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Abstract. For parameter in an AR(1) process corrupted by noise, the paper proposes the construction of confi-

dence interval for unknown parameter with a prescribed coverage probability. The noises both in observable and  

in unobservable processes are assumed to be Gaussian with unknown variance. The estimation procedure is non-

asymptotic and uses a special stopping rule. The results of numerical simulation by Monte-Carlo method are presented. 
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Аннотация. Рассматривается задача построения доверительного интервала неизвестного параметра про-

цесса авторегрессии первого порядка, зашумленного аддитивным шумом. Предполагается, что управляющий 

шум процесса и шум в канале наблюдений – гауссовские с неизвестными дисперсиями. Построенная проце-

дура является неасимптотической и опирается на специальное правило остановки наблюдений. В статье при-

водятся результаты численного моделирования, реализованного методом Монте-Карло. 
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In many applications related to signal processing the linear models specified by stochastic difference 

equations are widely used. To identify unknown parameters in such models the methods of least squares 
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(LSE), maximum likelihood and other have been developed. The properties of the estimators are studied 

usually in asymptotic when the number of observations tends to infinity. For an autoregressive process the 

asymptotic properties of the LSE have been studied in [1]. To overcome the problems of investigation  

the properties of the estimators obtained by a fixed number of observations the sequential methods were de-

veloped. Sequential procedures use the sampling schemes with random stopping times. It allows one to study 

the properties of the estimators. The sequential sampling scheme was proposed in works [2] and [3] to esti-

mate the parameter of a first order autoregressive process  

1 , 1,2, .k k kx x k       

The estimator in [2] has the guaranteed mean square deviation. 

The problem of estimation of parameters in ARMA processes and in AR processes with noise was 

studied in [4–7]. A sequential procedure of identification parameters of autoregressive processes by noisy 

observations was proposed in [8]. This procedure uses the Yule-Walker estimators with guaranteed mean 

square deviation. 

A problem of confidence estimation of the mean in a sequence of independent identically distributed 

Gaussian variables with unknown variance was studied in [9]. A sequential procedure was proposed because 

no procedure with fixed sample size can guarantee the prescribed coverage probability. 

Recently a procedure for constructing a fixed-size confidence interval with any prescribed coverage 

probability for parameter in AR(1) process was proposed in [10]. The interval estimation for a first-order 

autoregressive process was constructed in [11]. 

The paper is organized as follows. In Section 1 we construct a sequential point estimator of unknown 

parameter in AR(1) process with noises. In section 2 we construct a   confidence interval with any prescribed 

coverage probability for the parameter in AR(1) model with unknown noise variances. In section 3 the results 

of numerical simulation are presented. 

 

1. Sequential point estimator 

 

Consider an unobservable AR(1) process described by equations 

 1 , 1,2, ,k k kx x k       (1) 

which is observed with noises 

 , 1,2, .k k ky x k     (2) 

Here θ is unknown parameter, | | 1  , { }k  and { }k  are the sequences of Gaussian independent random 

variables with zero means 0k k   E E  and variances 
2 2
k  E ; 

2 2
k  E  respectively, initial value 0x  

and processes { }k , { }k  are independent. It's assumed that 
2  and 2  are unknown. The problem is to 

construct the non-asymptotic confidence interval for the parameter θ  using observations  ky .  

Note that from (1) and (2), we obtain the equation for the observed process 

 1 ,k k ky y      (3) 

where 1,k k k k       0k E  and 
2 2 2 2(1 ) .k      E  

First we obtain a point estimator of an unknown parameter of AR(1) process. The estimator is used 

later to construct the confidence interval. The scheme of estimating the parameter θ follows the approach 

proposed in [10] and includes three stages.  

First we obtain the pilot Yule-Walker estimator of   by a fixed number of observations. On the second 

stage we construct an estimator of the variance of the random variable k . On the third stage we construct  

a sequential modification of the Yule-Walker estimator of the parameter  . 

For an integer 1 3n   define the Yule-Walker estimator of the parameter   as 

 
1 1

1

1 2 1 2
3 3

( ) .
n n

k k k k
k k

n y y y y



  
 

 
    

 
 (4) 
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To compensate an unstable behavior of estimator (4) for small sample size we use the projection of the esti-

mator into the interval   :1,1  

 

1 1

1 1

1

( ), if | ( ) | 1,

ˆ ˆ( ) 1,  if ( ) 1,

1,  if 

 

( ) 1.

n n

n n

n

  


     

   

  

Using the estimator 1
ˆ( )n  define the estimator of the variance k  as  

 
1 2 1 2, 2 ,( ) ,n n n nC n S   (5) 

where 

 
1 2 2

1 2

1

1

2 2
, 1 2

2 21 1

ˆ( ) ,        ( ) ,         .
n n n

k k
n n k k k k

k n k

S y y C n





  

   
       

    
E  (6) 

Note that k  are standard Gaussian random variables. Hence 
2 2

1

n

k
k

  is Chi-square random variable with 2n  

degrees of freedom and 
1

2 2( ) ( 2)C n n   . Denote 

  
1

1

1

2

1

, 0.
n l

l
n k k

k n

V l


 

      (7) 

The properties of the variables 
1

l
nV  establishes the following theorem  

Theorem 1. Let the random processes  
1,n lS  and 

1
{ }l

nV  are defined by (5) and (7) respectively. Then 

the following inequality holds true  

    
1 1, .l

n l nS z P V zP     (8) 

The proof of Theorem actually proceeds along the lines of the proof of Theorem 1 in [10].  

Using Theorem 3 in [10] one has 

Theorem 2. The following inequality holds true 

 

1 2

2 2
,

1 1
.

n n


  

E   

This inequality allows one to obtain the upper bound of the variance k . 

Now we construct a sequential point estimator of the parameter  . The estimator is based on the esti-

mator proposed in [12] when the variances 
2  and 2  in (1) and (2) are known. 

To construct sequential point estimator of the parameter  , we divide the set of indexes 

( ) {1,2, , }T n n   into two subsets  

1 2( ) {2 1: 1,2, ;2 1 },      ( ) {2 : 1,2, ;2 }.T n j j j n T n j j j n           

Note that      1 2T n T n T n  . Next we introduce stopping times 

 
1 2 1 2

2
2

1 2 { ( )}
1 ,

( ) inf 1: ,         1,2.
i

n
k

i k T n
k n n n n

y
h n n n h i


  

  
        

  

 (9) 

and { }A  is  indicator of event A . The value h  is a parameter of the identification procedure and defines  

the quality of the estimator. 

Define sequential estimators of the parameter   from odd and even observations by formulas 

 
1 2 1 2

1 2 1 2

1
( ) ( )

2 1 2
, ,

1 1, ,

ˆ ( ) ,         1,2,
i ih h

k k k k
i i k i k

k n n k n nn n n n

y y y y
h i


 

  

     

 
      
  
 

 (10) 
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where the coefficients , , 1,2,i k i   are defined as 

 ,

1,  if ( ( )) and ( );

( ),  if ( );

0,  if 

 

( ( )).

i i i

i k i i

i i

k T h k h

h k h

k T h

   


    
  

 (11) 

Correction factors 0 ( ) 1,  1,2i h i     are determined by the equalities 

 
1 2 1 2 1 2

22( ) 1
( ) 22

{ ( )}
1 , ,

( ) .
i

i

i

h
hk

k T n i
k n n n n n n

yy
h h

 
 


  

  
 

  

Consider the deviation of the estimators (10). Substituting ky  from (3) into (10) we have 

 
1 2

1 2

( )
2 1

,
1 ,

( ) ( )1ˆ ( ) ,      1,2,
( ) ( )

i h
k k k i

i i k
k n ni in n

y y h
h i

s h s h


 

  

   
      


  

where 

 
1 2 1 2

1 2 1 2

( ) ( )
2 2 1

, ,
1 1, ,

( ) ,       ( ) .
i ih h

k k k k
i i k i i k

k n n k n nn n n n

y y y
h s h

 
  

     


     

 
 (12) 

Denote 

 
1 2

1 2

( )
1 2 2 22

,
1 ,

( ) ,      ,      (1 ) .
i h

k k
i i k k k

k n n n n

y
h



 

  


             


 (13) 

Hence, the deviation ˆ ( )i h    takes the form  

 
( )ˆ ( ) ,       1,2.
( )

i
i

i

h
h i

s h



       

According to Lemma 2 in [12] the following result holds. 

Lemma 1. Let { }k  and { }k  in (3) be the sequences of Gaussian random variables with zero means 

and variances 
2 2
k  E , 

2 2
k  E , and random variables ( ),i h  1, 2i   are described by the equations (13). 

Then for each 0h  the random variables 
1/2

1( )h h   and 
1/2

2 ( )h h   are standard Gaussian. 

In the next section we construct a non-asymptotic confidence interval for parameter  . 

 

2. Non-asymptotic confidence interval 

 

The main result of the paper gives the following Theorem. 

Theorem 3. Let { }k  and { }k  in (3) be the sequences of Gaussian random variables with zero means 

and variances 
2 2
k  E , 

2 2
k  E , and the sequential point estimators ˆ ( ), 1,2i h i   are defined by formulas 

(9), (10), (11). Then for all 0h  and 0z   

 

1 2

* 1 2

,

ˆ ˆ| ( ) | ( ) ( )
 |  | 1 ( , ),

2
n n

s h h h
h zP z

h


   
     
 
 

 (14) 

where 
1 2,n n  is defined by (5) and  * 1 2( ) min ( ), ( )s h s h s h  and 

  
2 /2 1

2
0 2

( , ) 4 1 ( ) exp( ) .
( / 2)

n
y

h z z yhC n y dy
n


       

  

Here  2C n  is defined by (6), 2( / 2)n  is the Gamma-function and 

 
21

( ) .
22

x y
x dy



 
       

 (15)  
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Proof: Using estimators (5) and (10) we obtain the inequality 

 
1 2 1 2

1 2 1 2

** 1 2 1 2

1 2, ,

* 1 2
1 2

1 2, ,

ˆ ˆ ( )| ( ) || ( ) | ( ) ( ) ( )
     

2 ( ) ( )2

( )| ( ) | ( )
    | ( ) | | ( ) | .

( ) ( )2 2

n n n n

n n n n

hs hs h h h h

s h s hh h

hs h h
h h

s h s hh h



 

   
   

 

  
            

 (16) 

Introduce the filtration 

 0 0 0 1 1{ },     { , , , , , , }.n n ny y            

To construct the confidence interval, we obtain the upper bound for probability 

 
1 2 1 2

1 2

1 2

* 1 2
1 2

, ,

,

1 2

ˆ ˆ| ( ) | ( ) ( )
 |  | | ( ) | | ( ) |

2 2

21
| ( ) | | ( ) |  |  .

n n n n

n n

n n

s h h h
z P h h z

h h

z h
P h h

h

P 
 

 


     
                 
   

 
        
 

E

 (17) 

Then  

 

1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2

, ,1
1 2

, ,2 1

2 | ( ) |1
| ( ) | | ( ) |  |   | 

| ( ) | | ( ) |
 |  2  |  .

n n n n

n n n n

n n n n

n n n n

z h z hh
h h P

h h

z h z hh h
P P

h h

P   
 

   
 

    
               
   

     
      
    
   

 (18) 

As a result from (17) and (18) we obtain 

 

  1 2 1 2

1 2 1 2

1 2 1 2

1 2

, ,1
1 2

, ,1 1

2 | ( ) |1
| ( ) | | ( ) |  |  1 2  | 

| ( ) | | ( ) |
2 1 1 2  |  1.

n n n n

n n n n

n n n n

n n

z h z hh
P h h P

h h

z h z hh h
P P
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E E

E E

 (19) 

Let  G y  be the distribution function of random variable 
1 2

2
, /n n   . Taking into account that | | 1   

we come to inequality 
2 2 2 2 2 2(1 ) 2( )           . Using expression (5) for 

1 2,n n  and inequality (8) 

we obtain the upper bound for the distribution function  G y  
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1 1
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, 2 2
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1 12 2

2 2
2 2 2 2
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where    
1/2

2 2 .k k k



         

Analogously to [10] using integration by parts and (20) we have 
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1 2 1 2
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1 2

1 2
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Taking into account that 
1 2

1

2

1

n n

k
k n



 

  has Chi-square distribution with 2n  degrees of freedom, inequalities (17), 

(19), (21) and Lemma 1 we can construct a non-asymptotic confidence interval for the parameter   in the form 
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1 2

1 2

1

2
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,

21

10 2

/2 1/2

0 2 2 2 2
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2
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2 /2 1

2
0 2

( ) 1 exp( ) 1,
( / 2)

n
y

yhC n y dy
n


      

 (22) 

where ( )x  is determined by the formula (15).  

From (22) one has the equality to defining the value h of the form 

  
2 /2 1

2
0 2

( , ) 4 1 ( ) exp( ) .
( / 2)

n
y

h z z yhC n y dy
n


       

  

We come to the result of Theorem 3. 

Remark 1. Note that the random coefficient  * /s h h  in the confidence interval converges to constant 

almost surely due to Proposition 1 in [12]. 

 

3. Simulation results 

 

In this section, we report and discuss the results of Monte Carlo experiments. Table 1 presents selected 

data obtained by the simulations.  

Represent the interval for parameter   

 

1 2

* 1 2

,

ˆ ˆ| ( ) | ( ) ( )
 

2
n n

s h h h
z

h

  
  


 (23) 

in the form 

 1 2
ˆ ˆ( ) ( )

( ) ( ) ,     ( ) ,
2

h h
h h h

  
            (24) 

where 
1 2, */ | ( ) |n nzh s h    is the confidence semi-interval. 

The results of Monte Carlo simulation are reported in Table. All the results were obtained by 1000 

replications by making use of the programming language R. The values 1n  and 2n  were chosen equal to 30. 

The averaged values of sequential estimators ( )h  as well as mean length of semi-interval   have been cal-

culated for every value of the parameter  . The confidence probability 1 ( , )h z  was equal to 0,9 for  

different values of h and z. The quantity   denotes the observed averages of the stopping time 

1 2( ( ) ( )) / 2h h   . The quantity p̂  denotes the frequency count of the number of times when the confidence 

interval contains the true values  . 
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Averaged confidence estimates of parameter AR(1) 

θ σ2 Δ2 
h = 779, z = 0,1 h = 3 115, z = 0,05 

( )h  δ   p̂  ( )h  δ   p̂  

–0,99 1 0,25 –0,990 0,098 156,5 1 –0,991 0,05 359,6 1 

–0,8 1 0,25 –0,802 0,133 954,3 1 –0,800 0,067 3504,4 0,999 

–0,6 1 0,25 –0,598 0,187 1545,9 1 –0,600 0,095 6079,5 1 

–0,4 1 0,25 –0,401 0,290 2171,2 0,999 –0,402 0,147 8315,1 1 

–0,3 1 0,25 –0,300 0,387 2447,0 0,999 –0,300 0,198 9445,0 1 

0,3 1 0,25 0,302 0,448 2420,0 1 0,303 0,212 9627,7 1 

0,4 1 0,25 0,400 0,323 2202,5 1 0,402 0,156 8446,0 1 

0,6 1 0,25 0,599 0,202 1611,1 1 0,600 0,098 6113,8 1 

0,8 1 0,25 0,799 0,140 913,3 1 0,800 0,069 3572,4 1 

0,99 1 0,25 0,991 0,103 158,4 1 0,990 0,051 340,0 1 

0,99 4 0,25 0,990 0,102 144,9 1 0,990 0,051 293,0 1 

0,99 4 1 0,990 0,103 159,4 1 0,990 0,051 347,0 1 

0,99 1 4 0,991 0,114 426,0 1 0,990 0,056 1286,3 1 

 

Note that as the variance 
2  of the process increases, the sample size   decreases. Increasing the variance 

2  of additive noise leads to increasing the sample size  . This fact follows from Proposition 1 in [12].  

 

Conclusions 

 

The proposed sequential procedure allows one to construct the confidence non-asymptotic interval for 

autoregressive parameter   in the presence of additive noise in observations. The procedure is independent 

of variances of noises in unobservable and observable processes. It is based on a special rule of determining 

the needed sample size. The results can be used in identification and control problems.  
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