Effective Charge-Spin Models for the Low Energy Excitations in VQuantum Dots
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It is shown that the few, strongly correlated electrons in quantum dots can be described by a lattice model
at low energies which for many dot-geometries reduces to a spin model. This can be achieved since the
low electron density localizes the electrons near their classical ground-state positions. Some cases require
a generalization of the Heisenberg model to include ‘ring’ processes, which involve cyclic rotations of more
than two electrons. The enecrgy spectra from these effective models are compared with exact and other

approximative results.

Electrical [1] and optical [2] properties of ex-
tremely small semiconducting nanostructures de-
pend on the discrete excitation energies and on the
spin 3] of the electron system. Such ‘quantum dots’
have been referred to as ‘artificial atoms’ [4] since
the number N of conducting clectrons can be smaller
than ten or twenty. Correlations are extremely im-
portant when the effective density is low and the elec-
trons are confined to one or two dimensions in the
dot [5]. restricting calculations to very small N. The
(pre-) crystallized charge density distributions for
the electrons [6] motivated the approximation within
many body pocket states {7] at low energies. The re-
sults obtained agree well with numerical solutions for
N <4.

Here we shall demonstrate that the low energy
excitations can be represented by spin models, en-
abling larger systems to be dealt with and providing
new insight into their behaviour. In contrast to mag-
netic insulators, the atomic Jattice constant loses its
significance at much larger Fermi wave lengths. The
mapping to an effective charge-spin model has been
justified by starting with approximate pocket states
which are direct products of non-orthogonal one-
clectron wavefunctions localized near their classical
ground state positions, determined by electrostatics
[8]. Orthogonalizing these one-electron orbitals and
forming all possible antisymmetrized products in-
cluding spin (Slater determinants), gives a restricted
basis set for the problem. Within this restricted ba-
sis set, the Hamiltonian is equivalent to a single-band
Hubbard model augmented with a direct exchange

term and further hopping and Coulomb terms than
usually considered. High-energy base-states in which
two electrons occupy the same orbital may be elim-
inated by degenerate perturbation theory resulting,
finally, in an eflective charge-spin Hamiltonian for
the low energy physics [9],
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where P projects out states containing doubly occu-
pied ‘sites’, ;; is an effective hopping from occupied
to unoccupied sites and Vj; is an cffective Coulomb
interaction between singly occupied sit,gs. The effec-
e
U; the Hubbard on-site Coulomb matrix element),
consists of a superexchange contribution (first term)
which favours antiferromagnetic coupling and is usu-
ally larger than the direct exchange contribution, j;;.

The low energy spectra calculated from (1) agree
exactly with the spectra and spin values obtained by
the pocket state method for square well systems in
1D and in 2D as they were investigated in [7]. They
also agree well with available exact numerical results
(N < 4in a hard wall box in 1D and N = 2 in the
hard wall square [10]). Often the number of electrons
cquals the number of lattice points when (1) reduces
to an antiferromagnetic Heisenberg model.

In some geometries, ring exchange processes can

tive exchange interaction, J;; = — Jij (with
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Figure 1: Lattice points for the triangular quantum
dot. In the ground manifold all three electrons will
be close to the corners. States corresponding to occu-
pation of the intermediate ‘sites’ are higher in energy
by V. The arrows indicate a six-step ring process for
the three electrons.

become comparable with, and even exceed, two elec-
tron exchange processes. A simple example is a
triangular dot in 2D with N = 3. The antiferro-
magnetic Heisenberg model will yield a ground state
with total spin S = 1/2. However, the triangle can
easily be distorted so that now the amplitude for
cyclic exchanges of the three electrons is larger than
the pair exchanges. This results in a spin polarized
S = 3/2 ground state. In the usual lattice models
these processes correspond to high orders in ¢/U and
are therefore negligible at low densities. However,
this is clearly not necessarily the case for the contin-
uous electron problem since the electrons can move
to intermediate positions with little cost in energy.
This is demonstrated by the pocket state approach
for which the relative importance of ring contribu-
tions as compared to the pair exchange rate can be
estimated by the multidimensional WKB approxima-
tion. We can model these ring processes in our lat-
tice mode} by introducing intermediate lattice points
which are unoccupied in the ground manifold. This
is indicated schematically in Figure 1 for the trian-
gle. The amplitude for a cyclic exchange of the three
electrons o 1°/V5 and this can be larger than the
pair exchange, ~ 4t /U in second order since V < U
(see also [11]). When the Heisenberg model is aug-
mented with the ring processes described above we
again get perfect agreement with spectra obtained
from the pocket state approximation. Similarly, for
jarger systems, ring processes involving more than
three electrons can be accounted for by introducing
suitable intermediate lattice sites.

The effective charge-spin description consider-
ably reduces the computational effort compared to
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all of the other methods used to date for describ-
ing quantum dots. The occurrence of a non-minimal
total spin for the ground state in a finite electron sys-
tem is a direct consequence of the geometry of the
boundary (which also includes the influence of a mag-

metic flux penetrating a ring [12]). In future research

this computational advantage together with the new
insight that a charge-spin description provides will
be Investigated systematically and exploited through
specific suggestions for experimental design.
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