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ABSTRACT

The sputtering yields of solids under ion bombardment are highly sensitive to the roughness of their surfaces. Understanding how sputtering is exactly affected by
different surface morphologies is relevant especially for plasma-wall interaction in fusion reactors and space weathering of planetary surfaces. We present an
analytical model that allows to calculate sputtering yields of random gaussian rough surfaces under arbitrary angles of incidence, taking into account local incidence
angles, shadowing and redeposition of sputtered materials. Sputtering yields of a rough surface can then be calculated with the sputtering yield’s dependence on the
ion incidence angle for a flat surface and a single statistical parameter, which characterizes the surface roughness. The model supports previous findings that the
mean surface inclination angle &y, is a well-suited parameter to describe the sputtering behavior of rough surfaces. Comparisons of the results to previous experiments
and numerical simulations for various cases are presented, showing that the model allows to quantitatively reproduce sputtering yields of different samples over a

wide range of roughness regimes.

1. Introduction

Bombardment of solids with energetic ions leads to the emission of
surface atoms due to energy transfer from the ions during a large number
of collisions in the target [1]. This erosion process is called sputtering
and it is quantified by the sputtering yield Y, which denotes the mean
number of atoms being sputtered per impinging ion. The sputtering yield
depends on various parameters, such as atomic masses of the projectiles
and the target atoms, the energy of the ions or the surface binding en-
ergy [2]. One particularly pronounced dependence is also observed for
the angle of incidence of the ion in relation to the surface normal. Under
oblique incidence, more collisions happen closer to the surface, which
leads to more atoms being sputtered. These processes are generally well
understood for ideally flat samples both from fundamental theory [1], as
well as for numerical simulations that even allow precise reproduction
of dynamic effects for multi-component targets [3,4].

Sputtering is an important technique for established applied methods
such as the creation of thin coatings by sputter deposition [5], sample
preparation with a Focused Ion Beam (FIB) [6,7] or sample analysis with
Secondary Ion Mass Spectrometry (SIMS) [8,9]. Recent efforts in sput-
tering research focused on understanding how the surface roughness
affects the sputtering yields. This has largely been motivated by nuclear
fusion research, where ions from the fusion plasma erode reactor walls
[10]. Here, roughness due to the sample preparation is of relevance, but
especially plasma-wall-interaction-induced roughening can be expected,
e.g., in the form of needle structures in EUROFER steels [11] or complex

W fuzz structures [12]. The surface structures of plasma-facing com-
ponents then strongly affect how material is eroded and redeposited at
other positions [13,14]. Another application for sputtering research is
found for space weathering of airless planetary objects in the solar
system: The sputtering by ions mainly from the solar wind significantly
contributes to the alteration of planetary surfaces [15] or the formation
of thin exospheres around the Moon or Mercury [16]. The surfaces of
these planetary bodies are mostly made up of regolith grains, which also
represent a significant difference to an ideally flat surface [17,18]. Both
fields therefore strongly profit from an understanding of the effects of
surface morphology on sputtering yields to correctly assess the
ion-induced erosion.

Sputtering of rough surfaces has mostly been investigated by nu-
merical simulations, building upon established 1D-codes based on the
Binary Collision Approximation (BCA). For example, Kiistner et al.
simulated sputtering of rough surfaces by using surface inclination an-
gles from Scanning Tunneling Microscopy (STM) as inputs for 1D-simu-
lations [19,20]. Several different efforts were also based on including
surface roughness in BCA codes via fractal geometries [21-24] or
varying density in the near-surface region [25]. Recent developments
focused on full 3D-BCA codes such as SDTrimSP-3D [26], TRI3BDYN [27]
and IM3D [28] or geometric ray-tracing codes such as SPRAY [29]. For
application in fusion devices, ERO2.0 also includes impurity transport to
take into account the conditions of plasma exposure [30,31]. These
simulation programs are capable of reproducing a large number of
experimental results [26,29,31-36]. It was shown how roughness can
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change the dependence of the sputtering yield on the projectile’s impact
angle and that the sputtering of very rough samples is significantly
reduced due to redeposition of sputtered atoms [26,29,32,36]. Howev-
er, such numerical approaches can require long computation times and
make it challenging to deduce fundamental dependencies of the sput-
tering yield. The latter aspect is especially of interest due to the ongoing
discussion regarding the best-suited parameters for surface character-
ization other than the often used root-mean-square (RMS) roughness o.
Similar to Kiistner et al. [19,20], the studies by Stadlmayr et al. [37] and
Arredondo et al. [38] also used the surface inclination distribution for
characterizing their experimentally investigated surfaces. Cupak et al.
recently showed how the mean surface inclination angle &, is much
better suited to categorize rough surfaces in regard to their sputtering
behavior than the RMS roughness ¢ [29]. Their observations are in line
with the work by Li et al. [32], who used the mean surface inclination
angle to derive an approximate analytical formula for the sputtering
yield under normal incidence, achieving good agreement with their
IM3D simulations. However, their analytical approach does not include
a full treatment of surface characteristics and does not describe
non-normal incidence. Another analytical approach was developed by
Makeev and Barabasi by modifying Sigmund’s theory for both self-affine
and rippled surfaces [39,40]. Their model predicts both sputtering in-
creases and decreases due to surface roughness, but it does not include
shadowing or redeposition effects. Stepanova et al. also discussed an
analytical model for the sputtering of rough surfaces with a similar
approach as the model presented in this manuscript [41], but their
method only takes into account periodic, idealized surface structures.
Comparisons to their Cu sputtering yield measurements indicate that
this is not universally applicable.

This manuscript presents an analytical model for the sputtering of
random gaussian rough surfaces, which can be solely characterized by
the mean surface inclination angle &p,. Based on previous geometrical
models aimed at describing the shadowing of light at rough surfaces,
expressions for the sputtering yield are derived that include sputtering
due to different local angles of incidence, shadowing of surface features
and redeposition of sputtered material. Using surface characteristics and
the sputtering yields of flat samples, we show how, despite the
assumption of a random gaussian rough surface, various experimentally
and numerically derived sputter data can be reproduced very well with
this model. Given a valid input for the yield’s dependence on the angle of
incidence for a flat surface, sputtering yields for any projectile-target
combination can be calculated.

2. Model of the sputtering of Gaussian surfaces
2.1. Surface roughness characteristics

Following the approaches by He et al. [42] and Smith [43] for
calculating the scattering and shadowing of light on a rough surface or
the work by Li et al. about sputtering simulations of rough surfaces [32],
a restriction to random isotropic gaussian rough surfaces is made. The
mean height of such a gaussian surface is 0 and its height z follows the
probability distribution (see [43])
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with the RMS roughness ¢. Even for random gaussian surfaces, ¢ alone is
not sufficient to describe the surface structure. Instead additional in-
formation is included in the joint distribution functions of surface slopes
p = 0z/dx and q = 0z/dy, which is given by (see [43]):

P.(z)dz

2 2
p’+tyq
e )dpdq. (2

1
Pyy(p,q)dpdq = W“P(

Due to the isotropy of the surface, the standard deviations of the dis-
tributions of p and q are described by the single parameter w. It can be
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calculated by using the autocorrelation function p(r), which describes
the correlation of heights at different surface points with distance r (see
Appendix A). Evaluating the second derivative of the autocorrelation
function p(r) at r = 0 then gives w? = —p”(0) [43]. Technical surfaces
often show gaussian autocorrelation functions characterized by an
autocorrelation length 7 and therefore w? = 262 /72 (see Appendix A). In
the following, the ratio of RMS roughness and autocorrelation length /7
will be used, with larger values of ¢/ representing larger surface
roughness, but this remains interchangeable with the more general
parameter w.

As described in detail in Appendix A, the distribution of surface
inclination angles Py(6) d0 can be calculated from the slope distribution

Ppq(p,q) dpdg:

2 2
Py(6)do = ZT—Gzexp< - tan204‘[—0_2) :2:290 do. 3)
Figure 1 demonstrates how P, varies for different ratios o/z. The dis-
tributions are characterized by a significant peak and shift to larger
angles for rougher surfaces. The calculated distribution are similar to
those determined by Stadlmayr et al. [37] and Arredondo et al. [38]
from Atomic Force Microscopy (AFM) measurements of their investi-
gated samples.

For the mean surface inclination angle &, in relation to the z-axis, the
following expression can be derived:

_ /2 T TZ T
5, =0 A 0Py(0)d0 = exp <462> erfe(5-). @

The dependence of §,, on /7 is shown in Fig. 2. The same behavior as in
the approximative derivation by Li et al. [32] can be observed, when the
profile width of their gaussian surfaces W = 100 nm is used as the
autocorrelation length 7. &, is a monotonously increasing, unique
function of the roughness parameter ¢/7. &, thus contains the same in-
formation as ¢/7 and therefore fully describes a random gaussian rough
surface. It also projects the possible values of 6/7 to the finite interval [0°,
90°].

2.2. Sputtering effects on rough surfaces

After presenting the mathematical descriptions of the rough surfaces
that are of interest, their influence on the sputtering yield Y is discussed
in the upcoming sections. In particular, following effects are included
(see the sketch in Fig. 3):

o/t=0.05
8,=5°

o/t=2

. _ 970
0, =69.3

Inclination Angle Distribution P, [1/°]

Surface Inclination Angle &[°]

Fig. 1. This plot shows examples for the distribution of surface inclination
angles Py from Eq. (3) for different surface roughness, denoted by the ratio of
RMS roughness and autocorrelation length ¢/7. The corresponding mean
inclination angle values &, from Eq. (4) are also given.
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Fig. 2. The dependence of the mean inclination angle &, from Eq. (4) (red) is
shown here. The analytically derived expression agrees with the numerically
calculated trend from Li et al. [32] (blue). (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. 3. This sketch gives an overview of the roughness-induced effects that are
included in the model for ions (red) hitting a rough surface under the global
angle a: (1) varying local incidence angles 6., (2) partial irradiation due to
shadowing effects (indicated by red-shaded areas) and (3) possible redeposition
of sputtered atoms dependent on the emission angle 6, (¢ in the local coordi-
nate system, blue). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

e local incidence angles
¢ shadowing of surface areas
e redeposition of sputtered material

Secondary sputtering by reflected ions or increased sputtering on
sharp edges can play a role for very rough surfaces, but these phenom-
ena are not implemented in the presented model. Similarly the change of
the surface structure due to dynamic erosion and redeposition of ma-
terial is not discussed here.

Overall, the mean sputtering yield Y(a) over the whole surface as a
function of the global incidence angle «a is the quantity of interest and
should include the three above mentioned effects. The expression for

Y(a) is of following form:

ey = /:oo /qwm /jm ®

Y(Hloc (p7 q, a))
XFv(pquzva) Fsp(p,q,z)qu(p,q)P;(z) dqudp,

where Y (610 (D, q, @)) represents the sputtering due to the local incidence
angle 6, at a certain surface segment with the slopes p and gq.
F,(p,q,2,a) represents a weight factor for a surface segment to be visible
to the incoming ions and thus not being shadowed from another surface
segment. During ion irradiation under oblique incidence, some surface
areas will be more exposed, while others will not be irradiated at all.
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Fy(p, q, ) represents the probability for sputtered atoms to escape the
surface instead of being redeposited at another feature. Both F, and Fg,
are dependent on z due to higher features being more exposed and
having a larger free solid angle for both incident ions and sputtered
atoms. To calculate the mean sputtering yield Y for a rough surface, the
product of these elements is then integrated with the distribution
functions Pyq(p, q) and P,(z).

2.2.1. Sputtering at local incidence angles

The local angle of incidence 6y, is given as the angle between the
direction of the ion beam with angle a to the nominal surface normal and
the normal vector of the local surface segment with slopes p and g. Due
to the isotropy of a gaussian surface, a coordinate system can be chosen
where the ion beam is in the xz-plane and then 6, can be calculated as
(see Appendix B)

o (p, 9, @) = arccos cosa — p-sina ©
VIt + ¢

For the general angular dependence of the sputtering yield, the
Eckstein fitting formula [44] is used to describe the sputtering yield Y,
when a surface is hit under an angle f:

Y(ﬁ):Yo{cos[<ﬁ%g>[}}4xexp b 1—@ 4 @

bo

The fitting parameters f, b, ¢ and f allow a precise description of the
sputtering yield’s initial increase with the incidence angle, its maximum
and the subsequent decrease for incidence angles towards 90°.

In the integral over p and q in Egs. (5), (6) for ). is inserted into the
Eckstein formula to calculate sputtering yields Y(6),.) depending on the
local angle of incidence.

2.2.2. Shadowing

The shadowing of an ion trajectory hitting a rough surface under a
global angle « shall be described by a weight factor F,(p,q,2, ) indi-
cating how many ions hit a surface segment at height z and the slopes p
and q. For a similar problem, Eq. (22) by Smith [43] derived the prob-
ability of a surface segment to be illuminated by a light beam. Based on
this expression, Fy(p,q,2,a) can be constructed by combining Eq. (22)
from Smith [43] with a normalization using Eq. (24) from Smith [43]
because every ion still hits the surface. This then gives

1+ A(cota) § {1 7lerfc( z )}A(mm)
) 2 "

F,(p,z,a) = H(cota —p) x -
(p,2,) = Hicota—p) X 75 s v

(8

with the Heaviside function H and (see [43])

c 2(cota)’| 1 cota-t
Jrrcota P [ T4 | 5erfc( 20 ) ©

A(cota) =

A(cota) represents a measure for the likelihood that a surface segment is
shadowed under an angle a. It is O for ¢ = 0 and becomes infinite to-
wards a = /2. In particular, 1/(1 + A(cota)) is the probability that a
surface segment with the local normal vector pointing in the direction of
the incoming ion beam (angle a) is not shadowed [43].

The Heaviside function in Eq. (8) guarantees that only slopes facing
the ion beam can get irradiated. The fraction ensures the normalization
of F, and the expression in squared brackets favors surface areas that are
higher and therefore less likely to be shadowed by other features. F; is
not dependent on q and the dependence on p is restricted to the Heav-
iside function. Apart from this aspect, the surface slopes in principle do
not influence the probability of shadowing, which is in line with the
assumption of the height probabilities P, and the slope probabilities Py,
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being independent of each other.

2.2.3. Redeposition of sputtered material

Going towards larger roughness, the redeposition of sputtered ma-
terial plays an important role in reducing the sputtering yield. Rede-
position has been identified as a key influence on the sputtering yield of
rough surfaces [19,20] and has also been investigated in regard to
pattern formation [45,46]. This effect is included in a full binary colli-
sion approximation (BCA) treatment in SDTrimSP-3D [26] or TRI3DYN
[27], but can also be formulated analytically for the regarded isotropic
random rough surfaces.

The probability that a recoil atom sputtered under a global polar
angle 6, can leave the surface without being redeposited is the same as
the probability that the surface point, where an atom is sputtered from,
is visible under the same angle. The expressions discussed in the pre-
vious section on shadowing can thus be used in a similar fashion, as they
were also applied by Smith to model the thermal emission of the Moon
[47]. As described in more detail in Appendix C, the total probability Fg,
that an atom from a surface with slopes p and q is not redeposited can be
calculated to result in following expression:

/:HOA . ——9 (p.q.6, (/J)]

{1 1 rf ( )} Alcot 0,(p.q.0' 4)) 10)
— —e C
V26

Xfop (0, ¢ ) sind d6 dep

Fy(p,q,2)

with the global polar angle 6, under which the atom is sputtered:

cost — \/p? + ¢?siné cosgp an
VI+p+q? '

For the angular distribution of sputtered particles fsp(9’7¢/ ), we use (see
arguments below)

0,(p,q, 0’,4)’) = arccos(

cosH

foll ) = - 12)

A polar coordinate system of the local surface segment described by the
angles ¢ and ¢' is chosen for the easiest implementation of the distri-
bution of sputtered particles fsp(é'/ ,#'). The Heaviside function restricts
possible sputtering directions to the upper hemisphere in the global
coordinate system. The expression in square brackets is the same as for
the shadowing in the previous section, describing the probability that a
surface segment at height z is visible under the angle 6,. For the distri-
bution of sputtered atoms fsp(e/ .¢), the cosine distribution represents a
first order approximation for the distribution of sputtered atoms that
was also applied by Kl'istner et al. [19,20]. In principle, a more precise
distribution such as fi,(6',¢') = cos(¢ "' x (141)/(27) or a distribution
with azimuthal dependence can also be implemented.

2.3. Evaluation of the dependence of the sputtering yield on roughness

Following the above presented derivation of mathematical expres-
sions for sputtering on local incidence angles 6., shadowing F, and
redeposition Fip,, the averaged sputtering yield Y(a) can be calculated
with Eq. (5). The Eckstein sputtering yield formula from Eq. (7) has to be
evaluated at 6y, from Eq. (6), F, has to be inserted from Eq. (8) and Fyp
has to be taken from Eq. (10). This leads to integrals over p, g, z, 6 and ¢
over several functions that depend on these parameters. Following the
calculations by Smith [43], the integral over z can be calculated
analytically because of
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After the integration over z, this expression only includes depen-
dence on roughness parameters in the form of the ratio /7. This is
consistent with the purely geometrical effects that are considered within
this model and should therefore be independent of any scaling of the
surface. The unique description with ¢/7 also means that the sputtering
behavior of a random gaussian rough surface is also uniquely described
by the mean inclination angle &, following Eq. (4). This result therefore
supports the usage of §, as a parameter for characterizing the surface
roughness in regard to sputtering behavior, as previously discussed by
Cupak et al. [29].

For small surface roughness, the sputtering will mostly be influenced
by the effect of local incidence angles. However for high &, values,
redeposition of sputtered particles will strongly change the total sput-
tering yield. The mean fraction of redeposited atoms independent of the
projectile-target combination can be determined by calculating 1 —
(FyFsp), with the angle brackets denoting the integral over the product of
FyFg, with the distributions P,(z) and Py (p,q):

= [ [ r

X FSP(pwq%Z) ﬁll(p’q)

WP, g2, )

P.(z)dzdgqdp. (15)

F,Fgp, is the probability that a sputtered atom can leave the surface from a
chosen surface area and (F,Fsp) represents the average over the whole
surface. The redeposition fraction 1 — (F,Fsp) is depicted in Fig. 4 for
different angles of incidence. The plot clearly shows, how redeposition

1.0

— a=0° Diddens and Linz
ogk — a=15°

— =30

—— a=45°
0.6} = 60°

a=75°

0.0

Mean Redeposited Fraction 1 - <F, F >

Mean Inclination Angle J,, [°]

Fig. 4. The mean fraction of redeposited material 1 — (F,F;,) is plotted. For
rougher surfaces, redeposition significantly increases, which reduces the sput-
tering yields for large &p,. Due to different shadowing, redeposition is less
important under oblique incidence. The result of redeposition calculations by
Diddens and Linz is included for comparison as the dashed black line [46]. (For
interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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becomes more important for very rough surfaces. For the redeposition
model of Diddens and Linz [46], the authors also calculated the fraction
of redeposited atoms and found a similar dependence on the aspect ratio
of their investigated surfaces. Figure 4 includes their result for normal
incidence with a dot-like surface and a cosine angular distribution of
sputtered material and their surface aspect ratio is taken as equal to ¢ /7.
Their calculation predicts the same behavior as our model and un-
derlines the suitability of our approach. The fraction of redeposited
atoms calculated by Diddens and Linz is slightly dependent on the dis-
tribution of sputtered material [46]. As mentioned previously, future
studies should also test model results with other distributions of sput-
tered atoms f,. Furthermore, Fig. 4 also makes the role of shadowing in
the redeposition process evident: For oblique incidence angles, shad-
owing favors surface positions at larger heights z to be hit by impinging
ions. At these points, the solid angle of free paths away from the surface
is larger and therefore sputtered atoms are less likely to be redeposited.

3. Comparison to experiments and numerical simulations

Equation (14) was ultimately used to calculate sputtering yields
Y(a). Integrals over p, q, 6 and ¢ were evaluated numerically using a
Monte Carlo integration method. Sets of p, g, ¢ and ¢ were chosen
randomly to evaluate the integrand, p and q were restricted to a range of
[— 80/7,80/7]. Other values of p and q are neglected due to the gaussian
distributions of p and g (see Eq. (2)). A Python script that allows
calculation of sputtering yields of rough surfaces with our model based
on such a Monte Carlo integration is included in the Supplementary
Material of this article. Computing one yield value for a specific
roughness and angle of incidence for 10° samples, which already gives
good accuracy, takes about one minute on a conventional PC. Quick
estimates with a number of samples on the order of 10* can be calculated
in several seconds.

The following sections present examples for comparisons of the
model with several experimental and numerical results for the sputter-
ing of rough surfaces.

3.1. Sputtering of CaSiO3 by 2 keV Ar" ions

The mineral wollastonite (CaSiO3) has been used to investigate the
sputtering of planetary bodies in the solar system [48-51], such as
the Moon or Mercury, which are continuously exposed to solar wind
ions. In the scope of this study, further sputtering yield measurements
with a rough wollastonite sample were performed under irradiation
with 2 keV Ar? ions. Sputtering yields were determined with a quartz
crystal microbalance technique [52], in experiments analogous to
those described in [48-50]. From AFM images, a mean surface incli-
nation angle 6, = 15.9° was determined, which was used as an input
for the theoretical calculation. For the sputtering yield’s angular
dependence, the experimental values for flat samples from Szabo et al.
[48] were fitted with the Eckstein formula from Eq. (7). With gy = 7 /2
for noble gas projectiles (see [44]), this gives following fit parameters:
Yo =21.06,c =0.75,f =4.81,b =1.85.

The blue dots in Fig. 5a show the angular dependence of the
measured sputtering yield of the rough wollastonite sample. For com-
posite materials such as wollastonite, only the sputtered mass per
impinging ions can be measured with the QCM technique. The yield is
therefore given as mass sputtering yield y with units [u/ion] to differ-
entiate it from atomic sputtering yields Y [atoms/ion]. Compared to a
flat surface (black dashed line), the yield is increased at normal inci-
dence and decreased at very oblique incidence angles around 70°. The
model calculation with §,, = 15.9° is included as the solid red line, which
agrees very well with the experimental data. The inset in Fig. 5a shows
that the surface inclination angle distribution Py deduced from AFM
measurements (blue) differs from the distribution P, described by Eq. 3
(red). However, this demonstrates that the model can also be used
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Fig. 5. (a) Experimentally derived sputtering yields of a wollastonite (CaSiO3)
sample with &, = 15.9° under irradiation with 2 keV Ar™" ions (blue dots) are
compared to model calculations at different &, values (red lines). The calcu-
lation with the &, input from AFM images (solid red line) shows a very good
agreement with the measurements. Compared to a flat surface (black dashed
line), a yield increase at normal incidence and a yield decrease at oblique
incidence occurs. The inset compares the surface inclination angle distribution
Py from AFM measurements (blue) to Eq. (3) with the same &, value (red).
(b) The ratio of sputtering yields for rough surfaces and a flat surface y;ough /Yiat @s
predicted by the model calculation for wollastonite (CaSiO3) is shown. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

reasonably well to describe the sputtering of non-gaussian surfaces.
Further calculations with other &, values are depicted as red dashed
lines, showing how the yield is predicted for even rougher surfaces.
Further development of the observed tendencies occur, before the
sputtering yield decreases at all incidence angles at &, towards 80°.

The behavior of the sputtering yield as the ratio y;ough/Yfiat is Shown
in Fig. 5b. This quantity represents the change of the sputtering yield for
a rough surface compared to the yield for a flat surface. The x-axis de-
scribes different mean inclination angles 5, and the y-axis gives different
angles of incidence a. For the case of 2 keV Ar' ions sputtering
wollastonite, a significant increase under normal incidence up to about
twice the initial value is predicted by our model. In contrast, sputtering
yields under oblique incidence immediately decrease for rougher sur-
faces, especially at @ ~ 70°, where the yield’s angular dependence has its
maximum. A similar variation of both sputtering yield increases and
decreases for different incidence angles has also been found by Makeev
and Barabasi for rippled surfaces [40]. The decrease is more prominent
in our model due to redeposition becoming the dominant effect for very
rough surfaces.
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3.2. Sputtering of rough Be surfaces

Kiistner et al. applied a simulation approach to calculate the angular
dependence of the sputtering yield of rough Be surfaces based on local
incidence angles and redeposition [19,20]. STM images of a size of
several um were used as an input for the surface topography, from which
the distribution of incidence angles and a redeposition factor were
determined. Based on the incidence angle distribution, sputtering yields
with TRIM.SP were calculated. For rough Be surfaces, sputtering yields
were measured for the irradiation with Be' and He™ ions, leading to a
good agreement with the simulation for all presented cases.

For comparisons of our model with the results by Kiistner et al., mean
surface inclination angles &, were determined from the given surface
inclination angle distributions. Inclination angle values of &,, = 29° for
the sample roughened by prolonged ion bombardment and §,, = 37° for
the unpolished sample from [20] were calculated, even though the
limited resolution of the given surface inclination angle distributions
(Fig. 4c and e in [20]) leads to some uncertainties for these parameters.
It also hinders the assessment of how well these surfaces correspond to a
gaussian rough surface, but the surface inclination angle distributions
derived from STM images in [20] are somewhat broader than those
described by Eq. (3). Using the derived &, values and the angular
dependence of the sputtering yields of flat Be samples from TRIM.SP,
which are also given in [20], sputtering yields of rough Be samples were
calculated with our model under different angles of incidence.

Figure 6 shows comparisons of the different approaches for the
irradiation of Be samples with 3 keV Be™ ions (Eckstein fit parameters
for a flat surface: g, =7/2,Yy =0.31,c =0.92,f =3.17,b =0.68) and
300 eV He™ (B, = /2, Yo = 0.11, ¢ = 0.89, f = 5.65, b = 2.04).
Experimental results (solid blue dots) and simulation results (open blue
dots) from Kiistner et al. [20] are compared to our model (red line) for
Be™ for unpolished samples (5,, = 37°, Fig. 6a) and ion-beam-roughened
samples (6, = 29°, Fig. 6b). The TRIM.SP simulation for a flat surface
(black dashed line) is included for comparison. In both cases, the devi-
ation from the flat sample is very well reproduced: Due to roughness
effects, the yields are increased for normal incidence and significantly
decreased for oblique angles of incidence. The almost linearly increasing
yield is also reflected in our calculation. Given the uncertainties of the
surface characterization inputs, the quantitative agreement especially
for the roughened sample in Fig. 6b is very good. For a different case,
Fig. 6¢ compares the results of 300 eV He" irradiations of the roughened
sample (5, = 29°, same inputs as for Fig. 6b). Again, the sputtering
yields from the model show a similar angular dependence as the data
from Kiistner et al. [20].

3.3. Sputtering of rough W surfaces by 2 keV Ar" ions

In their study on different ways for characterizing the sputtering
behavior of rough surfaces, Cupak et al. [29] investigated the sputtering
of rough W surfaces in both experiment and modeling with the
geometrical SPRAY code. SPRAY simulations take into account similar
effects that are included in the present manuscript, with the addition of
precise particle distributions from BCA-codes and secondary sputtering
effects. Cupak et al. found that SPRAY is well-suited for simulating
experimentally derived sputtering yields and subsequently modeled a
large number of artificially generated surfaces. Their results revealed
very similar sputtering yields for surfaces with the same mean surface
inclination angle &,,, showing that this parameter is much better suited
for surface characterization than the RMS surface roughness o.

Figure 7 presents two comparisons between the results by Cupak
et al. and our theoretical model. The SDTrimSP simulation for 2 keV Ar*
on W presented in [29] was used as an input for the sputtering of a flat
surface (B, = 7/2, Yo = 1.359, ¢ = 0.812, f = 2.804, b = 1.35).
Figure 7a shows how the model (red) reproduces SPRAY simulations
(blue) of normal incidence irradiations for different roughness param-
eters &, very precisely. Deviations arise only above &, ~ 60°, most likely
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Fig. 6. For the rough Be samples investigated by Kiistner et al. [20], the
theoretical model gives good predictions for irradiations with Be™ ions, as
shown in (a) and (b), as well as He" ions (c).

due to the increasing importance of secondary sputtering, which denotes
the additional sputtering by reflected projectiles. Our theoretical model
neglects this effect and therefore underestimates the total sputtering
yield. Similar results are observed for comparing the sputtering yields of
varying rough surface under a nominal angle of incidence of 60°, which
is shown in Fig. 7b. The model gives slightly lower results than the
SPRAY simulations, but the general dependence of the yield, which
continuously decreases with increasing roughness, is very well reflected.

Figure 8a presents model results for a variation of mean inclination
angles &, and angles of incidence « for the case of 2 keV Ar" projectiles
and a W sample. Similar to Fig. 5b, the ratio of yields for rough and flat
targets is depicted here. In contrast to wollastonite, normal incidence
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Fig. 7. (a, b) For 2 keV Ar™ irradiations of W samples, the predictions of the
theoretical model are compared to the simulation results from Cupak et al. [29].
Here, the model (red) shows very good agreement with SPRAY simulations
(blue) of rough surfaces under 0° and 60°. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of
this article.)

sputtering yields of W only slightly increase for rougher surfaces. This is
caused by the less pronounced angular dependence of the sputtering
yield of W, which can be seen in the Eckstein fitting parameter f (2.804
for W and 4.81 for wollastonite). The effect of different local incidence
angles is therefore not very significant in increasing normal incidence
sputtering yields for W, while the decrease at oblique incidence is
similarly observed for W and wollastonite. In the same fashion, rede-
position of sputtered atoms strongly decreases all sputtering yields for
very rough surfaces with large &, values. The highest relative yield in-
crease is observed for angles of incidence « of around 85°, but this is also
influenced by the yield being almost zero at these angles for a flat
surface.

Figure 8b compares the measured sputtering yields from Cupak et al.
[29] with model results. Measurements (dots) for different samples with
low roughness (blue, 6, = 7.6°), medium roughness (green, 5, = 19.7°)
and larger roughness (orange, 6, = 36.5°) are compared to respective
calculations (lines). Yields at 0° and 60° are in very good agreement with
all experiments, in accordance to the comparison with SPRAY simula-
tions shown in Fig. 7a and b. However, the exact angular dependence for
the medium rough sample shows a different behavior in the experiment.
The inset in Fig. 8b indicates some differences for the surface inclination
angle distribution Py from the AFM measurement in [29] and P, from
Eq. (3). Though, deviations at a similar &,, value have also been observed
for wollastonite in Fig. 5a with much better agreement between model
and experiment. Instead, we assume the observed discrepancies are
more likely connected to the larger valley-like structures that are visible
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Fig. 8. (a) The ratio of sputtering yields Y;qugh/Ysiac as predicted by the model is
plotted for the case of 2 keV Ar" ions sputtering W. (b) When comparing model
results (lines) with measured sputtering yields (dots) for different samples
(Cupak et al. [29]), good agreement can also be achieved, especially for inci-
dence angles a of 0° and 60°. For the medium rough sample (green), the exact
angular dependence of the yield from measurements (green dots) is not fully
replicated by the model (green line). The inset gives a comparison between
surface inclination angle distributions Py from microscopy images [29] (solid
lines) and Eq. (3) with the same &, value (dashed lines). (For interpretation of
the references to color in this figure legend, the reader is referred to the web
version of this article.)

in the AFM images presented in [29]. SPRAY simulations that take into
account the full geometry from AFM images are able to reproduce the
whole angular dependence more precisely [29]. Nevertheless, the model
predicts the qualitative developments of the sputtering yields for
rougher surfaces also for the cases shown in Fig. 8b well.

4. Conclusions

In this manuscript, a full analytical model for the sputtering of
random gaussian rough surfaces is presented. For this class of surfaces,
expressions for the surface inclination angle distribution and the mean
surface inclination angle &, can be derived. We show that &, includes all
information on the roughness of gaussian surfaces and is therefore well-
suited as a characterization parameter, especially for surfaces with
random roughness. Building on this description, the geometrical aspects
of sputtering such as different local incidence angles, shadowing of
surface features and redeposition of sputtered atoms can be combined in
integral expressions for the sputtering yield of a rough sample. Sput-
tering yields can then be calculated by numerical integration and the
model is able to reproduce the effect of roughness on the sputtering yield
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for different cases of samples relevant for space-weathering and nuclear
fusion research. The model describes how large the roughness-related
increase of the sputtering yield at normal incidence can be for
different sample materials. Good agreement is also found, when the
surfaces deviate from random gaussian rough surfaces. This indicates
that the approximation by a gaussian rough surface with the same mean
inclination angle &, is a valid approach for many cases. Some discrep-
ancies in the exact angular dependence can occur if the differences to a
gaussian rough surface are too large, but overall the model accurately
describes sputtering yield behaviors for different target-projectile com-
binations and different roughness regimes.

Further improvements of this theoretical approach could be imple-
mented by including sputtering by secondary particles and more precise
simulation results will of course be possible with SPRAY [29],
SDTrimSP-3D [26] or TRISBDYN [27]. However, our above presented
model has been shown to predict sputtering yields of rough surfaces well
without the need for large-scale numerical simulations. The sputtering
yields can also be calculated with only the mean surface inclination
angle &, being necessary as a single parameter to describe the surface
roughness. This advantage of our model makes its application especially
favorable for larger calculations on plasma-wall interaction and
exosphere formation, where sputtering represents only one of several
processes that have to be simulated.
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As discussed in the main text, the model focuses on the treatment of random gaussian rough surfaces, which we describe with following distri-
butions for the height z and the surface slopes p and q in x and y direction (see [43] and Fig. A1):

1
P.(2)d; = —exp| —=—
.(2) dz N p(
2

2
P’ +tgq
CXP(* e )dpdq,

Proy(p,q)dpdq =5

(A1)

(A2)

with the RMS roughness ¢ and the standard deviation of the slope distributions w. w is given by (see [43])

Fig. Al. This sketch shows the used geometry for describing a local surface segment dA.
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W= (0 (A3)
with the autocorrelation function (see [43])

p(r) = (z(r + R) z(R))g. a9

rand R are vectors in the horizontal xy-plane. Due to the isotropy of the surface, p only depends on the distance r = |r|. For a gaussian autocorrelation
function

rZ
o) = esp( =), (45)

w can be evaluated as w? = 262 /72, with 7 as the autocorrelation length. Equation (A2) can be rewritten as:

T2 pz + qZ TZ
Py (p,q)dpdq = A2 P { - % dpdg. (A6)

Another common function to describe a surface structure is the distribution P, of local surface inclination angles . Its relation to the slopes p and g
is sketched in Fig. Al and can be described with p = tand, and g = tand, as well as the azimuthal angle ¢:

p=—tanf cosp g = —tand sing. (A7)

The distribution Pyq(p, q) dp dq can be transformed to a distribution Py, (0, ¢) d0 dg by calculating the Jacobi determinant:
d(p,q)  tand

det = X A8
¢ 0(0,p) cos?d’ (A8)
with p? + ¢* = tan20. Py, is then written as
72 2\ tand
P - — tan%— . A
00 (0, @) dOdg Ino? exp( tan 94ﬂ2> o520 dfde (A9)

It is not dependent on ¢, which agrees with the isotropy of a random gaussian rough surface, and integration over ¢ yields the distribution Py(6) of
surface inclination angles 6:

P(0)d0—/2ﬂP (6,9)d0dp = 7 exp( — a0 2) 29 4 (A10)
0 oo W\ ¢ ¢ =22P 462 ) cos?0

Py is shown in Fig. 1 in the main text for different values of /7. For surfaces with larger roughness, the distribution shifts towards higher angles.
Additionally, the width of the distribution significantly varies. For intermediate roughness of 6/t = 0.5, Py becomes very broad compared to ¢ /7 =
0.05 or 6/7 = 5.

As described in the main text, the mean inclination angle §,, can be calculated from Eq. (A10):

5 ,5,/”/201,(”9 exp( 2 erfc(’) (A11)
n=0= | OF(0)d0=7exp{75 2

Appendix B. The local incidence angle

The local angle of incidence 6y, of an ion hitting a segment of a rough surface, can be calculated from the direction vector of the ion beam & and the
normal vector 7 of the local surface segment sketched in Fig. A1. Due to the assumed isotropy of the rough surface, we can choose a coordinate system
where the ion beam direction vector @ is confined to the xz-plane. @ is then given as:

sina
a= 0 |. (B1)
cosa

n can be calculated as
1 -P

| 4
VI+pPP+4\

n=

O1oc is then given with cosf)o. = n-

aa
cosa — p-sina > (B2)

Ooc (P, q, @) = arccos
1 +p + ¢
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It can be checked that for the p = ¢ = O case, fj,c = a. For the a = 0 case, 6, = 6 with 8 from Eq. (A7) due to p? + ¢
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Appendix C. Redeposition of sputtered material
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= tan?6.

Redeposition of sputtered materials can be calculated similarly to shadowing, but the distribution of sputtered particles f;, has to be taken into
account. The visibility probability S for a surface segment under an angle 6, from Smith [43] is given as:

S(p¢

A(cot 6,)
,2,0,) = H(cot, —p) x lfferfc
1 ) ( ) { (fa)}

cn

The probability that an atom is sputtered in a certain direction follows within a first approximation the distribution f;, (0) = cos(6) /z, with ¢

describing the angle between the sputter direction and the local surface normal 7. Due to the slopes of the surface, § does not equal the global polar
angle 0,.
The probability that a sputtered atom actually escapes the surface and is not redeposited on another slope, has to be calculated by integration over

one of these angles. With the distribution of sputtered particles f;, (6') being only dependent on the local polar angle, this is best done by defining such a
local coordinate system, where the local surface normal vector n determines the z-axis and the global Z vector lies in the xz-plane. In this coordinate
system, z can be written as

R —sind; 1 —k 1 e
i=| 0 |=7—=|0 ]| =—— 0 (C2)
cosf) VI+k 1 Vitpitq 1
with tan6, =k = /p? + ¢?. The direction vector of a sputtered atom vy, is simply given by polar and azimuthal angles ¢ and ¢
sind cosg
Vg = | sind'sing (C3)
cost
The angle 6, represents the global polar angle of the direction vector and is thus given as the angle between v, and z:
. cosf —\/p? + ¢Psinf cosgp
c0s0,(p, 0.0, §) = Fp % = P g /. (c4)

Vitpr+ 4

The probability that an atom is sputtered in a direction described by (6, ¢') from a surface with slopes p and q and not redeposited on another
surface segment is thus given as the product of the visibility probability S and the angular distribution of sputtered particles f,:

S(p)

The Heaviside function in S was here replaced. The original Heaviside function H(cot 6,

A(cot 6,)

0.0 )150.8) = H[5=0.p.0.0.6] x |1 - Jerte( )|

,
cosf

(C5)

— p) describes surface segments that cannot be illuminated,

which is not needed here as all sputtered particles start from a surface segment. Instead H[z/2 — 6,(6 , ¢ )] constrains the angles 6 and ¢  so that the
direction vector vy, points away from the surface. Particles sputtered in the direction of 8, > z/2 will be redeposited every time independent of surface
roughness or slope orientation. The total probability Fg, that an atom from a surface with slopes p and q is not redeposited can be calculated with

integration over the angles ¢ and ¢, where the Jacobi determinant siné has to be included:

2 /2 ;o ;o Ly / /
Fop.a.2) /4 [ S0.0.5.0 811500 sindl af g =
b 0 =0

21 z A(C(’l(’r)cosg
——0 (p, 79 ¢ {1——erfc( >}
/¢ 0/9 =0 E )] V2o

(C6)
sind do' d¢p .
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