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ABSTRACT

A broad range of scientific and engineering problems involve multiple scales. For
example, composite material properties and subsurface propertities can vary over many
length scales. Direct numerical methods of multiscale problems is often difficult due to the
fact that a very fine mesh of the domain is required to reflect the heterogeneous coefficients.
From a computational point of view, the major challenge to solve these problems is the
size of the computation, even with the aid of supercomputers. On the other hand, from an
engineering perspective, it is often sufficient to predict the macroscopic properties of the
multiple scale systems, such as the effective conductivity, permeability, elastic moduli and
eddy diffusivity. Therefore, it is desirable to develop fast and effective numerical methods
that capture the small scale effect on the large scales, but do not require resolving all the
small features.

There has been extensive research effort devoted to developing computational methods
for multiscale problems. Among the most popular and developed techniques are homog-
enization method, multiscale finite element methods and parareal algorithm. The goal of
homogenization methods and multiscale finite element methods is to construct numerical
solvers on the coarse grid. Their resulting linear systems are typically much smaller than
using fine grid. Parareal algorithm facilitates speeding up the numerical solver to time de-
pendent equations on the condition of sufficient processors. Typically, parareal algorithm
could result in less wall-clock time than sequentially computing.

In this dissertation, we will design and apply model reduction techniques to time-
fractional diffusion equations, parabolic equations and stokes equations in heterogeneous

media. Homogenization approach is studied for the time-fractional diffusion equation.
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We discuss constraint energy minimizing generalized multiscale finite element method
for the incompressible Stokes flow problem in a perforated domain. In this dissertation,
we present two methodologies for parabolic problems with heterogeneous coefficients:
a novel approach coupling multiscale methods with parareal algorithm and an efficient
numerical solver coupling space-time finite element method and Non-local multi-continua
technique. The former aims for time-independent permeability field and the latter for

time-dependent permeability field.
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1. INTRODUCTION

A broad range of scientific and engineering problems involve multiple scales. For
example, composite material properties and subsurface properties can vary over many
length scales. Examples of heterogeneous media are shown in Figure 1.1. Direct numerical
methods of multiscale problems is often difficult due to the fact that a very fine mesh of the
domain is required to reflect the heterogeneous coefficients. From a computational point
of view, the major challenge to solve these problems is the size of the computation, even
with the aid of supercomputers. On the other hand, from an engineering perspective, it is
often sufficient to predict the macroscopic properties of the multiple scale systems, such
as the effiective conductivity, permeability, elastic moduli and eddy diffusivity. Therefore,
it is desirable to develop fast and effective numerical methods that capture the small scale

effect on the large scales, but do not require resolving all the small features.

Figure 1.1: Illustration of heterogeneous media. Reprinted from [1].

There have been many existing multiscale model reduction techniques in the liter-
ature to deal with multiscale problems. These multiscale approaches include homoge-
nization approaches [4, 5, 6, 8, 33, 39], multiscale finite element methods (MsFEMs)
[12, 13, 24, 25, 26, 36], heterogeneous multiscale methods (HMMs) [3, 11, 21, 62], varia-

tional multiscale methods [37, 42, 43, 48], flux norm approach [10], generalized multiscale



finite element methods (GMsSFEMs) [14, 16, 17, 18, 22, 23] and localized orthogonal de-
composition (LOD) [2, 27, 35, 51].

Homogenization is a well-known upscaling method. It constructs homogenized equa-
tions whose coefficients depend only on the macroscopic variable. The solutions to the
homogenized equations can be solved using coarse mesh and serve as an approximation
to the exact solution in the homogenization limit. On the other hand, the main idea of
MSsFEM and similar methods, like GMsFEM, is to construct multiscale basis functions
which capture the small scale information within each coarse grid. The small scale infor-
mation of the coarse grids is then brought to the large scales. GMSsFEM is designed to
construct more basis functions for each coarse region. It has been successfully applied in
simulating multiscale problems in channelized permeability. This is mainly because the
local problems can correctly identify the necessary channels without any geometry inter-
pretation. Constraint Energy Minimizing Generalized Multiscale Finite Element Method
(CEM-GMSFEM) shares some ideas of GMsSFEM. It constructs multiscale basis functions
by solving a minimization problems on oversampling domains. It can be shown that with
an appropriate choice of oversampling layer, the convergence of the method is indepen-
dent of the contrast from the heterogeneities and the error linearly decreases with respect
to coarse mesh size. Non-local multi-continua (NLMC) upscaling method follows the gen-
eral framework of CEM-GMsFEM. It identifies appropriate local problems together with
local spectral modes to represent each continuum. These approaches have achieved great
success in the efficient and accurate simulation of heterogeneous problems.

With the rapid development of supercomputer, one may utilize parallel computing to
obtain multiscale solutions within a much shorter time. Parareal Algorithm is an iterative
method which allows parallel computing to solve time-dependent differential equations.
Two solvers: inaccurate but cheap coarse solver and accurate but expensive fine solver,

are introduced for Parareal Algorithm. Fine solvers could be performed in parallel using



enough processors. The time for the solution to converge is about the same order of time
when only using coarse solver. Therefore Parareal Algorithm can substantially reduce
wall-clock computation time.

In this dissertation, we will design and apply model reduction techniques to time-
fractional diffusion equations, parabolic equations and stokes equations in heterogeneous
media. Time-fractional diffusion equations are investigated using homogenization ap-
proach in Chapter 2. We consider in Chapter 3 the incompressible Stokes flow problem in
a perforated domain and employ the constraint energy minimizing generalized multiscale
finite element method to solve this problem. Parabolic equations are investigated in Chap-
ter 4 and Chapter 5. In Chapter 4, we propose the Wavelet-based Edge Multiscale Parareal
Algorithm to solve parabolic equations with heterogeneous time-independent coefficients.
Finally, we consider the parabolic equations with time-dependent heterogeneous coeffi-

cients in Chapter 5.



2. HOMOGENIZATION OF TIME-FRACTIONAL DIFFUSION EQUATIONS
WITH PERIODIC COEFFICIENTS *

In this chapter, we study homogenization approach for the initial boundary value prob-
lem for the time-fractional diffusion equation with a homogeneous Dirichlet boundary
condition and an inhomogeneous initial data in a bounded convex polyhedral domain. Let
D be a bounded domain in R¢(d = 1,2,3) with a sufficiently smooth boundary ¢D. We
consider a partial differential equation involving a fractional derivative in time ¢, satisfy-
ing:
ofu(x,t) = V- (k°(x)Vu(x,t)) inD, te(0,T]

| u =0 ondD, te(0,T] (2.1)

u(+,0) = a(x) in D.

Here, 0 < o < 1 is a given fixed parameter and the matrix x°(z) := k(x/e€) is periodic with

d
1,7=1

period €. Let (k;;(x))%._; be symmetric with r;;(x) € C>*(D),,j=1,...,d. We assume

for some constant ;4 > 0, there holds

ki (2)&E; > pléf? forall € e R and w € D.

The initial data a(z) € L?(D) is a given macro-scale function and 7" > 0 is a fixed value.
In the model problem (2.1), 09w refers to the left-sided Caputo fractional derivative of

order « of the function w(t), defined by (see, e.g. [44, p. 91, (2.4.1)] or [56, p. 78])

(63 —_ 1 t 1 !/
ofw(t) = Ii-o) ‘/(; - S)aw (s)ds.

*Reprinted with permission from "Homogenization of time-fractional diffusion equations with periodic
coefficients" by Jiuhua Hu and Guanglian Li, 2020. Journal of Computational Physics, Volume 408, 1 May
2020, 109231, Copyright [2020] by Elsevier.




Fractional diffusion equations were introduced in physics with the aim of describing
diffusions in media with fractal geometry [54]. They have been applied to many fields,
e.g., in engineering, physics, biology and finance. Their practical applications include
electron transport in Xerox photocopier, visco-elastic materials, and protein transport in
cell membranes [58, 31, 45]. In this chapter, we are concerned with the time-fractional
diffusion problem (2.1) in a heterogeneous periodic medium x¢(z), which is utilized in
many important applications, e.g., porous media and composite material modeling. Most
recently, periodic structures are utilized in metamaterials [61] to design novel materials.
The main challenge in the classical numerical treatment of these applications is that it
becomes prohibitively expensive and even intractable at the microscale as € — 0.

The goal of this chapter is to construct an efficient numerical solver for (2.1) based on
homogenization theory [38]. The main idea of homogenization is to obtain the effective
or homogenized problem by solving d cell problems, and then the corresponding homog-
enized solution g serves as a good approximation to original unknown u¢ as the period
e - 0. To the best of our knowledge, there has been no such result for time-fractional
diffusion problems so far. However, there are quite a few results on the parabolic equa-
tions, i.e., & = 1 in (2.1), in the same setting, cf. [55, 65]. Nevertheless, it is nontrivial to
generalize the results for the parabolic equations to the time-fractional equations with the
same technique, mainly due to the lack of the product rule for the fractional derivative.

We prove in Corollary 2.2.7 the error between the exact solution u¢ and its first order
approximation uS is of O(e™n{1/22/d-1/2}) in the Bochner space L?((0,T]; H' (D)) for
any 6 € (0,7) as ¢ - 0. We also derive in Corollary 2.2.7 the pointwise-in-time error
estimate in L?(D) norm for the first order corrector for ¢ € (6,7"] with the same conver-
gence rate in e. Thus, the first order approximation v in LP((6,T]; H'(D)) norm for any
6 € (0,T) and p € [1,00) norm as ¢ — 0 achieves optimal convergence rate of O(e!/?)

when d < 2 and a convergence rate of O(€!/6) when d = 3. For the latter case, it is un-



clear whether or not this rate is optimal. The proof of the result relies on the regularity of
time-fractional diffusion problems [57] and the introduction of cut-off functions to handle
boundary layers and initial data [52, 65]. When the initial data has a better regularity, e.g.,
a(x) € HY(D) n H2(D), there is no need to introduce a proper cut-off function for the
time domain.

Furthermore, we present in Section 2.3 a number of numerical tests for d = 2 to verify
Corollary 2.2.7. Specifically, we test the cases when k() is smooth and discontinuous,
and when k(z) admits large deviations. Our numerical tests demonstrate a higher conver-
gence rate, namely, O(¢), compared to the theoretical result. We also observe that a larger
deviation or discontinuity in the coefficient x(x) results in a larger error.

The remainder of this chapter is organized as follows. In Section 2.1 we present the
homogenized equation using two-scale asymptotic expansion for problem (2.1), as well
as regularity results on time-fractional diffusion problems. We then introduce auxiliary
functions and define the first order approximation in Section 2.2. The main error estimate
is derived therein. To verify our theoretical findings, we present in Section 2.3 extensive
numerical tests with smooth (or nonsmooth) diffusion coefficient and with smooth (or

nonsmooth) initial data a(x).
2.1 Two-scale asymptotic expansion

This section is concerned with the two-scale asymptotic expansion of the solution u*
to (2.1). The approach is standard and can be found, e.g., in [38]. We recall the general
procedure for the sake of completeness.

First, analogous to the standard homogenization theory, we denote y := x/e as the
fast variable, and x is referred to as the slow variable. Let L% (Y) = {u € L*(Y) :
u is Y-periodic} with Y being a unit cell in R?. Similarly, we can define H #(Y) Denote

Vu(Y) = {v e Hy(Y) : (v) = 0} with {-) := ﬁfY dy being the average over the unit



cell Y. The notation A < B denotes A < C'B for some constant C' independent of the
microscale €. Throughout the chapter, we follow the Einstein summation convention.
Under the assumption that the fast variable y and the slow variable x are independent

when e — 0, we seek for an asymptotic expansion of the solution u¢(z, t) as follows:
us(z,t) = uo(w,y,t) + eur(z,y,t) + ug(z, y,t) + -+ (2.2)

with the functions u;(x,y,t) € H;E(Y) being periodic in the fast variable y with period
1. The leading order term wug(x,y,t) is referred to as the homogenized solution and the
following terms e*uy (x,y,t) are the k' order corrector for u¢(z,t) for k =1,2, .

Denote by A€ the second order elliptic operator

0 0
= —a—mi (Iﬂj ((L’/E) a—x]) .

With this notation, we can expand A€ as follows

AE

A€ = 6_2_/41 + 6_1A2 + €0A3,

where

0 0

A = —f(ﬁij(y)a—%),
0 0 0

Ay = —5yi (Rij(y)%j)_é’_xi(w(y)a_yj)’

0 0
As = —a—%(%ij(y)a?j)-

Substituting the expansions for u¢ and A€ into the differential equation (2.1), and equating




the terms with the same power of €, we get

A1u0 = 0, (23)
A1u1 + AQUO = O, (24)
A1U2 + A2u1 + AgU,Q = —a?U(). (25)

Next we examine these equations one by one. Equation (2.3) is equivalent to seeking

ug(r,y,t) € Hy,(Y), satisfying

0 0
_a_yi (sz(y)a_y]) UO(I',:U, t) =0.

The theory of second order elliptic PDEs implies that uq(z, y, t) is independent of y. Con-

sequently, we obtain

U'O(xayvt) = 'Ll,(](SL’,t). (26)

Since there is no micro-scale € in either the boundary or the initial conditions, those con-

ditions are imposed on the leading order term u directly, i.e.,

ug =0 on oD
2.7

uo(+,0) =a(z) inD.

Thanks to (2.6), the second equation (2.4) can be formulated as seeking for u; €

H,(Y), satisfying

0 0 (0 Ouy
_5_% (Féij(y)a—yj)ul = ((iyi Hzg(y)) oz, (2,1).



Note that u; can be defined alternatively independent of the slow variable x. To this end,

let x € V4 (Y") be the solution to the following cell problem:

(3 ’\
(o o= () o9
Yj Y

The general solution of equation (2.8) for u; then admits the expression

ul(xayv ) X](y) (l’ t) +U1([L’ t) (29)

Ly

For simplicity, we take @, (x,t) = 0.
Finally, we deal with the third term u,. Because of (2.5), we can seek for uy € H #(Y),

such that,

0 0
,NL (lﬁlw(y)L) Uy = A2U1 + AgUO + (}?UQ . (210)
0Yi 0y

The solvability condition implies that the right hand side of (2.10) must have mean zero in

y over the unit cell Y = [0, 1]4, i.e.

[Y(A2u1 + Asug + 0fug) dy = 0.

We note that

t)dy =0
v 7 ) dy

for any F'(x,y,t) which is periodic with respect to y. This can be easily verified using the
Divergence Theorem. After integrating (2.10) over Y, the average over the terms starting
with 5 dlsappears and we arrive at

L0 o 5 o\
‘g — Er ((’fz‘j(y))%juo) o (('fz‘j(y)@ul)) = 0.

J



Substituting the expression for u; into this equation, we obtain the homogenized equation:

0 0
6?u0—%(/ﬁj%)u0=0, (211)
i J
where
1 OX;
o — it Kigp—=dy . 2.12
" |Y|(fyﬁ”+wﬁyk y) @1

Last, we derive the a priori estimate for the homogenized solution v, which will be uti-

lized below. We obtain from (2.7) and (2.11) that

N o, 0 ,
05 uoza—xi(nlja?j)ug inD, te(0,T]
ug =0 ondD, te(0,7T] (2.13)
uo(+,0) = a(x) inD.

Then by application of [57, Theorem 2.1], we obtain that ug € C([0,7']; L2(D))nC((0,T]; H2(D)n

H}(D)). Furthermore, the following estimate holds:

t* |‘u0('7t)“H2(D) + |‘u0('>t)”L2(D) +1° H@f‘u0(~,t)HL2(D) S HCLHL2(D) , forallte(0,7].

(2.14)

Estimate (2.14) implies that the homogenized solution wg(z,t) is singular at ¢ = 0. The
strength of this singularity depends on the regularity of the initial data a(x). This sin-
gularity can disappear when the initial data a(x) has certain regularity. Furthermore, the
regularity of the solution ug from time-fractional diffusion problem has only limited regu-

larity over the space domain D, c.f. [41].

Remark 2.1.1. Note that [57, Theorem 2.1] still holds when the permeability coefficient

k¢ admits high oscillation. Furthermore, the a priori estimate (2.14) is stable with respect

10



to the parameter .

2.2 First order approximation estimate

We present in this section the first order approximation to u¢, and then derive its error
estimate.

To this end, we will first provide the a priori estimate to the solutions of the cell
problem (2.8). This result can be found, e.g., in [55, Section 8]. For the completeness, we

also present the proof:

Lemma 2.2.1. Let x; be the solution to the cell problem (2.8) for all j = 1,---,d. Then
there holds

VX3l L2vy S 7 RN 2y (2.15)

IxGllE2 vy + Xl e vy S 1. (2.16)

Proof. Let e; be the j'" canonical unit vector in R?. The weak formulation associated to

Problem (2.8) is to seek x; € V.« (Y") such that
f k(y)Vyx, - Vody = - / k(y)e; - Vudy, forall v e Vu(Y).
Y Y

Testing with v := x;, we obtain

/YK(y)VXj'Vdey:_/YK'(?/)ej'Vdey-

Then the boundedness of «(y) and an application of the Holder’s inequality reveal the
assertion (2.15).

Furthermore, by the regularity results of PDEs with periodic boundary conditions that

11



can be derived from, e.g., [32, Chapter 3] and [46, P69, Chapter 2], we obtain

IXi 2y S 1V - (89XG) [ 220vy S 1. (2.17)

This, together with the weak maximum principle, yields the second assertion (2.16). [

Note that both the exact solution u¢ and the homogenized solution v satisfy a homoge-
neous Dirichlet boundary condition. However, the first order corrector ex;(x/ e)%?(x, t)
admits e-oscillation over the global boundary ¢ D. To account for this fact, we must adapt
the corrector near the boundary. We employ an approach developed in [52].

To this end, we introduce the cut-off function (¢ corresponding to ¢D. Here (¢ = 1 on
0D and supp(¢¢) ¢ {z € D : dist(z, D) < ¢}. With regularity condition (¢ € C2(D), for

0<?<2, we have
1D ¢\ =y S €75 (2.18)

In addition, using (2.18) and the fact that |supp((¢)| = O(e), and also by applying Holder’s
inequality, we have the following estimate for derivatives of the cut-off function (¢ in

Li(D) given by

| D¢ gy < Isupp(C)M [ DECE] ) 5 2107 &19

To avoid higher regularity condition on the initial data a(x), we employ the trick in [65]

and introduce another cutoff function 7(¢; #) in the time domain [0, 7] for any parameter

12



0 € (0,T]. It is defined as follows:

0, fort <6/2

n(t;0) =11, fort >0

linear fort e (6/2,0).

Then by definition, we obtain the estimate for the fractional derivative of 7(t; ),

0;1(t;0) S 07Xe0/2-

Let the first order approximation to u¢(x, t), and its modification be defined by

Ule(x,t) = Uo(x,t) +€Xj(l’/€ %
al'j
ou
i . 1) = g .8) + (1~ € fe) .
J

(2.20)

(2.21)

Let R(z,t;0) = n(t;0)(u¢ —us), for any 6 € (0,7]. Then plugging this expression of u

into (2.1) yields

ﬁf‘(ui 1 R(x,t;&)) =V- (ﬁ(x/e)V(ui + R(x,t;&))) in D x (0,7].

Collecting the terms and using the homogenized equation (2.11), the boundary and initial

conditions for ug(x,t), we arrive at the following error equation

OR=V-(kVR)+ f1 inD, te(0,T]
R=0 ondD, te(0,T]

R(x,0;0)=0 in D.

13
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Here,

fi(x,t;0) = 0n(t;0) (u —us) +n(t; 0)( -V-(kVui) +V- (/{*Vuo))
. T\ g OUo
—n(t;:0)e(¢ - x; (=)o 5
€ ox;
Remark 2.2.2 (Regularity of the modified first order approximation (2.21)). Thanks to the
condition a € L*(D), we can obtain u§(z,t) € C((0,T]; H(D)).

A fundamental ingredient of the homogenization theory will be a proper a priori esti-
mate for the residual R(x,t;0). To this end, we first estimate the term f;, which relies on
the following pointwise-in-time error estimate in L?( D) norm for the modified first order

approximation.

Lemma 2.2.3 (Pointwise-in-time error estimate in L2(.D) norm for the modified first order

approximation). For all 6 € (0,T) and t € (6/4,T], there holds
Juc(8) = uS (1) | 2y <6min{1/2,2/d71/2}t7a +e(t - 9/4)704/2)”&”L2(D)‘

Proof. The following identities hold,

of(uf —ui) = V- (kV(u—uj)) + fo inD, te(0/4,T]
u —u§ =0 on @D, te (0/4,T] (2.23)
0
(u =) (-, 0/4) = ~e(1 = ¢y (/) T (,0/4) in D.

Here,

Fol,8) = - (RVS) - 080 =7 - (KEVuS) - ¥+ (5 Vi)
+V - (K"Vug) — 0fug
= Tl(l',t) + TQ(ZIZ’,t)

14



The definition (2.21), together with the a priori estimates (2.14), (2.16) and (2.18), implies

| (uf = ug)(, 9/4)HH*1(D) S 6“CLHLQ(D)'

We will prove that

[ £2Cot) | gor y § €224 g 1o ) for all £ € (0, 7], (2.24)

Then by the linearity of the problem (2.23), we can derive from [40, Theorem 2.3] and
[41, Theorem 2.1]

Jluc(-,t) - ui('7t)”L2(D) S(t- 9/4)_a/2 | (uf = u)(, 9/4)”H*1(D)
+(t-0/4)"" | foCo ) e (o001 5-1 (D)

< (Emin{1/2,2/d—1/2}t—a +e(t - 9/4)—a/2)||a||L2(D)

for all t € (6/4,T]. This completes the proof.
In the remaining of the proof, we will prove (2.24). To this end, we only need to

estimate [ 71(-,t)[ g-1(py and [ To(:, )| -1 (py Tor t € (0,7]. We can further split the first

term into
Ty(x,t) =V - (kVu]) - V- (k" Vug) :=Ty1(z,t) + T1 2(x, 1)
with
. x| Oug .
T, ) = {69 (w + ex, (D)2 | = - (5 Vug)
€ 0z,

Ty p(w,t) =€V - (“EV(CEXj(x)aUO))'

€’ 0z,

15



To estimate 7 ;, we apply the argument in [38, Section 1.4] and obtain

IT11(-1) HH,l(D) S et™|al L2(py for any ¢ > 0. (2.25)

Then we estimate 7 5. A direct calculation results in

(ﬁ <x>v(<ij<‘”>a“°< t)))

“TLQ('» t) HH—I(D) = ‘

H~1(D)
., 0u
<e||w v (¢ (D52, 0)
€ 0%; 12(D)
Then by the triangle inequality and the chain rule, we deduce
x . Oug Oug
T, o(-. ¢ B < €l o (Y=t
32Ol 5 NVE im0 (72 00y + e OV
6u0
J( ) (a ) L2(D)'

This, together with the generalized Holder’s inequality and Sobolev embedding, leads to

6u0 e
IT22C ) -1y S€P2 5] L ( t) +elC N oy IX | Lo vy 0 G O 2
L*(D)
€ 6uo
+ €U ooy VX5 ”Lr(y) ( t)
Lr(D)
where
1
0, when d =1 bR when d =1
1 1 1
— =40, when d = 2 and —=4=-20, whend=2
T q 2
1 1 2 1
~_- - whend=3 Z_Z =
577 when Ty when d = 3

Here, the parameter ¢ € (0,1/2) is an arbitrary constant, and d is the dimension of the
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domain D.

Together with the estimates (2.15), (2.19) and (2.14), by letting 6 — 0, we obtain
“TLQ(.7 t) HH*(D) < gmin{1/2,2/d—1/2}t—a HCLHLQ(D) ) (226)
Next we estimate the second term 75. The estimate (2.13) implies

To(x,t):=V- (K*VUO) - ofug = 05 (ug — ug)

T A, 0U
=e(C - 1)Xj(;)0t 6_:150
J

By exchanging the fractional derivative with respect to time ¢ and the derivative with re-

spect to the space variable x, we obtain
x, 0
Ty = (¢ - Dy (5) 200,
€ 0x;
Then by application of (2.14), we arrive at

|T2(- ) [ -1 (py S €t |al L2 (y-

This, together with (2.25), (2.26) and an application of the triangle inequality, proves the

desired assertion (2.24). ]

Remark 2.2.4. We cannot derive from Lemma 2.2.3 the pointwise-in-time error estimate

in H'(D) norm for the modified first order approximation due to the insufficient regularity
of a(x).

Lemma 2.2.5. Forall 6 € (0,T], f1 € L>((0,T]; H-*(D)). Moreover, there holds

6min{l/2,2/d—1/2}9—2a ”

| f1 ||L°°((0,T);H*1(D)) S al r2(p).

17



Proof. Denote

ﬁ@xﬂ)=@wuwxw—ua+mum(—v«vvm)+vwvaﬂ

§U0

aSL’j

—n(t:0)e(¢ - D (2)or

= To(x,t;0) + n(t; )T (x,t) = n(t;0)Ta(z,t).

To estimate | fi(+,;6) | y-1 ), we only need to estimate | To (-, £; 0) | -1 (py 1735 8) [ -1y
and |15 (-, 1) HH_I(D) for all t € (0, T']. Firstly, we can obtain from estimates (2.14), (2.20),

and Lemma 2.2.3,

| To (1 0) | - oy < [t 0)] % [us () —ui(, )] 22(p)

0y a1
T @21
Next we can obtain from estimates (2.25) and (2.26),
|73 0) g1y € P2 ] oy Forall te (0.7]. (2.28)

Finally, we will estimate the last term 75. By exchanging the fractional derivative with

respect to time ¢ and the derivative with respect to the space variable x, we obtain
x, 0
To(z,t) = (¢ = 1)x;(=) 50} uo.
€’ 0x;
Then by application of (2.14), we arrive at

||T2('7t)||H‘1(D) S et ”a”LQ(D) forallt e (O, T]

18



This, together with (2.27) and (2.28), and an application of the triangle inequality, implies

[F1Cot50) ] o1y S € 2HEV272 o] Loy for all £ € (6/2,T7]. (2.29)

By noting that f;(-,¢;0) = 0 for all ¢ < 6/2, we have proved the desired assertion. O

Finally, we are ready to present the error estimate for the modified first order approxi-

mation defined in (2.21):

Theorem 2.2.6 (Error estimate of the modified first order approximation in L ((0,T); H'(D))
norm for 0 € (0,7") and p € [1,00)). Forany p € [1,00) and 0 € (0,T), let u¢ be the solu-
tion to Problem (2.1) and let the modified first order approximation u{ be defined in (2.21),
then the following estimates hold

6min{1/2,2/d—1/2}9—2a ”CLHLQ(D)-

(2.30)

[ = Sl o,y o + 195 (1" = ) | oo, 10209 S

Proof. First, we obtain from (2.29),
L1t 0) | gor ) S €222 072 ]| ooy forall e (0,T].

Therefore, f; € LP((0,7']; H-1(D)) for any p > 1, and there holds

6min{l/2,2/d—1/2}0—20( Ha

| f1 HLP((O,T];H—l(D)) S HL?(D)-

Meanwhile, following the proof of [57, Theorems 2.1 and 2.2] and [40, Theorem 2.3],

there exists a unique weak solution R € LP([0, T']; H}(D)) to Problem (2.22) such that
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0¢R e LP([0, T']; H-Y(D)), satisfying

| R oo, 73000y + 19 Rl o0, 7102 0yy S W1l oo, 73201 () -

Noting that R(x,t;0) = u¢ —u$ for t > 6, then a combination of the previous two estimates

proves the desired assertion. [
We present in the next result the error estimate with the boundary layer effect:

Corollary 2.2.7 (Error estimate for the first order approximation). Let a(x) € L%(D),
pe[l,00), 0 ¢ (0,T) and € be sufficiently small. Let u¢ be the solution to Problem (2.1)
and let the first order approximation U be defined in (2.21), then the following estimates

hold

< 6min{1/2,2/d—1/2}9—2a ”
Lp((0, T);H'(D))

|w = Ut po (o, 7.0y + Hata(ue - Uf) all 2(p)

[ = UD)Cot) oy $ €220 R a] oy forall te (0,T].
Proof. Note that we can derive from the definition (2.21) and estimate (2.14),

1/2-a+1/
Lo, 1oy S €O

[(us = UD) )2y S et lal 2y forall te (0,77

i - UfHLp((a,T);HI(D)) + H(?to‘(ui - Uf) alrz2(p)

Consequently, the desired assertion follows from Theorem 2.2.6 and Lemma 2.2.3 and an

application of the triangle inequality. [

Remark 2.2.8. When the initial data has a better regularity, e.g., a(x) € H}(D)nH?*(D),

there is no need to introduce a proper cut-off-function n(t;0).

Remark 2.2.9 (Comparison with homogenization results to parabolic equations with pe-
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riodic coefficients). Due to the boundary layer effect in the bounded domain, we can ob-
tain from [55, 65] that the optimal convergence rate is O(e'/?) in LP((0,T); H'(D))
norm for p € (1,00) and 0 € (0,T). Corollary 2.2.7 shows that the convergence is
O(emin{1/2:2/d-1/2}) " One main restriction to apply similar technique employed in [65]
to our current problem of a time-fractional diffusion problem (2.1) is the fact that there is
no product rule for fractional derivative, but there is for the first derivative. For the same
reason, one can not derive the pointwise over the time domain estimate in H'(D) norm
for time-fractional diffusion problems given initial data a(x) € L?(D) with insufficient

regularity.

2.3 Numerical experiments

In this section, we conduct a series of numerical experiments to demonstrate the perfor-
mance of the first order corrector introduced in Section 2.2. Furthermore, we will validate
the convergence result presented in Corollary 2.2.7 corresponding to different permeability
fields and fractional order a.

Consider the time-fractional diffusion equation (2.1) in the unit square D = [0, 1]? with
total time 7" = 1 and « := 0.9. We will use scalar coefficient x¢(x1,x2) in the following

numerical tests. The smooth initial data tested in Sections 2.3.1 and 2.3.2 is

a(zy,z2) = x1(1 - x1)x2(1 - 22).

We refer to Figure 2.1 for an illustration.
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0 0.2 0.4 0.6 0.8 1

Figure 2.1: Initial data: a(zq,x2)

In Sections 2.3.1 and 2.3.2, we are concerned with the convergence rate of the first
order approximation Us for diffusion coefficients x¢(xz1,z2) of different regularities. To
this end, we test two kinds of permeability fields, namely, the smooth and nonsmooth
permeability fields in these two sections, respectively. Since Corollary 2.2.7 is also valid
for rough initial data a(z) € L2(D), we present the convergence history of the first order

approximation U with a rough initial data in Section 2.3.3.
2.3.1 Numerical tests with smooth permeability fields

To define the smooth permeability field, we take

A(yrs92) = 10 +sin (27 Hue} (1 o)) (1 - {u2})) (231)

as the periodic smooth function defined over the unit square Y. Here, {-} means taking the

fractional part.
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Figure 2.2: A smooth periodic permeability field with € = % in a cell and over the domain
D: k(y1,y2) and k¢(x1, z3).

Recall that x¢(x1, z2) is a periodic function with period e. Its one cell after stretching
over one unit cell is £(y1,y2), i.e., k(x1,22) = k(x1/€,x2/€). See Figure 2.2 for an
illustration. Note that the contrast for this permeability is % The main aim of this section
is to investigate the convergence rate of the first order corrector U;. We will present the
absolute and relative errors between Us and u¢ in L2-norm and H'-norm.

Let 7}, be a decomposition of the domain D into non-overlapping shape-regular rect-
angular elements with maximal mesh size h := 279, Let V}, be the conforming piecewise

affine finite element space associated with the partition 7j:

Vii={veC%D):v|re Qy(T) forall T e T} n H'(D),

where Q;(7") denotes the space of affine polynomials on each element 7" € 7. Let V)0 :=
Vi, n H} (D). We discretize the time interval [0, 1] with a time step A¢ := 1/100. Let
t,=(n-1)Atforn=1,2,-- N with N := A¢t-1 + 1.

We adopt one popular scheme [49] to discretize the time variable ¢ in (2.1) and (2.13),

and apply the conforming Galerkin method to approximate the exact solution u¢. We
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denote its approximation at ¢ = ¢, by u;””l fork=0,1,---, N - 1.

x
1 1
3
09 5 09
3
08 08
; 07 4 07 25
2
X 06 06 N
B
05 05
04 04 bt
2
1 03 03 B
02 B 02
05
: 04 04
0 0 0 0 0
) 02 04 06 08 1 ) 02 04 06 08 1

€,k+1

To this end, we seek for u;’

VUhGVhO:/
D

eV fork=0,1,--, N -1, satisfying

€,k+1

uy vhdx+F(2—a)Ato‘f r(xfe)vus™ - vy, da
D

k-1 ,
= Z(bj —bj+1) / u;’k_]vh dx + by, f a(x)vy, dz.
fr D D

Here, the parameters b; are given by
bj:=(j+1)"*-j ' forall j=0,1,- N.

The numerical solutions uzk for £ = 11,51 and 101 are depicted in Figure 2.3.

%10

o 0.2 04 06 08 1

Figure 2.3: The fine scale solution u;k for £ = 11,51 and 101 to Problem (2.1) with ¢ in
(2.31) and € := .

(or

We denote Uf]; (or ug,) for k = 1,2--) N as the numerical approximation to Uf(t)

uo(t)) for t = 0,At,---, 1. In order to obtain the first order approximation Uf’,]j, we

first solve the cell problem (2.8). To this end, we first divide the computational domain Y

into non-overlapping shape-regular rectangular elements with a maximal mesh size h :=

2-6

. Then we solve the cell problem (2.8) with continuous piece-wise bilinear Lagrange
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Finite Element Method using the conforming Galerkin formulation. We plot the two cell

solutions y; and - in Figure 2.4 with the smooth permeability field in Figure 2.2.

Figure 2.4: solutions to cell problem: x1(y1,y2) and x2(y1,y2)

Utilizing the solutions to the cell problem (2.8), i.e., x; and X2, we can obtain the
effective coefficient x* from (2.12), and then solve for uy by (2.13). Note that there is no
microscale oscillation in the effective coefficient «*, thus the solution 1 can be solved in
a much coarser mesh compared to the mesh 7}, associated to the original problem (2.1). To
simplify our notations, we adopt the same mesh 7}, and finite element space V; as before,
and utilize the conforming Galerkin formulation to solve for u’g}} fork=0,1,---, N - 1.

We present the fine scale approximate solutions u’g’ , for & =11,51 and 101 in Figure

2.5.
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Figure 2.5: The homogenized solution u%k for k = 11,51 and 101 to Problem (2.1) with &
in (2.31) and € := 3.

Finally, the first order approximation U can be estimated using formula (2.21). We

present the graphs of the approximate solutions U f],j for £ =11,51 and 101 in Figure 2.6.

*x10™ x
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[ 02 04 06 08 1 [ 0.2 04 06 08 1 0 02 04 06 08 1

Figure 2.6: The first order approximation solution U f}]i for £ =11,51 and 101 to Problem
(2.1) with & in (2.31) and € := §.

We present the absolute error and relative error in the L? norm and H'! norm in Table
2.1. The first column displays the discrete time steps at which we calculate the error. The
next two columns display the absolute error and relative error in the L2 norm between the
fine-scale solution uj, and the first order approximation Uy . The last two columns display
the absolute error and relative error in the //! norm between the fine-scale solution v and

the first order approximation U7 , .
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I L T e A
0.1 2.1235e-9 1.3488e-5 1.4463e-7 2.0673e-4
0.5 4.5471e-10 1.3637e-5 3.0813e-8 2.0794e-4
1 2.411e-10 1.3656e-5 1.6325e-8 2.0809¢e-4

Table 2.1: The convergence history of the first order approximation to Problem (2.1) with
kin (2.31) and € := 3.

Furthermore, one numerical experiment is conducted with larger variation in the co-
efficient x compared to (2.31) to see the influence of the variation on the accuracy of
homogenization. In this experiment, we take the same initial data a(x1, ) and the period

€:= 3. We set

k(y1,y2) = 10 + 9sin (27r{y1}{y2}(1 ~{p))(1- {yQ})). (2.32)

Note that the variation in this coefficient «¢ is much larger than that defined in (2.31). The
convergence history of the first order approximation with x(y1,y2) in (2.32) is presented
in Table 2.2. Compared with the results in Table 2.1, a larger variation in the diffusion

coefficient k(y1,y2) results in a larger error in the first order approximation.
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Ui ] o)

€ €
uy =U. ”
h 1,h Hl(D)

t| i Uih”L?(D) luile2 o) Jui - Uih”Hl(D) [l i ()
0.1 1.6061e-8 1.16596e-4 1.0832e-6 1.7659¢-3
0.5 3.4581e-9 1.1753e-4 2.3239-7 1.7737¢-3

1 1.8342e-9 1.1765¢e-4 1.2321e-7 1.7747 e-3

Table 2.2: The convergence history of the first order approximation to Problem (2.1) with

kin (2.32) and € := 3.

In order to verify the convergence rate of the first approximation U¢, we test two dif-

ferent values of the parameter € being 1—16 and

399

vergence histories are shown in Tables 2.3 and 2.4.

respectively. Their corresponding con-

€ € uZ_Ulﬁ’h L2(D) € € Hu;—Uih H1(D)
- Ut amy | Ty | 14~ Uity | i,
0.1 5.2208e-10 3.3162e-6 7.1850e-8 1.0270e-4
0.5 1.1117e-10 3.3341e-6 1.5262e-8 1.0300e-4
1 5.8895¢e-11 3.3363e-6 8.0828e-9 1.0303e-4

Table 2.3: The convergence history of the first order approximation to Problem (2.1) with

rin (2.31) and € := 1.
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I L T e A
0.1 1.4377e-10 9.1322e-7 3.8067e-8 5.4412e-5
0.5 3.0547e-11 9.1614e-7 8.0778e-9 5.4515e-5
1 1.6179e-11 9.1649¢-7 4.2776e-9 5.4527e-5

Table 2.4: The convergence history of the first order approximation to Problem (2.1) with
kin (2.31) and € := 3.

One can calculate directly from Tables 2.1, 2.3 and 2.4 that the first order approxi-
mation maintains a convergence rate of O(e%%23), O(e0-9657) and O(e0-9%61) for ¢ = 0.1,
t=0.5and ¢t = 1, respectively.

We also test different values of the parameter «v € (0, 1) and they all exhibit a similar
convergence rate, as proved in Corollary 2.2.7. For the brevity of presentation, we will not

present these results.
2.3.2 Numerical tests with non-smooth permeability fields

Even though the theoretical result presented in Corollary 2.2.7 is proved under the
assumption that the diffusion coefficient «(y1, y2) is sufficiently smooth, we investigate in
this section how well the first order approximation U{(z,t) performs when the coefficient
k(y1,y2) is rough and admits large variation.

Firstly, we define two rough permeability fields x(z1, x2) with different variations. Let

U:=[3

1.%]? be a rectangle. Recall that Y = [0,1]? is a unit square. We set the variation in

the first permeability field to be 1.1, which is defined by

11, if (z1,29) €U
k1(x1,m0) := (2.33)

10, if (z1,29) e Y N U.
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See Figure 2.7 for an illustration.
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Figure 2.7: A nonsmooth permeability field of smaller variation: ;1 (x,x2) and k§(x1, z2)

. . 1
with € := 3

We set the variation of the second rough permeability field to 2 and define

20, if (zq,29) €U
Ko (1, 22) 1= (2.34)
10, if(l'l,l'g)EY\U.

We present the graphs of such x(y1,y2) and k€(z1, x2) in Figure 2.8.
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Figure 2.8: A nonsmooth permeability field of larger variation: kq(x1,x2) and k5 (1, x2)

. 1
with € = 3
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Let the parameter ¢ := 1/8. We present the convergence histories of the first order
approximation U¢(z,t) with those two nonsmooth permeability fields in (2.33) and (2.34)

in Tables 2.5 and 2.6. One can observe that the former outperforms the latter.

U b= U0 oy | T | = Uial oy | T

0.1 8.3877e-10 2.5129e-2 5.6728e-9 3.8002e-2

0.5 1.8973e-10 2.5130e-2 1.2832e-9 3.8003e-2
1 1.0121e-10 2.5130e-2 6.8450e-10 3.8003e-2

Table 2.5: The convergence history of the first order approximation to Problem (2.1) with

k=1 1n (2.33) and € := %.

A L T
0.1 5.5466¢e-9 1.6618e-1 3.6977e-8 2.4771e-1
0.5 1.2546e-9 1.6618e-1 8.3640e-9 2.4772e-1

1 6.6929¢-10 1.6618e-1 4.4618e-9 2.4772e-1

Table 2.6: The convergence history of the first order approximation to Problem (2.1) with
K= ko in (2.34) and € := %.

2.3.3 Numerical tests with rough initial data

Now we study the convergence rate of the first order approximation Uf(x,¢) when the

initial data a(z) is nonsmooth. To this end, we take a rough initial data a(x1,x2) defined
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1, if (21,29) € (0.5,1)?
a(xy, o) = (2.35)
07 if (xlva) € (07 1)2 N (057 1)27

which is depicted in Figure 2.9.
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Figure 2.9: The initial data a(z1,x2) as defined in (2.35).

To emphasize the effect of a rough initial data on the convergence rate of the first order
approximation, we take the smooth permeability field x(z1,z5) as defined in (2.31). We
adopt the same numerical scheme to calculate the numerical solutions as in Section 2.3.1.
Like before, we test € = %, 1—16 and 3—12 to validate the convergence rate proved in Corol-
lary 2.2.7. Their corresponding convergence histories of the first order approximation to

Problem (2.1) are presented in Tables 2.7, 2.8 and 2.9.
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I L T e A
0.1 2.0111e-7 1.8092e-4 5.1832e-6 8.3829¢e-4
0.5 4.4356e-8 1.8618e-4 1.1545e-6 8.6128e-4
1 2.3592e-8 1.8678e-4 6.1475e-7 8.6391e-4

Table 2.7: The convergence history of the first order approximation to Problem (2.1) with
a(x) defined in (2.35), x in (2.31) and € := £

]

Comparing the results presented in Table 2.7 with that in Table 2.1, one can observe
that the latter admits a first order approximation with a much smaller error as expected,

since a rough initial data produces singularity in the solution when the time ¢ is small.

€ € uZ_Ulﬁ’h L2(D) € € Hu;—Uih H1(D)
- Ut amy | Ty | 14~ Uity | i,
0.1 5.3061e-8 4.7739¢-5 2.7039e-6 4.3744e-4
0.5 1.1742e-8 4.9292¢-5 6.0373e-7 4.5053e-4
1 6.24783e-9 4.9471e-5 3.2156e-7 4.5204e-4

Table 2.8: The convergence history of the first order approximation to Problem (2.1) with
a(x) defined in (2.35), x in (2.31) and € := .
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I L T e A
0.1 1.3154e-8 1.1835e-5 1.3839¢-6 2.2390e-4
0.5 2.9144e-9 1.2235e-5 3.0918e-7 2.3074e-4
1 1.5510e-9 1.2281e-5 1.6469e-7 2.3153e-4

Table 2.9: The convergence history of the first order approximation to Problem (2.1) with
a(z) defined in (2.35), k in (2.31) and € := 3i2

One can calculate from Tables 2.7, 2.8 and 2.9 that the first order approximation has
a convergence rate of O(e?923), O(e%9592) and O(e%949) for ¢t = 0.1,t=0.5and ¢t = 1,

respectively.
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3.  CONVERGENCE OF THE CEM-GMSFEM FOR STOKES FLOWS IN
HETEROGENEOUS PERFORATED DOMAINS *

In this chapter, we will develop and analyze a novel multiscale method for incompress-
ible Stokes flows in perforated domains. Our idea is motivated by CEM-GMsFEM. It is
based on the framework of GMsFEM to design multiscale basis functions such that the
convergence of the method is independent of the contrast from the heterogeneities; and
the error linearly decreases with respect to coarse mesh size if oversampling parameter
is appropriately chosen. Our approach of solving velocity has two ingredients. Firstly,
we construct auxiliary multiscale basis functions by solving a local eigenvalue problem
on each coarse block. The global auxiliary space is formed by extending these auxiliary
basis and the auxiliary space contains the information related to the pores. Secondly, the
multiscale basis is sought in a weakly divergence free space by solving a minimization
problem in an oversampling domain. The impose of weakly divergence free condition on
the multiscale basis enables us solving velocity solitarily. We prove in Lemma 3.3.8 that
the multiscale bases decay exponentially outside the corresponding local oversampling re-
gions. This exponential decay property plays a vital role in the convergence analysis of
the proposed method and justifies the use of local multiscale basis functions.

We organize this chapter as follows. In Section 3.1, we present the model problem
and its variational formulation. In Section 3.2, we introduce auxiliary space and the con-
struction of multiscale basis functions for pressure using relaxed constraint energy mini-
mization. The multiscale basis functions are constructed by solving a class of local spec-

tral problems and constrained minimization problems. We analyze convergence results in

*Reprinted with permission from “Convergence of the CEM-GMsFEM for Stokes flows in heteroge-
neous perforated domains” by Eric Chung, Jiuhua Hu and Sai-Mang Pun, 2020. Journal of Computational
and Applied Mathematics, Volume 389, June 2021, 113327, Copyright [2020] by Elsevier.
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Section 3.3.
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Figure 3.1: Illustration of a perforated domain

3.1 Problem setting

In this section, we start with stating the Stokes flow in heterogenous perforated do-
mains. Some notations and function spaces are introduced. We also introduce its corre-

sponding variational formulation.
3.1.1 Model problem

Let 2 ¢ R? be a bounded domain and B, be a set of perforations within this domain.
The set of perforations B, is assumed to be a union of connected circular disks. Each of
these disks is of diameter of order 0 < ¢ << diam(€2) and might be separated by a distance
also of order e. Here, the quantity diam(.S') denotes the diameter of a generic set S. In this
work, we do not assume the set 5, has periodic structure (see Figure 3.1 for an illustration).
We denote Q¢ := Q \ B, the perforated domain. Then, we consider the basic linear model

for incompressible fluid mechanics, i.e, Stokes equations. It consists of finding a vector
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function u: Q¢ — R? and a scalar function p: ¢ — R satisfying

—-pAu+Vp=f in Q2
V-u=0 in Q°,
(3.1)
u-=g on 00 N 02,
u=0 on 092° n B,

where the vector filed f: Q¢ — R? is the body force acting on the fluid, u can be interpreted
as the velocity of an incompressible fluid motion, p is the associated pressure, and the
constant > 0 is the viscosity coefficient of the fluid.

The boundary condition g defined on the outer boundary 0€2 should satisfy the so-
called compatibility condition [ oqenon 8 Noaenan dS = 0, where nagenan is the unit out-
ward normal vector field of the boundary 0€2¢ n 0€2. In this work, we consider only the
homogeneous Dirichlet boundary condition on 0B, where we assume that the perforation
is impenetrable (see [53]). For the sake of simplicity, we consider homogeneous Dirichlet
boundary for the velocity, i.e., g = 0. The viscosity constant is assumed to be p = 1. The
extension to the general viscosity constant is straightforward. See the remark in Section
3.1.3 for more details about inhomogeneous Dirichlet boundary condition. Other kinds of
boundary conditions on the perforation need a completely new effort, which is out of the
scope of this work. Since the pressure p is uniquely defined up to a constant, we assume
that [,.p dz = 0 so that the problem has a unique solution. In this model, the primary
source of the heterogeneity comes from the perforations in the computational domain;

model reduction is necessary for practical simulation in this case.
3.1.2 Function spaces

In this subsection, we clarify the notations used throughout the article. We write (-, )

to denote the inner product in L?(2¢) and || for the corresponding norm. We denote
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L3(€)) the subspace of L2(2¢) containing functions with zero mean. Let H'(2¢) be the
classical Sobolev space with the norm v, := ([[u]” + HVUHZ)UZ for any v € H1(€Q¢) and
H} () the subspace of functions having a vanishing trace. For vector-valued functions,
we denote L2(Q¢) = (L2(Q¢))% and HL(Q¢) = (HL(Q2¢))?. We write (-,-) to denote the

inner product in L?(2¢). We also denote |-|| the norm induced by the inner product (-, -).

To shorten notations, we define the spaces for the velocity field u and the pressure p by
Vo=HH(Q) and Qo= L3(Q).

3.1.3 Variational formulation and fine-grid discretization

In this subsection, we provide the variational formulation corresponding to the system
(3.1). We multiply the first equation and the second one with test functions from V
and (), respectively. Then, applying Green’s formula and making use of the boundary
condition, the associated variational formulation of Stokes equation reads: Find (u,p) €

Vi x Qg such that

a(u,v) - b(v,p) = (f,v) for all v € V,
(3.2)

b(u,q) =0 for all ¢ € o,
where

a(u,v) := fQ Vu:Vvdr, and b(u,q):= fQ gV -udz.

The well-posedness of (3.2) can be proved (see, for example [28, Chapter 4]). Through-
out this work, we denote ||, := \/a(-,-) the energy norm.

Remark 3.1.1. For the case of inhomogeneous Dirichlet boundary condition g # 0, we
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may write

u=uy+g,

where g € H'(Q¢) satisfies g qenp. = 0, &lonenon = & and b(g,q) = 0 for any q € Q.
Then, the pair of functions (1, p) satisfies

a(ug,v) =b(v,p) =(f,v)-a(g,v) + ; (Vg)noaenon - vdS  forall v eV,

QeNo

b(UOJQ) =0 forallq€Q0,

Thus, we only consider the case with g = 0 in this work. For a wide class of incompressible
or compressible flow models, similar reduction techniques can be applied (see [34, Section
2] for more details) to make the problem homogeneous in terms of Dirichlet boundary

condition.

To discretize the variational problem (3.2), let 7" be a conforming partition for the
computational domain ¢ with grid size h := max, .+ h, with h, := diam(7) for any fine-
grid element 7 € T". We remark that 7" is referred to as the fine grid. Next, let V;, and
@, be any conforming stable pair of finite element spaces with respect to the fine grid 7".
For the coupling numerical scheme, one may use continuous Galerkin (CG) formulation:

Find (uy, pr) € Vi, x @), such that

a(up,vy) = b(vi,pr) = (£, vp) for all vj, € V,
(3.3)

b(un,qy) =0 for all g, € Q.

We remark that this classical approach will serve as a reference solution. The aim of this
research is to construct a reduced system based on (3.3). To this end, we introduce finite-
dimensional multiscale spaces Vs € Vg and Qs € @)y, whose dimensions are much

smaller, for approximating the solution on some feasible coarse grid.
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3.2 Construction of multiscale spaces

In this section, we construct multiscale spaces on a coarse grid. Let 7 be a con-
forming partition of the computational domain Q¢ such that 7" is a refinement of 7.
We call TH the coarse grid and each element of 7 a coarse block. We denote H :=
max g7 diam(K) the coarse grid size. Let IV, be the total number of (interior) vertices
of TH and N be the total number of coarse elements. We remark that the coarse ele-
ment K € T is a closed subset (of the domain 2¢) with nonempty interior and piecewise
smooth boundary. Let {z; f:[ ¢ be the set of nodes in 7. Figure 3.2 illustrates the fine grid

and a coarse element K.

Figure 3.2: Illustration of the coarse grid, the fine grid, and the oversampling domain.

The construction of the multiscale spaces consists of two steps. The first step is to con-
struct auxiliary multiscale spaces using the concept of GMsSFEM. Based on the auxiliary

spaces, we can then construct multiscale spaces containing basis functions whose energy
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are minimized in some subregions of the domain. These energy-minimized basis functions
will be shown to decay exponentially outside the oversampling domain, and can be used

to construct a multiscale solution.
3.2.1 Auxiliary space

In this section, we begin with the construction of the auxiliary multiscale basis func-
tions. Let V(S) be the restriction of Vj on S c Q¢ and V(.S) be the subspace of V(S),
whose element is of zero trace on dS. We also define Qo(S) := L3(S). Consider the

following local spectral problem: Find (¢, \’) € V(/;) x R such that
a;(¢5,v) = Nisi(¢%,v)  forall v e V(K;), (3.4)
where a;(+,-) and s;(+,-) are defined as follows:
a;(u,v) = [K Vu:Vvdr and s;(u,v):= [K Ru-v dx (3.5)

for any u,v € V(K;). Here, we define i := Z;V:Cl

VX*[?, where {X?‘S}j]\icl is a set of
neighborhood-wise defined partition of unity functions [7] on the coarse grid. In particular,
the function xJ* satisfies H|Vx}®| = O(1) and 0 < x* < 1.

Assume that the eigenvalues are arranged in ascending order such that
0SA <A, <o

for each 7 € {1,---, N}. Also, we assume that the eigenfunctions satisfy the normalization
condition si(gzﬁz., gb;) = 1. Then, we choose the first /; ¢ N* eigenfunctions and define
Vi

aux

= span{(b; :j =1, £;}. Based on these local spaces, the global auxiliary space Vjx
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is defined to be
N
Viux = @ wx  With inner product  s(u,v) =) s;(u,v)
i=1

for any u, v € V,«. Further, we define an orthogonal projection 7 : Vj — V,,x such that

4;

(V) = ;ﬂi(v), where m;(v) : Z v, 08) )

for all v e V.
3.2.2 Multiscale space

In this section, we construct multiscale basis functions based on constraint energy
minimization. For each coarse element K;, we define the oversampled region K ;, ¢ Q¢

by enlarging K; by k; € N layer(s), i.e.,
Ki,O = Ki, Ki,k:i = U{K € TH K n Ki,krl F @} for kl = 1, 2,

We call k; a parameter of oversampling related to the coarse element ;. See Figure 3.2 for
an illustration of /; ;. For simplicity, we denote K" a generic oversampling region related
to the coarse element /; with a specific oversampling parameter k;. Next, we define
multiscale basis function possessing the property of constraint energy minimization [15].
In particular, for each auxiliary function qzﬁ;'. € Vaux, we solve the following minimization

problem: Find ¢} € Vo(K]") such that

% ms = argmin {a(,v) +s (7 () - ()= ¢l) e Vo(K)and V- o) = 0}. (3.6)
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Note that problem (3.6) is equivalent to the local problem: Find (@D;’ms, ¢ ) e V(K] x

J,ms

Qo(K;") such that

a(¢§7ms, v)+ s (W(¢§7ms), 71'(1])) +b(v, f;mq) = S( ;-, 71'(1])) forall v e V(K ),
(3.7)

b(Yms @) =0 forall g € Qo(£;)-

Finally, for fixed parameters k; and ¢;, the multiscale space V},s is defined by

Vins i=span {i 1< <f;, 1<i< N},

7,ms

The multiscale basis functions can be interpreted as approximations to global multi-

scale basis functions ¢§- € V| defined by

Yl i= argmin {a(¢, ¥) + s (m(¢) - Lom() - ¢;) t1peVoand V-9 =0},

which is equivalent to the following variational formulation: Find (Qb;, 5;) € Vi x Q such

that

a(¥)v) + s (7(¥), 7(0) + b(v. ) = s (¢, 7(v))  forallve Vo,

b(w;'-, q)=0 for all ¢ € Q.

(3.8)

These basis functions have global support in the domain €2¢, but, as shown in Lemma
3.3.8, decay exponentially outside some local (oversampled) region. This property plays a
vital role in the convergence analysis of the proposed method and justifies the use of local
basis functions in V. Furthermore, we define Vi, := span {w; :1<j<l;,1<i<N }
and V := {v € V& : 1(v) = 0}, where VI is the closed subspace of V| containing

divergence-free vector fields. Then, one can show that Vgiv = Va0 @ V.
Remark 3.2.1. Suppose that S c Q)¢ is any non-empty connected union of coarse elements
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K; € TH. Denote Dg : H}(S) — L2(S) the divergence operator corresponding to the set

S. We have the following auxiliary result from functional analysis.

Lemma 3.2.2 (cf. Theorem 6.14-1 in [20]). Suppose that S is any non-empty connected
union of coarse elements. Restricting the domain of Ds on the orthogonal complement
(with respect to standard L? inner product) of its kernel, the divergence operator Dy is
injective and surjective. Moreover, it has a continuous inverse and there is a generic

constant g > 0 such that

B |Ds' |, < ul  for any pe L3(S).

Using the result of Lemma 3.2.2, one can show that (3.7) and (3.8) are well-posed. Let
S be the whole domain ¢ or an oversampled region K. Then, for any non-zero element

v e H}(S), we have

b b D=1 , 2
sup b(v, )l [0 s 1 Ml _ Hfﬂ”
veH)(S),0%0 vl 1D ], 1D,

> s |l (3.9)

for any 1 € LZ(.S), which shows that the inf-sup condition holds for (3.8). Similarly, we

can prove the inf-sup condition holds for (3.7).
3.2.3 The multiscale method

From the above, we have the multiscale space Vs for the approximation of velocity

field. The multiscale solution uy, € Vi, 1s obtained by solving the following equation:

a(ups, v) = (f,v) forall v e V. (3.10)

To approximate the pressure based on coarse grid, we will construct a specific solution

space of finite dimension.
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Let W(K;) := {v e H(K;) : [, vdx =0, b(w,v) =0forallwe (I -7)Vy}. We

consider the following spectral problem: Find (¢/,(}) € W (K;) x R such that
Ai(d5,v) = Si(q),v)  forallve W(K;), (3.11)
where A;(-,-) and S;(+,-) are defined as follows:
Ai(u,v) = ][; Vu-Vudr and S;(u,v):= —/[; Ruv dx (3.12)

for any u,v € H'(K;). Assume that for each i € {1,---, N} the eigenvalues ¢} are arranged
in ascending order such that 0 < ¢} < (4 < ---. We then define a finite dimensional solution

space () as follows:
QH = Span{q;, : 7:: 1’...7N’ J = 17-.-’£2‘} .

Then, we solve the following variational problem over the domain 2¢: Find p,,s € )7 such

that
b(V,pms) = a(upys, v) — (f,v)  forall v e V. (3.13)

Note that dim(Q g ) = dim(V,,x ). To prove the well-posedness of (3.13), it suffices to verify
inf-sup condition for the bilinear form b(-,-) over V,,x and Q5. Recall that the variational
formulation (3.2) is well-posed and inf-sup condition holds for b(-,-) under spaces V and
(0. Hence, for any ¢ € Qp, there exists w € V| such that b(w, q) > C' |w], |¢| for some

constant C' > 0. Choosing v := 7w, we have v € V,;, and
b(v,q) =b(rw,q) =b(w,q) > C|w],|q| > C|v],]q]-
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Therefore, the problem (3.13) is well-posed. Note that the pressure p solves the fol-
lowing equation:

b(v,p) =a(u,v) - (f,v) forallveVy.

Then, we have

b(V,p _pmS) = CL(U_— ums,v) < Hu - umSHa HVHa7

for all v € V. It implies that

b — Mms
sup (V,D = Pms)

< Jlu—an, -
veVaux ||V||a, e

The multiscale solution py, serves as an approximation of the solution p and |p — pys| S

| = s -
3.3 Convergence analysis

In this section, we analyze the proposed method. We denote ||, := v/s(-,-) the s-norm.
In particular, |[v|? = 24, |v||” forany v = (v1, -+, v4)7. We also denote spt(v) the support
of a given function or vector field. We write a $ b if there exists a generic constant C' > ()
such that a < Cb. Define A := gg}v Ay, and T = max ;.. For a given subregion S c €,
we define local norms ||, = (/5|Vv[? dx)l/2 and [v|,g) = ([5 &IV olx)l/2 for any
v € V.

Before estimating the error between global and local multiscale basis functions, we
introduce some notions that will be used in the analysis. First, we introduce cutoff function
with respect to oversampling region. Given a coarse block K; € T and a parameter

of oversampling m € N, we recall that K, c €€ is an m-layer oversampling region

corresponding to ;.
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Definition 3.3.1. For two positive integers M and m with M > m > 1, we define cutoff

function XZM e span{x?s}j]\icl such that 0 < XZM’m <1and

1 in Ki,ma

0 inQNK; .

Note that, we have K ,,, ¢ K; s c Q€ and spt(Xfw’m) c Kim-
First, we establish the following auxiliary results for later use in the analysis.
Lemma 3.3.2. Let v e Vyand k > 2 be an integer. Then, the following inequalities hold:
(i) [vl, <TV2 V], if v e Vi
(ii) [V, < AV V], if v § Vs

(iii) [v[? s A [(1 - m)v]2 + 7]

. K k— 2 _ 2 2
() (1= ], <200+ A Voo, ) + 217V ek

k1) ik-1)
k k- 2 _ 2 2
(V) H(l - X I)VHS <A ”V”a(Qe\Kiyk,l) + HWVHS(QE\K“C,ﬂ :

Proof. Note that one can write v = Y11 3. a'¢! with o € R for any v € V.

(1) Since v € V4, then Oéé- = (0 for j > ¢; + 1. Using the local spectral problem (3.4), we

obtain

” 2_N€i i i _N& i\i i FN& i i -T 2
vl =22 asa(dy,v) = 3 Y asNis(¢,v) <T ) Y ais(d),v) =T|v[;.

i=1j=1 i=1j=1 i=1j=1

(i) For any v ¢ Vj,x, one can write v.= Y1, ¥ a’¢’. Then, we have

N N N
Ivla =2, aja(dh,v) = > (N85, v) 2 Ay . ays(@5,v) = Al
1=192€;+

=1 j2£i+ i=1 ]Z&‘F
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(ii1) The result follows from (i), (ii), and the triangle inequality.

(iv) By using the property of cutoff function y'"'

; and (ii1), we have

_ 2 _ _
H(l—xf”C l)VHa 32(/;25 . (1—Xf’l§ 1)2|VV|2+|VVXf’k 1|2dx)
NG -1

2 2
<2 (VI e aspy * IV )

_ 2 2
<2(1+A 1) ”V”a(QE\Ki’k_l) +2 HWV“S(QG\KZ'JC_l) .

(v) For any k > 2, we have

”(1 - Xf’k_l)VHz < ||V||§(Q€\Ki,k—1)

- 2 2
<A Vaaekn + 1TV oer,

2,

This completes the proof. ]

First, we present the convergence of using global basis functions constructed in (3.8).

We define ug, € Vi, as the global multiscale solution satisfying
a(ugo, v) = (f,v) forall v e Vy,. (3.14)
Theorem 3.3.3. Let u be the solution of (3.2) and uy, be the solution of (3.14). We have
e L
Moreover, if {X;’” j]\i °, is a set of bilinear partition of unity, we have
la =g, s HA™ |£].

Proof. Note that the multiscale basis functions for velocity are divergence free and thus
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the problem is elliptic. The proof mainly follows the lines of proof of [15, Lemma 1] and

is stated for being self-contained. By the definition of u and ug,, we have

a(u—ug,,v) =0 forall ve V. (3.15)

Hence, we have u - ug, € V' and

a(u - Ugo, U — Ugpo) = a1 — Ugp, 1) = (f,u—1uy,) < H/%‘%f‘ [u - ugl, - (3.16)

Since u — ug, € Vo — Vi, it follows from Lemma 3.3.2 (ii) that
Ju - ugo|? < A u - ugo?. (3.17)
The result follows by combining (3.16) and (3.17). The second part follows from the fact

that |[Vx7*| = O(H~") when {x}*} ;X is a set of bilinear partition of unity functions. ~ [J

Next we analyze the convergence of the proposed multiscale method. We first recall
Projection Theorem, which can be found in many functional analysis literature, e.g., [20,

Section 4.3].

Theorem 3.3.4 (Projection Theorem). Let V be a closed subspace of the Hilbert space H
equipped with an inner product (-,-)y. Then, for any given element [ € H, there exists a

unique element p € V such that

I - pll = min | =]

Here, |-|| is the norm induced by the inner product (-, ). Moreover, the mapping P : f — p

is linear and satisfies the inequality |Pf|| < | f| for any f € H.
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In the following lemma, we show the existence of a projection from V(D) to Vi¥(D)

using the Projection Theorem.

Lemma 3.3.5. Let D ¢ Q€. Then, there exists a divergence-free projection Pp : V(D) —

V¥ (D), where V§* (D) := {v e Vo(D) : b(v,q) = 0 forall qeL*(D)}.

Proof. Define a bilinear form on V(D) as follows: (1,V)usp) = ap(u,v) + sp(u, v),
where ap(+,-) and sp(-,-) are the restriction of a(-,-) and s(-,-) on the subregion D. One
can easily show that (-, -),s is an inner product defined on V(D).

Next, we show that VIV(D) is a closed subspace of V(D) with respect to the inner
product (-, -)4s. Let {f, } be a sequence in V§¥(D) that converges to f in V(D). Since f, €
Viv(D), then we have b(f,, g) = 0 for all g € L?(D). Then lim b(f,, g) = b(f,g) = 0 forall g €
L*(D). Itimplies that f € V3¥(D). Consequently, V3¥(D) is a closed subspace of V(D).

An application of Projection Theorem proves the desired result. [

Remark 3.3.6. We denote || ,,py the norm induced by the inner product (-, )as(p). Then,
we have |Pp(V)|,spy < [V]as(py for any v € Vo(D). We simply write ||, in short for
|| as(py when D = Q<. Moreover, the subscript D will be dropped from Pp when there is

no ambiguity.

Lemma 3.3.7. For any auxiliary function vg,, € V., there exists a function z € Vgiv such
that

7(2) = Vo, ||ZH§ <D Hvaux”?, and  spt(z) S spt(Vau)-

Here, D is a generic constant depending only on the coarse mesh, the partition of unity,

and the eigenvalues obtained in (3.4).

Proof. Without loss of generality, we can assume that v, € V}i,.

Consider the following
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variational problem: Find z € V3V(K;) and u € Vi, such that
a;(z,v) +s;(v, ) =0 for all v € V§V(K;),
(3.18)
SZ'(Z, Q) = Si(vaum Q) forall g € ‘/:jlx'

Here, the bilinear forms a;(+,-) and s;(-,-) are defined in (3.5). We will show the well-
posedness of the problem (3.18). It suffices to show that there is a function z € VSiV(Ki)
such that

$i(2, Vaux) 2 C1 || Vaux ”3(}(,.) and ”Z”?L(Ki) <Gy Hvauxui(Ki)

for some generic constants C; and Cs. We denote Zy, := {j : z; is a coarse vertex of K}

and define B := [T ez, XJ°. Taking 2z = P(Bvax), we have

Sz’(z?Uaux) = Si(P(Bvaux)yvaux) = [ /%P(Bvaux)vaux dz > C;I HvauxHi(K.) .
K; v

Here, the constant C; is defined to be

[y Rp? dx
C,:= sup - > 0.
KeTH | eV fK KJP(B,U),U dx

Note that |[B| < 1 and [VB[* < O ¥z, X with O == m?_)}<[|IK|2. The following
v Ke

inequalities hold

HZ”a(Ki) < HP(BUaUX)Has(Ki) < HBvaUXHas(Ki) N HBUaUXHa(Ki) :

Then, we have

2 2 2
[y S 1Bvasllagiey < CTCr(L+T) a5, -
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It shows the existence and uniqueness of the function z for a given auxiliary function

Vgux € VI

aux*

From the second equality in (3.18), we see that 7;(2) = vay. This completes

the proof. [

The following lemma generalizes the result in [15, Lemma 5], where it shows that the
global multiscale basis functions have a decay property. Here, we show that the multiscale
basis functions for velocity has a similar decay property. We remark that the proof of ex-
ponential decay makes use of the techniques in the proof of [15, Lemma 5]. We emphasize
that in our proof below, one has to construct test functions that are divergence-free based
on the projection operator defined in Lemma 3.3.5, which differs from the proof for the

elliptic case.

Lemma 3.3.8. Let (b; € Vo be a given auxiliary function. Suppose that ¢ is a multi-

3,ms
scale basis function obtained in (3.7) over the oversampling domain K, j, with k > 2 and ¢§-
is the corresponding global basis function obtained in (3.8). Then, the following estimate

holds:
. . 2 . . 2 .12 2012
|95 = 5l + 75 = 5l < £ (3l + 1= @L)
where E =3 (1+ A1) (1 +[6(1+ A‘l)]_1/2>1_k is a factor of exponential decay.

Proof. First, subtracting the first equation of (3.7) from that of (3.8), we obtain

(l(@b; - ;‘,msv U) + S(ﬂ-(d); - ;‘,ms)ﬂr(v)) + b(U7§; - ;‘,ms) =0 forall v e VO(KZ,k)
Taking v = w — ¢ with w € V§V(K;, ), then we have

J,ms

(1(77/12»— ;‘,ms7¢§',ms)+3(ﬂ-(¢;‘_ ;,ms)7ﬁ(¢;,ms)):a(¢;’_ ;,ms’w)_’_s(ﬂ-(d)}_ ;’,ms)ﬂr(w))'
(3.19)
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Utilizing (3.19) and Cauchy-Schwarz inequality, one can show that
905 = hamsl + I = 0 [ < [ = ] + e - )
for any w € V(K ;). Letw = P(Xf’k_le.). Note that 1% = P(+?). Then, we have

R e BT [T GVt | e LT LSt

<=t e, + Ja - s

°(3.20)

Using (iv) and (v) of Lemma 3.3.2, we have

: , 2 _ N2 in2
[ = 0, + 5 = 0] <3+ A ([ e,y + D e,y 132D

We claim that it can

wl
be bounded by the term F? := H@/}ZHG(K TR "71’(1/1;)‘

Next, we estimate the term lagoeaki) “W(w’)HS(Q Kix)'

. This recursive
s(Kjp-1NKj p-2)

property is crucial in our convergence estimate.

Note that spt(1-x*"*2) € Qe\K; ,_5 and spt(¢}) € K. So s(qﬁé,ﬂP((l—xf_l’k_Q)w;)) =

0. Choosing test function v = P((1 - x¥ """ 2)1#;) in the variational formulation (3.8), we
have

a (5 P((L-x; " )9)) + s (m(@), m(B((L-x["2)05))) =0 (B.22)
Note that

(U B ) = [ e (B ) de

NG k-2

= 02 do — i k=1k-2,) i
- [ e, JVUIF da | e, VU (BOE) da
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Consequently, we have

il|2 i|2
g < g
”¢]“G(QE\Ki,k,1) = \[QG\KZ- k_2|v¢]| dl’

=a (v, P((1-x; " 72)0) + fQK vV (RO ) de (3.23)

k

<a ( ;” ]P)((l N Xf_l’k_z)%b;)) " H¢; H‘I(Ki,k—l\Ki,k—Z) HP(Xl _1’k_21/}§.) Has(Ki,k—l\Ki,k—Q) '

Note that Xf_l’k_z =01in Q¢ \ K, ;1. Thus, we have

s (r () m P = D
e, DT Q) de

and

LTI R
= (r@) A=) - f

< s (m @), m(BL =) + 17D e, TP XD ke

Fr(yi)m (P((1-x2)0) da (3.24)

Using (iv) and (v) of Lemma 3.3.2, one can show that

PO =X Doy < 3L AP
H J Has(K%kq\Kz,k—Q) (325)

12 |2 -
OS2I sy <30 AE

Combining (3.22) and the inequalities (3.23) — (3.25), we have

‘0 e ()
”¢j“a(QE\Ki,k,1) + ﬂ(wj) 5(QNK k1)

2 inI2 1/2 i\ q1/2
< (ijHa(Ki,k—l\Ki,k—2) * “W(¢j)HS(Ki,k—l\Ki,k—Q)) [6(1 e 1)] F (3.26)

= [6(1+A)]"* 2.
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Notice that, using the inequality (3.26), we have

H/l/}j”a(ge\Ki,k72) (w‘j) S( E\Ki,k72)
ijHa(QE\K@k 1) (w]) S( N i7]<;_1) w] G(Ki,k:—l\Ki,k’—Q) ‘(¢]) S( i,k—l\ i,k_Q)

> (1+[6(1+ A D] (i)

+
a(QNK k1)

7
J S(Qe\Kz‘,k—l)) ’

Using the above inequality recursively, we obtain

i i Y2 i
[ sy + 1D sy < (1 (6 AT (32 e

This completes the proof. 0

The above lemma shows that the global multiscale basis is localizable. We need the

following result to show the convergence estimate.

Lemma 3.3.9. With the same notations in Lemma 3.3.8, we have

N 2 N 2
205 = Um)|| + gww;‘-—w;,m) (ke D) [Hw O e EIC RS TT  §

N
Proof. Denote w =Y (¢} -k ).
=

J,ms

Noice that, for any i € {1,---, N'}, it holds that
a(w; - ;’,msav) + S(W(¢; - ;’,ms)ﬂr(v)) = Oa forall v e VgiV(Ki,k)' (327)

Choosing v = P((1 - x¥*"*)w) in (3.27), we have

@ (V5 = s PO(1 =M w0) ) 5 (w1 (05 = ), T(P((1 = ;™ )w))) = 0.
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Note that P(w) = w. Hence, we have

Mz

2 2
Jwlg + 7wl =

() = e ) + (T (V] =1 ), T(w))

~.
I
—_

S

> @ (0 = U POG W) + 5 (1(0] = 0] ) (PG 0))).

~.
1]
—_

For each i € {1,---, N}, using the properties of the cutoff function Xf“’k and (i1) of

Lemma 3.3.2, we have the following estimates:

k+1,k
bl 5 1 # 10l S 04 A7 (Rl + I )y

2

k‘ 1,k k+1,k -
H7T : w)H s HX T s(Ki ke1) <A™ Hw||a(Ki,k+1) + Hﬂ(w)”S(Ki,ml)'

Furthermore, an application of (3.28) we arrive at the following estimate:

k+1.k 112 |l k+lk k+1,k
[l = I

w2+ [rOE )| sl + @),y (329)

Combining (3.28) and (3.29), we have

=z

2 2 k+1k k+1k
[wlo + I )y < 205 = Gl - D™ el + 75 = ] o™ el

N
2

1/2
(19 = ]+ [t = 0 D) (ol sy * 100D i)

i=1

LT P 2 2
N (Zl H¢3 JmSH + Hﬂ- 77Z)Z w; ms H ) (Zl ”w”a(Ki,kJrl) + ”ﬂ-(w)“S(Ki,ml))

1/2

dj2 = i i |2 i i 21/2 1/2
< (k+1) Z;ij—%ms\\ﬁH?T(l/)j—%,ms)Hs (lwl + |7 (w)]2)

Therefore, we have
ool + Il s e+ 1) [Hw— o S BT

56



This completes the proof. O
Finally, we state and prove the main result of this work. It reads as follows.

Theorem 3.3.10. Let u be the solution of (3.2) and u,,; be the solution of (3.10). Then,

we have
=], 5 A i 2]+ ma (b + DB+ D) g,

where gy, is the solution of (3.14). Moreover, if the oversampling parameter k is suffi-

ciently large and { Xg’”}fi q 1s a set of bilinear partition of unity, we have
[ =, s HATH£]

Proof. 1t follows from Galerkin orthogonality that ||u — |, < [u-v|, for any v € V.

N ¢; N 4
We write Uy := »_ ¥ ¢;;4} and define a function v such that v := >~ »" ¢;;40% . Then, we
i=1j=1 i=1j=1

have
Ju =, < fu=v], <fu-ug, + |ug - v, -

The first term of the right-hand side can be estimated by the result of (3.17). It suffices to

estimate the second term. By Lemmas 3.3.8 and 3.3.9, we have

2
”uglo - VHa =

N ¢; ) )
;Z::clj(¢;_ ;’,ms)

a

¢ 2

Z l](¢;_ ;’,ms)

N 2 2
k:+1)d2( > Z:: me) )

i=1

<c<k+1>dEzz<cw>2(Hw\ +\WH )

=1 ]_
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Choosing test function v = ¢! in (3.8), we obtain that Hw;Hz + Hm/;j. Hi < Hqﬁij Therefore,

N ¥¢; N ¥;
[ugo - V]2 S E(k+1)? 3" Z ()2 |6 = Btk + 1)* 33 (e)*. (3.30)
b | i=1 j=1
Next, we estimate the term ) > (c;;)*. Note that m(ugo) = Y. > ¢;;m(¢}). Using the

i=1j=1 i=1j=1
variational formulation (3.8) with test function v = 1/1;., we obtain

4

bor = 5 (m(Ugo), 94 ) = Y. Cﬁ(”(%)@i)zzzijcij a(y, ) + s(m (), m(¥y)

i=1j=1 i=1 j=1

=Qij, ek

N
If we denote b = (by;) € RV and ¢ = (¢;;) € RV with A := )" ¢;, then we have

i=1

b=Ac and |c|,< HA_1H2 Il

where A := (a;;0) € RV*V and |||, denotes the standard Euclidean norm for vectors in

RV and its induced matrix norm in RV By the definition of 77 : V - V,,,, we have

N 4 N 4
7 (ugo) = 7 (7 (Ug0)) = Z Z s(m(ugo), 925 ; Z: wﬁbé‘-

i=1j=1

N ¢ A
Thus, we have [b|, = |7(ug,)|,. We define ¢ := > > ¢;;¢,. Note that ¢, = [c|,.
i=1 j=1
Consequently, by Lemma 3.3.7, there exists a function 2z € V3V such that 7(2) = ¢ and
|2 < D |#|?. Since the multiscale basis ! satisfies (3.8) and uy, is a linear combination

of 1/1;'.’5, we have

a(Ugo,v) + s(m(ugo), Tv) = s(¢,mv)  forall v e VI¥(QF). (3.31)
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Picking v = z in (3.31), we arrive at

2
[61 = a(ugo, 2) + s(m(ugo), 72) < Jugol, - DV 6], + |7ugl, - |41,

2 2y\1/2
<(1+ D)2 ¢l, (lugoll; + |mugol)
Therefore, we have

el = 1915 < (1+ D) (Jugo[; + 7o) = (1 + D)c" Ae.

From the above, we see that the largest eigenvalue of A~! is bounded by (1 + D) and

we have the following estimate
lell, < (1+ D) bl = (1+ D) |ugol, -
As aresult, we have
Jugo = V| < (k+1)?E(1 + D)? |ug,|?.
It remains to estimate the term |ug,||,. In particular, we have
[ug |2 s max{&} |ugol; = max{7} (£, ugo) < max{&} |&~"*f] [ug|,-
Therefore, we have
= s, A5 26] + max{&}(k + DY EV2(1 + D) |71

If we take k = O(log(H')) and assume that {x™} < is a set of bilinear partition of unity,
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then we have

[u =t [, s HATH ]

This completes the proof.
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4.  WAVELET-BASED EDGE MULTISCALE PARAREAL ALGORITHM FOR
PARABOLIC EQUATIONS WITH HETEROGENEOUS COEFFICIENTS AND
ROUGH INITIAL DATA

We consider in this chapter a new efficient multiscale parareal algorithm for parabolic
problems with heterogeneous coefficients. We incorporate the parareal algorithm into
Wavelet-based Edge Multiscale Finite Element Method (WEMSFEM) to numerically cal-
culate the time evolution problems efficiently.

The main idea of WEMSFEM is to utilize wavelets as the basis functions over the
coarse edges, and transform the approximation properties from the edges to each local
region. Then the Partition of Unity Method (PUM) [59] is applied to derive the global
convergence rate. The motivation for using wavelets as the ansatz space over the coarse
edges origins from the low regularity of the solution to (4.1) in the spatial domain due
to the existence of heterogeneity in the coefficient x, which makes its approximation use
the standard basis functions, e.g., the element-wise polynomials, infeasible or even pro-
hibitive. Further, the multiresolution analysis enables the approximation of functions with
low regularities using wavelets. We will apply this method in this chapter to handle the
heterogeneity in the spatial domain.

The parareal algorithm facilitates speeding up the numerical solver to time dependent
equations on the condition of sufficient processors [9], which is an iterative solver based on
a cheap inaccurate sequential coarse-scale time solver and expensive accurate fine-scale
time solvers that can be performed in parallel. If it converges sufficiently fast, then the
parareal algorithm could result in less wall-clock time than sequentially computing.

Our proposed algorithm is called WEMP Algorithm, c.f. Algorithm 2. This algorithm

is divided into two steps: a multiscale space VEY based on WEMSFEM with ¢ as the
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wavelets level parameter is constructed in the first step, and then we apply the parareal
algorithm by using VIESVZ as the ansatz space in the second step to obtain the solution more
efficiently.

The chapter is organized as follows. We summarize the basics on the fully discretiza-
tion of Problem (4.1), the framework of WEMSFEMs in Section 4.1. Our main proposed
algorithm is presented in Section 4.2. The convergence of WEMSFEM and WEMP al-
gorithms are derived in Section 4.3. Extensive numerical tests are presented in Section

4.4,
4.1 Problem setting and the construction of multiscale space

In this section, we will mainly introduce the full discretization of problem (4.1), and
its multiscale model reduction in the spatial domain D.

We first formulate the heterogeneous parabolic problems to present our new multiscale
methods. Let D c R (d = 1,2,3) be an open bounded Lipschitz domain. We seek a
function u(-,t) € V := Hj(D) such that

Z—j—v-wu):f in D x (0,

u(+,0) = ug in D (4.1)

u=0 on 0D x [0,T7],

where the force term f e Le([0,T]; H?(D)) satisfying 0,f € L'([0,T]; L3(D)), the
initial data uo € L?(D) and the permeability coefficient x € C*(D) with a < k(x) < 3
almost everywhere for some lower bound « > 0 and upper bound 5 > «. Here, H (D) c
L2(D) is a Hilbert space to be defined in (4.2). We denote by A := g the ratio of these
bounds, which reflects the contrast of the coefficient x. To simplify the notation, let [ :=

[0, T']. Note that the existence of multiple scales in the coefficient ~ rends directly solving
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Problem (4.1) challenging, since resolving the problem to the finest scale would incur huge

computational cost.
4.1.1 Full discretization

We present in this subsection the discretization of problem (4.1). Firstly, we define the
Hilbert space [1%(D), which is analogous to [60, Chapter 3].
Let {(Am, ¢m) oo, be the eigenpairs of the following eigenvalue problems with the

eigenvalues arranged in a nondecreasing order,

LOm ==V (kVOm) = Andm in D

¢m=0 on 0D.

Note that the eigenfunctions {¢,,}°_; form an orthonormal basis in L2(D), and conse-
quently, each v € L2(D) admits the representation v = Y. _, (v, ¢, ) p¢r, With (-, +) p being

the inner product in L2(D). The Hilbert space H*(D) c L2(D) is defined by
H*(D) = {v e L*(D): 3 Nul(v,6m)pf” < o0}, (42)
m=1

The associated norm in H*(D) is [v]s = (-, A3, (v, du ) p|?) V2.

Remark 4.1.1. Since the initial data uy € H3(D) n HY(D), we obtain

| Luoll 12y = [uol2- (4.3)

Indeed, uy allows the expression

oo

Up = Z (u0> ¢m)D¢m

m=1
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Taking L*(D)-norm after operating L on both sides and utilize the definition (4.2), we

obtain the desired assertion (4.3).

To discretize problem (4.1), we first introduce fine and coarse grids. Let Ty be a regular
partition of the domain D into finite elements (triangles, quadrilaterals, tetrahedral, etc.)
with a mesh size /. We refer to this partition as coarse grids, and its elements as the
coarse elements. Then each coarse element is further partitioned into a union of connected
fine grid blocks. The fine-grid partition is denoted by 7;, with h being its mesh size. Let
F, (or Fp) be the collection of all edges in 7, (or Tg). Over the fine mesh 7, let V}, be

the conforming piecewise linear finite element space:
Vi={veV :v|geP(F)forall EeT,},

where P; (E') denotes the space of linear polynomials on the fine element E € Tj,.

The time interval I := [0,7] is decomposed into a sequence of coarse subintervals
[T, T+ for n = 0,1,-+, M of size AT with AT := T/Ma for some Ma € N, and
T := 0. Each coarse time interval [77, T"*!] is further discretized with a fine time step
ot. Lett, =nxdt forn=0,1,---, Ms with Ms := T x §t~1. Note that AT >> §t. To simplify
the notations, backward Euler method is utilized to discretize the time variable, and we
use conforming Galerkin method for the discretization in the spatial variable throughout

this chapter. Then the fine-scale solution U} € Vj, for n = 1,2, ---, M satisfies

Ur — Un—l

(}L(S—h,vh)p+a(U}7,vh) = (f(',tn),vh)p for all UhEVh,
t (4.4)

U;? = Ihuo.
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Here, the bilinear form a(-,-) on V' x V' is defined by
a(vy,vy) = f kY7 - Voo da for all vy, v9 € V.
D

I}, is a proper projection from V' to V4. Furthermore, we define the energy norm ||v|| g1 (p) :=
\/CL(TU) forallveV.

The fine-scale solution uj will serve as a reference solution in Section 4.4. Note that
due to the presence of multiple scales in the coefficient «, the fine-scale mesh size h should
be commensurate with the smallest scale and thus it can be very small in order to obtain
an accurate solution. This necessarily involves huge computational complexity, and more

efficient methods are in great demand.
4.1.2 Multiscale model reduction in the spatial domain D

We present in the section the multiscale model reduction to Problem (4.4) in the spatial

domain D.
4.1.2.1 Multiscale solver in the spatial domain

The multiscale method we are investigating aim at solving Problem (4.1) on the coarse
mesh 7Ty, which, meanwhile, maintains a certain accuracy compared to the fine-scale so-
lution U} to Problem (4.4). To provide a brief overview, we first recap a few definitions.

The vertices of Ty are denoted by {O;} |, with N being the total number of coarse

nodes. The coarse neighborhood associated with the node O; is denoted by

We refer to Figure 4.1 for an illustration of neighborhoods and elements subordinated to

the coarse discretization 7. Throughout, we use w; to denote a coarse neighborhood.
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Furthermore, let F,(0w;) (or Fy(dw;)) be the restriction of F, on dw; (or Fy on dw;).

Tu (Coarse Grid)

) Wi
K; Ko, T " .Coarso
3 Neighborhood
4
K [~
Ky Kl | | T
Coarse
Element

Figure 4.1: Illustration of a coarse neighborhood and coarse element.

Let Vs be the multiscale finite element space to be defined in Section 4.1.2.2. The

multiscale solution U, € Vi, forn = 1,---, M; satisfies

n n—1
Ums B Ums

( Ums)D + AU, Vms) = (f(5 1), vms)p  for all vy € Vi,
ot (4.6)
Ur[r)m = [mSUOa

where V), denotes the multiscale space spanned by these multiscale basis functions and
Ins is a L2(D)-projection operator from V' to V.

Note that we need a very tiny fine-scale time step J¢ to guarantee a reasonable ap-
proximation property of u” to u(-,t,) for n = 1,---, My due to, e.g., the singularity of the
solution u(-,t) at ¢ = 0 arising from the rough initial data u, or when the source term f
fails to have certain regularity. Consequently, the computational complexity of the multi-
scale method (4.6) can be extremely expensive. For this reason, we present in Section 4.2

a multiscale algorithm incorporated with the parareal algorithm to reduce further this part
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of computational cost.
We end this section with assumptions on the permeability field x, which is required to
obtain approximation properties of the multiscale finite element space V;, in the energy

norm, c.f., (4.14):

Assumption 4.1.1 (Structure of D and k). Let D be a domain with a C* (0 < « <
1) boundary 0D, and {D;}", c D be m pairwise disjoint strictly convex open subsets,
each with a CY boundary T'; := 0D;, and denote Dy = D\U™, D;. Let the permeability
coefficient K be piecewise regular function defined by

ni(z) in D,

" = 4.7)
1 in DQ.

Here n; € C*(D;) with ju € (0,1) for i = 1,---,m. Denote 1, = mjn{m})n{m(m)}} >1
7 Tel);

and 1y 2= max{ |1 co(p:) }-

4.1.2.2 Multiscale space construction

This subsection is concerned with the construction of the multiscale space by means of
the Wavelet-based Edge Multiscale Finite Element Methods (WEMSFEM) [47, 30]. The
algorithm is presented in Algorithm 1. Given the level parameter ¢ € N, and the type of
wavelets on each edge of the coarse neighborhood w;, one can obtain the local multiscale
space V;, on w; by solving 2¢+2 local problems in Step 2 using the fine-scale mesh and its
associated proper finite element space. Those local problems £, are homogeneous elliptic
operators coupled with wavelets Dirichlet data V;,. In Step 3, we can use these local
multiscale space to build the global multiscale space Vnﬂ";’ by multiplying the partition of
unity functions ;. Finally, we can solve (4.6) by backward Euler conforming Galerkin
scheme using this global multiscale space, coupled with /,u as the initial condition. Here,

I, denotes the L?(D)-projection from L2(D) to VEY

ms,{°
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The weighted coefficient appears in Step 3 is

N
R=HkY |Vxil*. (4.8)
i=1
Further, its inverse 1 is
7L when %(x) # 0,
Fl(z) = (4.9)
1, otherwise ,

which will be utilized in the analysis. The partition of unity functions y; used in Step 4
are the standard multiscale basis functions defined coarse elementwise. On each coarse

element K € Ty, it satisfies

-V (s(z)Vx;)=0 in K, (4.10)

Xi=¢; ondkK,

where g; is affine over 0K with g;(O,) = 0;; forall 4, j = 1,---, N. Recall that {Oj}j.vl are

the set of coarse nodes on 7. By its definition, y; is locally supported,

supp(x;) € w;.
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Algorithm 1 Wavelet-based Edge Multiscale Finte Element Method (WEMSsSFEM)
Input: The level parameter ¢ € N; coarse neighborhood w; and its four coarse edges I;

with k = 1,2,3,4, i.e., U;_, ', = dw;; the subspace ng c L%(T;x) up to level ¢ on each
coarse edge I'; ;.
Output: Multiscale solution u\,.
1: Denote V;, := @}_,V/,. Then the number of basis functions in V;, is 4 x 2¢ = 2¢+2,
Denote these basis functions as vy, for k = 1, .-+, 26+2,

2: Calculate local multiscale basis £;!(vy) for all k£ = 1,---,242. Here, L*(vy) = v

Liv:=-V-(kVv)=0 inuw;,

satisfies:
R on ow;.
3: Solve one local problem.
V- (kVY) R in
-V (kV0") = w;,
[, Fdx
ov'
S = |Ow;|™ on ow;.
on

4: Build global multiscale space. VEW := span{x;L;1(vy),xv': 1 <i <N, 1<k <

ms, ¢
2@+2}'

5: Solve for (4.6) by backward Euler conforming Galerkin method in V1"} with U EW.1

ms,{

Iug to obtain USY,"™ forn = 1, -+, M.

4.2 Wavelet-based Edge Multiscale Parareal Algorithm

We construct in this section the Wavelet-based Edge Multiscale Parareal (WEMP) Al-
gorithm, cf. Algorithm 2, which is divided into two main steps. In the first step, the
multiscale space V]iVX for ¢ € N, is built based on Section 4.1.2.2. This multiscale space
serves as the trial space and test space for our conforming Galerkin method, cf. (4.6).
Then the parareal algorithm is utilized in the second step to solve the problem.

We first recap a few terminologies commonly appeared in parareal algorithm.
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The one step coarse solver on the time domain (0,7) is

U™ = Ex(T™,U™), U°= Iy,

Un:j - EESJ(Tn’ Ugs,€)7 Ur?ls,f = ]mSUOa (411)

m

which yields U™*! (or U™!}) as a coarse approximation to u(-,7"*1), provided with an

approximation U™ (or U ,) of u(-,7™). In matrix form, it reads

U= (M + AT x A)*M(U™ + AT x F™1),

UTL;—% = q)ms,f(q)g;s,KMQms,f + AT x CI)T AQ)msve)_l@gst(Urﬁs’[ + AT x Fn+1).

m ms,/

Here, A and M are the mass matrices and stiffness matrices corresponding to the dis-
cretization of the elliptic operator —V-(xV-) in the finite element space V}, := span{¢1, -, dgof,, } -
Here, dof, denotes the dimension of V},. (F"*1); := fD f( tyy1)pidx foralli=1,--- dofy.
. ¢ denotes a matrix with columns composed of the coefficients of multiscale basis func-
tions in V") in the finite element space V.

The one step fine solver

¢ :f5(8,0,¢),

Vs = Fi (5,0,0), (4.12)

yields an approximation ¢(-, s + o) (Or ¥ms (-, s + 0)) to the solution u(-, s + o) with the
initial condition ¥ (-, s) = ¢ (Or Yms (-, s) = Pe(¢)) and a uniform discrete time step § for
all s € (0,7) and o € (0,7 - s) in the infinite dimensional space V' (or in the ansatz space

VEW) with s/6t € N,.

ms, ¢
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We also define the semi-discretization in space solver
Uns (-, 5 +0) = F™(s,0,0), (4.13)

which yields an approximation s ¢(+, s+0) to the solution u(-, s+o¢) with initial condition

Uns¢(+, 5) = Pe(p) forall s € (0,T), o € (0, T~s) in the ansatz space V). We will denote

E (T, Up, ;) as the one step coarse solver with f = 0. We will define F™¢(s, 0, ¢) and
F(s,0,¢) analogously.

Note that the cheap multiscale coarse solver EZS’Z is sequentially utilized over the
global time interval / to provide a rough approximation to u(-,7"*!), while the expensive
accurate multiscale fine solver fg“s’z is applied in each subinterval [T, T"*1] for n =
0,1,---, Ma -1 independently. This local fine solver will embed more detailed information
to the approximation of u(-,77*1), which usually differs from the one obtained from the
global coarse solver. In the process of parareal algorithm, a correction operator is very

important to improve the approximation to u(-,7"*!) based on the discrepancy between

the coarse solver and fine solver, which is defined by
S(T",UL, ) = FI (T AT, Ul ) - ER (T, Ul) and Uy = It

forallm=0,1,---, M — 1.

Now we are ready to present our main algorithm, i.e., Algorithm 2. To obtain a good
approximation to the solution of (4.1) at discrete time points {77} for n = 1,---, Ma, we
first construct a proper multiscale space VHI;DSVX based on the WEMSFEM, i.e., Algorithm 1,
which corresponds to Steps 1 to 3. This allows one to solve (4.6) using the constructed

UEW,’H

multiscale space VEY and obtain an intermediate solution with certain accuracy

depending on the spatial coarse mesh size H and level parameter ¢. This solution will only
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be utilized in the convergence analysis.

In order to further reduce the computational cost, we apply the parareal algorithm in
the following. Given the iteration parameter k, we apply the global coarse solver (4.11)
in Step 6 to obtain U;**!, which is an approximation to the intermediate solution U, EW s
from Algorithm 1. Using the coarse solution U}’ as the initial condition, the fine solver
(4.12) subsequently is used to calculate the fine solution U**! in parallel on each local time
subinterval [T™,T"+!]. Then we calculate the discrepancy between the coarse solution and
the fine solution in Step 8 on each discrete coarse time point 7" for n = 1,2, ---, Ma, and
denote it as S(7™!,U;~1). Subsequently, this jump term is utilized in Step 9 to update
the coarse solution via the global coarse solver (4.11). This process will be performed
iteratively until certain tolerance on the jump terms is satisfied.

The multiscale solution in Algorithm 1 is calculated using a fine time step 6t << AT,
which solves a linear system of size N;,s a number of T times, where N, denotes the
dimension of the multiscale space VHEVX In each iteration, a linear system of size [V
is solved a number of - times sequentially and a number of I times simultaneously
using % processors. In total, Algorithm 2 involves solving a linear system of size Ny
a number of k x 1= times sequentially after £ iteration. Algorithm 2 converges within a

shorter wall-clock time compared with Algorithm 1 when £ <« which, indeed, can be

AT’

supported by extensive numerical experiments presented in Section 4.4.
4.3 Convergence study

This section is concerned with the theoretical study of Algorithm 1 and Algorithm 2.
The proof of the former follows from [60, Theorems 7.7 and 8.5], where the approximation
properties of the multiscale space VHEVZ and the convergence rate of the associated solver
L, are needed. The error of the latter can be decomposed as the summation of the error

from the multiscale space and the parareal error.
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Algorithm 2 Wavelet-based Edge Multiscale Parareal (WEMP) Algorithm

Input: The initial data u, the source term f; tolerance ¢; the level parameter ¢ € N; coarse
neighborhood w; and its four coarse edges I'; ; with j = 1,2,3,4, i.e.,, Uj_ T ; = Ow;; the
subspace Wj c L*(T; ;) up to level ¢ on each coarse edge I'; ;.

Output: U.

1:

2:

Denote V;, := @;_,V/,. Then the number of basis functions in V, is 4 x 2¢ = 22,
Denote these basis functions as vy, for k = 1, ---, 26+2,
Calculate local multiscale basis £;!(vy,) for all m = 1,---,2%2. Here, L;'(vy,) = v
) {Eiv =-V-(kVv) =0 inw;,
satisfies:
V= Uy on ow;.

: Build global multiscale space. VEY := span{y;L;'(vg),x;v°: 1<i< N, 1<k<

ms,{

2£+2}'

4: k=0, err=1.

a

10:

while err> € do
Compute U forn =0, -, Ma - 1:

Uit = BRI UR),
U]S = PgUo.

Compute u}j” forn =0,---, Ma — 1 on each local time subinterval [7™,77+1]:
wtt = FPVNT AT, U).

Compute the jumps forn =1,---, Ma:
ST Up ) =u - U

Compute the corrected coarse solutions U} forn = 0,---, Ma - 1:

Ul = S(T,Up) + EXN(T, UR,),

0
Uk+1 = P[UO.

Calculate:

Ma
err = 1/Ma Y Uy = UP ey
n=1

kE<k+1

11: end while

12:

Uy, :=Uland U := [Uy, -, Upr, |-
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4.3.1 Convergence for Algorithm 1

We first derive in the section the properties of the numerical operator that approximate

the differential operator in Algorithm 1, then present the approximation properties of this

VEW

numerical operator in the multiscale space V "} .

Let £ := -V - (kV-) be the elliptic operator defined on V, and let its discrete operator

Lo:VEY > L2(D) be

ms,{

(Lowg, vg) := (Lwg,vg) = a(we, ve) for all vy and wy € VY.

Then the inverse operator £, exists, which is self-adjoint, positive semi-definite on L2(D),

and positive definite on VHEVX Further, let R, be the Riesz operator associated to £ in the

VEW

s 2 1.e.,

multiscale space

EW
Vms,ﬂ

Vv eV and wy € ta(v = Rev, W) = 0.

Then it holds
,Czl = Rgﬁ_l.

The approximation property of £, in energy norm is derived in [29, Proposition 5.2]. For
any v € L?(D), it holds
l£tw - 27| S(HIFLE by + 22kl ) 10| z20y- (4.14)

HL(D) ™ L=(D)

Together with the duality argument, we can derive the approximation property of £, in

L2(D)-norm.
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Lemma 4.3.1 (Approximation property of £, in L?(D)-norm). For all v € L?>(D), there
holds

|7 v - L% S(HIRIZ )+ 2—6/2“,1”me)) £

12(D) L>=(D) (4.15)

Hy (D)~

Proof. This assertion can be derived from the duality argument together with (4.14). In-

deed, let w € V and wy, € V.EY satisfy

Lw=L - LM

Lowys = L7 0 - Eglv.

Then it holds

2

(D) = a(w = wps, L7 = L)

|c7to ~ £t
< w = wns | 11 py Hﬁ_lv - [’ZIUHH;(D)

Together with the estimate (4.14), we derive

2

HE_IU - LZIUHLQ(D)
< (H R ) + 27 Pkl e ) [£70 = L8 0] o) 1670 = L7011y - 4116)
The stability of Riesz projection R, implies
|cto - 521““11;(1)) S HElUHH;(D) ’
then together with (4.16), this shows the desired assertion. ]

Using the properties of the discrete operator £,, we can obtain the error estimate of
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Algorithm 1.

Proposition 4.3.2 (Pointwise-in-time error estimate in L?(D)-norm for Algorithm 1). For

allm=1,2,---, Ms, there holds

m ~11/2 _ _
|u(tm) = Upy HLZ(D) S (H ||,.@\|L/M(D) + 272 || e () + 5t)tml luoll 12
~11/2 —

+(HIRIE ) + 2P Il ey ) suD 1S 5l

trn
eot(tnswp IFC 9+ [ IOS () lnpds).  @1D)

Proof. This result can be obtained from [60, Theorems 7.7 and 8.5]. O

4.3.2 Convergence for Algorithm 2

We present in this section the convergence analysis for Algorithm 2. To this end, we
first prove the boundedness and Lipschitz continuity properties of the coarse solver Eis’g

and the jump operator S in the multiscale space VIV

Lemma 4.3.3. Foralln e {1,---, Ma — 1}, the following properties hold.

l . . . .
1. The one step coarse solver EX" is Lipschitz in V. For all vy, vy € VY, there

holds

HEZ&[(T”? Ul) _ EZLE(T”’ UZ) HLz(D) < Hvl — V2 ”LQ(D) .

2. The jump operator S is an approximation of order 1 with Lipschitz regularity. For

all vy, vy € VH‘EYXHH%D) and any € > 0, there holds

HS(T”, Ul) - S(Tn,UQ)HLg(D) S AT|1)1 - 112|2+€. (418)
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Proof. 1. Letent! = ENY(Tn, v)) — EXY(T™, vy), then it holds
VW € VmS VE e lwpsda + AT / KVer . Yy, d = f (v1 = V9 )wps dex.
D D

1 — pn+l
Choosing wp; := e leads to

H n+1HL2(D) + AT Hen+1HH1(D) _ fD e (oy - v5) da.

Finally an application of the Young’s inequality proves the first assertion.
2. To prove the second assertion, let

emtt = S(T™ v1) - S(T™, vy)

= (FPHTn, AT ) = FPUT AT, v) ) - (BRI, 01) = ERY(T",0,))
= FPHT™ AT, vy~ vg) — EXHT™ vy - vy)
= (ﬁgﬂs’e(T", AT, vy —vy) = F™HT", AT, v, — '02)) - (EES’Z(T”,M —09)
- Fusb(T AT, vy - UQ))
. n+l _ n+l

= ems,5 ems,A'

To estimate eji;', we only need to derive the estimate for e’7; and e]’ry , separately.

ms °

To this end, let v} := vy (-, T) := FsA(Tn AT, v;) for i = 1, 2, we first construct

ms,?

the equation for eg;lA by the definitions of the coarse solver (4.11) and fine solver (4.12).

There holds

Vs € VEW g;lAwmb dz + AT [ mVnglA VW dx = / Wo * Wyps AT
D

ms,¢ °
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Here,

AT( S| Upei — U1 Srtms] Upts — V1
Wy = — OtUmgs,1|¢=Tn+t + t OtUms 2|t=Tn+1 — )
AT AT

Tn+1

:_f (5= T™)0ss (Vs — Vms2) (- 5) ds.

n

Note that

Tn+l
HwOHLQ(D) <AT /T" | Oss(vms1 = vms 2) (-, 5)HL2(D) ds

An adaptation of the proof to [60, Lemma 3.2] shows
Hatt(vms,l - Ums,Q)('a t) HLQ(D) S (t - Tn)_1+6/2|7]1 - U2|2+€ forall ¢t > 0.

Consequently, we derive

HwOHLQ(D) S ATvy = valaye.

. e on+l
Choosing wy := s A leads to

1 12 1
ety + AT ey = [ et
E D
Consequently, an application of the Young’s inequality implies

H n+1

€ms AHL2(D) ATlvr = vaase.

Analogously, we can obtain the estimate for e”*L, which reads

H n+1

€ms 5HL2(D) < 5t|vl - v2|2+6'

Note that 0t < AT, then a combination of the two estimates above with the triangle
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inequality, shows the second assertion. O

Remark 4.3.4. Lemma 4.3.3 indicates that the approximation property of the jump oper-

ator S(T™,-) deteriorates when T™ is small.

We present in the next theorem the convergence rate of Algorithm 2 to Problems (4.1)
in pointwise-in-time in L?(D)-norm. To derive it, we first decompose the error from
Algorithm 2 as a summation of the error from WEMSFEM and the error from parareal al-
gorithm. Then we estimate the former by Proposition 4.3.2, and the latter can be estimated

by mathematical induction. This result relies on the followiing assumption.

Assumption 4.3.1. Let m be a positive integer such that T™ = t,, for some integer n. For
€ > 0 be sufficiently small, we assume the following inequality holds
(U™ = Uktlaee 8 (T7)7 |0, 5" - UE|

ms,t ms,l L2(D) "

We remark here this assumption is provable for the continuous problem [60, Lemma

3.2].

Theorem 4.3.5. [Pointwise-in-time error estimate in L*(D)-norm for Algorithm 2] Let
Assumptions 4.1.1 and 4.3.1 hold. Assume that the source term f € L=([0,T]; H*(D))
satisfying 0, f € L'([0,T]; L?(D)) and initial data ug € L?>(D). Let { € N, be the level
parameter. The coarse time step size and fine time step size are AT and 0t. Let u(-,t) € V

be the solution to Problem (4.1) and let U}} be the solution from Algorithm 2 with iteration
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k € N. There holds

n n ~11/2 - 1
[aC.T) = Ul sy (BRI ) + 2721l sy + 68) = ol o)
~11/2 - n
# (BRI ) + 2P sl )T sup £ )
Tn
#ot(Tsup |F (o)t [ 10 Co8)liamyds)
s<T™ 0

1
+ (H§=0 Tr—j )ATk+1 HU0HL2(D) -

Proof. We first define the multiscale solution to Problem (4.1) using Algorithm 1. Find

UEW,m

EW _ e
mst € Viey form =1,.-- Ms, satisfying

EW,m _ 7EW,m-1
s,l W m
VrE;YX : ( - St = 7me)D + a(UIEZYZ 7wm5) = (f('atm)»me)D (4.19)

YW €

U0 = I(ug).

ms,/

UEW,m

ms, ¢ HLZ(D) and HUEWVm - U]?H for m :=

ms, ¢ L2(D)
AT/[6t x n. Note that T™ = ¢,,. Therefore, we can replace 7" with t,,. Similarly, let

Then we only need to estimate |ju(-,7") -

m' := AT /6t x (n — 1), then it holds ¢,,, = T"1. The first term Hu(,tm) - Urﬁmm”y(p)

can be estimated by Proposition 4.3.2. The second term HU EWom _ 11 ,’;H

ms.¢ corresponds

L2(D)

to the error induced by parareal algorithm in the multiscale method, and we will prove by

mathematical induction:

m 7 1
ez = ”Ui:/é - Uk HL2(D) S <H§=0Tn—j

)AT’“l o] 2y - (4.20)

Obviously, the inequality (4.20) holds when £ = 0. Assume that it holds for iteration k for

some k € N,. We will show that it holds for the next iteration k + 1.
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We can obtain from Algorithm 2:

ey = S(T L US™ ) - S(T 1, UpY) + EXH (T L UEY™) - ERSY(T L, U,

ms, ¢ ms, ¢
Consequently, an application of Lemma 4.3.3 and Assumption 4.3.1 lead to

e < |SELUR) = ST UE B (T URY™) - BRI U

“|
12(D)

ms,{ ms, ¢ L2(D)
EW,m/ n-1 EW,m’ n-1
S AT|UmS,Z - Ukj |2+€ + Ums,l - Uk+1 LQ(D)
AT , /
EWm’ _ rrn-1 EW,m'  rrn-1
_ n-1 n-1
= Wek + €t

Note that e£+! = 0 for all n < k + 1. We can obtain

k+2<AT<k 1

k+l ~ k2 \ 77320 a1

JATE Jug| 2

1
- (Hfjol W)ATIM luoll 12y -

In a similar manner, we can utilize mathematical induction to prove

k+m < (Hk+1 1

€r+1 N |\ tl=0 Them—j )ATk+2 | uo ||L2(D) )

and this proves estimate (4.20) corresponding to the case with iteration k£ + 1. Hence,
the estimate (4.20) is proved. Finally, a combination with (4.17) results in the desired

estimate. O]

Theorem 4.3.5 indicates that the pointwise-in-time error estimate of Algorithm 2 to
Problems (4.1) in L?( D)-norm will deteriorate when the time step approaches the original

t = 0. This blow-up of error is produced by the parareal algorithm (Step 2 in the proof
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to Theorem 4.3.5), which essentially arises from the approximation property of the jump

operator (4.18). This estimate can be improved to
[S(T™,v1) = S(T™,02) [ 12(py < (AT)?[or = vala, (4.21)

when vy, vy € H4(D).
However, the estimate above has different norms on both sides of the inequality. This

makes the argument in Step 2, proof to Theorem 4.3.5 invalid.

Remark 4.3.6. Algorithm 2 outweighs Algorithm 1 only when the former achieves similar
accuracy to the latter within a very few iteration k << M. Therefore, we are not interested

in the case when k > Ma or the error at time level T™ with k > n.

4.4 Numerical results

In this section, we perform a series of numerical experiments to demonstrate the perfor-
mance of the proposed WEMP Algorithm. In particular, we compare the performance of
Algorithms 1 and 2 for each experiment. Furthermore, we investigate whether replacing
backward Euler scheme by Crank-Nicolson scheme would reduce the iteration number.
Motivated by the critical condition proposed in [63], we choose different values of %
to test how they will influence the iteration number. It can be seen from Equation (4.19)
that WEMP Algorithm would generate a solution of better accuracy when the source term
being 0. In the last subsection, we conduct experiments to verify this.

We consider the parabolic equation (4.1) in the space domain D := [0, 1]? and the time
domain [0,7] = [0, 1]. The permeability coefficient x we choose has two distinct value: 1
and 1000. It is high-contrast and heterogenous. We refer to Figure 4.2 (left figure) for an
illustration. The initial data tested in our numerical experiments is chosen to be a smooth

function ug := (1 - z)y(1 - y). We refer to Figure 4.2 (right figure) for an illustration.
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Figure 4.2: The heterogeneous permeability field ~ and the initial data ug = (1 - z)y(1 -
y)-
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Let 7y be a decomposition of the domain D into non-overlapping shape-regular rect-
angular elements with maximal mesh size H := 274, These coarse rectangular elements are
further partitioned into a collection of connected fine rectangular elements 7;, using fine
mesh size h := 277. Similarly, we define 1}, to be a conforming piecewise affine finite ele-
ment associated with 7. In our numerical experiments, space meshes 75 and 7, are fixed.
To keep our presentation concise, we will only present the numerical results with a fixed
level parameter ¢ := 2. The temporal discretization is presented in Section 4.1 with 7" := 1.
The coarse time step size and fine time step size are AT and d¢. Note that 6t << AT.

We introduce the following notations to calculate the errors. The relative errors for the

multiscale solution in L?(D)-norm and H}(D)-norm are

Um — UEWJTL Um — UEW,m
RelEY (¢,,) := I m““’f H”(D)xmo and  ReltY(t,,) = I m‘“s’g iy x100.
o7 P ’ 1Ty 0

Analogously, the relative errors for our proposed algorithm with iteration k£ € N in L2(D)-
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norm and H!(D)-norm are

|um -
o

HH%(D) < 100

o7l x100 and  Relj, (T") :=

L*(D) Hy(D)

with m := AT'/6t x n.

Our numerical experiments include testing nonzero source term in section 4.4.1 and
zero source term in section 4.4.2. We investigate the influence of different tempo dis-
cretization schemes, e.g., backward Euler scheme and Crank-Nicolson Galerkin scheme,

on the performance of our algorithm.
4.4.1 Numerical tests with nonzero source term

To define nonzero source term, we take time-dependent smooth function
f(z,y,t) := 20072 sin(7x) sin(7y) sin(107tx).

Since there is no analytic solution to system (4.1), we need to find an approximation of
the exact solutions. To this end, we take time step size 0t = 10~* and use backward Euler
Galerkin Method in (4.4) to obtain the reference solutions U;'. Note that we use a much

finer time step size to simulate the reference solution. We plot the reference solutions U}’

1 . . . ;
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1

' 05

! ' o
j° -0t
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| g A

I-s L | I-z

) 02 04 06 08 1

for n =103,3 x 103,5 x 103 and 10* in Figure 4.3.

1 1 1
40 5
08 35 08 08}
o
30
06 25 06 06
-5
20
0.4 0.4 04}
15 -10
02 ° o2 02
5 -15
o o o or
o 02 04 06 o8 1 o 02 04 06 o8 1 o

Figure 4.3: Numerical solution U}’ to (4.4) for n = 103,3 x 103,5 x 103 and 10* with
ot =107
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In the rest of this subsection, we will present numerical tests using backward Euler
scheme with % = 100 in Experiment 1, Crank-Nicolson scheme with % = 100 in Ex-
periment 2 and backward Euler scheme with % = 10 in Experiment 3. For all the three
experiments, our proposed algorithm, i.e. Algorithm 2, can generate numerical solutions
by a few iterations at least of the same accuracy as the multiscale solutions from Algorithm
1. For the brevity of the chapter, we only present numerical solutions U}’ from Algorithm

EW,m

2 with iteration number £ = 0, 1 and 2 and multiscale solutions U, ;" from Algorithm 1

in Experiment 1.
Experiment 1: Backward Euler with % =100

We test in this experiment the performance of Algorithm 2 with a fine time step size
0t = 1073 and a coarse time step size AT = 0.1. The backward Euler scheme is utilized for
the time discretization.

We present the numerical solutions U;' for n = 1,3,5,10 from Algorithm 2 with it-
eration number k£ = 0,1 and 2 in Figure 4.4. One can observe that U;' converges to the

. . EW . . .
multiscale solution U__ g’" as the iteration k increases.
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Figure 4.4: Numerical solutions U}’ for n = 1,3,5,10 from Algorithm 2 with AT = 0.1
and 6t = 1073, backward Euler scheme: iteration number & = 0 (top), k£ = 1 (middle) and
k = 2 (bottom).
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The convergence history of Algorithm 2 in relative L?(D)-norm and relative H}(D)-

norm are presented in Figure 4.5.

0.45 i v T 0 ' T 0.3

0.25

0.35

—— Algorithm 1

—— Algorithm 1
0.2 1

Relative LZ(D) Errors
Relative HL(D) Errors
o
@

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.5: Convergence history of Algorithm 2 in relative L?(D) error and relative
HL(D) error for Experiment 1: backward Euler scheme with A7 = 0.1 and 6t = 1073.
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One observes from Figure 4.5 that 4 iterations are sufficient for Algorithm 2 to attain
the same accuracy as Algorithm 1 for all discrete time steps under the L2(D)-norm, while
2 iterations under the H}(D)-norm. Each iteration involves a number of 1/AT = 10
sequential solver and AT /6t = 100 parallel solver. In comparison, Algorithm 1 involves a
number of 1/t = 1000 sequential solver. Consequently, Algorithm 2 involves much less
wall clock time with the aid of a sufficient number of processors.

Experiment 2: Crank-Nicolson with % =100

Since the backward Euler scheme is only first order accurate, a higher order accurate
scheme can improve the performance of Algorithm 1 and Algorithm 2. This can be seen
from the proof to Theorem 4.3.5. In this section, we will present the numerical tests with
Crank-Nicolson scheme for both algorithms.

A direct application of Crank-Nicolson scheme as a time discretization fails to main-
tain second order accuracy due to the possible blow up of the eigenvalues of the elliptic
operator -V - (kV+) when np.x — oco. To improve its performance and maintain second
order convergence rate, we use 3 steps of backward Euler scheme before Crank-Nicolson
scheme kicks in [50, 60].

The convergence history of Algorithm 2 in L2(D)-norm and H!(D)-norm is presented
in Figure 4.6. Similar to Experiment 1, we observe that 4 iterations are sufficient for
Algorithm 2 to reach the same accuracy as Algorithm 1 at all discrete time levels under
the L?(D)-norm, while 2 iterations under the H!(D)-norm. Comparing Figure 4.5 with
Figure 4.6, one observes that Algorithm 2 with Crank-Nicolson scheme outperforms that

with backward Euler scheme under L?(D)-norm.
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Figure 4.6: Convergence history of Algorithm 2 in relative L?(D)-norm and relative
H!(D)-norm for Experiment 2: Crank-Nicolson scheme with AT" = 0.1 and §t = 1073.

Experiment 3: backward Euler with % =10

We are also interested in studying how the coarse solver and fine solver affect the
performance of our proposed WEMP algorithm. To this end, we choose AT = 1072,
0t = 1073 and utilize backward Euler scheme in time discretization. Note that the ratio
between the coarse time step and fine time step is smaller than that in Experiment 1.

The convergence history of Algorithm 2 in L2(D)-norm and H!(D)-norm is presented
in Figure 4.7. Comparing Figure 4.5 with Figure 4.7, one can see 1 iteration is sufficient
for the numerical solutions from Algorithm 2 to reach the same accuracy as multiscale so-
lutions from Algorithm 1 under L?(D)-norm and H!(D)-norm when the coarse time step
AT = 1072 becomes smaller. However, this involves more coarse solvers for each iteration.
Furthermore, a decreased coarse time step is only practical when sufficient processors are

available.
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Figure 4.7: Convergence history of Algorithm 2 in relative L2(D) error and relative
H(D) error for Experiment 3: backward Euler scheme with AT = 102 and §t = 1073.

4.4.2 Numerical tests with a vanishing source term

To avoid the complicated requirement on the source term in Theorem 4.3.5, we test
in this section the performance of Algorithm 2 for Problem (4.1) with a vanishing source
term f := 0 using a backward Euler scheme and Crank-Nicolson scheme. Consequently,
the solution decays rapidly to 0. To generate solutions with reasonable size, we set the final
time 7" = 0.1, the coarse time step AT := 102 and the fine time step d¢ = 103, The initial
data and permeability are the same as in the previous section. We use backward Euler

scheme with time step 1073 to obtain the reference solutions U;'. The reference solutions
U for n = 10, 30, 50, 100 are plotted in Figure 4.8.
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Figure 4.8: Numerical solutions U, to (4.4) with f = 0 for n = 10, 30,50 and 100 with
ot =1073.
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We present the numerical solutions U;! for n = 1,3,5,10 from Algorithm 2 with it-

eration number & = 0, 1,2 in Figure 4.9. One can observe U} converges to U_"," as the
iteration number k£ increases.
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Figure 4.9: Numerical solutions U}’ for n = 1,3,5, 10 from Algorithm 2 with AT = 102
and 0t = 1073, backward Euler scheme: iteration number & = 0 (top), & = 1 (middle) and
k = 2 (bottom).

The convergence history of Algorithm 2 in L2(D)-norm and H!(D)-norm is presented
in Figure 4.10 From the figure, one can see that 1 iteration is sufficent for the numeri-
cal solutions from Algorithm 2 with backward Euler to converge under L?(D)-norm and
H!(D)-norm. We can conclude that our proposed algorithm with backward Euler scheme

is effective in solving Problem (4.1) with zero source term.
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Figure 4.10: Convergence history of Algorithm 2 in relative L?(D)-norm and relative
H!(D)-norm for f = 0: backward Euler scheme with AT =102 and 6t = 10-3.

Our last experiment is replacing backward Euler scheme by Crank-Nicolson scheme
for the above problem. We observe the same convergence behavior as in the previous
experiment that the numerical solutions from Algorithm 2 converges to the multiscale
solutions from Algorithm 1. For brevity of the chapter, we do not present these figures.

The convergence history of Algorithm 2 in L?(D)-norm and H} (D)-norm is presented
in Figure 4.11. One observes that it takes 4 iterations to converge under L?(D)-norm and 3
iterations to converge under H!(D)-norm when using Algorithm 2 with Crank-Nicolson
scheme. Comparing Figure 4.10 with Figure 4.11, we can see that Algorithm 2 with
the Crank-Nicolson scheme yields a better accuracy than that with the backward Euler
scheme. We conclude that Algorithm 2 with backward Euler scheme converges faster
than that with Crank-Nicolson scheme, while Algorithm 2 with Crank-Nicolson scheme

generate solutions with a higher accuracy for Problem (4.1) with zero source term.
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5. SPACE-TIME NON-LOCAL MULTI-CONTINUA UPSCALING FOR
PARABOLIC EQUATIONS WITH MOVING CHANNELIZED MEDIA

In the chapter, we will develop and analyze a novel multiscale method for parabolic
problems with time-dependent multiscale coefficients. Our approach is based on Non-
local multi-continua (NLMC) upscaling method and space-time finite element method.
We assume that one knows each separate channel within each space-time coarse block and
follow a general procedure in [19] to construct a multiscale basis functions. NLMC iden-
tifies space-time multi-continua parameters and defines a piece-wise constant functions
as local auxiliary functions. Next, multiscale basis functions are sought in the oversam-
pled region subject to a constraint that the minimizer is orthogonal to the auxiliary space.
These multiscale functions are shown to decay exponentially outside the corresponding
local oversampling regions. This exponential decay property plays a vital role in the con-
vergence of the proposed method and justifies the use of the local multiscale basis func-
tions. In this paper, we construct local space-time ansatz spaces to approximate the global
space-time ansatz spaces.

The remainder of this chapter is organized as follows. In Section 5.1, we introduce the
parabolic model problem, standard space-time weak formulation and functional spaces
that will be used in this work. We develop local and global NLMC upscaling method
in Section 5.2. Convergence analysis of our proposed method is studied in Section 5.3.
We present numerical experiments in Section 5.4 to demonstrate the approximation of our

local and global multiscale spaces.
5.1 Problem setting
In this section, we present some preliminaries of the model problems and introduce

the necessary notations. Our aim is to develop an efficient numerical upscaling method
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for parabolic problems with time-dependent heterogeneous coefficients. Let ¢ R? (d €
{2,3}) be a bounded domain with a sufficiently smooth boundary 0S2. Let 7' > 0 be a given
positive terminal time. We seek a function u = u(¢,x) such that it solves the following

initial boundary value problem:

owu(t,x) = V- (k(t,x)Vu(t,z)) = f(t,x), (t,x)e(0,T)xQ,

u(0,z) =0, x €, (5.1

u(t,z) =0, (t,z) €[0,T] x 092,

where k = k(t, x) is a high-contrast time-dependent permeability field and f € L2(0,T; L?(2))
is a source function. We assume that there exist two positive constants «( and x; such that
0 < ko < k(t,x) < Ky forany (t,x) € Qp :=[0,T] x Q.

In this work, we will mainly focus on the case when « is a so-called channelized-
moving medium. In particular, we assume that x is a piecewise constant function such

that

Km if (t,2) € Dy,
k(x,t) =
k; if (t,z) € Dy,

where k,, and k; are two positive constants between kg and ~; such that the ratio ;/k,,
is very large. Here, the space-time domain {27 is divided into two non-overlapping sets of
regions in R with

Ze
Q7 = Dy, D
=1

The set D,, is called the matrix region of the coefficient x; D, ; is called the i-th channel
of the coefficient x and Z. is the total number of channels in the coefficient . In practice,
the space-time volume of the matrix D,, is much larger than that of the channelized region

Dc = Uicl Dc,i-
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5.1.1 Space-time variational formulation and space-time discretization

Let a = (v, g, -+, g) be a multi-index with non-negative integers «v; fori = 1,2, -+, d.
We use |a| to denote the sum of its elements, that is, || = Y% | ;. For non-negative inte-
gers [ and k, we define a Sobolev space on the space-time domain Q7 as H4F(Qp) == {u €
L2(Qr) : 09u € L2(Qq) for all  with 0 < |a| < I, and diu € L?(Qr) fori = 0,1, k}.
Moreover, we define H,°(Qr) = {u e HYO(Qq) : u(t,z) = 0 for z € /Q} and H&”&(QT) =
{ue HY(Qr) s u(t,z) = 0 for x € 092, and u(0,z) = 0 for x € Q}. The weak space-time

variational formulation of (5.1) reads as follows: find u € H&}’é (£27) such that
b(u,v) +a(u,v) = (f,v) Yo e Hy*(Qr), (5.2)

where b(u,v) = [, dwuv, a(u,v) = [, KV,uVyvand (f,v) = [ fo.

To discretize the variational problem (5.2), let 75 be a partition of space domain {2 into
non-overlapping shape-regular rectangular elements with maximal mesh size . The time
domain (0, 7] is partitioned into Ta, = {(¢;, tﬂl]}fi fgfl with the maximal temporal mesh
size At := maxXocicn,_1{tis1 — t;}. A space-time coarse element K ("% is then defined by
(tn,tne1] x K for K € Ty and (¢, t,,1] € Tar. Furthermore, let 7;, be a refinement of Ty
and 7s; a refinement of Tar.

For each coarse space element K7, we define the oversampled region K,’C c Q by

enlarging K by k; € N layer(s), i.e.,
Ki=K;, K =\{KeTy:KnKj]_+o} fork;=12,

For simplicity, we denote K a generic oversampling region related to the coarse element
K with a specific oversampling parameter k;. See Figure 5.1 for an illustration of K?.

For each space-time coarse element K ("9, its oversampling region is defined as the re-

95



gion enlarging K by some coarse spatial layers and some temporal layers. For example,

letting t;; = tmax{n-n,0}» the oversampling region of K (") with N, spatial and M temporal

)

oversampling layers is defined as (¢, t,,1] x K}V Similarly, we denote K f’” a generic

oversampling region related to the coarse space-time element K (7).

AN

Figure 5.1: Tllustration of oversampling space domain K.

5.1.2 Functional spaces and bilinear forms

In this subsection, we introduce some functional spaces and bilinear forms used through-
out the chapter. For each w c 2 and 0 < ¢,, < t,,, < T', we define the following functional

spaces.

V(tn,tmiw) i= L2(tn, tm; H (W) 0 H (t,, t; L2 (),

W (b, tm;w) = L2 (tn, t; H' (W),

Vo(tn, tm;w) ={v e V(ty, tm;w)| v(ty,) =0, v(t,z) =0V (t,x) € (tn, tm) x Ow},

Vit t; w) = {0 € L2 (b ton: H(@))] 0l 000y € H (b trsns L2(Q)), Vhin <k <m -1,

and v(t,x) =0V (t,x) € (tn,tm) x Ow}.

To shorten notations, we use V', V4, V1 and W to denote V' (0, T';2), V4 (0, T52), V1(0,T; ),
respectively.

Next, we will introduce some auxiliary functions @D](."’i)’s corresponding to different
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continua of the problem. Consider an oversampling region K i"’i)

of the coarse space-
time block K (%), For any coarse space-time block K (") ¢ K™ we denote F(*i") =
{1 2 D, K@) + @i} as a set containing discrete channels inside K (7).,

Set L("') = |F("")|, The functions zbj(."’i) for j =0,1,---, L(™?) are defined as follows:

[ R =bptigand [ R = bbb
D I

We notice that w](."’i) is supported in K (). Let V{59 = spanj{w](."’i)} be the local auxil-

iary multiscale space corresponding to the coarse space-time block K ("), For any w € {2

n

and 0 < t, < t,, < T, we denote V. (tn, tm;w) = U{Va(fgf) : K c wand (ty,tre1)

(tn,tn)}. For simplicity, we shall use V,,, to denote V,,,(0,7;). We denote N :

dim (Ve )-

We now define s(-,-) as a weighted L? inner production with weighting function £ :

s(u,v)szT[Q/%uv.

Here, x;’s are the standard multiscale basis functions defined coarse elementwise.

¥ ; K|V x;/?, that is

Next, for each w ¢ Q2 and 0 < ¢, < t,, < T, we will define several bilinear opera-
tors a(ty, tm;w;- ) @ V(tn, tm;w) x Wty tm;w) = R, b(ty, tm;w;« )« V(tn, tm;w) x

W (tn,tm;w) = Rand e(ty, ty;w;- ) : V(ty, tn;w) x V(tn, tm;w) = R such that

t?n
a(tmtm;w;vaw):f f/ﬁV%Vw,
tn w

m=1 tit1 1
e(tn, tm;wiv,w) = Y, [ /FL_ oW,
i=n Jti w

tm
b(tnatm;w;vaw):/ /atvwa
tn w

97



and

tm
s(tn,tm;w;u,v):ft f/%uv.
n w

Then we will define ¢(t,,, t,,;w;-,+) and d(t,,, t;;w;-, ) as

and

At trm; w; v, W) = (b, by w; v, W) + (bt w; v, W).

Furthermore, we can define several norms related to the above bilinear operators. For any

wcQand0<1i, <t, <T, we define:

A

2 R
[0 = [ [ 0
n

2 _ [ 2 tm 3002
191V 1y 0 = ) HVUH]}(H,W) iy |72 tU||L2(w)
n n

and

tm
2 _ 2
[ iy = | [ FITOE

We note that ||v\|%/(tmtm;w) = ||v||%,v(tn’tm;w) + fti’" I R‘%&th%Q(w). To simplify the notations,

we denote [v] 2w = [v]z2(0.7:0)5 [V]s) = [V]s0720),

Vwe = lvlworw, [vlve) =
[olv oz 10122t ) = 1012200t (0] sttt = 0] sttt [0hW ) = [0l 0 i
[lvtny = [lvtme. [0l = [0l2ma. [0l = [olsora. olw = lvlwore

and [[v][y = [v]vora)-
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5.2 Space-time NLMC

In this section, we present the space-time NLMC upscaling method. First, we con-
struct global and the localized space-time downscale operators, which can be used to de-
fine global space-time multiscale basis functions and local space-time multiscale basis

functions. Then, we present the formulation of the coarse-grid solution.
5.2.1 Global multiscale space

We present the construction of the global downscale operator and the corresponding
global numerical solution. We define the global downscale operator ' : RY — Vj x V...

by U (Fy(U), F5(U)) and

d(0,7;Q; Fy(U),w) - s(F>(U),w) =0, Yw e Vy,

s(F(U), o) = U™, V™ € Vi

We remark here that the global downscale operator also defines the global basis functions.

Next, we can define the global coarse grid problem as: finding U € R such that
s(F(U), 45™") = fo ' fQ FD vl e Vo, (5.3)
and the global numerical solution ug, is defined by
ugio = Fy(U). (5.4)

5.2.2 Localization of global multiscale basis functions

In this subsection, we will introduce the localized downscale operator F,,,s = (Fs1, Fins2)

and the localized coarse grid problem. For each space-time coarse block K (") and
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its oversampled region K& - [t tas1] x K&, we define a local downscale operator

FUD RN 5 Vi(tr tner; K1) % Vaua (B tner; K by U o (Fioe1 (U), Floe2(U)) and

loc

d(t;’ t"+1; Ki; Fl(oTcL’(i(}),l’ w) - S(FI(OZ:;)(U)vw) = O’ Vw e Vd(t;:th; Ki)7

s(EED ), 0 ™) = U™ vpl™ € Vi (5, tn, K.

loc,1

Then the localized downscale operator is defined by F,,,s(U) = ¥, ; X(”’i)Fl(OZ’i) (U) where
x (™9 is a partition of unity such that 3", ; x(" = 1.
The downscale operator also defines multiscale basis functions with support being

K Em) The coarse grid problem is then defined as: finding U € R¥ such that

(n,7) T (ny3) (ny3)
5(Fnsa(U), 4™ )=f0 [, e € Vi

and the localized numerical solution u,,s is defined by

Ums = ms71(U)~ (55)

5.3 Convergence analysis

In this section, we will present a convergence analysis of the proposed method. We
first prove in Theorem 5.3.3 that the global numerical solution is a good approximation
of the solution. Then we prove that the global downscale operators have a decay property
with respect to the temporal oversampling layers and the local downscale operators have a
decay property with respect to the spatial oversampling layers in Lemma 5.3.7 and Lemma
5.3.8, respectively. In this chapter, we write a $ b if there exists a generic constant C' > ()

such that a < Cb.
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We first define a projection operator 7 : L2(0,T; L?(€2)) — V.. such that
s(m(v),w) =s(v,w) Yw € Vyyg.
Remark: It is easy to prove that there exists a constant Cj such that for all w € V/

[w = m(w)]s

At
ol SCO(1+(ﬁ)z). (5.6)

We present the following result of the projection operator 7.

Lemma 5.3.1. Let K € Ty be any coarse spatial element and [t,,1,t,] c [0,T]. Then
there exists a constant Cy > 0 such that for all vau, € Vauz(tn-1,tn; K), there exist w €

Vo(tn-1,tn; K) satisfying
7T('w) = Vaua “w”V < Cs”vaqus'

Lemma 5.3.1 can be proved using a similar technique in Lemma 3.2 [64]. For brevity
of this article, we omit the proof.

Next, we establish the following estimates for later use in the analysis.

Lemma 5.3.2. Forany w c Qand 0 <t, <t,, <T, the following inequalities hold for any

we Vo(tn, tm;w),

HUHIQ/V(tn,tm;w) < C(tn,tm;w;U,U), (57)

||u||‘2/(tn,tm;w) < d(tnatmawauvu) (58)
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Proof. Tt follows from the definitions of bilinear operators and u(%,,) = 0 that we have

tm tm
c(tn,tm;w;u,u):f f/{Vu~Vu+/ /(&u)u
tn w tn w

tm 1
_ . - 2
= [n fw/@'Vu Vu + 2”U(tm)HL2(w)

2 ||U’H%V(tn,tm;w)

and

m-1 ti+1

e(tn, tm; w;u,u) = Z f [/%’%’tu@tu
i=n Jti w
L _1
= ||/{ 26tu”%2(tn,tm;w)‘
Therefore, we have
Jll$ 0 i) S s b w50, w) + €(t, b w05 11, 10) = (it s w5 1, 00),

which proves the second inequality. This completes the proof. [

To prove the convergence result of the proposed method, we first show the convergence

result of using the global multiscale basis functions.

Theorem 5.3.3. Let u be the exact solution of (5.1) and ug, be the solution of (5.4). We
have

At L1 1
= ato b < Co(1+ (55 ) DI Fls + | Fuul

Moreover, if the multiscale partition of unity x; is replaced by the bilinear partition of
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unity in the definition of k, we have

[u = giollv § Co(H + (AL))[572 12 + H 52yl 2.

Proof. Set f := —. It follows directly from (5.3) that we have

EXT IS

s(Fo(U),0) = s(f,v), Y € V.

Therefore, we have

Fy(U) = 7T(J;)

We have
d(0, T ugo,v) = s(Fo(U),v) Vo e W

and

(0, T;Qu,v) = s(f,v) Yu e W.

Then for any v € W, the following equalities hold:

d(0,T; % u —ug,v) = s(f—w(f),v) +e(0,T;Q;u,v)
=s(f-n(f),v-m(v)) +e(0,T;Qu,v)

= (f,o-7(v)) +e(0,T; 2 u,0).

103



Choosing v = u — ug, and utilizing Lemma 5.3.2 and (5.6), we have

| (u~ uglO) - 7(u~ uglO)HS

= ugio[v < 572 f] 2 + |20 12

| _UQZOHV

At 1 .1 ~_1
SCO(1+(ﬁ)5)H“ 2fze + |72 0 L2

The second part of the theorem follows from the definition of % and |V ;| = O(H™'). O

Theorem 5.3.3 justifies the use of global downscale operators. Moreover, it also im-
plies that the coarse time step size should be at most O( H?) to ensure a good accuracy. To
prove our main theorem, we need two important lemmas. We first show in Lemma 5.3.7
that the global downscale operators have a decay property with respect to the temporal
oversampling layers. Then we prove in Lemma 5.3.8 that the local downscale operators
have a decay property with respect to the spatial oversampling layers. Our main theorem
shall be presented in Theorem 5.3.9. We first prove the following lemma, which will be
frequently used in proofs.

Lemma 5.3.4. For any K € Ty and At < t, < T, if vy € V(t,_1,tn; K) and vy €
Vaue(tn1, tn; K) satisfy

d(tn—17tn; K? V1, w) = S(U27w) Vw € Vd(tn—17tn; K)J

then we have

NV s(tnrtnii) € O|VLV (tr i)
where o = (C’S(Co(l + (%)%) + 1) + 1).

Proof. Tt follows from Lemma 5.3.1 that there exists w € Vj(t,,_1, t,; K') such that

m(w) = vy, |wly < Cs|va]s.
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Therefore, we have

[0a]1F = 5(v2,w)

= d(tn-1,tn; K;vp,w)

tn tn tn -1
S/ / &tv1w+f f /val-Vw+f f R~ 001 0yw
tn-1 K tn-1 K tn-1 K

< oy ||V(tn71,tn;K)(||w|\s(tn71,tn;f<) + HwHV(tnthn;K))-

(5.9)

Notice that

”w”-g(tn—lythK) = Hw - 7T(/LU)Hs(tn—ht'n;I{) + ‘|U2H5(tn—l7tn;K)

At 1
< Co(1+ () Ml tan i) * [02lstrcrirey

Then the following inequalities hold true:

At 1
[0 s(trsstmiiey + 101Vt stmiiey ) < (Co(1+ (5502 )+ 1)y (tos i) + 102 st stmsi)
H

(o1 (59)2) + 1) + 1)l st

IN

(5.10)
A combination of (5.9) and (5.10) completes the proof. ]

Before deriving the error between the global and localized downscale operators, we in-
troduce some notions to be used in the analysis. We first define two cut-off functions: cut-

off function in temporal variable xy ,,,(t) and cut-off function in spatial variable x5 (z).

Definition 5.3.5. For two non-negative integers k, m with 0 < k <m,
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* the cut-off function in time Xy (t) is defined as

1, ift>t,,
) t=1
Xiean (1) = 1 L ifte <t <t
tom — Tk
0, iftﬁtk;

o the cut-off function in space x; , (x) is defined as a smooth function such that

(@) X, (x)€[0,1],

(b)

1, on Ky,
Xim () =
0, on K,,

(c) |Vx;,.|* <O\ Xi|Vxi|? for some constant C,,.

Note that xj.,(t) € [0,1]. To simply the notations, for 0 < k < n, we denote x(t) =

XTL*k,?’L*k‘Fl (t) .

Next, we shall define a temporal localized downscale operator F~1loc = (Flogl, 1510672).

Definition 5.3.6. The temporal localized downscale operator FZ(OTCL) (RN > Vot thr; Q) x

Vo (65, tns1; Q) are defined by U v (F™) Fl(n) ) and

loc,17 = loc,2

d(t;, tner; QBN (U), w) = s(EU(U), w) =0, Y € Vy(t tair; ),

loc, loc,2

S(F}E)Z?I(U)a ¢;m7l)) = U]'(MJ)a v¢§m,l) € ‘/au:c(t;u tn+1; Q)

We prove in the following lemma that the global downscale operator has a decay prop-

erty with respect to the temporal oversampling layers. This also implies that the global
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multiscale basis functions has a decay property with respect to the temporal oversampling

layers.

Lemma 5.3.7. Let M be the number of temporal oversampling layers. For any space-time

element K = K, t- =1, 1 and U € RN, we have

[ (U) = B (O vty S L+ B M (LR,

loc,1

n-M+1) + ”Fl (U) Hg(tﬁytn—Mn))’

where E = %((1 + m) + 02)(1 + (5% %).

Proof. First, since

d(0,7;Q; F1(U),w) - s(F>(U),w) =0, Yw e Vy,

s(F(U), ") = U™, V™ € Vi,
and Vy(t,_ar,tne1) © Vg, we have

d(tn-m,tne1; 4 F1(U),w) - s(Fo(U),w) =0, VYw e Vy(tn-nr, tner),

s(FL(U), ™) = U™ vgl™ € Vi (tn-ats i)

We define 7j := F(U) - EY(U), 11y = Fy(U) - EXP/(U) and 1, = Fy(U) - E,(U).

loc c,1 loc,2

Then the following equalities hold:

d(tn-m,tns1; 7, w) = s(72, w) =0, Vw e Vy(tn-nr, tns1),

s, ™) = 0, V"™ € Vi (ot o )-

We will estimate in three steps.

7] %/(tn,tnﬂ?Q)
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Step 1: We will prove
113 iy S Bl oa oy fOr 1<k < M -1, (5.11)

Let w = xxm, for K < M — 1. Since 7; € Vg and 1 — xx(t) = 0 if ¢ > ¢, 41, then

w € Vy(tn_pr, tns1). Then we have

d(tn—Mv tn+1; Qv ﬁl? Xkﬁl) - S(ﬁ% Xkﬁl) = 07

3(7717 %(m’l)) = 0 ij(m,l) € Vaux(tn—k; tn+1)-

(5.12)

Notice that

tn+l tn+1
~ N, = — = ~ + ~9 tn .
L . fg(m)tka ft . fQ (XK1 fQ 7 (b1, )
tn+1 1 tp—k+1 9 9
= — N Ny — —— N —+ n tn ).
ftn_k _/9(771)»(19771 A [9711 /Qm( +1,°)

This gives

tn+1 1 tn—k+1 ) 1 )
] = "5x; n+ 5 [ T (G, ) 5.13
/t;k fﬂ(ﬁl)thTh 2At/t;k fQTh 2/;2771( +1,°) (5.13)

Combining (5.12) and (5.13), we arrive at the following estimate:

1 ]' tn—k+1
I Ve, iy 5/{;77%(7%“1, ) < ﬁft ) /(;77% + 5(7l2, X&771)

1 tn—k+1 9 tn—k+1 5 o
= —— + R :

(5.14)
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Utilizing (5.14) and Cauchy-Schwarz inequality, one can show that

1
1
~ 12 ~2
Hm HV((tnfk+1atn+1) s §<(1 + At min { })Hans((tn eobnos) HUQ “5((tn—k7tn—k+l))'

Since d(t, i, tn-rs1; 271, w) = s(72,w) for any w € Vy(t,_k,tnr+1), it follows from

Lemma 5.3.4 that

”ﬁ% H s(tn—kstn-k+1) < 0-2 H ﬁl ||§(tn—k7tn—k+1) .

Therefore, we have

||ﬁ1 H%/(tn—k+17tn+1) S EHﬁl ||%/(tn—kutn—k+1)7

C
WhereE:;((1+m) )(1+(H§)§)

Step 2: We will prove

||ﬁ1 ”%/(tn the1) = (1 + E 1)1 M”nl ||(tn M+15tn+1)’ (515)

Using Inequality (5.11), we have the following estimate: for 1 <k < M -1,

7 ||%/(tn—k:tn+1) =l ||%/(tn—k+17tn+l) + 7 ||%/(tn7katn—k+l)

> (1 + E_l) Hﬁl ”%/(tn,kﬂ,tnﬂ)’

Using the above inequality recursively, we obtain (5.15).

Step 3: We will prove

1

~ |12 2
Hanv(tn—M+1,tn+l) S (1 + Atmin{,’%’;})’Fl(U)‘s(tn 1\/[7 — 1W+l) HFl(U)Hv(tn,j\q,tn7]\1+1)'
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Since 71 € Vy(t,_ar,tns1), the following equalities hold true:

A(tn-nrs tns1; 0 70,m) = d(tn-prs tosr; Q571,71 ) — $(72,71)

=0.

Using a similar derivation to obtain (5.13), one can also show that

1
5([Qﬁf(tml,-)—fS]ﬁf(tha'))JrHﬁl||%/(tn7M,tn+1):d(t”*M’tml;Q;ﬁl’ﬁl)

=0.
Notice that

[t = [Pt =2 [ [a(-anRE)O-anRE©)
(5.16)

Utilizing (5.16), we have

1
||ﬁ1H%/(tn—M7tn+1) S §Lﬁ%(tn—M7 )
tp—n+1
) ‘ft fQ@t((l = xan) F1(U) (1 = xar) F1(U)
n—M

1
< m”Fl(U)”§(tn_M,tn_M+1) + HFl(U)Hv(tn—klytn—lirl) HFl(U)Hs(tn—klvtn—kﬂrl)

1
2 2
< (1 * m) ”Fl(U) Hs(tnfﬂl»tn—kl+1) + HFl(U)”V(tnflwvtn—MJrl).

2

~ 2 .
Vtnonritnen) 2 |71 ”V(tn_M+1,tn+1) together with Step 2. [

The proof is completed using |7 ||
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Define the constant

We now prove in the following lemma that local downscale operators have a decay prop-

erty with respect to the spatial oversampling layers.

Lemma 5.3.8. Let N, be the number of the oversampling layers in space. For any coarse

space element K = K' € Ty and time element [t,,,t,,1] € Tas, we have

(n) (n,i) -Ns (|| £ (n)
e (U) = B () o i) < OB (e ()R st
= (n)
+||P}E)C:1(U)Hi(t:mtrHUKN\KN—I))’
1
h EF=1+——
were 202 + oC,

Proof. Notice that Vy(t;, t,,1; K1) c Vy(t;, t,e1;Q). It follows from the definitions of
F,, and FZ(OZZ) that the following equalities hold true for any v € Vy(t;,t,.1; K%) and
Q/)j(nﬂ) € ‘/aua:(t;a tn+1; Ki)

d(ty, toss K FOD(U) = B (U),0) + s(B(U) - EE,(U),0) = 0,

loc,1 loc,2

4 4 (5.17)
s(Fpe (U) = Fo2 (U), 45 = 0.

loc,1 loc,1

In this proof, we denote | - v (), | - [w(w) and | - |s) by
101V = 101V tnaw)s [0Iww) = 101w s taw) s 10]s@) = 10]s@ i iw)-

We then define y = FU"2(U7) = EU(U) and n; = F)(U) - F™ (U) for j = 1,2. For

loc loc loc,j loc,j
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k=1,2,---, N, we denote Xy -1 := 1 = Xx-1,5- Then we have

2 2
I )22,y + Imlvx, ) (5.18)

<d(ty, tnars K, Xoek-1m) = alt s toens KGNKG 511, Xoek-171) -
Notice that W(Xk,k_lm)mk_l = 7r(771)|Kk_1 = 0. Choosing v = . x-1m1 in (5.17) and utiliz-

ing Cauchy-Schwartz Inequality, we have

d(t,, tnets Ko s Xoegom1m) = —=S(125 Xtek—171)
< |l ||s(Kk\Kk_1)”Xk,k—l”l”s(Kk\Kk_l)

< mallscc i, pllmlscre i, -

By Lemma 5.3.4, we have

72 ||s(K,€\Kk71) <olm ||V(Kk\Kk,1)'

Moreover, we have [n1 sk, \x, ) < Cxlmlvx,\k,_,)- Therefore

k1)

Aty ter; K m Xoew-1m) < 0C T e\ i (5.19)

k1)

Since V(Xkx-17) = MV (Xkk-1) + Xkk-1V (1) and [Vxp x-1* < Cy X5 [Vxi|?, we have

tn+1
/t; [Kk\Kk_l KV - V(th,ml) < mlwr e, ) lIxes-1mlwex, )

< Cllm e, (ImIweeie, o+ Il )

< Culmlwaeni, o (Imlwaeam, o+ Imlvage, )-
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Using |[m|lwx\x, ) < Imlvx, ), we obtain

tn+1
. 2
ftn fK L V(Xk:,k—lnl) <20y Imlv ik x, ) (5.20)

By a combination of (5.18), (5.19) and (5.20), we arrive at

I ) By * I,y < €2 + 0l i

=(2C2 + UCH)(||771||%/(Kk) = [m “%/(Kk_l))’
which gives

1

-1
2 2
”,thV(kal) < <]‘ + 20}% 4 UCH> HThHV(Kk)7 for1<k< NS -1

1

Denote £ :=1 + m. Using above inequality recursively, we obtain

Il ey < BV Il e,

It remains to estimate |7 . We shall prove:

2
IV irey, )

(n) (n)
I I, < ClIESA OB i, + Pt O s, )
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Notice that

1
I )P+ Il e

=d(t;,,7tn+1§KNs§7717771) (521)
=d(t,,, tns1; Kyim, FZEZ?(U) - XNS,stlﬁlSZi(U))

loc,1

We next estimate each of the above two terms. Choosing v = ™" (U)=XN,.No-1 ﬁ’l(oz)l (U)

in (5.17) and using Cauchy-Schwartz Inequality, we have the following estimate:

d(ty, toer; Ky i, FED(U) = v ne ES(U))
=~ 8(n2, F0)(U) = xw. vt F2, ()
= = s(n2, (1= xnvone-) EL (D))

<Imallaqacy i, D IES @) sty iy -

Furthermore, since |12 s(x, \x, ) S olmlve, \x, _,)> We have the following estimate:

d(t;, tn+1; KNS s, F}(OTCL:;) (U) - XNS,NS—lﬁziz;l(U))

<o |mllvicy vy, o IES @) sy iy -

(5.22)

We also have

d(ty, tuers Ky i, (Xveveer = 1)l (U))
~_1 ~(n ~_1~ A(n
<|& 25#71HL?(KNS\KNS_l)(Hﬁ}(oc,)l(U)Hs(KNS\KNS,l) +[[R 2(9th(oc,)1(U)HL?(KNS\KNS_l))

+mllwee iy, o IOzt = DES (O) lwae, vy, )
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Notice that

[Oevaver = DES D) ey vy, < Ol IESE O ey vy,

B (U) Hs<KNS\KNS,1>)-
We obtain the following estimate:

d(tr_u tn+t; KNS; m, (XNS,stl - 1)E22?1(U))
(5.23)

<Cy|m HV<KNS\KNS,1>(||ﬁ}(£,)1(U My ey vy, o) + [ (U) Hs<KNS\KNS,1>)'

Combing (5.22) and (5.23), we arrive at

1 -
§H7h(tn+1)\|2 + [l kn.y < Cxllm Hv<KNS\KNS,1>(||F}2’2?1(U>\|V<KNS\KNS,1>

B () Hs(KNS\KNS,l))-

Therefore,

(n) (n)
I8 sy < OIESA O ey ey + o O, ey )

This completes the proof. [
Finally, we state and prove the main result of this work. It reads as follows.

Theorem 5.3.9. Let u be the solution of (5.1) and F,,51(Uy,s) be the solution of (5.5) with

the numbers of spatial and temporal oversampling layers being N, and M, respectively.
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We have

At o1 1
[0 = Fne1 (Uns) [y <Co(1+ (5) )IR™2 Fl iz + 572 0

1+ B (1 BN HA(F Ul + 1B Un)]L).

| =

1
Moreover, if C(1 +C’,%)%C’%<(1 + E-1)1-M 4 (1 +E‘1)1‘N)2H’g < —, we have

[\

At o1 o1
[t = Frsa(Ums) v < Co(1+(m)%)\|/f [l + |72 00 2

(1 B (1 B HE (IR U ),

Pl"OOf: Notice that u — Fms,l(Ums) = Uu- Fl(Uglo) + Fl(Uglo) - FI(Ums) + FI(Ums) -

Frs1(Ups), where Fy (U, ) is the solution to (5.4). Using triangle inequality, we obtain

Hu_Fms,l(UmS)HV < HU_FI(UQZO)“V+HFI(UQZO)_FI(UmS)‘yv+||F1(UmS)_Fms,l(UmS>”V-

We will estimate the above three terms separately. By Theorem 5.3.3, we obtain the esti-

mate for the first term:
At 1, 1 1
lu = F1(Ugio) v < Co(1 + (ﬁ)Q)HH 2fllz2 + [F72 O o

To estimate | F (Upns) — Fins.1(Uns ) ||v, we utilize Lemma 5.3.7 and Lemma 5.3.8 to obtain
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the following estimate.

”Fl(UmS) - Fms,l(UmS)H%/

= Z ”Fl(Ums) - Fms,l(Ums)”%/(tmth;Ki)

n,K?

<y ((1 + ED)IM (14 E-l)l—Ns)

n,K?

| F1(Unas )|

2
V(tn7]V[ sl ;K}ivs \K}.\rs,l )

<O((1+ B+ (1 BN H B (U2,

where | .|

i is defined as 0|2 := [v[{, +[v]?. Finally, we only need to estimate | F (Ugs,) -

Fy(Ups)|v- Using Cauchy-Schwartz Inequality and the definition of C}, we have

HFl(UQZO) - Fl(UmS)H%/ < S(FQ(UQZO) - F2(Um8)>F1(U910) - Fl(UmS))
< HF2(Uglo) - F2(Ums)||s”Fl(Uglo) - Fl(Ums)Hs

< CH||F2(U910) - F2(Um5)”8HF1(UQZO) - Fl(UmS)”V'
For any K% € Ty and 0 < t,, <t,,; <T, by Lemma 5.3.4 we have

I72(Usto) = Fo(Un) 10150) = 1Pl Uns) = FaUm)

<C((1+ B4 (1 B)) (B (Us)|

2
V(tn—]&fvtn-#l?K;\]S )

- ”Fl(Ums)”

2
V(tn—kﬂ—l ’tn+1§K;.VS,1) ) '

Finally, we obtain

|Fu(Uo) = Fi (U < C2O((1+ BN 4+ (1w BN ) B B (U2
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Since |v|s < Cyillv|v for any v € V', we have

< (1403

v|
Therefore, we have

[Fy(Unns) = Fi(Ugio) | < Cu(1+ C2)3C (14 ETYM o (14 BN ) H | Fy (U |

N|=

< C}{(].“’C:)%C%((l +E—1)1—M + (1+E_1)1_Ns) H_%

< (I (Un) = Fi(Uai) v + 1B (Uio) v )

[N

, we have

N =

If Co(1+ C,%)%C%<(1 + E-)IM (14 E‘l)l‘N)iH‘ <

[Fy (Unn) = Fa(Ugio) v < 26, (14C2) 5 CH((1+ B M (1 BTN ) H 2 | By (Ugso) v

O]

Remark: If the multiscale partition of unity x; is replaced by the bilinear partition of
unity in the definition of k, one can easily prove that with an appropriate choice of the

spatial and temporal oversampling layers, we have
[t = Fons 1 (Ums) v § CH||Kf |2 + CH k0w 12 + CH | Fy (Ugio) v

5.4 Numerical results

In this section, we present numerical results for the proposed numerical method. We
shall solve the system (5.1) in the unit square 2 = [0, 1]? with total time 7" = 1.0. The

source term f(¢,x) is chosen to be a smooth function f(¢,x) := xyxot. The permeability
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filed x(t, z) is time-dependent. We will test our numerical methods with two kinds of per-
meability field: slow moving permeability in Experiment 1 and faster moving permeability
in Experiment 2.

Let Ty xTa; be a decomposition of the space-time domain 2x[0, T'] into non-overlapping
shape-regular cubic elements with maximal spatial mesh size H and temporal mesh size
At. These coarse cubic elements are further partitioned into a collection of connected fine
cubic elements 7, x Ty, using fine spatial mesh size ~ and temporal mesh size 6t. Sim-
ilarly, we define V}, 5 to be a conforming piecewise affine finite element associated with
T, x Tsi. Since there is no analytic solution to system (5.1) we need to find an approxima-
tion of the exact solutions. To this end, we use the constructed fine mesh and conforming
space-time finite element method to obtain the reference solutions Uy, 5. The multiscale

. ol
solutions U &

are obtained using our proposed space-time NLMC method with spatial
oversampling layers number being /,. and temporal oversampling layers number being ¢;.
We use U, ns,¢ to denote the snapshot of the reference solutions at time ¢ and Uff;:ft to de-
note the snapshot of multiscale solutions using spatial oversampling layer ¢, and temporal
oversampling layer /; at time ¢. To simply notations, we use Urfm to denote Uf;g;ft when
the number of spatial oversampling layers equals that of temporal oversampling layers,
thatis, ¢ := ¢, = ¢,.

We introduce the following notations to calculate the errors. The relative errors for the

multiscale solution in L2-norm and H!-norm are

e:tygt
H Uh,5 - Ums

|Un,s

B HU’WS - Uni™ HH%

. x100 and Relf, = x 100.

Relé; =

|L2 ” Uh,5 “ Hl
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5.4.1 Experiment 1: Slow moving permeability

In this experiment, we choose the permeability with 1 channel moving slowly in hori-

zontal direction. Let
Sy = {(x1,29,t) : 0.375 < 21 < 0.6094,0.50 < x5 < 0.5156,0 < t < 0.5}
and
Sy = {(1,22,t) : 0.3906 < 1 < 0.6250,0.50 < 29 < 0.5156,0.5 < ¢ < 1.0}.

The permeability x(z1, z2,t) is defined as

1000, if (xl,x%t) € Sl U SQ,
K(x1,T9,1) :=

1, otherwise.

We present the permeability field at time ¢ = 0 and ¢ = 0.5 in Figure 5.2 for an illustra-

1 1000 g 1
09 00 09 o
08 80 08 s
o7 0 o7 K
05 60 06 &
05 s0 o5 5
04 4« 04 “«
03 a 03 E
02 2 02 2
04 1 01 1
0 0
0 02 04 06 08 1 o 02 04 06 08 1

Figure 5.2: Permeability field x(x1,z2,0) and (1, x2,0.5) for Experiment 1.

tion.

8 8 8 8 8 8 8 8 8 8

8 8 8 8

We choose fine spatial mesh size h = 276, fine temporal mesh size dt = 0.01, coarse spa-

tial mesh size H = 273 and coarse temporal mesh size At = 0.1. The number of spatial and
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temporal oversampling layers ¢, and /; are chosentobe ¢ = ¢, = ¢, € {1,2,---/5}. The snap-
shot of reference solutions Uh’g’t and multiscale solutions Ufls,t for t = 0.25,0.5,0.75,1.0

and ¢ = 1,2, 3 are plotted in Figure 5.3 and Figure 5.4, respectively.

x10° x10°

1 1 1 1
A 9 o014
09 09 09 08 oot
s
08 bt 08 08 o012 08 0016
7
07 3 o7 24 001 07 o014
s
06 25 06 06 06 0012
s 0008
05 R 05 05 0s 001
04 04 u 04 0006 04 0.008
15
3
03 03 03 oot 03 0006
02 : 02 2 02 02 0004
01 05 o4 1 01 002 o4 0002
o o 0 o ° 0 o 0
o 02 04 ) 08 1 0 02 04 06 08 1 0 02 04 06 08 1 o 02 04 06 08 1

Figure 5.3: Snapshot of the reference solutions Uh,(;,t fort=0.25,0.5,0.75,1.0.
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. o4 0.004
. 2 o3 o003 ™ 0.004
y 0z 0.002
1
& o1 o001 O 0.002
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0016
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Figure 5.4: Snapshot of the multiscale solutions Uﬁls’t att =0.25,0.5,0.75, 1.0 with over-

sampling layer ¢ = 1 (top), ¢ = 2 (middle), ¢ = 3 (bottom).

0 02 04 [ 08 1 o 02 04 [ Y 1
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The convergence history in relative L2-norm and relative H!-norm with oversampling

layers number ¢ = 1,2, ---, 5 are presented in Table 5.1.

E Rel% ; Reliz

1 | 53.6304 | 35.6654
2| 15.2632 | 5.0203
31 7.2096 | 3.3863
4| 43655 | 2.7838
51 34061 | 2.5349

Table 5.1: Convergence history of Experiment 1.

5.4.2 Experiment 2: Faster moving permeability

In this experiment, we choose a permeability with faster moving channels. To define

the permeability for this experiment, we introduce 4 sets 51, S2, S5 and .S as follows.

Sy = U {(21,29,1) :0.09+0.01k < 77 <0.11 +0.01k, 0.30 < 25 < 0.70,
0.04(k - 1) <t < 0.04k},

Sy = U0 {(1,29,1) : 0.39 + 0.01k < 21 < 0.79 + 0.01k,0.15 < 25 < 0.17,
0.05(k - 1) <t < 0.05k},

Ss = U2 {(w1,79,1) 1 0.29 + 0.01k < 21 < 0.44 +0.01%,0.19 + 0.01k < 25 < 0.21 + 0.01k,
0.04(k - 1) <t < 0.04k},

Sy = Ul {(@1,22,) : 0.59 + 0.01k < 21 <0.94 + 0.01k, 0.63 + 0.01k < x5 < 0.65 + 0.01k,

0.1(k-1) <t <0.1k}.
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The permeability x(x1, z2,t) is defined as below:

1000, if (21, z2,t) € S; U So U S3U Sy,
K(x1,29,1) =
1, otherwise.

We present the permeability field at time ¢ = 0,0.5,0.8 and ¢ = 1.0 in Figure 5.5 for an
illustration.
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2 100 100
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Figure 5.5: Permeability field x(z1, x2,0), k(x1,2,0.5), k(x1, 22,0.8) and k(z1, x2, 1.0).

The spatial and temporal fine mesh size we use to approximate the exact solution is
h =0.01 and 6t = 0.01. The snapshot of reference solutions Uh(t) to approximate exact

solution u(z,t) at time ¢ = 0.2,0.5,0.8, 1.0 are plotted as below.
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Figure 5.6: Snapshot of the reference solutions Uh@t fort=0.2,0.5,0.8,1.0.
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The coarse spatial and temporal mesh size we use is H = 0.1 and At = 0.1. The
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number of spatial and temporal oversampling layers ¢, and ¢; are chosentobe ¢ = ¢, = {; €
{1,2,---,5}. We present the snapshot of numerical solutions Ufls’t fort =0.2,0.5,0.8,1.0

with the oversampling layer ¢ = 1,2, 3 in Figure 5.7.
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Figure 5.7: Snapshot of the multiscale solutions Ufls’t at?=0.2,0.5,0.8,1.0 with oversam-
pling layer ¢ = 1 (top), ¢ = 2 (middle), ¢ = 3 (bottom).

0 02 04

The convergence history in relative L2-norm and relative H!-norm with oversampling

layers number ¢ = 1,2, ---, 5 are presented in Table 5.2.
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0| Rely | Relp

1 | 80.2825 | 68.3637
2 1 51.5355 | 22.0861
3117.1313 | 5.1881
41 05724 | 0.0658

51 0.1876 | 0.04265

Table 5.2: Convergence history of Experiment 2.

125



6. SUMMARY AND CONCLUSIONS

We conclude this dissertation with a brief summary. Direct treatment of multiscale
problems is challenging, since resolving the problems to the finest scale would incur huge
computational cost. To reduce the computational expense, we make use of model reduc-
tion techniques and the increasing computational capacity of the current computers.

We study in Chapter 2 homogenization approach for the initial boundary value prob-
lem for the time-fractional diffusion equation with a homogeneous Dirichlet boundary
condition and an inhomogeneous initial data in a bounded convex polyhedral domain. We
analyze the homogenized solution under the assumption that the diffusion coefficient is
smooth and periodic with period being a small parameter.

We next consider in Chapter 3 the incompressible Stokes flow problem in a perforated
domain and employ the constraint energy minimizing generalized multiscale finite element
method to solve this problem. The proposed method provides a flexible and systematical
approach to construct crucial divergence-free multiscale basis functions for approximating
the velocity field. These basis functions are constructed by solving a class of local energy
minimization problems over the eigenspaces that contain local information on the hetero-
geneities. These multiscale basis functions are shown to have the property of exponential
decay outside the corresponding local oversampling regions. By adopting the technique
of oversampling, the spectral convergence of the method with error bounds related to the
coarse mesh size is proved.

Parabolic equations are investigated in Chapter 4 and Chapter 5. In Chapter 4, we pro-
pose the Wavelet-based Edge Multiscale Parareal Algorithm to solve parabolic equations
with heterogeneous time-independent coefficients. This algorithm combines the advan-

tages of multiscale methods that can deal with heterogeneity in the spatial domain effec-
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tively, and the strength of parareal algorithms for speeding up time evolution problems
when sufficient processors are available. We derive the convergence rate of this algorithm
in terms of the mesh size in the spatial domain, the level parameter used in the multiscale
method, the coarse-scale time step and the fine-scale time step.

Finally, we consider the parabolic equations with time-dependent heterogeneous coef-
ficients in Chapter 5. Many applied problems have coupled space and time heterogeneities.
Their homogenization or upscaling requires cell problems that are formulated in space-
time representative volumes for problems with scale separation. In problems without
scale separation, local problems include multiple macroscopic variables and oversampled
local problems, where these macroscopic parameters are computed. These approaches,
called Non-local multi-continua, are proposed for problems with complex spatial hetero-
geneities in a number of previous papers. We extend this approach for space-time het-
erogeneities, by identifying macroscopic parameters in space-time regions. Our proposed
method space-time NLMC is an efficient numerical solver to deal with time-dependent
heterogeneous coefficients. It provides a flexible and systematic way to construct mul-
tiscale basis functions to approximate the solution. These multiscale basis functions are
constructed by solving a local energy minimization problems in the oversampled space-
time regions such that these multiscale basis functions decay exponentially outside the
oversampled domain. Unlike the classical time-stepping methods combined with full-
discretization technique, our space-time NLMC efficiently constructs the multiscale basis
functions in a space-time domain and can provide a computational savings compared to

space-only approaches.
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