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VY, S iy = AR o g 2, .
The oxtinction of scoond order mubharmanic wibrotion

wesponse of a single depree of Irecdon syoten is Investipated

for the case of domped coptriforal excitation. The degpen of -

the restoring foves soyonetyy vesulting from the effect of
sravity is evpressed In terms of the pavameter of static

S

deflection.

Y, e o cyars o3 R o oo <
The resonence under gyavity effects is anslyszed

theorsticslly for o wide vange of phyalos] conditions to

Ed

o

itorsine the behaviourel chapacteristicos of the subharvnmonie

; ; © . o ’ y * )
couponents. The Interently coupled airebraie equstions are

o L ) S e T I T L N e R D PN TP,
ohtained by the approsizate enorgy veothod of Rite-Palerkin

Y Bawp A% s i ~ = o o % R o e )
and by the rethod of haxmonlc kalengs., These tuwo methods are

S 8- .. . - » s B Do
net boanded te any dorres of non-linsavity.

bz there is no oxact selution for this fnvestigation
and buceuse of ¢he disgipative forees Inmmpvitably fntroducing
the preblon of stabllity, the actus) existerce of the
spprorioate selution over the frequontcy bhand-wideh is
sucertained. There zve no resl roots in the instability wezion.
The slgshraic polynonisl espressions connot be oetigfied

sispitenzourly hecause of the acoumulative offect in an



eccompanying harvonic of the vibratory wotion. The build-un
ozcilistion coouwrs in the scoond order yepion, 212.?:15’33; a
frecumsney the sare es that of the main componsnt of subheveonie
motion., The stebility oritericn iz derived from mmmﬁiﬁg the
characteristic exponent of sclution to the voristionnl scuation

with danping eosfficient of the syston.

f4a)

The response choracteristies ave then Investigated
where the polypenizi equations are alsplifizd throush Juetifying
the approxivation of the fundevental haveonic as the affective

omnifitade of the distwding fovce. The vemults ave of
copparable sccuracy for eases in which syavity offects do not
inerease the effective non-linearity with reseamnee.  The

approsimetion. bhowever, is epplicshie whatever ¢he physical

]
=

chavaeteristie behaviour of ¢he s*tm%:ma@my in the vepion
of the eritiezl state of cubharmenie extinction.

- > o~
shoun %o a:::a%s* In two opposite pheses, differing by 7 rvedians.
ke - -~ o s » o * . N
The resulting phave of pericdic vibration dopends upon fnieind

onditions. The iseciing grephicel methed Is nsed ¢o deplet

The effective non-1 ﬁﬁfsiaz%:%:y iz dotermined to be
governed by the influshce of gravity ﬁff{:ﬂu or the equilibrion
of motion. The promsunced subharmonics are of the order one-
half, and the extinotlon conditicns for the rescnznce
pradovinant over the hirher orders are investirated throush
expreseing the Mueiting Inequalitics in terms of the f:.}fﬁ:‘é@t}
poransters. I,n the w;,ti.cal state, eonplete supprossion of the
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; . 4 o A ¥ 3
infenandent paranetors of the deseribine equation les w
o~

the domain for the existence of subharsonic votion.

3 P
3»{3;%'; ] ﬂﬁ}‘?!%&"

In wagonce with pont vechanicsl vibrating systenms the
pererimentsl satural frogquency conlnin: novercus howronie
gonpanents.  Vhen the sxtsvrel forelng freguency is the same
& ene of the copponents. the ntrencth of othey harponic
dignlaocarents diminish peoprecsively away From the resulting
harpanie reacnance.  Subkarnonic vibvatien iz zensrated throush
erciting and sustaining cowpenants of lower onder by the
fundarentel hayronic.  Fhereas vith o 1lnearised syeten during
asteady state the bodr can only vibrats at the case freguancy a8
the external fores.

The vibyetion veconange coemes ot froguencies hirher than

the fimdavental and I at o subodtiple of the forelny function

values. 25 the vosonunce helnr 2 dirset conseauence oF the
existence of the harsonien, 'E:i% rosmertive 4
itn pronieity 1o the forcing feeguoncy. The promounasd m‘iiﬁ&ﬁm

4

ezist within certaln frogquency »enges and ave coroonly experienen
vhen eneryy dissinetion of a systen Iz only adecuately conslidered
for bareenic resonsnes. Fhors In rrevieus applications
subhareonic wibrations zve to be avoided and not worely classified
zs mpurisus resonances when they are sncountered, @ rore complate
znalysiec bocones nocessary. Lingordsed theory would fall to



ezplain such phenopena.

g ; 2 b
1.2, Zecond order subhorsonicsn

i el a4 b S e

The vostoring forge slone ag an entity ie often an oad
funetion of displacevent and oan be sxprossed 8% 4 powsr soviss.

1.1} the now-iinsar vestoring Simetion

z-»-v

o o F s
Trem gguation (2.

fresusntly tekes the forw

Yy o+ iy s ky o# 12133" + ;1215 F owan ceds (1.2.1)

Bith post canes terns higher than the obic pover ave nenligibly
enall and the Ametion s adequately degseribed by the First twp
teray, Hewever., in pony practical systems the cuwrve of the non-
1inear vostoplng fovee eharactoristic iz asvmmetrical. The
z‘:m’ﬁm ir cases of surpension resulis from the effsct of
eravity on the esuilibrive of rotien and the actusl restori ing

forge 3¢ in the Forn
by # 0 = kGr e 8) 2 (x4 8)° Lo (1.3,2)

heve x 1o the vibrater ry displacenent and £ Iz the static

defloction dve to the gmﬁtmimaz fores, Gubzeguently the
pon-lingsr fimetion, when satisfacterdly approwissted in the

truneated form of o seriss owpanslen, containe & cecond oxdar
torm,  Hhen the solutisn 2o the pericdic displocement which ean



be woprozented consisting s;::;‘.‘ hareonie covponents in auproseed

ot 2 Yourier serdes, it 3s evident that tzze proninent
subhormonie vibration woudd e the seoond onder. The onder

a3 *

seguance of pubharmonics iz Jdefinsd by the resiprocal of Its

freguency.

Effects fron the weights of the vibrating maszes are
ranerally negicoted during the theoreticsl snalysis. %The non~
inearity fg often mg&mﬁm an weing sy @ﬁrﬁc characteristic
and as it ls not g@smﬁm to slininate iziz& statie deflection
that is produced. the vestoring forece chavacter
hardening non-linear suspensicn iz not satisfacterily veproseated
by the sun of & linear and cubie teyn of the vibratory
displacenent. The stetic egullibrive positicn does not coincide
with the point of oymostry, #nd addltional terns result in the
deseribing equation. Tor such cages the ectusl deviation from

. ST %;f»‘r considevad, The

livearity in the systen i :
errey often m*“*' weoses obvicus whon the vibration encowmisrsd

-«

ir & ele z‘*‘imwﬁ, socond erder subhavoonic resenance. The wib
in ususlly %olerated If possible over the fregusnoy range or
- a3

elze i1 1z eliminated by a costly end tiwe consuming trink

paelellitbra

1.4, %ﬂ'amfig f:}i’ The ﬁmm,«,thziism

The influsnce of syavitational foree on the wg*alﬁ.i.mimt
i the poaebden of everconing The propounced

> without wndue enonts and 5.33“5.'{5&:25.@;3:3*. The
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way nead o contalin & non-linear ferm i ¢he physleal eystene
are 30 bo 1 cted fron cunulstive effects where the input
energy ovins to the perledic weriation of the poraveters is
proater $han

PodrAbr e NS ol SO Ol oo Kb o

Hon-Jlinear m&ﬁwi*gg Foraen sre conmonly encounterad in
rraciice gnd in such eystens the pronounced deviation frow Lines
respense Is well tmown (8). The natural frequemcy in often not
rure but eontaling othey beroonien.  fn £t variss wich the
&rmlﬁ:iz = of ‘%"51’:1"’3*&3‘&’?’24 %he 4*1&?{3‘“&""' fumetion 3z corr ‘C)}'ll‘f
veferrsd &8z of "havdening® typs whon the notural Frequency

: . o,y 2 ; e &
£t the vibeption mmlitude.  The samniftude of the
&

2

when the frecuency is decreaned »ith increasing a%}i‘%:ui:g. The

el

curves of the maturel fraquency ors knovm 2s the bockbone cusves

2ot whick harmonic pesonaner omwves Tor various ==

The order of pubharpoenic rezonsnone in usually defined by

. 4 4 : r o Foe o - & ARG — Tan N
the reciprocel of Ite freguency @nd the corresponding hackbene curves
ars obtained throurh m.zlz;;‘.;ﬁ;zé;zzz the paturel frequency cwrves by the

sonaetlive ordon w’;ué;:: L i“ t’ s gt Fo sonm pa e
z&.\w?{« e oS FRRNOERE . A8 TIOTERIONT 400Uy &lﬁghﬁéic»ﬂw
heyend the ba ::mm rescnance and exiet within ceviain frecuencies
gt which the Fundznontal is nom-rasonant. £ eemorated throuch

exciting onz of the Jower conpononts of the natural frequoncy by
disturhing foree (12).



Az fthe strength of the harmonicz diminish srogregsively
From the fmdarvental, the Intensity of vibration seguonce will
depend upsn Ito prozisity to the forelng functicn {8). Hith
ﬁ’g‘*"rirfrc'*l reatering foree Characteristics the rotion contalns
only odd cowponents :E,ﬁ the displecesent ond @s tie pon-iinesw
vhenosena is & direct consegusnce of then the predeninant

subbarsonic resonsnce vould e of thind order. Iudeke {5)
obtained results to demensirate this trend.

‘m
’m

‘sydcvs mon-iincarity inducements

The eauses of these non-linsarity effects are nunerous.
They can be encowmterad throush ifrperdect elasticity ©
cretraining of the poterials. The medulus of € asticitv fep
vatzrisle s 'f“ oh 2o cart fren or conerete decrazses vhen deformation
mats lovzer gnd in consequence the restoring fores chara
sre of @ mfmzzmg; naturs.  Ancther sinilar cace exhibiting a
seftening type non-linesy function io found in the vibretion of 2
rendulus in which larpe oscilistions ave oxecuted. The restoring
Funetion io well koown to be satisfactord iy “eymgameé hy the

X

o
differencs of a lineer znd mibic term. The nen-linear stiffness
vielding 1o lerge load cheracterdstic ie often ooplaved for
rrotection srainet mevers shocks, I% would 1init waelstive pegk
&isﬂ}.ac onts end the shrolute acesleration, vhea the dotums nve

suddenly disploged, to speeified valuss. Young {28) formudated

2

g

s o L " et ¥ e ¥ o $-1d
expeaseionz o &ssist design of such non-linearity effects Tov

The hovdening response is commonly found In the igolation

E S
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high Ioad whilst the valus iz practically constant for voderste
Jcading.
Hon-Eineoy vibrationy sre konovn &lzo to axist &5 fouwr hop

-

- h WU PV, 1 -3 2 3 N
Iinkores pochaning having on slzetic counressible-snd-eutensibie

it

P

cowpler. Ceoseley {18} aszeerieined the behaviouwr depended uvnon

émpﬁi& ement.  In lerze swmplitudes of vibwation the vestering

g

- &

Funotion has pynoeteical herdening characteristics and in zmaller
ez 4t consists of the difference botwoen 2 1inear and
The non~3inger potion iﬁaﬁt&my results, 4% Uan

3
 on an glectronic sveten, in oy noed subhavoon

»

A vopresentative bibifograrhy in the £isld of non-ilnear
vitwations are viven In pasers (8). [21). (u0), and (81}, The
phensmena agmci&cé with pon-iincory verponse is deoronstrated in
a nurher of expevinente by Ludske., The gevergl surver by Klotlter
offers & pond guide 2o avticiss on non-linezr osclillations snd

methods avallehle Ffor Finding zprrowimste solutions. Clauser
gives » contrast nocount of the various possible ferss of non-

23 ¥ - T " 25 we G - &
3inosy gystens. Resenbury zummsrises thosgdvmacor nede dn the

. x> ped aon ‘
study of non-linesr notion end the remults ¥het have besmn achieved,
o * ol
2,%. Yon-dinsap of disviocenant

It e common to £ind the non-lisezr displacemsnt functicn
exrressed as 2 serles oxpousion. For mysters whers thers ave tuo



approsiation. ¥hers the point of zevo defloctien often is the
point of symmetyy oo the cherasteristic curve, the wz.*?&é*’ nens

vepresented o & 2ovies would connist only of o4d terns an
woat agzg&im*’m w6 adenuately desexdbed by the flrst two terss
cines those hisher than the cuble power ars negligibly swall. The

.4 x

rezuiting 4ifforentinl equation I vsually veferred to as Dulfing's

The differenticl eguation of wotion containing the sum of

»

& linezr and cuble tery in the spproxivated vestordng Ffunction hias

prtracted such attention. Vith only odd hovponics existing in
the displacerents and hecsuze of & cube pon-lineority the stroengest
rozeibls sublovponic resonance is shown (34) to he the thivd order.

fion~linear osclliletions of uffing's equation have beon studied
extensively by Durge {3.&:} , Lovenson {8}, Ludcke (8}, Ludoke and

- fores not

ponsible

to elinimats the static deflection povamsier, the rerulting
differenticl f::;aatir:n of potion contains additionnl termz in the
apprexivated rocteoring fores. This consizic of the sun of the
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eowdunotion with digital computers iz wvory ueelful and the
proceduve is oiven in {17,223, In apxgylimwimm o nen-2ukonsneus
systews The tranciont state of the reconnnee under investigation
can be exapined throush the Interrel curves drawn for €he

«

fron e epprowicate selution in which the

i
£y

3

o
e
Liw
8
ER 4
3
ﬁt
ifé“
2]
fdm
e
L
Tde
¢

it

copfifcients ave functions of & tine warisble. ¥hen the equations

ultizately becono pere with lapse of tive sinpulsy points that

I’y

prouzingte veriodic solution are produced. T%ac»-

-

vhare in vhich the swharnenic vibration would ocour for avery

tun eveies of disty ,,*na ﬁ:‘mm dependn on the conditions fyon

¥

which it is remerated and io shown by the positions of

Y

einsularities, The Iﬁ??ﬁf%:”i 4 i alse used o deternine the g\:xasa

* . =

.
guadrant fnowhich the subharponies con exist.

The g:awzmmha%im mothed §n repavded as wnssiisfactory
for this investiration., It is ozly applicable to ommil non-

Ingarity for convergenes of the solutien {18}, throu

melving
the geguenes of second order lincar ecuations producsd from

S

sguating the coefficients of like powsrs of the nen-linesy

pavancter exppossed in & sevies. Although the prohien of

- 3 . oy &
npeular torer, vhers thoe &.wglg*awmm terrs contain i varichle
outelde the triseusuetric function. doos pot avise in the wedified

3
i AiF rnv*"“ voene Yo arnly o
KA SO 5s ﬁ i aﬁ Luriernone 1o S0 TE

g AediD . - .
ine force ayetens. For amall son-linsarity
F _ . ) L3 . . ., S ] p
Levenson {#) uzed this procedure to examine the types of haveonie

g *
end subharpenic gouponsnte possible In Dulffing

The Eryiofi-Borolivbev methed (18} is slso vostrieted
o cuzei-linesy differentisl equaticn. The arpromisate coluticn
ae in the previcvs metbed I developed In the neighbouvrbeood of

linegr wvilwotion and cannot ke applied to systems not containing



"tk

- - ey o 2% : ) 7

2 3ipear toew In dhe westopring stiffness fumetien., Tor omall
A
1;,

auplitudes of non-linsny vibration the mothed

u- -
o e A s v & 3 ’ " i . ® o s A
apprevdnation i sovisfoctory and eauy fo anpdv. bot Ilikavise
z 28me] 7 =T E sl S5
it onemmters AIFficulty vhen applied to pon-odd fype

' “at» G0«

the hzrmonle halsnee mathod is
zppilesbie to both linsar and non-linesr differentisl ecuations

dif
to quasi-linear Functions

of morion and the pethed Iz not confinnd

for eonvergence of the sclvkicn. £ & First approzivation the

mrocedure (22) s muthevetically simple whilst for closges
Cappeexications larze trironemetric Functions are encountorsd,
reguiring ruch tedicus calovlations. It ls ossentiaily, in the
snniysis of non-iinsar *vg‘;-;@:::; the aolvips of the unknowm
coefficients of the appronisate solution that i ewpresmed ints

& Fourfer seriesz. The pelynonisl elpchbralc cuprezsions containing
the unknown teree eve obtained through eo :za*&éeimg the respective

haveonic corponsats o zero sopaveiely vhon baving subntituted

into the Qﬁ”&t&:"ﬁkl&” gouation.

3

Ludeke {8) ond Hovasld {73 iIn thelr rezpootive

Investizations evployed the horponie lalanse method to problenms

- &

%
=
W

In which the nen-linesr fimetion bas no prestriction.
difffevity fron the sheenes of lineay compenant o fromithe entent
of non-Iincarity I5 not encountered and they bave 2 nepiisible
eifect on gonvergence of the soluticn. The sccurecy of the msthoed
i= very satisfactory. Analyzis of the motion by this
alzo produce coun eé*élﬁa’xmic exnpossions and heng

. o - e g 2rmen
an ovsrall szzeonpent on the Influmnces of the varicus naronstoers

. o~ N 4
of the svsten.
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the dezres of non-Lineanity and of the disturhi
woudd sppeer noe widue Meitation isponsd on dhe “’251}"‘1’2“

Rt o ki

*

The stability anelysis 1o ascertaln the sotual exictonge
of the appronizate oolution over the linlted freguency band-widih
i by detarnining the hohaviowr of & exall displacenont vardation
 Frowm the soulllbrivm states. The z:s:«ir\az»iﬁrm of the characreristic
exvonent of the solution te the variational esuztion vith the

>

Fieient of the syster will {ilwvstrate vhother the
k)
&

gixmﬂ“ vmz: ation srovwe unbounded with the lazse of time.
procedurs enables the acowmlative effect from the bulld-up of
gn unstabls escliiletion in on acconpenying harsonic of the
vilrotory votion to bhe readily deterninsd.

ek the marber of paveneters invelvad in the range of
values caﬁzicﬁw&:‘i@ the theoretiond vesults ave predoninantly

verified oy peany of an eleetronic suzlopus computer. The petion
is sinulated o the describing equation on the cowputer cireuits

»

and fhe resviting trace recorded will contaln 811 the phesical
havaeteristicr of sotunl potion.

A pechanicel model o also desirnesd to deosonstrate the
wark wadertaken. Iudeke (5.32.3%) is the only outstanding
mmﬁmimmz? in this 214 of vechanicsl vwibyation. Trom raotionsl

dosivn consiferation ¢he non-lincny charactenistic s achieved

A


mailto:thOT@tl.cnl

»

inztion Insor stiffnaszen,

throush the oo

‘% .4 -y nt .y 2 - L3
Iudeke, Thic apronreront allows a uwidsy flanih

the deseribing conditicns of the votion, ot

. "
grp forpulated in the dezirn of ths son-lineay o

since the percentope of non-linsarity itself is heteroponecu

eritericn 4o the peveissible 1lwits of the pravigotionsl e
g

on the gubherponic resonance iz alse depived to

o prevent th

vibrationsl phonomena te be generated reaching o donpsrous

arplitude. A detelled peocedure ic developsd
saxinus vibretion enplitudes whilst confining

to doeternine

£

%,

o o 4 . s enon ) £ s 0T s ¥
wapapeshic physical size for sulficient escouracy such thst

comparison with nmmmm& results is possible.

fbrmulcxm.z’ag 2 coneept to relate the design reguim

wiarlinesrity to the allowable displacenont.
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the sodsl to
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Chapter IIZ

Theoretical Znalysis

3.1. Eaustion under Investiration

The single degree of frecdom syeten, shoun in FPile.{8.3-1),

is restricted o vibrate wnder the eucitation of an out-of-balance
¥, - * ?L %

conteifugel force, Y AEWT eost, in the vertical divection oniy.

The vezolved fovee at richt anple that would introduce horizonta

£

& -

non-linesy suspension

m

The vibrating mase » ic sunpovried en
x

of neplicible mass, having an odd function Chavacteristic. The
¢+ the suspension on the mazs

1,’?.,

nen~iinear restoring force exerted
vhen approviveted to the first fuwe tormz In the serdes expanzicn is

F = (i:}? < ﬁyg3 ’ R X RS (34151}

where k and @ ere constants of the suspension and v is the totel
defilection. fYerms of povers hirher thaen the cubic eve nerlicibly

cell znd ave onitted. Dowritinz the expression,

? - }:{y EY 3[{}?3) P (3.2«52}

2
. . -
whera 3 = i ond has divengions (L)

-

The eorpesponding non-linesr otiffness is then,

51
&

= 1‘:{1 o+ 33.5}7}2} vhsren (3e153)

i

3
g



- hi -

~ M,ew” cos wt.

=)

, L

STATIC

x[ EQUILIBRIUM
' CONVENTION
I e
K[()<+A)+,A(><+A)3] ’ A 1 Cx

A NS SUE N USRS SN N SN SN

. FIG.(3.1-1). THE VIBRATING SYSTEM.




L v
w0 budinre the nonelinesy ftorn | harden
R
suapannion.
e s g M o B g 5 X - FUN. 3 %
uzadw the effect of gravity the speing s congressad
x - » 3 Y wmn B ~ pte s o
wertion :E,r; riviny & siatic deflestion L. During the wibration and
g o Naan 4. SPR v . SO
for @ “am::; ving instent when the total deflection of the spring
Fov o ou F (X% T i -%«5 Qﬁtap‘* : h»{»?w‘-"}”r A E e fod, Emorii ,@«ivr; 5
oy b (‘sy. IR TS M u.@g ‘;.-i 54 !4; Awﬁ {.m{.x_b}_».fs&t;\; i (G Y Ao g feI i £k (»
d » Bod ¥ T " L l. 2 - M..i -~ -
enuilibrive ponitien and the positive slen taken ascording to

cenvention, the rostoring foree ewsried by the suspension is

3l

N}{i:i L4 iuu} b }{m f“}g} PERG R E DR {wt? P)

%

4 L ¢ SN XY ey S P v £ 2 hon
For thiz arblitory instont, the total fovees soting on the

=
e PR Sy Pl A ) ox ; Z o 4 PN of
wass are ghoym In Fip. (2.31-1).  Since the restoring fim v

vhion of

£ s, Fhonmeade E
£ the wihsting wess would

. - & . v R P P o o ;
not boowqusl al every Inctant to the statie forge in the cuspension,
3 doe de ook L % : ¢ 3 I e da
and henoe 1T 1o Inclufed dn the equation of wotion.

’3?}'1@ cauation o serihis

sotuel motion of the

is then piven by

e o® %z‘?ee,f most @ ooy C; - k¥lln ¢ &) 2 ulx 4+ L35}

EEBEEITYD {3.3,;5’:!

The equilibrdun of fovess §:’<:‘§°.3 the static position gives
B i )
§?:ﬁ = §i€i» 5 ?%»},”} LR R 53&3.;{;’5}

Substituting eouation (8.1.8) inte (5.1.8) and dividing
throughout by & vwould wesulv In

. # ~ o o
. P i h . P4
{0 ¢ ™ ¢ 8/ ¢ 80%03) - 20® conpt =2 O

senprend (gam??)

M % s (. » - " -~
neve R r«‘é‘ end 2 B -LQ% the ooplitude of the disturbing force.
©



Introdueing & now fndopondent vavieble, § = wt, to aveld

-

3

working with functions of wkuwwn perded, esustion (3.1.7) becoses

0P+ 9Bnmt 4 (0L 2 u2A®) w oo (0¥ ¢ 200®) - 2% eonl 2 0
ErEEEew {3;3\38}

3
there 1 = o in the dlvensionless freguaney.
The approxizmate solution 4o equation (8.1,8) thet Jdopdets

the sotual motioy of the body depends wpon the physical stste of

$E
4he eystor and slso oo the soouvasy reguired. The depvee of the

voztoving foves anvemetyy, vesulting from the effect of gravity.

¥
iz exprsesed In the cquation by means of the stetic deflsction

hd x, Fd i 5 b
< fnelysis by Ritz~Coleckin averspine rathed

The Influenge of pravitationszl foroe on the vibratery systen
haz Increased the magnitude of non-linesrity os shown in eguetion
{3,1.8). 7The &ifficuity in providing eovreetion terss having a
constent to irmprove on the Initizl aolution ond ¢o mecount fop
the effect of rravity i oue of the vessone for methods os the

Yryloff-Bopelluboy and the perturbation methed wot bhelng comsidered,
Siniler to the suceessive iteratico p%wéuw the firct eoproximation
methods proceed to bulld the sufficiently scourate sclutione from
the funderental heveonic coarponent. Thiz fnvarizhly wesuos the
deviation of o restoping functicn fron Lincarity i¢ azgured fo be
corparitively smell, Hence the coofficients of non-linesrity Yor
converrents of the mathede iz restricted in raecnituds.

In applyving the Ritz-Galevkin pethod only the diffeorentlial

a0

=

equaticn nesds $o be known with 2 nroperdy chosen approxnipate

+

solution. The soluticn is expressed In the form of & sories and

iz consistent with the phyesfcsl vestraints az uwell as ostisfying

the bouwndayy vequivewsnte., The development of this method s chosn
in Arpendin I for vfmveme, znd in esseores o & varianticonsld prohlem

-

the enovpy ospression of the vibrating systen is minimised over the



cycle, for a conservative system secording to Hamiltons prineiple,
with respect to each coeifficient in the series. '

8.2.(1) The epproximate sclution

The choice of sclution to the fies;cri'ﬁi:ig eﬁuétim ie determined
by the boundary conditions in respect of the periodieity reguiremsnts
and the physical restraints of the system. From equation (3.1,8)
it is evident that the che scteristic of the *msmx;iﬁg force is not
symétri‘cal about the statie &éﬁi&ﬁ;ﬁxm‘paﬁtﬁan. The approximate
solution would thus need to consist of odd and even havmenic
terms. Since there is dissipative forces acting on the mass, the
even and odd harmonics of &isgi&%ﬁéﬂt' exist es both sine end
cosine functions, During vibratory wotion, @ shift in the wean
ﬁjnme émpiacmeﬁafmm static quilibﬁimnvalsa cecours, for the
roint of synmetry does not eoincide with the latter position and
<o gllon for .th:is & censtant term N must be present in the
approxipation. ’

The aecu#aq of the approximate solution will depend upon
the nutber of terms used in the series. With & proper choice
satisfying the requirenents, the approximation consisting e ninfmum
of terms is shown {6) to yield oufficiently good results. o

Thus the sfrplest form of %he solution for this investigation

el 4ehcos S +Boing4Ccosd+Dsaind

2 o
L E N R R BN X R {30291)

&5 a wesult of the presence in positive damping the amﬁ;itudes
of higher hﬁm@nic# gener&lly arc irauch smaller than those 'céf"the
hundamental, and cannot ‘bea‘ neasured with any accuracy in a harmonic
analysis. Hence, t}mjf are opitted from equation (3.2,1). The
s&igﬁit ix:zpmmmnt in ﬁccurécy' of the approximation to ecguation
(3.2,8) with their incluzion does not Justify the considerable



incrence of lebouriouws caleuistion. The third order subhorwmonic
comnonent i peherslly alwo am«:&i&ex* bepause of the vamitude of
the quadratic tern in relstion to the cubie in the eq}u«:a'i:z.f;}ra(' 3.0,%7

o

fiince X is not mn exact colution, the equation {5,1,8) cannot

ba satisfied and the swhsitution of eguation 8.2,1) will not egual
to zero but o some error function B(E).

. - - .
Lewe DX} = nﬁ P Bpant ¢ {1 4 :.M v} 4 {:«. + SAE WY ~ ':.n cﬁsﬁ

EEEXE R RN ES N ] (3‘?9?}

With B(¥) denoting the :’:::Zgiztmimm‘i side of equation (3.2.2)
to ginplify the notetion the following Rite-Calerkdin conditions
then result from the application of the methed to egquatien (3.2,2)

znd the solution {8.2,1), that in

a |

5{5 E{'éﬁ} 4 {é} = 0 T EY YT Y {3:293}

e

‘o £2{#) con 5 G {0) B0 ravesenres (8.2,8)
B

R ,

;Q = 3{} gain ‘ﬁ? & (ﬁ) E48 ¥ if.¢w.w¢xw {S(ﬁgsﬁ?
ffﬂ? :

30 Lot( } CGS {«; C%a (e; 14 {3 fil!"itﬁyiid {3-2;{;6‘,)
t‘;"{?

in u(ﬁ} zin & ﬂ(gb 20 seevensens (3&257}

The frequency of subhavmonic vibrations being 2 subnultiple
of the exclitation, the upper 1init of intesration in this case is.
un for the gyels of each porded in €.

3.2,{33) The non-iinear alrebraic solutions

Fron eguations (:’3.;233} 10 2.2,7) on .mw;rm:zm yields,
efter elepiification, the f@ilwing: nen-lincar the alrebraic cquations.

wwzwg_««

The har shove 8 syrbol denctes the ecrresponding non-dimensional
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guantity resuiting feon the multiplicotion of it dimensicnal
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B o s " " v -
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. 7
On further sipplification with the vorisbles 4. ond & g &2
defined below

FIG.(3.2—2). THE PHASES OF THE SUBHARMONIC COMPONENTS.



wives 2 sot of alceivalc exrrescions in the form that hes more

e
chvious connotation. m.s:x‘eeﬁs the equetions (3.2.8) to (3.2,12)

"

which vwore too unwieldly to panipulate .,.-v»:e:,::-a:* move tractable,

¥

25{1 + 6% & 8AY) 4 a""({:f * 53"} & %asiﬁ’f;f cos {dy, » 265 = 0

& L “

rresnEnse IR {3»2313}

U € I 113

B, - o B
g am % w
Y 00y eos (@ - 253 ¢ Q- L G+ (@ + 26%) G ¥
Y 6. 2 O cvesssccavrere (8.2,15)

reucd ¢ 6) - 2n7Y, 8in ¢y F 0 ceviieniinn., (3.2,26)
205{01 - %) ¢ oY @ ﬂ(sﬁg.r%.{sg}}, -~ GEfeL - gy e Bt

i C0F + 20} - ®rn) eos ¢y B O aean. (3.2,27)

The ker shove the reppective coeflficionty ave onitted for convenicnos,
The enzlytical process for attalning cquations {8.2.13) te {2.2.17)

gre sghewn in fAprendin 1T for reference.

2.2.(141) The rhave relationships
o the characteristics of the predoninant subhurmenic
Cgonponont of the vibyotery motion roprosented by equation (3.1&3}
ave defined by equations (8.2.14) and (8.2,15), then for the
exiztenge of the nubhovponie vibration the sinylteoneous algebraic
evpressions must be satd s&i’zinmv vhick 0, is not equel m TETG
Sielens, ond the equations (2.2,14)

o

o
sz

The eolution of Gy = O 2o
and {3.2,15) can im reduged to
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The @ove -E:r:‘c; souations defing the w;:”smm&m@w hetweam the
subharsenic mazpww and the havmonie, end it con he expressed
by Pig. {wn—}.) {a). They ean be veduced 0 & single slgebra
wrression that define the reglion of second order subharmonic

vibration.

The phese of the harmonie emﬁ‘gm&m t:iwin“ %he subharmenic
rosonance is determined from equntiens (3.2,36) and (8.2,17) for
if G =0 the equetions ave reduced Yo the follewing expressions
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Freos which o sincle equatien ean l%m obtained that is Identieal
o the eouation of the hmyronie vesonmnse whose solution consiste
£ the Fivst thres tervs. Nguetions (9.2,16) and (3.2.17) con

Le very N&ﬁmﬁ by Pig. {8.2-13 {b) vheve,

P ‘:} o g 32 s
ae{s - n® ¢ oy® @; gmg_ & \{f&}}, soenvaanscers (0.2,20)

2 y o
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FIG.(3.2-1)(a). .THE RELATIVE PHASE RELATIONSHIP.

R(sQ + )
2

FIG.(3.2-1)(b). DIAGRAM FOR EQUATIONS (3:3,10)
| AND (3.3,11).-




hod of the az.w. cirle of hoy
B L s I nNAPSTRY. o B o vtz

x

iz methed Bo in the roavions does not regquive the
zagnitude of the coefficlient of non-linenvity to be crell for
m:thwmm of golution. The perdodicity in wvibratory rotion
engbies the displacenent of ¢ countion {3.0,8) o ke a fp'mmmatrv’?

¢o & forn of solutlon evpresged in & Tourier serles. The principle
ef this proceduve is the vegulremsnts that equilibrium of forces is
gatinfied, and a2 with the B x'm z-Galarkin nathod the zolution ie
conaictent with ¢the ph veical restraints and satisfles the hou *x:ia::‘:;

regulvenents of the systen. tnknoum coelffielents a:ef:' he gerien

are determined wien ‘i:‘m epproxdeation is pubatls %ﬁ;sz& into tho
dezeribing equation from whieh sine and emsim terms of votpoctive
frequencics eve set to sero; ziving tle simultansous solyncmicl

algebraic eguations fron vhdeh the urkomms ave Fixed.

For ifrproving on an initial anproximation the procedure is
described in veference (22}, ¥here there ave already o nuber of
torms in the series on fivat spproxination, the res witin ? small
increase of sogurecy will not Jusiify the congidersiule amount of

enloulations involved.

8.3.{82. The approximate solutien

As & firet eppronivetion the soluticn to @qwﬁw {3.1, ﬁ}

is
pry 7 G bl ﬁ - ﬁ
B EH % & con 5 + 5 opin 5k Ceon 84 Dein 8 seover (8.53,1)
The “?jl"ﬁk.:‘i“"iﬁ solution is consistent with the physical
mqmmmm £ the 53:5%& The c::sw*cant i, {ts vagniftude

.« -

varving % R frequency, accounts for the shift of dynaniec

Lol il ikrdun gwm't fron the polnt ef symeetry end &2 in the mrevieus
wethed the hizher horoonic torms ave noglected. Heesuse of
damping in eguation (2.1,8) thelr awpiitudes are considerally
smaller and would not Jwprove to any offect the agcursey other



\ Y syt & ok xey & y o S e
then prastly Sncrencs the lebericusness of golution and the

diffieuity in computotional proocedure.

Substiteting equation {(2.8,1) into (9.1,0) gives

Lk g B . B , " L
T SN P R SRR JosQr N 4 ) an g:j- te g,‘;:g Pessh =
n{%mgghﬂnﬁnze’emzéfz«z}smiq {5 oo 5
s efen B ‘ . . - £
~heinS) e (Do B - Coln @) & (1o 0N ¢ A con 5
LA B [N
= . 8 &
¢Beins 4 Ccos & 4D oin €} ¢ 8y ¢ &ceg%m‘éﬁa"m 3

@ﬁ?m@@ﬂ»i)aiﬁe}*é*gz{%f@ﬁz:&a%%&sm;};@{fcm%

0 ein g}g“‘ gﬂg C‘@ﬁ g =z O &irﬁ';it v {$u$§?3

3.8.(12). Tho non-linesr simultapcous sircbraie equstions

The following won-linear simultaneccus aligebrale expressions
ere ohtained fron equating the vespective frequencies of sine and
eosine teynme ceparately ¢o seve. The eguntions pre pyoduced in

& cloned form gz in the previcus gnalysis. Thic will ensble gn
Coversll iﬁ&meﬁatim of the influcnce of the Indepondent
variables en the wesonunce characteristics, The bars gbove cach
enafficient ave opitied after having converted the coefficient

inte corresponding non-divencional quantitics by oultiniying the
vespeetive forvs by 1k

21 ¢ 1% & A% ¢ 384) ¢ 5(& + U)(A% + 5% ¢ % 4 D?) 4 2mBD
L 4 gﬁ{&g - {%%) = O RashEERA (3.353)
n%, ' e )

B(L - )+ mnB & 2808 « 1T ¢ A + M) (AC 4+ BD)

# D AlIR ¢ 2 ¢(0® «DM) = 0 Laies (3.3.0)
&
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The expanzion of scusred end cuhed of the approximation in

equation
cimplification of

{8.5,2) iz -shown in Appendim IZIX
ragulting
equations (3.5,8) to 3»31@?3;

On further sﬁmﬁf‘icﬁtﬁm
te the previcous definitions fo

obvious gs?%}?ﬁi&ﬁl m’%:w;&m‘catm gam:imm

a3 + B° ¢ B4Y) ¢ ay{e? : %xb 5 Qg
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trigenometrie identities to sttain
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entical to the non-lineor
slgchraie expressions €3.2,13% 10 {8.2.17) chtaingd fronm the
tite-Dalorkin ewwagingﬁ methad,  Thus these twe motheds ap

The phove eguations arp id

enuivalent when thele respective ap;;mzzim*i:i@m contaln the
szpy fevps of harommics.

3.%. JIsocline phase-plone analvels

3]
s

tion

o

Pty

Az The vorion of seeond ovder subharmonic vi

&

defined either by coustions {0.2.14) end (2.2.157 or by eguations
{8.3.9) and (8,8.10}. cubhneonies haviar the sawe popnitude oam
exist In two phases, diffeping by ¥ padions. fnalysis of the
epprenimzte golution for the vgb‘*w‘i v rotdon of the eyeten fn the

toznoient etate by isocline gronhieal wethed will filustrate thet
the vibpations com geour in elither phase, de; *z;ﬁm* uron inivial

conditione from vhich the ghenonena is ,:g:ﬁmmm&w
&5

-

84,013, The epproxivate trensient state solution

Te ghow the vesulting seeond order subharnenic vibration
end mlee the velative phase roletionshin botween two differont
stable auplitudes of @ fregueney denond upon the initiel otete of
¢he syaten precediy

anprowicste trensient soiution of esuatien (2.1.2) is assuned in

= the eueitation of the swhherronie. an

e

the form of eguatien (3.2,1), that is

e

e
k1
wia

19 AEY con g + BLOY 2in o~ 4 0IBY coe 6 ¢ D) 2in €

i

HOPBRLELN {3§l§'gi§

-

:‘M vhich coefficients H.4.8,0C, and R are siowly varying functions

£ ¢ ¢hat ubtiontely bocouws constant valuss when steady state iw
renched.  Under this mzmw*tim and that the ceelficient of dmping
iz velatively ormall. socend ovder differentiel terne together with
i

¢hozo of first differontial rultiplied by R ave neglected ov

ks

substiteiing eonation (8.%,1) into eguation (3.2.8).

3

Henee the follewing eguaticns sve ebteined,
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£ the above enpbession iz to vield the pericdic solution, it oust
¢

By
4,

8.4.(44). The mlmema&. cvpross :s;amt of the fintesral curve

Eguating the ws*ff* pients containing the non-oscillaoton

m

term I, and these of ooz 5 &n*“‘ sin 5 in the e‘:zwa equation

,
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The expension of % and ¥° and the resulting sirplification

o

of trirmonetric ider s'z, ities avre shown in Appendix ITY for

vaforenos., The eoafficients of con and aine term? are pot
eenzidered s the analysis ie Intended on the transient state
of gocond order cuhharponie vibration. Degider as 3% will be



the resonases of the fundavontal hmysenic. It Is siso part of

the fizwas'z;i..;eﬁ‘.: ion to ascertaln at 7 later stase that when the

nredoninant subharvonice ogour the Fundssental havaonic component
ia of non~pesecnant Type &nd thet it csn Do ressonadly spproxisated
Independent of the periedicity for o certain physical characteristic

of non~linenrity.
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ilence, torother with eguation {3.%,5), the inteseal curves of
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} and D(B) are cons i,e::zi.; and the poviedic sclutionn are

2= g ceenreea. (24,20}

Traus for the perledie solution of equation (3.1,8);

eguatien {w% ¥ i enunl to sove and the coeffiecients satisfying
similtaneoucly the condfitions of equation £3.4,10) pive cs*?ngulzw
?ﬂi*’a‘t" on the A% plnos. The g‘mm.té;?m{: solutions are ée:‘i:ﬂzﬁz"in

hy emtimm {3.%'3‘3 and (5.4,08) both equad to mero. The

resulting eguationz would ba identical to eguatfions {(8.3,4) and

{3.3%5%
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Stability fanlvels of pepiod

The bohaviour of lincdr systems when subdected to nepiedic
external force will have motion thet cevsists o 2dditien o the
foreed vibration of the same Sraquaney &5 the disturbing force
the fransicnt state component of the naturel frequensy. I the
function of displocesent {8 mon-linear this prisviple of
superposition will no lenrey be auplicable. Ter & sush systens
wrher of serarate perdodie vibrations as well ae
those having ¢he sawe perled as the externsl force. With
renlinahie vhysiest systens evidencly alumys inelwde encrgy

Y PR 2U e e L2, e M t, o PR R
fom, 1t in vepdlly seon that DJor the enlstenso of the

£
2

various {ypes of vihvatior problem of otebility malyelis is

»

The Instebility of & vibvetion i= not nevescarily dus to
it ovm eovponent of the eorreaponding hammnie in the vibratery
rotien. The buildwun of &n osclllation con coeur in a veplon in
vhich the component is of onder & maltiple of the vikration
froguency. This vesns that ¢he accoumuistive effect ¢an be of the
sane frequency oz the vibration frecuemey mnd 4t widl no lohgew
peralt the centinuation of the oripinel vibretion. Thus stebility
condition for only the firot hareonie pesion of the subharnonic |
Svequency io not cufficlent. The reglons for edequate considsration
st then bo determined frow the order of dioplucenent in the
varingionsl ,%zm:iéﬁ and from the nuwder of ¢evns necessary In the
soprosinete selution.
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Supetituting (=, + &3 in plnen of  ond
:

p ovavdatd

w9 . N
irst, & linear

hicher erders of &m then the firse,
for &n iz ehbtained (00.53).
E};“,ﬁ* + 28 g + {1 4 30 % 3;%- * @ﬁ:::n} S =m0 we.s (H.LLEY
Eguation (4.1.2) is in nen-d ?‘"Tl?b’i%s,.}, fomr throurh
suleiplying the respoctive component by ¥°.  The ooun ‘i.:m»
tw fron the pordedic z*oim‘: 22

characteriges @ onall varietion ¢
8 with time determines ‘%h@ stahility of
solution is defined ac

hehaviour of
de to im'ini*zﬁy{

The heh

he golution to cx;m?xe:m (3.1.8).
*"‘i:mz.e if o1l solutiens of 8x are hmmlm &% T ten
("a‘ } is unstoble iIf &z grovc unbounded asz ‘%f%‘cf,f

e
4 £ ¥ E

b

"‘3:2{3 solution ®,
”5"" :3 ng"t 2_‘: teBtERNLERS {isvigg}

41
g

P e
ivg the transformation

to elininste the fivat derivative term giva
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Incar equation in § where the ceeffivient o z povicdic

% % ; Cer T 4 gl .,
¢ e he gevelopad inte & Fourdier sevies. Thus
31 a;.* e r & t *R 2 rom ¥ 2 "
pubstituting = {7} In the fornm of ogue ation (2.2,1) the variztionsl

e T B S . g ER .
Gougtinn {q-lg%} iz than tyer "2‘»5':’ wmen BGoa il

4
2,5,C, eon (ut - yow 0 cenene {H.1L5
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4.2, The genditions of stebility

RO E

If the sizultancousn é&g:;w aic exprescions of o ;:;mt...z:rz
ig.& 2 & » mot satisficd, the actua a1 existence of the
z;:;emmmt on, sountion (5. 2,13, for ;L:; 3¢ long as the
cootficients are stable is cwznined for the conditions ;.}*am the
aprvoprinte muber of regions of the vikratory sotien arc to be

-

satisficd sinultoncously.



#.2,03).  The chevceteristle determdnent of the m‘:“za 1dty eriteris
By Floquet's theoty (3 ) a pavticular nolution of oousticn

{t, E.M;} in piven in the fomo
Fom et a - (4.2.1)
L. “w» . C > (‘('f:” LEER SR SR '}';2&“}

c:au v io the 'ehsa;m:*t ris mc «::eW "-vmtﬁ real :~:’ s.m::;*:.*:mw uu:@mﬁ:,ﬂm (
bﬁf the eoefficients © ¥ the Touricp w“,mu in f@:zmmtim {3“?.,.)%
and ?ﬁz{?} is the gsavi@ﬁic funetien of time {7) in which the pcﬂs,ofi
ie the sase op twice the fundemental harmonie period of the
sordes. The mmber of terms for £(t) in the Fourier sevies,
development depends on the & w‘*cvi,b ¢ equat €m (8,2,1) end the

aecuracy required.
Thuz frow previeus consideration,

ofr) = a4 ay cos (2‘ '-‘,45}.3 * zz.?‘r:@rs {nt - 0.} <o (4.2.2)

e

VHEPE & ¢ Tqs G 'véil ﬂmd_é} ara new paraneters o he :% termined.

Frow evmtﬁmq (4%.1,3) and (4.2,1) ¢hae cmdx&wrz@
efining the sidbility of » {“"} thet in the i.&m lvzte penlodin
sopivtion of equntion (3.3,5';’)@ is resdily seen to be piven by

the reel pavt of (Y ~ R} ¢ © saveany  (4,2.3)

and 8t the boundory of stebility by

the real part of {y ~ 1) = O ceveass  LH24)
Sines v can elithor be rend or fmacinnyy, the enurtion

{6.2,8} s equivalent %o

g

o2 PP (1.2.5)
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IF eguation (&.2,2} ig positive, the swmall variation On
RS 2 - . o
diverges boundisssly with Increase of T and econzequantly the

approwizate solution (2.2.1) doss not actually exict.
& particulzr solution of equation (4.1.5) s then

ﬁ,} A& é’;a  acitio] {!}? e ég)} ‘s {ii'tggﬁ}
wba L
Substituting dnto equation (4.1.5) gives

é‘f‘w;«&yw‘qw{(z -xii}-sf:?% ¢ m:;{u‘ - g Y= 0
<2 wey O B

a:eozelt'»kanl (ﬁ'aﬁn?)

fith {1} a9 dafined by eouvation {(4.2.2), vhere & A the
constent torn is to sllow ‘,czr a o2 %@ﬂue ey tern contained in

the non-o4d Tipe és.a%&;s}.gwmmm the subst tm.tm:z inte eguation

g

(1.2.7) and equating the coefficients of the constant and of
those of the respoctive saus freguencies throurh applying the

principle of harmenic balonce gives & set of linear homoegensus
equations from vhich the pavereters of ecustion (4.2,2) oan be

Setavmined.

bid ; ’ L - 9
o - . o ng S, 30 2in &
{'} & ﬁ? a4 Gle &u}_ Cag {l r: 1a ml sin Gy

92@ 3,12 Q@a Q “5" 023 F?‘ »’2 b
2c, e+ {C, - n?, v+ C ) oa, cond
*Fie "o 2¢ y 3 o’ Y1 7T R

€y, 8, + (Cpp - YA) 8, o8 & + (V" % Cs

ls



Tl N § 25 iz
g.one S {0, «C Yo gind, = O
Ty W M { 1 “Set e T e

(X E R % {‘5-24,8}

The sountions of (4.2,8) munt satizfy for all valwss

of & .8
sgg L

ter Ty @l and &, which do not vanish. Thus the
L A F 4 . . X
charaeteristic deterninant of the evofficients wust be egusl

%o goro. Also pince the deteyminent dz dopendent on vy, honce

% ' ’ -w 1 ‘2‘_»;»
ﬁiﬁﬁ%w(«}? 20 IEE R {3‘ ;:3}

r-3

fron the condition of (4.2,8), ot the boundary hetusen

»

etable and wmstoble ropion, equation (%.2.9) bocomez
ﬁ;} = ﬁ [IEXEEX Y {&.2&;&}

and from the eonditions of equations (4.2,3) and (4.2,5) lead

(R} » ¢ sesvnes  (Ha2,11)

for the stability of the pericdic golution,



Hence, the characteristic determinent leading o a

criteria of the piability linit takes the forn

z _
RN Cic Cis e Cog
s !’}2
) 2 A S % . . ; ~
2y RiaCoqy  Bmly,  Cuotlay  Cputlqy
oe
arn - 2 -,33 - .
““is Cog~T R9C57 CasCis G0 Cse
. _
3 7} & “Can ’ [~ " o 2
B, () e 0 v (#.2,12)
{ ! 2 - -4 n
2Xoe CietCae  CaeCqg FHCMT ZR0IC,,
'mlm
£ - Oty 332 )ﬁ £ e
2C2$ Clg“ruas Ll& Qgc {3&2’3 2Rn R ‘i‘h{) 1)
“Cue

where C;  and C; are as defined by the equations (4.1,6),

and 1 =1, 2, 8, 4.

The expancion of the above determinant and from
cgubstituting the equations of (4.1.6) into it, & wolation
piving the boundary of any unstable regions on the rescnance
curves czn be obtained. The stability criteria derived will
locate the vegion of the accumulative effect of an unstable
component in the non~-linesr wotion.

The diveet diffeventistion of the expression describing
the subharmonic rescnance to obtain the vertienl pradients at the
stebility linits is not the most eppropricte uzy to deternmine the
instability vegion. The predecurs, besides, iz cemplicated end
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very laborions. To use o ¥ O as g stability erlterion i3l not
(OR ]

]
<t
che gpproxicate solution does not enist

In ¢he Inztability rorlcn or the cause of the Instability thet
is due to & bulid-un effect In one of the heoroounle oscilliation of

the vibrotory wotion,

Yhe use of an equivalence between the eriteria of egustion

{6.2,12) ond the Routh-Hursits oriterdon of stobhild ity v 131 aseortedr

that *he characteristie curve of displavement aupll tude z::?w, nat
fregueney has 7 vertical tangoncy et the stabilivy limd

Trom the ron-iinear alrohealc e*ag*mﬁmm 3. that Ty he

g

eatiofied for mepe than one set of values of the dependent voviebles,

¥ - .
That 37

& ¥ equotion (3.2,8) = ©
?1: £0UR ion {3¢3;‘33 =0

¥, ¥ equatien (8.2,10) = © ceenwa (H,2,18)
v, E eountion (8,2,11Y = O

[£1]
o2

¥, oogustion {(5.2,12) = @

the otebilicy condition, derdved from the ant%?‘iuwmta cri t@mm

(22,55} for the desoribing equation (3.1,8), &t the ‘s@u.éaﬁ** iy

‘given by
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On differentiating equations {8.2,8) ¢o (8.2,12) with
respect tﬂc} £he non-dimenzional fraousney . ¢ set of sinuvltonesus

S » " " «
enuatione iz obtained.

- ) - "4 e - » »
Solving these resultins cunrensionn will vield
~ T T H

e A ] 7
,{i,‘% = *‘*:,‘ - {3{: S S O
én gt Coan g

N ¥

“rG rrE

where %?-i (L =1,2, 2,4, 5) iz the chavackard
of eguation

Tolloving column of terms.
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v 2 8 e .. 2
Singe Qi‘f s A% ¢ B2, and Qy = CF &

istic deterninant

(4,2, 14) In vhich the ith column dg replaced by the

(4,2

16}

i}

»o e

W

»
B, the grodient of the

characteristic guwrve displaying the vibration avplitude apeinst

frequeney i glven by
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The pwstitution of equation {4.2,15) into eguation {U,2,17) will
e '
53 * = *
88q A ¥ noY 3,
Tles ‘fes ‘= v (&9, + B7)
ar I ] e
ar 3 -
om0V, o DL
e D g £
. 6.7 4 s

A

Thus with the stabiiity linite ot the boundayy coouring
vhen ¥V 2 0 it io resdily soen frow the eguations of (4.2,18)
that

iy 5 3 )
a g : , o
'(“Et o m:% @ *‘ii Lol 4 FERERE OB ENNW (%2@1‘3)
3 .
% an

Dguation (3.2,319) shows thet 2 verticel tengeney of the ressnanes

curves occoura at the stebility linit which io deternined from the

geustione of (4.2,.8) fov the Tivst and sseond eowpdnent repions.
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The anzlozus computer hos boon yerarded not ondy to help
bpidee the media hetween Intuitions end exaclt snalyeie, but it is

working! wodel {1, #. 10. 12, 18} iIf the coustion
»

of wotion, to be singlatad, adequstely desomdibes the amctusl wotion.
In this investigation such difficulyy dogs not arise.

im S.0.40 Syoten Covputer onalosue, Fir.(5.1-1), fo used
to obtalin the experivental resulis 4o equation {(3.1.7) For the
wide range of independent pm‘mat re. The sachine eomprises in
eddition o ¢he t::{: ine elovents housed in 2 tempevatuye

w 1 .
controlled oven @ dasital voltuoter and velay switching cirveuits

»J"‘

ae_w

v k3 d
£ which individusl rarts of the progven can be venitored at
{J’sakf l mtant.

P o iy b & n v o 2 2o} 20 SR B P
and potentionster setbings anre cavried cut thuom by thiz sddrasze

he necescity of czlibrations, voltaps mweturonents

The non-linear functicn of displacerent is genevated by

reans of twansistoriced pavk gpece wultipliers. Theso avs

siiohtly less agcurate than the servo-iype b hut hey have & wuch

| TOVRRRE. W% .- P X W e Fo = s by T & e o,
.L.wﬁ Dondwidth, whilst the gevvo mltipliers ave restricted in
. ) . ) o . oy n g eI
useaze o Iower frequencies. Corsuting culpuls ave ohoorved by
3 s X o e at % ey g s 2o -
e ni‘t:‘ sing tho corregponding fraces on an Alrmec type 272 display

oscilioscope, ftem B In Vig.d5.1-1). The results are vocopdsd
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a

viz & vozictor elveult, itenm €, by & Southern Instrumeat 1.2‘&:':“& .
viclet reconder type WIRB0, ftem Do The Wwiﬁ‘ai‘i’* t:wmi%: aﬁ s in
v i:;:{ww "} 23iove sufficient é@ﬁm‘tim £ ggﬁﬁ:ﬂw off the

gelvanciater when needed e paintalin the lenst ervor foon

subsequent teasurewent of *&zzfé TPRCED .

Tho, fundermenteld ﬁ:i“ﬁ‘&ﬁ: prograns for the socend oxder
cutharmenie eotvtions to ea;;;atim £3.1.7) eva ﬁmm in i:"ﬁ.“.
(5.2-1). . The difficulties vhich ray be encounteved when settling

up the progran epe £ mjw the ?m:m?w‘* of pealing &8 it s mccsmﬁ |

0 velate the mmmtw varishles c,.;ixe% tly o t 'm*:sz ef the

® 1o T 5 sada 2 = 53 B r
fnvastication. The ind dependant ,mz: graters of the deseribing

g

eguation nad the eoofficients of the solution ave oxprossed iIn
voitages and ime ol the computer. The neeassity fov ﬁcaiing is

et ca**lv ‘E:e:z polade m‘z zmzlmmw of the physicnd mysten o The
twe varlables, hut as v adl working codels hors are vey

retes of chanre with

5

it e g & iy 4y e s 4 ol
mosreet o $ins,  Often, anpiituds and ¢ine c:a‘i.mﬂ ore nosensar i

£ the equations eve o bo simdated efflelen iy for @ wide

-

ndependent paranstors.

£33

selectionsof the

,%

The probles of cmplitude scniing booowes 3&'}‘“‘ clenle

o non~iinesr motion. In @& computer
cuntione 21l arvplitude seale factors
= the maenitude of the

&
.

KT -

study of linesy differenticl
cnn be unifornly changed by mwely ﬁl’&!ﬂh 3

whon computing for nolutio ons ¥
©

» »

’%"*ﬂm funetion foput end of the initiel conditionz., It In not
rensible o groly ouch & presodure to egquation (3.1.7) elvply

w

heeause the priaciple of superpesition doos vot held.  Avplitude
soaling o eoch output boy be neceszary either 4o aveld owcesding
R %

ke operating specification or to provent lavpe errors belng
Introfuced to the resulits on a peroentars basis.

i#



2

Locanes of desizn linftations the built-in erropy of the

comnuter Iz lowest at noninue loading of the oulputs,  Thus Lo

3

ensure food grouracy oF the selution the asnlitude sealing is
calsuiated to attaln hirh leading of the arnlifiers ond
raltipliers. Cenerally, thizn Involves seversl scaling ueguenges
for each sot of inderendent paranaters. The machine loses fts
Yimeardty IF the iisiting voltares veve exgesded. However the

-

@, el . e el &4 v 'y
outpute of the varicus cowvputing elesents are appranrintely

daterpined. ©o achiove not lover than ninoty pevy cont of the
ptahliced voltere. The orrer thet is Introduced during the
vorputation ouling to deift of the reference level of epevational

arniifiove, multipiicrs and rofercnes sunplies Is then less thar

The golutisn of egustion (w.:‘s“;?} reouiree the woe of
the W&i‘&fﬁiﬁﬁ?@ to paise the pover of the displacement, ' (ften it
- beeores. pegessury. 10 tine so szia the. 4 :%’Fa”&“i"ial aquation .@é;zg;ac:? 2ily
when the sevvo-multipliers arve uzed to generate the non-Yinenr
wotion. The seniing of mmﬁlz-ﬁaim» o ene eultable on the naee f,i?zm

.
-

NS R “.aﬁ 3.)

-

where T3 the comnvter time and £ s the tive scale.

Since the mochine computes ’ﬁ&? cnly @ pepied of thrae to foum
minvtes without losse In zoowsoy z:’fzﬂ use of servo-multinliers

will not ﬁnﬁe«wﬁmﬁv inprease the zcmww, f the solutl m\ ﬂ::e
Iongew rate is roguired to attaln the stendy state from transient
rotion.

Az the enustion (3.1,7) deseribes 2 contrifugelly encited

eysten. real tive can be used by malling p r 1. Pecouse of the

sepling vequirements It will give & hisher froquency response..

:-

Fd

Otheruieo, ot lovw cpevating _mamé& She dnlfy in the computing

-



elonents will couse detovioration of the acouwraoy. %aig moong the
wie of {ransistorised mark sproce sultipilers s nore suitadble and

Thers iz elso 134tle 41 i“f",czul‘éﬁf then with the recording faeilities

for the venpeotive cutputs., Hones the prohilen of frequency
lisdtation dogs not avise for the wids range of valwws necessary

foy o thereueh investipstion.

If ghe awplitude scaling fs carrled out as provicusly
dimeunzed thers iz no concoern as to whather the oulputs of
the nultinlisrs excesdz the desipn oaxivun. The actusl coporation
£ the wultipliers produces anm output egqusl to the produet of the
o inputs divided by The computer veference with 2 complate

. F-J . % - RN N N
reveresl In phage to the resulting veriszble. Thus two inputs not

* a

overioadad In thelr wespective eliveults will give zn culput within

By meking 1 egusl to waity the ﬁ,«spﬁn&mﬁ varisbles of
the vihration have non-divenzionzl valuss. 4n the frequency of
the ovtput by previous oous riderztion m cenverted to actusl tims
of equation {8.3,7), the M-:éﬁ,naas: vossense of the w}?gtﬁm fo
various persutation of independent pavar wtens will be an -:epsct@ﬁ
Ly the output traces. Thus the hehavi cur yesulting o
sravitatisnal influsnce on the masnitads of mmﬁ.iﬁmmuy ia

J

wonitored directly on the escilloscep

The dezeribing eguaticn is yeduead fo the form
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. 3. e : . s .
%2~ By % ooy« 50%) 2 555 & =% 3 & D0 con wh v.e (5.2.2)

Tha conputing fcimn,axs; prorranred for the gysten are ghoun in
Pie. (5.2-1). %o start eircuit Fis. €s.$.‘w3.}{i"~} it is necossary
6 have an indtind condition. Since the 4% 'tum.m” fovee is @
cosine funsiion the in nitial o) nattion i aar;:m:' wﬁv fed Into

the neoond iﬁi‘?m"&‘tﬁz‘»

5.8,  Corputetion

RN

=~ & %
5.5,(4).  The proc

16
3
1A

i3
*

The confficients of the @Nsrmt..ﬁm%m are got only after
the complets interconncetions of the civeult components have hesn

made, and the pateh panel have beon Inserted inte the machine.
Thic will then toke inte accsunt the lesding effects of The

wobentionater setidops on the ¥ s Intepretors. evplificrs
and nulfipliers. The sceurscy of the pottinge by weans of contvel

civeoityy in the console o the depltal woltmeter iz st lesst
CG.08 per cent full seale.

Becruse of Ivherent demping the duration of ﬂa"“’“iitiﬁg

rraferably 4o not longen f hen three to four mimtes., Such

o

pragaution i1l "33’:?;'4’&”&‘?; errors of sots magnitude othervise being
introducad inte the results. However the problen In wove difficult

-

when eorputing for solutions to non-linesy systers.  In cases wheve

i:”t

the conlfficients of davping are relatively small, severe arplitudey



are excited dorine the translent wotion. Bince thay require
sufficient time to ho suppresssd, the offects Srowm the noed 4o
attain & stead state within o perfod are felt in koth eircuits

.ém:muggh theoretically 2 perdodie fores esp only de werk
on a rotien having the seme frecuency, with & mon-lipesr systen
the prodovminant cooponent of subherponic vibration is mainteined
by the pepriodic force ot & svbnuitiple of its frequency. IDnevgy
iz supplied to zustain this non-linesy phencnanz vie the

Tundemontal hermonic. Th ff’u,; if the computation exceeds the

* g

vepsensble peried, the magnitude of the excitation -g,mwc@d on

hoth eounts end the sccuvacy of the roaulte deteriorvates rapidly.

.

The potentiomster cooflicients are checked frojuent .‘i,}-“

:d o i X 5 V. P 2%
to avndid lozs in mooursey throurh oeell variastionn In he o

=
aupply el arence VoLt me.  Thin nroblew arizss povticularly
when the analegus computer Ig operated before it io sllewed o
sufficiont tive period to atiain he i:arfcin:; e tore

§.8.(i1). The mininization of crro

S

s

To pinimise sweh evpror iz both the muin end forcing
function m.w: uite when genoereting the pr renounced vib atmzw

initial eonditions ove Introduced %o the Zopui of the Hyot
differential in elreuis Fig.(5.2-1)(a} during the trizl muns.
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vhich varies fron an esplituwde end frequency near the rogion
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basis that the conputing civenits dazoribing the sudbhaveonic
motion of enuntion (3.1,7) are fron cqueticn {5.2,2), the
corrpaponding cutpuls gre monitored efficlientiy. iHence when these
walves are vseld 2o initial con c;f?:aiiemf: in the actuwal run, steady-
stzte subhaveonic vibration in produced '%zs‘if«::“ s thvourh the

noricd of gomputation.

The exnerimentel results h'z:wrsw’ by this progedure ave
3

in general in pood agrsenent with the theoretical anelysiz. The

ewperirentel velue of & particvlar frogueney is located without
difficulty for either the lower or the upper brench of the O
freguenty vezmpenze through the veltage set to the Snput of ‘::‘?
firgt differential. s expected frow the eomsideration of chapter

: Joeation of the ewperivental points in the

i ]
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%
<
2
4
2
3
i
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Instability 1**&5;;:@;1 is not possible dus o the builé-up of an
osciliation which has the same freguency as the svbharmonic

<
>

=

frequancy. Thus there is po actusl selution in ¢

ﬂ

et 2’6"‘1&1} it

the determinant of equation (4,2,12) is ovaller them zerc. The
Tdumn! phenomena where it existe can be cbnerved on either

»

ms}ma&iﬂg or reducing the poteationeter walue in the foreing

2,

*

Funntion airguit.

5.4, fAnslysis of experimontal wave-forns.

Experizental solutions for gach selected fmmumc*: valug 1o



souation {2.1,7) ave obtained for vavicus povmutationn of
independent pavarelers and are resorded In timn weve-formo. A
trace which rfiis_;alav the Eﬂ%ﬁsﬁy stote subherwonie rosonones of

serond erder is shosm in Fle d5.4-13(s}.

€ 1 £ 2 y Y - a . i ' y
S.4,{1%. Tioe vave-fopns veprescnted o Poupler series.

&

The g\rm iedic curve ropromenting the vibration ém;:ia gmont

yitygtion, which is 47 for overy p sriod in @, inte twelve 153{;}32&33{9

Ry s 7 7 Lo fe ) PYo. 4 e 2 . ¥ o » .
gpaced ordinates. The y-ordinstes of the wave-fors oye mezsuvad

% X R W - -
by weens of a Fharel ghart recder coguipped with wernier scales,

gnd the veoluss subsequently are roduced to g divencionless stote

throueh multiniying end Sividine by the appropricte factors.

Thuz, with the time wave~forn expressed as & Toupder

. x
savics, That iz

e
il ﬁ “ , . - s e A
£{e) = "o+ I (a, cos k€ + b, sin k6) seras  £5.1,10
pa 2 .

the components are deterained by

3 iz .
£ =i LB ‘f. . o meme R {3'#5«2}
y 2
&, 5oL s {cop 20,3 . S{H) canne EB.0ED)
4 #ogee T 3 . ]
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Sincs §(B) hore is o constant, thot is &(0) = g, thes

TERE G {ﬁaif'gié} -

sin i‘:@j veess LB.4,5)

1

b

Az tho eoefficients of the series con be expressed £
the forn

FE) =8 5 Q. oo (8~ &) + 0, oz (20 ~ 3.F % eus

£2
P “ o

LE X X J {gl%ﬁg‘}

2 .yt
where G, = (o, # B0
; -1 B
and @, Ftan T K
a
®

then with the aid of deritel computing, oquations (5.4.%),
{5.4,8) ond {5.4,5) will give for the wave-forms of eguation
£5.2.2) the mean dynanie displacerent and the vespective
harmenic compensats of the men-1inear netion.
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S.u.021), The nseswresble subhermonic conponents.

e <

The results for o pertlcular set of parareters eve rresonted

3
A

»

in Teble (5.4-2). flthoush the chove expreszions ave approxinates,
generally the twelve ordinates give sufficiently pood vesulte. IF

-

higher acowracy o veguived fhe muber of ordinates con be Increased.

Sofryid

144

&g chuervad from the tohle, the ¢hird opder of oven
subhormonic components is very eumll. In faot the ¢hind order
conponents cannst be effectively monsured with the Therol chart
reading up to the second docinzl ploce. The error introduced fron
the enslvels of the troce 3 s hich oz 200 poy cent. VWith the
corputation crror sstinated to be lepe than § per cont it 4=
razpenable o oy that only the first three anplitudes of the
subharsmonie conponents are reasureshblo. Thus the inciusion of the
thivd ond bigher order comnonenuts to the appronivate solution will
have neglipible fnprovensnt wpon $he accuracy of the thesreticsl
x

vesulis. Dnorgy supplied by tho disturbling fores pelineipally is

2 »

ehaorbed o spetain the yogonmnee cenditica.

L gguph of ¢he bopwonic oomponents that fre moasuresble
in the cuperdnent fo ehown In Pip (5.4-13{(b). The vestorial addition

Hove

of corh suceacding component will pive & trece identienl to the wave-
Fowm vecorded i g sufficiently close mumber of ordinstes evs
considered. The effect of the ehift In phase for the respective
coponents in roadily cesn dndthe pesults m@%’me&. '

.



- 86 -

. siesb | ggo=d  Ho=z  o1=V

. “SOINOWYVHENS — 318vENSVIW 339AL 15813 IAL ONV

. WIOIIAVA  INTL  ILAWOD 350NV "(D(F+5) 513

ST S02 w@ + ©s02'® + 8502 «0 +N _ /S T =

oT



- 87 -

 n 6% al 'qg N
3.15 0.073 0.588 0.001 0.12
3.2 0.196 0.569 0.005 0.15
3.22 0.41 0.558 o.014 0.17
3.28 ~ 0.68 0.51 0.02 6321’
3.34 0.88 - 0.496 0.03 0.28
a1 0.94 0.49 0.03 0.31
3.45 1.04 0.495 0.03 0.36
3.51 1.1 0.508 0.03 0.385
é.s 1.07 - 0.52 0.03 0.422
3.71 0.93 0.53 0.03 0.39
3.78 0.86 >o;516 0.03 0.35
3.85 0.76 10.508 jo.oa, 0.31
v3.98v. 0.61 0.49 0.02 0.23
4.09 0.8 0.49 0.02 0.18
1. 24 0.23 . 0.47 0.01 0.11

TABLE. (5.4-2). EXPERIMENTAL RESULTS OF EQUATION (3.1,7)

FOR A =

1.0, Z =

0.4, R =0.25,

p? = 1.0 and u = 1.0.
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Chugter VI

Second order subharconie :’4:3:?“*%:;{}::}.;

6.1, Mucerical evelustion.

i i

"‘m:* the consideration of chapter III, secticn (3 1} ‘and

£2.2), it is evident from the mmmamve covrosponding equations
e’zai_r:’a det %aw the domain of s&b&:&mz‘mi@ resonsnes that one solutlion
is Q, & 0. TIF thin comnonent is rot erual to zove then the

‘

vezulting clmltoncous equntions wust be naticfied for the tswiwia

&

solution of cm&‘éi@;; {2.2,3}. This given

SYQl im {& b 2&:} - Rﬁ & G . . IR RN RS (ﬁtigi)

re

e03 (&) - 2033+ (1 = {5 0 397 4 g AR gazg:s €0

(5]
23
P
gq
e

aav‘anssn‘«:& i (5&3—:2}
s1:{1), The simdtancous polynenial expressions

Sinen equations (6.1,1) and (6.1,2) e¢an ke represented Ly
Pie. (8.2-1¥a), & singls cquation for the subharmonic yesponse in
tevas of the varishlen and paremeters is obtained. The equation
which f¢ a polynomial eupression of G, to the fourth power is
presented In the forwm that hay g:r*mté% rvhveienl moaning Lo the
eguation in deseribing the vibration vesonance. Thus, after
laharious ﬁiaz;}lzfiﬂatim gives



] . 2 ) . N - )
noE Lm0 1AYT - fRT a4 { ey YR - RO 48X
2 2y 37
'é' 32: -~ F*I":" ‘..) }‘ wsbeders (69193}

where ¥ = (QF + 207) .

It is veadily seen the Important component 0, of the motion
enints only in & limited freguency vange. Eguation (6.1.3) will
be further discussed in a following section.

o

The elinination of variables ¢, and ¢, from the remaining

¥,
.
»

simitaneous eguztions will reduse the original £ive equations to
three. The resulting polyronizl expressions ave still very complen
but they are resrrenged inte more suitsble forms vherchy the

»

vemaining veriablss are determined uwith lems difficulty,

Using the trigonometric definition of Fig. (3.2-1)(a).
equatiorn (8.2.13) after sirplification gives,

2
¥~ 9A%0? 2 2 - 2.50 (1 - 2 + 0,753 + 38%) }

AN B U s N AN T G sk

i
i
i

e (G-i;l’g')

vhere a = aufhy
(8 + 8687 +u.5 Qf + 90,
(6 + 185° + oA}

8
(&N
[« T
L B 1

The roots of 1 can now be more conveniently deternined by
applyving an itevation method. It gives for a selected value of
Q. and itz corrvestonding frequenty 2 single reasl root of 4,

5

Finally, with eguations (8.2,16) and (8.2,17) reprocented
by Fig. (8.2-1¥(b), a single equation deseribing the behaviour
of the accomanying fundamental harmonic cemponent durlng the
subharponic vibration can alse be obtalined. Since the expression



W R

is @ polynenial %o the eiphth pover and is inh wrently eounlasd $o
enustions {6.1,3) and (6..,,,,%)% tzze corponent {, is mors suiltally
deterained by the iteration methed. EHeaco efter a‘m},iz?icai:é’.ﬁn
the gouplicated alpebraic eguation Is presented i n the form

4
g~ { It s -0 Q-] sov®ers0h) 3
at 5 i L 5
o2 g
& 2 % Q? ] ¢
£ ¥ ye 3 4 e O
é ;} { .ﬁ@g%.," % ’sﬁg g:a >
5 /r? Qs kﬁ a2 B {3 ey e

avesws ignisg}

WHETO
a, = { 81 - n®Y ¢ 387% + 4.5 -'f 1.
?;sgm{ W‘M{z»n}i:z.»n?ﬁvfﬁws*zgz..w '}
- {23 Yi o+ 3 o }
e, = { uy? ttz® - 2R%05) + of (v - n”) (2 - %) « oz

~ 3150° ¢ 20%%) » 60 3’{‘3'*" ¢ 1~k .’} # 2,38 i::,{ }

Le with the voois of H; equation (6.31,5) iz presented in
the forn such that quichk convergente of ite zoote are possible.Althoush
the thrse sinultansous erprossions ore still very eomplen, the
coefficients, m » in, and ¥, can be resdily determined by the following

nrocadurs.

B.1.(54). Itoratien pmmﬁum for solvine the three polynonisl
2 4 : " -

4444444

It is resdily seen from the three sirultaneous equations
{6,1,8) to {€.1.5) that there ove four rozulting wnknovns, ravely,
e O. Hoand QL’ ¥ith the gguuntions as gmsmn‘mé in the zbove forns,
g 4
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sghovn in Fles, (ﬁ.iwl) and {%.1»2}.

gﬁcalymmi&a mg@bm:?a equations, ‘2:3:2«: roceduns of Cdlﬁiﬁi"’a‘l'i’ﬁ:: a2l
the rocts of e equation ¢t &8 iz %‘wll Antroduss eonsiderable -

?

aiffievity et e later staps. Por an mumple, dn determining O
from the expimsion of eguation (6.1,%). the prascribing of &
fraguency velue tozether with the initiol apprenimetes of B and
{”4
wmmz: yaiues of :?,‘ Theze veoots vhen m;mmu ontly used 1o

zw

will glive I8 ¢evtéain vepions twn yeal voots as woll as tvo

evalugte clogor mrrm:imamzz of the other two variables will mroduce
connlication on solving the souation of £ e Thin ﬁ:yy—mwam is to
’i‘:‘m &dihth pover and the voots ehtained will not necens: arily be in
the corresponding ovder of two rezl valuss mnd three mairg of
eorplen refults as the coofficiete of eovation (£.1,5) Initlally

are &otereined fron poor arproxinmations of 6, ané N,
It is much sizpler to evalvats the vesults of solution

a2y
(3.2.1} from the ooustioms presented in the ahowve "E‘::ﬁ mse By
&

e we
as Ffop b

iming the valug of ("‘g and desfmmstine initinl erprowiset
and 2., 3% will the % Glvays zlve for i ona set of roots for which

s::m‘ma::so::i:‘.:z,s closer valuss of I end Ql nra subze; Zk@ﬂtl‘g determined.

In the Infitial stagze of the cziculntion when the ao plitude
of the D. component o anall, the peonitudes for ¥ and {‘- e
exsily estinated from equations (8.2.23) and {6.1,5) with % = 0.

3

N ’a»
29 e o x ¥ s e - 2, &
ihen for & fined value of Q.. the ‘rcr;uemiez ara celeoulated ond

ot
2

L2
the rerults are used to Jetor '§ ne closer gppeexinates of the

X ) . eted 235
corvespending varizbles by neans of the fteration method leseribed

K ) é 2 aeen sl lraped dees ey ps AT 1
in (46}, With the ald of a hizh Bpeed. deglitel cosputer. the vhols

process 4o vepoated until the roots of 1. ¥ and Gy onl
aquations. of (£.2.3) £6.1.4) znd (6.1,5) simultanecusly. For the

. qq i o % . " ?’ s
tovaive of g: no%, the remimdss of M oand O Iron the '}mc%.{mg

ntep are taken as atrisl values and the wcm‘m ?g*r

r:f
3'—3
5—"
£ r’
:«%
&
(&
0
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SET THE VALUES COF A, Z, R.

- Y

'FIX THE VALUE OF Q

'READ INITIAL VALUES OF Q, AND N FOR
EACH ROOT OF n RESPECTIVELY.

SOLVE FOR THE ROOTS OF EQUATION (6.1,3),
CONSIDER ONLY ONE ROOT AT A TIME.

TEST 1 WITH THE RESPECTIVE VALUES

CALCULATED IN ONE SEQUENCE BEFORE
LAST. ' :

|

nl’,ng-
DETERMINE 61 FROM EQUATION (6.1,5) BY

THE ITERATION METHOD FOR EACH
CORRESPONDING VALUE OF n.

-

;0 9
|

FOR CORRESPONDING n, DETERMINE N FROM
EQUATION (6.1,4) WITH THE CLOSER VALUES
OF Ql CALCULATED.

FIG.(6.1-1). GENERAL FLOW-DIAGRAM FOR DETERMINING

THE NON-LINEAR ALGEBRAIC EQUATIONS.



READ A, Z,

PViQ1l, PV2Q1.

R, PVIN, PV2N,

Q =0, T=0;.J=0,
F3
|
Q; =Q, +0.1 = -
Fi Z
i
51(0) = PV1Ql, N(O) = PVIN

TEST: IS (9Q2Y°-R*(4+3X+12Y?-uR?) ) < 0 |

‘ NO
J

|

—

=0
J=J+1 |

f

CALCULATE n(J) FROM EQUATION (6.1,3)

NO.

+ ISJg>17?

" {YES

TEST: IS ABS(n(J) - n(J-1) ) < 0.000017

NO

A =0

A=A+1
]

|

DETERMINE bl(A)

'FROM EQUATION (6.1,5)

NO

—e—1ISA>1 9

YES

~{ TEST: IS

YES (1)
PV1Q1l :-qu)
IST = 1 9.,.YES
NO
650) = PV2Q1
N(0) = PVEN

ABS.(Q(A).Q Q(a-1) )
< 0.000001 ?

— T

L]
[ {1 =11

TEST: IS(3Q2Y%- RP(4+3X+12Y

- 4R%) ) < 0 ¢

YES
o

I+1

DETERMINE N(I) FROM EQUATION (6.1,4)

- NO

IST>1 9
YES

{ YES

Q,(0) = §,(a), N(0) = N(I).

MO TEST: IS ABS (N (I) - N(I - 1))< 0.0000001. ¢

YES
NO.
T=1 =

1 :

FIG.(6.1-2). FLOW DIAGRAM FOR DETERMINING THE SUBHARMONICS,




& move eorplote proend lure is deseribod in the Tlow dlagram, Tio.
{6.1-2) thet folldue.

?.2‘ The effects of (L ""ﬁ. ne

The influcnes of provitationsl Torce on the systen defingd
by equation (2.1,7) is resdily zeen from Fips.(6.9-1), (6.3-8) and
{5.8-5}. In effects exe sipnificant end cannot be dicvepaeded
eag&ciﬁlﬁv when there is damping, which would Le the case for nost
reaiiverble physical systems. It ie evident the freguoncy hecones
& fupotion of static deflection vhotever the pamitudes of the
vibrating displzcement. Otherwise duning laprge axpditudes the
forelng frequeney is practicslly independant of gravity offect as
iilugirated in Pig. {6.3-4) where all the curves virtuslly coalesce.
It will ke vore appavent In scotion (0.3} that with the presence of
&fmﬁn& the offective non-linearity is governed srineipally by the
sopiitude of & and the n segnitede of the distwbing forean. Because
of the previty effcets on the equilibrium of rotion the vesponse

.

frecuency and the au’:ﬁzgrmnﬁﬁ arplitudes ave determined by the
relationshin betucon these (i perovetens, however small the value
of & i in veletion %o the other paranster.

Trew provious consideration of chapter ¥V it dr shoum within
the aecuracy of the anslogus computer solutions that only the Flvst
three components ere weaswretble. This indicaten the smellness of
the other subharmonics In the presence of the positive ecefficient
of the firet differentiel. Gince the effgotive tern of non-linearity
fn 20m®, the Bigher order of nubharmenic vibvation cannet he
penereted IF the amingg vate of ¢he deshpot Is fixed ot the critical

o
oo
¥
o]
el
§
[

value in vhig of the predominant subharoonic corponent

cannot exning. Hence, the acouwvsey of the appronimste Five Lern
selution of the eouation (8.2,1) w11 be oufflcient wder the cxisting

condition for the investiration.
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Loyt

6.2.(33. ‘f’iu;; non-validity ef ¢he perledic molud

13

It s peadily sesn durdng the consideration of chaptor IV
there I more than ong possible pericdic solution to countion
.  The sresence of darping in the forced renpense introduces
& verl posslibility thet couation {2.2.1) over certaln douaing of

»
the subharmenize Is not valild, The solution will give conplen voots

through the phase variation of the {’s.., guplitudes end it ie reodily
shown by the form of epuation {;s.z;w} The aetusl ceude of the
non-existonce of the solution in the wepion is due o an wotdhle
build-up In one of the harroni oscillation of the notlon. Thus,
if ¢ v

the expression for the Q- component gives fmarinery values, 5t
g ohwicus the other twe cimultanco 5 eguations {6.1,4%) and (£.2,5)
will Iepediotely sease to bo viable,

An the condition of stebility for the systen is defined
.’u‘g’ the equztion (4.2,11), en eppronbusie ewpension of the deteyniount,
‘_(3;,:} 7311 provide en indication €0 the unsteble vegion of the

& »

E.amm:w of the puthareonis wibration,  Then, 1€ the wastahle build-
up ogciliction doen not ceomar in the Qy harmonic, It will Imply that
for the particuler fraquancy, at‘;’;ﬁ.‘tﬁé’z}g £6.1,8) and (6.1,4) which
define the {; intriosic behaviour can he satisfied in the uistable

frequengy although ecuation {8.2,1) Lo not walid.
g £

L

Ay

'fn é.ﬂ, srpining the set of roote, O, ¥ oond Qyo 4 that will

sebicfy esuations (6,1,3) and (£.1.4) & sinple numerical procedur
fs used. It wevely consistz of calewlating the values of the
eupressions 0 each Instant of ol u:r:‘wr* in o cequance the three

e

vapiables, whep vahy “:f; iz popoated fop a1l valuves of 53}‘_ a3 vwhen the
latter iu fimed, {"'i is voried for verious warnitudas of He The
rovainder %11@@3 for o pariiculny frequmncy are then g@l@twﬁ with
respect to one of the coefficients of the solution. A% the instant
w‘ix&r@ the two curves Internoct ot gare dotun, the ecefficlents,

Dy, B end % gaticfy tuo of the throe equations.

%=
%‘5
i



er LT 1 ay g K- - b e
oo {6.2-1) are from & randes

saloction of independent paramsters. -Thelp o mizﬁ*zxmm inte the -
three sinuliensous algebrale eyprendions shou ayviicitly the non~

existencs of the solution (3.2.1) in this dermain of necond opder

43
the build-ap of s:n un’sa‘:&z}},e& narnenic. Slnee the component fsin

‘,x

’?w‘{; ey x . B eta T 55 it b e - e &, e
the rerion of the Tundsmentzl bhoveponic of the subherzonice vibration,
. SR F IOy 4 . p N 2 o - - ¥ -
the verion of Instebility dg of the second order. This is avidevt
3

25} It has the same frequency & the subhormonic

froz eouetlon (4.1

]
-7\ b2} 4 %“? 10T ‘4"3‘5(2;

squently the second erdor phenonesa Is excited.
with fepative demping. Thus it in verdily sesn thot ovar certain

vegion, the swhhavaonic rescnanes connst be suntained In the stesdy
ctate is because of the atewsulstive effivct of on osnillation 2n

“which the peincipal Freouency is Wl thot-of the disturbing fores.

F the solution in

’_i
¥y
Ty
‘ Il
o
fim
o
He
B
r
¥
%

" } e
Fron having detemnined the oo

:‘3_ gl £ P
Qz’* & ABG ﬁw" wun

05

equntions (3.2,18) to (3.2.07), the v
raadily be enloulateds The steblliity 1 mit«q for the various
independent pavimsters ©f the systen can he ¢htalned throuzh the
considepation of zection {4.2) In which equstion {!é,?;ﬁh}‘iﬁ
derived. The feot that the physical systen hur o pardiodic selutisn
othey than equation {8.2,1) over the Inotebility in shoun by the o

exmpansion of this deterpinant.

ent thet the build up of the I .v:"*cmic: ie

oreillation has t.m,‘ same

TECURnHey conier, 34 will Le sufficeit to aprvoninate
the couatl he Tlrat three woriables. The expanuion

F Yhe » nant then rives afeer simplificaticn Tor the




wE

3 . 3 EQUATION |EQUATION | EQUATION
oz L (6.1,3) [(6.1,4) (6.1,5)
(a) _
0.4 3.028 | - 0.1699| 0.6138 ©.0.0018 0.0001 | - 8.875
1.0 3.259 | - 0.3054| 0.4956 '0.0015 |- 0.0002 | - 8.196
1.607 | 3.96 - 0.68 | 0.622 0.005 | - 0.018 -15.06
1.655 | 4.0 - 0.674 |  0.62 -0.005 -'0.004 | -1s5.28
(b) |
©1.136 | 3.4 - 0.469 |  0.54 - 0.003 | - 0.004 - 9.34
1.2u8 | 3.uy - 0.472 | o0.581 | -0.016 | - 0.003 | - 9.54
(c) .
. 0.5 2.536 | - 0.156 0.562 0.0002 | 0.0015 | - 5.67

TABLE.(6.2—l)f NUMERICAL

- (a)

(b)

(c)

FOR

FOR

FOR

1

"

1.0

0.8

[IE

1]

0.6

9

9

VALUES IN THE UNSTABLE REGION.

Z = 0.4, R=O0.15.
Z = 0.4, R=0.15
7 =

. O
=
-
)
"

0.15.




’ gy = (n® g LR L o).
c»’_};&tt‘(l—‘} (2% + c ) { ("« c, ) Kén® - o 1

fi: o e "? ", b1
{r* 4 e, IR 2, (f‘ }& HCy L Cpy > O

' cevers {6.2,1)

Az the mhove eriterion accounts for the sta ahility condition
in ﬁw vm;gicm of the gecond order subhaveonic v“ﬁm‘tmn? 'thm any
umt‘.“}l{x ooeillation in those rzx,ﬂmm:iw w111 not setisfy vhe abovs
exprossion. . The enuation gloo readily provides an effective way of
ﬁatwainir whether the confficient veluse of the ppprovimate solubion
for g particnler subharmonic frequency are peal roote. I the roots
that ave determined in the preceding cection (6.2.(1)) are *sﬁ:mti’tumﬁ
ints souation (8.2,1) the W%me walue ghovld be loss than Zero.

_ Using the eriterion of couation (£.2,1) as to the validity
of the solution (2.2,1}, the following sample enleulatlen s shown
2o et 't:}'m's:z{:a’i} iiity icfmi;‘z ition for & »:im;.m&z:zf zet of naranster:z.
From Fig. {E;»*I} for the pavaneters L=131.0, 8¢ {3“,,, Be 0,15,
t® 3,8 and for the mzmymﬁ*@ of f, = 2.38 sives '

(h.623) (1.2022 4 €.325 - 3.332) - 10.90 (1.063) 4 1.57% 475
5 2,700 (2.22) 161 <0 .

Since the reoulting value Is negotive, the subhermenic
vibration, as expected, connot exint. "i‘hs:; continuntion of the
vitvaticn in destroyed by the decwmlative effcets in the
fundamantal harmonic of the subhareenic ueiion, Henes the
eubharmonie solution docs not actuilly exist.

FPor eonpletensae, the criterion i applicd ¢o the calculated
response of Q? 0,& for the parareters A=i.0, 5 0.4, 20025
and 1 = 3,31



(4.02) (1.28% + 0.687 - 0.780) ~ 13.5(1.20) + 1.3u(2,79)

a

+ L.B76(2.066) {C.588) > 0.

A steady-ztote perisdic gsolutien iz shown te enist for the
corpeasponding sr&avultw of iﬁzz #hove sublmymonie vesponse. fﬁm‘tmal} N

the equation is no ,i'mimt}rf orecise to pinepeint the livitsof

instahility bowause of the is%wimz"mm of expanding a five by five
determinant. Put fop most practiesl purposes the above criterion
aliowe the w:ss:i-:m oF izmté'sbzl:@tr and the existencs of f'cal seion to &

-

centrifupally oveited syaten to be satisfactoril Ly azcertainad

ssithout mueh dIFFlonit

slom of resules

In the & emmt,.cai amlyri f chapter III, it is roadily
sean that gﬁmviac*’ the m"; etd ve @ﬁ*mwimf:es sl .ts:%::'iéﬁ, of the ts:rz:s .
ﬁ?ml}?tmd methods "zr;f«:m: hmrmw; reguivenents and are
conalstent with the gwg;s cal t‘f‘:&iﬁ”ﬁiﬂ‘{:ﬁ; of the eyaten, 'i:m tvo
rethods ovo esuivalent. The ves ni&‘:mg correspanding *“63‘;':':!‘“":4.;?;5.
fsxg:f%gsimé are identical vhen the rolutions «amtawn the norme mesher
of hzrmonie terms. A ohperved 4 from Tire, (6,8~ 2,} and {& 2-2) the
tethods 'am nelther vestricted to ans :;3.1 mag :ztx@da@, of nen-inearity
nor tor swall voluss of the other independ ot g«az*amte?.z of the

(v~

syntes for convergence of the solutfon. Fram the several &p proxizate
pethods in cxistense the Ritz-Calerkin and the hermenic belance
methods ovd thus the pest apprope late in f“ﬁﬁii"'c*?;m to this
Stwantigatien. On the basie of compar fnon with the v::»:;ze‘rimem;:zl
rasults of the aualopue, the theorstical results ave setisfectory
even for casen of severe gravitations) Influanee en the restoring

Foros,



Tha timp-uave traces produced fronm the endlogus covputations
depict the actual wotien of the non-linssr syotenm that is described
by egustion (2.5,8%. Althoush, oz alveady discussed, the ansiopus
eonputing techeigun Io not ¢ stralght forvand procedwe the poselible
ervors are 18kely prevented or iininised. The computation erzor on
e poreentere bazis o 2 whole i= estinated to be lowsr then three

ey cont.

tinge the dopendent varisbles and the fregueney ave
calculoted for selected subharvenic auplitudes of 0y, it fe then
appreppiote o define the accuraey of the vesulis fron oither one
of the terne. However, o the vardetion In the behaviouwr of the
ecofficlents of ¥ end of @, is move pevplex, It s prefeveble thet
the compaxnison of the rosults ip ade with the corvesponding
freguancy. In general, the worat frequency error between the
theorotical and exnerinental rosuitz of «E:qi 2r eztiosted o be not
greatey then five por cent. The a‘».mlcﬁmmm&:}m:w solutionz
Cpractienily cofnnide with the theoretlical curees. The erropr might
pivbibly be higher In the early stages of the subharmonic reoponse

5,

but fer vont appiications the securcoy ghovid be setisfactory.

3

It iv Ineviveble thet with the arplitudes of the fundspental
hovmonic soellsr, the evpor would bo increased. It s fnteoduced
Inrgely through the nmeasurenents of ¢he ¢racss. The disorepancles
between the cxporinentel and the theoretical rosults ave tolevebls
for the Tharel chart only roasures up to the seeond decivnl nizoce.

Since the veznitude of ¢he thivd order couponent is vary
snall it comot be noosured effectively. The evor can bo as high
&z 200 yor eznt, aithough in the resonance state the corponent
wight besooe sufliclently pronounced to bo measwred. The freguency
ervor vould o211 be an lavge oo Fifty per cont; piving an Indicstion
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zr @l Y \ , 3 Bap9 3 2 ¥ £.%. e g
hy the ¢, @m;f-mra i1tustrated in Yig.{8.3-1). The saovore
w
g v x o =3 % P 2 - H e +
incvense in the amplitudes of O, coryesponding 1o the channe in

.
d
the *‘f‘éﬁ:‘&“’» of asymoetyy devonstrates itz :z'iftmrlf‘ icanee, end tha

k]
Fd

- - rd
the effectlive tern of the pon-linearity i

vy k. K. S - - g7 -4 % T s N T v
that & iziting selatlonshiy governing the mubharponic vilration

sutharmonic is not ii’;gﬁ.&' to ke excited 1f the stete of the
rhvsical systen | iez outside the wmm faveurable to generating
the metion. Sinece 5:%: is ﬁ"““‘x‘?"‘ izl to aveid :&%‘::"&iﬁ:.iﬁ: the '
;*mm eaa OF ¥ s{w:m;’;; within ’t.é pwga,zﬂf:c =, it Wil zzsz uzefud

Lzl

Foum

2 o have in the desisn atare 5 fsﬁ“ the critical mumressions

knowled

* o . : 5 ) " L.
in f:s:u 5 of these independent varisbles are knam. Tais is
. " L . & ;
Further evamined 2t & later otase and the 1izitd ing equations for

such rurnoses e derived.

increasing m.’?.w** of i T m*; focause of fizﬁ BOEVEINOss
£ the non-dinsarity it Is zwﬁw sy 'thﬂzt the domping is

zﬁ“ Fielently lsrpe to suppress the am;.sl_i.tudmz, Hith such

r:a:ﬁmtw&cw the Lm..u;m Do ﬂ“ﬁca iz practicelly iinearised
whilet the subbarmonie vibration st1il has @ Heplopewont mowe i:

{3

tuice the harmonic wotien. This is reaséw«;? sann by the vm%n%aﬁ.
S i)

sddition aﬁ the ouef .,cm*z..u‘ % shown in © ;{ .%ME.} Ir wild

2]

inCeed seen unsgonovicsl 4o extinct the ﬁeﬁm&ﬂ ordan *&gﬁ,mm.‘u
aolely interss of viscous demping. Besiden the mggzzimde of the
vi”cwg force is propoviional Yo the Iinesy stiffness rate ilmt
in not ;mmi,%wé to he low $F the coofficiznt of non- *mam%:v;
governed fron the change In the sradlent of the restoring stiffness,
is o be kept to & wininus.  Housver, the effective non-iinearity

of the E‘;j.:utﬁ"" zon ke poduned throush &, sises in the early te.,;:

of G; the constant i shich scemimts for the influsnce of
g.a'*iirnmal foree it mainly dependent upon the oo gnitm’m ef 7.
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ez saen in ?i“f.(ﬁ¢3“’7h Henen 4% fs ohvicusly less espansive ag
the cubharronie vibraticn io not sirmificently senzitive o
darping 1€ 14 %A'.Er;f; reletionzhizs sre devdved to ollow Tov eny

verrutation of the valuzs batisen the poranstens.

& )

Tic . {B.5-4} ghove thet, In the ddwonce of danpdne, e
Influvencs of gravitetional force fz r-}:s;gg‘%:;i iy veduced uniil
&t vary lavge ssplitudes vhe oubie €erm, 2%, 25 the effestive

non-linesrdity. In this repion the curven wirtually coslesce fop
21l valuos of £ ond the Srenuency Io fndependent of the pavasoter.
The wolsht being swported gt the baze is gjmzvrmavswmmiy roduced

gs the vibration incresses and the curve of the pestordng foree
epproaches aeyopteticslly the pesition of $"“€£*‘~"§"‘§€£”ﬁ chepactepristics,
Howaver. such o situstion fs unlikely ¢o ovise in practise beeause

of ¢he neceasity for the presence ef duy ,mm

"’ha iwz susingly heavy subharsonie vidvation for corvesponding
values of £ 1o chereeterised by the behavious of t‘.ég in Tip.(6.5-2).
xh@w‘*iml and enperizentel rosulds eve glse showm opain for the
ezze of & = 1.0 In vhich the effects of son-lincarity ape otrongest.

The generel offects of Incveasing the disturbing foree ove the
widening of the two branchop of the respounse end of the frequency

range of resonsnec.

The vibratovy mvions for the various wammitudes of & are

 ghserved not necessarily o have the ! znily® of curves

characteriztios, %uch iz the cozne with ¢the etate of the renponse
in the vogion of %zzmemicz rasmance. Decauze of the pegnitude of
the disturbin 2. the harmonic oorponont f.? ie proctically
indiffepont 1:& the freguenty chanpes over the .‘,ﬁczw braneh of

¢y o5 illustrated dn Pip.(6.2-22). Uith the meen dynomic |

i}



e S

s 5.4 a2 o, - ; (VPR 1. ey - D =4
digplacesants cdeo pooporticonately Increased, the valuen of the
4 CTRE ' S g T on 22 o 47 = p 3
exprassion on the right of the minuz oirn of equatien (6.2,3) &c

& rosult evs lowse.  Henee the vibyetion rosponse of the lower
shase of the rescnente sceurs at bither freguencies. The upper
sim of the equation corpesponds to the othor branch of the Qm‘
response.  ¥ith maller amplitules of 7 the vozensunes cm&ﬁ:mrz

S
is eweerdenced more suddenly durine the carly stopes.

£

It fe appevent then foon Fied6.3-2) and fron the
dizeuszion of an szvlier navesvarh that the strenzth of the
&my&chwtﬁ end the mt" z frequencies ere govemed wmalnly .

% oot 7 odiier R deternines the finite limite to the wibration
soplitudes.  The begvier viscour dawping althowrd wirtually 4
Iineariss the ’é;z,szmigz resenmnce, tha ,msz?mrfmm mbfﬁ“‘:xm ;*ez“mw*am
undan the soms eendicion of wﬁmic defleetion vesnlts in auplitules
twice 88 govers.

Beopuse of the Influsnee of eravitetionsl fores on th

: a shift In the veon &rmanie dlsplncenont @rw *i:zm
,?mi’é’:ém{ of stotie equilitriue.  The position of dynexic eguiliblun
does not colneids with elthor the oripin of cyoswivical vestoring “
Fovee chavacteristics op *i't?{s@a*tza*sié: m;zziii;m&m position. The
dinplacsment o will be meon iz not neplicible gnd o sllew fop iv
theoretically, the constant ters, ¥, is Inciuded In the aprronimate
solution. The sirmifieant veriafisnz iIn the ﬁ?zz;mw&wwfis of the
wewn dynsvic deflection with frogquency c:’iw:in:: the vibrétery wotion

i “'I\ si ’ﬁ 33“ ¥ ‘w‘p{‘ff u"g} o {ﬂ,,}*lﬁ),

_ Trow Fig.{6.8-7) it is 2:@5:55;3’.,*; chaerved Intthe mcvh‘:mm Tosel
£rom which the mudharmenic wibrar im‘wim start, that the nemn
ﬁjmr: e dieplevonent is Inerear sed vhenaver the systen iv subjected
o g lergey ui;*:v..z*..;smﬂ force. Oinse ?.w "wlufii' of I are clvays
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2

amnifitude of Z is larger, the pesition of the nean dynanic
gatic enuilibriv ond such
characterdstic ef c’::t.{ve}y incvsases the pzrnitude of non-linoarity
with the ingreose of resonance. Clesrly, vhen the systen do under
influsnce of gmmmtmml effects, the pooonance that 2
ymam‘crc* within the sutharvonie frogusnelies iz not =2 mifr‘iemﬂy
by dazping and it fe unecomoumiesl to extinet the

vibration by this nemns alons,

Finm.{8.3~13) 1o {%.3»3. Y 133ustrate the chavacteristics
of the homwnle component in vibratory motion. It genersd, the
existonees of sz #3111 not ﬂimzficwtly alter the response of %f

This cen be ﬁhﬁ'ﬁ wed from the cozparison of solutions vhere the
curves of the herzonic resonanes are also plotted for the various
vhysicol conditions. The increase In the main componont of

soticn doss met necessarily meen proporticazie xise in Q lass
the Incresse in vibration Iz maintained throush greater ’;%“ﬁ‘ig.ﬂ‘i:
trancfered to the supports. The ceefficient U, io the cozponent
by which onergy Io supd }.i ed to the systan. Tizz values are
correspondingly increased vith Z, a5 ghown in Tip.(6.3-12), for &
iz the effective amplitude of the distwhing foree in the
neighbouriiond before the swbhornmmic wil Mtiw iz pensrated. The
Insigmificant ﬁ‘f’%ﬁﬁzg ’*3, over the stable branches of the
subharmonic vezponse is due mainly o the rapnituds of Z relative

to tha domping prosent. sincs the component having & hipher
caeiliation than &, is more mfaczt@ by the rate of enorgy

>

dingiration. lowever, In the gﬁmﬁm&inam rogion of {;‘e there Is no
sipeificant Aifferonss in the valuen, vhatever the 2o rree of
demping o8 o be vresdily msrxm*:‘* frow Pip.(8.5-13).

Trow the comparicen of Tige.(6.3~8) and {(6.3-10) 4t iz
ovident, i the cffective mon~lineerity is not reduced over the



wi{}aw

t'” . " SR [ gy I TR . » S & -
rosenaney, The avount of weleht tranamitied 2o the

I3

nepriod
surperts fs throurh an 5%%&”:»: influence of the dlsturbing

force. Thiz in shown by the prevth of the harmonic conponent in
"55* .{s:,'z 18}, With the ?mwﬁ w foreces continually larvper, the.
vitration becoren stronger wi‘t%: fregueney, wniil the mmi‘iznﬁe
of ¥ 2s insufficiest te curply the ncessary msgmv; for 4k
oxieting subharmonic rotion. The vespomse of O under such

circunstances differs fm: tha wzﬂ »z «f the ?"'&mﬁﬁ&ﬁ: TODONENES.

However. since the bhehaviour of ﬂ iz dependent upon the
vagnitude of the disturbing mm&g it vi.:.l be an immonse
ainplificetion of the caleulation of 0

w3
EE
=

in the procuss to derive

the eguations for the evitical relationships, i & reasonsble '
amm}timvm iz mode for the harmenic cosponent of motion. Ewven

when the ¢ yoten 3o b :%mtm e the.above physiesl conditicns, the
gqustio on By fze.mmﬁ-’r @m»iw is mt & roor inequelity since for

the 3.*";,5:5. inz ccmzﬁmo to the critical velationship theve is no

;mmtical Aif ference in the valuns within the respeetive

frequencies.  Thus, with the vibretion not steble during the
PeSCnENCS assiﬁ.aum of this comsonemt., 2 3 gz it iz also choom

ot

hat the subb mﬁmmf‘ cannst mmaiifz grict along with the
resonent eondition, such sn approxination appeavs quite Isgitinste.

P

The ronsibility is fuvther cxomined Sn the following secticnm.

Tias.{€., 3«3}" Y to (6.3-19) show the phases of the suin
eozpenent of sutharponic sotion with frecuency for the twe branches
of the revpongs. 1% fs readily seon that the curves of Q, hava

L
]

values between O and 4. The wagnitude of the phase zﬂem“iﬂm ip

A"\M

is evident from § ‘;;jzz 2.2-13{a) and (b), for if demplnp is shaoent

6‘1 will eithor bo zeve or 7, ond sinilerly with {r" - Q
Gince the possibility de that {e;‘z - 2?«) iz ‘wﬂ i'} or 9y then

&



1= 10% -

for the m:z,ﬂitim_é»l 7 the corranponding phase of the twe
Branches of ¢, will have valuers either

; (3} ™ b S
oy zeve. . Tuls reans the

2 2
vesnonse of f‘»: iz iIn the mame phasze ,{;m:imr& az the digturbing
ferea, 1 Wﬂv‘ﬂm from the c&“**iﬁﬂz*"‘ii o vection (3.1) the rhase
reepense depends upon the inftiel ?}?}’?‘Ziﬁfﬁi‘ mﬂiiim” #5 Ty can
e 23

a?f‘a be penerated in the phase cuadvernt legping by ¥ m’i imng.

- The fnfluosnce of gravitetional Toree on the ohuse &4 3
:B 3

S

S B

roudily exclained by the cuvves in the ahwove figures pentio

2
For rost coses the wzmwzm &““"lmm sa of vibration iz vezched Tor

é‘%g Jower than ;. - If the effective non linearity m;i@t ive 1o
viscous "f*'r*;, ng is suall, the zﬁ%mﬁt of the curves iz always

pounitive with fm-:r’ sixﬁm k5 DETUENCY . COtkereise, the ’i’a&?ﬁﬁti?@
gmﬁienm corraspond o ‘E:%:W *‘*&"zcm of i.mwi:ﬂf‘s.l%; and Wmtm
tengency characteris gti::@‘ e:sai@t &t the positions 4o which the
« the fmsmﬁﬁﬁr

urp! vhenosons oeows. . For @ fized value of g‘ﬁzi

,iraﬂc&m with f* and with heavy dzrming the chenpe 33‘» the sirne
of the rradient is elfvinated as exsocted with :,’t:;z:iaieal ity. Tun

relotione! i;gﬁ etreen :‘3 nd 1 ,“'f then basically ainilar to these.
of linser curves cﬁz*zxs%t i f"ii:&%,

It is cbvious from the horpenic resomanss characteristic
that in the subtharsonic frecuency regisn. the phose cf the £ 3
cosponent ia in the second gusdvant. A4S the shoonce a}f the
compenent wiil elivinste 1‘:‘1 existence of 0,, it {e not surorizing
that the {neresse fn the armlitudes of *:ibmt:’.c:n lowers the phase
3z, %;-gj The vate oF the vhase reduction with fremency iz less
i%"iﬁ&“‘ﬁ&ﬁ ir ;*:a affnetive none lz,nf--“rrwz: of the gysten ia{:ﬂn:::

3

Jarser with the v rihrati m. |, Uthervise @ lower phese lag ﬂ?’ ‘t"fﬂ
mmgssn ent through which hoenargy is oupplied to maintain the '
3;:%3::%@*& vivration is ROLOSEAYT . In the roglen of moxinun
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resongnee, & wibratory state iz reached wheve the out of rhese

betueon the cowponont and excitation is lovest. Thic condition
existe for whatever values of the paraseters, hence irreapective
©f the phyelcal eendition of the systen., This is repdily '

evident from Figs.{5.2-20) 2o {6.8-23).
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FIG.(6.3-2). SUBHARMONIC SOLUTION OF 5-TERM APPROXIMATION

-

RESPONSE CURVES TOR 6 : 4 =10, R=0,25
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THEORETICAL RESULTS,

- EXPERIMENTAL RESULTS.
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RESPONSE CURVES FOR Q,. A =1,0, Z = 0.4
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THEORETICAL RESULTS.
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FI1G.(6,3-6). SUBHARMONIC SOLUTICN OF 5-TERM APPROXIMATICON

RESPONSE CURVES FOR .- Z = 0.4, R = 0,15,

HARMONIC RESONANCE.

- == e THEORETICAL RESULTS.

B o a4 EXPERIMENTAL RESULTS.
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FIG,(6.3-8). SUBHARMONIC SOLUTICN OF 5-TERM APPROXIMATION,

RESPONSE CURVES FOR N. A =1.0,7Z = 0.,
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. THEORETICAL RESULTS.

o 'y ' EXPERIMENTAL RESULTS.
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FIG.(6.3-12).

NON-DIMENSIONAL FREQUENCY n

SUBHARMONIC SCLUTION QOF S5-TERM APPROXIMATION.

. RESPONSE CURVES FOR 61. A= 1.0, R = 0.25..

-+ ———— HARMONIC RESONANCE.

THEORETICAL RESULTS.

@ o - a  EXPERIMENTAL RESULTS.
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FIG.(G.S—iS). ~ SUBHARMONIC SOLUTION OF 5-TERM APPROXIMATION

RESPONSE CURVES FOR'QI. " R =1.0,%=o0.u.

‘- HARMONIC RESONANCE.

THEORETICAL RESULTS.

' O R=045. a Rs025 EXPERIMENTAL RESULTS.
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FIG.(6.3-17). SUBHARMONIC SOLUTION OF 5-TERM APPROXIMATION.

RESPONSE CURVES FOR ¢ . - A =1.0, R = 0.25.
. 2 )

THEORETICAL RESULTS.

4 Zz0-4, o Zz0'8, nZ=0.6. EXPERIMENTAL RESULTS.



- 328 -

100

S
0O

2

o
o

A
o

SUBHARMONIC PHASE ANGLE ¢, .

20

2.8 a9 . so 40 ‘ -4--4— | 4:8

NON-DIMENSIONAL FREQUENCY n.

- FIG.(6.3-18). SUBHARMONIC SOLUTION OF S-TERM“APPROXIMATION;

RESPONSE CURVES FOR ¢, . A =1.0,7 = 0.4,
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-
the acconpanying haraenic

b > LA %1 . F 5o < 2 romy
The eonaidforating of the sinioue Five~tern solutien $o

souation {8.1,8) ais zeen to produce complicated alpchrale
erpreasions that desoribe the boleviour chavaecteristics of the
subhammonic potien. It would sinlify the calculstions fov
the vove isportant covpononts of the motisn iF preosonable
spprosinations are sade to the fundamentel horponie, as sugrested

A

in the preceding digeussion.

2incs, in zemeral, there Is wo simmificant 2lteretion
durine the predoeminamee of G o the responne of the sceompanying

harmonic component é’fl and zs its ramnitede fg peineipalily
influenced by that of the disturbing force, it iz not en

unvenzonable sprreximaticon iF the harponie component in recarded
4 5

85 the effective arplitude of 907
the mibhorpenic votion the sccompanying oscillation of {31 is rom-
resonant. Desldes, frow the onelysis of the wibrationsl

chavacteristios of the rreceding sections such on approsiszation

. This merrly izplies that in

Is guite legitimate. It iz ghown thet the build-up of an wnstable
osciliation oooure In the same reploh as the Larmonic ﬁ%ﬁ;ﬁ%}%ﬁﬁ

end theve = no ectual solution to the exiestense of the rotion undev
The vevopant condition of the harmonie Q:i"‘

of the svbhoyronic Hrequencien,

Pinglly, in the roglion
Tig.{£.8-15} shows that the haroonie rozonunce corve will

sracticsily be indiffersnt to the changing conditiens of davping.
: =

The valne ©f a harmonie curwe for o particvler fregueney of davping



¢id not differ sipndficently frow the corvessonding voeluen of

. §. o 2 SR - A PR o SN J 5.
different danpingy vooflficionte.

En

» ~ . ) o P W » c e ’ e
Yense, i the spproeximate solution for the harmonic

Fesunanee

condition Is given L

o .

S ™ 3 . “ X3
e g 2% ."E' .1-33 L E iz EEW AR {{‘ni‘!;\.&} .
N i o PEE TN . . - . '

the substitution of eguatlon (6.5,1) fnte (2.1.8), in which
R = U, suboeguently yield an egustion in the forn

L ir-n®es®a ;if«f:g F-mPE o2 0 ... (8.4,.2)

Touation (6.4,2) can alsc be achioved from equation (6.1,5) by
saking Q, and R both equal to zero. |

®

23

£ince the seiution for the natural frequescy of a syoten

nder the influsnce of gravitetionsl fovee is also adsquately

expreszed by the eguostion (G.4,1). the substitotion of the
equation Inte equation (5.1.8), in which both £ and R ave zere,
rives after evpiying the prineiple of horsonic halsnce the

following anuntion,

o L ad ey« f 3 avenens (G.0.,3)

Eguation {6.4.3) represents the ‘back-Tone' cwrve of the synten

£

ropresented by epuatien (3.1,8). Since the approxirste sclution

-

deseribes the wotien for shich €, is the predenisant corponent.



seuation (5.4,2) then hepomesn,

Sl

which l&mr Ty

n*z
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Thus, with the haroonic compement of the subharmonis
zotion approsizated to equstion (6.5,1), and sinee for
vredocinantly second m&w& m?% rronios 'i’:’;ﬁ vitration ccours
in the fredusncy ropion wh .

” A “evrsren (s";ggﬁ}

the- mﬁ&l‘gmfim m? the harpe ,ic: 23 over the fraguensy bind-width

is piven by the approwivatic

»‘g
T
. S L
Q a1 R #f; P YRR {gag,‘v}
L i<l

The nes ﬁ%i?a oipn verely sigaifies the phase gquadront of the

cowponent during the existencs of sibhormonie wibration.

The valuse fron the aﬁwp relationshi
vagaitudes of £ are a reascmable eppronivetion in the predoninant

rapion of 3‘3., This is readily seen by the cospsrison with ths

ip for ¢he various



ewrves, that are plotted fer the Q covponent, in Tiro.(5.3-213
to {6,3-34).

£.8.052).  oubhormonic ecuations independent of the pericdicity
of the hersonic conponest Ly

The haraonic Oy iz the larpest coefficient of the
aceonpanying oscllintions in the subhzvoonic motion smd It i
gxproninated a3 & direct funetion of ¥, The scuntion {6.1.5)
doseribing the behaviour of this component during the existence
of Q, can be exitted and the five simltencous empressions that
were ton umw faidy to naninuiate :sam Lhen m»:i-zﬁ% o tue equntions

conte J“fﬁ" theso unkaowmns.

Henee, the subotitution of equstion {6.4.6) into (6.1.3)
2{6.1,0) gives on sirolifisation,

" " : s
Wed e mr? e o ¢ 2 - 2un?) g w(sun?e? - 12
L :, i
' -.*'Q . ) u\i‘" I 1 ;i . :
{25 @ 2?’?«:;3 o e4n% & ao5v® - oEan®iNE b L., £2.4.73
R - P "
enz w = - L onAPET 4 0f (3887 - 6 ¢ 2.60® - 262%) - w5 )

cere. £6.5,8)

wheve
Tand 5 P A
7362 + 24b & 6A G+ 320 227 )

!s.':hﬂ p

3w o
.

oy iy 1

&
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flthousdh enustions (6.%,7) and {6.4,0) are atill
conplicated, the results from the two expressions provide & poans

el

of agsessing the justific

*

ation in the use of the aprroxination tw
schieve the Minriting ineguality of the sccond end hicher orxdors
of subhareonic potion. IF the vesults of the two fmportont

corponents of the votion do not vavy signlficantly from the
rrevioun valusz, the nmciit;it}ns for the oritical relationships.
ehtained through the sirplification of the pwolynonisl erpressions
by egustion {(6.4,8}, ave derived with accoptable acocuracy.

N - x E
fren on Indtial appraiss} % 4

Ee

19
pquntions (6.4.7) to (6.4.8) would produce similar vosponne
characteriztics., Tor by essuring visoous f}a*.» o t¢ he omall,

fo view thet the Investipation s on predominant subharzenic
vibration, oguation (6.4.7) is weduced to
” ) R o om i - oy
ey ils H of a2t }e 5 1 02% 1222 (4 ¢+ 1) }..(C.4,0)
¥ we vegard the natural freguoney of $he subharsmonie wotion,
relative to the amplitude of &, ropresentod as
# R S 3 ,
?33_: = {34 + ‘tfi’ W S ') se% €98 {g‘mz‘,lﬁ}

it is then evident fron (6.4,8) thet the vibretion response and

-

W

the frequency range ore heavily influenced, aw before, by the
repnitudes of Z end A, Alze es the plus or minus sign in
souetions (6.%,7) end (6.%,8) corresponds for & fixed value of
Qy» the freguency thet ie either highey or Iewer than its naturel
f%agﬁ aney. then with the effoctive non-Lincerity of the systen



”i

lavrre the fTwo branches of the roesponse &ve- fﬁﬂmmtm a‘*m?: ‘ﬂiw

curve of 2"&? - The condition for this fn thet the anpl 'E'mw of

the dizturbing force vust be smaller than the napnitude of the

- .
the presehee

static defiesction, since ¥ iz alvays negative in ‘
of dawping ond &8 scen é‘mﬂa the previcus rosults the displacement
fron s:smggincf syrmetricnl wvastoping fores chapacteristics in the
eerly stoges ave influsnced by &. For the esse of R'=.0, the

condition is gliven by

(& + K cewnse EB.42LY.

t‘(z/
TATERS
=

Hence, 3F Z &s large. it ic obvious that both hvenches of Q.
sntart ot froguencien greatey than .‘.r’; .

e

The theorstical venulte of soust 5 g {f.4 ?} and (G, %,8)
are obtained threush o sindlay procedure to that wid ar‘f;r is
deseribed In section (£.13(1 §3¢ vherely the valuss of Q, ars

*

o o3
praseribed with correspond din

mzﬁ,al aprrenimyten of Ifcv
selectad ma&mtm s of the nﬁm&n‘im{ peramoters of the systan.
The iteration sequence is identical to Figs {6.1-1} and {£.1-2)

»

and the methed For amnvavgmm of the roots is esploined in (86).
In tm ingtebility repion where it is z:;m:;mh‘m to achle

v the
converpence of solution, the mumerical ?m::%m ; v&zmb. g aE
ée:;meibe o section (w..&){z‘ in uae&

% _{ifi} Biscussion “Q”L}‘?:ﬁ“

From the eor mravizen of the Immortant commonents of the
motion, it appears in wmsr«él that there is ne veason wh ; the



» n

deation rervonsnted by g on (E.4.8) canmot bo applied

Rz e % e

»

: i . bl vy ey > b 4 2 %
anenzhle avourasy toe me he Liviting Inequalities to

L 3
the seusnd and higher evders of = *};wﬂn snie vibration.
4 S W P, — Fymaniegy 2 iy g :‘rm-..
duntification in the ueo of the arprexivete is by exanining the
- ' s Ty 2 o 3 ye. o5
responge chameteristics that ave producsd theouph the sinplified

X
eyieviations.

Sinen the sybhersonic vibration Is shown o bhe heaviiy
Influenced by the offects of pravitetionsl foree on tho
g';,;i:imru:? of mptlon. it may be appropriste to consider First
the ease in which the effcctive pon-linearity of the systen is

the stronzent. It is reodily soen From the curves of Pic.{(6.8-1)
and (£.4-1) thot, f"fi'%:h@u,h when the hoymend i‘zl is approzimeted
the vibration of the lover hmanch of ¢, e,:scmm' for the srall
displacenents at higher frequencies, the peneral resulis avs

practically :Eém:im In avriving ot enwstion (0.4,6), the

* 3

ﬁ?{?m}iizﬁ?ﬁ'iﬁlﬂ irn gon :I:E@mr:% for the rerion whers *%:’:fw sublarsonie
eonponent "% predoninates. Consequently, it is ewp soted that o
certaln mm,mg,mﬁ eniote m: the stavt of the subhsroonie

»

vibra m:@* wation. In 'ﬁ‘niw nmgﬁa&am*‘ wed, often The actusl value

- » . 2 3 299, . oo,
of the sccompanying ;;ﬁ?a-re:z: coeillation ig hivher for e

rarticulsr amsiitude of B, The valush fer tha i"f"“‘«“ szion on the

Fd

right of the plu un oy r»i’{ e win are then mueh sraller and hence

the hégz er fpogquency is ehtaingd m’timz;gw However, the wowimms

3

welotive ervor of the freguency, d@tzzmimé for & fined vales of
Gya \ ' pop eont which oy oot prectlenl surpeses s

* # 1g reduced, this

as chown by the

s of the subharmonic

mbmti«:m, the epproxization takes inte consideration the
sravitations) influenee seting on the systen gnd the remilte of

‘E,M Important eswponents ave vix*“*tm?,l y fdentieal to those of the



R L e

I¢ 4s Sntevesting to compore the wethed of appronimeting

£ .0 : NI PP 4 P T AP
‘iil uith the cave of the second order mubharwonics investipated

- 2 s " T . ‘ 5 £ '
Ly Hoyeshl, Tn the pelationchin of the accospanyling hameonie

entponent o the disturbing foree, the harpenic amplitude For the

second ovder freguency vegion is appronimated to the ecorresponding

vadve of it linenrised rosponse.. Ifthe eawe reammming is
applied here, the equivalent anplitude of o contrifugally f}"*é“eé

-
syoten fe piven by f;éz *-:{gi;«g% The probles arises when The
fundoventol herponic amplitude io approunimsted Independent of the
frequency.  Althoush by assusing the subharmenics existd in the
fmﬁumay worion of wpder 2 will pive the some value gz enuation
{6,.4,;0), the statenent under the Influsnce 6F gravitational foreo
on the equilibriws of motien s theoreticelly irscsuvate. It is
readily chasyved thet the response froqusneles are sipnificattly
Bisher and this makes the linesrised havmonie component smaller
for o value of I %hﬁn%ee;usfizim ’(i%;t;s;ﬁ).' Thus, 5F the
corpenponding rrecodure dn adopted hers, the mubstitution of the
arorovivate into equation {£.1.3) ¢ivey throughout a coh reduced
v ?rd:im rexponse.  ¥ith @a ‘approsdsation not giving a ¢lose
indfeation of the vibvetien cmzmemmft:mg an ehvious @iffieulty

iz created ot a latey stage vhen ﬁ&l‘ﬁ?*ﬁg the initing equations of
reanonable accuracy. ‘ '

he mmﬁ:“ of the varioun vhysical states of ci%mx Ty fw*
the eirplified calewiaticns ave not sirnificantly different to
those of Fie ©.(6.3-2) and (5. ~-~B}. A *«m't::lmrd taamwlm:* the
e 'f‘*ﬁ.%:i@a in waich aoustion {6.4 J"»’ van dovived usudld rive o el
himwonie erplitude G, in the envly rta;’:ﬁ of the lower frooueney
brench, WL i int :fz,*zz the espzmxwatim the ehilft of the position of



gynanic squilibriun from static equilibrius o unslicered by
viscoun davping oz vhown by Fies G.4-8) and {6.4-11), it ig not
surnvising then bhicher freguency crrovs are obtained for the

:;
initiol values of Q4. W

owevar the pergentags error ic reduced
when the cosfficlents ave raised, hecause the 4iffersnce bhotweeon
the actual values of é}l is decvozsed, I R is velotively lavge,
the effect of amp :ﬁziat:%ﬁg iz veversed. Since 0, is larper than
The true mgzli‘mﬁe &% the other branch of the rﬁ:;@nza hicher ‘
frequoncises are obteined at the other end. Newvortheless, In beth
Instances, the siznlificd caleuvlaticns alse produse, for vhatever

the velues of viscous dempling, virtunily fdenticsld results in

R,

the region of predoninant Q.. 7Thin is rendily seen Srom Fipe.
{6.5-3) ond (C.4%-8),

&

With the hawmwenic Q}. ivdependent of the frequency, the
some wamitude of the component influasnces both ends of the
response. Tor the physiesd comditions of Figs.(6.45-7), (6.4-2)
and {(6.5-12), I¢ has no practical affect on the effective non~
linnarity of the systew., Hot IF the amplitude of & is larpe,
the approxivation will result in the f:ﬁﬁ*&iﬂ%&?"f:}’,\z’aiwﬁﬁ o
Iouwered ot the pespective storting-point of the motion. The
reaszon {g beeause If the herooulc amplitude 37 epproxnivated fo-
ke evalioy it theoretically peans & lavger goount of the welght
35 tronsfered o the susports, as chown fron the comparison of
Tire.{6.5-7} and €5.8-8). Consequently for the cese of 2 = 0.8,
the use of equation (6.8.6) produces vresulte to supgest the
sibharrenic vitpation of the esaller ¢, vesponte occuvrs ot
louwer frequsncies than it actually fe.

3
:‘:}d
[
[
e
¥
¥
3
3
B
»’
&

-

¢ in the resvliz disapcears. vhen the
differencs In the values of f’i iz roadueed, hence with the
parnituds of the disturding foree. I &t the end the disturbing



- Au3 -

it

5 a if; too sxsll, & hﬁ’.gﬁ:w ﬁ%wm}* is érté sined for & fixed
value of 1}‘ in the same branch of the :‘:‘Qﬁ’;‘f}“m hecouse & zmaller
aupiitude Gf t‘ in attributed by the approximation vhilet the

degrae of mnm.zmumvit y vesaing unchanged.  Mowavew, as with 2l
zﬂm*&imv" verulis examined, there is practicelly little diffevence
v the regiens of the gm*‘mz;wi gi&"ﬁ,‘fwﬁ?ﬂﬁwﬁ pogonance botwach

the cwrves f1lustrated :iay,'?ii;s:s,.iﬁ,!m‘é% £6.4-8) and {5.5-2),
{ﬁ&ﬁ?“‘?}g»

From the disoussien of destlon (8.8} It is evident thot,
I¥ the behoviovr of the vestoring forces rié’.;’fmzw frow the genors
¢l am%maistica Ly the offective depvien of the non-lincavity
inovensing with the vibration, the avgument for the use of equotieon
(6.5,8) to sinplify the eolovistions of the suhharmonic response

ao
branks dos M Sthereics 1t in ocoom @ possonshle in ﬁifzﬁ%ia of the

’a-tt >§§

subharmonic respense and the Meitine valuss of the Innqualities
gre piven.  In the sbove ztate. the accuvney ranldly deteriovates

fop vhe avprosiention E.@ﬂ»m‘szf,‘fﬁ ororressivelr amzller ¢han the

"
e
("?

, the
suhatitutinn reetriets *s,% w wasnitude of the rt\s::%f:mimm: subharponic

netual harmonic com ronent of sulution {(3.2.1). %@mzegwml

ha!

1

n, #nd the resonanse Fresuonsies o $1luntrated by *‘:sm copparison of
fﬁf‘"?.(f aig™ "‘5’3 ﬁ‘ﬂg {ﬁ.*!w’“&}}' ’

'5)‘

Since the tem ¥ i corvenpondingly levered with static
deflection ond «hilet virtuzlly unaltered :s.?: 6 emeller mognitude
of the dizturbing fevce. thon as chonrved in the precading sectien
that for o Sined value of A thore oxists teo mi%mﬂ-‘mﬁiﬁuﬁw
of the disturbing foree.  Thus fop the m‘f}gﬂaimi state of larre
czplitudo of £, the save value of eritical Z can be ascovtained
threugh the m&gm&i‘&g derived by eonsidering the situstion in vhich
the gﬁ@y&,ﬂw’e of & c;‘} ?ﬁ»w The use of equation {6.4.6) in the
neighbouriood of the I&:m ation «.,Izm Zoes nma.v..::mt sirndficontly

o
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: NON-DIMENSIONAL FREQUENCY n.

. FIG.(6.4-2). SUBHARMONIC SOLUTION WITH O, APPROXIMATED.

RESPONSE CURVES FOR 6%. B

e — THEORETICAL RESULTS.

¢ © 4 EXPERIMENTAL RESULTS. -

50

1.0, R = 0.25.
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NON-DIMENSIONAL FREQUENCY n.

 FIG.(6.4-3). VSUBHARMONIC SOLUTION WITH 61 APPROXIMATED.

~ RESPONSE CURVES FOR Q. - A=1.0,7 = 0.b.
* THEORETICAL RESULTS.

6 a  EXPERIMENTAL RESULTS.
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FIG.(6.4-4). SUBHARMONIC SCLUTION WITH alfAPPRQXIMATED.

RESPONSE CURVES FOR 6%. : z

e . THEORETICAL RESULTS.

A Bz=08 E¥
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ERIMENTAL RESULTS.
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NON-DIMENSIONAL FREQUENCY n.

FIG.(6.4-5). SUBHARMONIC SOLUTION WITH.Ql‘APPRoxzwATED.
' RESPONSE CURVES FOR Q,. A=1.0, 7 = 0.8.
2 ‘ o

THEORETICAL RESULTS.

o  EXPERIMENTAL RESULTS.



20

FIG.(6.4-6).

40 . 4-4 48
NON-DIMENSIONAL FREQUENCY n.

SUBHARMONIC SOLUTION WITH él APPROXIMATED.

RESPONSE CURVES FOR Q,. 2 = 0.6, R = 0.25.

N

THEORETICAL RESULTS.

a EXPERIMENTAL RESULTS.-
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26 30 3.4 28 42 46

NON-DIMENSIONAL FREQUENCY n.

FIG.(6.4-7). SUBHARMONIC SOLUTION WITH Q, APPROXIMATED.
RESPONSE CURVES FOR N. = Z = 0.4, R = 0.15.
= — ——— THEORETICAL RESULTS.

¢ 820, o 08, 4 Beo-4, EXPERIMENTAL RESULTS.
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NON—DiMENSiONAL FREQUENCY n.

FIG.(6.4-8)., SUBHARMONIC SOLUTICH WITH él,APPROXIMATED. 

RESPONSE CURVES FOR N. A=1.0, R =0.25.

. THEORETICAL BESULTS.

4 $:04, a %06, o Z=08, EXPERIMENTAL RESULTS.
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28 =2 36 40 v

48

NON-DIMENSICNAL FREQUENCY n.

FIG.(6.4~9). SUBHARMONIC SOLUTION WITH éi'APPRoxIMATBD.

RESPONSE CURVES FOR . A=
THEORETICAL RESULTS.

8 A EXPERIMENTAL RESULTS.

1.0, Z = 0.4,
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NON-DIMENSIONAL FREQUENCY n.

FIG.(6.4-10). SUBHARMONIC SOLUTION WITH 61 APPROXIMATED.

RESPONSE CURVES FOR N. - Z = 0.8, R = 0.15.

~THEORETICAL RESULTS.

4  EXPERIMENTAL RESULTS.



NON-DIMENSIONAL MEAN AMPLITUDE N.

280 32 36 40 42 48

~ NON-DIMENSIONAL FREQUENCY 7.

FIG.(6.4-11). SUBHARMONIC SOLUTION WITH 6_, -APPROXIMATED.
3 AL

-RESPONSE CURVES FOR N. : A=1.0, Z = 0.8.

| . v v

THEORETICAL RESULTS.

0 R=-0.25 - EXPERIMENTAL RESULTS.
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NON-DIMENSIONAL FREQUENCY n.

FIG.(6.4-12). SUBHARMONIC SOLUTION WITH 61 AP?ROXIMATED..

— e, i e

RESPONSE CURVES FOR N. Z = 0.6, R = 0.25.
THEORETICAL RESULTS.

a EXPERIMENTAL RESULTS.
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NON-DIMENSIONAL FREQUENCY n.

FIG.(6.4-13). SUBHARMONIC SOLUTION WITH 61 APPRPOXIMATED.

RESPONSE CURVES FOR ¢. .Z = 0.4, R = 0.15.
. e : z C

. THEORETICAL RESULTS.

4 3-04, o E=08, u B-r0. EXPERIMENTAL RESULTS.
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| NON-DIMENSIONAL FREQUENCY n.

FIG.(6.4-14). SUBHARMONIC SOLUTION WITH §, APPROXIMATED.

RESPONSE CURVES FOR.¢,. A =1,0, R = 0.25.
THEORETICAL RESULTS.

A'Zc04, o Z=0¢, o Z=08. EXPERIMENTAL RESULTS.
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NON-DIMENSIONAL FREQUENCY ﬁ."

FIG.(6.4-15). SUBHARMONIC SOLUTION WITH Q. APPROXIMATED.

RESPONSE CURVES FOR ¢%. A =1.0, Z = 0.4,

- THEORETICAL RESULTS.

4 Reo:25, B R=045, EXPERIMENTAL RESULTS.
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FIG.(6.4-16).

50 58

6o

~ NON-DIMENSIONAL FREQUENCY n.

RESPONSE CURVES FOR ¢%. » zZ =

SUBHARMONIC SOLUTION’WITHVC-)l APPROXIMATED.

THEORETICAL RESULTS.

A EXPERIMENTAL RESULTS.

0.8, R = 0.15.
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24 28 32 306 40 44 48

NON-DIMENSIONAL FREQUENCY n.

FIG.(6.4-18). SUBHARMONIC SOLUTION WITH Q; APPROXIMATED.

RESPONSE CURVES FOR ¢q. 7 = 0.6, R = 0.25.
z , ,

'THEORETICAL RESULTS.

o EXPERIMENTAL RESULTS.
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sient selution

the xﬁaﬁfm‘tarﬁsﬁc behovicur of the *‘mzsw:wi* coefficients

n

durine the transient stste of motion can be deterningd from
equstiens (3.%.8) and {S.4,8). Hinec

A B S s Ay T 3
the tive vhich i=
.

%

axpressed in © does not ampenr explicitly in the lotter eguation,
Y41

3
the interrel curves of the avproxisete transient solutien are

£
conveniently plotted on the A% plane. Ultlmately. with the lspse
of tire, cquetion (3.54.8) would becone oo t pleld sinpdar

peints vwhich correlote with the confficisnts of the steady shate
reriadic solution and hence to give the sxpiitude of the

e

suvharoenic conponant. (.
Ak

It iz shovm by the rezsulis of the vibrations

%

exist elons with the resonznt condition of ¢he a mwm;mg'

o

hayzonios. &An accunulotive affect would resply over this paricd
fron en oncillation that subsequantly destrovs the rotion. Sines

s %, - ¥ " - » 3 Enoa a0
the aecoupanying herponic components are vestrictsd to oscillations

approxisetion fov *'} Independent of pericdiclty &z resdily ssen by

o

£
the msn’t* of the pmﬂr:f iler pection., Althoush this approxic

w4
%’é
]

- -

s vestricted to sretens In shich the effective non-linearity dees
not dncrence with rozonmancs, It is hovever guite sdecuate for the
imtended rurpose of ¢his seotion. Thus, with the substitution of
ecuntion {ﬁ E* #6}« equationy {3.%1{‘} to (3.4,9) vield

R S G R N R R SRS TR RS W
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FEUAE Y e 2 Lt Y20 La... {6.5.12

B 3 2, un
- H{3 4 BAFY - I £{6% + 3%y - 3%
g .2 . 4
-3 AT 4 HEAD - SMRNA - o £2) ) viene Qw,qﬁﬁ
b

85 % 5 23 3w £2% »
Torfa - 0% -oms e (L 3873 2 20 (4F ¢ 8T
3 Y54 b i i
e & ..z N e i "
L %%i&?} o+ "é,: “‘E;’i"’ 2“2%& v 3:‘&(2-%-‘3 4 ‘,% «1,.} & sesne {€s533}
o . e

and for the singular points, the intesrel curves of

R R R iﬁﬁﬁﬁ,iﬂt

Bust viltisately with the lepse of time yield sinpularitics in
which equation (6.5,4) iz equated o mevo.

Vion ztea y-**‘%:au‘s s reached, ﬁﬁhutlﬁi‘} {€ 5.4) ¥s zevo
and the marnitude of the &iﬁgﬁ 3y w nt wz the &3 plane
corvesponds to the ampl 1tude of t:*m uilhe m&l corponant Qye

It Is evidont fyewm the sbove squations that iF inivisd
values of & and ¥ ave preseribed, the value of ¥ iz posdily
detornined frow equation {6.5.13.  Subsequently the Intesral
ourves of equation {5.5.4) that deplet the trensient state of ¢he
approrimated selution can be droavn for eny inltial cendition
given o the pubkarsonie aoefficients.  As the caloulztions
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READ 4, Z, R, n,

A, B.
(o] O
SET  EPS, EDB.
Ay = Ay B, ® B

DETERMINE THE ROOTS OF N

'FROM EQUATION (6.5,1) BY
ITERATION METHOD.

i

CALCULATE EQUATIONS (6.5,2)
AND (6.5,3).

DETERMINE THE VALUE OF EQUATION (6.5,4);
PRINT El, éi; N.

TEST: IS EQUATION (6.5,2) €029

YES

B, = B. -ED3, B, =
Al =&l (7 ) i -
177 Vg8 A=

 TEST: IS (ab(dA) - EPS) < 0 9

YES

TEST: IS (ab(dB) - EPS) < 0

{ves
- STOP

FIG.(6.5-1). FLOW DIAGRAM FOR THE INTEGRAL CURVES

OF EQUATION (6.5,4).
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invelved gre ratley lghoeriouvs 2 conputing orogran Is develeped

end the goneral flov dizsrsn In shown In Tie{8.5-1).

ES

2 ’ 4, -, "
{6,523 and {6.5-3) show for g set of pavavster
2 e - ' JRPIOY QI
values the sinsulsr pointe of 2 eclected frequency. The

g

sirmugltonesun

&
vibraticn as s quadvatric sguarsd in 0., gives the four oiahle !

foel, as f1lustrated iv Plzs.(6.5-3) by the pointz 1, 2. 5 and

" ¥ » e ; ra.2 J s 8
. The Metones botween the sinqulardtiss and the orlsin

doterniner the amplitude of the §, vesponse and it is readily

Gy components

£

seer the rospective nagnitudes are ddemticnl to @

determined from the enuations (6.4.7) and (6.4,8).

of a'selected froguency ave chown %o ealst withla the fiest
gundrant.  Hewever, It was ventiensd durinz the enalysis of the
alpshraie expressiens (2.2,14), {3.2,15) and (3.3,2), (3,38,10)
that the predoninant eomponent of mibdermonic vibration ean alse
exist in & phase quadvant differing by ¥ radions. This ds ;
Jillusteated by Fio (6.5-3). Since the simmlar points 1 and 2
which hiave the esme arplitude are of the oppesite phase, it
fmplics that the potion can exist in efther the First or the
thind quadrant. end that the vesultiny second crder subhavsonic
witrotion donends updbn she inftinl cenditions of the coofficients
& and B. Thé empular distance botveon the ﬁi*""ﬁﬂ.ﬂﬁ" roints of
the sase awplitude corraseonds to one eycle of the dlstrbing
foree. o
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iifferential of the predonisont eoplitude conponents ere

ineirnificent, the use of the thase-plsne analysis in the
Inveotiration of the preblen restricts the davning cnelfficlent
2o il weonitude. T2 the application of thin nethed, theve
io also the difficulty of exznining the Influences of the

Independent orermstors in velzntion €0 the overall rasulifs.
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FIG.{6.5-2). INTEGRAL CURVES OF EQUATION (6.5,4)
IN THE AB PLANE.

SUBHARMONIC SOLUTION WITH 61 APPROXIMATED
FOR SYSTEM PARAMETERS A = 1.0, Z = 0.4,
R = 0.15 AND n = 3.84, '

SINGULAR POINT 2. 6% = 0,97, N = - 0.453,

SINGULAR POINT 4, Q, = 1.53, N = - 0.63.
2z -

SINGULAR POINT 6. Q% = 1.65, N = - 0.53.



" SINGULAR POINT 1. Q, = 0.965, ' ,_<1

- 0.’45.

=
"

SINGULAR POINT 5. Q% = 1.64,

N = - 0.54.

SINGULAR POINT 2.

Q, = 0.96,

-—

N = - o.us.
' SINGULAR POINT 6. Q, = 1.66,

-2 ’

N = - 0052‘

B —

FIG.(6.5-3). INTEGRAL CURVES OF EQUATION (6.5,4) IN THE AB PLANE.

SUBHARNONIC SOLUTION WITH Q; APPROXIMATED FOR SYSTEM
PARAMETERS A = 1.0, Z = O.4, R = 0.15 ANDn = 3.84.



-

SINGULAR

oOr

POINTS - " A B g | N
1 3.8 0.3 kb.gou ~0.965 ~ o.uu0
2 3.84 |- 0.3u4 410;9035 0.966 | - 0.4503
3 3.8y 1.018 | 1.1 1.52 - 0.615
y 3.8t |- 1.0 - 1.13 1.51 | - 0.62
5 é;au‘ ©1.u8 0.685 ‘1.64 - 0.538
6 - 1.502 | - 0.704  1566‘ - 0.523

- 3.84

TABLE.(6.5-4).. THE SINGULAR POINTS OF FIG.(5.5-3),

FOR A = 1.0, Z = 0.4, R = 0.15.
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R dr LRI SR M s o

The infitial notion is for o system of vertleal M,Myluazarz ot
and in particulsr the decirn of non-lineay apring suppores by
Yolyneur {28) appenrz te pive the reguirenents of ¢he restoring

fovees characteristics. However, the concert appears not practiesnl

31

Tor there in the problen of waintaining only @ S'En;lm“ﬂz::rwscf
freedor gyatern 4F the masz iz not to Lo gz.uiés:z’ in sone wvay, The
inoviteblo restriction will 1ikely cremte serious dowbts et a laten
stare as to the condition of viseous damping and hence the tolsrable

in
allewance in the approxing ation of the vestrictive fortes.

Fron the nzed of svolding the use of such vestraint. the
whyzicel vedel of the reguired accuracy heeonos o wore feasible
;g_:xmg:»s:s Atien by hoving an inevtia body exeouting aosrular videation

gbout & pivet. The snpuley displacement results are resdily

freneformed o Itn eguivalent wotlion.

The peneral oongiderction of The next stoge is the form of
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the non-1ineer roo toring foress end the froguency rauze of the
ﬁyé‘»tm;. The $dex of using a as&fﬁ:-imticn of %imw oreings o

nataral fmqwmcy; thie gwea a },fsrgzm‘ levitude in vavying 1 the

' There are other advanteges in the use of iiuvesr springs. One
of thew is that the coefficlent of ﬁéﬁ"&iﬁﬁ&i”iﬁv can be altered uwith
¢ase. Uy wmerely elther chansing the Initisl atif fress wate or the
pm&m‘mé@é hardenineg spring, the various mugnitudes of the effects
pesulting {rom 'S:w “ﬁu:., we of s ravitationsl force on the systen,
A7 vequived, ca:z he demenotvated. I mam 7 applications whore the
-?ez*"::i::x stiffacss of & suspension increases prapidly vhen the
disnlacerent beoomes larger, a.m; wlmmm’*::{y b{.’z:,saa” e o
stiffnoss rotes prinelvelly dofimes the coofficient of mm».s,, mﬁémiw

. s

i #nd hencs It aleo determines : the Wz%,.*mam of & .

In zzd*i‘;id;’:ﬂ gz the impressed vibretion in :zy em out-oi-
h;:&an?.:& centrifusal foven, the :«:ag;ziuu& of the exeitation ﬂ‘;;icss is
gﬁmtrw“w“zezl to the souare of the forsing frequency is rope 3:33;@3,5} :
t¢ boe constant in the higher spoed Tange and the combination of
lincar epyinze ensbles the aotural ﬂmguway i.e be ehanged without
difficulty to 2 sulteble val\xm 32 s:t ‘ever booones nece Nwzﬁm on
account of mrall fluctustions of the distwrlding force.

actional horse-pouer woter deiving an out-of-balancs
moes me :f: garfﬁctly adeguate for penerating the contrifugal
ais;%uming; foree., IT the desipn speed s suffl amnﬂ.y hich, the
preblen of the non- wifornity in spred control wi | 1 probihly net
arige. The driving torgue in comparison te the smell variuble
friction fm*ac%: Iz mwi@; dvly grester. %.c!.:amm BOLLHSELY

s xvv*‘ 5 ‘ﬁ-« P, 3 - o »o.'-»
ymm.z*cit: w3111 need 0 be considevsd to ensure the roselve

4
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PHOTO-ELECTRIC PROBE R.
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forcee at vleht encle s net allowed to dostroy the sinmle-derrer-of-
frecdom.  ¥With such neamwes taken inte ceapideration o sinuceidal
trace ehovld then e obtaine 2d, depicting the unifornity of the

isturbing force ecting on a trusly single- ?1&3&'3"(”f"‘”3’i‘£’:§m; syote.

e

The pzcillating :3,1"{',:"55:* do comveniently realised by on
arvenrament where the gmmz‘f fo suitably rounted on & bean. The whole
gysten i9 to he g}im‘ceé e an axle at one end viﬁh the non- L.nw

stiffnennes ﬂ‘t: the othor.

 The finslised forn of the wmodel which must heve an cquation
of votion that io identical ¢o the deseribing eguation of Tig.
{2.3~1) 3= showm in Fies. (7.1-2){e} 2o {c).

702, Hon-Linear restoving forceo

72053,

PRy

The gorbination of linony springs s iilu *ta:ut 2 33 s:i;;‘
{7.2-1)a). &y logical desirn econsideration, the an m:*w went of
the sprinrs in that erder in sivilar 4o one wsed by Tudeke (323,

®
Tha vertical *r npe have ecual gtiffnesses of 1 anﬁ cach
ﬂ .
- : Vs .
has en indepondent tenzion &f ms-;ammt., This r.,m**ﬁ”:a*& &..‘a:ei’am%

the levelling of the trensverse spring. The trans -varne gpring has
stiffness e, and & ."!-.en;-:gtth £, foth ift:-; ends are mounted on n.?;m“

&igj’%’z“{:mw@igﬁ%ﬁ: };*ﬁzszrkn: end en allowsnee for the attanhrent of the

grving on o the beon gives & isvger wowent avs than the vmical

springs, as geen fronm Fio 7.2-23(5).

If the whole systen ie deflected vartically foen T €6 B

through e dietance & then the tension *n the transverze spring &

given by



“ X7 -

vhere P 4o the initial tension for & =0

>

Dxpanding the shove equation gives

S

Trom the trironometeric foontity of the econfiguration shovn
in Tig. (7.2-1),

'}E_} - {L %{:} “{:aﬁ f’."» ) PR {?12;3)
Subnesuently, daoion veguirervent v that ¢he mnple of
.:,mglmsmrt, ':;52 in restricted -m

3 -

. O
tan ¢ & (¢ v 3 ) seeeenn {T.2,4)

Henee, on substituting equotions (7.2.3) and (7.2.4). the velues
P £ . s
of the ratio T to the fourth power and highev orders, being vawy

enall, ave neglected. Dou ﬁci&x {?.»,,2} then bhooowes

: 1 |
b s, {1+ e (Lo £)? T

"t
- » z» - 2 i}" *
=P vty { gy (+ed g‘g& .or (7.2,8)
In wiew of the condition of cquation {7.2,4), the snple .
e 1imd im0 1 -Lw’»f;‘:ﬂ
€ is 1imited to oin & = tan O that io the vatie of § » L%y, ';5:3
Ad Ea

eseilicting engle of the transverse spring &t the 'in..;ta
digplocenent io epprozimately g;::xm by

and higher povers ore small end they ean ke neplected. Th
t 0

?&iﬂ tz“ ,s, 8} IR E RN R (7*256)



and, frow the ¢ Mi,m of the attachment fop the transverse spring,

the initisl tensicn ., cat be adiusted epprop: '.x,?:w,l\!a Thus If

£

Fo fg vedueced comveni e"ﬁ:;%._,r to mero, the vert rticsl component of the
vestoring foree exertad by the {ransverss ﬁ z*mz:: in the sence 20

im then glven by

The ellowance, €, for the pttechnent of the hoprlzontal
sopring gives & bipger ¢orgue zhout the axis of osclilation.
Conzequently, the gguivalent pon-linear restordng forge of the
stiffness K, acting in line with the vertical springs, is greater

A ¢ A 30 A
?z:? = K:?. { ‘;‘.‘5‘{2 {:}”“”I?}W} ﬁs } T T Y {?;2';8}

At that Inetant of the deflection, &, the corresponding
Fective force of the vertical spriass de ze‘l« . Thus, the full
enpression for the pestoring forces exerted by the coxbination of

srings in the vertical seace is

13‘, - K.! { 5 4 i‘tﬁ %}, cfﬁ"‘gﬁgg ‘63 } P {?a%gg}
s ﬁ‘ £
flenea, the n@nﬁiiﬁea@ stiffnass for the arranserent of the mpAngs

i

. £ 4 , ' |
{iﬂi ”*g { gc; ﬁﬁ } : X €?¢§g3«6)
Hoving émwmimﬁ oathenaticnt ex m sion Tor thn

vestoring force of the systen, en equation of motien can now he
Q%ﬁt%‘xd’d\a
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AXIS OF
ROTATIOH

FIG. (7.2-1). THE NON-LINEAR RESTORING
- ’ FORCE CONFIGURATION.
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f«ga {5. }n 'ghﬁw

If 's‘?’i ‘u’?;ff: ?‘ oo ‘tbe .,r:’i-tza tensions of ‘%:hta unner and

3&**@2" vertical ﬁ;mf = when the c‘.’:‘f}"’?ﬁ 0“” defloetion & a"nr;ni’t the
xis of rotation fz zexo, the torgue artiﬂﬂ n the Systew whon
:;.t ie ptatically deflected (azs:w*nv "ﬁa‘.} orincipal axis of the
wotor end other masses of the cradie 3ic &n Eﬁwﬁ with the axie

»

of "’wmmm} is

?”’Dt " T, ¥ L]
Gy - P L L, E“*ﬁz

rﬁh@fﬁﬁ-ﬁ in the mags ver unit lensth of the beanm, 311}} in the
dength. t}f' the bean and ) iz the rovent ars of the beam. This
'k:m que &8 then approximately equal v’i:cs:z:»g:@site vo the torgue

osuiting fron the nm;;w’i‘? neay & f*"n mes, that ds

. ) ) t.»arvnv I{?n?g:ﬁl}
whare # %o ¢the ntatic dnf.matim.

tonee, for 2 particuiar ing tant umn *t's‘m ‘tc*t&i defiontion Is

S €x e 8Y, vhove u ie ﬂze dyner 5c~ dz miacanent m**é Frars
static equilibrium, tho oo a‘tﬁm ei‘ ::ﬁ:«m qs«”cmi. the systen

of Pig, (‘?.1»1} is of the form

NEAPAD B z l . (Ii:}‘ )*‘ & o .w‘ "’:‘;n '
ifﬂ‘?-f?ié”‘i {wf'“.»:%jg A (:.k & ad ¢ 37%) 1

A I C eeese. (7.2,12)
where I, ii“ tho tetel inortia of the system,

© Clm o cocfficient of viscous damning,
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m in the out-of-halancs nane,
2
© iz the distance of the nass {,e"z‘cm & to the shalft centre

rement & of the e¢ r:%*-ug*a& fares.

Tk
Fis )

end ‘b iz th

The velationship Betweon the sis*r},a ~dagree-of-fresdon

systen exeo uting asagu&ar mﬂc&lﬁtmﬁ and the pysten &es***‘?*~eai'§;y
equetion (8.1,7) iz elerentary. If and € ere the terss referring

to the gz;.,,a“sz%w &E the eoudvaelent aysten shown in Dig. (3.11 L3

"z:as.m tzm: with m*‘emm@ to Tin.{7.2-2),

|
N h

| -
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TReRBUTER {7#2:‘1&'}

o i 'i'}, © % » . . *
5:*” Ze o % | the above equation E; denticsl to the deserdbing

w.»
©E

quation of Flg, (8.1-1). Comaring the expressien of (7.2,14)
s1i%h equation (2.3,7) iv is evidant thut in mmtﬁm: {7.2,12) the
deaipgned myoten hee identienl reatoring foree chavactevintics in

which the cosfficlent t 1 of the non-1inesy displacerent is piven
by

c | PR e x -
%?. = ?; ’ i:,, %2 ('f"""""‘ }’» PHEEO U BN {?mﬁg aﬁ)
i Fo

ny
.
.
.

Thie how disxnsicns of length © w hich rakes the displecenent, ir

equation (7.2.18) fo multinlicd thvoughout by w dipensioniess.

It 3s readily seen from equation (7.2,18) that vardous
dogrees of non-linesvity o m be obteined by changing the lenpth

of the trousverse spring.  Hencs, since the vibraticn vespenze ic
& wmm.mrz of the spring lenpth, &4 is more coavenior at to use the

smm wwing rate after having deternined the upper 1imit of stiffnecs

!’m mmbt varying ito Jength to achicve the v&&:‘amuz wamitudes of
mz.,w:i.irzeazﬂ.aﬂay then o m..utmat a ect of gprinrs & f‘mmzw In length
but difforing In overy other rompeet.



£y

for an iﬁéic:ﬁ%mﬁ of the &gﬁigtn raqu irevents, It de
helps 33; to edopt & procedure of ascecsing he mamitvde of nom-
ﬁnaat*;tv. Az the fafinicion for thiz is exdbitravy. azix‘u;:ﬂ the
degres of m*wliw'm ty Stzelf fs %w‘t&w:*em«sz;“ evon :::,ﬁz the
besn fixed &t th eptizum lenrth for pasioun deflection, It is
- net urreasonable to exprons the mgtm ng force of the non~lincer
terns es & percentage of the *‘?“:m:* &v linesr displecoment that

\ : 1&:1"65,“@ ars &
% of non-lincarity = gﬁﬁa(w ) (555 ¢ 3m 4 x*)
' :3. P RER S {70253‘53
In general, 2o ghown by the above enuation, the rgﬁ';_%& m
nen-linespdty for a fixed spring ratio increazes with the

1y
dieplacement. However It .fm degiveshle that the amplitude 3

»

v Gagler erations to o manipen 2e Thie wi
by & "im considerations to & ma imum ‘m Thie will

|2

by
o
Polw
b
;;‘4&

then take into comsideration the & m:wsimt tons wade in avriving
ot the mt%zem*f: ea i%, cupression for the coefficient u within the

o

range of non-linoarity. Thus, with the romsnt ave L & opronisately
set through the use of an opticun la*;;*:m of the bean and fw

cuitable trammverse spring lenzth & such that ¢ ?:s:: :z*a'i:*'@ of. { 3*
peing vetio »_.«,« and izez’am
i
X
¢ determined foy the desipned akima&;le

and of higker povers ave emall, the o

J

‘the upp - op Meit of K, &
mmi‘a&éa f:}i‘ dioplacenent sw?ch sives ahout a Ifm drad pe v oont
mm«lim@iiy; ’



7.8, Desirn procedure

7.8.(4Y. v estization of the manioun displecomont

Yor the arranpenent of the sveten 11lustrated in Fig.

@

{7.1~1}, to denonstrate the subharnenic vibration of the sscoend
erder, it will appesr that the displecement at the position of

<

the springs incrvezses In proporticon 1o the beam length. The

beam, however, constitutes o nipnificsnt magnitude of the systens

inertin., This meung a lavger displecerent in not necossarily
ehtained throuph having 2 greater length on which the motep is
gpounted hut that an optizun length enists for whieh the vibrating

applitude is & maxinus,

.

Te achieve the rost sultsble dezlgn condition for the

4

»

vortical amplitude, the Aifficylty in £

o »

crmalating a pathematioal

expreszion o ralote the tolerpble ellowble displacemant to the

inevtia of the syoten and the beanm length Is overcoms 1F 1inear
da.

cseiliation Is considered Initislly az to form & uselul gu
Altbourh by coplying the linssy theory %o the syater envicored

b

kon

will considerably sivnlify the probien, If iz pot unressonsbls with
refercnce 2o Fir. (7.9-1} to say thet at & one hundred per cent
non-Linesvity

BRETAEE (?uggl}

5]
k¢4
b
’-

b

vhere v Is the appropriate conztant.

ith the stondard linear solution of ¢ = ¢ con (wt + )

vty ,»

BE &:0x

¥

B
&
7
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EIG. (7.3-1). RESPoONSE CHARACTERISTICS FOR A
CENTRIFUGAL EXCITATION.
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CET R e a s Gt ¥
~ wt&
and U 2 m yh vorwres (7.3.2)

» . @» fotis k4 . . - " - , " a - 3% o 5
‘%:;*m o the resion of the mexiows sbharmenie resonsnee Srequenc

o 1,
in vhich u Iz grenter thon the natural froguency such that T is

‘srall. the anplituds Io mﬁ:i 2lly & comstant with chonge 4o

Irequency snd it ean be approxinsted with the substitution of

{"; } = {g ”25}}2«3}

e o
e (25!3“:3' ' . B *wesves g?a:}&&}

.

-

Henece, for ¢he length, L, of anis-to-ppring the ehove expression
gives the 1inonr end deflection &

1.«

ey ' »
52. B2 (% ,{3) susveen (?*35§;7
t :

» Thus, vith reference to equation (7.3.1), an appronimate
erpression of the iimit of subhasrronic dioplacevent for ¢ piven
zarnitude of the distwrbing Joree ds obtalned in terms of the
Inertie &nd the lenpth L. This relotionchip

M‘a‘,,'\':*

6 e { L}p vso;uxuav.t {7»33%5}

gives the condition of a bhundred pov cont mn»z.imavﬁ:v nt the
freoquency of the zllowable maximm displacsnent, and I
indepondent of zmy Linoar opring torms. m'ﬁ t}imlmmwant cz.,:'x
toke ony volue withdn the sppronination that the vatio of ("}3
end of hisher povers are suell, @nd the equation {7.8.5) ia
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cosplomentary to equation (7.2,18) in determining the transversoe
spring vate.

It iz veadily semn that the dncresse in the length of
the bean and henes in L will net give in mroportion a lapger
Ei:isgl&cazﬁmtg Sinece the frnertia of the system Is elze & functicen

58 Dy it fu evident that for the condition of €: a pinivun, &
deongth of i:?zza:: iaw} 33& can be found which wakes the allowable
dis g%:cs:z:w than h«u The opticun Lean Jength is detarmined
&t o later stage, efter the evaluation of the principal

L3

oseiliating inevtia of the syoten.

7.8.€31),  She centrifural excitotien

The inertisz of the excitation conmstitutes a %z:a:iux"
proportion of the systens totsl inertin., This tokes into
consideration the a::i‘;t«t:’f holance amﬁ the ’lysmwl & fractional
horse-poway moter and @ cradle on which the ﬂ‘}\aazg.m‘ﬁ"ﬁta genevating

the disturbing forens ore vounted,

Lo e wagnitude of the disturbing fores is proporticnal
to the sgusre of the frequency, the motor of varishle spesd
characteriztics which drive the m":~éz “balance rass must have an

‘ve"”f&{:‘i’k"& coutrel cyston sintain the constant exel m&m* T
is decided that I:y_mmz;mr the vhele systen in the hiph speed Tange
%‘Gg-{‘*‘ﬁi(l}f‘ uith & good speed re culating circult. the rreblon of

fre u&mj Enstehility from driving aceinst the variable friction

}M;

orees §s unlikely o be any veol convern, Henes, @ linear natuwral

2
g«,:’

#1

rogusney of adbout GHz Iz used o determine the mwm** band-
widih that 4s required from the rotor. This epprox drate value i
Ceonzidered te bo in the »d zion of the lower 1irit posoible.



>

éagji:e:»@a oF ~’~:~:f:,,c: deTlection with too

g 3 5 oy fgn g o AP & S |
Otherwise thevs is the difficulty of ﬁmiwfzz, the pmaw bl
Ion

batueen TOU to

Lw: ﬁﬁ‘?fﬁ;w rated

ghe inf Tuenoe of g;x’&%‘»}”ifii}’_ e‘»'f‘ feetn on the veansnee Is eimmifieant.

& hipher lincsr nat urs 2l v"m;;sem:*‘ is pot considsred hegause it

R _ " - o - . s a - " .
io sppavent frowm the equations {7.2.10), f .8.5) and fron the
relationshin
o
» fi‘g“f* "
By &7 ’4’4‘: . swwR s {f&ﬁgf‘}

thet othereise there fo dif imzzﬂm 'i':.,, koo the systen to &
rensonable sine that Is in provortion o the ﬁﬁ‘@lﬁ%ﬁéﬁ of
vibrat s:m genereted vhon the orrine rates ave in the

irh’ﬂamﬂ*xmé of ahout one hundeed . ver sent non-iinsarity.

In view of eguation 2 (7.2 (5% It 4 evident thet te ohtein
P

& petiafuetory non-lineay deflestion for @ veasenchble vagnitude

s

of the dieturbing foree the totel inertis

‘ﬁ

I8 kept to 2 winioum
value. Gince the Inertia of the exciztation, toking into
eopzideretion the fiyvhesl, the attochent of the cut-pf-balonce
fm:%;g%& and the ovadle. conctitutes o major proportion of I .8

A
‘ractionnl horse-povwer voter of *.f%?@"ﬁ;.fb‘s?& i?rc*qunnxﬁw range i used,

The ozt suitable totor avalleble is o twentieth hopsa-
pover does sories vound metor of welsht three poundo. ?m_;}c:mm v
with & einple ;sa’*' effective roruloting elvoult shown in Tig.
(7.5-23, g’eﬁ&:‘l‘ eontrol of the stebility of the disturbing foren ie

3%

pttained. The sovmoture o eneited by @ 310 welt die. supply and



the requivred speed of the wotor can be obtained to within
setlisfactory accurscy through the cozvee and Fine vmgula‘cim of
the ermature supply veltape. The varishle resistence :%.::e zlse

)

connzeted in parallsld to the Fileld elrvcuit. Iy this vesnz the
altering of the field strangt frproves Further the sttalning of
the sotor apered,  IT the z;;;saéz:ﬁ dogresses, the back e.w.d. drops
ond this sllovr an incresce of the areature cwrent which alsgo

111 Influsnes the fleld strensth. Consoouently, from eu focroase

e}

Cin the forsue produced and with theechanges in the flux, the

requirved epeed iz raintained more f«‘*‘"‘m;mﬂg;

> »

fnee the sotor is & non~unifors bo dy, it iz necensavy
to evaluate the position of the prineinsl anis. This will
facilate the deterwining of ito inertia. Also It allows the
potor 1o be sultchly mounted at & Ilaoter gtage en & credle such
thet the principsl axis o as pear colneident with the axis of
vibration as gmmibhg. In this vanner the Inertis volue of the
netor 1s kest to 2 ninimum in concurvence with the eriterion of
eountion {7.3.5).

If the notor vests on a knife-edge, the force st & knwwm
distance from it dus €o Its own welpht Qisteibuticn ls ecasiiy
rocovded. "E‘i‘aw from kmoving the welght of the notor, the pusitien
of the rogul

n o

1¥ the procedure i ropeated with the wotor rasting on it

Q

sdigeant side, the principal a}: o I8 veadily logated.

> ”

ved oxin chout one directien isiesloulated. Hence,

‘ It iz gvparent that pince the mass dlstribution o non-
wiform an aoourate celeutation of the mowant of fnertin for the
saes of the wotar fg Aifficult. Hovevey, an experimental
dotermination of the value is found {o be satisfastory. The



~
-4

2 4

armature

FIG.(7.3-2). MOTOR SPEED REGULATING °
CIRCUIT.
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orroe fo escevtaingd to be leas thnn thres pop cont. Hﬁ%‘z*
¥

V5 S, s .
Ained exy &szﬁmi}y Pon wvw?yﬁmv
»:iﬁmctl the eleventary poineirls of the teifilar susnmmeion hag

2 walue of §.018 2hf.ia.8%.

 Fig.(7.3-3) ghows & sehen atfe dlemrsm of the apparatus
i?;z. strated o Pio.(7.2-1M{b). The wotor £ in suitably mounted
on the crsdle ¥ which has side-gutonsions C. “"%rc} avs deslipned
a I, %:%"ﬁ't s
boused in the respective e *in*“»‘:iew S Lo ’i’ize bearings vhich

end wachined to givé a fine fit into the beard nEs
ore subsaquently locked fn position by mesns of the washers
end nute, heving e 2 In. B.8.T. thread, euobles the whcle systen
to oscillate freely ebowk the axic of the wrﬁx}% Since the
oradie s port of the vibvrating struchive, duwralunls ig used
For the conpstructisn, ~The low-pate of pass ﬁ;s.ﬁtz*i%zzfim of the
voterdzl together with a bigh tensile strength serves afoquately
the mwrpose of carrrine the vetor. The inertie value 6F the
cradie b is then veducsd o 0.0071 Iniinee®. dhout the anis
Eowibrg e:'f.‘i »

The flywhesl T that s showm dn Pip{7.3-135) is alse
wade from duralumin and 5t iz etiedhed 4o the ohaft of the motor
at dte sleesve by wenns of grob-scravs.  The foreinn encrgy that
causes the witration of the syoten o senerated vhen the Slyvheel
iv edoptad Ioter To take an cut-ofs }3&« oamas ?:ﬁa Tagether
uith the eradle of the preceding poregrach, theo flyvhesal and T
are & part of the viz‘msz*&iag structere asd thelr respootive inertins

will influence the mz;'zﬁ**ma of £ vhich iz roverned by the

rolationgtin

i b A
Es &.ﬁ'f i seprucayg e {7*&»«7)
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g

whers i the radiuns of mQ to the.ehalt centre,

iistance of 'i:‘:;z’e ;;::*m 1 ¢o the axis of oscillation.

15
£
e
121
k5
i
&
e

It is eppavent frow the shove squation that the lvcrenze dn valus

of % and dn the 4% af::::‘;w 6F the flnhicel So uet necessarily rive
a sisniflcantd 3. isvper 2. Also in conformity with the ecariier

discuszion of the need to ?-:ee;' the total fnevtia low, their moments
of vitration are restricted to within

ol 5 wsl pi - J
of dneptis shout the axis.

the dasizn regulrements. of the non-linear suspension. . The
dinensions of the Fflevheel T are thus detersnined in welation to

the sizs of the whele systew and to the cut-ef-balance mass for

-
) - 4
& veasonghle wapnitude of Z.

frem the sssumption 1hat the inertie of the bean I, is in
the rezion of helf the total value of the excitation conmpenents,
m, i evaluated for an approwinate Fo. It o provable that the
petual valuz of I, iz grester but the. dif
H

sinnificant in view of sguetion (7.2.5

renee will not be

s‘)

Yor 33(3 ﬁﬁe{}‘?ﬁ i}ﬂ- % 'ff:G :
vonent of Inertls of the fiwndhesl, allowing for the attachment .
!fo .ﬁw cut-of-halance pass i effectively reduced to 0.0114

The potor A $o run. throurh its speed ranns, with and
mﬁmm the flvwheel; when themihole syster o 2saendled. - This
to, asnertain thet the moter has to Inhevent. out-ol-halance
Iﬁzﬂzzﬁa?-‘w fiywhesl i then edapted to take the unase w,ogta
wessured dintance from its centre. - The requived valus of the

cutrof-balance wase which Is determined for an approuimate
is found fron conparing the welgh s  of the flywheel before and

~ ’

after the attechrent,  The difference fe effectively the cut-ef

ralonce ©ass..




[The vibrating Leam

£ sipnificant proportion of the total inert
wyster o contributed by the hean B (soe ¥io.7.9-3). A the
syaters Inertia value fncrenesy correspondingly with the beom
denoth thet alse dot rermines the 3indt allowable for the
disrlacenent, an ﬁgﬁi,?zm iength of the Deum nay exist vhich makes
:ﬂze def l»zctim & moxinys. | Deceuse there iz no undue loadin ng Bt

* 2

,a:c:;:ji,%mx* ::3:5{ the ead conditions, It is asaumed £lew wiral defle ction

of the bean ﬁﬁﬁ* net arvize. A wathomatieal exprossion for the

.

sonent of inertin gbout the vibration axis is then developed for

f%:‘ias,,ma‘m in vhich the ratie of oy piven ¥ volus to the ayplituds
is & funotion of the hoan lﬁ"‘z?ﬁ“ fenee, the desigm of the systen,

*

gan be oyanined o arcortain sther there Jo o beaz lenpt

L

h which

» 3
3

wakes the vernissible defloction e

Tho been B extends he ;mr *hf* axie in one 41 m»c:ti@n as
llestrated in Figr‘{?.gﬂ«&;»).’ Tn thin wenn i

ne notor £
wtﬁazv resitioned such that ene of its dima‘;ﬁaﬁ._%zﬁx‘zcg ?lra ‘

axis is in line with the axis of oscillstion, the wagnitude of

the systoms tetel inertia is redueed corvespoedingly. Then, iF

A i t w pectional aren of the begn and § ¢the second wonony of

aren of the cross-sectien ghout the ”'lu,.‘d“:{. azis which pastes

wnression for i mm:‘ﬁ“c of

chrourh the a@:ﬁzmi A, &n
inertiz ehout the centre 6F sravity G*’ any censidered bean lensth

%b iz plven by

" - LE ) -
s ;
3: ’:‘:gf}:} { L ;T} . PR I 2RI (7»358}
£ b A

w 2

¢

where U 38 the mass per unit length of the bemn.



i
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/ OSCILLATING ' ‘ MoToRrR A,
| Beam H : N '

/’

FIG. (7.3-4). ScHEMATIC CONFIGURATION OF THE MAIN

INERTIA BODY,




¢ the ¢lotance &, frop the configuration of Fip.
{(7.3-8), 45 fized by the need 1o 2lirzn the centweld of the wotor
with the axis of vibraticn and else sines the centve of gravity

of the bean Iz discloced froxm the axis, the noment ©F inevtin of
the coelilating beon io @ffﬁctim},}'
2
ﬁk b4 ir, & ;i’i‘?}i%} L (’:&} rERBRA A {7a3,g}
Le e ;4
which on substitution of equation (7.8,0) for I_ glves after

Ea

simpiification
ﬁa s i i
F_b - Ztiu { 3,"“3 ) FEE DY (?.331{}}

" J o ,
where ©° = (- + &%) Is @ constant,
2
‘X ‘ . .
oed W, & end & pre fixed dimensions of the systen.

&

If the inertias, orising frow the conponents of the systen
that renerates the ddsturbing fovee gnalysed in the preceding
zsection, chout the exic of the beerinse are repvesented by I, the
approximate exprescion for the totel Inertia of ¢he vibrating
syster then beeomen,

.Z!h o ‘1’ F } ’3’ E PR vEr {?.39,3,}

where It in evident that the only variable contained In the equation
is the length of the boom. Hence on substituting the ghove eguation

invo oguation (7.8.5) and with
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12 (12 4 &)
% ¢
8 &
g.,) ) - . ’:?g_ 1.?¥ "@’ y" o 7 : . )
{’i@‘} & {‘ L;“h(g&} } o } » KEMEN B (7;3522}

from vialeh the condivlon for ¢he optimgs bean length, that oekes
the allcougble doflection 2t it laygest valug, com be examined
by differentisting with respect to L. Thus, it con be readily
shovn that the ratio of oy & valus to the deflection in &
pindwun, ond hence the perminsible displecenent is at a moximum

when tho Leaw length ssrisfies the follouing equation,

3.»5 E‘gﬁg Ly I‘E&ﬁé‘g - Zﬁb & %@2é2 ] ﬁ eruEERe {?»33133

This cendition will yield tuo ponl roots of identieal

wvaluos but of ¢pposite eigns. The plus or minue woerely simmifies
the diffovence in dirvccticn teken for the beom,

 Becouse of the low wass vate per unit length of duwralwwin,
¥ e 0,050 » 107 .t /in. . 2 wniforn tee-besm of the matevnial
gerves adequately for the intended purpose. Trom Its sectional
Aimenslons of L 3o, by 1 in. Iy % in.. ¢he radiue of gyrotion of
the bean section iz readily evelusted ebout the neutral axis that
paszes throurh itz controld end which fe approxipately 0,208 in.
from the top. Sudbsequently with € fised, (cee PipJ7.3-4)),
relative o the position of the vitration auis, the velus of T
is czlevleted. Heace, the éﬁti@i@ length of the beam. dotermined
in relotion to the size of the whele systons from equatien (7.3,13),
iz 8,57 in. end this velue will give for any aoplitude of 2 en |
spproxizate noxiomun displecosmont 6. The length Lb i taken as
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.4 Ine. and slthough the actual length of the beanm iz slichily
Jomoer fopr ¢the attochmant of the cvedle. the variatien of & Ires

oo, . Sty 33 -, =& L oy i 82 wiely g 3 Lgymin  +dogs
its waxievum valus Ly the approxivation of the bean Ifrom its
oy o b Fyd v § o S ST ran X 45T g % . P
optimum is ﬁam_ana;mmt. Its moment of inextis shoul the anls

M

Q“leiﬁit 00 p:m 2.0204 I !‘.5 Tel3

7.8.42¢). Evaluation of %

It is appavent Lo the cquation {‘?,if%@l%% that if the
1init of o tolerchle displacement fn glven for sbout one

por eont non-iincerity, the spring ratic of f“‘:’z iz wzé&y
» €
3

evalunted for o sulteble transverse spring length £, The fotel
roment of inortla in vou kmoun, for having determined the
appropricte bewn Iength to be used, the valus is ensily calculated
From eguatien (7.8,11). Then frow aen Indication of the reguired
vertioal otiffness thyough equation {7.5.06), the setusl zpring

ate of By is determined fron which K, can be fiued.

For pessons nentioned during the desimn of '?:hs:s cm't:mﬁ. zal
disturbing foree, the linesy nativel frequency p ic token ag
&mmmmmzy €liz.  Vith the ectunl lsngth of ¢hn boonm :’in a poecion
elose to the value determined from e L:’fci@‘?i (7.8,18}. the vonent
evm of the 1inear tore e fg fise ;.;z: 2 9,75 ip. ond the total
poment of ﬁ&zﬁ:im allowviny for the weight of the bearing in th
attachnent of the transvense syring to the Lmuﬂ iz effectively

0,058 I6F.5n.6%, shout the exis of vibretion., Hense, & sufeshie
spring rote of Ky For the deslemed components fs vreadily evaluated
From eguation (7.3,6) and it yields for on nsoumed p = €z g

el
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b s © mgiy e e,
wriffness vate

’:3‘, - i“ﬂ' IhE, bt 4"!‘ .&f‘"}z R
The vertical ctiffoess fz conveniently representes in the
forn of tue iinesy speing vates of Y1, Thenm by elinuing the
. . ” .
. £
tension of each spring to bo of 3&3 sted independontly, t&ié i&
facilitate the & ?:i went of the ¢ :mwwg‘a- redng ané the daoived

nagnituds of the ptatie dofleetion can eloo Ew m‘tmﬁmsﬁ with
reascnable DEOUPBLT . ’z**n;m twe mmn::s each having & »‘twmm;ﬁi
of chout 0.5 IbE, por in. are used.

The porsurenent of the eorbined effeets of the verticul
springs io beet achicved through divect calibration when the
shole syoton o avserdiecd without the tvansyverse ol 5. ens ¥,

Gince 4t iz not possible to load the eprings shere thay an
attachod Yo the besm, the vertical etiffness of the systen

detsymined for on epproprinte wement arm and the value o then
wmctm for the position of the loading. ‘

The loading of *Z:‘*{ﬂ"ﬂ"**‘z:w 1w by weans ﬁf seale-pan
uspended from the flange of '?ﬁm toe~banm 4t & noment ave of
8 m. 2 the anis of za.;mllm:;cm. : ﬁuﬁ:&*aié walshts in inevonsnte |
of 0. x:ﬁz«. arg added and the éie*‘lmtém at each Inptant is sacorded
a‘t the zas:’*:':i'ti nof the z";g:zﬁ £S5 | Tha graph of .{E : {7“;'—*&} fllustrates
the mis oroity of the spring rates’ over any ::é:zg,,jmm ©of the

*

& >flection by the fAirveont m}.a?:im“ i betvaen the ﬁi”?l@.ﬁ.eﬁ *ﬁ. et

%,

& m“ﬁﬂ*"‘t arm e;sf $.78 In. padive and the lead hwiiw" ot the above

. : o stiffness o ebta im*’ frem the plot is
1,55 358, pev fn. and fren correcting this value for the mm‘c‘.ﬁn of
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SPRING RATE FROM GRAPH
IS  1.44 1bf/in.

VERTICAL STIFFNESS AT
POSITION OF SPRINGS

Ky = 1.17 1bf/in.
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4

the load the resl spring rate vhich is present in the systes in

&

given by

H

g;';j # 1,17 1nf, ner in.

Since the actusl linesy torque introducad by the vertical
springs will bove Increased 4t Is zppavent that the azsuned lineor
- natural freguenecy will not yield the true divensienless frequencies
of the subhareonic vibration, Tor the vertical etiffness of the
syates aguation (7.3,6) «mﬁ wen & linesy patural frecuency of

wmevrate foreing spoed to be logsted in the

#
bo:4
£
i
&
:3
&

Boom
3
e
i
4
: y

a g::iveﬁ theerétical dimensionless freguency.

(b)) Trangverse strivg stiffness $n

In grviving at eguation {(7.2,18) & m&sm&‘:’b & agonessmont
n be made fop the reguived ﬁ%ﬁ:*fmss lo in volation €o the other
f’migﬁm CoTD smente. Since the charpcterds tic of ¢he ‘f-’f:.‘?‘tiﬂﬁi
eprinpe I3 iinited by the comnideration for good workinn speed
conteol and for atteining the desived gravity effeet «ith vesasonable
weuraty, it is npow mz;aime& to deternine the transverse spring mete
for gbout & oae Lu.u 2d per cont non-linecord ;« at e restingble

'S
ﬁi %u&»¢v§,g PN ¥

f%;

%

.

IF the epring rate s ovaluated for the case of & & 1.0,
in whieh the effects of non-linesrity ere strongest. It will toke
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Thus, tho tronsverse stiffness
gent nm».lmwzvitm &t the am.cmt’:zlh 1icdt of &1 w%zz»::

‘ehtained for the follow mﬁ

Lw 2.0

-
".&ﬁoe

H
.

&sai«nau

s B, ¥ 1.17 3.!3&¢ Lo

i eeEmEn

R ERAe

(7.3.18

{7.3,16)

for & one hun gi?% per

rent is
values of the systenm;

Trow equation (7.3,16) the wpper 1init of ¢he transvarse epring.

vate fr in the rerion

i, = 79 1b%. per .

& known uniform spy
Cisouned.

Tho ae:tml rtiffnens K, in

-~ £ .
ring rate-of oppr

eelibrated

trangverce spring vertically ot one end whilst X

2% the ©

>

eorresronding deflection

n is resdily cbtained

dher,  Tho _lmezm -x’»stia‘:jmf;am hetwo

-l

é e

susnen
ol 3 ore

bf. por in.
nding the

rolied

ading md the

[re] - o
o padune The svrop
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FIG.(7.3-6) THE TRANSVERSE SPRING RATE

TRANSVERSE STIFFNESS k, = 86.8 1bf/in.
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in tho tséaemﬂézxar«* ol iz rade at the conirs
of the lower olide of the s e pan f:zmzzz;:z t":;it:!;i > ¥

intreduced. The gouge prebe is then evmm:imlf tn contoct with
the pan vhen the disl gouge is cavefully e’x?i:‘imm varsicaily below.
The disl gauge vewsrdes offectively the ﬁ»‘{tlial daflestion of the
w«nmcﬂw srpine fop eoch § v of Fhn fﬁwmmmt of the ..a.mz’m; .
Tha losdine of the eroins fo \c& srients of 0.2 1h. with the
adignment i‘nﬁﬁgﬁa stly chacked ng the mhmz? at.  The rendin
ore yecorded ot each instant and iikewise on unlozdin ;g; The
dim.@ﬁ:?ww between the corpesponding values is almost nepiicible
and it avises prohably beosuse of the stpicture effects, ”e:%,,
from the praph of Fip.{7.3-83 the actuzl ztiffnoss lmlsa.e Fop

the transverse spring "'m* an g;**;mz%:r;

{7.3.18) has o valuo

mats

eond '%:*G of rﬁ

fon

B, =

e . ’a p 22, » -, . ' o, - " o a,
It is m:sawzzmi& SO SESUND *w‘t ith .L rht welght bheordngs fitted

. et PR \2 a8 Tt ek
at eit e wﬁ* of thiz swedng, only tenolen in ldne with ¢he

- & e Fpe— 2

grrine axis i ¢ 'a.mm;,*cméa

* L Q
Tl el ae‘m‘cm’}
KA AN L LT < reeLen

In hoving nents,
it i i&i;:;cagl o investigate at this s‘%;w@ of the éﬁawg;m &:}zgﬁ;&:m‘
cther resenanee effests exiot thet will dms*tm;r the vibratery wotic
under eonside ?&‘f:’ﬁﬂ.— - IF such extrancs

win frowhle f2 lilely o be fron the 1‘3»::
%@@a&i‘my of lat «m"&. vihration fo inv

b3 . p -
matinun soosd of %m exeitetion

153 ahout
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e

of

&L

= £ Hn gy Y g g 3 oy g
idmited to the fundanen

H
o
bed

Bizh &

the teo-bean 4

of fpesdow 4*; the verticsl &i rection,

=, o *
ueney fer the bean ds

LR N A {?si};l?}

viere £ ie 2l wdeidity Sn the divection of the vibeatieon,
znd The funde swde i In vadiens pep socond.

The insrtia I of the beaw In the appropriste plane Is £.010%86 in ™

and from the shove eyuation the valus obtained Iz 272Pz. It ds
evident thevefove that na diffovenes botween the rogion of the
excitotion freauency end the loteral vibration uodes is sufficlently
l&::.wc and the use of the delersined pavaneters is sstiefzetory.
Lo for the noturel frequency of the koom in the direction
of the foroed z:uz:im*g & yeavoneblo indicotion of the larse

&f

difference between its valus end the eporating epead of the woltoy
Iz obtalned by considering the dynanic deflection curve to

the sodal shape prodvssd by the covbination of the Jozds ¢
~the vertiesl spric zg Tovesp and the mass of the boan ot the cad.
The ervor 'of spprexivation iz koown to be leas than one poy cont.
The enpulvalent mass 20 be added to % 4 mass o allow for the

”
A4

pass of the been v IO M”ﬁff} ¥ ’&{W{ g.},zb’ The fundamsental ole
LV



” . ¥ Ed 44 - ‘
evalunted on the shove as mtae, sn iz T,.5Hz for w lineor spring

L
v!*

foroe of 1.2 pounds. It iz evidont, o

wou B e
he i%g;:*:* "mm:e optious

*

:

besw Lenvth uvsed, that the :ézmanma tol woden avo «ni‘ f,wn'!;m;
apart fron the exclration Sragueney.

Yo, 2% ::y,., @‘ﬂ« 2y

el

LNt

Vat(i).  Vispouz dempine

i“&: ‘deglrmed "ir»s:s z*:z:.m Cﬁiﬁ}’ﬁf*}”%a of the vizw's..mz;
z;,cstchg it Lo sppropricte %o give due considevation to the viscous
ey ping fores. Gincs tm *"’ﬂi&ta&‘mw”uﬂ ize‘t:m,m the amplitude and

£

the wigulor digplacenent of the «:‘W&&..@- iz o directiy lim*z;im fmc‘t:smy

the systen can be ézm,.:::i hveush thessinpuler wotion of the oradles

gide-entensions. Tin{7.3-2) llustrates that ¢ns cf“‘ the ayon ic
Jonper to Toeilitate this and the oubdeq 1:*‘*1 voasurements of the

gupl Rt ’Ilf”w M

Visoous ea:““ﬁﬁg i irtm;i&caf%g s ghown in T }.(7 ’iml)i&?,'

e g L3
Ly attaching the saoiilatl e:m T the ohaft of o Rinetrol: m*m:rz. sicn

dazbpet J in which the doples rets versing constant whatover "tiws B
escillating f.fm-tgwsm* en the vequired value ig set. Friction in
nopiinibic & the shaft iz on mai:!.-ﬂz*mwmm tho ghaft sesl is &
ﬁexﬁ&"@?ﬁ thatle a:*a.zmhasz»%:{1@?&3“&?%1: onded to both the covep

aud ghe shaft. Mith ¢he iy excluwded Feom the silicone Sluld, ¢he

. 9 - > B g N
cf oot of baoklogh is olininated.

&Cowc» .
Wm} uiamm@, *&:wa ﬁaﬂzhwt ghaPt with %m sxin of

vibration to m‘::mw bt z**izwﬁ r:’acr“;»mp condl icm the problen of
applying the v‘iamaﬁ foven w.‘iﬁmm‘: fnereasing the load on the teo-

w
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hean in overcome. Also, evpors from the pessupenents of the lever
mvrs to cbtain the corpect dex :ZW: vate will neot spise. For the
srrannensst used, an indiecation of the cvitienl damping vabte iz

v;
P

o o -
veudily onsessed Sron the equatior

‘(; = 'eg:’:j { H,l' 3'?; . HE R RESD OB {?ci‘:’g\i?
€ A
It is evident that the criticsl valuz, as shown to Le: o function
of both the linsor sreding otiffness end the vopents of inextis,
is fixed by the desizn of ¢he systen. The epproxisste vange of

the dashoet coefliclents noecssayy i then knowm from the 1linis
st to *2:1:9 valusr of R, ’

_ Hemlied bla friction eniets :‘iz*. t?m sirple ars-linkege
wechanizsn for ball-pags beavinge are used ot each of the linkage-
jeinta. The lover amms &, (vee FPig. (7.2-1}(a)} sre equal in
length and they ave spiined st the eppropriate ends to just Fig
on to the corresponding ehafis. The attechrzente ave held in
position through the tightening of the reepective fittings ¢
ghowm in FPipgs.(7.3-1). (&) and (b). Duralunin is used for the
Jever avms €0 veduce the unnocsnsayy mcimm.,g forstot o

FJ

7.4.031), Detimntien of the domping vote

in offcotive pethed of doternining the muoumt of éa*-:;zg:ingz
prasent durdisg the zecond order suhhormonic vwibration io to vessure
the rate of decsy of the oscillation. Fov lincsr systems ightly
damped, the twe eompley roots to the suniliery equotion yisld two

perticulor solutions In the stondard elomentary e:prassicn.  Sincs
the gum or the difforence of any tvo polutions multiplied by &



vy,

eorstant 1o aleo o solution, the sl ‘s:ima el
%:

B v b'ﬁ e

el

51
3
4
H

vhers & iz en arbitrary constant determined

&
il 8o ; 3 £ 2 s
mé the teres ¢ end 5 ovn dofined a8

o expressed plso din the form

.

C4he notursl osellliavion

) x 2% YR £ - - :
By laedfie, So- 3000 g . 080 ore L. (7,2

Fron Initizl conditions

Honee, the divensionlens enofficient ‘of the rosistonee o the

veloglty iz conveniently ascertained

exseute vhe frae vibration, in-which

by allessing the tz?” an e
the pate of decay is governsd

by ¢the ternm ez""} vithout the trensverse spring ettached.

Az the oseillating owplitude is

oporbional T ﬁhsa '

mamitude of the shaft ﬁnm@r dispioeement. the vibration is-

]

behavicur, The sucsessive orpliteden

 dezcpibed Ly the chavacteristics that ave vocended foon the shaft
¥ ¢he fren vibration ore

depicted on a trace, &nd by seasuring any Lo euplitudes ¥y znd

- -
¥ 8T sxaetly the eorresronding tiee X,
o
the

exsraseion

ehtained from the solution (7.4,2).

and s':g from the curve,
o dinoasionless ceofficient R 4o pendily evaluzted from the

[N A S X7 (?1#53}
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L It Py & BT :
The trees of the velationghin bhotween the vertionl

- b3

mation of the ghaft is mc&maé by means of an Ellict A0, Plok-

2 N %o P 30 o £ Gy i - g
dloplacanant pt the pooition of Ythe ocpvings ond the engular
B

mwwf‘@“ :E“&z% 0 2.8, SUT 1..‘ The unit 'Cﬁ?ﬁﬁii"‘:ﬁ ef o %{:@fy
boavises, ond ghaft end 1€ io directly coupled on to ¢ho ara of
“he cradie. Subnequ “z*i;h « throush he uze of g Benk 85.1.u29

'{33 ?m&“&%%g :%,Yﬁ g’i“@- gca‘”l}g

g : 3 1( %, 3 =
Tput o dirgetly proporticnal fo the anpulay
& o -~ y . o & "
shaft disnlacenent is cbisined, There i& un phase lag Introduced

in the wochanical to slectpiezl eonversion of ¢he gimmals., In
this senner, peincinnlly by ﬁzﬁmin ating elip »ings end brughos,

tho frictionsl forees ave reduced 0 @ rﬁ'nw ane What Inheront

%

friction thet exdets 29 spoll and Gan be conzidered during the
forend sotion o5 soen In {2 :2*} kS 2’9 vigoous,

The evalustion of the u&m"i vz pate by this weens i
sufficiently ccourvate since the enperizental results oopars
Sfovourably with the cwwes obiained 1y the thee sotical %eziyzi;,.
The atouracy iu naintsined o within 8 per cont for %nm worst
poseible cendition, @3 the senoitivity of ¢he trace 16 govornsd
£rom the use of @ mﬁi%ﬁw elreilt ao illustveted dn e (5.3-2 25
o ohtaln & sotisfactory deflection cwwe froo the UV votordsr.
The error Introduced in the messuprensnts :f.f#' ﬁ:‘tmtzfm vodue \.’*; 55

s 1. > TR, T Y R :*
mm..mm ing the sracing of ihe succsssive a5 Tarouph the

puzber of ozelllaticns executed in cuch :i;z.;. tant of & decoying
eurve recordsd, the eorvesponding coafficient R daternined from

gach et of mooowenont chous good conszistency.

notural frequeney p = 6.0 Ha, eguation (7.4.3) yiclds, For the
LY

expoyinental conditien in which the amplitude of the dlsturbing
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L= 21 -

force & = 0.0202 #nd the magnitude of the non-iinsavity £ = 0.8,

a s’.’%“ﬁ"z wwionlesn dar ring ratic

In having degisnad the g«wemﬁz‘;g pﬁv‘waﬁtam of t‘m sys sten,

the other salient ga:«;‘ims are hriefly disenssed togethe y with the

ey

2
f”e::lmt*ﬂﬁ enuipnos wia fop mmim i*;:eg; ﬁ%:lzs;» ms;g:miiw vaei @?’w en. Figs.

it

»

A heavy zizel plate © *:,zi{:’fz Iz finely wachined on both

5

doeke B oon ene

s

sides Iz uned to foerm o plotiorn “for the bea r»inf
side and the spring %m»rm% T et the a&tk@z‘ end. =The platforn is
Tiemly elamped on to o conerstehbase. The tre identical pil&am
house the beavines D between vhich the eradle n in rsmtzzi*ly wamted.
The pillars ave welded on to the respe: tiw mw’f pletes and when

dhe vikeation axis i acown atoly ( gefina ad M;-z t:mm m&i*:mnmg: the

plates and the platform ave machined 4o form o elidiny Fiz, In t‘zﬁ.s
. the beaving bioeks can be ad m«tﬁf‘ %dwmmll;r a3 seen from
Fie (7.1~1){1) end the systerm s aseerhled without the 84f £iculty

of me 1-3,; ning the axis on each oceas :gr.::m

fe doseribed in cection f‘?.a} one eradles ars is 1 noon
than the other and to aveld undue 1&&&4&9 of the shaft &gn e
besring Is housed In the Dleck. It is secursd In rosition by &

rrosged &»&t into the pete fning cap as fllustrated in E’ﬁ.g.\{?.aws)w

£ the deternined Jenggh is attached Lelow to form an o i?.:ilm:“ﬂg
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The 1insoy end non~linesy restoring forces eve introduced
separately s shown in Pip.{7.3-33(a). In thic srrangesont, the
8ifferent ramnitulos of the coefficient of non-3insavity is
achioved by rorely changing ens stiffnces ratve with regrect to
the other. Otherwise the Lincay end von-lincay restering Lorquss

swieting pisultensously oust ba analyzed separately.

Two 1ight oprings ere used fo produce the roguived vertical
etiffness. This will facilitate the Jevelling of the transverno
arring end honee it encbles the Jdesired muopnitude of the
eravitavionsl effect ©o bo obtained with a depres of accursey. The
sreings ore attached above and below the tee-bean and the othep
ronpactive ends ave attacued to ediusteble holdere €, whieh ave

2iso seotved 1

o

7 pesition by means of grub-sovens.

The pprips towey glso conzlsts of twe z in, bolts of half
inch B.S.T. threed to provide for the Jotersl movanent of the
hosizontal spring holder G, The fronsverse sprinpg con then ho
adjusted in Jsngth until the covponent wesponsible for introducing
the non-lincar pootering torque has oo initial temslen. Th
desien of ¢he gpring helder G also 2llcws the transverse gpring o
be positionnd vertleslly ond vhen It Lo accurstely aligned with
the vibration axnie, the holder fo bolted in position. In the
attachnent of The transverse spring, Aight walght beavings ave used
et both ends o reduce feiction losses 1o & uinioum.

It in evident frov the preceiing chapter that with the
arplitede of the cubharmonie motion consisting of non-harvonic end

herronie components., the vibretion can only be messured effcotively
throush obtzining en oxperivental wove-forn of the non-lineer
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dispimcement. Hormonic analysis of the curve {s them possibie to
determine the vesponse choracteristies wnder the physical condition
deseribed by equation (7.2,14). Thie moans the pericdic curvas of
the resulting motion ave recordsd independently of the forcing
frequancy.

The vibratory motien is recorded fvonm the angulsy
displacemont of the cradle shaft through the use of an Dilict ALC.
pick-up P. The unit s & date transmission element which is
energised from an a.c. supply, end the output woltage varies with
~its rotor position. Heneo it produces en instentanecus oulput
voltage propertional to the corresponding enpulsyr shaft displacament.
The linearity of the operating rengs §5 iimited to within plus or
rinus thirty degrees which will more than satisfy the design
requirenonts iu view of the appronimation for the nen-linear stiffness
rate., The unit e accurately mounted on a pletforem as chown in
Flg.(7.1~1)(2), and to cperate the pick-up within the lincar
charactoristics it may be necessary to adjust the position of the
rotor when the respective chafes ave attached. Figs.(7.1-1)(2) and
(b) chow the tuo arss O which sscwre the wnit in poaition are easily
slackened when required for this puvpose. The neutral position of
the cutput voltage te anguler dleplecenent is determined by cbsgrving
the output trace momitored on zu oscilloscope. The attachment of the
rotor shaft to the osailiating cradle foc through & siwple coupling
Q which ellows for any small misalignment of the two chafis.

The output elewent from the pick-up unit ic connected to &
Ranit S.E.429 carpier-zysten B to forw a balanced bridge network
with the circuit elements in the aplifier and demodulator units.
The instentaneous change from the transducer unbalancez the bridgs
and corpespondingly produces in prepovtion a modulsted-corrier
signal. The modulsted eignal fs emplified to an adeguate level,



»

suitohic for evont uzzs. ronitoring purposes, before being wvectificed
to produce o polarvised woltoge proportionsl $o the originel
instentancous fnput sisnal.  In the whole convarsion proposs, no

vhase ig introduced in the offect of wochaniesl o electricsl
cutput.

For messuring the exeltetion froquancy, the osteblished
il ci of heving the wotor shaft to work ez & ayz:c‘rawmuﬂ gwitch

%’3

Je nint suizeble 17 wmintendsd pesintive forans ave to ho avoidad.

{-h
ks

The speed of the motor is voasured oo a?faati%iv throuph the use
of a winlature photo-clectvic probe R which is suitably mownted

¥

on it. There Ie no pechonical centant belween the rotating chaft

¥
o

Q s P

end the trensducsy for the probe oparates on ¢he basis of verying
intensity of the reflected light iInto @ photo-dlode. lMenee, T
the flyehoel Is divided inte a ressonnble nurder of hlack and white
varkings, the chonges in Intensity of the reflectad Aight ez the
shaft retates producs COYTLShOT ;i r variations in the output voltage.
Vith the freguenoy of the output sirmel pyopmm%i@ﬁal o the nuelhep

2

of vhite strins and the motor apead, the signel pulse fo readily
indicoted on a freguency ecounter. The veriation in ¢he potetional
gpeed doos not affect the cutput soplitude Jor the woltage level
is not & function of weloelty. However, althoush thers s no fall
In output level over the sreed renge, © posistor eiveuit is wsed
to obtaeln o saticfoectory deficction from the UV, peconder ¥

whenever neesszary to waintain the bigh depree of acouraer in the

*,

rerouvenent of ¢he troacen.

Fip.{7.5-1) illustrates the schematic oircult disgren for
weasuring the vibretion amplitudes and the froeguency of the
Sisturbing foree. Nwperimental wove-forns recorded for dlffevent
particular frequencies of the second onder edbharronic motion are

shovn in Ple.{Y.5-2). The treges of the emperinental results are
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mz;lf aé &3 deseribed in section (5.4). The constant of
ortmnah,tv between the actual vertical displace a*m’c and the

orpasponding racorded deflection when rultip ied by the square

root of the coofficient 1 gives the convers ion Factor for reducing
the aerlitudes into a dimens fonless ouan 'i“%»u :

It is evident from the resultiny fotion that i generated
uithin certoin frequoncy. 1inm its, the aﬁv:&ﬁ:uul srocedupe’ developed
for the systeh in which the effects of previtational forces on the
nea-linone :zmym ion @ra’ s:é:miéem_s.. wields sublarmonic responge
lower than the order enz~thivrd. In' fencral the ph yazfzﬁl‘%yﬁtﬁm in
choerved o eucoute the vibratory sotion of predoninant bmenitude
for every twe cycles of the distirbing force over a wids friquency.
vango.  IT the offeutive dogree o nen-linearity is lavwee In
velotion o the swall mammitude of mrm“'rtmv the subhavrenic’

An precedoncs, over the frequency zeglion.of the

?ix;mﬁ%"nesz spving systen of the amvima@ﬂm defined
by the emmm.,c - of equation (7.2,14) fﬁ ves satinfactory results
J?z'* m em'g&zuﬁm with the theovetical cwwes fn vhich the

horsenic cormenent is ;,%;?amsasfeei to o funetion of the disturbing

ferse me piven by equation {6,883 I is wesdily sesn from the -
sectfon (G.41{311) that the analyels Yy this
o

Pt adod

approgination is sufficlontly swecurate forall mazdtudes of the

et

» [
discugsion of

non-lineapity, 207 the effective :myzszmatx of the nonw lL insap
restoring forces in not Sncreased with the vibpation, - s euch
charagterintics in which the welght of the systen transoltted to

the supperts is increassed with resonsnes doos not arise fon thoe
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small dlvensioniess arolituds of the exeitation ¢hat is desicned,
it 1o not wnvessonehle then to coupars the eperinental vesults with

»

the valuse fron the ofnplified calouletions. fenides, for the omall

euplitude of ¥ the horsonie comeonent ©F the subbarmonic vibeation
haz & renponze in close olmilarity to fhe asensnee curve of the
highey phase where the arplitude s vw&azg?&y Independent of the
Soroine O in the

reguency.  The accuracy of ¢he anslyticsl pothod !

pravalent region of €he subharomic ifé‘i Iz evtablished o be

rractioally identicsl o thet of o Sive-term polution, whilst in

the neidibourhoed of pinoe stbharpenic vibration the fraguency ery

i ontimated for finsd %.iv of Oy o be leze than five per cent.
The use of the approxinated mmi%.ts“ for comparicen iz thus apparent.

The vain source of espurinental error ds Introduced fron
peasuring the weve-forms of the vibratory wotion. Althourh the
pick-up nignal ic modiisted, it Is Incviteble that fron the
s*;f"%;sazwm't: laree ooplis ::a%im other hamonlien appear in the tvaces
as pinoy Lreemilovitics., Pecouse of the difficulty in detevmining
aeocurstely the subharmonic coumpon s:zm@ the evrer is veduced by
regulnting the spoed of the trace end honee the m-anic of the curve.
This aliows & greater ny »Eye‘ﬁ of divisions in ¢ orele for the
hervonie annivels. Ineddition by ensuring thet & sufficlently lorge
doflection from the UV, recorder is obtalined for ¢he eicmal, the
seoursey io rointained '%.h the une of the Fioarel chart which gives
roedings o the gecend declmal placs. 1% is wesdily seon that in
generad the design yields experdneptel vezulte of 5 fieient
agcuvacy. The velative froguenty error of ¢he predoninant
subharmonie conmponont for the corly stares of the vibration is lower
then thres pey cont. This weons that the securaey iz etill Linmited
o within o error of elght poy cont fop the worst condition possible,

~

end vhich for woot gppdicstions fe veasinable.

-~

Tho ewthersonic sesponnes to Che varying derpen

= .

(=N

w tho
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o g » 9, o] Wd F agtpee
effects roesuliing frox the Influences of the gravitetional fores

e g P 3 Fagn » Ed
y ave demenstrated experiventally ond the covresponding

= A - -~ .4
s TROOTIel. ﬂ;}t t:’af} f;té"j:@ {")E ?’#ﬁzﬁ%&?mz:?
% o 2 2 e B2 » 2 dored
doas not pepesserily signify the analyelie ds pestricked

;:“a
953
ﬁ
f‘)
r’r
H
g

we te haavy .s:igici M&&” Fom mi wying the gul

ia?!'

imvge deflection. It im secause 3y przetd fos these vhvaicsl

-)ms

Qﬁs
s

eonditions eve 3dkely o

o iy

be pacowntersd in vestoring £

cheracterinties In which The novos stifiness nate for seasonnhle

g

daflaction increnses warddly vwhen the dafleation becomes prodominent.

n

Often, the prongumesd hardening

oiiffness vate is exporicnced

guddenty emd haence the eoelficlent ¢ s eomwospondingly Imrge. This
ip readily seen fron equation {7 ,2.15%. As ﬁn the preceding choptor
the vibration Is Iilustrated by the behoviour of the wore fmportant

Tioe,(7.6-1} o (7.6-11) 1liustrate the yesanmnce

fax

»

cheracteristics that are Influenced by the existence of static
defleotion for arall wapnitudes of the ddsterhing forse. The
~ .g;;emm*al sindlexity of the physicsl responces with the previous

sults of ohapter VI ave ohwvious ond the simificent offect ety dus €O
the varioue InClusnces m&a.é&:‘iscﬁaaeﬁiﬁ section (6.8). Since the
effective non-lineavity ls detersined s:*,mr 17 by ths pelztionship
botwsen £ end the seplitude of %, $t fo apr avent, 3f this lfes In

o~

. $at ., Ed i o B T e . x £
the verion of the pubharronic wotlen, that vhatever the sagnifude

of hmf::*%'f:az,}c“z Ty ﬂavmﬁ%ﬁsé 24

is mﬁ: weduend,  The vilvatovy s

of wxsitation, in remevated w ithout dffficuity if the weridng

a ««\.,, A . Ay
wegion of the displacorent eipericnges the srenounced chenge In

- the ztiffness rete, and as fﬁ Lagreren ’m* i "%:‘gm arpavent OoNoern
verarding the o mtw mf tha ohey ina}. raspne and ite e miw

var & m’«m&zﬁ regueney renge Io readily evident frew Iﬁ-:v.ﬁa
{7.6-1).
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aincs viscous duo *fgzmgf ‘f{e?ﬁ‘f’%ﬁ.‘i?&i&?{ 2fvitn the L1 aﬁiaaﬁzzp} tu‘fw

gﬁmmm : onor

&1 Y s e greded sar .\ ‘.Q x B Epemd 8 A2

fﬁy S LRGNV e eonty ‘Lﬁl 3,.;’%’35:*'%:'5}, £xe 2;5{3 ﬁ"&%}:; ”‘é’::’ii’ffﬁ wEEh
N iy ey S « & T80 ",

the » Ererueney. It le alse ovident If the

ui&?"}mgﬁiﬁfg zre Fenerstad éfa:;i‘: & 222‘3'53:? “uﬂmw *:33(’*@ of the
vesponse, simlisy undesiveable effe st sre ehown €O o :ist when
-%;’fi;g influsnes of g;j‘f“_‘” itational force en & systen fo conside
The vibvation Is Imxedfately y ~ponou noed, but on redt »‘feﬁnr" ohe
ézzéé’:‘;:&%é on fragusney, the _*z*é'ﬁrzﬁa%em rotion reaches & stape in which

= "
.E;q % m'\ 5

‘i'.')
£
&

N & u P . 5 2o & A
» snpiituden connot Lo f.:;:“ cotively *m.ﬁ: sained by the

m e ing of the escitation. Althoush th = fopcuonsy has moved guay
ﬁm» bie 'mxg“ tem, the proveiling mész:i@a vemnine watil the Ivherent

e > 2 & .
onersy I dlscinated.

practice. z»icz rer the &f mg?m:ea’.‘:;le result dus o this region of

o T PN 3 ‘a'
‘,.«,'cu’;w $ty, In view of the ren te frem the preceding chapter,

can be o sided othor than t‘*xmum e&zmiz:zeﬁmﬁ

ond henee the cost, op ‘i."zfm:; th the rale!

” »
[

% which in prectise iz not a s;au? =Twvn ,.. Sen fo v"’m;d reRsoNt.
' _ ' riﬂaw

éa:za%if’:i@ézs ﬂvc:wa‘ﬂz,o en the exlrtenes of ewthoymonie m mn ‘can be
' . If the
e"'m, 21 enpresgions ere dorived for the bowndery ﬁ.ﬁ‘:ﬁ?&"’ :E.‘::‘ allous
on offontive & i

It o eopavent from that ;—H'« ««sﬁm ¢hat

15 * o B ¥ o, 2 ~ -
dﬁﬁ”m}{:ﬁ ?’“’f ?‘h toree of The inderand &st s PO TETENG

il )
¢ oy A . BT wpa, 2y RIS S 2 2 ® e 3 -
Frlustrating the relative goszim N af »’i:;;'.c sxinting condition ol 2

Wacain o S o B e S Al

- ' .. B N £ e 4 ) ey Bise ¥ gempemendl
particuiay eyaten,  The state of von-linearity can then b clgaged
e

L2

..,., . g NN B P, e \) 2
approprlately whensver It hecones nocotsary To echinve the {‘*‘:;'m.c::’:.?,

¥
conditvion thot iz ouzzide the roglon. Thio poseiblility in in




in the follouing chapter,

s #lso readily eceen from the previeus discussion that
peneral the subhaveonic vibrs i.w iz not simnificantly sensitive to
demping.  Foo the cmall *ﬂr*ﬂx&‘i:w?f» of exeitation, this Is just as

'
-

wbharpoenic (o practically in iﬁgz@ﬁ&mt of the foveing fyoquancy

PR

srparent since the harvonie corponent in the frecuency repior of
. ,
end the fundavental harmonie i ‘i:iuz compunant by wh Zoh enorpy 30
surrlied to the syeten. IF ﬁw ar*»m;wm‘: Fips, G.wi&} and
(7.6-31) ave cheevved, It is rm.eie:n‘c ia‘i. he phose ¢, ot the

d )
1 hisher valuo.

.

-

‘optimum arplitude for the l&i‘fzc:m con .c%: n ecours ot
Since the confficient of the .Wi':*:?i?.'ﬂ At:x**c:: So Fimed and with the
anpditede of the Tundonontel ?zc.wmm4 practieally indif fevent 1o
changes in focquengy, tho %:* e ﬂ’?x"%zﬁ" raluss pust be principally

dug to the Inoreased siznifican moe Soos *t:;m swanter values of 0y '
artained. Yoveover, the finite Linits of the vibrating a"‘*;‘zi'i*%mﬁfi
gre aloo dependent upon the indtisl etiffness rate of the pon-linear
suspensd c.,m_ f6 It is necessery to kesp this stiffness valve

' suffl fefentd 5 Ewm to lower the mwf..‘i«c‘:ié‘:c of nor ;wz_a,maz*aw the

. mca&:«rﬁmhaa& cost of &u—:wa::m he susharmonic phenomens throush

, viscous damning alene is obvlous.: ::i,.s.ii .&**35’ fliustrries the
a:m'?mﬁ of the PESpOnIe in veletion to the Incrense of the éaurziw

coefficiont.

Sinen heavy demping iz cormonly %ataa,m O BUDPYEss &*’zy
vibratoyy motion, it is of intersst 'm mention that in the ral ;.zz
of ¥ to overcone the instability enporienced a si mif’ icant phif £t
Corceurs te the position of ¢he menn dynanic dieplacement in the

- 2

neishbourhosd vhere the sublersonice beelns, The c}:wm?:eﬂz ztic

~applion for whatovey the degrees of agyrmetry, and the nzm?:atw
- . . .. . ..
5 i vedused corpospondingly avey frow the vepion of instability.

&
%
X

Thus the Inetubility of the lbver phase responue §n ¢ due course ceazes

3
24

e L
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order, the vibratory metion of the order one-half fo readily

L 4 . 2 o y v .
excited if the condition which detoribes the relotionshiy of the

A 59 . " 2t 2o, 53 s
egysten paramebere ond froguoney iles within the domain faveurzhle
H ‘1 i g P . od X L o~ o wonp £
for sublmyronic motiun, and ps ohzerved In the shove pars :3'” i

» . - - “ ) LY n
iz the wore fsmporiant order w wokion. Sivee $he b

:'iw.xzs;zt vhich dg the effestive anslitude of the {};zfuz’;za? Fovee
is limited, the response of the lover phise will depend upon

o

e.x‘t"mr the non-Llinearity incresses the value of the peraveter €,

i

in eva%a,}i mgﬂ:‘f £ :5 cances Yhis buo been discuzsed in en esvlien
;aw:ﬁmn‘*x and t *f:*m will exist in a proncunced stete over

the un z“é‘%}'«:&«ﬂ(‘* orain :’5 the N‘mliimim antate of the seeond wrogion

* 3

can be neintained. In 21l other azpects, the alrnificant

»

cnaracterdetics of the nean &msinic popition ere s§:ﬁii@“ For
whatever the desres of exel m‘tfﬁm o "eha reguite of the r*’*m«:ﬁ;;;;
¢hnpter end heve accordingly besn discunzed.

4

The chonges in the phaze t}zc prinefpzl subhzroonic

Loy

component with freoquancy are fllusitrated by Figs.(7.8-9) o
{7.6-51). £2 the v £§:mwz§f yotion is not sipniflcantly mensitive
o vmmm forco and in view of the degyee of excitation, h

“Inite anplitude .&%‘*ﬁ..’t:a coeure ot hiﬁ‘zmﬁ *@;hzas; dus

2

iw of i‘*i’z &

gm,.s:ci pally to the Wz vl vﬂ}.}’ imraen existing Oy in pelation te

P
.

the other %&*iﬁ.& es. Otherwise the genersl hehaviow In piudl b

T 'f:%; s rosy te For oy @_am;:&ituﬁes of 7, Vhere vizcous da amping
. . T
s w 'i.“:a phzse s either more or o for the .?;ms:;* and highew

a - 4 . '

i‘-m;gu@mj;‘ ide of the response respeetively.
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FIG.(7.6-6). SUBHARMONIC SOLUTION WITH 61 ‘APPROXIMATED.

RESPONSE CURVES FOR N. A = 0.8, R = 0.0086.
THEORETICAL RESULTS. -
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FIG.(7.6-10). SUBHARMONIC SOLUTION WITH 61 APPROXIMATED.

RESPONSE CURVES FOR ¢, . A =0.8, R =0.008.
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comsononts of swbhareonie vibration, the simifisance of
sonsidering the effecte of pravity on the equiliboiun of poticn
fo evident. Az thoy sve not C(}*ﬁ‘“iﬁtﬁ‘iv halsneed by the stetic
defleotion force the predeminant swhhovmonic component is of
the sepoad order. It i sesn that the masnitvde of pon-
Yineardty in incroased and thet e affeotive derree {2

doternined by $he relatioashie betwesn the syaben pavassteors
»al factors Infiuencing the mornituds of the
vikration ressonse ave the anclituden of £ and £ whilst the
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sanes avplitude.

3.

in which the pringiy
coeflicient of damniny licite the optisum vo
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- Einee i the ragion of propousced subharmonicn, the
frecusnoy valuas ave dependent on the effeative non-Yineorlty
aod as the vibretlon cheracteristios of the subharsonic
corponaents eleavly indicate the c:r:iiv::ical otate of noa-Lincerity
in which subhorronies eannot be generated is Geternined by the
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froguency wesponse is reasenshly approxirated withont ilmiting
the penerality of the condition for the exintence of The
.y £y

openent A 1% is regarded within the rocdon & given by
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auality, $t.iec evidont Zvom eariier

dincusalons of the rreceding chapters {oce section (6.4)) that

2 s o o ” > s iy g o, b . »
the aprroxnination of the fundsmental herwenie, Indemendont of

>

freauency and o3 the effective armplitude of 4, io perfectly
veaconeblo. Deoides the optimum anplitude of ¢, vnder ¢he

! v
“eritical entinction condition occurs Sn tho froguency varion

vhich hos a value gpproninmately twice the natural frequency,

o

4

rrespective of the mapnitude of the non-linearity. Thic is
adily apporent from egunticn (6.4,3) in which the wavishles

g 2

ke the corpespending equivalent valuss of the subhormonic

x
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Thus, pubstituting for the dependent varisble os tha.
Srective ammiitude of Z, the fncquality €6.1.7) is reduced %o
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The ghove Ineguality enzbles ¢he locus of the criticsl
rolationship betueen the indorendent deseribing povavotors of
a systen to be weadily illustrated. |
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[¢
ty

defined in cguation (2.1,5), this peons the eritieal condition
for which subharoonic vibraticn is destyeved fo obtaingd

through any oae of the ileitinz values in relation to vhotover
¢tho quantity of the other parancters. Thoe above Inequalicy also
‘allove AT 21¢ beoeosmes neceapary for the value of each pavameler €0
be . chanped appropriately to sotisfy the particular reguivements.

v is exprezced completely in terms of the porameters
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Su , s 3 83 2 sy e g & s k g *
flunirating the Ineguelity (£.1.8) so ghown in Fig
& b el * 94 & -‘, a
For rsssons mentioned in en esvlier pereorarh. the iocus
3o 8 g e o Y N . S T T 25 5
ae,i“m*ﬁzg the hovndary of the liniting meletionship is considered

stwaen the aoditudes of A and of £ for fixsd cozfficients of

viscous darping. I i evident fron the comparison m?ft:

exrorinental results that the linizing weletionchip betvesn the
respective extinetion values iIs opplicable vhatever The megnituds

§ rravity effects mﬁhmcﬂzzr the eru"fl:z riun of wotion.

€.1.(31). The optinmus 4 spocifving the joun extinction velue

»

of viseous dompinn |

e

'?J

H

The covmon prottisze of elindnoting the subhzroonic
czonenee by the Incrense of demping is obvlously not catisfoctory
z&:&m& the vibratory soticn i not oimificently sensitive to
viscous forse, #nd in such caces of vii\mti:m inolation where the
primary function is alse to radiuce the foross Ttransmitted this

will be undesiresble for it ralces the 'tmnsmmmiliw. In
rerard to reducing the ampliitude or 7 m the relative oost m
balaneing the systen 1o the stars of achieving the extinction
iz usually higk. ond often it may not he the wost app nropriste
stop to toke for corvecting the rreblem. The noed _:;.s for &
'"mtcwb},& compronis s ‘

£lthough the crit,.cal sagnitude of % Tor which there is
ne suhharzonie asclution iz evidently densndent on the values of

o9

£+

the other poverning paravaters, It ic however appsrent that there
exists en optimm gtate In vhich subhermonie rvesonance cannot be
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tardening suspennion o lowering the supiitude of static
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the suppression of the vibration Yo dasping only 2s shown in

the folleuwing porasrarh, to reouive relatively larpe coefficients
vhen the effective nen-linearity is not in the noighbourhond of
the bowndary deserdbed by the Inenuslity (8.1.8). The zirriﬁizz:;f;

relationshiy is derived as & function of frosusney to indleste that



zlonz the consldered frsousney veprion the unper Iiniy ﬁ:‘f“ winoous
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davning the sroten may hove ond still hove & subharesnic solution
can be rreater than telos the value fyron the procedure of the

provious ssetion.

It Is apparent in reference to opuntion {6.31,8) that fov

the ai%ww of pubharronic wotlen during the predomingnee of the

g0fy® > B(u + 890 ¢ 60 ¢ 22¥? - wn®) seer (8.1,10)
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?{Q;k“ {&v)uvd _5‘ 1; xaﬁ} }.,, < 3(}’} @ ’ ) . {%ﬁlgm}

If the effoctive non-lincsrity of the systew in in the mz,g‘“smwﬁ
of the inequality {8.1.8), the exprension "’m:* the uppor 1init of

viseous danping woy Durther ;%:x»-v raduesd o

50 ' o ’ . ;
®o« M‘.mulj:aww 1 - LR (3.3,::{32}
{ﬂ “12*{%3}‘5 . U . . —

The dependent verisbles in both :?c"r- alities {€.3,11)
and (2.1,17) will have to be emressed corpletely in terms of
. ,

witing eeefficient of R i 1o hove
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'EFFECTIVE NON-LINEARITY

DIMENSIONLESS

THE MINIMUM

EXPERIMENTAL

REPRESENTED THROUGH FREQUENCY EXTINCTION COEFFICIENT
THE AMPLITUDES OF 'RATIO VALUE FROM THE

= - | INEQUALITY R
x z n (8.1,11)

1.0 0.4 3.6 1 0.36 0.1l
1.0 0.4 3.8 0.3u 0.u1Y4
0.8 0.1 2.9 0.32 0.335
0.8 0.4 3.1 0.305 0.36
0.8 0.4 3.2 0.3 0.355
0.8 0.4 3.4 0.295 0.35
0.6 - 0.1 2.6 0.26 0.3
0.6 0.4 2.5 0.27 0.29
- 0.6 0.4 2.9 0.25 0.305

0.6 0.4 3.2 0.235 0.255
0.4 0.4 2.4 0.176 0.2
0.4 0.4 2.6 0.17 0.2

0.4 0.4 2.7, 0.166. 0.19

1.0 0.8 3.2 0.51 0.53

1.0 0.8 3.6 0.49 0.55

1.0 0.8 3.8 0.47 0.57

1.0 0.8 4.5 | 0.455 0.45
1.0 0.6 3. 0.46 0.5

1.0 0.6 3.6 0.435 0.51

0.6 3.8

1.0

0.43

0.515

THE COMPARISON BETWEEN THE EXPEFIMENTAL UPPER

TABLE(8.1-2).

- LIMITS OF ViSCOUS DA¥PING AND T

£ VALUES OF

. THE INEQUALITY (8.1,11) FOR THE

VARIOUS

MAGNITUDES OF MON-LINELRITY.




by the appronimation {(8.1,2). The offective asyimatny

mibotitered inte the Insgeality I covrespondingly reduced.

Thiz 15 evident from the chargcteristic behaviour of the varizble
conenpned.  Althoush the difference. which is ia.ﬁ;imi‘:ieﬁat
where the deviation from limsarity is =onll, is genoral
the seeond decinzl plees, it iz sufficient siﬁm it incronsss
with frogusnoy to cause the aprarent iipitetion of the fneounlity

b3

*

near the Frogency of eptivun vibration amplilitvde. However, the
upper Aimite of viocous danping given by the dneourlity are in the
cloze vicinity of the experinestal vesults, sod the Lioiting

rarnitudes of 2 providing the

velationshis Is applicshle for all

Fraquency o din the vepion that eatislles the requiverente in the

a‘?pm':'watiﬁn (6.1.2%.
It is rordily seen frowm Teble {6.3-23 *ﬂmt for the
reapootive nets of porameters the oritical coofficients of wiscoun

douning do not differ In any deprec over the eptinmum arplitude

iy ﬁ’az‘ the extinetion of the rosonance.
Trie veaneg that the upper 1init of © onee deturnined for &
rorticuler fyaquency 3= appiicsble In practisc over the whole
range of ¢the prononicsd subhermonle wibration. Since the relstive
rost of balancing the systen te the stepe of achieving the

iw

ﬁx%imtim iz ofpen high, the apparent sdvantepe from the Ineousiity

e

(8.1.8), in Jdeteepining the ooting derroe In the effsets of

pravity for which & zysten may expevienced and vet subbarmenic
reconmnee i not cenerated, is evident by the above maygnitedes of

the vircous dapping veguived in suppressing the vilwatory notion.
In eazes wherse the effects of gravitational forge on the
pouilibeing of gotion are lavge, this can he wore thowitwice the
arvostble compremised value. for mpart from the svroblem of

E

mnecononical cont the large dovning factor ez nlso be midesivestle
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in wiew of the difficulty thnt in encomntersd through hich

- _
of subharronic

Since the oubharmonic vhenonens exist only In & limited
froquency yenge thet fs £y o f:% v the syaten deseribing

53

parameters, the z:mvmi&zzﬁe of mali::im; fthe extinctieon of the
vesenance by determining 4he twe eriticsl boundary frequoneies
from the limiting relationship Lotuosn these varisbles i

-

apparent. As the resconance condition cen then be prodicted
wigh reasonable acctracy ond without undus speculation on the
clente of the solution feke in the

%
region, the problem of unknouwingly working the syoten within

g

;«s

waiues the depondent cooff

o«

the Ffresusnoy hand-width need not erlse.

i KRN K »i_,, 0 e ¥ " .
If 4he svhbawmonie domale of the predoninant covoonent

o “ P Lot o " ” . - 1.3 . g ud
iz doweriled by tha lewer End upper Linits of 7, ths Trenuenoy

* N bed x
range in vhick the subhmrronic euplitude ©, wonnet be penerated
. 1
it
) - ) 3 ..
o expresged by the Ioequality in the fornm

T RN (Y IO R 8a5e® - v ¢ 6(c

£ 3 2&’1") e i‘i’?ig }‘» R (312;}.}



The plus and einus sione signify the upper ond lower cvitical

fregunncien of the swbbarronic hand eidth rezpectively. At ¢he
eriticel point just befere real roote of O, exist, the harconie
responze in the *z zdomingnt conponent of rotion. Hepee, Tor the

n

"'z:*wa saey rance in vhich €

m.i
j!
A
ok
2
<
«$
‘c:“

2 ehtained, The de a@&ﬁmﬁ

7

¥
warinkles of ineguality L.:a 1} ore puzoressed by enuations

{£.3.1) and {£.1,5) with i’; = 0. The mgi:alt‘:ag sruations are
2inilar to using &n appronivate S-ters selution in the ennlyels
of the izamﬁaic POTORANGE.

8.2.€21). fperowization of the dependent vapiahles.

P

, Trom the remulis of the preceding chapters vwhich resdily
Ilusteate the dherectaristics oF the zef*“cm: ve suvmmotyy, 001

P

evident that *%‘;‘zz valuee of ¥ zre reletively gunll in the

* ot

o~ s o v Y o 5 o . o oy e T3
ngmm‘srmci of the fraguenay rapion under gmﬁiﬁ@m%m& The

-~

2
Mﬁmssim descpibine the bohaviouwr of the mon-iinesr restordins
fores wnder the effects of grovity, and henee in the remulting

¢ 1% znd of B® con be dizearded without Introdusing evvoes

and the conslderable gisplificetlon In the

imgualitw s pufficiont justificaticn for the reduction in stoura

Yiug, after sirzpiificetion equation {8.1,5) tokes the form

g
n

e

oy
§

:}}3 » e igkg -y?;

Cn ueing the above substitution, the insguslity iz now
vedused to an oxpressien fn which the only éagm#ﬂm verliabie §s
the harponic component f”y It &g ghovn for the sssumptions made

S

in the derivaticn of ccuatiop {6.4,8} that renovally whers the
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SYSTEM  PARAMETERS

* THE LIMITING

EXPERIMENTAL

RESULTS
‘ FREQUENCIES FROM
X R 5 INEQUALITY (8.2,3) n N
| 1 2
Ny Ny
0.8 0.15 0.8 2.8 4.19 2.88 | 4.2
0.6 0.15 0.4 2.4 3.3 2.4 3,27
1.0 0.25 0.8 2.84 4.7 2.97 14,68
1.0 0.25 0.6 2.85 4.59 2.81 4.53
0.8 0.15 0.4 2.7 '3.88 2.61 3.85
0.4 0.15 0.4 2. 34 2.77 2.32 2.75
1.0 0.25 0.4 3.25 4,36 3.12 4,32
1.0 0.15 0.4 3.14 4,5 ©2.98 4,46

THE COMPARISON OF THE LIMITING FREQUENCIZES,

TABLE(8.2-1).

. BETWEEN THE CRITICAL VALUES FRCM THE INEQUALITY

(8.2,3) A

T
D Py

EXPERIMENTAL RESULTS.
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The ressong for selecting this as the prinecipal zethed

in the analyeis of subharzonic extinetion are Jfiszcussed ia eha;ztezs

II. The equivelence of itz mindsizing sethod avd Salerkin sethod
iz erxenined In {22), ond the gzoence of the theovry that is a:“-g}.z,}i

in the investiration iz derived frow consideving Che varintionsl

eouation of & consorvative cingle depreo-ol-frosdos syston.

-

wexints o such & mannsy that

fecording 1o Danilton's priveiple. the moticn of tha
Lo

f(ﬁf{ = {:* EJ ﬁt = Q e R R R {;&1;1}
"3
vhore for the zhsolute fimplaceront co-ordinste v and tizme +, the
Lepprancien Funetion L = (T - ¥}

» »
T in the kinetic enmeygy Functien, T & ©(x. %),

»

and ¥ is ¢he potentiel encvgy Hmetion. ¥V = Wx).

On epplying the eslevlus of varietion and interratien by parts. the

#hove expression pives Lerprange's epmtion of motion for the
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P ., . . )
20,0, 2, «oeen) i the mdetornined coefliclient,

proves that, iF the functions «’":i{‘z:}
are yroporly chozen tine functions connistent with the rhyeicnl
rostraints and setisfy the E:m,m*’&ry conditiens, the é"j?;‘"@’l“ﬂ%
selution & converges dnte a trus im'iw % by Ineveasing the
mydber of termz. Slnce equation { 1,3) 4% mot on emact solution,

the mbotitution into the re zsltinf, emuation of (RT.2) will
rroduce Bn ervor funetion. The emtent of the ﬁm% is m‘m«*m&y
-rmpa rdent on the zocuracy oF the i Wm:aﬁm znd it is offten
5“’{‘35‘:}.‘1?31{3 to have ressonohle accuvacy frov *‘aml; ’*’iﬁs’“ the First
fou tersy of apuation {21, ) iF the & cholce of these teras ave
made eppropristely. The nin :rizmm ;smz:emm& deternines for the
choice of aprroninate solution the values of the coef fzcﬁm&

for which the eyrer iz an abhsolute ninimun.

Thuz, with the ams%xiﬁmﬁ- solution of (41,38} the
comlitions for the oxpn im I to be & nininun over each ayele

o¥ vi “&tﬁw ars that

S =
9 LAl , 5L »
we ® ~,§'&"g G A o ¢£} dt = 0 s> e K { ;Z gt‘f')
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corresponding pavancter of the systen 48,

The usper linit of Interration is 47 since ons conplate
D ,

der subharnonic vibration oecurz Iin every

o eveles of the disturbing force.
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Lessuse the orvor fenction is often veadily devdved, it
is cormon practize that the procsfure of the sbove expressions s
epplied directly. It Is wmore convenlent thap having to caryy out

s y _—
RLEINT TPOLENS.




[¥] -
erd L&
#
~ L3 =L >
O ] St (2
5 a4 G
4 ) * &
§er M 2!
e 5 ooy ]
H s o
ar & *
[ £ i ng
i & E &
§ et =
il B¢ il o
1 hd o 54 :
& o o [ =
£y o [ Rl f o5
i b . = i
S T3 o - .,N.
ot ¥ U 3
o] o ot ke
i it ¥ il ¥ 4
¢ . o B LT . 5
. Y s £ -~ 43 (48
old il ?.w o IS R o © 1
Dl & I W v 44 £ o £
AN ..m;, e . %W £ MV Mu A
9 3 o5 ” = . n sed
¥ % £ o o = ] o
2k & o @ L e .
£ 5 4a = e e
& (5] i aei LS e~ 2 ©
¢ hi 5 i Yt Pl .
k2 b . a ok 3
apif sirf b = R + o3 2
jat ] e o] oW 2 VS
o A P i ok o ; et
48 i 3 " b i o
d L% &3 hea. e ,
) 3 " Ll g T &
%, ~ [ G el ¢
e b 2 & o & b3 Lh
ori # e . m i m
b wrien o 4] :
i & B i by 3
g L < - o
g & I TR .
w 4 g soq
el ¢x g & e i 82
i 48 Lo W
el HY H Lo 2% =
N mwv & % ¢ »an
& Poen Mv
G 4 @0 erd
AR 4005 7
Y s s




, - 284 ~

civulianesus alrohralie equations {(2.2.8) o (2.2,12) sre

ebtained froz the following intesration for esch corvesponding

s o

e in the cf*'f,.s«i:m {z.2.,1).

* B L.

For the non-poricdicity eoefficient, *z*za pon2ition wiclds

e s

f%‘f}' o ) gi}'ﬁ" 5
CREY a8 = {- 42{; {z+ %)+ {c+d} J + 200 ?‘;
le fo *

5 =
<

- -
2 ot Y el {a b b ko d )

+a{b+e%d) +ble )+ ed) - 307 cos &

+

z~(?'5w$-z~ P efr e®) s ot (v o w

‘ - o ' L2 o
st et rer e i Brare s

&
el fa{d ¥erd) e ble ¢ d) ¢ 2d)®fu

{33&(::%&}'@0&{&«%»&3)}6&

- . 2 v L
Bpet (Heraeb+ 8+ @ {Hsaesbh e

= (1 4 34%p) nwn ¢ 6lpw (287 ¢ 2% + 5% + ¢ 4 D)

oyrlinn 4 3 (o 4 ©) 4 28% (2% - C) % B3

(€® +p?) 4 catp 35 O ceans {B2.2)
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The akove gnuation 3¢ meltd 'p fed by ¥ to reduce the coofficients

to non-dinenscionsl cvantitios, end on resrranping yields

v ah (R By ) A+ ) (A% ¢ BR £ 67 4 BN
3 3 e w% Py ) YTt L
*5 € (A% « B%) % 3ABD = O waese LA7.2Y

The sbove eguation is the same a8 equation {'%mga)

1

&
Q‘angﬁ Con ﬂ %

;‘s’

Sinilarly for the perdodic £y

*
ES
*

2

fgé‘ﬂ
IS ] Lﬂ”)g an
o
z -yt ‘;? + 2RnBT + 2(1 + 24%n) Aw + Glam (2FA

3 o
$ AC ¢ BD)Y ¢ um (2 2%+ en?p + 5 b‘“i’s 4+ 3C%A + CHAC

A+ BUED) = O seves (A2,H)

» .
gaven

The resprangemant of the te“m of the above equation

o B oo s s e o
A -0y e mnf ey A2 2 5% 0 SR (8% 4 D7) 4 0K

(F+ Y s+ UE V{3 +8D) = O eenes (82,5}

" which iz identienl to eguation (5.2,8).

For the pericdie function riﬁ e the condition of Rite-



- 266 =

2,8}

{ i;'e

LR R

£C)

ik

Py
-

w £

&) Looo

{22.7)

L

o]
-

D - 3

Y (&D

-
i

-
A oa
w(a-.:e ]

.§“

¢ pericdiic funetieon con §,

Yy
%3

radlh 3

lariy fo

2
5
e

St

[y e
n o2 B4

"E
55

% v % 2

2 s wi) 4+ v (5

T
P

ri

E R N

S

3 38%0 @

erms of the

42
')

#roe

]

oz Prom the reorpancoaomt of

Kd
giw

oh nloo

L
h37 603

ssion {4

58 o

38 @

»

v g,
£

simultansous ¢

2y )

3

2y 4 {62 &

)

.
o



ke

& (A %+

IR
oy,
T
ey
R
g
Faic)
g
Lt
¥
&
st
Ex
p T
1
o
=
:
¥
y
¥
-~
e
>
3
Eee ]
M

* FaBay o ¥ g S s * (UL I DNPNCIS. SCIE .
Finally, Tor the perledis function i aly 0, the srpiication of the

Ritz-Galerkin rathad ;*iwzs s

e L 3 i PR ’ y yoomn aw W §
= - D - uinlr 4 201 + 2870 Do+ 3w (W0 ¢ 24AR)

3 e . o 2. & osp - #
- »;ﬁ{iﬁ + 611%0 4 3A%p 4 0B%D 4 ) %D 4 @AR) = 0 LL(AR.10)
e .

The eurression hotones I forn

31

?Jl"{i — 0"y - 2Pl s 8D

(L% & 30 + 1Y 30 ¢ D 45° 4 %)

&£y

:‘3 pon "2 _“2 ' . . Lot t
+ o k(A" D7) = O seree (AR,113
M :

Heation of 'ﬁaf’ gimsltancous alocbraic
F2d
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LO% (fﬁ e 21};} = {) T emaen (xﬁ.?glﬁ)
r% b
Ta-grepdembsazam® iy

Ee wh &

oin ’f:; + 34 3 u? (.{.g -; «os { - f-;} B0 ases ii»fé¢1§'@}
& S
‘z‘zﬁ. 3
k4 ¥ W k2 kA3
T -y yaqylas zﬂ;g:f) +2d + 8 o, sin

T-nfreazen? eyl e o, oy - 072

5

a& ?Rh i} *33&; *'::3, % {‘f& ‘%" E;} {i'} ﬁ&ﬁ :3;,;31 = {} EEE S {flﬁ:l{%}

P . . 3 . .
- saeen® sy ed) e eing, - 2mm
- : = 1 i

coz &, + o (& +#) ¢F sin 22
e it

o

t

ranee (AZ,07)

»

The bars chove the vaopective terne are onitted for convenioncs.

Trem enuations {(A2,18) and (42,35} it is evidont that for the
sulhorponie colution, 04 # 0. Thus, on multiplying equatien

. wﬁ
(AZ,308) v ein a‘;;% end eguation (AZ,15) by con & end sibstracting

25‘1} - Y'} -2 ¥ IR {&?glg}

Douation (£2.22) io identicnl to ecountion (3.2.18).

Trem veltiviving epustion (42.3143 Ly cos é and ezuation (£2,15)
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k.
e sy S ¢ o Y =
s ¢ i s;i cos (&, ~ :‘»if,:} + { IR ; é" < 2&5}
¢« A+ ¥ = 0 eevew LA2.183

Similariy, in obtaining equatlon (2.2,16) cquation {82,185 i=

.3
sultiplied by sin 4, and equation {22.17) by co ‘»3 gnd then on

?{g{*h } hd KY n‘m‘? 353} il & {2 TR {imuh:}}

Tinally, for cgquation (8.2,17), this is obtainad by wvuletiplyvisny
countion {A2.18) by ecos :;‘xl

Subseguentiy on 2 :émim vields

” - e e 3 s - 3R §
": (€1 - 9%+ B+ )% ¢ g+ )-Hoa- 2 3

0:

g

O - R e
$EE 4 B 0 28) ) - W eon gy = O
R X (32m21)

Pavztion (A2,21) is idontical to ecquation (3.2.17) of sectien
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sronozetric Identitien

The principle of the enalyiicel method that is ouoloyed
in scekion 3.3) Is the equilibrium of the Toress, and the

perdodlelity In the vibratory motien enshles the digplacorent ¢o

be approxinated to the forp of solution

o fad

- [ S ¢ . ;
Felthoonstiains+Ceos 0+ Dainl .. (A3,3)

vhich iz ¢onsistent with the physicel restraints ond which

getisficn the boundary reguivesents.

Thus, for the substitution of the spproxioete sslution

#t

into the differontial countion of moticn 1o cquate the o and

sin funetions of the paspective freguencies to cord, the sguared
ond cubes of E are as follows:

4]

2t =2 & con

+3

jocd
3]
&
£
beix
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[ e ]

YRR (5‘,'3&2}
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L1
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PN CEAE AR LRSI 60 B e CUR AP R P

{ie+beeralr DFErsare s ) MM ean

+h e+ M s eb o) e }ﬂfwﬂ‘ﬁ"}"h}

+ tible + €)Y 4 Gob(e 4 4) + Sodln ¢ ) 4 Cled
Y {gi:}gié}

The abave m:;ultm;* pericdic functions are sisplified with the
& z:llm 5 ny trironometric Identition:

a® = 2: {1+ ecos D).
ne = ;‘2 {cos g 4 o8 gi} s
1E = ;‘”’:4 {r-ems B
2d = ;g} {sin ; + sin 29 "

¢* = {1+ eos 20}
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e = IZ§» {cos & - con 35)

. 28 et 536
”m}:::mmmc components, %° anl ¥ bocone:
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