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Abstract

We study R-charge transport in a wide class of strongly-coupled supersymmetric plas-
mas at finite temperature with 't Hooft coupling corrections. To achieve this, we use the
gauge/string duality and include the full set of O(a’®) corrections to the supergravity back-
grounds given at zeroth order by the direct product of the AdSs-Schwarzschild black hole
with a five-dimensional compact Einstein manifold. On general grounds, the reduction leads
to a large number of higher derivative operators, which we reduce using the symmetries of the
solution. We are left with a universal set of operators whose coefficients can in principle be
fixed by carrying out an explicit compactification. We apply our results to the computation
of the R-charge conductivity of the supersymmetric plasma at finite yet strong coupling.

'pabiker@thphys.ox.ac.uk
’martin@fisica.unlp.edu.ar


http://arxiv.org/abs/1006.5480v1

1 Introduction

The past few years have seen increasing interest in the properties of the deconfined quark-
gluon plasma (QGP), obtained as a result of the collision of heavy nuclei. Observations
at the Relativistic Heavy Ion Collider (RHIC) imply that once this plasma is produced at
temperatures of order a hundred MeV, it behaves like an ideal fluid. We refer the reader to
several review articles discussing the phenomenology of the QGP [1, 2, 3, 4, 5, 6, 7]. Such
experimental motivation necessitates an understanding of the hydrodynamic properties of
the QGP from the theoretical side, and an excellent tool to use for this investigation is
the AAS/CFT correspondence [9, 10, 11, 12]. The latter conjectures a duality between a
class of highly symmetric strongly-coupled quantum field theories and strings propagating
in certain gravity backgrounds. The reason why the AdS/CFT correspondence is a good
candidate to approach the QGP is that the latter is strongly-coupled in the relevant regime of
temperature. An immediate focus would be to use the AdS/CFT correspondence to compute
the transport coefficients of highly-symmetric plasmas in the hydrodynamic regime, defined
as the regime in which the perturbations of the plasma have a momentum much smaller than
the temperature. The important observables, which hopefully can be used to compare with
experiment, are the usual transport coefficients of fluid dynamics entering the Navier-Stokes
equation. The recipe is to calculate the retarded two-point functions of conserved currents
of the theory at thermal equilibrium, following the rules established in [13, 14]. Using these
rules, and working in the gravitational holographic dual model, one is able to obtain the
transport coefficients of both mass (energy-momentum) and charge, extracting quantities
such as viscosity [15, 16, 17] and the R-charge conductivity [14, 16, 18].

Now we must bear in mind that the results obtained in these references, and in fact in all
of the literature utilizing the holographic duality, apply to theories with a large number of
degrees of freedom (large-V), and with a certain degree of supersymmetry and/or conformal
invariance. These are of course the limitations of the AdS/CFT correspondence, and so
a direct comparison to experimental observations is difficult. It is nonetheless important
to understand the strong-coupling regime of these highly-symmetric theories fully, as they
share many features with QCD. In fact, the shear viscosity results for ' = 4 SYM theory
[15, 16, 17] obtained via the AdS/CFT correspondence are very close to those measured
for the QGP [1]. Moreover, the AdS/CFT correspondence allows us to identify universal
properties of the hydrodynamic coefficients [19], which would be very useful if QCD were to
be shown to be within the class of theories in which this universality is operative. In addition,
one may improve the approach to QCD by incorporating some of its essential aspects in the
gravity dual. This includes adding flavour fields in the fundamental representation into
the gravity dual [20], for instance using D3-D7 brane systems as in the Karch and Katz
model [21]. Another important direction to pursue is to go to finite coupling, by including
corrections to the infinite 't Hooft parameter results. Within the context of the AdS/CFT



correspondence, this is achieved by adding string-theoretic higher-curvature corrections to
the gravitational background. This is the premise of the present article.

There is by now a large volume of literature on finite-coupling corrections to the transport
properties of plasma in the hydrodynamic regime [19, 22, 23, 24, 25, 26, 27, 28]. Such trans-
port properties include the shear viscosity and the mass-density diffusion constants, both
of which can be obtained by studying tensor fluctuations of the supergravity metric with
higher-curvature corrections. On the other hand, the vector fluctuations of the metric yield
quantities such as the R-charge diffusion and conductivity. The finite coupling corrections
to the latter quantities have been considered so far only for the cases where the additional
curvature terms have been of mass-dimension four and six. In type IIB string theory, the
stringy corrections made up of the metric and the Ramond-Ramond five-form field strength
are known explicitly, and are found to yield dimension eight operators. In this paper, we
analyze the effect of these dimension-eight operators on the vector fluctuations of the su-
pergravity metric. We should mention that in a recent paper we have studied the effect
of the full O(a’®) corrections from type IIB string theory, including those derived from the
Ramond-Ramond five-form field strength, on the retarded current-current correlators at the
high energy regime, where the plasma is probed at distances smaller than the inverse of the
temperature [29].

Let us describe the general idea of the computation we carry out firstly and summarize our
results. The type IIB string theory action with leading order O(a'3) corrections, is given by
the usual two-derivative minimal Lagrangian with certain eight-derivative corrections added.
The schematic form of the O(a’®) corrections is Weyl* + Weyl>T + Weyl*T?, where Weyl
is the ten-dimensional Weyl tensor and 7 is based on the five-form field strength Fy of type
IIB string theory. A general solution to this complicated Lagrangian is a warped product
of a deformed AdS-Schwarzschild black hole with a five-dimensional Einstein manifold M5,
which for instance can be a Sasaki-Einstein manifold [30]. This is dual to a supersymmetric
conformal field theory (SCFT), with an R-symmetry group that contains at least one U(1)
factor.

We want to examine the R-charge correlators in this dual theory, focussing on the diagonal
U(1) which is dual to the graviphoton. Note that a weak gauging of this U(1) on the field
theory side, with a small gauge coupling in the manner of [18], allows us to interpret our
results as pertaining to an embedding of U(1).,, in the R-symmetry group of the field theory.
This obviously gives our computations below added significance, because we may view them
as an investigation into the finite 't Hooft coupling corrections to electromagnetic charge
transport in a wide class of theories. The fields dual to the field-theory U(1) are vectorial
perturbations of the metric and the five-form field strength. We thus must perturb the
background supergravity solution in the vectorial (mixed) directions A, = G4, plug the
perturbed supergravity solution into the corrected Lagrangian, and integrate out the Mj
directions a to obtain a five-dimensional Lagrangian for the gauge fields A,. At infinite 't



Hooft coupling, one simply uses the minimal type IIB supergravity action, and obtains the
Einstein-Maxwell Lagrangian in AdS-Schwarzschild black hole, i.e. five-dimensional gravity
(with a cosmological constant) coupled to a U(1) graviphoton. The computation at finite
coupling is much more complicated, as one must take into account all of the dimension eight
string-theory operators when performing the compactification. To achieve this, we focus our
attention on the construction of the full (complete) set of five-dimensional operators that can
be induced by the ten-dimensional operators Weyl* + Weyl3T + Weyl?>T?2. We find 26 such
operators, and they have the schematic form C?F? C?*(VF)? and (VF)?, where F is the
field-strength of the U(1) boson. Observe that these operators will be present in any type
IIB string theory dual model, giving our computation an added incentive. The numerical
values of the coefficients of the operators may be dependent on the explicit type of internal
manifold, but the hope is that some of them are universal (i.e. independent of the internal
manifold Ms).

Having obtained the complete five-dimensional Lagrangian with arbitrary coefficients, we
apply our results to obtain the equations of motion of the transverse gauge field A,, whose
solution we require to compute the R-charge conductivity. This field decouples from the other
perturbations, as we show explicitly. We solve the equations of motion of this field in the
hydrodynamic regime as a series in the momentum, requiring ingoing boundary conditions at
the horizon. We find that the frequency of the waves at the horizon is unchanged with respect
to the infinite 't Hooft coupling results, for any gauge-invariant set of operators: our results
therefore strongly suggest that any gauge invariant Lagrangian for the vector perturbations
yields an equation of motion with the same singularity structure and indices at the horizon.
We then obtain a general expression for the leading 't Hooft coupling corrections to the
R-charge conductivity.

We view our results as a step towards a better understanding of charge-transport in
strongly-coupled gauge theory plasmas for a range of theories. We emphasize that the set
of operators enumerated in this work are present in any type IIB string theory holographic
dual model, because the order O(a’®) ten-dimensional terms are present regardless of the
details of the dual theory (e.g. whether it has flavour branes or not). Thus, obtaining this
complete set of operators in this setting is of intrinsic value even if the exact coefficients of
the operators in five dimensions are unknown. The hope is that some (or many) of these
coefficients will be universal, as we speculate in later sections of the paper.

2 The corrected background

Let us define the premise of the paper more carefully: we are interested in the retarded
correlators of the vector currents associated with a gauged U(1) subgroup of the global R-
symmetry group of a SCFT plasma. For example, the conductivity is extracted from the



retarded current-current commutator
Byula) =i [ dz e 6(ay) < [u(2), J,(0)] >, (1)

where O(zy) is the Heaviside function, while .J,(z) is the conserved current associated with
the gauged U(1) subgroup mentioned above. The expectation value is understood as a
thermal average over the statistical ensemble of the SYM plasma at temperature 7. Let
us first consider the string theory holographic dual description of this theory at infinite 't
Hooft coupling. This is a solution of type IIB supergravity with only the leading curvature
terms, namely the Einstein-Hilbert action coupled to the dilaton and the Ramond-Ramond
five-form field strength:

1 1 1
Sio= 50 [ A0 V=G| Rio 5 (06) — 1 (B)?] 2
0= 5.2 T 10 2( ?) 4'5!( 5) (2)
The solution to the equations of motion of this Lagrangian sourced by N D3-branes at
finite temperature is given by the direct product of an AdS-Schwarzschild black hole with
a compact Einstein manifold M;. The five-form field strength is given as the sum of the
volume forms on the two manifolds,

4
FO = —E(l + *)es (3)

where the superscript (9 indicates that this is a pure supergravity solution, i.e. with no
stringy corrections. Its total flux through the compact manifold gives N units. The current
operator J,(z) is dual to the s-wave mode of the vectorial fluctuation about this background.
In order to obtain the correct AdS-Schwarzschild Lagrangian for the vectorial perturbation,
one must construct a consistent perturbed ansatz for both the metric and the five-form field
strength, such that a proper U(1) subgroup of the R-symmetry group is obtained (see [31, 32,
33, 34] for the S® solution, and [30] for the five-dimensional Sasaki-Einstein solution). The
result of inserting the consistent perturbation ansatz into the minimal type IIB supergravity
action is the minimal U(1) gauge field kinetic term in the AdS-Schwarzschild black hole.
Therefore, by studying the bulk solutions of the Maxwell equations in the AdS-Schwarzschild
black hole with certain boundary conditions, we can obtain the retarded correlation functions
[13, 14, 18] of the operator J,(x). Our aim in this section is to describe this procedure for the
a’3-corrected type IIB supergravity action, which contains dimension-eight higher curvature
operators. These higher-curvature corrections on the supergravity side correspond to finite-
coupling corrections in the field theory, hence our interest in their effect. Essentially, for any
given field-theoretic observable O, we can write a series Oy + O1/A™ + - - -, where A is the 't
Hooft coupling, and n, is a positive number which indicates that the lowest order correction
to the result at infinite coupling Oy need not begin at order one. We are interested in the
case where Oy is the two-point current correlator, and we must thus determine the effect of
the string-theory corrections on the vectorial perturbations of the metric.
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The inclusion of higher-derivative corrections to the supergravity must take place at the
level of the ten-dimensional action, through the evaluation of stringy corrections to Eq.(2).
The leading corrections were found to begin at O(a’®). These corrections were found to
have no effect on the metric at zero temperature [35], verifying certain non-renormalization
theorems of CFT correlators. At finite temperature [36, 37|, much of the work focussed on
the corrections to the thermodynamics of the black hole. The corrections were then revisited
in references [38, 39, 40|, where the computation of the a/-corrected metric was improved
and attempts were made to address the issue of the completeness of the corrections at
leading order in o/. Much of the interest of the community has focussed on the effect of
higher curvature corrections on the spin-2 sector of the fluctuations [22, 24, 41, 42], as these
determine the viscosity and mass-diffusion constants of the plasma. In [43, 25] the higher
curvature corrections to the dual of N'= 4 SYM were parsed thoroughly to determine how
they affect the metric. Crucially, the corrections to the metric were found to be universal,
i.e. independent of the internal manifold for a wide class of internal manifolds, of which
Sasaki-Einstein is a member.

For the case of the vectorial fluctuations of the background, there are two distinct parts
to the calculation: the first part consists of obtaining the minimal gauge-field kinetic term
using new perturbed and corrected metric and five-form field strength ansatze. The second
part of the computation consists of obtaining the corrections to the gauge field Lagrangian
coming directly from the higher-derivative operators. The reason why these two steps are
distinct is that the first step will require insertion of the corrected perturbation ansdtze
into the minimal ten-dimensional supergravity two-derivative part Eq.(2). The second step
requires insertion of the uncorrected perturbation ansditze into the higher-curvature terms in
ten dimensions, for consistency in the o/ expansion.

Below we choose to use a specific manifold, the S® manifold, as an illustration of the
methodology, but we emphasize to the reader that the discussion below applies directly
without modification to any five-dimensional compact Einstein manifold. The only restric-
tion comes from the requirement that in the zeroth-order background supergravity solution
the only non-trivial fields are the metric and the five-form field strength. Our discussion
thus applies to all supergravity backgrounds with an internal component satisfying these
requirements, and these internal manifolds happen to be Einstein. Thus, we could have used
the ansitze espoused in [30] to arrive at the same conclusions. We only use the five-sphere
in what follows for simplicity and familiarity.

We begin by examining the corrected metric and Fj solutions, then proposing ansatze for
the perturbations that may be inserted into Eq.(2) to obtain the minimal gauge kinetic term.
The corrections to the ten-dimensional type IIB action are given by [25]

S5 = %/ "z /-G [76_%¢W4 + - } : (4)

where v encodes the dependence on the 't Hooft coupling A through the definition v =



££(3) (o//R?)?, with R* = 4mwg,Na'. Setting A = gi ;N = 4mg,N, we get v = £ £(3) ﬁ

The W, term is a dimension-eight operator, and is given by

rsk

1
Wi = O g Gy € 5 O o G € (5)

where C , is the Weyl tensor. The dots in Eq.(4) denote extra corrections containing
contractions of the five-form field strength Fs, which we can schematically write as y(C3T +
C*T?+CT3+T?), where C' is the Weyl tensor and T is a tensor found in [25] and composed of
certain combinations of F5. The authors of [25] showed that the metric itself is only corrected
by Wy, essentially due to the vanishing of the tensor 7 on the uncorrected supergravity
solution. This conclusion was found to be independent of the internal manifold, as long as
the only non-trivial fields in the zeroth-order supergravity background are the metric and
the five-form field strength. As we mentioned this holds for any compact Einstein manifold.
Hence, all Sasaki-Einstein manifolds L,,,, as well as Y74 and T"! which are special cases of

them, are covered by what follows.

After taking into account the contribution of W, to the Einstein equations, one finds the
corrected metric [36, 37, 39)

du? f(u)

where f(u) = 1—wu? and R is the radius of the AdSs. In these coordinates the AdS-boundary
is at u = 0 while the black hole horizon is at u = 1. We denote the AdS;5 coordinates by the
indices m, where m = {(n =0, 1,2,3),5}, where

ds® = (@)2% (—f(U) K*(u) dt® + da?2) +

B Pz(u) du? + R2L2(u) ng , (6)

K(w) = exply (afu) +40(w)], Plu) = expyb(w)], L(w) =esplye)]. (7
and
162 1 9 1 4
o) = B O
15 7T R?
clu = — 1+u2 u4’ Wlth ro = —22t 8

where T' is the physical temperature of the plasma. Having obtained the corrected metric,
the next step is to deduce the appropriate perturbation ansdatze. This is in fact where the
complications of the problem appear: the vector perturbation enters into both the perturbed
metric and the perturbed Fj solution. This is distinct from the case where one considers ten-
sor perturbations of the background, which are relevant for viscosity computations, because
they only enter into the metric ansatz, not into the Fy ansatz, making the computations far
simpler.

Let us first consider how we would obtain the minimal (two-derivative) kinetic term for
the gauge fields. We must insert our corrected ansatz into the two-derivative supergravity
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action Eq.(2). The metric ansatz we use is as follows, with obvious substitutions, where we
have imposed that the internal metric is the five-sphere (for ease of demonstration)

3
ds® = gy dz"™ dz"™ + R*L(u)* ) [d,u? + p3(de; +

i=1

2

\/gAudx“)2] , 9)

where the pu; are the direction cosines for the sphere, as usual.

As for the ansatz for Fy = G5 + %G5 we use the fact that we are only interested in the
terms which are quadratic in the gauge-field perturbations. Thus we use the following ansatz
3 3

e~ P (

where Fy, = dA is the Abelian field strength and €5 is the deformation of the volume form of
the five-dimensional metric of the AdS-Schwarzschild black hole ®. The Hodge dual = is taken
with respect to the ten-dimensional metric, while * denotes the Hodge dual with respect to
the five-dimensional metric piece of the black hole. Note that we have not dwelled on the
details of the ansatz because the main point of the paper is that the operators derived below
are in fact independent of the internal manifold in form. The only dependence comes in
through their coefficients. Inserting these ansdtze into Eq.(2), and discarding all the higher
(massive) Kaluza-Klein harmonics of the five-sphere, we get the following action for the

3
> dpi A dqbi) AFFy, (10)

i=1

zero-mode Abelian gauge field A,,:

N2 m; n
S = 1R /d4xdu V=g L' (u) g™ g"" Fyp,p Foy (11)

where the Abelian field strength is F},, = 0,,A, — 0,A,,, the partial derivatives are 0,, =
0/0z™, while 2™ = (t,Z,u), with ¢ and & = (x1, z2, x3) being the Minkowski coordinates,
and g = det(gmn), where the latter is the metric of AdS-Schwarzschild black hole piece of
the corrected metric. The dependence on the dimensionless factor L(u) is acquired by the
proper reduction from ten dimensions [16], and ultimately arises as a consequence of the
non-factorisability of the corrected metric [37]. This factor is independent of the internal

metric M5. Note also that the volume of the internal manifold has been absorbed into the
definition of the factor V.

We have thus completed the first step in our programme, that of obtaining the minimal
gauge kinetic term from the two-derivative supergravity action. The next step is to obtain
the effect of the eight-derivative corrections of Eq.(4). Concretely, we must determine the
five-dimensional operators that arise once the perturbed metric and five-form field strength
ansatze of equations (10) and (9) are inserted into Eq.(4). Crucially, we are able to use

3Note that we are not interested in the part of G5 which does not contain the vector perturbations. This
part only contributes to the potential of the metric, and is thus accounted for by the use of the corrected
metric in the computation.



the uncorrected ansatze in this step, because using the corrected ones results in terms of
even higher order in v. The uncorrected ansitze are derived from those of equations (10)
and (9) by taking L(u), K(u), P(u) — 1 and €5 — €;. Our philosophy will be to consider
the structure of the C3T and C?7? terms, and use the symmetries of the various tensors
to deduce the most general set of five-dimensional operators that can be obtained via the
compactification. We describe how this is achieved in the next section.

3 Operator enumeration

The ten-dimensional corrections in totality are schematically given by

C'+C*T+C*T*+CT° + T, (12)
where T is given by
7:1bcdef = ZVGFb—lc—def + E (F;l_)cmantf o F;l—)fmantc ) ) (13)

where the RHS must be antisymmetrized in [a, b, ¢] and [d, e, f] and symmetrized with respect
to interchange of abc <+ def [43] and we have defined the tensor

Fr= %(1 ) Ey (14)

The perturbed ansatz for the five-form field strength contains only one power of the gauge
field strength. Therefore, we can write 7 = Ty + 71 + T2, with each subscript denoting
the number of powers of the gauge field contained in the tensor. The tensor 7 is zero for
all supergravity backgrounds given by a direct product of an AdSs-Schwarzschild black hole
with a five-dimensional compact Einstein manifold, provided that the five-form field strength
F5(0) can be written as in Eq.(3) [25]. Therefore, splitting the ten-dimensional Weyl tensor
in a similar fashion, the corrections can be schematically written as

C2C2 4 C3Cy + C2C, T, + C3T5 + C2T2. (15)

Now, let us study the term C375. As we are considering a direct product space, the Weyl
tensor factorizes into its AdS-Schwarzschild black hole and Mj factors. Hence, C§ must
reside entirely in one of the two factors. If it resides in the AdS-Schwarzschild black hole
factor, then the only five-dimensional operators that can result from this are of the form

C3F?, (16)

where C' denotes the Weyl tensor of five-dimensional AdS-Schwarzschild black hole and F is
the U(1) field strength tensor. We have checked explicitly that, for any given Mj5, the non-
zero entries of 75 correspond to zero entries of C3, and so this operator vanishes generally,
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and operators of the form C®F? are therefore not induced. The same argument can be
constructed for the contribution of C3Cs. However, the tensor Cj may reside in the Ms
factor, in which case the induced operators in five dimensions are of the form F2. Of course,
there is only one such operator, proportional to the kinetic term.

Let us now focus on the terms given by C37?2 and C5C?. Again, C? factorizes; if it resides
in the AdS-Schwarzschild black hole factor, then we must obtain operators of the form

C?F% and C*(VF)2. (17)
If C2 resides in the Mj factor, then we must obtain all operators of the form
F? and (VF)?. (18)

A bit of thought should then convince the reader that the same considerations apply to
CZC4 Ty because in this way of thinking C| is entirely equivalent to 77 in that it also contains
only one power of the gauge field. Therefore, the problem reduces to finding the set of
independent monomials comprising all contractions of two Weyl tensors and two VF, as
well as two Weyl tensors and two F. In addition, we require a set of monomials to represent
all contractions of two VF', and all contractions of two powers of F'.

This can all be very quickly computed by Cadabra, the program developed by Kasper
Peeters. We find 26 such operators in total, and we list them here. One of them may
be eliminated on shell (it does not contribute to the on-shell action), and so the final set
contains 25 operators in total. Note that these comprise a full linearly-independent set up to
the use of dimension dependent identities that are similar in nature to the Schouten identities
of [19]. We expect these identities to reduce the set by four, but we have not undertaken
the reduction in what follows. We would like to stress that this result is indeed a massive
reduction compared with the very large number of general five-dimensional operators which
are possibly induced by the five-dimensional reduction of the ten-dimensional operators of
Eq.(12) upon a general compact Einstein manifold. Just to give an idea of this consider for
instance that an operator like C?(VF)? leads to 720 distinct operators induced from the
permutations of the operator (VFVFE)peqes before any symmetry operations are taken into
account.

The full set of 26 five-dimensional scalar operators is given by

(C*+ C*T +C*T? + OT?)|5a =

a1CapeaC N E VI | + a5C0dC N Fy VT 9+

Cae ' C [0y V 1 Fy Vo B0 4y VaFof V7 + b5V FrV P17 +

baClup"C™N 1 Fy VI F9 +

Col 0 o)V FogVIEy 4 oV Fu N9 F sy + 3V FygV p F9 + ca VgV g 9] +
CbA0™ ] (5N FygV o F? + 6V Fop NV  Fy® + oV LV Fi7] +
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csCop ™ CIN F V9 Fyp +

ClC™ 9 [d, Ny FL Y Fyg + AoV ooV  Fyg + A3V FopV g Fae + dyV o FygV i Fog] +
€1CapedC* P Fop F + [1C 0 C* Fyp FT +

9100 By Fyp + CL 0T [goFyaFrp + gaFye Fug] +

hiFypF® + hoV o Fy VP F% + hs VP F, VOF,C . (19)

We remind the reader that this does not mean that all of these will be induced by the
compactification: in all probability only a handful of them will be induced, but the statement
we can definitively make is that the operators listed here comprise the most complete allowed
set. Note that the final operator, with coefficient h3, can be eliminated on-shell, and we do
this in what follows. Note also that for the sphere the coefficients h; = 0, because the
sphere is Weyl flat. This is not necessarily the case for other manifolds, unless there is a
miraculous cancellation at work. Perhaps this points the way to a non-universal behaviour
in this particular sector of the dual field theory, and we shall have more to say on this later.

4 The Lagrangian for the transverse modes

As an application of the above, we will consider the two-point correlators of the R-symmetry
current J,. The dual field on the supergravity side is the gauge field in the x-direction
A,. Two-point functions of J, are useful for a range of physical phenomena, including the
conductivity and diffusion constant of the EM charge, and the computation of photoemission
spectra by gauge-theory plasma [18]. Specifically, we will compute the leading 't Hooft
coupling corrections to the conductivity associated with the U(1) R-charge. The conductivity
is given by the following relationship:

o1
0 =1 })IE)% ﬁwa(wv q= O) ) (20)
where we have used Eq.(1) and the Kubo formula from reference [18]. Because we are
interested only in the size of the corrections to this quantity, we will measure our conductivity
below in terms of the uncorrected conductivity, so that our result will have the form 1+ £z,
where p is the number we shall compute below.

As we saw in the last section, the eight-derivative O(a’?) corrections introduce a multitude
of higher-derivative operators upon compactification on the M, and we must take account
of them properly to solve the equation of motion within perturbation theory. The situation
is entirely analogous to that studied by Buchel, Liu and Starinets in [22]. In that paper,
the authors were concerned with the tensor perturbations of the metric, but the logic is the
same. From our effective Lagrangian, we see immediately that A, decouples from the other
perturbations. Computing the effect of the minimal kinetic term of Eq.(11) and the above
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general set of operators of Eq.(19) yields the following Lagrangian for the transverse mode
Ay

g _ N%E / d'k
total — 1672R* ) (27)
+yCw ALA_i + (D1 + ¥ Dw) Ay Ay + YEw A{A” , + vFw ALA ], (21)

1
. /0 du [yAw AA_, + (By + yBuw) AL A",

where we have introduced the following Fourier transform of the field A,

A (t, 2, u) = /ﬁe_m“qz Ar(u) . (22)
AR (2m)4

There are also a number of boundary terms that must be included for this higher-derivative
Lagrangian to make sense, and this is discussed in detail in [22, 29]. The coefficients B; and
D, arise directly from the minimal kinetic term F?. The subscript W indicates that the
particular coefficient comes directly from the eight-derivative corrections, and the functions
Aw — Fy are listed in the appendix. Moreover, B; and D; contain some ~-dependence,
but they are non-vanishing in the v — 0 limit, while every other coefficient vanishes in that
limit. The equation of motion is given by

AL+ AL+ pods =7

1
577V (4 (23)

where

Aw A + Cw A, +2 (0D + Dw) A,
—0y (20B1 A, + 2By Al + Cw A, + FiwAL)
+02 (Aw Ay + 2EwA” + Fy AL) = V(A4,), (24)

where By — Bi|y—o = 0By and Dy — Dq|,0 = dD;. First we have the coefficients with no
~v-dependence pg and pq, given by

_m - L0
PTG M T )

where @y = w/(27T) and ko = ¢/(27T). For the coefficients originating from the F? term
in the action of the gauge field, we obtain

(25)

K (u) f(u) L7 (u)
T TR
Dy = —K(u)P(u)L(n) | LW E (26)

wf(u)K?(u) |7

where @ = wR?/(2ry) and k = qR?/(2ry). The terms originating from the higher curvature
terms in the action are listed in the appendix. At this stage it is convenient to reduce the
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equation to a second-order differential equation using a simple trick [28]. The idea is that
yA” = —y (p1AL + poA,) + O(7?). Thus, we may reduce the entire RHS of the equation
of motion to terms which are first or zeroth order in derivatives. The resulting equation is
given by:

Al |py — #u) 01 (u) —p192<u>]] AL+ [po - #u) [00(u) — pofa(w)] | Ax = O(), (27)

where

Oo(u) =2(0D1 + Dw) — Cyyy + Al — 4Ey, vy + 2 Ew (p1py — py)
01(u) =2 Ay, — 2(6By + Bw)' + Fyy — 4Ey, () + po) + 2Ew [p1(p}y + po) — P — 2]
92(u) =2 AW -2 (531 + Bw) + Fév + QE%/ — 4E{/V P1 + 2EW [p% — 2p/1 — po] . (28)

We are now in a position to solve this equation in the hydrodynamic regime. The first step
is to examine the singularity structure of the equation at the horizon u = 1. As usual, we
change variables to x = 1 — u, so that the singularity is at x = 0, then insert the functional
form A, = z”. We obtain the indicial equation:

B2+ (%)2 ~0. (29)

This is of course the same indicial equation that would have been obtained in the infinite
't Hooft coupling limit. Thus, as long as the Lagrangian originates from a gauge-invariant
series of operators, then the indicial equation is unchanged. We have made several checks of
this statement, using operators of arbitrary dimension, containing up to four derivatives of
the gauge field. Hence, the fact that the indicial equation is unchanged is a consequence of
the gauge-invariance in five dimensions, which is in turn a consequence of the U(1) isometry
of the internal manifold Ms, and has nothing to do with supersymmetry. We are aware that
this behaviour is expected [24, 26, 27, 28] and in fact Buchel mentions it in his paper [24],
focussing on scalar and tensor fluctuations of the metric. It would be very interesting to find
a general proof of this statement.

5 Solving the equations of motion in the hydrodynamic
regime

We now turn to the solution of the equations for A,. In order to compute the conductivity,

we must solve the equation for A, up to linear order in v and w, which is of course the

hydrodynamic regime. Guided by our observations of the behaviour at the horizon, we
propose the following form for the solution:

Ar(u) = Ao(u) +7A1(u) = [1—u]7 (do(u) +7¢1(u)) , (30)
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where 0 = iw/(47T). We now write ¢g 1 (u) = ho1(u)+0go1(uw). We insert this decomposition
into the equation of motion, and realize immediately that the only relevant terms are By y (in
the limit w and ¢ — 0), Fy and Ey, because everything else enters with at least quadratic
powers in w and ¢ (see the appendix for By, Ew, Fy). This is actually a consequence
of gauge-invariance: any gauge-invariant Lagrangian of the form of Eq.(47) will have this
property. This is not the case for tensor-fluctuations of the metric.

First we focus on ¢o(u). Comparing powers of ¢ in the equation of motion, we simply
obtain

ho(u) =C and go(u) = Clog(l+u)+ D, (31)

where we will not fix any of the constants C, D until the very end. The only requirement
at this stage is regularity of all of the functions at the horizon. We now turn to A; =
[1 — u]™7 ¢1(u). This function obeys a rather complicated equation of motion which can be
deduced straightforwardly from the parent equation:

Al +p1 AL+ poAr = V(Ay) . (32)

b
2f(u)
We obtain the following equation for hq(u)
fu)hi + f'(u)h} = Eyhg + 2Ey, hg' + Ewhg”
1
+ 5 {(Fw = 2(3B1 + Bw)) hg + (Fyy — 2 (6B, + By)) ho} (33)

which solves to hi(u) = C,, also a constant. We must now solve for g;(u). Using the explicit
forms for hg;(u) and go(u), the equation for g, (u) simplifies to

o (rmta + G1)
= %&L {(F‘;V —2(0B1 + Bw)) [g(')(u) + %]} + 02 {EW [g{)’(u) + ﬁ] } .(34)

Note the appearance of the combination F}, — 2 (6 By + By ), which could have been antici-
pated from the work of [27]. The above equation for ¢;(u) solves to

g1(u) = 0log(1+u) + (C, — 0)log(l — u) + D, + ®(u), (35)
where ®(u) is given by the following integrals
1 1
o) =C [ gy (v =208y + B)) + 40 / dusesdu (Bww/ /W) - (36)

Therefore, the function g;(u) is given by
gi(u) = Olog(l+u)+ (C, —0)log(l —u)+ D,

185 185 1—u )
+o(( raa)ur (e toe |1 ]) + o),
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where & is composed of the coefficients of the Lagrangian
a = 216&2 + 144b3 + 19264 + 3001 + 5463 — 1204 + 605 — 6007 —
1208 — 12d1 — 18d2 + 18d3 — 3661 — 8f1 + 591 — 292 — g3+ hg s (38)

and z drops out upon requiring regularity at the horizon. This yields the following solution
to linear order in u

g1(u) = (C’,y +C

We now have the full solution of the equations of motion to linear order in v and o:

185
T+254Du+1),y. (39)

Ay(u) = [1—u] ™ (Cﬂcﬁa{DﬂDﬁ (C’—i—”yC’«,ijC [@ +25z]>u}) (40)

4
Letting C' = C'+~C,, and D = D + vD.,, we then have that, to linear order in v
o (= — = 185
Ax(u):[l—u]°<C+0{D+C<1+7[T+2d])u}). (41)

If we call the boundary value of the field A7, we then immediately have that A = C +oD.
A simple calculation then reveals that

1
Al (u=0)=20Ar 1—0—% [%—i—Q&H ) (42)
The on-shell action is given by
N?72 dk 1 1
Stotal = 162 R? / (2ﬁ)4/0 du [iA_kE A + 8U\I/] ) (43)

where LA, = 0 is simply the equation of motion, and V¥ is a boundary term. Upon evalu-
ating the on-shell action, the only surviving term is the boundary term, as we expect from
holography. This is given by

U = (Bl + ’)/BW — ’}/Aw)A;A_k + %(CW — A@V)AkA—k - ’}/E‘//‘/A/,;A_k

F2W AL A, (44)

The functions Ay, Cy, Dy start at O(w3, k2), and so do not contribute to the order of
momentum in which we are interested. The function Fy, starts at O(u?), and the regularity of
A, at the boundary ensures that the contribution from terms containing Ey, vanishes at the
horizon. Therefore, we only get contributions from B;, By and Fy inside W. Remembering
that ro = 7T R%*(1 — 265/16), we obtain that the conductivity is then corrected by a factor

"—’}/EwAlk/Al_k — ’)/EwAZ/A_k + ’)/EW (]9114;C + 2p0Ak) Al_k -

1+7(a—10), (45)

where
Oé:&—hl—ghg. (46)
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6 Conclusions

In this work we have considered a strongly-coupled SCFT plasma at finite temperature
with O(a®) corrections from type IIB string theory using the gauge/string duality. The
corrections include those derived from the Ramond-Ramond five-form field strength and
consist of a set of dimension-eight operators in the ten-dimensional type IIB supergravity
action. We focused on the effect of these dimension-eight operators on the behaviour of
vector fluctuations of the supergravity background. The O(a/3) corrections to type IIB
supergravity are dual to 1/A%? corrections to the large N limit of the SCFT. Our aim was
to study the vectorial fluctuations of the ten-dimensional supergravity background in order
to get an insight into R-charge transport in the SCFT. In a certain limit [18], R-charge
transport can be equated to EM transport, essentially because a weak gauging of the R-
symmetry U(1) allows us to embed U(1),,, into the theory, and then reinterpret our results
with this is mind.

We recall that the type IIB string theory action with leading O(a’®) corrections is given
by the usual two-derivative minimal Lagrangian plus a number of eight-derivative operators.
The tensor structure of these operators is given by contractions of four factors which are the
Weyl tensor and the 7 tensor, where the latter is constructed from the five-form field strength
F5 of type IIB string theory. This complicated Lagrangian leads to a background which is a
warped product of a deformed AdS-Schwarzschild black hole with a compact five-dimensional
Einstein manifold Mj5, providing that 7, vanishes. We emphasize that the corrections in
AdS factor of the background are independent of the internal manifold as long as the latter
is Einstein [19]. Using this corrected background we consider vector perturbations of the
metric and investigate the dimensional reduction of the ten-dimensional type IIB string
theory action at O(a’®) on the Ms. This leads to a five-dimensional effective action for
the U(1) gauge fields, and we study the full set of five-dimensional operators induced by
the ten-dimensional operators Weyl* + Weyl>T + Weyl*T?2. We find 26 independent five-
dimensional operators of the form C?F? and C?(VF)? F? and (VF)?. One of these operators
vanishes on-shell leading to only 25 general five-dimensional scalar operators. In principle this
Lagrangian can be used to study the finite-coupling corrections to the two-point functions
of R-symmetry currents in a wide range of strongly-coupled SCFTs.

As an application of our general effective Lagrangian, we then study the transverse gauge
fields A,, whose solution we need in order to obtain the conductivity of the QGP. In order
to solve the EOM of A, in the hydrodynamic regime we require ingoing boundary conditions
at the horizon. Importantly, we find that the frequency of the waves at the horizon does not
change compared with the infinite 't Hooft coupling results. Our results indicate that any
gauge invariant Lagrangian for the vector perturbations yields an equation of motion with the
same singularity structure and indices at the horizon. Finally, we obtain a general expression
for the leading 't Hooft coupling corrections to the conductivity for any Lagrangian quadratic
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in the gauge field and containing up to four derivatives.

The results of this work constitute a step towards the understanding of charge-transport
at finite-coupling in a range of SCFTs. We emphasize that the set of operators enumerated
in here are present in any type IIB string theory holographic dual model, because the order
O(a’?) ten-dimensional terms are present regardless of the details of the dual theory. Thus,
computing the conductivity in this setting is of intrinsic value even if the exact coefficients
of the operators in five dimension are unknown. For simple internal manifolds the exact
contributions of the ten-dimensional terms can be determined exactly. For S°, where the
dual theory is NV = 4 SYM, we will consider the full ten-dimensional calculation of the
conductivity with 1/A32 corrections in a future work [44].

We end with a word on the universality of the corrections computed here. We recall that
Buchel et al. found that the corrections to the shear viscosity to entropy density ratio for all
theories dual to AdS5 x Ms, where Ms; is Einstein, was a universal quantity. This was shown
by proving that the five-dimensional Lagrangian for the tensorial metric perturbations, which
govern both the viscosity and entropy of the theory, is the same regardless of the internal
manifold. This was obviously a very exciting result, as it shows us a universal feature shared
by the strongly-coupled regime of a wide class of theories which have totally different field
contents in the weak-coupling description. Naturally, we must ask if there is a possibility
that the five-dimensional effective Lagrangian we compute above also exhibits universal
behaviour. The problem we have here is that the operators with coefficients h; have a direct
dependence on the Weyl tensor of the internal manifold, making it seem unlikely that the h;
are manifold-independent. However, the operators with coefficients a; — ¢; have no such
dependence on the internal manifold, and it could be that those coefficients are universal.
These are, however, very speculative comments, and clearly require a lot of work to settle
them.
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Appendix: The full Lagrangian

The Lagrangian for the higher-dimensional terms is given by:

Ay = —2u° {aﬁ”f(u)/ﬁg + aé”wg} + Aw ,
By = —4u" [(b = byu? + byu') — beodu — biuf (u)kg] + Bu

4 ~
Cw = —4% [Bf(u)(cﬁuu2 — )k + (04 - c§”u2) wg] +Cw ,

uB
Dy = NEO) {dé”ufz( Vo + d¥ummy + dyuf (u)kioy

A (u)(du? — dy kG + A(dy — dju? + d¥u')ewg] + Dy,

EW = —611Uu6f2( )"—Ew,
Fy = 4’ f(u)(fi'v’ = fy) + Fw | (47)

where we denote the contributions coming from F2 and VF2 by Ay, Bw, Cw, Dw, Ew, F,
and we write the rest explicitly. From our Lagrangian of Eq.(19) we have the identifications:

aﬁ” = 2(72&1 —4b1—|-8b2—262+503—C4+206—C7+d3+d4),
CL;U = 2 (—72@1 + 4b1 — 12b2 + 602 + 303 + 9C4 — 206 + 907 + 3d1 + 3d2 — 2d3 + d4) s

I i (2[11er + 3(13c3 + 264 + €5 — 2(3¢r + ¢8))] + 2(—2d1 — 5dy + 9d3 + 4dy)
—36(—6ay — 1) 4 8(16bs + 22by + f1) — 5g1 + 292 + g3)

by = i (576ay — 320y 4 352bs + 480by + 64c¢; 4 32¢5 + 256¢3 4 80cy + 16¢5 — 48¢7 — 32¢s
+8dy — 8dy + 40ds + 32dy + 36e, + 8f1 — 5g1 + 292 + g3) ,

by = 7 (=576a1 +504as + 32y — 128, + 32003 + 432by + 62¢1 + 80cs + 2385 + 13204

+14c5 — 16¢6 + 20c7 — 28¢5 + 28dy + 14dy + 18d3 + 32d,) ,

by = —36ay— 16b3 —24by — ¢y — c3+6¢y — 5+ 2(cr +cg) +dy

by = 36ay + 24bs + 32bs + 5cy + ez — 2¢4 + ¢5 — 10¢7 — 2¢5 — 2dy — 3d2 + 3d3

c = %(—72&1 — 36ay + 4b; — 10by — 16b3 — 20by + ¢1 + 4cy — 10¢3 + Scq — ¢5 — 2¢6 + 3c7
+2c3 +dy — 2(ds + dy))

2
cy = —3 (36ag + 2by + 16b3 + 20by — ¢1 — 2¢9 + bz — deg + ¢5 — 207 — 2c8 — dy + ds + dy)
Céu = —144@1 + 36@2 + 8b1 — 28b2 + 24b3 + 32b4 + 501 + 1602 + 2303 + 2404 + Cc5 — 406 + 1607
—208 + 7d1 + 6d2 - 2d3 + 4d4 s
CZ] = —72a2 — 462 — 48()3 — 64b4 — 1001 + 402 — 1003 + 1204 — 205 + 2807 + 408 + 7d1 + 9d2
—Tds + 2dy,
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(—108&2 — 56b3 — 64b4 +c — 363 + 2204 — 305 + 6C7 + 668 + 4d1 — dg + dg) s

[ B N

dy = —(—108ay — 56bs — 64bs + 1 — 3¢z + 22¢4 — 3¢5 + 6¢7 + 6cg + 4dy — do + d3 — 36€q
—4f1 — 391 — 292 — g3) ,

ds = i (—108ay — 64bs — 104by — 11¢; — 19¢3 + 10¢cy — Tes + 26¢7 + 14cg + 8dy + Tdy — Tds
—36ey — 81+ 5g1 — 292 — g3) ,

dy = i (16b3 — 16by + 8¢y + 16¢3 + 8¢y — 8¢y — 8¢y + 16¢g + 4dy — 4dy + 4d3 — 36e; — 8 f;
+591 — 292 — g3),

gy = i (—36ay — 16bg — 40by — ¢1 — ¢c3 + 6¢4 — Hes + 6¢7 + 10cg + 4dy + dy — d3)

dg = —2(72a; — 36ay — 4by + 4by — 8b3 — 16by + 3¢y + 2¢o — 4ez — Tey — ¢5 + 2¢6 + ¢7
+2c8 —dy — d3 — dy),

d7 = 2(—=T2a; + 36ay + 4by — 12by + 24bs + 32b4 + 5y + 6¢o + 12¢3 + Tey + ¢5 — 2¢6 — ¢7
—2cg +dy +ds + dy),

dy = 4(72a; — 36ay — 4by + 8by — 16b3 — 24by — ¢1 — 2¢o + 43 + ey — ¢5 + 2¢6 + ¢7 + 2cs
+di 4+ ds + dy),

el = 2(=T2ay + 36ay + 4by — 12by + 24b3 + 32by + 5¢1 + 6¢9 + 12¢3 + Tey + ¢5 — 2¢
—c7 — 2cg + dy + ds + dy)

i = 1 (—288a;y + 180as + 16b; — 56by + 120b3 + 160by + 25¢1 + 32¢5 + 733 + 42¢4

2
+5c5 — 8¢ + 2¢7 — 10c¢g + 8dy + 3dy + dds + 8d4) ,

1
féu = 5 (108&2 - 862 + 72b3 + 96()4 + 1561 + 862 + 4363 + 1004 + 365 — 1407 — 668 — 3d2
+7ds + 4d,) .

We also have the contributions given by

AW - 0,
Bw = —hif(u)+ 2ho(=3 + u(8u — Tu® — 2k2f (u) + 2w?2)),
. Ahy(2 + u?)w?
Cr = —8harf(u) + 2,
" 1
Dw = 7y (=3 f () (hy + ha(3 (u) + 2k3u))
+(h1f(u) + ho(3 +u* + 4rguf (u)))ws — 2h2uw§) ,
Ew = —2hyu’f(u)?,
Fyy = —2houf(u)(3—5u?). (48)
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