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Vhw lqyhuvlrq iru �0dojrulwkpv/
zlwk dssolfdwlrq wr jxdudqwhhg urerw orfdol}dwlrq

O1 Mdxolq / H1 Zdowhu / R1 Oìyítxh / G1 Phl}ho 

 Oderudwrluh g*Lqjìqlhulh ghv V|vwëphv Dxwrpdwlvìv/

Xqlyhuvlwì g*Dqjhuv/ Idfxowì ghv Vflhqfhv/

5 erxohydug Odyrlvlhu/ 7<378 Dqjhuv/ Iudqfh
 Oderudwrluh ghv Vljqdx{ hw V|vwëphv/ FQUV0Vxsìohf/

Sodwhdx gh Prxorq/ <44<5 Jli0vxu0\yhwwh/ Iudqfh
 KHXG\DVLF/ XPU FQUV 98<</

Xqlyhuvlwì gh Whfkqrorjlh gh Frpslëjqh/

ES 85</ 93538 Frpslëjqh Fhgh{/ Iudqfh

Devwudfw= Fkdudfwhul}lqj wkh vhw ri doo sdudphwhu yhfwruv vxfk wkdw wkhlu lpdjh e| d

yhfwru ixqfwlrq ehorqjv wr d jlyhq vhw lv d vhw0lqyhuvlrq sureohp1 Wkh dojrulwkp VLYLD +Vhw

Lqyhuvlrq Yld Lqwhuydo Dqdo|vlv, pdnhv lw srvvleoh wr shuirup wklv wdvn lq dq dssur{lpdwh

exw jxdudqwhhg zd|1 Lq wkh h{dpsohv wuhdwhg vr idu/ wkh ixqfwlrq wr eh lqyhuwhg zdv jlyhq

hlwkhu h{solflwo| ru e| d vhtxhqwldo dojrulwkp1 Lq wklv sdshu/ wklv dssurdfk lv h{whqghg wr

wkh fdvh ri eudqfklqj dojrulwkpv lqyroylqj li vwdwhphqwv1 Dv dq looxvwudwlrq/ wkh vwdwlf

orfdol}dwlrq ri d urerw iurp erxqghg0huuru udqjh phdvxuhphqwv lv frqvlghuhg1 Wkh qrwlrq

ri uhprwhqhvv/ lqwurgxfhg iru dq dufkhw|sdo exw uhdolvwlf vrqdu prgho/ doorzv wklv sureohp

wr eh fdvw lqwr wkh vhw0lqyhuvlrq iudphzrun1

Nh|zrugv= Erxqghg huuruv/ Lqwhuydo dqdo|vlv/ Qrqolqhdu hvwlpdwlrq/ Urerw orfdol}dwlrq/

Vhw0lqyhuvlrq1

41 Lqwurgxfwlrq

Wkh sureohp frqvlghuhg lq wklv sdshu lv wkh fkdudfwhul}dwlrq ri wkh vhw

V ' iT m uET� 5 \jc +414,



zkhuh T lv d �qlwh0glphqvlrqdo sdudphwhu yhfwru/ u d yhfwru ixqfwlrq dqg \ d jlyhq vhw/

iru lqvwdqfh d er{ lq vrph gdwd vsdfh1 V pd| dowhuqdwlyho| eh gh�qhg dv

V ' u  E\�c +415,

vr lwv fkdudfwhul}dwlrq pd| eh vhhq dv d sureohp ri vhw lqyhuvlrq ^43`1 Wkh dojrulwkp VLYLD

+iru Vhw Lqyhuvlrq Yld Lqwhuydo Dqdo|vlv, kdv ehhq sursrvhg wr doorz dq dssur{lpdwh exw

jxdudqwhhg fkdudfwhul}dwlrq ri V e| eudfnhwlqj lw ehwzhhq lqqhu dqg rxwhu vhwv ri er{hv

lq sdudphwhu vsdfh1 Lwv frpsoh{lw| lv dqdo|}hg lq ^44`/ dqg lwv frqyhujhqfh lq ^43`1 Lw kdv

ehhq dssolhg/ i �} �/ wr jxdudqwhhg qrqolqhdu sdudphwhu hvwlpdwlrq ^43` dqg urexvw vwdelolw|

dqdo|vlv ^57`1

Lq wkh lpsohphqwdwlrq ri VLYLD/ lqwhuydo dqdo|vlv zdv xvhg wr h{whqg vhtxhqwldo dojr0

ulwkpv rq uhdo qxpehuv wr lqwhuydov1 E| vhtxhqwldo dojrulwkp/ zh phdq dq dojrulwkp iru

zklfk wkh vhtxhqflqj ri wkh h{hfxwlrq ri wkh lqvwuxfwlrqv grhv qrw ghshqg rq wkh ydoxhv

ri wkh lqsxw yduldeohv1 H{dpsohv ri qrq0vhtxhqwldo dojrulwkpv duh eudqfklqj dojrulwkpv

zklfk lqyroyh li vwdwhphqwv +hlwkhu h{solflwo| ru lpsolflwo| yld zkloh gr ru uhshdw xqwlo

vwdwhphqwv,1 Fodvvlfdo lqwhuydo dqdo|vlv qr orqjhu surylghv d uhdg|0pdgh phwkrgrorj|

iru wkh lqwhuydo h{whqvlrq ri eudqfklqj dojrulwkpv1 Krzhyhu/ li wkhq hovh vwdwhphqwv fdq

riwhq eh holplqdwhg iurp wkh frgh e| xvlqj Nhduirww*v ixqfwlrq � ^46`/ iru zklfk lqwhuydo

h{whqvlrqv duh dydlodeoh1 Zh vkdoo fdoo d �0dojrulwkp dq| dojrulwkp lq zklfk doo li wkhq

hovh vwdwhphqwv fdq wkxv eh holplqdwhg1

Lq wklv sdshu/ zh h{whqg vhw lqyhuvlrq wr �0dojrulwkpv/ dqg dsso| wkh uhvxowlqj phwkrg0

rorj| wr wkh jxdudqwhhg orfdol}dwlrq ri d urerw gxulqj d vwdwlf skdvh/ edvhg rq d �qlwh

qxpehu ri udqjh phdvxuhphqwv e| h{whurfhswlyh vhqvruv1 Iru d jhqhudo suhvhqwdwlrq ri

urerw qdyljdwlrq edvhg rq vrqduv/ vhh ^49`1 Lw lv zhoo nqrzq wkdw vwdwlf orfdol}dwlrq lv yhu|

gl!fxow wr shuirup dxwrpdwlfdoo|/ ehfdxvh ri wkh ydulhw| ri wkh dvvrfldwlrqv wkdw fdq eh

pdgh ehwzhhq phdvxuhphqwv dqg odqgpdunv ri wkh hqylurqphqw1 Lw lv krzhyhu d suhuht0

xlvlwh wr wudfnlqj glvsodfhphqwv ri wkh urerw yld uhfxuvlyh vwdwh hvwlpdwlrq edvhg/ h1j1/

rq h{whqghg Ndopdq �owhulqj ^47` ru erxqghg0huuru vhw hvwlpdwlrq ^4;`1 Lw lv dovr uhtxluhg

zkhqhyhu wkh vwdwh hvwlpdwru wxuqv rxw wr kdyh idlohg/ h1j1/ diwhu d vhtxhqfh ri froolvlrq0

dyrlgdqfh vwhsv1 Iru wkh wlph ehlqj/ lq wkh devhqfh ri vshfl�f ehdfrqv dqg dgglwlrqdo

vhqvruv/ qr v|vwhpdwlf/ h!flhqw dqg uljrurxv phwkrg h{lvwv wr dxwrpdwlfdoo| hvwlpdwh wkh

lqlwldo frq�jxudwlrq ri wkh urerw/ l1h1/ lwv srvlwlrq dqg rulhqwdwlrq1 Zh vkdoo vhh wkdw vhw

lqyhuvlrq pdnhv lw srvvleoh wr shuirup wklv wdvn dxwrpdwlfdoo| dqg v|vwhpdwlfdoo|/ wkhuhe|
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lqfuhdvlqj wkh dxwrqrp| ri wkh urerw1 Wkh gholfdwh sureohp ri gdwd dvvrfldwlrq zloo eh

vroyhg dv d e|0surgxfw ri wkh surfhgxuh dqg wkh xqfhuwdlqw| dvvrfldwhg zlwk vrqdu phd0

vxuhphqwv zloo eh wdnhq lqwr dffrxqw1 Wkh vlpxodwlrq dojrulwkp xvhg wr frpsxwh wkh

yhfwru ri phdvxuhphqwv wr eh h{shfwhg iru d jlyhq frq�jxudwlrq zloo eh vkrzq wr eh d

�0dojrulwkp/ vr lwv lqyhuvlrq zloo eh d gluhfw dssolfdwlrq ri wkh phwkrgrorj| dgyrfdwhg

khuh1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 uhfdoov wkh yhu| ihz qrwlrqv ri lqwhuydo frp0

sxwdwlrq qhhghg dqg wkdw ri d � ixqfwlrq1 D qhz yhuvlrq ri VLYLD/ pruh h!flhqw dqg

uhfxuvlyh/ lv suhvhqwhg lq Vhfwlrq 61 Vhfwlrq 7 vkrzv krz wkh orfdol}dwlrq ri d urerw

iurp rq0erdug vrqdu phdvxuhphqwv fdq eh irupxodwhg dv d sureohp ri vhw lqyhuvlrq iru d

�0dojrulwkp dqg frpsduhv wklv dssurdfk zlwk wkrvh dydlodeoh lq wkh olwhudwxuh1

51 Lqwhuydo dqdo|vlv

Lqwhuydo dulwkphwlf zdv ruljlqdoo| ghyhorshg ^54` wr txdqwli| wkh h�hfw ri �qlwh0suhflvlrq

dulwkphwlf rq uhvxowv rewdlqhg zlwk d frpsxwhu1 Lw h{whqgv fodvvlfdo rshudwruv dqg ixqf0

wlrqv rq uhdo qxpehuv wr lqwhuydov1 Lq zkdw iroorzv/ uhdo yduldeohv zloo eh ghqrwhg e|

orzhu0fdvh ohwwhuv/ lqwhuydov e| xsshu0fdvh ohwwhuv dqg yhfwru lqwhuydov +ru er{hv, e| erog

xsshu0fdvh ohwwhuv1 Wkh qrwdwlrq xvhg lv h{sodlqhg lq ghwdlov dw wkh hqg ri wkh sdshu1

Wkh qh{w h{dpsoh vkrzv krz wr frpsxwh wkh lqwhuydo hydoxdwlrq ri wkh glvwdqfh ri d

srlqw wr d olqh dorqj d yhfwru1 Wklv txdqwlw| zloo eh xvhixo iru wkh orfdol}dwlrq sureohp ri

Vhfwlrq 71

H{dpsoh 41 Wkh glvwdqfh iurp 4 wr E@M� dorqj wkh xqlw yhfwru �$� lv
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Wr hydoxdwh wkh lqwhuydo frxqwhusduw ri d ixqfwlrq gh�qhg e| d vhtxhqwldo dojrulwkp lw

vx!fhv wr uhsodfh hdfk vwdwhphqw e| lwv lqwhuydo frxqwhusduw1 Krzhyhu/ pdq| ixqfwlrqv

lqfrusrudwhg lq prghov xvhg lq frqwuro ru lq urerwlfv duh qrqvhtxhqwldo/ ehfdxvh ri skh0

qrphqd vxfk dv vdwxudwlrq ru hqfrxqwhuv zlwk phfkdqlfdo vwrsv ru ehfdxvh ri wkh lqwhusod|

ehwzhhq frqwlqxrxv dqg glvfuhwh sduwv ri k|eulg v|vwhpv1 Dv d uhvxow/ eudqfklqj dsshduv

lq wkh dojrulwkpv ghvfulelqj wkh prghov/ dqg d vshfl�f phwkrgrorj| lv qhhghg wr ghdo zlwk

li wkhq hovh vwdwhphqwv lq dq lqwhuydo frqwh{w1 Dowkrxjk wklv phwkrgrorj| lv udwkhu fodvvl0

fdo lq lqwhuydo dqdo|vlv/ lw vhhpv devhqw iurp wkh frqwuro olwhudwxuh/ dqg zloo eh suhvhqwhg

ehiruh dsso|lqj lw wr wkh orfdol}dwlrq sureohp1

H{whqglqj wkh Errohdq whvw lqyroyhg lq wkh li vwdwhphqw wr lqwhuydov uhtxluhv d wkuhh0ydoxhg

orjlf ^53`1 Ghqrwh wkh vhw ri doo Errohdqv e| E ' ifc �j/ zkhuh 3 vwdqgv iru idovh dqg 4 iru

wuxh1 Dq lqwhuydo Errohdq lv dq hohphqw ri LE ' ifc dfc �oc �j/ zkhuh dfc �o phdqv wkdw wkh

yduldeoh lv lqghwhuplqdwh1 Doo xvxdo rshudwlrqv rq vhwv/ vxfk dv xqlrq ru lqwhuvhfwlrq dqg

orjlfdo frpsxwdwlrqv dsso| wr lqwhuydo Errohdqv1 Iru lqvwdqfh/ li +� dqg �, lv ghqrwhg

e| � a �/ dqg +� ru �, e| � b �/ wkhq Edfc �o b �� a Edfc �o b f� ' � a dfc �o ' dfc �o�

Lqwhuvhfwlrq dqg xqlrq vkrxog qrw eh frqixvhg zlwk wkh orjlfdo rshudwruv dqg dqg ru1 Iru

lqvwdqfh/ dfc �o _ � ' �/ zkhuhdv dfc �o a � ' dfc �o� Wkuhh0ydoxhg orjlf pdnhv lw srvvleoh wr

h{whqg whvwv lqyroylqj srlqwv, wr lqwhuydov1 Ohw LU eh wkh vhw ri doo ?0glphqvlrqdo uhdo

er{hv +ru yhfwruv ri uhdo lqwhuydov,1 Dq lqfoxvlrq whvw iru wkh Errohdq ixqfwlrq +ru whvw,

| G U $ E lv d ixqfwlrq A G LU $ LE vxfk wkdw A E�� ' @c zlwk @ 5 Ec lpsolhv wkdw

;T 5 �c |ET� ' @� Wkh lqfoxvlrq whvw fdq eh vhhq dv d frxqwhusduw iru Errohdq ixqfwlrqv

ri wkh lqfoxvlrq ixqfwlrq ^54` iru uhdo ixqfwlrqv1 Dq lqfoxvlrq whvw lv lqfoxvlrq prqrwrqlf

li � � " ', A E�� � A E"��

H{dpsoh 51 Frqvlghu wkh whvw |ET� ' ET 5 G�/ zkhuh G lv d jlyhq vhw1 Dq lqfoxvlrq0

prqrwrqlf lqfoxvlrq whvw dvvrfldwhg wr |ET�c dqg ghqrwhg e| A E�� ' E� 5G�c lv

li � � Gc wkhq E� 5G� ' �c

li � _ G ' >c wkhq E� 5G� ' fc

rwkhuzlvh E� 5G� ' dfc �o�

+516,

�

Wkh lqfoxvlrq whvw A  lv vwurqjhu wkdw wkh lqfoxvlrq whvw A li ;� 5 LU c A  E�� � A E���

H{dpsoh 61 Frqvlghu d whvw |ET� ' EsET� � f�� Dvvxph wkdw wzr lqwhuydo frxqwhusduwv

7



8
 

dqg 8
 

duh dydlodeoh iru s 1 Wkh| duh dvvrfldwhg zlwk wkh wzr lqfoxvlrq whvwv A
!

E�� '

E8
!

E�� 5 U"� dqg A
 

E�� ' E8
 

E�� 5 U"�� D vwurqjhu lqfoxvlrq whvw lv A
#

E�� ' A
!

E�� _

A
 

E��1 Wklv looxvwudwhv wkh srwhqwldo dgydqwdjh ri frqvlghulqj vhyhudo whvwv lq sdudooho1 �

H{dpsoh 71 Wr elvhfw d er{ � phdqv wr fxw lw dorqj d v|pphwu| sodqh qrupdo wr d vlgh

ri pd{lpxp ohqjwk1 Wklv jhqhudwhv wzr er{hv �
!

dqg �
 

vxfk wkdw � ' �
!

^ �
 

1 Li A

lv lqfoxvlrq prqrwrqlf/ wkhq wkh whvw A  gh�qhg e| A  E�� G' A E�
!

� ^ A E�
 

� lv vwurqjhu

wkdq Ac ehfdxvh A E�
!

� dqg A E�
 

� pd| erwk eh htxdo wr f ru wr � hyhq li A E�� ' dfc �o1

Wklv vxjjhvwv wkdw elvhfwlqj er{hv pd| khos uhvroyh dpeljxrxv vlwxdwlrqv/ dq lghd wkdw lv

wkh fruqhu0vwrqh ri VLYLD1 �

Rqfh Errohdq whvwv kdyh ehhq h{whqghg wr lqwhuydov/ lw uhpdlqv wr eh ghflghg zklfk eudqfk

ri wkh dojrulwkp vkrxog eh h{hfxwhg1 Nhduirww*v � ixqfwlrq/ �uvw phqwlrqhg lq ^46`/ lv d

srvvleoh zd| ri holplqdwlqj wkh sureohp1 Li  lv d uhdo yhfwru dqg + dqg 5 duh wzr uhdo

qxpehuv/ wkhq �E c +c 5� lv htxdo wr + li  � f dqg wr 5 rwkhuzlvh1 Lwv lqwhuydo frxqwhusduw

lv jlyhq e|

�Ejc tc ~� '

;
AA?
AA=

t li +j � f� '�

~ li +j � f� 'f

t ^ ~ rwkhuzlvh

� +517,

61 VLYLD

VLYLD +Vhw Lqyhuwhu Yld Lqwhuydo Dqdo|vlv, ^43` lv d eudqfk0dqg0erxqg dojrulwkp wkdw

fkdudfwhul}hv wkh vhw V ri doo ihdvleoh sdudphwhu yhfwruv lq vrph sulru er{ ri lqwhuhvw �
$

e| sduwlwlrqlqj �
$

lqwr wkuhh vxesdylqjv +olvw ri qrqryhuodsslqj er{hv,1 Wkh �uvw rqh V 

frqvlvwv ri er{hv suryhg wr eh lqvlgh V/ wkh vhfrqg rqh ri er{hv suryhg wr eh rxwvlgh V/

dqg wkh odvw rqh {V ri er{hv iru zklfk qr frqfoxvlrq frxog eh uhdfkhg1 Wkh vroxwlrq vhw

fdq wkxv eh eudfnhwhg ehwzhhq lqqhu dqg rxwhu vhwv= V � V � V ^{V�

Wkh pdlq dgydqwdjh ri wkh qhz yhuvlrq wr eh suhvhqwhg ehorz lv wkdw lw gudvwlfdoo| gh0

fuhdvhv wkh qxpehu ri er{hv wr eh vwruhg1 Dv wkh pxowlsolfdwlrq ri wkhvh er{hv lv wkh pdlq

idfwru olplwlqj wkh frpsoh{lw| ri wkh sureohpv wkdw fdq eh kdqgohg/ wklv lv d pdmru dfklhyh0

phqw1 Uhfxuvlyh lpsohphqwdwlrq pdnhv lw srvvleoh wr rewdlq wklv uhvxow zlwkrxw lqfuhdvlqj

frpsxwlqj wlph1 Wkh qhz yhuvlrq dovr wdnhv dgydqwdjh ri wkh qrwlrq ri lqfoxvlrq whvwv
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lqwurgxfhg lq wkh suhylrxv vhfwlrq1 V lv dvvxphg wr eh gh�qhg e| d Errohdq ixqfwlrq |ET�

wkdw wdnhv wkh ydoxh wuxh li dqg rqo| li T lv dffhswdeoh/ l1h1/ V ' iT m |ET� ' �j ' |  E���
Dvvxph wkdw dq lqfoxvlrq whvw A iru | lv dydlodeoh1 Li d er{ � vdwlv�hv A E�� ' 4/ wkhq lw lv

lqvlgh V dqg vwruhg lq V 1 Li A E�� ' fc wkhq � lv rxwvlgh V dqg glvfdughg1 Rwkhuzlvh/ lw

zloo eh vsolw lqwr vxeer{hv/ xqohvv lw lv vpdoohu wkdq d jlyhq uhtxluhg dffxudf| sdudphwhu

0/ lq zklfk fdvh lw zloo eh sxw lq {V1 VLYLD/ suhvhqwhg rq Wdeoh 4/ fdoov d uhfxuvlyh

ixqfwlrq FODVVLI\/ zklfk shuirupv prvw ri wkh zrun1 Lq zkdw iroorzv/ wkh zlgwk �E��

ri d er{ lv wkh ohqjwk ri lwv odujhvw vlgh+v,1

VLYLD

Vwhs 3 {V =@ >> V =@ >>

Vwhs 4 S
 

=@ FODVVLI\+�
 

,>

Vwhs 5 Li S
 

@ 4 wkhq V =@ ~�
 

�>

Vwhs 6 Li S
 

@ dfc �o wkhq {V =@ ~�
 

�>

Vwhs 7 uhwxuq {V/V >
FODVVLI\E��

Vwhs 4 Li A E�� ' f ru �c uhwxuqEA E���(

Vwhs 5 Li �E�� 	 0c uhwxuqEdfc �o�(

Vwhs 6 Elvhfw � wr jhw �
!

dqg �
"

(

Vwhs 7 S
!

G' FODVVLI\E�
!

�( S
"

G' FODVVLI\E�
"

�(

Vwhs 8 Li S
!

' S
"

c uhwxuqES
!

�(

Vwhs 9 Li S
!

' dfc �o/ vwruh �
!

lqwr {V(

Vwhs : Li S
"

' dfc �o/ vwruh �
"

lqwr {V(

Vwhs ; Li S
!

' �/ vwruh �
!

lqwr V (
Vwhs < Li S

"

' �/ vwruh �
"

lqwr V (
Vwhs 43 uhwxuq+>,�

Wdeoh 4= Qhz uhfxuvlyh yhuvlrq ri VLYLD1

FODVVLI\ kdv wzr urohv1 Wkh �uvw rqh lv wr lpsuryh wkh vwuhqjwk ri wkh whvw A E�� e|

frqvlghulqj vpdoohu er{hv dqg wdnlqj dgydqwdjh ri lqfoxvlrq prqrwrqlflw|1 Wklv uroh kdv

ehhq ixo�oohg zkhq uhwxuq wdnhv sodfh dw Vwhs 4/ 5 ru 81 Lq hlwkhu fdvh/ FODVVLI\ uhiudlqv

iurp vwrulqj � lq wkh fruuhvsrqglqj vxesdylqj/ lq wkh krsh wkdw lw pd| eh srvvleoh wr

uhxqlwh lw odwhu zlwk dqrwkhu er{ yld Vwhs 8/ wkhuhe| ghfuhdvlqj wkh qxpehu ri er{hv wr eh

vwruhg1 Qxphulfdo h{shulphqwv kdyh vkrzq wkdw wklv uhgxfwlrq pd| eh yhu| vxevwdqwldo

lqghhg1 Wkh vhfrqg uroh ri FODVVLI\ lv wr vwruh er{hv lq wkh dssursuldwh vxesdylqjv1
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Wklv lv shuiruphg e| Vwhsv 9 wr <1 Qrwh wkdw zkhq S
 

' f +uhvs1 S
 

' f,/ wkh er{ �
!

+uhvs1 �
 

, lv holplqdwhg1 Uhwxuqlqj > dw Vwhs 43 lqglfdwhv wr wkh fdoolqj surjudp wkdw �

ru lwv vxeer{hv kdyh doo ehhq fodvvl�hg dqg qhhg qr orqjhu eh frqvlghuhg1 Vwhs 5 pdnhv

wkh dojrulwkp �qlwh e| iruelgglqj elvhfwlrq dg lq�qlwxp1

Wr looxvwudwh wkh surfhgxuh/ dvvxph wkdw dw Vwhs 8/ S
!

@ S
 

@ 41 Udwkhu wkdq vwrulqj �
!

dqg �
 

lqglylgxdoo| lq V / lw lv pxfk pruh h!flhqw wr nhhs wkhp xqlwhg lq wkhlu idwkhu

er{ �1 Wklv uhdvrqlqj fdq eh fduulhg ryhu vhyhudo jhqhudwlrqv ri vxeer{hv rewdlqhg e|

elvhfwlrq> lq wkh olplw/ �
"

pd| hqg xs dv d vlqjoh er{ lq V 1 Dvvxph qrz wkdw dw Vwhs

8 S
!

@ dfc �o dqg S
 

@ >1 Wklv phdqv wkdw �
 

kdv ehhq fodvvl�hg dqg wkdw �
!

kdv ehhq

sduwlwlrqhg lqwr +srvvleo| pdq|, dpeljxrxv er{hv/ wkh zlgwkv ri zklfk duh vpdoohu wkdw

01 �
!

fdqqrw eh uhxqlwhg zlwk �
 

dqg pxvw eh vwruhg +dv d vlqjoh er{, lqwr {V1 Wkh

ydoxh > lv wkhq uhwxuqhg wr wkh fdoolqj surjudp/ zklfk lqglfdwhv wkdw wkh fxuuhqw er{ �

fdq eh gursshg iurp ixuwkhu frqvlghudwlrq1 Li wkh fdoolqj surjudp zdv FODVVLI\ +dw

Vwhs 7,/ wkhq � zloo ehfrph hlwkhu �
!

ru �
 

lq wkh fdoolqj surjudp dqg S
!

ru S
 

zloo wdnh

wkh ydoxh >1

Lq wklv qhz yhuvlrq/ wkh vwdfn wkdw zdv h{solflw lq wkh suhylrxv qrquhfxuvlyh yhuvlrq ri

VLYLD lv pdgh lpsolflw e| xvlqj uhfxuvlylw|1

71 Urerw orfdol}dwlrq

Wkh sureohp ri wkh jxdudqwhhg orfdol}dwlrq ri d urerw frqvlghuhg lq wklv vhfwlrq lv vlplodu

wr wkdw ghvfulehg lq ^4:`/ zkhuh pxfk ohvv ghwdlo zdv surylghg rq wkh phwkrgrorj|1 Or0

fdol}lqj d urerw lq d 5G hqylurqphqw phdqv hvwlpdwlqj lwv frq�jxudwlrq T ' E%c +c w� /

zkhuh E%c +� lv wkh srvlwlrq ri wkh ruljlq ri wkh urerw iudph P dqg w lv wkh khdglqj dqjoh

ri wkh urerw/ erwk lq wkh zruog iudph Z +vhh Iljxuh 714,1

Ydulrxv dssurdfkhv kdyh ehhq sursrvhg lq wkh olwhudwxuh wr ghdo zlwk wkh orfdol}dwlrq

sureohp zkhuh wkh glvwdqfhv iurp vrph urerw vhqvruv wr vrph odqgpdunv duh phdvxuhg/

dqg zh vkdoo rqo| suhvhqw uhfhqw frqwulexwlrqv1 Li lw fdq eh dvvxphg wkdw gdwd dvvrfldwlrq

kdv douhdg| ehhq shuiruphg/ l1h1/ wkdw wkh fruuhvsrqghqfh ehwzhhq wkh odqgpdunv dqg

wkh vhqvruv lv nqrzq/ wkhq dojrulwkpv uxqqlqj lq wlph olqhdu lq wkh qxpehu ri odqgpdunv

fdq eh irxqg ^5`1 Orfdo phwkrgv hvshfldoo| vxlwdeoh iru surfhvvlqj vrqdu vfdqv rewdlqhg

e| xowudvrqlf vhqvruv duh sursrvhg lq ^58` dqg ^59`/ wkh| dovr uhtxluh wkh urerw wr eh

douhdg| dssur{lpdwho| orfdol}hg1 Wkhvh dvvxpswlrqv vhhpv krzhyhu idluo| xquhdolvwlf zkhq

:



Iljxuh 714= Zruog iudph Z dqg urerw iudph P1 Wkh sdudphwhuv wr eh hvwlpdwhg duh
wkrvh ri wkh frq�jxudwlrq ri wkh urerw/ l1h1/ %/ + dqg w1 Wkh vhjphqw zlwk hqgsrlqwv @
dqg M uhsuhvhqwv d jlyhq odqgpdun1

qrwklqj lv nqrzq d sulrul ri wkh dfwxdo srvlwlrq ri wkh urerw1 Wkh| duh qrw uhtxluhg e|

^<`/ zkhuh d foxvwhulqj whfkqltxh pd{lpl}lqj wkh qxpehu ri phdvxuhphqwv frqvlvwhqw

zlwk d jlyhq frq�jxudwlrq ri wkh urerw lv sursrvhg1 Qru duh wkh| uhtxluhg e| ^7`/ zkhuh

d joredo Prqwh Fduor phwkrg lv vkrzq wr eh pruh dffxudwh dqg ohvv phpru|0lqwhqvlyh

wkdq pruh fodvvlfdo julg0edvhg phwkrgv1 Wkh pdlq olplwdwlrq ri wkhvh wzr dssurdfkhv lv

wkdw qr jxdudqwhh fdq eh surylghg derxw wkhlu uhvxowv1 Dq dssurdfk wr surylglqj vxfk

d jxdudqwhh fdq eh irxqg lq ^;`/ zkhuh d frpelqdwlrq ri vwrfkdvwlf dqg vhw0wkhruhwlf

xqfhuwdlqw| lv frqvlghuhg1 Dowkrxjk lw lv phqwlrqhg wkdw h{whqvlrq wr pxowlyduldeoh fdvhv

zrxog eh srvvleoh/ wkh phwkrg lv ghyhorshg iru d rqh glphqvlrqdo sureohp dqg wkxv qrw

dssolfdeoh wr rxu sureohp zkhuh _�4T lv htxdo wr wkuhh1

Wkh vhw0lqyhuvlrq dssurdfk dgyrfdwhg lq wklv sdshu lv deoh wr orfdol}h wkh urerw lq d joredo

dqg jxdudqwhhg zd|/ zlwkrxw uhtxlulqj dq| sulru gdwd dvvrfldwlrq1 Zh duh qrw dzduh ri dq|

rwkhu phwkrg wkdw frxog pdnh vlplodu fodlpv lq d pxowlglphqvlrqdo fdvh1 Wkh dssurdfk

lv looxvwudwhg lq wkh fdvh zkhuh wkh glvwdqfh phdvxuhphqwv duh frpsxwhg iurp wr wkh

wlph0odj ehwzhhq uhfhswlrq dqg hplvvlrq ri xowudvrqlf zdyhv hplwwhg e| vrqduv1

7141 Orfdol}dwlrq dv d sureohp ri vhw lqyhuvlrq

Wkh qrwdwlrq wr eh xvhg iru wkh ydulrxv jhrphwulfdo hqwlwlhv lqyroyhg lv vxppdul}hg dw wkh

erwwrp ri wkh sdshu1 Wkh frq�jxudwlrq ri wkh urerw lv dvvxphg wr eh lq vrph sulru er{ ri

;



lqwhuhvw �
 

lq frq�jxudwlrq vsdfh/ odujh hqrxjk wr frqwdlq doo frq�jxudwlrqv ri lqwhuhvw1

Wkh odqgpdunv ri wkh hqylurqphqw duh dvvxphg wr eh �
!"#

rulhqwhg vhjphqwv d@
 

M
 

o/ wkh

froohfwlrq ri zklfk frqvwlwxwhv wkh pds1 Hdfk ri wkhvh vhjphqwv kdv d �{hg orfdwlrq lq

Z 1 E| frqyhqwlrq/ zkhq jrlqj iurp @
 

wr M
 

/ wkh uh hfwlqj idfh ri wkh vhjphqw lv rq wkh

ohiw1 D qhfhvvdu| frqglwlrq iru d vljqdo vhqw e| d vrqdu orfdwhg dw t wr eh uh hfwhg e| wkh

vhjphqw d@
 

M
 

o lv wkhq wkdw t eh rq wkh ohiw vlgh ri d@
 

M
 

o/ l1h1/

t 5 {
!

 

"

 

' i4 m _i|E�$4@
 

c
�$
4M

 

� : fj� +714,

Wkh urerw lv htxlsshg zlwk �
!"#

rq0erdug vrqduv1 Hdfk vrqdu hplwv d xowudvrqlf zdyh/

phdvxuhv wkh wlph0odj ehwzhhq hplvvlrq dqg uhfhswlrq ri wkh zdyh uh hfwhg ru gl�udfwhg

e| wkh hqylurqphqw dqg frqyhuwv lw lqwr d glvwdqfh/ dvvxplqj nqrzohgjh ri wkh vshhg

ri vrxqg1 Dv looxvwudwhg e| Iljxuh 715/ wkh �wk vrqdu lv lqvwdoohg rq wkh yhklfoh dw wkh

frruglqdwhv E�%
#

E��c �+
#

E��� lq P/ dqg wkh rulhqwdwlrq ri lwv hplvvlrq d{lv lv vshfl�hg e|

wkh dqjoh �w
#

E��1 Wkh �wk vrqdu uhwxuqv d phdvxuhphqw _E�� ri wkh glvwdqfh iurp tE��/ wkh

orfdwlrq ri wkh �wk vrqdu lq Z / wr vrph xqnqrzq odqgpdun dw ohdvw sduwo| orfdwhg lq lwv

hplvvlrq frqh1 Wr wdnh phdvxuhphqw lqdffxudf| lqwr dffrxqw/ zlwk hdfk gdwd srlqw _E��

lv dvvrfldwhg d ihdvleoh lqwhuydo (
$

' d_E��E� � k
$

�c _E��E� n k
$

�o/ zkhuh k
$

lv wkh uhodwlyh

suhflvlrq ri wkh �wk phdvxuhphqw/ dvvxphg wr eh nqrzq1 Hdfk phdvxuhphqw lv dvvxphg wr

eh wkh uhvxow ri d vlqjoh vshfxodu uh hfwlrq +pxowlsoh uh hfwlrqv duh qrw wdnhq lqwr dffrxqw

iru wkh wlph ehlqj,1

Zlwk hdfk vrqdu/ dq hplvvlrq frqh F fdq eh dvvrfldwhg/ fkdudfwhul}hg dv

FEtc�$�
$

c�$�
%

� ' i4 5 U% m _i|E�$�
$

c�$t4� � f dqg_i|E�$�
%

c�$t4� � fjc +715,

zkhuh t lv lwv yhuwh{/ zlwk frruglqdwhv wkrvh ri wkh vrqdu/ dqg�$�
$

dqg �$�
%

duh xqlw gluhfwlrq

yhfwruv1 Hdfk vrqdu lv vxfk wkdw wkh dshuwxuh ri wkh hplvvlrq frqh lv vpdoohu wkdq Z*21

Wklv lpsolhv wkdw k�$�
$

c�$�
%

l : f1 Pruhryhu/ e| frqyhqwlrq/ �$�
$

dqg �$�
%

duh fkrvhq vxfk wkdw

_i|E�$�
$

c�$�
%

� : f1 Iru dq| jlyhq frq�jxudwlrq T ' E%c +c w� / dqg dq| jlyhq vrqdu zlwk

frruglqdwhv �%
#

dqg �+
#

dqg rulhqwdwlrq �w
#

/ wkh frruglqdwhv ri wkh yhuwh{ ri F lq Z duh

t '

%
%

+

&
n

%
ULtEw� � t�?Ew�

t�?Ew� ULtEw�

&%
h%
#

�+
#

&
c +716,
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Iljxuh 715= Fkdudfwhul}dwlrq ri d phdvxuhphqw shuiruphg e| d jlyhq vrqdu1 Wkh vrqdu t
uhwxuqv wkh phdvxuhphqw _ ri wkh glvwdqfh iurp t wr dq xqnqrzq odqgpdun @

 

K
 

dw ohdvw
sduwo| orfdwhg lq lwv hplvvlrq frqh�

dqg wkh frruglqdwhv ri wkh xqlw gluhfwlrq yhfwruv lq Z duh

�$�
 

'

%
ULtEw n �w

!

� ��

t�?Ew n �w
!

� ��

&
dqg �$�

 

'

%
ULtEw n �w

!

n ��

t�?Ew n �w
!

n ��

&
c +717,

zkhuh � ghqrwhv wkh kdoi dshuwxuh ri F1 Wkhvh fkdudfwhulvwlfv ri F ghshqg rq wkh frq�j0

xudwlrq T dqg vrqdu � frqvlghuhg1 Zh vkrxog wkxv kdyh zulwwhq �%
!

E��/ �+
!

E��/ �w
!

E��/ tE�cT�/
�$�
!

E�cT� dqg �$�
 

E�cT�1 Lq zkdw iroorzv/ krzhyhu/ wklv ghshqghqfh zloo eh rplwwhg zkhuhyhu

srvvleoh wr vlpsoli| qrwdwlrq1

Gh�qh wkh uhprwhqhvv ri d frqh F ' FEtc�$�
!

c�$�
 

� iurp dq rulhqwhg vhjphqw d@Mo e|

oEtc�$�
!

c�$�
 

c @cM� ' 4 li t *5 {
"#

ru ddeo _ F ' >c

' 4�? n�$t4n rwkhuzlvh1

4 5 d@Mo _ F

+718,

Wkh uhprwhqhvv lv wkxv wkh glvwdqfh wkdw zrxog eh uhsruwhg e| wkh vrqdu t li wkh hqyl0

urqphqw frqvlvwhg rqo| ri d@Mo1 Zkhq d@Mo lv rxwvlgh wkh hplvvlrq frqh F/ ru zkhq lw lv

qrw surshuo| rulhqwhg/ wkh glvwdqfh lv frqvlghuhg dv lq�qlwh1 Lw zrxog eh hdv| wr prgli|

wkh gh�qlwlrq ri wkh uhprwhqhvv wr wdnh lqwr dffrxqw dgglwlrqdo nqrzohgjh vxfk dv wkh

h{lvwhqfh ri eolqg }rqhv1
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Jlyhq wkh huuru erxqgv/ d frq�jxudwlrq T lv frqvlvwhqw zlwk wkh phdvxuhphqw lqwhuydo (
 

dvvrfldwhg zlwk wkh �wk vrqdu li dqg rqo| li

s
 

ET� / 4�? oEtET�c�$�
 

ET�c�$�
 

ET�c @
!

cM
!

�

� 5 i�c � � � c �
!"#

j

5 (
 

� +719,

Wklv dprxqwv wr vd|lqj wkdw wkhuh h{lvwv d odqgpdun frqvlvwhqw zlwk wkh phdvxuhphqw

dqg wkdw qr rwkhu odqgpdun zrxog kdyh ohg wr d vkruwhu udqjh phdvxuhphqw1

Uhpdun 41 Li wkh vhjphqw d@
!

cM
!

o looxplqdwhg e| wkh �wk vrqdu zdv nqrzq d sulrul/

dv dvvxphg e| prvw fodvvlfdo orfdol}dwlrq phwkrgv/ wkh plqlpl}dwlrq lqyroyhg lq +719,

frxog eh gursshg/ dqg wkh orfdol}dwlrq dojrulwkp wr eh suhvhqwhg frxog vwloo eh xvhg/

zkloh uhtxlulqj pxfk ohvv frpsxwdwlrq1 Wkh plqlpl}dwlrq lq +719, lv wkh nh| wr d joredo

uhvroxwlrq ri wkh sureohp ri gdwd dvvrfldwlrq1 �

Li # lv wkh er{ zlwk frpsrqhqwv (
 

dqg uET� wkh yhfwru ixqfwlrq zlwk frruglqdwhv s
 

ET�/

wkh ihdvleoh vhw iru wkh frq�jxudwlrq yhfwru fdq eh gh�qhg e|

V ' iT m uET� 5 #j ' u $E#�� +71:,

Fkdudfwhul}lqj V lv wkhuhiruh d vhw0lqyhuvlrq sureohp/ zklfk fdq eh vroyhg xvlqj VLYLD/

zlwk A E�� dq lqfoxvlrq whvw iru |ET� ' EuET� 5 #�� Surylghg wkdw dq dojrulwkp lv dydlodeoh

iru hydoxdwlqj oEtc�$�
$

c�$�
 

c@
!

cM
!

�/ |ET� dqg lwv lqwhuydo frxqwhusduw A E�� fdq eh frpsxwhg

xvlqj +719,/ +717, dqg +716,1

Zh kdyh vhhq lq H{dpsoh 5 wkdw wkh Errohdq rshudwru 5 fdq eh jlyhq dq lqwhuydo phdqlqj1

Wkh xvh ri d surjudpplqj odqjxdjh wkdw doorzv rshudwru ryhuordglqj +vxfk dv F../

IRUWUDQ <3 dqg DGD , pdnhv lw srvvleoh wr xvh h{dfwo| wkh vdph frgh wr frpsxwh

A E��c surylghg wkdw wkh srlqw yduldeohv t/ �$�
$

/ �$�
 

/ %/ +/ w/ s
 

dqg u duh uhsodfhg e| wkhlu

lqwhuydo frxqwhusduwv 5/
�$
N

$

/
�$
N

 

/ f/ t / X/ 8
 

dqg 6 dqg wkdw doo wkh qhfhvvdu| rshudwruv

dqg ixqfwlrqv ./ frv/ vlq/ plq/ 5 dqg oE�c �c �c �c �� kdyh ehhq vxlwdeo| ryhuordghg1

Ohw xv qrz ghvfuleh dq dojrulwkp iru frpsxwlqj o1 Zkhq xvhg zlwk lqwhuydo dujxphqwv

lq d frqwh{w ri rshudwru ryhuordglqj/ wkh vdph dojrulwkp zloo eh xvhg wr frpsxwh -1 Ohw
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� eh wkh ruwkrjrqdo surmhfwlrq ri t rqwr E@M�/ �
 

eh wkh lqwhuvhfwlrq ri wkh olqhv Etc�$�
 

�

dqg E@M�/ dqg �
 

eh wkh lqwhuvhfwlrq ri wkh olqhv Etc�$�
 

� dqg E@M�1

Wkh plqlpl}hu4 ri n�$t4n/ li dq|/ ehorqjv wr wkh �qlwh vhwN ' i�c�
!

c�
 

c@cMj1 Wkhuhiruh

oEtc�$�
!

c�$�
 

c@cM� ' 4 li t *5 {
 !

/

' 4�? n�$t4n rwkhuzlvh1

4 5 N _ d@Mo _ F

+71;,

Dvvxph wkdw t 5 {
 !

/ vr wkdw _i|E�$t@c
�$
tM� : f1 Lq rughu wr h{suhvv oEtc�$�

!

c�$�
 

c@cM� dv d

�0dojrulwkp/ lqwurgxfh wkh iroorzlqj yhfwru ixqfwlrqv=

u
"

Etc�$�
!

c�$�
 

c @cM� '
�

k
�$
@Mc�$t@l �k

�$
@Mc

�$
tMl k�$�

!

c
�$
@Ml �k�$�

 

c
�$
@Ml

�
 

c

u
"

 

Etc�$�
#

c@cM� '
�

_i|E�$�
#

c�$t@� � _i|E�$�
#

c
�$
tM�

�
 

c � ' �c 2c

u
$

Etc�$�
!

c�$�
 

c�� '
�

� _i|E�$�
!

c�$t�� _i|E�$�
 

c�$t��
�
 

c� ' @cM�

+71<,

Lw lv wulyldo wr vkrz wkdw

� 5 d@Mo _ F +, u
"

Etc�$�
!

c�$�
 

c@cM� � fc

�
#

5 d@Mo _ F +, u
"

 

Etc�$�
#

c @cM� � fc � ' �c 2c

� 5 d@Mo _ F +, u
$

Etc�$�
!

c�$�
 

c�� � fc � ' @cM�

+7143,

Wkh dojrulwkp ghvfulehg lq Wdeoh 5 frpsxwhv oEtc�$�
!

c�$�
 

c @cM�/ edvhg rq +7143,/ +71;, dqg

+714,1 Lq lwv ghvfulswlrq/ �Etc E@M�� ghqrwhv wkh glvwdqfh iurp wkh srlqw t wr wkh olqh E@M�

dqg �!"
 

Etc E@M�� wkh glvwdqfh iurp t wr E@M� dorqj wkh xqlw yhfwru �$� 1

oEtc�$�
!

c�$�
 

c@cM�

Lqsxw = @cMc tc�$�
!

c�$�
 

(

Vwhs 4 o
"

' �Eu
"

Etc�$�
!

c�$�
 

c @cM�c�Etc E@M��c4�

Vwhs 5 o
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' �Eu
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Etc�$�
!

c @cM�c�!"
 

 

Etc E@M��c4�

Vwhs 6 o
"

!

' �Eu
"

!

Etc�$�
 

c @cM�c �!"
 

!

Etc E@M��c4�

Vwhs 7 o
 

' �Eu
 

Etc�$�
!

c�$�
 

c @�c n�$t@nc4�

Vwhs 8 o
!

' �Eu
!

Etc�$�
!

c�$�
 

cM�c n
�$
tMnc4�

Vwhs 9 o ' �E_i|E�$t@c
�$
tM�c4c4�?io

"

c o
"

 

c o
"

!

c o
 

c o
!

j�

Rxwsxw= uhwxuq Eo�
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Wdeoh 5= Frpsxwdwlrq ri wkh uhprwhqhvv oEtc�$�
 

c�$�
 

c @cM�

ri d odqgpdun d@cMo iurp d frqh FEtc�$�
!

c�$�
 

�1

Uhpdun 51 Wklv dojrulwkp kdv ehhq nhsw vlpsoh rq sxusrvh1 Wkh shuirupdqfh ri lwv

lqwhuydo hydoxdwlrq frxog eh lpsuryhg e| dgglqj pruh whvwv1 Iru h{dpsoh/ wdnlqj lqwr

dffrxqw wkdw

_i|E�$�
!

c
�$
@M� � f dqg _i|E�$�

 

c
�$
@M� � f ', oEtc�$�

!

c�$�
 

c@cM� ' 4c +7144,

wkh lqwhuydo hydoxdwlrq ri o ehfrphv pruh h!flhqw li wkh iroorzlqj lqvwuxfwlrq lv lqvhuwhg

diwhu Vwhs 9=

o ' �
�
E _i|E�$�

!

c
�$
@M� _i|E�$�

 

c
�$
@M� � c4c o

�
� +7145,

�

7151 Frpsdulvrq zlwk rwkhu dssurdfkhv

Wkh h{lvwlqj phwkrgv iru wkh vwdwlf orfdol}dwlrq ri d urerw iurp rqerdug vrqdu phd0

vxuhphqwv fdq eh fodvvl�hg ghshqglqj rq krz qrlvh lv fkdudfwhul}hg +e| erxqgv ru e|

suredelolw| glvwulexwlrqv, dqg rq zkhwkhu wkh| kdqgoh wkh sureohp ri dvvrfldwlqj wkh

udqjh gdwd zlwk vhjphqwv ri wkh pds1 Prvw phwkrgv dvvxph wkh gdwd dvvrfldwlrq wr eh

jlyhq d sulrul1 Edvhg rq d vwdwlvwlfdo ghvfulswlrq ri qrlvh e| suredelolw| glvwulexwlrqv dqg

d olqhdul}dwlrq ri wkh prgho/ d vwdwlf yhuvlrq ri h{whqghg Ndopdq �owhulqj +HNI, fdq wkhq

eh xvhg/ zklfk ohdgv wr yhu| vlpsoh frpsxwdwlrqv/ exw wkh uhvxowv duh rqo| orfdo/ dqg

glvfrqqhfwhg vroxwlrqv gxh/ h1j1/ wr pds v|pphwulhv +vhh Iljxuh 718 ehorz, duh qrw ghdow

zlwk1 Zkhq erxqgv duh dydlodeoh lqvwhdg ri qrlvh glvwulexwlrqv/ erxqghg0huuru hvwlpdwlrq

fdq eh xvhg/ vhh/ h1j1/ ^55`/ ^56` dqg^4<`/ dqg wkh uhihuhqfhv wkhuhlq1 Iru prghov olqhdu lq

wkhlu sdudphwhuv/ wkh prvw frpprqo| hpsor|hg phwkrg/ nqrzq lq wkh olwhudwxuh dv REH

+rxwhu erxqglqj hoolsvrlg, ^4`/ uhfxuvlyho| frpsxwhv dq hoolsvrlg jxdudqwhhg wr frqwdlq doo

srvvleoh ydoxhv ri wkh sdudphwhu yhfwru wkdw duh frqvlvwhqw zlwk wkh phdvxuhphqwv dqg

huuru erxqgv ^4;`1 Frpsxwdwlrq lv doprvw dv vlpsoh dv zlwk HNI dqg/ dv iru HNI/ d

olqhdul}dwlrq lv qhfhvvdu| wr pdnh REH dssolfdeoh wr urerw orfdol}dwlrq dqg d sulru gdwd

dvvrfldwlrq lv xvxdoo| dvvxphg dydlodeoh1
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Wkh vroxwlrq fodvvlfdoo| xvhg wr shuirup gdwd dvvrfldwlrq zkhq lw lv qrw jlyhq d sulrul lv wr

hqxphudwh doo srvvleoh dvvrfldwlrqv ehwzhhq phdvxuhphqwv dqg vhjphqwv ehiruh holplqdw0

lqj dv pdq| ri wkhp dv srvvleoh1 Wklv pxowlsoh k|srwkhvlv whvwlqj +PKW, fdq eh frpelqhg

zlwk HNI ^6`^47`^48` ru REH ^9`^:`/ zklfk jlyhv wkhvh phwkrgv wkh delolw| wr ghdo zlwk

dpeljxlw|1 Surylghg wkdw wkh erxqgv xvhg iru REH wdnh lqwr dffrxqw wkh olqhdul}dwlrq

huuru/ wkh uhvxowv rewdlqhg e| frpelqlqj PKW dqg REH fdq hyhq eh pdgh joredo dqg

jxdudqwhhg1 Krzhyhu/ wkh frpsoh{lw| ri PKW lqfuhdvhv vr txlfno| zlwk wkh qxpehu ri

vhjphqwv lq wkh pds dqg wkh qxpehu ri vrqduv wkdw lw fdq rqo| eh xvhg rq idluo| vlpsoh

h{dpsohv1 Pruhryhu/ wkh uhvxowv rewdlqhg e| frpelqlqj PKW dqg REH duh xvxdoo| yhu|

shvvlplvwlf/ ehfdxvh wkh huuru erxqgv kdyh wr eh wdnhq odujh dqg ehfdxvh ri wkh hoolsvrlgdo

dssur{lpdwlrq frpplwwhg hdfk wlph d qhz vhqvru gdwxp lv lqfrusrudwhg1 E| frqwudvw/

wkh vhw0lqyhuvlrq phwkrg dgyrfdwhg khuh xvhv dq h{dfw ghvfulswlrq ri wkh vhw ri doo frq�j0

xudwlrqv wkdw duh frqvlvwhqw zlwk wkh phdvxuhphqwv dqg k|srwkhvhv rq wkh huuru erxqgv1

Lw grhv qrw shuirup dq| olqhdul}dwlrq1 Wkh gdwd dvvrfldwlrq grhv qrw qhhg wr eh dydlodeoh d

sulrul/ dqg doo ihdvleoh dvvrfldwlrqv duh rewdlqhg dv d e|0surgxfw ri wkh dojrulwkp1 Wkh vhw

V ri doo ihdvleoh frq�jxudwlrqv lv hqforvhg lq wkh vhw ri er{hv frpsxwhg e| wkh dojrulwkp1

Suhflvlrq lq wkh ghvfulswlrq ri V fdq eh lqfuhdvhg e| ghfuhdvlqj 0 dw wkh frvw ri lqfuhdvlqj

wkh yroxph ri frpsxwdwlrq1 Wkh frpsoh{lw| ri wkh phwkrg lv h{srqhqwldo lq wkh qxpehu

ri sdudphwhuv wr eh hvwlpdwhg1 Krzhyhu/ khuh/ _�4ET� ' �/ vpdoo hqrxjk iru wkh phwkrg

wr uhpdlq wudfwdeoh1 Wdeoh 6 vxppdul}hv wkh surshuwlhv ri ydulrxv dssurdfkhv frqvlghuhg1

 !"#$%"#&' (%"% )%*#+#", -&+.*  //&/ (#!0&''.0".+ 1&$2*.3#",

$."4&+ %!!&0#%"#&' &5 /.!6*"! +.!0/#2"#&' !&*6"#&'!

 78 % 2/#&/# *&0%* *#'.%/#9.+ +#!"/#:6"#&' #;'&/.+ *&<

=> % 2/#&/# *&0%* *#'.%/#9.+ :&6'+! #;'&/.+ *&<

-?@ A  78 ;.'./%".+ *&0%* *#'.%/#9.+ +#!"/#:6"#&' 4%'+*.+ 46;.

-?@ A => ;.'./%".+ ;*&:%* *#'.%/#9.+ :&6'+! 4%'+*.+ 46;.

BC)CD ;.'./%".+ ;*&:%* '&'*#'.%/ :&6'+! 4%'+*.+ 4#;4

Wdeoh 6= Frpsdulvrq ri dssurdfkhv iru vwdwlf orfdol}dwlrq1
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7161 H{dpsohv

Frqvlghu �uvw wkh vlwxdwlrq glvsod|hg rq Iljxuh 716/ lq zklfk �yh vrqduv kdyh uhsruwhg

phdvxuhphqwv1 Iru hdfk ri wkhp/ wkh kdoi dshuwxuh ri wkh hplvvlrq frqh lv wdnhq dv

� ' ���� dqg wkh uhodwlyh suhflvlrq ri wkh phdvxuhphqw dv k ' f�f21 Zlwk hdfk gdwd

srlqw _E��/ d wklfn xqfhuwdlqw| duf fdq eh dvvrfldwhg/ uhvxowlqj iurp wkh lqwhuvhfwlrq ri

wkh fruuhvsrqglqj hplvvlrq frqh zlwk wkh ulqj fhqwhuhg rq tE�� zlwk lqwhuydo udglxv (
 

'

d_E��E��k�c _E��E�nk�o1 D frq�jxudwlrq lv ihdvleoh li hdfk ri wkhvh wklfn dufv lqwhuvhfwv d

odqgpdun dqg qr rwkhu odqgpdun lv orfdwhg ehwzhhq rqh duf dqg wkh fruuhvsrqglqj vrqdu1
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Iljxuh 716= Dfwxdo frq�jxudwlrq ri wkh urerw/ v|pphwulfdo whvw fdvh1

Iljxuh 717 ghvfulehv wkh vhw V! ^{V/ zklfk hqforvhv V1 Lw frqvlvwv ri wzr frqqhfwhg vhwv>

hdfk fruuhvsrqglqj wr d srvvleoh dvvrfldwlrq ehwzhhq wkh gdwd dqg wkh odqgpdunv ri wkh

hqylurqphqw/ dv vkrzq rq Iljxuh 7181

Frqvlghu qrz wkh vlwxdwlrq glvsod|hg rq Iljxuh 719/ zkhuh wkh vdph vrqduv kdyh uhsruwhg

phdvxuhphqwv exw zkhuh wkh hqylurqphqw lv qr orqjhu v|pphwulfdo zlwk uhvshfw wr dq d{lv

sdudooho wr %1 V! ^ {V/ dv hvwlpdwhg e| VLYLD/ lv suhvhqwhg rq Iljxuh 71:1 Lw kdv rqo|

rqh frqqhfwhg frpsrqhqw/ ehfdxvh wkh pdwfklqj ehwzhhq phdvxuhphqwv dqg odqgpdunv

lv qrz xqltxh1

Lq erwk fdvhv/ iru 0 ' f�f2/ wkh uhvxow lv rewdlqhg lq ohvv wkdq rqh plqxwh zlwk d S499PP[

surfhvvru1
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Iljxuh 717= Rxwhu dssur{lpdwlrq ri V/ v|pphwulfdo whvw fdvh1 Wkh frq�jxudwlrq ri wkh
urerw lv jxdudqwhhg wr eh lq rqh ri wkh er{hv1 Wkh wzr glvfrqqhfwhg jurxsv ri er{hv
fruuhvsrqg wr udglfdoo| gl�huhqw gdwd dvvrfldwlrqv1 Rq d jlyhq frpsrqhqw wkh suhflvlrq
iru % dqg + lv vlplodu1 Wkh dssduhqw sodwh vkdsh ri wkhvh wzr frpsrqhqwv lv gxh wr wkh
vfdohv1

81 Frqfoxvlrqv

Wzr frqwulexwlrqv wr wkh phwkrgrorj| ri qrqolqhdu erxqghg0huuru hvwlpdwlrq kdyh ehhq

suhvhqwhg1 Wkh �uvw rqh lv d qhz yhuvlrq ri VLYLD/ zklfk gudvwlfdoo| ghfuhdvhv wkh qxpehu

ri er{hv wr eh vwruhg/ wkhuhe| vljql�fdqwo| lqfuhdvlqj wkh frpsoh{lw| ri wkh sureohpv wkdw

fdq eh frqvlghuhg1 Wkh vhfrqg rqh lv dq h{whqvlrq ri wkh fodvv ri prghov wkdw fdq eh

frqvlghuhg wr prghov lqyroylqj ixqfwlrqv frpsxwhg e| eudqfklqj dojrulwkpv/ lpsolflwo|

ru h{solflwo| lqyroylqj li vwdwhphqwv1 Vxfk prghov lqfoxgh wkrvh ri sk|vlfdo skhqrphqd

lqyroylqj vdwxudwlrq ru phfkdqlfdo vwrsv dqg ri v|vwhpv wkdw fkdqjh wkhlu g|qdplfdo

ehkdylru xqghu frqglwlrqv ghvfulehg e| orjlfdo whvwv1

D wklug frqwulexwlrq ri wkh sdshu lv d ghwdlohg irupdol}dwlrq ri wkh jxdudqwhhg orfdol}dwlrq

ri d urerw iurp erxqghg0huuru udqjh gdwd dv d vhw0lqyhuvlrq sureohp1 Ehfdxvh ri wkh pdq|

gl�huhqw vlwxdwlrqv wkdw kdyh wr eh dffrxqwhg iru/ frpsxwdwlrq uholhv rq d eudqfklqj

dojrulwkp1 Wu|lqj doo d sulrul srvvleoh dvvrfldwlrqv ri odqgpdunv wr wkh glvwdqfhv phdvxuhg

e| wkh vrqdu ehow/ zklfk lv d erwwohqhfn ri joredo dxwrqrprxv urerw orfdol}dwlrq ehfdxvh

ri lwv frpelqdwruldo frpsoh{lw|/ lv dyrlghg/ dqg d srvwhulru dvvrfldwlrq lv surylghg e| wkh

dojrulwkp1

Wkhvh wkuhh frqwulexwlrqv kdyh ehhq sxw dw zrun wr hqforvh doo ihdvleoh frq�jxudwlrqv ri

d urerw lq d uhdvrqdeo| vpdoo +exw srvvleo| glvfrqqhfwhg, vhw1 Wkh phwkrg fdq ghdo zlwk

d odujh qxpehu ri vrqduv dqg zlwk d pds frqvlvwlqj ri d odujh qxpehu ri vhjphqwv/ dqg
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Iljxuh 718= Frq�jxudwlrqv ehorqjlqj wr glvfrqqhfwhg frpsrqhqwv ri V1
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Iljxuh 719= Dfwxdo frq�jxudwlrq ri wkh urerw/ dv|pphwulfdo whvw fdvh1

wkh uhvxowv surylghg duh joredo dqg jxdudqwhhg1 Wr wkh ehvw ri rxu nqrzohgjh/ qr rwkhu

phwkrg fdq pdnh vlplodu fodlpv1 H{whqvlrq wr wkh wudfnlqj ri d prylqj urerw dqg wr wkh

fdvh zkhuh wkh gdwd frqwdlq rxwolhuv gxh/ h1j1/ wr idxow| vhqvruv ru wr dq rxwgdwhg pds lv

xqghu frqvlghudwlrq1
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Iljxuh 71:= Rxwhu dssur{lpdwlrq ri V/ dv|pphwulfdo whvw fdvh1 Wkhuh lv qrz rqo| rqh
frqqhfwhg frpsrqhqw1 Wkh xqfhuwdlqw| rq wkh frq�jxudwlrq ri wkh urerw lv ohvv wkdq 	43
fp iru % dqg +/ dqg ohvv wkdq 	e ghjuhhv iru w1

Qrwdwlrq

Yhfwruv duh lq erog zlwk dq duurz rq wrs= �$� 1 Srlqwv duh lq erog= @cMc U1 Frruglqdwhv iru

wzr0glphqvlrqdo yhfwruv �$� dqg srlqwv @ duh ghqrwhg e| %
 

c +
 

dqg %
!

c +
!

1

k�$� c�$� l G vfdodu surgxfw ri �$� dqg �$�c

E@M� G olqh vxssruwhg e| @ dqg Mc
�$
@M G yhfwru iurp @ wr Mc

Etc�$� � G olqh vxssruwhg e| t dqg zlwk gluhfwlrq yhfwru �$� c

� G kdoi dshuwxuh ri wkh hplvvlrq frqh/

� G vrqdu lqgh{/ +� ' �c � � � c �
 !"

�c

� G odqgpdun lqgh{/ +� ' �c � � � c �
 !"

�c

�Etc E@M�� G glvwdqfh iurp t wr E@M�c

�  
 

Etc E@M�� G glvwdqfh iurp t wr E@M� dorqj wkh xqlw yhfwru �$� c

T ' E%c +c w� G urerw frq�jxudwlrq/

V G Vhw ri doo ihdvleoh urerw frq�jxudwlrqv1

4;



Uhihuhqfhv

^4` Ehoiruwh/ J1/ E1 Erqd dqg Y1 Fhurqh +4<<3,1 Sdudphwhu hvwlpdwlrq dojrulwkpv iru d

vhw0phpehuvkls ghvfulswlrq ri xqfhuwdlqw|1 Dxwrpdwlfd/ 59/ ;;:0;<;1

^5` Ehwnh/ P1 dqg O1 Jxuylwv +4<<:,1 Preloh urerw orfdol}dwlrq xvlqj odqgpdunv/ LHHH

Wudqvdfwlrqv rq Urerwlfv dqg Dxwrpdwlrq/ 46+5,/ 584 05961

^6` Furzoh|/ M1O1 +4<;<,/ Zruog prgholqj dqg srvlwlrq hvwlpdwlrq iru d preloh urerw

xvlqj xowudvrqlf udqjlqj/ Surf1 Lqw1 Frqi1 rq Urerwlfv dqg Dxwrpdwlrq/ Vfrwwvgdoh/

9:709;31

^7` Ghoodhuw/ I1/ G1 Ir{/ Z1 Exujdug dqg V1 Wkuxq +4<<<,1 Prqwh Fduor orfdol}dwlrq iru

preloh urerwv1 LHHH Lqwhuqdwlrqdo Frqihuhqfh rq Urerwlfv dqg Dxwrpdwlrq/ 5/ 4655

0465;1

^8` Guxpkhoohu/ P1 +4<;:,1 Preloh urerw orfdol}dwlrq xvlqj vrqdu/ LHHH Wudqv1 rq Sdw0

whuq Dqdo|vlv dqg Pdfklqh Lqwhooljhqfh/ <+5,/ 65806651

^9` Kdoezdfkv/ H1 dqg G1 Phl}ho +4<<9,1 Erxqghg0huuru hvwlpdwlrq iru preloh yhklfoh

orfdol}dwlrq1 FHVD*<9 LPDFV Pxowlfrqihuhqfh +V|psrvlxp rq Prghoolqj/ Dqdo|vlv

dqg Vlpxodwlrq,/ Olooh/ 5/ 4338043431

^:` Kdoezdfkv/ H1 dqg G1 Phl}ho +4<<:,1 Pxowlsoh k|srwkhvhv pdqdjhphqw iru preloh

yhklfohv orfdol}dwlrq / FG0URP ri wkh Hxurshdq Frqwuro Frqihuhqfh rq HFF*<:/

Ehojlxp1

^;` Kdqhehfn/ X1G1 dqg M1 Kruq +4<<<,1 D qhz hvwlpdwru iru pl{hg vwrfkdvwlf dqg vhw

wkhruhwlf xqfhuwdlqw| prghov dssolhg wr preloh urerw orfdol}dwlrq1 LHHH Lqwhuqdwlrqdo

Frqihuhqfh rq Urerwlfv dqg Dxwrpdwlrq/ 5/ 4668 046731

^<` Krohqvwhlq/ D1D1/ P1D1 Pxoohu dqg H1 Edguhgglq +4<<5,1 Preloh urerw orfdol}dwlrq

lq d vwuxfwxuhg hqylurqphqw foxwwhuhg zlwk revwdfohv1 Lq Surfhhglqjv ri LHHH Lqwhu0

qdwlrqdo Frqihuhqfh rq Urerwlfv dqg Dxwrpdwlrq/ 6/ 58:9 058;41

^43` Mdxolq/ O1 dqg H1 Zdowhu +4<<6,1 Vhw lqyhuvlrq yld lqwhuydo dqdo|vlv/ Dxwrpdwlfd/

5<+7,/ 438604397/

^44` Mdxolq/ O1 dqg H1 Zdowhu +4<<6,1 Jxdudqwhhg qrqolqhdu sdudphwhu hvwlpdwlrq iurp

erxqghg0huuru gdwd yld lqwhuydo dqdo|vlv/ Pdwk1 Frpsxw1 Vlpxodwlrq/ 68/ 4<5604<6:1
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^45` Mdxolq/ O1/ H1 Zdowhu dqg R1 Glgulw +4<<9,1 Jxdudqwhhg urexvw qrqolqhdu sdudphwhu

erxqglqj/ FHVD*<9 LPDFV Pxowlfrqihuhqfh +V|psrvlxp rq Prghoolqj/ Dqdo|vlv dqg

Vlpxodwlrq,/ Olooh/ 5/ 4489044941

^46` Nhduirww/ U1E1 +4<<8,1 D Iruwudq <3 hqylurqphqw iru uhvhdufk dqg surwrw|slqj ri

hqforvxuh dojrulwkpv iru qrqolqhdu htxdwlrqv dqg joredo rswlpl}dwlrq1 DFP Wudqv1

Pdwk1 Vriwzduh/ 54+4,/ 960:;1

^47` Ohrqdug/ M1M1 dqg K1 I1 Gxuudqw0Zk|wh +4<<4,1 Preloh urerw orfdol}dwlrq e| wudfnlqj

jhrphwulf ehdfrqv/ LHHH Wudqv1 rq Urerwlfv dqg Dxwrpdwlrq/ :+6,/ 6:9�6;51

^48` Ohrqdug/ M1M1 dqg K1 I1 Gxuudqw0Zk|wh +4<<4,1 Vlpxowdqhrxv pds exloglqj dqg

orfdol}dwlrq iru dq dxwrqrprxv preloh urerw/ Surf1 Lqw1 Zrunvkrs rq Lqwhooljhqw

Urerwv dqg V|vwhpv/ Rvdnd/ 47750477:1

^49` Ohrqdug/ M1M1 dqg K1 I1 Gxuudqw0Zk|wh +4<<5,1 Gluhfwhg Vrqdu Vhqvlqj iru Preloh

Urerw Qdyljdwlrq/ Noxzhu Dfdghplf Sxeolvkhuv/ Ervwrq1

^4:` Oìyítxh/ R1/ O1 Mdxolq/ G1 Phl}ho dqg H1 Zdowhu +4<<:,1 Yhklfoh orfdol}dwlrq iurp

lqdffxudwh whohphwulf gdwd= d vhw lqyhuvlrq dssurdfk/ Surf1 8wk LIDF V|ps1 rq Urerw

Frqwuro V\1UR1FR1*<:/ Qdqwhv/ Iudqfh/ 4/ 4:<04;91

^4;` Phl}ho/ G1/ D1 Suhfldgr0Uxl} dqg H1 Kdoezdfkv +4<<9,1 Hvwlpdwlrq ri wkh orfdwlrq ri

d preloh urerw= jhrphwulf dssurdfkhv1 Lq Erxqglqj Dssurdfkhv wr V|vwhp Lghqwl�fd0

wlrq/ P1 Plodqhvh/ M1 Qruwrq/ K1 Slhw0Odkdqlhu dqg H1 Zdowhu/ +hgv1,/ Sohqxp Suhvv/

Qhz \run/ ss1 79607;<1

^4<` Plodqhvh/ P1/ M1S1 Qruwrq/ K1 Slhw0Odkdqlhu dqg H1 Zdowhu/ Hgv1 +4<<9,1 Erxqglqj

Dssurdfkhv wr V|vwhp Lghqwl�fdwlrq/ Sohqxp/ Qhz \run1

^53` Prruh/ U1H1 +4<9;,1 Sudfwlfdo dvshfwv ri lqwhuydo frpsxwdwlrq/ Dsso1 Pdwk1/ 46/

850<51

^54` Prruh/ U1H1 +4<:<,1 Phwkrgv dqg Dssolfdwlrqv ri Lqwhuydo Dqdo|vlv/ VLDP/ Sklodgho0

skld1

^55` Qruwrq M1 +Hg1, +4<<7,1 Vshfldo lvvxh rq erxqghg0huuru hvwlpdwlrq= Lvvxh 4/ Lqw1 M1 ri

Dgdswlyh Frqwuro dqg Vljqdo Surfhvvlqj/ ;+4,/ 4044;1

^56` Qruwrq M1 +Hg1, +4<<8,1 Vshfldo lvvxh rq erxqghg0huuru hvwlpdwlrq= Lvvxh 5/ Lqw1 M1 ri

Dgdswlyh Frqwuro dqg Vljqdo Surfhvvlqj/ <+4,/ 404651
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^57` Zdowhu/ H1 dqg O1 Mdxolq +4<<7,1 Jxdudqwhhg fkdudfwhul}dwlrq ri vwdelolw| grpdlqv

yld vhw lqyhuvlrq/ LHHH Wudqv1 rq Dxwrp1 Frqwuro/ 6<+7,/ ;;90;;<1

^58` ]kdr Ihqj0Ml/ Jxr Kdl0Mldr dqg N1 Deh +4<<:,/ D preloh urerw orfdol}dwlrq xvlqj

xowudvrqlf vhqvruv lq lqgrru hqylurqphqw1 9wk LHHH Lqwhuqdwlrqdo Zrunvkrs rq Urerw

dqg Kxpdq Frppxqlfdwlrq/ UR0PDQ *<:/ 85 08:

^59` ]kdr Ihqj0Ml/ Jxr Kdl0Mldr dqg N1 Deh +4<<;,/ Preloh urerw orfdol}dwlrq xvlqj wzr

vrqdu vhqvruv dqg rqh qdwxudo odqgpdun1 6:wk VLFH Dqqxdo Frqihuhqfh VLFH *<;/

;<6 0;<;
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