models. Generally, by object
we understand any item that can be individually selected and manipulated, e.g.,
person, car, document, etc. In general, an attribute is a property or characteristic
of given object, e.g., height of a person, colour of a car or frequency of occurrence
of a given word in some document. We will consider that each particular attribute
under consideration has defined its range of possible values. Hence, if we measure
the height in cm, then any person has assigned the height as integer value from
interval [0, 280]. Similarly, color of a car can be from some given set of prescribed
colors {red, blue, white, ...} and frequency of occurrence of some word w can be
given as the ratio gﬂu from the interval [0, 1] of rationals. In this case N,, denotes
the number of the occurrences of the word w and NN, denotes the number of all
words in the considered document.

In our understanding object-attribute model consists of the set of objects, set
of the attributes with prescribed ranges and values which characterizes objects by
the given attributes, e.g., John is tall 183 cm.

In order to apply methods of FCA, we will need one restriction on the ranges
of all attributes belonging to object-attribute models. This restriction is given by
the usage of fuzzy logic in the theory of fuzzy concept lattices. The main idea of
fuzzifications of classical FCA is the usage of graded truth. In classical logic, each
proposition is either true or false, hence classical logic is bivalent. In fuzzy logic,
to each proposition there is assigned a truth degree from some scale L of truth
degrees. The structure L of the truth degrees is partially ordered and contains the
smallest and the greatest element. If to the propositions ¢ and i are assigned truth
degrees || ¢ || = a and || ¢ || = b, then a < b means that ¢ is considered less true
than 1. In the object-attribute models typical propositions are of the form “object
has attribute in degree a”.

In the theory of fuzzy concept lattices it is always assumed that the structure
L of the truth degrees assigned to each attribute forms complete lattice.

Now we recall some basic facts concerning partially ordered sets and lattices.
By the partially ordered set (P, <) we understand non-empty set P # (J together
with binary relation < satisfying:

i) <z for all x € P, i.e., the relation < is reflexive,
ii) z <y and y < x then x = y, i.e., antisymmetry of <,

ili) x <y and y < z then z < z, i.e., transitivity of the relation <.
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Let (P,<) be a partially ordered set and H C P be an arbitrary subset. An
element a € P is said to be the least upper bound or supremum of H, if a is the
upper bound of the subset H (h < a for all h € H) and a is the least of all elements
majorizing H (a < z for any upper bound z of H). We shall write a = sup H or
a =\ H. The concepts of the greatest lower bound or infimum is similarly defined
and it will be denoted by inf H or A H.

A partially ordered set (L, <) is a lattice if sup{a,b} = aVb and inf{a,b} = aAb
exist for all a,b € L. A lattice L is called complete if \/ H and A H exist for any
subset H C L. Obviously, each finite lattice is complete. Note that any complete
lattice contains the greatest element 1; = sup L = inf () and the smallest element
0r = inf L = sup . In what follows we will denote the class of all complete lattices
by CL.

Now we are able to define formal context which represents mathematical for-
malization of the notion object-attribute model.

Definition 2.1. A 4-tuple (B, AL, R) is said to be a generalized one-sided formal
context if the following conditions are fulfilled:

a) B is a non-empty set of objects and A is a non-empty set of attributes.
b) L: A— CL,

¢) R: Bx A — ,ca £L(a) is a mapping satisfying R(b,a) € L(a) for all b € B and
a € A

Second condition says that £ is a mapping from the set of attributes to the
class of all complete lattices. Hence, for any attribute a, £(a) denotes the complete
lattice, which represents structure of truth values for attribute a, i.e., £(a) denotes
the range of attribute a. As it is explicitly given, we require that all ranges form
complete lattices. The symbol R denotes so-called (generalized) incidence relation,
i.e., R(b,a) represents a degree from the structure £(a) in which the element b € B
has the given attribute a.

As an example of simple formal context, consider four-element set of objects
B = {a,b, c,d} and eight-element set of attributes A = {a1, as, as, aq, a5, ag, az, as}.
We will assume that the attributes in our model are binary or real, i.e., ranges of
these attributes are represented either two-element chain 2 = {0,1} with 0 < 1 or
real unit interval [0, 1]. Particularly we have L(a1) = L(a3) = L(as) = L(ag) = 2
and L(az) = L(a4) = L(a7) = L(ag) = [0,1]. The generalized incidence relation
R of each formal context is usually described as data table. In this case the value
R(b,a) can be found on the intersection of b-th row and a-th column of the table.
The incidence relation of our example is depicted in Table 1.

Further we define generalized one-sided concept lattices derived from given gen-
eralized one-sided formal context. Since the theory of concept lattices is based on
the notion of Galois connections, we recall this notion at first, cf. [13] or [9].

Definition 2.2. Let (P, <) and (@, <) be partially ordered sets and let

p:P—>@Q and ¢:Q— P
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ay az ag a4 | A5 | g ar as
a 0 | 0.2 1 0.3 1 0101105
b 1 06| 0 |06 ]| 0 1 0.5 1] 0.3
c 1 (10| 0 07| 0 0 05100
d 0 [02] 003 1 0 ]01]0.5

Table 1: Data table of object-attribute model

be maps between these ordered sets. Such a pair (p,%) of mappings is called a
Galois connection between the ordered sets if:

> ¢(p2),
(b) @1 < g2 implies ¥ (q1) > ¥ (qz2),

(c) p <Y(p(p)) and ¢ < (¥(q)).

(a) p1 < p2 implies o(p)

Let us remark that the conditions (a), (b) and (c) are equivalent to the following
one:

p<v(g) iff @) >q (2.1)

These two maps are also called dually adjoint to each other. An important
property of Galois connections is captured in the following expressions (see [9] for
the proof).

p=ypoop and Y=vopoy (2.2)

Moreover the dual adjoint is determined uniquely, i.e., if (1,) forms Galois
connection as well as (¢2,1) then 1 = ps. The same is true if (¢, 1) and (@, ¥9)
form Galois connections, then 1 = 1.

Now we describe the partially ordered sets, where we define appropriate Galois
connection. On the side of objects, we will consider the set P(B) as a domain of
one part of Galois connection. Let us note that P(B) denotes the power set of all
subsets of the set B partially ordered by the set theoretical inclusion. It is well
known fact that P(B) forms complete lattice. In this case, clusters of objects are
represented by classical subsets, hence this is the reason for the name “one-sided
concept lattices”.

If L; for i € I is a family of lattices the direct product ||
set of all functions

ier Li is defined as the

fiIr—JL (2.3)

iel

such that f(:) € L; for all ¢ € I with the “componentwise” order, i.e, f < g if
f(i) < g(i) foralli € I. If L; = L for all i € I we get a direct power L. In
this case the direct power L’ represents the structure of L-fuzzy sets, hence direct
product of lattices can be seen as a generalization of the notion of L-fuzzy sets.
The direct product of lattices forms complete lattice if and only if all members of
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the family are complete lattices. The straightforward computations show that the
lattice operations in the direct product [];.; L; of complete lattices are calculated
componentwise, i.e., for any subset {f; : j € J} C[],c; Li we obtain
(V£ =V £6) and (A £)0) =\ 50, (2.4)
jeJ jeJ jeJ jeJ

where these equalities hold for each index ¢ € I.

Generalized one-sided concept lattices were designed to handle with different
types of attributes, hence the appropriate domain for second part of Galois con-
nection consists of direct product of attribute lattices [[,c 4 £(a).

Definition 2.3. Let (B,A,E,R) be a generalized one-sided formal context. We
define a pair of mappings : P(B) — [[,c4 £(a) and |: [],c4 L(a) — P(B) as
follows:

$(X)(a) = A R(b,a), forall X C B, (2.5)
beX
Wg)={beB:VYa€ A, gla) < R(ba)}, forall g [] L(a). (2.6)
a€A

The main result concerning such defined pair of mappings is stated in the fol-
lowing proposition.

Proposition 2.4. The pair (1,]) forms a Galois connection between P(B) and
HaeA E(“)'
Proof. We prove that 1(X) > ¢ if and only if X C |(g) for all X C B and all
g€ HaEA ﬁ(a).

Since T(X) > g if and only if T(X) (a) > g(a) for all a € A, according to the
Definition (2.5) of the map 1 and expression (2.4) we obtain

Va € A,1(X)(a) = /\ R(b,a) > g(a) iff Vae AVbe X, R(b,a) > g(a).
beX

Due to the definition (2.6) of the map |, this is equivalent to
XC{beB:Vac A, gla) < R(b,a)} = (g). O

The result of this proposition allows to define generalized one-sided concept
lattices. Let (B,A,E,R) be a generalized one-sided formal context. Denote by
C(B,A,ﬁ,R) the set of all pairs (X,g), X C B, g € [[,c4 £(a) which form fixed
points of the Galois connection (1, ), i.e., satisfying

H(X) =g and I(g) = X.

In this case the ordered pair (X, g) is said to be a concept, the set X is usually
referred as extent and ¢ as intent of the concept (X, g).
Further we define partial order on the set C(B VAL, R) as follows:

(thl) S (Xg,gg) lff X1 g X2 lﬁ g1 Z ga. (27)
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{a,b,c.d}
(0,0.2,0,0.3,0,0,0.1,0.0)

{b.c} {a,b,d}
(1,0.6,0,0.6,0,0,0.5,0.0) (0,0.2,0,0.3,0,0,0.1,0.3)

{b} {a.d}
(1,0.6,0,0.6,0,1,0.5,0.3) (0,0.2,0,0.3,1,0,0.1,0.5)

/

{c} {a}
(1,1.0,0,0.7,0,0,0.5,0.0) (0,0.2,1,0.3,1,0,0.1,0.5)

{1
(1,1.0,1,1.0,1,1,1.0,1.0)

Figure 1: Generalized one-sided concept lattice

Proposition 2.5. The set C(B,A,[,,R) with the partial order defined by (2.7)
forms a complete lattice, where

A Xig) = (N Xt (Ve) and \(Xig) = (10U X0, A o)

icl icl icl icl icl icl
for each family (X;, g;)icr of elements from C(B, A, L, R).

Proof of this proposition is based on the fact that any Galois connection be-
tween complete lattices induces dually isomorphic closure systems (see [13]). Con-
sequently, this dual isomorphism maps infima on the one side onto suprema in a
closure system on the other side and vice versa.

Remark that the algorithm for generation of generalized one-sided concept lat-
tices can be found in [7] or [8].

The Hasse diagram of the generalized one-sided concept lattice determined by
Table 1 is shown on Figure 1. Let us remark that we denote the elements of direct
product as ordered tuples, as it is common in lattice theory.

3. On relationship between incidence relations and
generalized one-sided concept lattices

In this section we present our results concerning incidence relations and correspond-

ing one-sided concept lattices. We also describe the order structure of the set of

all mappings involving in some Galois connection between power set and the direct
product of complete lattices. Firstly, we show that the correspondence

generalized one-sided context > generalized one-sided concept lattice
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is injective or equivalently one-to-one. We already know how to define generalized
one-sided lattice from given formal context. However, there is an interesting theo-
retical question, whether different formal contexts yield different one-sided concept
lattices. The positive answer means that not only formal context fully characterizes
generalized one-sided context, but the converse is also true, i.e., given generalized
one-sided concept lattice fully determines formal context. Hence, generalized one-
sided concept lattice contains all information about object-attribute model.

We recall the definition of injective mapping. A mapping f : A — B is said to
be injective (one-to-one) if

x #y implies f(x) # f(y)

Evidently, this condition is equivalent to the condition f(x) = f(y) implies z = y.

In what follows, we will consider that the set of objects B is fixed, as well as the
set of all attributes A (together with truth value structures £(a)). Consider that
we have two generalized one-sided formal contexts (B, A, £, Ry) and (B, A, L, Rs).
The corresponding concept lattices are denoted by C7 = C(B, A L, Rl) and Cy =
C(B, AL, Ry).

Theorem 3.1. The correspondence (B, A, L, R) — C(B, AL, R), which assign to
each generalized one-sided formal context the corresponding generalized one-sided
concept lattice is injective.

Proof. We prove this theorem in two steps. Firstly we show that the correspondence
(B, A, L,R) — (1,{), which maps formal context onto the Galois connection given
by (2.5) and (2.6) respectively, is injective. Next we show that the correspondence
(4 — C(B,A,E,R), which maps Galois connection to the concept lattice is
injective too. Since the composition of two injective mappings is injective, this will
satisfy to prove our result.

Suppose that incidence Ry and Ry differ, i.e., there exist b € B, a € A such
that Ry(b,a) # Ra(b,a). Note, that we will recognize the corresponding Galois
connection by subscript. According to the definition (2.5) of mapping 1 we obtain:

1) = N Rt ,a) = Ri(ba) # Ra(b,a) = [\ Ra(V,a) = 1,({b}).

b e{b} b e{b}

This equation shows that we have found one-element subset {b} with 1, ({b}) #
15({b}) and consequently (11,}1) # (T2,42). Hence, the first correspondence be-
tween formal contexts and Galois connections is injective.

Further, assume that C; = Cs, i.e., that the generalized one-sided concept
lattices equal. This means that the sets of fixed points coincide, i.e., for all X C B
and g € [[,c4 £(a) it holds

T (X)=gand |,(9) =X iff 15(X)=gandly(9) =X (3.1)

Let X C B be an arbitrary subset. From the property (2.2) of Galois connec-
tions we have 1,(X) = 1, ({1 (11(X))), thus ordered pair ({1 (1;(X)),1;(X)) forms
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a fixed point of Galois connection (11,l1). Then, due to condition (3.1) we obtain
that J2(1,(X)) = L1(11(X)). Consequently, we have X C |;(1,(X)) = J2(1,(X))
which yields the first half of the condition (c) of the Definition 2.2.

Similarly, using (2.2) we obtain for each element g € [[,.4 £(A) the pair
(d2(9); T2(J2(g)) forms fixed point of (T4,),). Again, due to condition (3.1) we
obtain 15(12(9)) = T1({2(9)), which yields g < 15(12(9)) = T1({2(g)). Since the
mappings T; and |, are order reversing, we have proved that the pair (14,ls)
forms Galois connection. Now using the fact that dual adjoint is unique, we obtain
T1 = T2 and |; = |5, which completes the proof. O

It was proved in [7] that for any Galois connection (®, ¥) between P(B) and
[I,ca £(a) there exists a generalized formal context (B, A, £, R) that T = ® and
J = U. Hence the correspondence between formal contexts and generalized one-
sided concept lattices is surjective, too. Since we have shown that it is injective,
in fact this correspondence is bijective. Using this fact we can prove the following
theorem about number of all concept lattices.

Theorem 3.2. Let B # () be set of objects, A = {ai,az,...,an} be set of at-
tributes. Denote by n = |B| number of objects and for alli =1,...,m denote by
n; = |L(a;)| the cardinality of the complete lattice L(a;). Then there is ([T~ ni)"
generalized one-sided concept lattices.

Proof. There is a bijection between set of all generalized incidence relations and
one-sided concept lattices, thus it is sufficient to count all generalized incidence
relations. For each object b and each attribute a the value R(b,a) can obtain
n; = |L(a;)| values. Since we have n objects, there is n;™ possibilities for columns
in data table (which represents incidence relation). Together we have

m
nlnnznnm":(nnl)”
i=1

possibilities to define incidence relation. O

This result generalizes the similar assertion for classical concept lattices. Sup-
pose there is given a formal context (B, A, I). If we have n objects and m attributes,
then there is 2™ concept lattices. Any classical concept lattice can be character-
ized as generalized one-sided concept lattice by setting £(a) = 2 (2 = {0, 1} denotes
two-element chain) and R(b,a) = 1 if and only if (b,a) € I (see [14] for details).
Hence applying the result of Theorem 3.2 we obtain []/~, 2" = (27)™ = 2™,

Similarly, if one will consider £(a;) = L for all i = 1,...,m, than generalized
one-sided concept lattices, represent one-sided concept lattices. Hence, applying
Theorem 3.2 we obtain that there is [}, |L|" = |L|™™ different one-sided concept
lattices.

Next we show that formal contexts also characterize order properties of the
Galois connections between power sets and complete lattices. Firstly we prove the
following lemma, concerning the closure property of Galois connections. Let L and
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M be complete lattices. Denote by Gal(L, M) the set of all ¢: L — M such that
there exists ¥: M — L dually adjoint to ¢.

Lemma 3.3. Let L, M be complete lattices. The set Gal(L, M) forms a closure
system in complete lattice M©.

Proof. We show that the set Gal(L, M) is closed under arbitrary infima. Let {¢; :
i € I} C Gal(L, M) be an arbitrary system. Denote by ¢ = A,.; ¢;. In this case
o(x) = N;cr ¢(x) for all z € L. In order to prove that ¢ € Gal(L, M) we show that
there is a dual adjoint : M — L. Define ) = A, ; ¥; where v; is dually adjoint
to ¢; for all 7 € I.

Let x1,z2 € L be elements such that x; < x5. Since p;(x1) > ;(x2) for all
i € I, we obtain

o(r1) = N\ gile) > N wi(z2) = p(w2).
i€l iel

Similarly, for all y1,ys € M condition y; < yo implies ¥ (y2) > ¥ (y1).

Finally, we show that x < ¥ (p(z)) for all z € L. Let j € I be an arbitrary
index. Then for all z € L we have

z < (i () <9 ( )\ o)),

iel

since ; is order reversing and @;(z) > A,c; @i(z). This yields

< Noi( N\ wi@) = N\ i(e(@) = ¢ (p(@)).

jeI el jerI
In similar way, one can prove y < (1 (y)) for all y € M. O

Since Gal(L, M) forms a closure system in complete lattice M*, it forms com-
plete lattice too. In this case meets in Gal(L, M) coincide with the meets in M T,
but this is not valid for joins in general. In particular, if (p; : ¢ € I} C Gal(L, M)
then

sup{yp; :i €I} = /\{(p e€Gal(L,M):p> \/api}
iel
where the symbols /\ and \/ denote operations of meet and join in MT.

Let us note that Gal(L, M) and Gal(M, L) forms isomorphic posets. This follows
from the fact that the correspondence ¢ — 1 where 1 denotes the dual adjoint
of ¢ is bijective. Moreover it is order preserving in both directions. Suppose
v1(z) < pa(x) for all z € L. Let y € M be an arbitrary element. Then y <
e1(¥1(y)) < pa(11(y)) and according to the condition (2.1) it follows 14 (y) <
¥2(y). The opposite implication can be proved analogously, hence p; < 5 if and
only if 1 < ts.

Further assume that B, A # () and £: A — CL are fixed. In order to describe
the structure of the lattice Gal(P(B),][],c4 £(a)) we denote by R(B, A, L) the
set of all relations R such that (B, A, £, R) forms generalized one-sided formal
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context. Obviously the set R(B, A, L) forms complete lattice. In this case, if
{R; :i € I} is a system of relations, then relation R where R(b,a) = \,c; Ri(b,a)
(R(b,a) = \/,c; Ri(b,a) ) corresponds to the infimum (supremum).

Theorem 3.4. The lattice Gal(P(B),][],c 4 £(a)) is isomorphic to the lattice of
all incidence relations R(B, A, L).

Proof. Define F': R(B, A, L) — Gal(P(B),[[,c4 £(a)) for all R € R(B, A, L) by
F(R) = 1y, where 15 is defined by (2.5). As we already know, the mapping F' is
bijective. We show, that it also preserves the lattice operations, i.e., F(R1 A Rg) =
F(Rl) A F(RQ) and F(Rl \Y Rg) = Sup{F(Rl),F(Rg)}

Let X C B be any subset and a € A be an arbitrary element. Then we obtain

TRl/\R'z (X)(CL) = /\ (Rl(b, a) A Rg(b, a)) =

beX

= A\ Ri(b,a) A\ Ra(b,a) =1, (X)(a) A 15, (X)(a),
beX beX
Hence the mapping F' preserves meets.

In order to prove that F' preserves joins, we use the fact that the mapping F’
is surjective, i.e., for any Galois connection (¢,v) between P(B) and [],. 4 £(a)
there is some relation R with ¢ =15 and ¥ = | 5.

Let ¢ € Gal(P(B),]],c4 £(a)) be a mapping satisfying ¢ > 15, ,Tx,. Then
¢ = 1p for some R € R(B, A, L) and for all b € B and a € A we obtain

p({b})(a) = Tr({b}))(a) = /\ R(b,a) = R(b,a).
b’e{b}

Since p({b}) > 1T, ({0}), Tr, ({b}) for all b € B we have R(b,a) > Ri(b,a)V Ry (b, a)
for all b € B and a € A. This yields

P(X)(@) = 1p(X)(@) = A Rb.a) > A (Ba(b.a) v Ra(b,0)) = 1,y (X)(a)

beX beX

for all X € B and for all @ € A. Obviously g, g, is the upper bound of
Tg, and Tx, and we have shown that it is in fact the least upper bound of 15,
and 1p,. Hence in the lattice Gal(P(B),[[,c4 £(a)) the assertion F(Ry V Rp) =
sup{F(Ry), F(R2)} is valid. O
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Abstract

In this paper, we define the bi-periodic incomplete Fibonacci sequences,
we study some recurrence relations linked to them, some properties of these
numbers and their generating functions. In the case a = k = b , we obtain
the incomplete k-Fibonacci numbers. If a = 1 = b, we have the incomplete
Fibonacci numbers.

Keywords: bi-periodic incomplete Fibonacci sequence, bi-periodic Fibonacci
sequence, generating function
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1. Introduction

Fibonacci numbers and their generalizations have many interesting properties and
applications to almost every field of science and art [10]. The Fibonacci numbers
F,, are defined by the recurrence relation

.F():O, F1:]., Fn+1:Fn+Fn,1,n>l.

There exist a lot of properties about Fibonacci numbers. In particular, there is a
beautiful combinatorial identity

S ("7 (L)

=0

*The author was partially supported by Universidad Sergio Arboleda.
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for Fibonacci numbers [10].
In analogy with (1.1), Filipponi [6] introduced the incomplete Fibonacci num-
bers F),(s) and the incomplete Lucas numbers L, (s). They are defined by

Fn(s):i<n_;_j> (n:1,2,37...;0<s< {"QIJ)

and

Ln(s)inij<”jj> (n:1,2,3,...;0§5§ {%J)

=0

Further in [11], generating functions of the incomplete Fibonacci and Lucas num-
bers are determined. In [2] Djordevi¢ gave the incomplete generalized Fibonacci
and Lucas numbers. In [3] Djordevi¢ and Srivastava defined incomplete gener-
alized Jacobsthal and Jacobsthal-Lucas numbers. In [15] the authors define the
incomplete Fibonacci and Lucas p-numbers. Also the authors define the incom-
plete bivariate Fibonacci and Lucas p-polynomials in [16]. In [13] we introduce
the incomplete k-Fibonacci and k-Lucas numbers and in [12] we study incomplete
h(xz)—Fibonacci and h(z)—Lucas polynomials.

On the other hand, many kinds of generalizations of Fibonacci numbers have
been presented in the literature. In particular, a generalization is the bi-periodic
Fibonacci sequence [4]. For any two nonzero real numbers a and b, the bi-periodic
Fibonacci sequence, say {q,}22, is determined by:

agn-1+ qn-2, if n =0 (mod 2);

. nz2. (1.2)
bGn—1+ qn-2, if n=1 (mod 2);

q0:0> 111:1a Qn{

These numbers have been studied in several papers; see [1, 4, 5, 8, 9, 17]. In [17],
the explicit formula to bi-periodic Fibonacci numbers is

¢n = as* 1) Lnisj (" B Z B 1) (@)L= ], (1.3)

. (3
=0

where {(n) =n —2|3], i.e.,, {(n) = 0 when n is even and {(n) = 1 when n is odd.
From equation (1.3) we introduce the bi-periodic incomplete Fibonacci numbers
and we obtain new recurrent relations, new identities and generating functions.

2. Bi-Periodic Incomplete Fibonacci Sequence

Definition 2.1. For n > 1, the bi-periodic incomplete Fibonacci numbers are
defined as

l .
_ E(n—l) n—l—l Ln;lJ_i << ’I’L-l 2 1
) =003 (" @t osi< [P e
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For a = b, ¢,(I) = F,é,n, we get incomplete k-Fibonacci numbers [13]. If a =
b = 1, we obtained incomplete Fibonacci numbers [6]. In Table 1, some values of
bi-periodic incomplete k-Fibonacci numbers are provided, with a = 3 and b = 2.

n/l 0 1 2 3 4 5 6

1 1

2 3

3 6 7

4 18 24

5 36 54 55

6 108 180 189

7 216 396 432 433

8 648 1296 1476 1488

9 1296 2808 3348 3408 3409

10 3888 9072 11340 11700 11715

11 7776 19440 25488 26748 26838 26839

12 23328 62208 85536 91584 92214 92232

13 46656 132192 190512 208656 211176 211302 211303
14 139968 | 419904 633744 711504 725112 726120 726141
15 | 279936 886464 1399680 | 1613520 | 1658880 | 1663416 | 1663584
16 | 839808 | 2799360 | 4618944 | 5474304 | 5688144 | 5715360 | 5716872

Table 1: Numbers g, (1), for 1 <n < 16, and a = 3,b =2

Some special cases of (2.1) are

ag("fl)(ab)LnT_lJ; (n>1) (2.2)

Qn(o) -

4a(1) = S D (@)LT 4 0D (- 2)(ah) T (n23) (23)
n—1

qnq 5 D:qn; (n>1) (2.4)
n=31\_ Jeg. "%, ifn=0 (mod?2);

qn({ 2 J>_{qnl, ifn=1 (mod 2); nz s (2:5)

2.1. Some recurrence properties of the numbers g, (1)
Proposition 2.2. The non-linear recurrence relation of the bi-periodic incomplete

Fibonacci numbers gy, (1) is

w(l), fn=0 d 2); -2

Qni2(l+1) = )+ D) Z,fn (mod 2) 0<i< 22 (26)
)+ (), f n=1 (mod 2); 2

The relation (2.6) can be transformed into the non-homogeneous recurrence relation

_ ) agn () +an(l) - a(nflfl)(ab)LnT_lJ_la ifn=0 (mod 2);
dntall) = {b%+1(l) +qn(l) — (nifll)(ab)t%lkla ifn=1 (mod 2). 21)
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Proof. If n is even, then |%]
right-hand side of (2.6) as

I+1 . l .
“ (aam 3 (” - 2) (ab)L"J—i> faeD Y (“ —i 1)(0}))["21]—1'
7 2
=0
l+1 +1 . )

_ £t Z K”—l> (:‘_—fﬂ (ab)wu) gD (_”1> (ab) 2]

1=0
+1
a5<n+1>2<“ Z“) (ab)L 2= g

1=0
= qn+2(l +1).

|22 ] + 1. Use the Definition 2.1 to rewrite the

If n is odd, the proof is analogous. On the other hand, equation (2.7) is clear from
(2.6). In fact, if n is even

Gni2(l) = agqni1(l) + qu(l = 1) = agn1(1) + @u (1) + (gu(l = 1) — gn (1))

—1-1 no1
= G'Q7L+1(l) + qn(l) — G,(n ! )(ab) LTJ*Z.

If n is odd, the proof is analogous. O

Proposition 2.3. One has

5 ite(n ité(n —s—1

> <S) g1+ )al R o gs), 0<i< % (2.8)
1

1=0

Proof. (By induction on s.) The sum (2.8) clearly holds for s = 0 and s = 1 (see
(2.6)). Now suppose that the result is true for all j < s + 1, we prove it for s+ 1.
If n is even, then

s+1

1 it1 i
Z (s—: >qn+i(l+i)aL;JbbJ

=0

s+1 s . )
:Z [(2) + <¢_ 1” Gni(l+i)al T pla]

=0

s+1 i s+1 . |

)qn+s+1(l + s+ Dal= 1pl="

S
= (4n sl
Q+2(+3)+<8+1
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1=—1

= gnt2s(l + 3) +O+az< >qn+z+1(l+z+ Dalzlpl 5] (_Sl>qn(l)aL5Jb°

=0

= qnias(l+s +az ( )qn+z+1(l +i+ l)aL%JbLi+TIJ +0
=0

= qnaos(l + 8) + agniost1(l+ s+ 1)
= qnt2st+2(l +s+1).

If n is odd, the proof is analogous. O
Proposition 2.4. Forn > 2]+ 2,

s—1

s—&(n+1) it€&(n) s=€&(n) it&(n+1)
Yl e e e i b s S PRNE)!
=0

= Gt ((4+1) = FTTE g (4 1). (29)

Proof. (By induction on s.) Sum (2.9) clearly holds for s = 1 (see (2.6)). Now
suppose that the result is true for all ¢ < s. We prove it for s. If n is even, then

D 21T ol e PR ()

=0
s—1
= ZaL%J*L%Jbt%kvzlj%ﬂ(l) + qnts(1)
i=0
s—1 ) )
— b+ pE(s) Z al= I=Lalplsl =l g (1) + guas (D)

=0
= aE(S+1)bE(S) (Qn+s+1 (l + 1) - GL%JbL%JQn-H(l + 1)) + Qn-i-s(l)
_ <a5(8+1)b£(8)qn+5+1(l +1)+ qn+s(l)) — STV @+ g (14 1)
= (ag(s+1)b§(S)Qn+s+l(l + 1) + Qn+s(l)) - aLSg2JbLS;1JQn+1(l =+ 1)

= Qn+s+2(l + ]-) - GL#JbL%JQn+1(l + 1)
If n is odd, the proof is analogous. O

Following proposition shows the sum of the nth row of the array in Table 1.
Proposition 2.5. One has
L%J —1—1 -1 .
> an(l) = (1 +1)ga (1) — at" Z < )(ab)l’z =i (2.10)

=0
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Proof. Let h = L J then

Z%L = +QR(1)+ +qn(h)

gt <" —(1) - 0> (ab)*
[
+af D K ; 0) ab)h+---+(n_]11_h)(ab)h_h}
ol

(h+1) < 0> (ab)h+h(nil)(ab)h1+

. (n 7}}71 h) (ab)h—h:|

=0
n; 1 J

(1) S (”‘3”)(@5)’14

+a(n 1)

=0
L=t y
= (h+1) gu(l) —a*"~V Lij z(" _2,1 N ’) (ab)" . O

3. Generating function of the bi-periodic incomplete
Fibonacci numbers

In this section, we give the generating functions of bi-periodic incomplete Fibonacci
numbers.

Lemma 3.1. Let {s,},—, be a complex sequence satisfying the following non-
homogeneous and non-linear recurrence relation:

(n> 1), (3.1)

as$p—1+ Sp—2 +ar,, ifn=1 (mod 2);
Sp =
' bsp—1+ Sp—2+ sp—1, fn=0 (mod 2);

where a and b are complex numbers and {rn}f;o s a giwen complex sequence. Then
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the generating function U(t) of the sequence {s,}, is

aG(t) +so — 1o + (s1 —asp —ar)t + (b—a)tf(t) + (1 — a)R(t)
1—at—¢ ’

U(t) = (3.2)
where G(t) denotes the generating function of {r,},— . f(t) denotes the generat-
ing function of {sant1},., and R(t) denotes the generating function of {ran},— -
Moreover,

atR(t) +a(l —t3)R'(t) + (s1 — a(r1 + o))t + (a(so + 1) — s1)t3

f(#) = 1— (ab+2)2 + 14 » (3:3)

where R'(t) denotes the generating function of {ran—1},- ;.

Proof. We begin with the formal power series representation of the generating
function for {s,} —, and {r,},—,

U(t) = s + s1t + s9t% + -+ st + -+,
G(t) =ro+rit+rat? + -+ rpth 4+

Note that,

atU(t) = asot + asyt? + asot® + -+ aspttT 4o
tQU(t) = 50t2 Tosyt3 ot e s tF T ,

and,
aG(t) = arg + arit + arot® + -+ arpt® + - -
Since sopt1 = asop + Sok—1 + aroky1, we get

(1 —at —t)U(t) — aG(t)

= (sg—arg) + (s1 —a(so+ 7))t + Z (Som — @S2m—1 — Sam—2 — GT2m) t2m,

m=1
Since sop, = bsop_1 + Sop_2 + 1ok, we get

(1 —at —t)U(t) — aG(t)

= (so—aro) + (51— a(so + 1))t + > _ (b= a)szm—1 + (1 — a)rapm) "

m=1
= (so—aro) + (51— a(so + 1))t + (b— )t B som 1™ '+ (1—a) Y ropmt™™
m=1 m=1

= (sp—arg) + (s1 —a(so+r))t+(b—a)tf(t)+ (1 —a)R(t) — (1 —a)rg
=(sg—10)+ (s1 —a(so+7r))t+ (b—a)tf(t)+ (1 —a)R(t).
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Then equation (3.2) is clear.
On the other hand,

S2m—1 = AS2m—2 + S2m—3 + AT2m—1
= a(bsam—3 + S2m—4 + Tom—2) + Som—3 + aram_1
= (ab + 1)82m,3 + asom_4q4 + CL(T‘Qm,Q =+ T‘Qm,l)
= (ab+ 1)s2m—3 + S2m—3 — S2m—5 — aT2m—3 + a(r2m—2 + ram—1)

= (ab+ 2)s2m—3 — Sam—5 + a(—T2m—3 + rom—2 + ram—1).

Then

(1— (ab+2)t* +tYf(t) — atR(t) + a(t* — 1) R'(t)

= (51 —a(ro + 1))t + (53 — (ab+2)s; — ary + a(ry — r3))t>

(o)
+ ) (s2m-1 — (ab + 2)s2m_3 + S2m—5 — Ar2m 2
m=3

+ a(ram—3 — Tom—1))t°" !

= (51— a(ro + 1))t + (s3 — (ab + 2)s1 — ary + a(ry — r3))t3

= (51 —a(ro + 1))t + (a(so +r1) — s1)t3.
Therefore equation (3.3) is obtained. O

Theorem 3.2. The generating function of the bi-periodic incomplete Fibonacci
numbers g, (1) is given by

Qut) = a()t’ (3.4)
i=0
_ aG(t) + i1 + (qaie2 — agaui1)t + (b — a)tf(t) + (1 — a)R(¢) (35)
1—at—t2 ’ '
where
1 £ —1/2 t* —1/2
22t aqgo 1—22t3 atR(t al—tQR’t
£ty = 2+ + (agai+ 1(1l(-;b)+;->t2+(t4)+ ( VR (t) (3.7)
and
1 t? t?
R(t) = D) ((1 ~ (ab)172t)H1 T 1+ (ab)1/2t)l+1> ’ (3-8)

o 1 t2 t2
R(t) = " 2(ab)1/2 ((1 — (ab)/2t) 1 (1 + (ab)1/2t)l+1) : (3.9)
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Proof. Let | be a fixed positive integer. From (2.1) and (2.7), ¢,(I) = 0 for 0 <
n <2041, gu41(l) = qu+1, and goi42(1) = gai42, and

an(l) = {“‘J"l(l) + uoa(l) —a("" ) (@) i n =0 (mod 2);

(3.10)

n—3

bGn—1(1) + gn—2(1) — ("_ll_g) (ab)l* =717t ifn=1 (mod 2).

Now let

50 = qa41(0) = qaiy1, 81 = qa2(l) = g2141, and

Sn = Qnt21+1(1).

Also let

n+l—2 w
To—rl—()andrn—< ne )(ab)sz 1.

The generating function of the sequence {—r,} is

t? ~1/2
el () )

1 t? —1/2
G(t)z—( (1+ (ab) />+W

2 \ (1 = (ab)'/2t)+1
See [14, p. 355] and bisection generating functions [7]. Thus, from Lemma 3.1, we
get the generating function Q;(t) of sequence {g,(1)},~. O

4. Conclusion

In this paper, we introduce the notion of bi-periodic incomplete Fibonacci numbers,
and we obtain new identities. An open question is to evaluate the right sum in
Proposition 2.5. On the other hand, in [9], authors introduced the bi-periodic
Lucas numbers. They are defined by the recurrence relation

app—1+ pn—2, fn=0 (mod 2);

. n>=2  (41)
bpn—1 + Pn—s2, ifn=1 (mod 2);

pO:27 p1:17 pn:{

It would be interesting to study the bi-periodic incomplete Lucas numbers and
research their properties.

Acknowledgements. The author thanks the anonymous referee for his careful
reading of the manuscript and his fruitful comments and suggestions.
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Abstract

We consider two general classes of second-order linear recurrent sequences
and the polynomials whose coefficients belong to a sequence in either of these
classes. We show for each such sequence {a;};>o that the polynomial f(z) =
> a;x’ always has the smallest possible number of real zeros, that is,
none when the degree is even and one when the degree is odd. Among the
sequences then for which this is true are the Motzkin, Riordan, Schréder, and
Delannoy numbers.

Keywords: zeros of polynomials, Motzkin number, Schréder number

MSC: 11C08, 13B25

1. Introduction

Garth, Mills, and Mitchell [3] considered the Fibonacci coefficient polynomial
pn(r) = Fia"™ + Fea™ ' + .- + F,x + F,11 and showed that it has no real ze-
ros if n is even and exactly one real zero if n is odd. Later, Matyas [5, 6] ex-
tended this result to polynomials whose coeflicients are given by more general
second order recurrences (having constant coefficients), and Matyas and Szalay
[7] showed the same holds true for the Tribonacci coefficient polynomials g, (z) =
Tox™ + Ty 1 + - + Thi1x + Thyo. The latter result has been extended to
k-Fibonacci polynomials by Mansour and Shattuck [4].

In the apparent absence of a general criterion for determining when a polyno-
mial having real coefficients has the smallest possible number of real zeros, one
might wonder as to what other sequences a; for which this result holds true for

93



94 M. Shattuck

the polynomial f(z) = Y1 ,a;a’. Here, we consider this question for sequences
belonging to two general classes and show that it holds in all cases. Among the
sequences belonging to these classes are the Motzkin [9], Riordan [1], Schroder [2],
and Delannoy [10].

We note that the sequences under consideration in the current paper are all
given by second order linear recurrences, but with variable instead of constant
coefficients. Thus, instead of multiplying f(x) by a characteristic polynomial to
obtain another polynomial whose coeflicients are mostly zero (as was done in [3] and
in subsequent papers in the case when a; = F; for all ), we first apply a different
linear operator to f, namely, one that is of a first-order differential nature. This
yields a differential equation for f which can then be used to express it in an
integral form that we find more convenient.

Recall that the Motzkin numbers m,, and the Riordan numbers r, are given by

(n+2)mp, = 2n+ )my—1 +3(n— 1)my_a, n>2,
with mg = my = 1, and by
(n+1)r, =(n—1)2rn_1 +3rn_2), n> 2,

with 79 = 1 and 7y = 0. See entries A001006 and A005043 in OEIS [§].
Recall that the (little) Schroder numbers s,, and the (central) Delannoy numbers
d, are given by

(n+1)sp, =32n —1)sp_1 — (1 — 2)Sp_2, n> 2
with sg = s; = 1, and by
nd, =32n —1)dp,—1 — (n — 1)dy—a, n>2,

with dy = 1 and dy = 3. See entries A001003 and A001850 in [§].
We will prove the following result in the next two sections.

Theorem 1.1. If a; denotes any one of the sequences m;, ri, S;, or d;, then the
polynomial f(z) = Z?:o a;x*, n > 2, has no real zeros if n is even and one real
zero if n is odd.

The first two parts of Theorem 1.1 are shown in the next section as special cases of
a more general result, while the last two parts are shown in a comparable manner
in the third section.

2. Motzkin family polynomials
Let u,, n > 0, denote the sequence defined by the recurrence

(n+a)u, = (2(n — 1) + b)uy—1 + 3(n — uy_a, n>2 (2.1)
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with the initial values ug = 1 and u; = ¢, where a, b, and ¢ are constants. Note
that u,, reduces to the Motzkin sequence when a = 2, b = 3, ¢ = 1 and to the
Riordan sequence when a =1, b =c = 0. Let

We will need the following integral representation of f,(x).

Lemma 2.1. If -1 <z <0, then

xT

) =i | [ st v i) | (22)

o

where —1 < x, < 0 is any fixed number,

1—3a+b

J@) = Je|" (L) 5 (1= 32)
and
hp(z) =a+ (14+a)c—b)x — (n+a+ Duppr2™™ — (3n + 3)u,z™ 2.
Proof. Let f = f,(x). By the recurrence (2.1), we have

of +af — 2202 f —bxf — 323 f — 322 f

n+1 n+1
—Zzuw —i—aZuw —22 i— Du;_qa’ —quz Lzt
n+2 n+2

—SZ (i — 2)u;_ox” _32% ozt
a+ ((1 +a)e—b)x — ((Qn + b)Yty + 301y, 1)x™ T — (3n + 3)u, "2
Zn: [(i + a)u; — (2(i — 1) + b)u;—1 — 3(i — 1)u;_o] 2
=2
=a+((1+a)c—b)x—(n+1+a)up12™ — (3n + 3)u,z" T2

where the prime denotes differentiation. The final equality may be rewritten in the

form
, a— br — 322 hy(x)

LG g Y s R LG e s s s e

where h,(x) is as given. Note that, by partial fractions, we have

(2.3)

a — bx — 322 _g+3—a—b_3—9a+3b
r(1+2)(1-3z) =z 4(1+2)  4(1—-3z)’




96 M. Shattuck

which gives the antiderivative

a — bm — 31’2 3—a—b 1—3a+b
do =1 ( al] 4|5 = 7)
/x(l—i—m)(l—i’)x) @ = log {Jol*[L | e ]1 = af T

Formula (2.2) now follows from solving the first order linear differential equation
(2.3) on the open interval (—1,0) by the usual method. O

In the next two lemmas, we assume that the constants a, b, and ¢ used in

defining u,, are non-negative real numbers such that a < b+ 1 and ¢ < a%:_l.

Lemma 2.2. If n > 2 is even, then the polynomial f,(z) = Y. ,u;x’ has no
zeros on the interval (—oo, —1].

Proof. First note that fa(—1) > 0 if and only if a + 5 > (a — b)e. The latter
inequality clearly holds if a —b < 0. It also holds if a — b > 0, since in this case we

have
(a—b)b a?
<

a+1 ~ 4(a+1)
Let ky(z) = fn(—x). Observe that

(a —b)c< <a+5.

k2($):17U11'+UQ1'2>0, x>1,

since k2(1) > 0 and

(2b—a+2)c+6 S (b+1c+6 S

0.
a+2 - a+2

ky(z) = 2usx — ug > 2ug —uy =

Using recurrence (2.1) and the assumption a—b < 1, one can show by induction
that w,, > u,_q1 if n > 4. If x > 1, then

wl3

kn(if) = (1 —u1x + U2$2) + (U2ix2i _ u2i71$2i_1)

%

no

vzl

> (1 —urxr + ’U,QJ?Q) + (U,Qi — ’U,Qi_l)JCQiil > 0,
2

%

being the sum of positive terms, whence f,,(x) > 0 for z < —1. O

Lemma 2.3. Ifn > 3 is odd and f,(—1) > 0, then f,(z) has exactly one negative
zero.

Proof. Let k,(x) = fn(—2), x > 0. Note that as in the previous proof, we have
Uy, > Up—1 if n > 3, with equality possible only when n = 3. Therefore, if 0 < x < 1,
we have

241 2% _ 2 2 .
U4 1T — U™’ = ugi 127 (x — 1) + 27" (ugi1 — u2i) < Uip1 — Ui, 12> 1,
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which implies for n > 3 odd that

> (Uo — Uy + ug — U3) + Z(UQZ — u2i+1) = kn(l) > 0.
=2

Thus, k,(z) >0if 0 <2 < 1.
If z > 1, then

n—1

2
K (z) = —uy + Y (2iugir® ' — (20 + Dugip12”) <0,
=1

since 2iug; < (2¢ + 1)ugiyq for ¢ > 1. Then k,(z) has one zero for x > 1 since
kn(1) > 0 and k], (z) < 0, which implies f,(z) has one negative real zero. O

We now prove the main result of this section.

Theorem 2.4. Suppose a, b, and ¢ are non-negative real numbers such that a <
b+1andc < ﬁ. If n > 2, then the polynomial f,,(z) = > i u;z’ has no real
zeros if n is even and one real zero if n is odd.

Proof. Clearly, f,(z) has no positive zeros since it has non-negative coefficients.
First suppose n is even. By Lemma 2.2, we may restrict our attention to the case
—1 <z < 0. By Lemma 2.1, we have

folz) = j(x)*lan(m), —l1<x<0, (2.4)
where
an(x):/m&+j(xo)fn(xo), —-l<z<0,

Zo

Zo € (—1,0) is fixed, and j(z), hy(z) are as above. By (2.4), to complete the proof
in the even case, it suffices to show that a,,(z) > 0 for —1 < z < 0 as j(z) > 0 on
this interval. Since ay,(x) = j(z)fn(x), with £,(0), f,,(=1) > 0, we first see that
ap(z) > 0 for all z sufficiently close to either —1 or 0.

When n is even, note that the polynomial h,(z) has one negative zero, by
Descartes’ rule of signs and the assumption ¢ < a%:l Since h,(0) > 0, we must
have either (i) h,(z) > 0if =1 < 2 < 0, or (ii) hy(z) > 0if r < z < 0 and
hn(z) <0if =1 <z < r, for some r € (—1,0). Note that

J(x)hn(x)
14+ z)(1-3x)’

/

-1 <x<0.

(07
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If (i) occurs, then o, (x) < 0, which implies a,,(z) > 0 for —1 < & < 0, since it is
positive for all  sufficiently close to either endpoint of this interval. If (ii) occurs,
then o, (z) > 0 for —1 < 2 < r and o (z) < 0 for r < z < 0, which again implies
anp(x) > 0 for —1 < & < 0, since in this case the minimum value of a,(z) on the
interval is achieved as x approaches one of the endpoints.

Now suppose n is odd. We’ll show in this case that f, () possesses exactly one
negative zero. By Lemma 2.3, we may assume f,(—1) < 0. Note that f,(—1) <0
implies f,(x) < 0 for all x < —1 since f] (z) > 0if z < —1 and n is odd. Thus, we
may again restrict attention to when —1 < < 0, and we’ll show in this case that
ay (), and thus f,(z), possesses exactly one zero. Note first that «,, () is positive
for all x near zero and negative for all « near —1 since f,,(0) > 0 and f,(—1) < 0.

We claim that h,,(z) must possess at least one zero on the interval (—1,0) when
a > 0. Suppose that this is not the case. By Descartes’ rule and the assumption
c < TL’ the polynomial h,(z) when n is odd has either two negative zeros or
none at all. Then h,(0) > 0 and lim,_,_ hy(z) = oo would imply h,(z) > 0
if -1 < 2 < 0 and thus o}, (z) < 0. But this would contradict the fact that
ap () is negative for « near —1 and positive for  near 0. Thus, hy(z) possesses
two negative zeros and at least one of these zeros lies in the interval (—1,0) when
a > 0. Therefore, we must have either (a) h,(z) > 0if r <z < 0 and h,(z) < 0 if
—1 <z <rforsome —1 <r <0, or (b) hy(z) >0if -1 <z <rors<uz<0,
with hy,(z) <0if r <z < s for some —1 <r < s <0.

If (a) occurs, then a,,(z) initially increases going to the right from x = —1 and
crosses the z-axis before it decreases in its approach to = 0 from the left. If (b)
occurs, then a,,(z) traces out a similar curve in going from = = —1 to = 0 except
that it initially decreases some from its negative value near x = —1 before it starts
to increase. In each case, we see that a,,(z), and thus f,(z), possesses exactly one
zero for —1 < 2 < 0 when a > 0.

If a = 0, then a similar argument applies if ¢ < b. If a = 0 and ¢ = b, then h,,(x)
possesses exactly one negative zero, which we will denote by ¢. Note that h,,(z) < 0
ift <z <0and hy(z) > 0if z < ¢ since hy,(0) = 0 and lim,_, o hy(x) = co. If
t < —1, then hy,(z) < 0 on (—1,0) and thus o, (z) is increasing on (—1,0), which
implies it has a single zero there. If —1 < ¢ < 0, then «;,(z) is decreasing on (—1,¢t)
and increasing on (¢, 0), which yields the same conclusion. This completes the odd
case and the proof. O

Taking a = 2,b = 3,c =1 and a = 1,b = ¢ = 0 in the prior theorem gives
the first two parts of Theorem 1.1 above concerning the Motzkin and the Riordan
sequences.

3. Schroder family polynomials

Let v,,, n > 0, denote the sequence defined by the recurrence

(n+a)v, =32n—1)vp—1 — (N — 24 b)vy_a, n>2, (3.1)
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with the initial values vo = 1 and v; = ¢, where a, b, and ¢ are constants. Note
that v, reduces to the (little) Schroder sequence when a = 1,b = 0,¢ = 1 and to
the (central) Delannoy sequence when a = 0,b = 1,c = 3. Let

n
gn(z) = Zvia}i, n > 0.
=0

We will need the following integral representation of g, (z).

Lemma 3.1. Ifx <0, then

gn(‘r) :j(‘r)il /zmdt+j(xo)gn(xo) ) (32)

o

where x, < 0 is any fired number,

3(atb—1)

—a —3-2v2\ **
'ZE:xal—GCC—F%z bz Ii
J(x) = [z]*( ) (x_3+2\/§

and
ho(z) =a+ (14 a)c—3)x — (n+a+ Dvygp 2™ + (n + b)v,a™ 2.
Proof. Let g = gn(x). By (3.1), we have

zg' + ag — 62%¢ — 3xg + 23¢' + ba’g
=a+ ((1+a)c—3)z—(32n+ v, — (n—1+Db)v,_1)z" ™ + (n + b)v,z" 2

+ ) 16+ a)vi — 3(2i — Doioy + (i — 2+ b)vi_o] 2’
i=2
=a+((1+a)c—3)z—(n+1+a)v, 12" + (n+ b)v,z" 2.
This may be rewritten in the form

a — 3x + ba? B (22)

2(1—6s+27) x2)g"(x) = o162 122 x <0, (3.3)

g () +

where h,(x) is as given. Note that, by partial fractions, we have

a — 3z + bx? a (b—a)(x—3)

r(1—6x+22) 2z 1—6x+ a2

+3(a+b1)< 1 - 1 )
4+/2 r—3-2V/2 z-3+2v2)’
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which gives the antiderivative

3(atb—1)

4v2

r—3-—2v2
T —3+2V2

a — 3x + ba? 2 bza
— < dx =1 “1 -
/x(1—6a:+x2) = =log | [al"|1 =6z +a7| =

Formula (3.2) now follows from solving (3.3) for z < 0 by the usual method. [

Theorem 3.2. Suppose a, b, and ¢ satisfy 0 < a < 2,0 < b < 7—a, and
1<ce< %H If n > 2, then the polynomial g, (x) = > 1, vz’ has no real zeros if
n is even and one real zero if n is odd.

Proof. Using (3.1) and the assumptions ¢ > 1 and a + b < 7, one can show by

induction that v, > v,_1 for all n > 1, with equality possible only when n =1 or

n = 2. Then g,(x) clearly has no positive zeros since it has positive coefficients.
Suppose n is even. If z < —1, then

n

2
gn(x) =1+ Z$2i_1(1}2i_1 + vg;x) > 0,

=1

so we may restrict attention to the case —1 < z < 0. By Lemma 3.1, we have

gn(x) = j(x) " Bu(x), <0, (3.4)
where

j(t)hn (T )

Bn(x) = / Mdt + i (x0)gn (o), x <0,
T,

Z, is a fixed negative number, and j(z), h,(z) are as stated in this lemma.

Since j(z) > 0 for z < 0, to complete the proof in the even case, it suffices
to show that B,(x) > 0 for z < 0, by (3.4). Since S,(z) = j(x)gn(z), with
9n(0), gn(—1) > 0, we see that B, (z) > 0 for x = —1 and all x sufficiently close to
0. Next observe that

= — 0
Bul=) (1 — 6x + 22)’ =
and that h,(z) > 0 if x < 0 for n even, by the assumption ¢ < ai“ Thus

Bl(z) < 0, which implies 3,,(x) > 0 for —1 < x < 0, since it is positive at z = —1
and for all x near 0. This completes the even case.

Now suppose n is odd. We’ll show in this case that g, (z) possesses exactly one
negative zero. Note first that g,(—1) < 0, which implies g,(x) < 0 for all z < —1
since g, (z) > 0 if z < —1 and n is odd. To complete the proof, we will show that
Bn(x), and thus g, (x), possesses exactly one zero on the interval (—1,0). Observe
that 3, (x) is positive for all = sufficiently close to zero and that 8, (—1) < 0 since
gn(0) > 0 and g,(—1) < 0.
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By Descartes’ rule, the polynomial h,(x) has one negative zero when n is odd
and a > 0. Reasoning as in the proof of Theorem 2.4 above then shows that this
zero must belong to the interval (—1,0). Since h,(0) > 0, it must be the case that
hn(z) > 0if r < 2 < 0and h,(z) < 0if =1 < 2 < r for some —1 < r < 0.
Reasoning now as in the proof of Theorem 2.4 shows that 3, (z), and thus g, (z),
possesses exactly one zero on the interval (—1,0) when a > 0. A similar argument
applies to the case when a = 0 and ¢ < 3. If ¢ = 0 and ¢ = 3, then h,(z) < 0 if
x < 0, which implies f,,(z) is increasing on (—1,0) and thus has one zero there.
This completes the odd case and the proof. O

Taking a = 1,0 = 0,c =1 and a = 0,b = 1,¢ = 3 in the prior theorem gives
the last two parts of Theorem 1.1 above concerning the Schréder and Delannoy
sequences.
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Abstract

As an application of Faulhaber’s theorem on sums of powers of integers
and the associated Faulhaber polynomials, in this article we provide the solu-
tion to the following two questions: (1) when is the average of sums of powers
of integers itself a sum of the first n integers raised to a power? and (2), when
is the average of sums of powers of integers itself a sum of the first n integers
raised to a power, times the sum of the first n squares? In addition to this,
we derive a family of recursion formulae for the Bernoulli numbers.

Keywords: sums of powers of integers, Faulhaber polynomials, matrix inver-
sion, Bernoulli numbers

MSC: 11C08, 11B68
1. Introduction

Recently Pfaff [1] investigated the solutions of the equation

ST T LI S
Zi:l ;’Zzzl — (ZZ> , (1.1)

i=1

for positive integers a, b, and ¢, and found that the only solution (a,b,c) to (1.1)
with a # b is (5,7,4) (the remaining solutions being the trivial one (1,1,1) and
the well-known solution (3,3,2)). Furthermore, Pfaff provided some necessary

105
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conditions for

m—1

noay noocay n i n o\
Zz:l ¢ + Zz:l ¢ + + Z'L:l ¢ _ (Z Z) ) (12)
=1

to hold. Specifically, by assuming that a1 < a2 <+ < apmep_1 < @p—p = -+ =
am—1 (with a, ag, ..., a,, positive integers), Pfaff showed that any solution to (1.2)

must fulfil the condition
p Gm

m—1 2am—1’
There are infinitely many solutions to (1.3). For example, for a,, = 8, the set of
solutions to (1.3) is given by (am,,p,m — 1) = (8,p, 16p), with p > 1. However,
as Pfaff himself pointed out [1], it is not known if any given solution to (1.3) also
yields a solution to (1.2), so that solving this problem for m > 3 will require some
other approach. In this article we show that, for any given value of a,, > 1, there is
indeed a unique solution to equation (1.2), on the understanding that the fraction
—L~ is given in its lowest terms. Interestingly, this is done by exploiting the
properties of the coefficients of the so-called Faulhaber polynomials [2, 3, 4, 5, 6].
Although there exist more direct ways to arrive at the solution of equation (1.2)
(for example, by means of the binomial theorem or by mathematical induction),
our pedagogical approach here will serve to introduce the (relatively lesser known)
topic of the Faulhaber polynomials to a broad audience.
In addition to the equation (1.2) considered by Pfaff, we also give the solution
to the closely related equation

Z;L: 171 + Zzl: 792 ... Z;ﬂ: §am—1 n . n ' am
1 T I (ve) (i) aw
=1

i=1

(1.3)

where now a,, > 0. Obviously, for a,, = 0, we have the trivial solution a; = as =

- = Q-1 = 2. In general, it turns out that all the powers aj,as,...,a,—1 on
the left-hand side of (1.4) must be even integers, whereas those appearing in the
left-hand side of (1.2) must be odd integers. This is a straightforward consequence
of the following theorem.

2. Faulhaber’s theorem on sums of powers of inte-
gers

Let us denote by S, the sum of the first n positive integers each raised to the integer
power r > 0, S, = > | i". The key ingredient in our discussion is an old result
concerning the S,’s which can be traced back to Johann Faulhaber (1580-1635),
an early German algebraist who was a close friend of both Johannes Kepler and
René Descartes. Faulhaber discovered that, for even powers r = 2k (k > 1), So
can be put in the form

Sop = S5 [F) + FV 8y + BV S2 4. 4 2R gh-1], (2.1)
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whereas, for odd powers r = 2k + 1 (k > 1), Sog+1 can be expressed as
Sopir = 52 [F()(2k+1) +F1(2k+1)51 +F2(2k+1)5% +~-~+F,§2_’“1+1)Sf*1}, (2.2)

where {Fj(%)} and {F;2k+1)}, j=0,1,... k—1, are sets of numerical coefficients.
Equations (2.1) and (2.2) can be rewritten in compact form as

Sop = SeFPR(8)),
Sopt1 = SEEEHD (8, (2.4)

where both F(?*)(S}) and F(*+1)(S}) are polynomials in S; of degree k—1. Follow-
ing Edwards [2] we refer to them as Faulhaber polynomials and, by extension, we

call Fj(%) and Fj(%ﬂ) the Faulhaber coeflicients. Next we quote the first instances
of So and Sopy1 in Faulhaber form as

Sy = 8o,
Ss = S%,
Si= 5[~ 1 +85),
Ss = Si[— 5+ 351],
So = Sa[} - $51 + 1253,
Sr=St[3— 35 +251],
Sy =Sy —1+85 — 857+ 857,
Sg=S87[— 2+ 225, — 487 + 853],
[
[

Note that, from the expressions for S5 and S7, we quickly get that # = St
Let us now write the equations (1.2) and (1.4) using the notation S, for the
sums of powers of integers,

Sal S¢12 Sa —1 a
D00 T Dy g, (2.5)

m—1

and Say 4 Say + -+ 8
e tnl = S8 (2.6)

m—1
Since S; =n(n+1)/2 and Sy = (2n+1)51/3, from (2.1) and (2.2) we retrieve the
well-known result that S, is a polynomial in n of degree r + 1. From this result, it
in turn follows that the maximum index a,,—; on the left-hand side of (2.5) is given
by am-_1 = 2a, — 1, a condition already established in [1]. In fact, in order for
equation (2.5) to hold, it is necessary that all the indices a1, ag, . .., aym—1 appearing
in the left-hand side of (2.5) be odd integers. To see this, suppose on the contrary
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that one of the indices is even, say a;. Then, from (2.3) and (2.4), the left-hand
side of (2.5) can be expressed as follows:

SQF(aj)(Sl) + S%P(S&)
m—1

L(S1,5:) =

)

where F(%)(S)) and P(S;) are polynomials in S;. On the other hand, for nonneg-
ative integers w and v, it is clear that S35} # Sy irrespective of the values of u
and v, as S35} (S7) is a polynomial in n of odd (even) degree. This means that
S, F(@3)(S1) cannot be reduced to a polynomial in S; from which we conclude, in
particular, that L(Sy,Sa2) # S{™.

Similarly, using (2.3) and (2.4) it can be seen that, in order for equation (2.6)
to hold, all the indices aj,as,...,an—1 in the left-hand side of (2.6) have to be
even integers, the maximum index a,,_1 being given by a,,—1 = 2a,, + 2.

3. Faulhaber’s coefficients

The sets of coefficients {F j(%)} and {F j(%ﬂ)} satisfy several remarkable proper-
ties, a number of which will be described below. As it happens with the binomial
coeflicients and the Pascal triangle, the properties of the Faulhaber coefficients are
better appreciated and explored when they are arranged in a triangular array. In

Table 1 we have displayed the set {Fj(%H)} for k = 1,2,...,10, while the corre-

sponding coefficients {Fj(%)} (also for k =1,2,...,10) are given in Table 2. The
numeric arrays in Tables 1 and 2 also can be viewed as lower triangular matrices,
with the rows being labelled by k and the columns by j. The following list of prop-
erties of the Faulhaber coefficients are readily verified for the coefficients shown in
Tables 1 and 2. They are, however, completely general.

1. The Faulhaber coefficients are nonzero rational numbers.

2. The entries in a row have alternating signs, the sign of the leading coefficient
(which is situated on the main diagonal) being positive.

3. The sum of the entries in a row is equal to unity, Z;:é Fj(%ﬂ)

k—1 2k
Sy FPY =1

4. The entries on the main diagonal are given by Flgz_klﬂ) = kQ—:l and F,EQ_kl) =
k—1

%7 and the entries in the j = 0 column are FéQkH) = 2(2k + 1)Ba, and

Fo(zk) = 6By, where By denotes the 2k-th Bernoulli number. Furthermore,

the entries in the j = 1 column are connected to those in the j = 0 column

by the simple relations F1(2k+1) = 74F0(2k+1) = —8(2k + 1) By, and F1(2k) =

—6F*") = —36Bay.
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K\j| 0 1 2 3 4 5 6 7 8 9

1 1

1 4
2] -3 3
3 3 -2 2

_3 12 _ 16

4 5 5 4 5
5 5 _20 34 _32 16

3 3 3 3 3
6 | _s691 2764 _ 944 4592 _80 64

105 105 21 105 3 7
7| 3  -u40 HE TR 48 —64 16
§ | 8617 14468 4948 24304  _ 9376 1408  _ 448 256

15 15 3 15 9 3 3 9
g | 43867 175468 1500334 _ 210656 45264  _ 144512 6944 _ 1024 256

21 21 105 15 5 35 5 3 5

1222277 4889108 _ 5016584 24655472 _ 3180688 11776 1024
10 |—==% = — a3 65 -~ a3 44096  —15040 —5— —768 7
Table 1: The set of coefficients {F]-(2k+l)} for 1 <k < 10.
. . 2k+1 2k
5. There exists a relation between F j( ) and F j( ), namely,
2k+1 2(2k +1 2k .
gk _ 2@k + 1) o ) i=0,1,... . k—1. (3.1)

J 3(j+2)

This formula allows us to obtain the k-th row in Table 1 from the k-th row
in Table 2, and vice versa.

. The entries F,g2_kg+1), F,gz_k;_l), ceey FO(%H) within the k-th row in Table 1 can
be successively obtained by the rule
q .
o k+1—3 (2k+1)
E 97 R — 1<g<k-1 2
7=0 <2Q+1_2¢7) k_]_l 0’ B q_ ’ (3 )

given the initial condition F,g%l“) = 2

= EFf1-
the coefficients F,Ei’?tll), one gets the corresponding rule for the entries in the

k-th row in Table 2.

By applying the bijection (3.1) to

For any given k£ > 3, and for each j =0,1,...,k — 3, we have

Xk:odd(r) (ff) F =, (3.3)

where odd(r) restricts the summation to odd values of r, i.e., odd(r) = 1(0)
for odd (even) r. Similarly, by applying the bijection (3.1) to the coef-

ficients Fj(%_r), it can be seen that, for any given & > 1 and for each
ji=0,1,...,k—1,
k+1
k+2 _r
Zeven(r) (r I 1) (2k +3 — 'I")Fj(2k+2 ) —, (3.4)
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E\j| 0 1 2 3 4 5 6 78 9
1 1
1 6
2] -3 5
1 6 12
31 7 —7 7
1 6 8 8
4 -3 5 —3 3
51 5 _30 68 _ 80 48
i1 11 11 11 i1
6 691 4146 _ 1888 328 _ 240 96
455 455 91 13 13 13
(|rooce g o m g
g | 3617 21702 _ 9896 12152 _ 9376 4928  _ 1792 384
85 85 17 17 17 17 7 17
g | 43867 _ 263202 3000668 _ 105328 407376 _ 216768 83328 _ 4608 768
133 133 665 19 665 95 95 19 19
10 | _ 174611 1047666 _ 10033168 12327736 _ 454384 .0, _ 60160 17664 _ 3840 512
55 55 231 231 i1 7 7 77
Table 2: The set of coefficients {Fj(%)} for 1 <k <10.
where even(r) = 1(0) for even (odd) r picks out the even power terms.
Informally, we may call the property embodied in equations (3.3) and (3.4) the
sum-to-zero column property, as the coefficients Fj(%_r) [F](2k+2_r)] entering
the summation in (3.3) [(3.4)] pertain to a given column j. This is to be
distinguished from the sum-to-zero row property in equation (3.2), where the
coefficients F’ ,Ezfjtll) belong to a given row k.
8. For completeness, next we write down the explicit formula for FPFD which

was originally obtained in [7, Section 12]. Adapting the notation in [7] to
ours, we have that

g2 WA o5 o\ fok 41
FERHD — (_q)d Bok—or 3.5
j ( )j—|—2§ j+1 2 1) 2 (3:3)

for j = 0,1,...,k — 1, and where |j/2| denotes the floor function of j/2,
namely the largest integer not greater than j/2. The set of coefficients { F’ j(%)}
can then be found through relation (3.1). We shall use relation (3.5) in
Section 6 to derive a family of recursion formulae for the Bernoulli numbers.

4. Averaging sums of powers of integers

Interestingly enough, the sum-to-zero column property in equations (3.3) and (3.4)
provides the solution to the problem of averaging sums of powers of integers in
equations (2.5) and (2.6). For the sake of brevity, next we focus on the connection
between (3.3) and (2.5). An analogous reasoning can be made to establish the link
between (3.4) and (2.6). To grasp the meaning of equation (3.3), consider a concrete
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example where kK = 7. Then the column index j takes the values j = 0,1, 2, 3,4,
and (3.3) gives rise to the following five equalities:

R+ QR + QR+ QR =0

(F+ R+ QFY+ F) =0
OE+OEY+ OB+ (OB =0
OF" + (" + (R =0
(1)F4(13) + (3)F4(11) =0.

For a reason that will become clear in just a moment, we add to this list of equalities
a last one to include the value of ( )F( %) , namely, (I) F5(13) = 26, Furthermore, we
multiply the first equality by S, the second equality by S1, the third equality by
S?, and so on, that is,

F3(9)Sf =0
F{Mst =0
)ES 53 = 2655,

Now we can see that the sum of the entries in the first column is just (I) times

the Faulhaber polynomial F(*3)(S}), the sum of the entries in the second column
s (Z) times F(11)(S)), the sum of the third column is (g) times F(®)(S), and the
sum of the fourth column is (;) times F(7)(S;). Then we have

(DFEDS) + () FH(S) + () FO(51) + (7)) FT(S1) = 2°87.
Next we multiply both sides of this equation by S? and divide them by 26. Thus,
taking into account (2.4), we finally obtain
(7)57 + (5)So + (3) 11 + (1) S13
26
Since (D + (;) + (g) + (;) = 26 the identity (4.1) constitutes the solution to (2.5)
for the particular case a,, = 7. In this case we have that —F5 = T, in accordance

265
with condition (1.3).
In general, for an arbitrary exponent a,, > 1, the solution to equation (2.5) is

given by
2221 Odd(?“) (a;n)s2am—r
2a7n_1

=97 (4.1)

e (4.2)

A few comments are in order concerning the solution in (4.2). In the first place,
by the constructive procedure we have used to obtain the solution (4.1) for the
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case a,;, = 7, it should be clear that the solution (4.2) is unique for each a,, > 1,
the quotient —P= characterizing the solution being determined (when expressed

in lowest terms) by the relation 5 = %=, Secondly, for odd (even) a,, the

numerator of (4.2) involves %=tl (4m) different sums S; with j being an odd
integer ranging in a,, < j < 2a,, — 1 (@ +1 < j < 2a,, — 1). Furthermore, the
binomial coefficients fulfil the identity Y™ odd(r) (“m) = 2%»~!, thus ensuring
that the overall number of terms appearing in the numerator of (4.2) equals 2¢=~1.

For example, for a,, = 3, from (4.2) we get the solution 943% = §3 which
was also found in [1]. For a,, = 4, noting that —2~ = 2 = 1 we get the solution
% = 5% which, as we saw, corresponds to the one denoted as (a,b,c) = (5,7,4)
in [1]. More sophisticated examples are, for instance,

Sg + 36511 + 126513 + 84515 + 9517

Q9
256 =9

and

1
3075 (2921 + 28553 + 3876555 + 19380857 + 4199055

+ 41990831 + 19380533 4 3876535 + 285557 + 5539) = S7°.

On the other hand, starting with equation (3.4) and making an analysis similar
to that leading to equation (4.2), one can deduce the following general solution to
equation (2.6), namely,

— 1+2 ?:S‘l eVen(r) (a;n++12) (2am + 3 — T)SQQm-&-Q—r .
m 3 2a — SQSlm- (43)

Now, for each a,, > 0, the quotient —£< characterizing the solution (4.3) turns

P _ 2apm+3
out to be o = Zmte,

involves “’"TH (%= + 1) different sums S; with j being an even integer ranging in
am+1<j<2a,+2 (am+2<j<2a,+2). Moreover, the following identity
holds

Further, for odd (even) a,,, the numerator of (4.3)

am+1 a4+ 2
Z even(r)( ;n+ 1 )(Zam +3—7r)=3-2%(a,, +2),

and then the overall number of terms in the numerator of (4.3) is 3 - 2%. For
example, for a,, = 17, from equation (4.3) we find

303216 (18 + 189520 + 4692555 + 35700554 + 107406524

+ 140998555 + 82212550 + 20196535 + 1785534 + 37S36) = 5251

Finally we note that, by combining (4.2) and (4.3), we obtain the double identity
(with a,, > 1):
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(am) ‘92 S2am —r
T

1 %t a4 2
r+1

= 2% (a, + 2)S,50".

(@ +2) ) odd(r)

r=1

)(Qam + 3 - T)Sgam_;,_g_r

5. Matrix inversion

It is worth pointing out that, for any given a,,, we can equally obtain S7™ (S257™)
by inverting the corresponding triangular matrix formed by the Faulhaber coeffi-
cients in Table 1 (Table 2). This method was originally introduced by Edwards [3]
(see also [2]) to obtain the Faulhaber coefficients themselves by inverting a matrix
related to Pascal’s triangle. As a concrete example illustrating this fact, consider
the equation (2.2) written in matrix format up to k = 6:

S 1 0 0 0 0 0 S?
Ss -1 3 0 0 0 o0]]s}
Sz i -3 2 0o 0 o0]]st
So| | -2 2 4 8 o ol]|s (5-1)
9 5 5 5 1
S I T T N
Sis _ 691 2764 _ 944 4592 _ 80 64 S7
105 105 21 105 3 7 1

Let us call the square matrix of (5.1) F. Clearly, F is invertible since all the
elements in its main diagonal are nonzero. Then, to evaluate the column vector on
the right of (5.1), we pre-multiply by the inverse matrix of F on both sides of (5.1)
to get

S? 1 0 0 0 0 O S
S3 13 0 0 0 0 Ss
i 0 3 3 0 0 0 Sz
s lo L 2 2 0 oS
S¢ o0 2 32 2 0|5
ST 0 0 & & B ) \Ss

from which we obtain the powers SZ, 53,57, ..

power sums S3, S5, S7, . .

., expressed in terms of the odd
.. Of course the resulting formula for S] agrees with that

in equation (4.1). Conversely, by inverting the matrix F~1 we get the corresponding
Faulhaber coefficients. Note that the elements of F~1 are nonnegative, and that
the sum of the elements in each of the rows is equal to one. In fact, the row
elements of F~1 are given by the corresponding coefficients (a;”) /2%~ appearing
in the left-hand side of (4.2).
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Similarly, writting the equation (2.1) in matrix format up to k& = 6, we have

So 1 0 0 0 0 0 So
Sy -+ ¢ 0 0 0 0|]58:%
Se i -5 L2 0 0 0 |]s5.92
— | -1 ¢ _8 8 3 (5.2)
Sg L8 85 0 0 |]S5s
5 30 68 80 48 4
S10 SE A VAN S s N s SN U I [T
691 4146 1888 328 240 96 5
S1z T 455 455 o1 13 T 13 13 5257

Let us call the square matrix of (5.2) G. Then, pre-multiplying both sides of (5.2)
by the inverse matrix of G, we obtain

So 1 0 0 0 0 O So
S35, 2 0 0 0 0 Sy
2 5 7
SQSl _ O 12 12 O 0 O SG
3| = 1 7 3 J
5957 0 57 3 5 0 0 Ss
4 75 11
SQSI 0 0 18 3 18 0 510
5 1 9 55 13
from which we can determine Sy times the powers S, 5%, 55, ..., in terms of the
even power sums So, S4,Ss,... . Likewise, we can see that the elements of G™1

are nonnegative and that the sum of the elements in each row is equal to one.

In view of this example, it is clear that the formulae (4.2) and (4.3) can be
regarded as a rule for calculating the inverse of the triangular matrices in Tables 1
and 2, respectively. Moreover, the uniqueness of the solutions in (4.2) and (4.3)
follows ultimately from the uniqueness of the inverse of such triangular matrices.

6. A family of recursion formulae for the Bernoulli
numbers

As a last important remark we note that the sum-to-zero column property allows
us to derive a family of recursive relationships for the Bernoulli numbers. Consider

initially the equation (3.3) for the column index j = 0. So, recalling that Fézkﬂ) =
2(2k + 1) Bak, we will have (for odd r) that FO(%_T) = 2(2k — r)Baog—_—1, and then
equation (3.3) becomes (for j = 0)

k
> odd(r) (f) (2k — 7)Boj—_r_1 = 0, (6.1)

which holds for any given k& > 3. For example, for k = 13, from (6.1) we obtain

Bis +90B14 4+ 935B1¢ + 2508 B1g + 207985y 4 506 B22 + 25824 = 0,
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and so, knowing Bis, B4, B1g, B1s, Bag, and By, we can get Bgy. On the other
hand, from equation (3.5) we obtain

F(2k+1) . (Qk +1) [303% + k(2k — 1)sz—2]7

from which we in turn deduce that, for odd 7,

- 2k —
F2(2k T) _ 40(2k' _ T)BQk—r—l + 4( ; 7"> BQk,—r—S.

Therefore, recalling (6.1), from equation (3.3) with j = 2 we obtain the recurrence

relation i
k\ [2k —
> odd(r) (T) < ; 7’) Bojr_5 = 0, (6.2)
r=1

which holds for any given k > 5. On the other hand, from equation (3.5) we obtain

FEHD - (Qk; + 1) [3780Bay, 4 210k(2k — 1) Baj—2
+ k(k — 1)(2k — 1)(2k — 3) By _4],

from which we in turn deduce that, for odd r,

. 2%k —r 32 (2k —
F(2k ) — 1344(2]{3—7’)B2k- r— 1+224( 3 )ng r—3+ — 3 < 5 T>ng_7n_5.

Thus, taking into account (6.1) and (6.2), we see that, for j = 4, equation (3.3)
yields the recurrence relation

;klodd(r) (f) (2’“ - 7’) Bty =0, (6.3)

which holds for any given k > 7. The pattern is now clear. Indeed, by assuming
(2k—r)
(for odd r) is of the form

that Fzs
2k: r) T
Zf@k )<2 +1>BQk r—2¢—1,
q=0

with the fy (Zk=r)og being nonzero rational coeflicients, from equation (3.3) one read-
ily gets the following general recurrence relation for the Bernoulli numbers:

Ek: odd(r) (f) @]z; I) Boj—r_9s_1 = 0, (6.4)

r=1

which holds for any given k > 2s+3, with s = 0,1,2,.... Formulae (6.1), (6.2), and
(6.3) are particular cases of the recurrence (6.4) for s = 0,1, and 2, respectively.
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Similarly, starting from equation (3.4), it can be shown that

k+1
k+2\ (2k+3—r
ZGVQH(T) (7’ 4 1) ( 25 + 1 )BQJC+2T28 = 07 (65)

which holds for any given k£ > 2s + 1, with s = 0,1,2,.... It is easy to see that
relations (6.4) and (6.5) are equivalent to each other. Moreover, we note that the
recurrence (6.4) is essentially equivalent to the one given in [8, Theorem 1.1].

7. Conclusion

In this article we have tackled the problem of averaging sums of powers of integers
as considered by Pfaff [1]. For this purpose, we have expressed the S,’s in the
Faulhaber form and then we have used certain properties of the coefficients of the
Faulhaber polynomials. Indeed, as we have seen, the sum-to-zero column property
in equations (3.3) and (3.4) constitutes the skeleton of the solutions displayed in
(4.2) and (4.3). It is to be noted, on the other hand, that the formulae (4.2) and
(4.3) can be obtained in a more straightforward way by a proper application of the
binomial theorem (for a derivation of the counterpart to the formulae (4.2) and (4.3)
using this method, see [5, Subsections 3.2 and 3.3]). Furthermore, a demonstration
by mathematical induction of the identities in (4.2) and (4.3) (although expressed
in a somewhat different manner) already appeared in [9].

We believe, however, that our approach here is worthwhile since it introduces an
important topic concerning the sums of powers of integers that may not be widely
known, namely, the Faulhaber theorem and the associated Faulhaber polynomials.
We invite the interested reader to prove some of the properties listed above, and
to pursue the subject further [3, 4, 5, 6, 10, 11, 12].
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Abstract

The aim of this paper is to solve the linear recurrence relation
Tntl = A0Tn + A1Tp—1 + -+ An—121 + an®o, n=0,1,2,...,

when its constant coefficients are in arithmetic, respective geometric progres-
sion. Rather surprising, when the coefficients are in arithmetic progression,
the solution is a sequence of certain generalized Fibonacci numbers, but not
of usual Fibonacci numbers, while if they are in geometric progression the
solution is again a geometric progression, with different ratio. In both cases
the solution will be found by generating function method. Alternatively, in
the first case it will be obtained by reduction to a generalized Fibonacci
equation and in the second case by mathematical induction. Finally, the
case is considered when both the coefficients and solutions form geometric
progressions with generalized Fibonacci numbers as terms. The paper has a
didactical purpose, being intended to familiarize the students with the usual
procedures for solving linear recurrence relations. Another algebraic, differ-
ential and integral recurrence relations were considered by the author in the
papers cited in the references.

Keywords: linear recurrence relations, arithmetic and geometric progressions,
generalized Fibonacci numbers.
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1. Introduction

In this paper we apply the usual methods for solving linear recurrence relations
with constant coefficients of special form - progressions. The method of charac-
teristic equation, of generating function and of mathematical induction are used.
The relationship between the considered relations and the generalized Fibonacci
numbers is also specified. The numbers considered in this paper are complex. We
remember that one calls generalized Fibonacci numbers or Horadam numbers (see
[5, 6, 7]) of orders o and 8, the numbers z,, n = 0,1,2,..., satisfying the gen-
eralized Fibonacci recurrence relation x,41 = ax, + fr,—1, n = 1,2,..., with
arbitrary initial data xo and z;. If @« = 8 = 1, hence when the numbers x,, sat-
isfy the usual Fibonacci recurrence relation x,11 = T, + ,_1, these numbers are
called Fibonacci type numbers. Particularly, when the initial data are xo = 0 and
x1 = 1, the usual Fibonacci numbers are obtained. When the coefficients of the
linear recurrence relation of order n are in arithmetic progression, then its solutions
are generalized Fibonacci numbers of certain orders. When the coefficients are in
geometric progression, then the solutions are also in such a progression. In the final
Section, this last situation is particularly considered when both the coefficients and
solutions are generalized Fibonacci numbers. Aspects of the theory of recurrence
relations and Fibonacci numbers can be found in the works listed in References.

2. Linear recurrence relations with coefficients in
arithmetic progression

Theorem 2.1. The numbers x,, are solutions of the linear recurrence relation with
the coefficients in arithmetic progression

Tnt1 = aZp+(a+7)Tn_1+ -+ (a+(n—1)r)z1+(a+nr)re, n=0,1,2,..., (2.1)

with initial data xg, if and only if they are the generalized Fibonacci numbers given
by the Binet type formula
xo

ra= [N - G- aN T i1 (22
A1 — A2

where
a+2++va?+4r

: (2.3)

b=a’+a+r, Al =

Proof. (By reduction to a generalized Fibonacci recurrence relation) We suppose
that the numbers z,, satisfy the recurrence relation (2.1). Then we have x; = ax,
ro = bxy and

Tp+1 — Tp = ATp +rTp_1 +7rTp—9+ -+ 121+ 120,

Ty — Tp—1] = ATp—1 +TTp_o + -+ 1T + I,
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(Tnt1 — 2n) — (Tp — 1) = axy + (r — a)xp—1.
Denoting ¢ = a — r, one obtains the generalized Fibonacci recurrence relation
Tnt1 = (a+2)x, — (c+ Dxp_1, n=2,3,.... (2.4)

This equation has the solution x,, = C1 A7 + C1 Ay, where A; 5 are the roots, given
by (2.3), of the characteristic equation A2 — (a + 2)A +c+ 1 = 0. The initial
conditions z1 = Ci A1 + Coly = axg and x9 = C’l)\% + Cy\% = bxy give C12 =
iJ?()(b — a)\271)

A2(A1 = A2)
the formula (2.2). O

, hence the solutions of the recurrence relation (2.1) are given by

Remark. The linear recurrence relation (2.4) fails for n = 1 and therefore its
initial conditions are x; and x5 instead of xg and x7.

Proof. (By generating function method) Working with formal series, we denote by
X (t) = 327y xnt™, the generating function of the sequence x,,. Then the recur-
rence relation (2.1) takes the form Y00 @, 418" =500 (S (a+kr)x, it
Using the formula for the product of two power series, one obtains

(o) o0 (o)
X(t)—mo=t Z(a + nr)t" Z xat" =t Z(a + nr)t" X (t).
n=0 n=0 n=0

Because

(oo}

. o . i i o 1 i 1 _ a—ct
Z(a+nr)t —a;t +Tt;dt(t )_al—t+rtdt(1—t)_ 1—1)2

n=0

t(a — ct)

we have X (t) — z9 = =02

X (t). One obtains

zo(t —1)2 @ xzo((r — )t + ¢)
(c+ D)2 —(a+2)t+1 c+1  erlt—t)(t—ts)

X(t) =

1 1
where t; = " and to = 3, are the roots of the equation (c+1)t2—(a+2)t+1 = 0,
1 2

the numbers A; 2 been given by the relation (2.3). We have

X(1) = o n o (r—c)tl—l—c_(r—c)tg—l—c
C+1 (C+1)2(t1 7t2) t*tl t*tz
_x0 n o c)\l—i—r—cic)\g—i—r—c
M MM — A2) 1— A\t 1— Aot

Zo xo © 0
— + cA +r—c A — (e +r—c AT
A1 g Az (A1 — A2) [( 1 ) Z 1 ( 2 )Z 2 }

n=0 n=0
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i) > -
=20+ —"— (e +T7—¢C ATt — (g +7 —¢ AGt™ .
0 )\1>\2(>\1—>\2){( ' );1 (e ); ’ }

Therefore the coeflicients of the generating function X (¢) are given by the relation

_ xo(chi +7r —¢) xo(cha + 1 —¢)

Ty = At Nl n=1,2,....
Ao(A1—Ag) ! MM —Ag) 7P
A - >\ _
Taking into account the identities % =b—alXg and % =b—ali,
2 1
from the above expression of z,, one obtains formula (2.2). O

Proof. (Reciprocal) If the sequence x,, is given by formula (2.2), it satisfies the
recurrence relation (2.4). Indeed, using (2.2) and the relation A? =(a+2)\;—(c+
1), j = 1,2, which results by the definition of the numbers A 2, one obtain

Zo
A — Ao
[(b—aXa) A} — (b — ar) Ay

(a+2)zy — (c+1)xp_1 = (a+2) [(b - a)\g))\’f71 - (- a)\l)Agfl] —

Lo
A1 — Ao
= (b ar)[(a+ 2N — (e + D]AT-
A1 = A2
%o
A1 — Ao
x
" _OAQ [(b—aX)AT — (b= ad)AS] = Ty, n=1,2,....
Now we prove by induction that the sequence x,, given by (2.2) satisfies the recur-
rence relation (2.1). We first show that (2.1) is satisfied for n = 0,1,2. Indeed,
from (2.2) it follows

—(c+1)

(b—aXi)[(a+2)A — (c+ 1)|A572

Xz
T = N _0)\2(b—a)\2 —b+a)) = axyg,
2= —2[(b—ara)A — (b— ari)Aa] = b
M — A
= (a®> + a+7)x0 = azxy + (a+ 1)z,
25 = —2[(b—ar) A2 — (b— ar;)AZ]
M — A
X
= 0 [b(A2 =A%) — ahida(A1 — Ao)]
M — A

= X9 [b()\l + )\2) — a)\l)\g] = X9 [b(a + 2) — CL(C + 1)]
=abzo +z0[2(a* +a+7)—a(l+a—r)]
= aze + zo(a® + ar +a+2r) = avy + (a +r)zy + (a + 2r) 0.

For a fixed index n > 2, we suppose that the formula (2.1) is true when k& < n,

hence we have
k

Th1 = Z(a +(k—=j)r)z;, k<n. (2.5)
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Using (2.4) and (2.5), one obtains
Tpto = (a+2)Tnt1 — (c+ Dy

=(@+2))) (a+(n—-FkK)r xk—c—i—lz T)T_1
k=0 k=1

M:

(a+ (n—k)r)[(a+2)zg — (c+ Dag_1] + (a+2)(a+ (n — 1)r)az1+

o~
[l
[NV}

+ (a+2)(a+nr)zg— (c+ 1)(a+ (n—1)r)ze = Z(a + (n—k)r)zps+
k=2

(a+2)(a+ (n—1)r)zo + ala+ nr)ze+

(a+nr)xg+ (r—a—1)(a+ (n—1)r)zg

I
SR

(a+ (n—Fk)r)xgsr + (a+ (n—1)r)ze + (a +nr)x; + (a+ (n+ 1))z

3 =
+ |l
= N

(a+ (n+1—k)r)zg,

x>
[}

hence formula (2.1) is true for the index n + 1. According to the induction axiom,
(2.1) is true for any natural number n. O

Remarks. 1) The sequence of usual Fibonacci numbers can not be solution of
the equation (2.1). Indeed, for this would be that a+2 = —-c—-1=r—a—1=
1, for the equation (2.4) to reduce to well-known Fibonacci recurrence relation
Tp41 = Tp + Tp—1 and to have the initial conditions z; = axg = 1 and z9 = bzy =
(a®> + a+r)xg = 1. But these conditions are contradictory, leading to the false
equality zp =1 = —

2) An arithmetic progression z,, cannot be solution of the equation (2.1). Indeed,
this requires that z,,+1 = 2z, —x,_1, therefore a+2 =2 and —c—1=r—a—1= -1,
which leads to the trivial case a = r =z, =0, forn=1,2,....

Corollary 2.2. The linear recurrence relation
T4l = T +2Tp—1 ++nw1+(n+1)x0, n=20,1,2,..., (26)

with the initial data xg = 1, has the solution

xn:;g|:<3+2\/g>n_<3_2\/g)n:|’n:1’2,““ (2.7)

Proof. For a = r = zg = 1, from Theorem 2.1 and its proof it results that the
recurrence relation (2.6) reduces to the generalized Fibonacci relation

Tptl = 3Ty — Tp—1, N =2,3,..., (2.8)

with the initial data 21 = 1 and x5 = 3, hence it has the solution (2.7). Particularly,
both (2.6) and (2.7) give z3 = 8, z4 = 21 and so on. O
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Remark. The recurrence relation (2.6) from above corollary was considered as
problem 9 (ii) in F. Lazebnik, Combinatorics and Graphs Theory, I, (Math 688).
Problems and Solutions, 2006, a work appearing on the Internet at the address
www.math.udel.edu/~lazebnik/papers/688hwsols.pdf. Unfortunately, in the
cited work one obtains the wrong solution

:5—¢5<3+\/5>"+5+\/5(3—\/5>"

Tn 0 5 0 5 ,n=0,1,2,...,

with particular solutions g = z1 = 1, o = 2, 3 = 5 and so on, the last two
being false. The explanation of this mistake is that the recurrence relation (2.8)
was wrongly considered for n = 1,2,...,, with the initial data g = 1 = 1, leading
to the wrong solution mentioned above. Indeed, for n = 1, the obtined recurrence
relation xo = 3x7 — xo is false. This mistake shows the importance of the correct
initialization of the recurrence relations.

3. Linear recurrence relations with coefficients in ge-
ometric progression

Theorem 3.1. The numbers x.,, are solutions of the linear recurrence relation with
constant coefficients in geometric progression

-1

Tn41 :axn+a'qxn—l+"'+a'qn xl+aqnx07 7’7/2071,2,..., (31)

with initial data xq, if and only if they form the geometric progression given by the
formula

T, =argla+q)" ", n=12,... (3.2)

Proof. (By induction). From (3.1) we obtain 21 = ax¢ and z3 = azg(a + q). For a
fixed natural number n we suppose formula (3.2) true for every k < n. Therefore
we have z = azo(a + q)*~1, for K < n. Then, from the recurrence relation (3.1)
one obtains

Tpyr = a’zola+q)" '+ ad’roqla+q)" 2+ +
+ a’zoq"*(a + q) + a’xoq" " + azoq”
=a’ro(a+q)[(a+ )" +ala+ )" P+ +¢"(a+q) + "%+
+ azoq"H(a+q)

(@t —q""
a

= a’zo(a + q)

+ azoq" '(a+q) = azo(a+q)",

hence the formula (3.2) is true for n + 1. According to the induction axiom it
results that formula (3.2) is true for every natural number n. O
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o0

Proof. (By generating function method) Denoting X (t) = > " z,t", from the
recurrence relation (3.1) one obtains Y oo @, 1t = at> > S g a, it
Using the formula for the product of two power series, one obtains

o0 o0 t
X(t)—xo=aty_q"t"y aut" = T x@).
n=0

n=0 1- qt
Therefore
qt — 1 Toq axg
Xt)==z = +
= gi—1 " a+q T aral—(a+ o
Logq ao > nyn > n—1un
= + a+ t" =x9+ax a+ t",

a-+q a+qn:O( 2 0 0;( 2

from which it results the formula (3.2). O

Proof. (Reciprocal) If z,, is given by the formula (3.2), then we have

n

n
a Z " *xy = a’xg Z " Fla+q)F 7 + axog”

k=0 k=1
2 n—1 - a+q k-1 n

= a“roq Z ( ) + axoq
= 4
(a + q)n _ 1

= a®zoq" ! a‘i 7 +axoq" = axola+q¢)" =xpy1, n=1,2,...,

-1
q
hence the sequence z,, satisfies the recurrence equation (3.1). O

4. Linear recurrence relations having as coefficients
generalized Fibonacci numbers in geometric pro-
gression

Lemma 4.1. The terms a, = aq™, n=10,1,2,..., of a geometric progression are
generalized Fibonacci numbers of orders a and 8 if and only if the progression ratio

is given by the formula
a+/a?+4p (41)
— .

Proof. If the terms a, of the geometric progression are generalized Fibonacci
numbers of orders « and g, then a,4+1 = aa, + Ba,_1, relation which becomes
aq"t! = aaq™ + Bag"'. One obtains the quadratic equation ¢*> — aq — 3 = 0,
with the roots given by formula (4.1). Reciprocally, if the number ¢ is given by

q:
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formula (4.1), it satisfies the above quadratic equation. Multiplying this equation
by ag™" !, one obtains the relation Gnt1 = aan + Bay,_1, hence a,, are generalized
Fibonacci numbers of orders v and £5. O

Example. If @ = 2i, with i = /=1 and § = 1, then (4.1) gives ¢ = i, therefore the
terms of the geometric progression a,, = ai" are generalized Fibonacci numbers of
orders 2i and 1. Indeed, we have 2ia,, + a,_1 = 2ai"*! + ai" ™! = ai®™! = a,, 4.

Theorem 4.2. The coefficients a, = aq™, n = 0.1.2...., and the solutions
ZTn, n = 1,2,... of the linear recurrence relation (3.1) are both generalized Fi-
bonacci numbers of orders a and B if and only if

a=a+2q =—qla+q). (4.2)

Proof. According to Theorem 3.1 and the above Lemma, the coefficients a,, and
the solutions x,, of (3.1) are generalized Fibonacci numbers of orders « and g, if
and only if

@ —aqg—B=0, (a+q)?—ala+q)—B=0, (4.3)

hence the formula (4.2) holds. O

Example. If ¢ = ¢ = i, then a,, = i""! and, according to Theorem 3.1, z,, =
%2 (20)". From Theorem 4.3 it results that both a,, and z,, are generalized Fibonacci
numbers of orders a = a 4+ 2¢ = 3i and = —¢(a + ¢) = 2. Indeed, we have

Sian +2an_1 = 3" 421" =i"*2 =g,

and
Zo

30y + 201 = %[31(22')" 2020 = 2027 = 4.

Corollary 4.3. The coefficients a, and the solutions x, of the linear recurrence
relation (3.1) are both Fibonacci type numbers if and only if

1++5

a=FV5, q=—"—. (4.4)
Proof. For a = 8 = 1 it follows from Theorem 4.3 that a+2¢ = 1 and —¢(a+q) = 1,
from which we obtain (4.4). O
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Abstract

In this note we prove directly that Golomb’s method and the continued
fraction method are essentially the same, in the sense that they give the same
Egyptian fraction expansions of positive rational numbers. Furthermore, we
show their connection with the Farey sequence method.
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1. Introduction

It is well-known that every positive rational number can be expressed as a sum of
distinct unit fractions (reciprocals of natural numbers). Ancient Egyptians already
used such representations of rational numbers, for this reason we call a sum of
distinct unit fractions an Egyptian fraction. We note that sometimes unit fractions
themselves are called Egyptian fractions.

*Research was supported in part by Grants 75566 and 100339 from the Hungarian Scientific
Research Fund.
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o0
Since the harmonic series % is divergent, it is enough to give an algorithm

for finding an Egyptian fractignlexpansion of rational numbers between 0 and 1.
There are several methods to do this, many of them are summarized in [6].

Probably the oldest such algorithm is the greedy method, which subtracts al-
ways the largest possible unit fraction from the current rational number. Sometimes
it is referred to as Fibonacci method or Fibonacci-Sylvester method, because it was
first described by Leonardo Pisano, better known as Fibonacci [5], and later it was
rediscovered by J. J. Sylvester [10].

The splitting method is based on successive application of the identity % =
n%rl + ﬁ It was shown by L. Beeckmans [2] that this algorithm terminates
after a finite number of steps, however it was stated previously without proof by
P. J. Campbell [4].

We still mention here by name the method of S. W. Golomb [7] and the contin-
ued fraction method due to M. N. Bleicher [3], as they are the main subject of this
paper. We should remark that there is a confusion in the literature, in [3] a further
variant of the latter method is presented, and the author calls the modified version
the continued fraction method. However, in [6] the original algorithm is called the
continued fraction method, as will be in this note.

Writing her BSc thesis, the first author observed that surprisingly Golomb’s
method and the continued fraction method always give the same Egyptian frac-
tion expansions. Before proving this statement directly, we discuss these methods
briefly. After that, we present their connection with the Farey sequence method,
and a possible usage of them in teaching basic number theory.

2. Golomb’s method and the continued fraction
method

Golomb’s method Let a < b be positive integers with ged(a,b) = 1, and con-
sider the rational number 0 < § < 1. If @ = 1, then it is a unit fraction. Otherwise,
since a and b are coprime, there exist a multiplicative inverse 0 < a’ < b of @ modulo
b and a natural number 7 such that aa’ = br + 1. Then

a r 1

b o  a'b
Now it follows from aa’ > br > ar and aa’ = br + 1, that 0 < 7 < 1 and
ged(r,a’) = 1, and we can apply the above procedure for %.

On the other hand, we have aa’ > br > a'r, hence r < a, which guarantees
the finiteness of the method. The algorithm is also correct, it gives distinct unit
fractions in the Egyptian fraction expansion, which can be proved by induction
showing that the unit fractions have denominators at most (b — 1).

Continued fraction method Let 0 < 7 < 1 be again a rational number with
coprime natural numbers a and b. Suppose that the finite simple continued fraction
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expansion of ¢ is (co,c1,...,cn), where cg = 0 and ¢y, ..., ¢, are positive integers.
As it is well-known, ¢ can be represented by a finite simple continued fraction in
exactly two ways, but it is indifferent which of them is used.

As usual, define two sequences (ai)}__, and (by)}__, recursively:

a_9=0, a_1=1, ar=crag—1+ar—2 (k=0,1,...,n)

bo=1 b_1=0, bp=crbp_1+br—2 (k=0,1,...,n)

Then a,, = a and b,, = b.
Primary and secondary convergents satisfy equations

Qg Af—1 - (—1)k+1

b b1 br—1bg

for 1 <k <n, and

ag—g +lag—1  ap—2+ (I —Dag_1 (="

br—o +lbk—1  bp—o+ (I —1Dbr—1  (bg—2 + (I — 1)bg—1)(br—2 + lbr—1)

for 2 < k <n, 1 <1 < ¢, Details about these and other properties of continued
fractions can be found in [8, 9].
Using the above identities, we can describe the continued fraction method. If

n is odd, then
an Ap_1 1
ino_ - 2.1
bn bnfl * bnflbn’ ( )

and apply the method for Zn—:ll
If n is even, then

Un _ Gnoat Cnln-1 _ Gn-z i (an—Q +lany  an o+ (- 1)an_1)

bn B bn72 + Cnbnfl B bn72 -1 bn72 + lbnfl bn72 + (l - 1)bn71

Ap—2 cn 1
= —+ R
bn72 ; (bn72 + (l - l)bnfl)(bn72 + lbnfl)

(2.2)

and apply the method for Zn—j

We note that the first case (odd subscript) is used at most once, while the
correctness of the algorithm can be proved by induction on n showing that the
denominators of the unit fractions do not exceed by, (b, — 1).

Proof that these methods give the same Egyptian fraction expansions
If n is odd, then it follows from a,b,_1 — a,,_1b, = 1 that 0 < b,_1 < b, is the
multiplicative inverse of a,, modulo b,,, hence one step of Golomb’s method gives
(2.1), exactly the same sum as the continued fraction method.

If n is even, then (an_o+lan—1)(bp—2+(—1)bp_1)— (an—2+(—1)an—_1)(bn_2+
Iby—1) =1 implies that 0 < by,—o 4+ (I — 1)by—1 < by—2 + Ib, 1 is the multiplicative
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inverse of a,,_o + la,_1 modulo b,,_o +1b,,_1, hence applying Golomb’s method for
7?)::2152::11, it gives

ap—2 +lay_1 _ Qp—2 + (l - l)an—l 1

bn72 + lbnfl bn72 + (l - 1)bn71 (bn72 + (l - 1)bn71)(bn72 + lbnfl)

(I = cpyen —1,...,1). It shows that after ¢, steps of Golomb’s method, we get

Qn

(2.2) from 3=.

3. Example

As an example, we calculate the Egyptian fraction expansions of the rational num-
ber - both by Golomb’s method and by the continued fraction method.

Golomb’s method Golomb’s method gives the result through the following
steps:

The multiplicative inverse of 47 modulo 64 is 15, hence g = % + ﬁ.
RT . . . 11 _ 8 1
The multiplicative inverse of 11 modulo 15 is 11, hence 1= = 17 + 145 -

The multiplicative inverse of 8 modulo 11 is 7, hence 181 = % + %

The multiplicative inverse of 5 modulo 7 is 3, hence % % + L.

Finally, the multiplicative inverse of 2 modulo 3 is 2, hence 2 5= 2 + 6

Summarizing these equations, it follows that the Egyptian fraction expansion
by Golomb’s method is

P S L W T
64 2 6 77 165 960

Continued fraction method The Euclidean algorithm gives the finite simple
continued fraction expansion @ = (0,1,2,1,3,4) and the sequences (aj)j_, =
(0,1,2,3,11,47), (bx)3—o = (1,1, 3,4, 15,64). Then the continued fraction method
works as follows:

First, by application of the odd subscript case we obtain 2 = 4 = 1—3 + ?
Thereafter We apply the even subscript case twice to get § 11 =5+
and 2 =3 —l— =

Consequently, the Egyptian fraction expansion by this method is

1 1
t 7+ 16

47*1+1+1+1+ 1 + L 1
64 2 6 77 165 960’

which is the very same as above.
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4. Connection with the Farey sequence method

Our observation could be verified also through Farey sequences. Denote by F,
the Farey sequence of order n, that is the list of all reduced rational numbers in
[0, 1], having denominators less than or equal to n, in increasing order. The main
properties of Farey sequences can be found in [8, 9.

In [1], see also [3], the Farey sequence method is presented to obtain an Egyptian
fraction expansion of a positive rational number. Let 0 < 7 < 1 be a rational
number, where a and b are positive integers with ged(a,b) = 1. If § is the preceding

fraction in 3, then
a c 1

TS
where d < b, and we can continue the method on §.

We have to notice that in practice this form of the Farey sequence method
is only an algorithm in principle, because it says nothing about how to find the
preceding fraction in Fy.

Then it is straightforward that Golomb’s method coincides with the Farey se-
quence method, since ad = bc+ 1 and 0 < d < b is the multiplicative inverse of a
modulo b.

On the other hand, the Farey sequence method gives the same result as the
continued fraction method, which can be deduced from the following fact: For odd

n, the preceding fraction of § = (co,c1,...,¢n) (co =0) in Fy is (co,c1,...,Cn1).
While for even n, the preceding fraction is (cg, ¢1,. .., ¢nh—2) if ¢, = 1, furthermore
(co,c1y. vy Cpn_1,¢qn — 1) if ¢, > 2. Thus the preceding fraction is a primary or

secondary convergent, which is already mentioned in a half sentence in [3].

5. Teaching possibilities

Elementary number theory textbooks, lecture notes (see e.g. [8, 9]) and under-
graduate courses often deal with Farey sequences and continued fractions. Our
experiences show that these topics are rather popular among university students.
Because of their interesting properties, they are also suitable to be the subject
of popular science lectures or mathematics study circles for advanced secondary
school students. At a higher level, in the theory of diophantine approximation,
both Farey sequences and continued fractions are used to give alternative proofs
of Hurwitz’s theorem. Nevertheless, these topics are always handled in separate
chapters, we can hardly find any sources about their connection.

Thanks to the simplicity of the necessary notions and the historical background,
we think that Egyptian fractions also give a rewarding topic to popularize mathe-
matics. On the other hand, at university level, as the lecturer’s material or as the
subject of students’ project work, it can be an unordinary base to introduce both
Farey sequences and continued fractions, as well as their properties. And it allows
us not only to study them separately, but one can find out their close connection,
as we have done above.
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Abstract

In this article we would like to introduce you to the educational struc-
ture of the program design and informatics course at the Eszterhazy Karoly
College. We will also mention the new fields of RFID system usage and
the importance of this system in winning a spectacular tender. Furthermore
you will get some details about the extra competencies our students gain by
taking part in the RFID project. In order to familiarize them with the ap-
pliances and their features used in the RFID technology we have established
a lab which serves more functions. First of all we find essential for students
to take part in tender-related projects. Moreover, it is also important for our
students to get the chance of learning the technology, using the appliances in
practice, and examining them while they are working.

The lab is continuously being updated with gadgets, this way students get
the opportunity of taking parts in group or individual projects beside their
“guided tour” and the theoretical class.

Keywords: RFID, education, program design and informatics, project work
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1. Introduction

The aim of the program is training informatics experts capable of elaboration,
introducing, operating, maintaining, developing, and applying software-oriented
information technology equipments and systems either in groups or individually.
Furthermore, the acquired theoretical knowledge will ensure graduates to continue
their studies in second cycle M.A. programs.|7|] Their education is separated to the
following fields.

1.1. Basic classes

Mathematical and Scientific basics (Introduction to informatics, Discrete Mathe-
matics, Calculus, Numeral Mathematics, Searching Operation, Combinatory and
Probability Theory, Computer Statistics) Theory of Computing (Logical basics of
Informatics, Theory of Computing, Automata and Formal Languages, Data Struc-
tures and Algorithms, Design and Examine algorithms, Basics of the Artificial
Intelligence, Introduction to Computer Graphics)

1.2. Profession-related classes

Software technology module: (Advanced programming languages, Translation pro-
grammes, Programming technologies, Programming environments, Assembly lan-
guages) Information systems module: (Database systems, Managing database sys-
tems, System design, Technology of system design)

1.3. Facultative profession-related classes

Computerised word and publication processing, Spreadsheet systems, History of
Informatics, Descriptive Geometry

1.4. Majors, specializations

Our students are capable of choosing specialization in the second half of the course.
The theses written about the following subjects have to be justified at the fi-
nal examination. Data models (Managing database systems 2, Advanced DBMS)
Networks (Examining the effectiveness of networks, Server administration, Dy-
namical WEB programming) Computer graphics and geometry (Computer graph-
ics, Graphical systems, Geometry modelling, Multimedia) Mathematical methods
within Informatics (Neural networks, Computer Statistics 2, Searching Operation 2,
Cryptography, Computer algebraic systems)
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1.5. Inserting Research & Development and Talent Develop-
ment into the course

We put a high pressure on seeking students, who are looking for a great academic
career, succeed at TDK competitions, or seem to be the future generation of lec-
turers and researchers. Students who turn out to be curious or talented in the
first term are attending lectures for two months held by the college’s researchers
to pique their interest. The common work gets started at the end of the second
term and might bring fruitful results in the second and third year. The college runs
three RFID and a Robotics lab, where students can learn some teamwork. Prob-
lems they solve in the labs are partly everyday programming issues, but sometimes
they work on tasks that might occur in the industrial sphere.

2. The RFID lab and the connecting projects

The lab was established in the Institute of Mathematics and Informatics in one
room in 2009. The inventory was partly ensured by the Institution like the fur-
niture, three workstations, and a server. The appliances of the lab were donated
by an industrial company. These appliances include a power-type industrial tag
printer, an RFID writer, and mobile RFID reader, installed with a compatible
PDA. These gadgets were expanded with a fix installed gate, and an RFID reader.
The mobile reader provides us to be able to take through examinations out of the
lab. We have expanded the tools with numerous passive RFID tags. They include
the paper-based tag used by the printer, and the industrially capable hardtag as
well. After the difficulties at the beginning, three enthusiastic students helped with
starting to run the lab.
We achieved the following results in the period 2009-2013:

Figure 1: Intermec mobile reader, PDA Windows CE
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Figure 2: industrial hardtags

2.1. Thesis

All together 14 thesis have been written based on the topic
e Usage of RFID in the library
e Temperature allowance of RFID tags

e Examining efficiency issues

Attack possibilities and cryptography

Stock registration with the help of RFID

Possibilities of following the products manufacturing

2.2. Academic results

2 articles

2 conference articles

7 conference lectures and posters

1 submitted article

We began the examinations with using UHF passive tags.[6] Its reason roots
in the fact that the projects’ specification starting or running now requires it.
Moreover, they are absolutely capable of learning, taking examinations, coming to
know the system, and their price is more affordable, than active tags’.[3]

To sum up in this period approximately 15-18 students got in touch with the
RFID technology. Furthermore, with the help of projects and theses we have
managed to acquire the basics and pique the interest.

The TAMOP-4.2.2.C-11/1/KONV-2012-0014 The developing possibilities of
RFID/NFC technology by the conception of “Internet of Things” tender has started
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on January 1st 2013. This tender is providing appreciable financial sources, and
the support of the engineers of the Bay Zoltan Institute also means a lot of help
for us. The number of the RFID labs has grown to three. The former lab contains
the appliances, antennas, and readers which are capable of examining the UHF
frequency interval. These tools have been expanded with more mobile readers and
industrial readers, ready to be installed.[5, 6]

Another examining room has been set up with tools to examine the features of
the electro-magnetic space and the active (33 MHz) technology.

Figure 3: National Instruments examining set

The most amazing item of the third lab is the plotting board which is controlled
with RFID tags and readers working in the HF interval (13,56 MHz). Beside it the
lab contains readers, cards and tags which are necessary to learn about and work
with the HF /NFC technology.

The teachers of the Institute of Mathematics and Informatics are already work-
ing in the set-up labs, and under their control students can work on this technology.
In the first three years one teacher and 15-18 students were dealing with the RFID
technology. Winning the tender has given us such a boost that today 16 teachers
control 20 students’ job in the labs.

3. Part-tasks connected to the tender

The tender project is separated into part-tasks, which are joined by our students
as well. These are the following:

e Digital proprietary rights

e Reliability
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e Unionisation

Localisation, tasks of the softwares and the middle layer

e Sensors, energy harvesting, data safety

Hybrid technologies

Meanwhile the project was processing the basic research fields were expanded with
applied research and development projects. More projects are also joined by en-
thusiastic and wholehearted students:

e Entering and work-time registration systems supported with RFID
e Automatic library

e Selective waste collection using RFID

Registering living animals and their health condition

The effect of micro climate changes on the fauns, collecting physical data
automatically with the help of sensor networks

e Using RFID in food safety projects

The Institute of Mathematics and Informatics creates the RFID research institution
in order to continue the arrangement and coordination of the common work of
students and teachers in the above mentioned widespread basic and applied research
fields.

Managing to insert the Automatic identification subject into the course is con-
sidered to be a great success. This subject includes two lectures and two practices
a week. During the lecture the following topics are discussed:

e Review of the automatic identification, standards, and organisations

e The function, structure, mathematical background, and types of the 1D and
2D barcodes

e Security issues in the barcode technology, typical appliances and solutions,
steps of development

e Physical bases of the RFID system, dynamic EM spaces, and their description
e Basics of the RFID, standards, frequencies, physical bases

e Items of the system, tags, readers and their types

e Describing the RFID communication algorithm

e RFID system design, opened and closed systems, developing RFID softwares



Inserting RFID systems into the Software Information Technology course 141

e Data security and cryptographic opportunities in the field of automatic iden-
tification

e Smartcards, chip cards, and their usage
e Social and judicial environment, expectations

Furthermore advantages can be made from the opportunities provided by the labs
and the programming competencies students have gained during the former terms.

e Using the plotting board
e Programming the plotting board. Signals.
e Programming the plotting board. Switches.

e Programming the plotting board. Mixed access.

Mobile readers, type Intermec and Alien, passive tags.

Chance of reading and programming on the mobile readers. Passive reading
and writing.

Usage of active tags and readers

Figure 4: Plotting board with trains and HF tags

The work students do in the projects insensate and specialise their knowledge.
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]
|

Figure 5: Plotting board with HF readers

4. Summarize

All in all increasing the role of practice in the course is inevitable. This field could
be strengthened with projects generated by tenders. Students are unquestionably
eager to join the projects, work on them diligently, and profit from these experi-
ences during their latter work. Another highlighted aspect is that these students
own a vantage with their new and notable competency within the labour power.
According to our former experiences our graduated students are pleased to use this
vantage.
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