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1 Introduction

Effective field theories (EFTs) are indispensable tools for tackling quantum field theory
(QFT) problems involving very different mass scales, particularly when employing mass-
independent renormalisation schemes such as MS.

The Lagrangian of an EFT at a certain energy scale i is organised as a power expansion
in operators of increasing energy dimension (and therefore decreasing relevance). If some
observable at a much smaller energy i’ < [i is to be computed, the Lagrangian must be
run down using the renormalisation group equations (RGEs). In doing so, one typically
crosses energy thresholds corresponding to particles of mass M. The latter do not decouple
in mass-independent schemes; decoupling must be instead enforced by integrating out M.
In practice, this is done by requiring that the Lagrangians with and without the particles of
mass M describe the same physics at ji = M. This procedure is usually known as matching.

It is well known that EFT operators related by (non-singular) field redefinitions are
physically equivalent [1, 2]. They give exactly the same S-matrix, which in turn requires
all particles to be on the mass shell. However, when addressing the processes of running
and matching, it is common practice to perform intermediate computations off-shell. In
particular, for the matching this implies equating one-light-particle irreducible (off-shell)
Green’s functions above and below fi = M, rather than S-matrix elements. There are a
variety of reasons for proceeding this way.

1. Within the traditional way of computing within QF T, namely d la Feynman, S-matrix
elements are obtained from connected and amputated diagrams. The amount of these
scales much faster than one-particle-irreducible (1PI) diagrams with the number of
external legs, thus turning the calculations computationally very challenging.

2. In the path integral approach to matching [3-5], no off-shell Green’s functions are
computed. However, the resulting EFT involves, in general, operators related not
only by field redefinitions, but even by algebraic identities, integration by parts, etc.
The easiest way to simplify this EFT is by matching it off-shell at tree level onto
a set of independent Green’s functions whose reduction to a physical basis must be
known in advance.

3. While helicity-amplitude methods have been proved powerful to address the com-
putation of some anomalous dimensions strictly on-shell [6-15], to the best of our
knowledge they are not yet mature enough to be used in a number of cases. These
include renormalisation triggered by operators with smaller number of legs than the
resulting amplitude or mixing of amplitudes of different mass dimensions.

The price to pay for working off-shell, though, is that operators related by field redefi-
nitions must be kept in the action. Still, those related by algebraic identities (including
Fierz relations) or integration by parts must be considered equivalent. A complete set of
independent operators (up to field redefinitions) is called a Green’s basis.



The Standard Model EFT (SMEFT) is arguably the most important EFT, and likely
the most reliable extension of the SM.! A Green’s basis for the SMEFT to dimension six
was worked out in ref. [16]. On top of the 84 real terms appearing in the physical basis [17]
(for one fermion family), it involves 8 bosonic and 73 fermionic new operators, thus a total
of 81 redundant interactions. (Green’s bases are also known for the EFT of the SM with
sterile neutrinos [18] to dimensions six, as well as for the EFT of the SM extended with an
axion-like particle to dimension five [19].)

However, there is by now convincing evidence that the dimension-six sector alone is not
sufficient for making predictions within the SMEFT in a number of situations; see for exam-
ple refs. [20-29] for details. Thus, in this article we elaborate a Green’s basis for the SMEFT
to dimension eight. Given the large number of operators (1649 on top of the 993 physical
ones of refs. [30] and [31]) and the technical difficulties, we restrict this work to bosonic
interactions. We find a total of 86 redundant operators that extend the 89 physical ones.

Let us notice that there are automatic tools to count independent off-shell operators,
in particular Basisgen [32] and Sym2Int [33]. However, to the best of our knowledge, none
can yet build the operators explicitly, leave apart reducing them to the physical basis.
Even checking whether certain operators within a set of interactions can be related by
integration by parts, Fierz and Bianchi identities, etc. can become extremely cumbersome
when the operators involve several fields and derivatives.

Thus, to simplify this task, we work in momentum space, where operator independence
translates into the linear independence of 1PI tree-level amplitudes, conveniently written
in terms of independent kinematic invariants. One of the most appreciated implications
of this approach is that integration by parts reduces simply to momentum conservation.
Likewise, Bianchi (and other) identities manifest simply and automatically as relations
between different Feynman rules.

This article is organised as follows. In section 2 we introduce the SMEFT Lagrangian,
including notation and sign conventions. In section 3 we discuss the approach to establish-
ing the off-shell independence of interactions in momentum space. We also make emphasis
on subtleties arising in interactions involving pure four-dimensional objects such as the
Levi-Civita symbol. In section 4 we provide, class by class, the operators comprising the
bosonic Green’s basis. We also include the relevant information to cross-check their in-
dependence in momentum space. In section 5 we provide the explicit reduction of the
redundant operators to the physical basis. Finally, with the aim of demonstrating the
potential of intertwining our results with automatic tools, in section 6 we integrate out
a heavy scalar singlet as well as a heavy scalar quadruplet up to one loop to dimension
eight using matchmakereft [34]. We also show how complicated Lagrangians arising from
matching using functional methods can be trivially reduced to a physical basis using our
Green’s set of operators together with standard tools such as FeynRules [35]. We conclude
in section 7. Appendix A includes tables with all operators for an easier reading. As
auxiliary material, we provide the operators in a FeynRules model.

!This claim is supported by the lack of evidence of new particles between the electroweak scale v ~
246 GeV and the TeV; as well as by the fact that the most tantalizing experimental anomalies, namely those
in B decays, point to scales of several TeVs.



2 Theory and conventions

Given that we focus only on the bosonic sector of the SMEFT, the relevant renormalisable
SM Lagrangian reads simply:
1 1 1
Lou = =5 GG — Wi, W — 2B, B (2.1)
+ (D) (D"6) +1?|8* — No|*.

We denote by W, B and G the electroweak gauge bosons and the gluon, respectively. We
represent the Higgs doublet by ¢ = (o1, %7, and ¢ = iop¢* with o7 (I = 1,2,3) being
the Pauli matrices. Our convention for the covariant derivative is:
1 A
o . A
?Wu —ig3 4
where g1, g2 and g3 represent, respectively, the U(1)y, SU(2)z, and SU(3). gauge couplings,

D, =0, —ig1Y B, —iga G, (2.2)

Y stands for the hypercharge and A* are the Gell-Mann matrices. Also, as customary, we
define dual tensors as X = %em,pAX P2 where our convention for the Levi-Civita symbol
follows that of FeynRules and FormCalc [36], €103 = +1.

The SMEFT extendes Lgn with effective operators of energy dimension d > 4, sup-
pressed by powers of the cutoff A, above which the SMEFT is no longer a valid EFT. Ig-
noring lepton number violation and operators of dimension higher than eight, the SMEFT

Lagrangian reads:
(6) 8

Ci_ (6) . H®
120 +Zﬁoj : (2.3)
J

Lsmerr = Lsv + Y
5

Any set of physically independent dimension-six (bosonic) operators involve 15 terms. A
widely-used such set is the Warsaw basis of ref. [17]. Likewise, the bosonic sector of the
SMEFT to dimension eight comprises 89 independent physical couplings [30, 31].

In this work, though, we are interested in operators that are independent off-shell,
namely up to field redefinitions. A basis of operators of this kind is known to dimension
six; see ref. [16]. The remaining of the paper is devoted to discussing the corresponding
dimension-eight set, the way we have obtained it and some applications. Hereafter, unless
otherwise stated, independence of operators will implicitly mean off-shell independence.

3 Off-shell independence in momentum space

Let {O;}i=1..n be N (potentially dependent) operators, and let A(a — b) be the 1PI
amplitude for a given process a — b. The contribution of O; to the latter can be written
in terms of independent kinematics invariants {k,}aecr where I is a collection of indices.
Explicitly, at tree level:

Ala =) =¢; ) fol@)ka, (3.1)
acl

where f is simply a matrix that is function of § = (g1, g2, g3, A), which collectively encodes
the SM couplings. (No sum over 4 is implied.)



If two operators O; and Oj, ¢ # j, describe different off-shell physics, and precisely
because the x are independent, then there must exist at least one process for which the
corresponding fi, = (fi , f,,...)and fL = (f1,, f2,....) are non-collinear vectors. In more
generality, if there is one amplitude A such that the associate matrix M with elements
(M);; = f; has rank N, then the operators {O;};—1..n are independent. (Clearly, the
opposite is not true.)

As a matter of example, let us consider the following dimension-eight six-Higgs oper-
ators:

O1 = (8'¢)D,u(¢'9)DH(¢79) , (3.2)
Oy = (¢79)* (D¢ + ¢'D?9)
O3 = (¢'¢)*D¢" D" .

They are all hermitian. The 1PT amplitude for ¢°(p1) — ©%(p2)e™ (p3)p™ (1) ™ (p5)P~ (p6)
reads:

A=2i 01(2,%13 4+ 2K14 + 2K15 + 2K16 — 2K93 — 2K94 — 2Ka5 — 2Kag
— K34 — 2K35 — K36 — K45 — 2K46 — K56)
— 4dico(k11 + K22 + K33 + Kaa + K55 + Kee)

+ 2ic3(2K12 — K34 — K36 — K45 — K56) (3.5)

where K;; = p; - p;.
Clearly, the matrix M associated to this process has, in appearance, rank 3. Indeed,
for example the sub-matrix M associated to the invariants K11, K12, K13 looks like

0 0 4
M= |-4i 0 0| = 3> Rank(M) > Rank(M) = 3. (3.6)
0 4i 0

However, the kinematic invariants that we have chosen are not independent, because by
momentum conservation p; = p2 + p3 + pa + p5 + pe, and therefore x;; can always be
eliminated. Taking this into account, we get instead:

A = 2i¢1(2k33 + 3K43 + 2K44 + 2K53 + 3K54 + 2K55 + 3Ke3 + 2K64 + 3Ke5 + 2K66)
— 87 CQ(HJQQ + K32 + K33 + K42 + K43 + K44 + K52 + K53 + K4 + K55 + K2 + K63
+ K64 + Kes + Ke6)

+ 21 03(2%&22 + 2K30 + 2K40 — K43 + 2K59 — K54 + 2K62 — K3 — /6365) . (37)

The corresponding matrix has only rank 2. This is clear from the fact that the first and
third lines in the equation above add to minus half the second one. Or in other words,
Oy = —2(01 4 O3). At the level of the Lagrangian, this results from the fact that the three



operators are related by integration by parts up to a total derivative:

Du[(6162D(619)| = 206190, 9)D (61

+(019)*(D*¢'¢ + ¢ D)
+2(¢'¢)* Dy’ DM (3.8)
Let us now study a slightly more elaborated example. Let us consider the following three
operators:
O1 = Dy (¢'¢) DY B* B, (3.9)
O = (D*¢'¢ + ¢'D*¢)B*B,,, (3.10)
O3 = D,¢' D"$B"’B,,, . (3.11)

The amplitude for ¢°(p1) — ©%(p2) B(ps)B(ps) takes the form:

. / / !/
A = —ic1(k3334 + 263434 + K3444 — Kyz33 — 2K4334 — Ky344)
. !/ !/
+ dico(2k2234 + 2K2334 + 2K2434 + K3334 + 2K3434 + K3444 — 2Ka390 — 2Ky303
/ !/ /
— 2K)394 — Kazzz — 2K — 2ky334 — K4344)

. !
— dic3(Ko234 + K2334 + K2434 — Kugoo — K4323 — K4324) | (3.12)

where we have removed p; using momentum conservation, and the kinematic invariants
are: Kijii = (€3-€4)(pi-pj)(Px - 1) and m;jkl = (e3-pi)(ea-pj)(Pk - p1), With € representing a
polarization vector. The rank of the corresponding matrix is only 2, so one of the operators
is a linear combination of the other two. In fact, from the expression above it is obvious
to check that O = —i(’)g — %(93. This result reflects the following Lagrangian relation:

O1 = —D#(qﬁTgb)D“B””B,,p — Du((ﬁ@DPBWBVP
= —D,(¢'$)D"B* By, — D, (') D" B""B,,
= _DM(¢T¢)DMB/)VBV/) -0
1
= Ol = _§DN(¢T¢)D“BWJBV,0

1 v v 1 v
= 5D*(¢76)B” B — 5D, (¢'6) B" DBy,

1
= 5DX66)B” By — Oy

1
=0 = ZD?(¢T ¢)B" B,
1 1
= —1(D?¢'6 +¢'D*6) BB, — - (2D,,6' D"¢)B"B,,,
1 1
=—402—50s. (3.13)

In the first equality we have used the Bianchi identity D,B"? + D,B* 4 D,B*" = 0; in
the second we have renamed indices as v <> p in the last operator; in the fifth equality we
have integrated by parts the derivative acting on B*"; while in the penultimate equality



we have simply expanded the derivative. In all steps, we have also taken into account that
B is anti-symmetric: B¥? = —B*”.

These purposely-easy-to-follow example calculations might look trivial to address also
from the Lagrangian (position space) point of view. However, things get significantly
more complicated when not only a few but instead tens of operators are involved. More
importantly, the examples above show how one can obtain the relations between depen-
dent operators. However, demonstrating that several operators are independent, at the
Lagrangian level, implies proving that there is no single combination of operations (inte-
gration by parts, Bianchi, etc.) that can relate any of them. In momentum space, though,
one only needs to check, still, the rank of the corresponding matrix.

There is one last subtlety that one has to deal with in operators involving dual field
strength tensors. The fully anti-symmetric Levi-Civita symbol e#*P* which is a pure 4-
dimensional object, fulfills in particular the Schouten identity:

Guv€apys T Gua€pysy T Gup€ysva T JuyEsvap + Jus€vaBy = 0. (3.14)

Related to this, the following relations involving an arbitrary rank-2 tensor 7" and two field
strength tensors X and F hold:

T XHFYP = T),, X1 F"P (3.15)
- - 1~
T{MV}X’ZFVp = —T{MV}XIZ,FV‘O + §TﬁXVpFVp , (3.16)
- 1 -
T X" XY, = JTIX"X,,, (3.17)

where [puv] and {ur} denote, as usual, anti-symmetrisation and symmetrisation, respec-
tively, with respect to the indices involved. Certainly, these relations are much less imme-
diate to take care of at the level of amplitudes than, for example, momentum conservation.
However, precisely because they are restrictions that hold only in D = 4 space-time dimen-
sions,? they can be automatically enforced upon requiring all Lorentz vectors (momenta
and polarizations) involved in the amplitude to be four-vectors. In practice, we simply
demand that five or more Lorentz vectors can not be linearly independent. Let us show
how this works with a simple example.
Let us consider the operators

O1 = i(Dud'o' D¢ — Dyolo’ D) BLWIP (3.18)
Oy = i(Dy¢'o' Dy — Dy¢lo’ D) BHWP (3.19)
They are obviously related by the identity in eq. (3.15).

Now, let us compute the amplitude for ¢%(p1) — ©°(p2)W?3(p3)B(ps). Already after
imposing momentum conservation, we obtain:

A = ¢1(—FK323443 — K323444 + K343424 + K342334 + K342344)

+ co(—K423433 — K423434 — K343423 + K342433 + K342434) ; (3.20)

2The identities above are not necessarily fulfilled in D > 4 space-time dimensions if the Levi-Civita
symbol is replaced by a fully anti-symmetric rank-4 tensor.



where in this case, Kijkimn = €(€i, D5, Pk, P1)(Em - Pn) and m;jklmn = €(&i, €5, Pk, P1) (Pm - Pn)-
Naively, one would conclude that the operators are independent, because the rank of the
matrix of the system is obviously 2.

Now, let us require that the three momenta (we have removed p;) and the two polariza-
tion vectors can not be linearly independent in four space-time dimensions. In other words:

pa = a1€3 + azeq + azpa + asps (3.21)

for some real numbers a;,7 = 1,...,4. Upon using this constraint, the amplitude reads:

A = (c1 + ¢2) |askza2323 + a3(1 + aq) k342323 + a4(1 + as)K342333

9
+ ar1a3kza2332 + a1 (1 + 2a4)K342333 + A2a4K342343 + ATK342333| . (3.22)

From this expression, it is obvious that both operators are related (and identical). The
difference between the two is actually an evanescent term, which vanishes in D = 4.

Equipped with this background, our strategy for finding minimal sets of Green’s op-
erators in a given class (defined by number of field strength tensors, derivatives and Higgs
fields) consists simply in building all possible operators in the class, computing their con-
tribution to a single particular amplitude in which they are all independent,® and finally
eliminating operators whose removal does not decrease the rank of the system. From our
point of view, automatising this procedure in momentum space is significantly simpler than
in position space.

4 Explicit form of the operators

Following Basisgen and Sym2Int, there are 2 redundant operators in the class ¢®D?, 10 in
¢*D* 11in ¢?DO, 4 in X¢*D?, 44 in X2¢2D?, 6 in X¢>D*, 16 in X3D? and 3 in the class
X2D*. Those in the first four classes have been already presented in ref. [37]. Hence, we
focus here on the remaining operators.

For clarity, in the lists of interactions below, we include also the physical operators (in
the classes in which they exist) as given in ref. [30], and with the same names.

4.1 Operators in the class X ¢?D*

There are 3 real terms for X = B, and 3 more for X = W. In the first case, it suffices
to compute the amplitude for the process ¢"(p1) — ¢°(p2)B(p3), while in the second case
only ¢°(p1) — ¢°(p2) W (p2) is needed.

4.1.1 X =B

OWsps = i(Dyp! D¢ — D*¢' D, ¢) D, B | (4.1)
o@z i = (Do D?¢ + D61 D, ¢) D, B | (4.2)
O)spi = i(D,Dy¢! D*¢ — DP¢' D, D) D, B . (4.3)

3For this we simply search for an amplitude whose associated rank equals the number of independent
off-shell operators as provided by Sym2Int and Basisgen.



412 X =W

OI(/Il/)¢2 pi = i(Dy¢'a! D?*¢ — D*¢'0’ D, ¢) D, W' (4.4)
O pi = (D60 D*6 + D¢l o’ D,¢) D, W (4.5)
Olaps = i(DpDy '’ D — DP¢fa’ D, D, ) D, W . (4.6)

4.2 Operators in the class X2¢2D?

There are 12 independent operators for X2 = B2, 19 for X? = W? and also 19 for
X2 = WB. One can check the independence of the operators below by evaluating the
amplitudes ©°(p1) — ©°(p2) B(p3)B(pa), ¢"(p1) = ¢ (p2)W+ (p3)W ™ (pa) and ¢°(p1) —
o (p2)W ™ (p3)B(ps), respectively.

4.2.1 X2 = B2

Odprpe = (D"6'D,0)B,, B, (4.7)
O jope = (D"¢! Du¢) B, B, (4.8)
Oy = (D6 D,6) B, B, (4.9)
Oy = (Dué'é + 6'Du8) D, B BY,, (4.10)
O yope = i(¢! DuDyé — DDyt ¢) B B, (4.11)
O jope = 616D, D, B BY, (4.12)
O jape = i(¢! Dug — D,¢'¢) D, B B, (4.13)
Odyepe = (6'Dyd + D61 0) D, B BY,, (4.14)
O jpe = (61 D*6 + D261 9) BB, , (4.15)
O = i(¢! D% — D*6'¢) BB, (4.16)
Olaeps = (6'Dyo + Dy60) D, B B, (4.17)
Oyi)ape = i(¢! Dy¢ — D¢ ¢) DB " B, . (4.18)
4.2.2 X2 =w?2
Ofhyape = (DH6T D QYW WP, (4.19)
O\hjape = (D't D)W Wve (4.20)
Otk o pe = (D61 D)W W (4.21)
O hgape = i€ 7K (DIgT o DY )W, WP (4.22)
Ok o pe = €175 (D1GT 0! DY o) (W, W — WL WP, (4.23)
Ofph o pa = ie! K (D1 gtal DY o) (W, WP + W, WEP), (4.24)
o, jope = i€ (610! D¢ — D"¢lo! ) DWW (4.25)



o® — JIK qﬁT ol oD, DMWJ,upWKup ’

O o2 = (6 D6 — D, ¢ @) DWW

OY e e = (67D + Dy ¢) DWW

O s = (6'Dy6 + Dot ) DWW Y

O 2 pe = (61 Dy — Dyl ) DWW

O e = & 6DV D, W1

O e = (Dud'6 + &1 D)W DI,

O s = (D616 — 6 D) WP DAL,

O e = (D16 + 61 D) DEW T,

O T e = (D6 — 61 D) DI,

048 e = 75 (610" D¥6 + DV To §) D, WHeW,S

@&1/922)21)2 = il 7K (¢TaT DY ¢ — DV¢TUI¢)DHWJWWVI;

4.2.3 X2 =WRB

OI(/II/)Bqﬁ?D? = (D"¢'0" D) B, W7,
O$)3¢2D2 = (D"¢'o’ Do) B, W',
O$)B¢2D2 — i(D"¢ 0! D¥ §) (B, WP — B,,W!?),
O$)B¢2D2 — (DM¢l o’ DY) (B, WP + BVPW,f"),
O$)3¢2D2 — i(DPoto! DY) (B, WP — BWVNVJ”),
O$)B¢2D2 — (D%TUIDVQS)(BWW# + B,,,)W[fp),
O pgrpe = i(¢'o! Do — D'glol 9) D, BPW,,
O o = (810" D6+ D*¢lol 6)D, B WL,
(’)g,[g,)B(z)gD2 = i(¢TaID”¢ - DV¢T01¢)DHBWWVIP :
Ot(/(lf[g¢2p2 = (¢'o’¢)D"B,,, D, W,
Og/llflf)fwm = (Dv¢'o’¢ + ¢'a’' D, ¢) B, D* WP,
O 1o = i(D,6 0" — 60" D,6) B, DI W™
01(211/2¢2D2 = (¢'0'¢)B,,D, DWW,
O o = i(Dyol 0’6 — ¢! D,6) DI B, W'
O 2ps = i(610! Dy — Dyoto’ ) DMB,, W,
O 21 = (910! 9)(D* B\,
O 2 e = (6101 9)(DP D, W'H)B, .

— 10 —



oy jepe = i(D"010’ 6 — ¢fa! DY ¢) B D, W], (4.55)
O\ epe = (D60’ ¢ + ¢lo! DY ¢) B D,W], . (4.56)
4.2.4 X?=G?
O 2 pe = (D"61 D, )Gl GA77 (4.57)
O j2pe = (D¢ D) GG (4.58)
O o2 = (D"61 D) G, GA77 | (4.59)
Ol jape = (Dus'é + 61 Do) D, G GAY (4.60)
O o2 = (61 DuDyd — DDyt ) GAGAY (4.61)
O jope = ¢16 DD, GAPGAY (4.62)
O o pe = (61 Dy — Dy 6T 6) DL.GAPGAY (4.63)
O8) 22 = (6! Dy6 + Dol 9) D, GG (4.64)
O ape = (61 D% + D¢l 9)GAP G4 (4.65)
Obt)ape = i(61D%p — D261 0)GA* G (4.66)
Otingape = (6TDyé + Dy 6) DG G4 (4.67)
O4t)ape = i(¢' Dy — Dy ¢l6) D, GAHPGAY (4.68)

4.3 Operators in the class X3D?

In this case, there are 4 operators for each of the combinations X3 = W?2B, X3 = G?B,
X3 = W3 and X3 = G3. The (CP-conserving) W? and G® operators were previously
presented in ref. [38]. For the test, again, only one amplitude is needed for each combination
to manifest their independence. For example: B(p1) — W' (p2)W ™ (p3) and B(p1) —

G(p2)G(p3)-

4.3.1 X3 =Ww?32B

0511/)231)2 = BWDpWIWDUWIva (4.69)
O, 5 e = Bu (D*WFYWw (4.70)
0513/)23132 = By, D,W' D,W 17, (4.71)
O$)2BD2 _ EHV(D2WIHP)WIVP‘ (4.72)
432 X®=G’B
O = BuD,GY DG, (4.73)
O(ngBm = BW(DZGAW)GA?? (4.74)
0(032)3172 = EWDPGAWDGGAM ) (4.75)
0% s pe = Bu (D*GA)GAY . (4.76)
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4.3.3 X3 =w3

01(41/)3D2 — GIJKW‘L{VDpWJHVDO—WKpU , (477)
(9[(/{2/)3D2 — EIJKW/L/DpWquDUWKUV , (478)
O[(/{g/)dDQ — EIJKWJVDpWJMVDUWKpU , (479)
(91(/;4/)3[)2 _ GIJKWJVDijp/LDawKUV . (4.80)
434 X3*=G?
O(G}??D2 _ fABCGﬁVDpGBuVDJGCpa 7 (481)
O(GZ3D2 _ fABCGﬁUDPGBpuDUGCUU 7 (482)
Og??DQ _ fABCéﬁlVDPGBuVDaGC’pJ 7 (483)
(9813?[)2 _ fABCéﬁVDpGBpuDUGCUV : (4.84)

4.4 Operators in the class X2D*

In this class, there is only 1 operator per category, X = B, W, . So the independence of
operators is obvious.

44.1 X =B

Opeps = (DyD,B")(D°DB,,). (4.85)

442 X =W
Owzpi = (De D, W) (D DPW],) . (4.86)

443 X =G
Ogzps = (Do D,GM)(D7DPG,) . (4.87)

5 On-shell relations

Tables 1, 2, 3 and 4 show all bosonic operators comprising the Green’s basis for the
dimension-eight SMEFT. Those in gray are redundant on-shell. They can be reduced
to the physical basis of ref. [30] by using the SM equations of motion (EOM). Ignoring
fermions, the latter read simply:

D¢’ = ¢’ — 2)\(¢19)¢" (5.1)
0" By, = (611D, — D,lio) (5.2)
D'Wl, = %(gﬂ iD,o'¢ — ¢lic’ D, ) . (5.3)
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The following relations are also useful:

Dy Dulé =~ Byud — 20" W0, (5.4)

[D,,, D,JW!P* = ngUKWl{VWKPA, (5.5)

[Dys DJGAP = g3 fAPOGE GOP. (5.6)

The Operators O((;él) aO((;l) 7(9(;94) ,Oéﬂ )7 O((;é)a Og;ZDAM OI(/IQ/)¢2D47 01(45/)¢2D4’ 01(45/)¢4D2’ O§3¢2D2?
Og2)¢2D2’ 0(3}20352[)2 ) 053122352D2 ) Ogjll/z)¢2D2 ) 01(/11/72)(]52D2 ) 0(612)¢2D27 Og2)¢2D2 ) O(G82)¢2D2 ) (9820(;2D2?

(11) (12) (1) (2) 3) (4) (1) (2) 3) (4)
OG2¢2D2 ’ OG2¢2D2 ’ OGZBDQ ’ OGQBD2 ’ OG2BD2 ) OG’2BD2’ OG3D2 ’ OG3D2 ’ OG3D2 ’ OGSDQ
and Og2pa vanish on-shell (up to fermionic interactions). The rest shift the Wilson coeffi-

cients of physical operators, which finally read as follows:

1 1 1
CpB = Cy8 — 2032D49192/\+ 6533¢2D291A+20531;2D4g1/\2+Ecgﬁmglg%)\

2053352D491 A2+ c( ) giA+ 46( ))\2 + 40(11))\2 — 40(142)/\2 +8 (8))\2

B¢iD?
1 1 11 13 19
_CW2D49192>\ §CW2D492>\+ CE/VQ)(;SQng%)\ CE/[/2)¢2D29§)\ CEA/Q)¢2D29§>\

A
[/‘/'Bd)QngngA (13)

%}3D292)‘+ C(W)angzx\—*c(wéd,zngng/\Jrf iy Bg2p29192A
W 2 1l 3) 2, (6) Clgt 292\
+20W¢2D4gg)\ +§CW¢2D4Q192)\—20 ¢2D4gg/\ —i—cv‘,&Dggg)\—i—f
— 4N =g (A2 + 93N +3207) (5.7)
W 2 s gt Lo 3)
€46~ C +cBQD4glg2—f—BCB¢2D4gl)\ B¢>2D49192 +SCB¢2D491>\

3¢®) g1 3
- % + §C¢291)\+ C¢292>\+86¢2)\2 +4C

(12)y _ 40( Dy — 20(6))\

11 13 19
5CW2D4g2 56%4/2)¢2D292 5654/2)¢2D292 505/{/2)¢2D2 92
4 4 4 2

11
Bels 208 5c(vf,)3D2g2 +3C(WE);¢2D29192 (VV;¢2D29192 3C§V§¢2D2g1gz

+§c 242
2 w2p49192 +

+ 2 4 4 4 2
C$)3¢2D29192 (1) 3 (3 9 (3) 505/?/)¢4D292
f - 5CW¢2D492)\ - ZCW¢2D49192 +SCw¢2D492)\* f

7
- CE/V)(;S‘IDZQQ ) (58)
@ _, (@ 1 2 2 05983¢2D291 (1) L ® (3)
C¢6 —>C¢6 +ZCBQD49192_f_QCB¢2D4QI>\ CB¢2D49192 +QCB¢2D491/\
~10)
W B 2D29192
53;4D2g1+0¢2gﬂ+2 ;4)A 2c ;4))\+CW2D49192+¢#
(8) (11)
CWB¢2D29192 3CWB¢>2D29192 (13) 1 (3) 2

- 4 - 3 CWB¢2D29192 26W¢2D49192
cg/)d)leQgQ

- (5.9)
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1) 1) 2 3
Cot — Cy +cp2p1g;y —cggq)bgmgl —cW2D4g§+c$)¢2D492, (5.10)
(2) (2) 2 3
Cot = Cyi —CB2pAG +CSB()1)2D491 —chD4g%+c$/)¢2D4gg, (5.11)
3) 3 3
Cp —>ng,4)+20W2D49§—2C§/V)¢2D4927 (5.12)
1) 1 (6)
Casge — Cas g2 +93(C§;2¢2D2 ) (5.13)
1
A Cyapeds
Wi Wi > , (5.14)
(3)
(D Cyips
Wsé W3¢ 2 ) (515)
(1) (1) C(l)s 9192 C(H) 2292
_ “W3D?2 W B¢2D 13
CWQB(bQ — CWZB¢2 9 + 9 CE/V52¢2D292 ) (516)
(2) (2) 0(3)3 9192 C(Hg 2p292
W3 D2 WB¢?D
CVV2B(Z§2 - CWQB¢2 + 4 + 92 ) (517)
(1) 1 4
Cil g = €+ A 2 pe (5.18)
(2) &) 9)
Cazgt —7 Cozgt — 4)‘CG2¢2D2 ) (5.19)
11) 2
(1) 1 1 1
Cryzgn = CE/V)2¢4 — §032D4g%g§ + 1—60%)’;21)49193 _ CW2§)492 W2¢;D292
(19) 2 1 2 11
Lol Cw2g2p292 CEA/)nggg C(W)sngg’ CEA/%¢2D29192
W2¢2D? 2 2 4 16
(8) (7)
B CWB¢2D29192 Cw¢4D292 1 2
3 3 — §C¢292)\, (520)
(10) 2 (7) 2
) e g c (3) 3 (4 3
Cg/v)2¢4 — CE/IZ/)2¢4 W72¢;D2 2 + 20541/62)¢2D2>\ - W2¢;D292 + CW35292 + Cwsp292
16) (19) !
WB¢2D29192 CWB¢2D29192
1 16 , (5.21)
(7) (8) (11)
3) 3 IE! ¢ 92 ¢ ¢
C§/V2¢4 - CE/I/)2¢4 + TGCSBQ)Z,QDAL.%Q% + W¢;D2 WB¢28Dleg2 WB¢>;D29192 ) (5.22)
(16) (19) 6
0(4)2 N 0(4) CWB¢2D29192 CWB¢2D29192
. _ _
(1) (1) 05363(;52 29192 0(8) 9192 1 1
B D B2¢2D? 3
CWB¢4 — CWB¢4 4 + 4 §0(3352D4g%g2 - §CW2D4glg%
(11) (19) (11)
Cweg2p29192  Cyzp2p29192 1 (o 1 2 ¢ 92
4 - B _505/1/)3D291g%+ZCE/V)3D291Q%+%DQ2
(11) C%/%&D?g% 1 iy g1
3) Wt D2
+CWB¢2D2)\+f"i_zcg/v(ﬂl)élglgg—i_%_c¢29192)\7 (524)
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L) (10 A
(2) (2) B2¢2p29192  Cyr242p29192 B w242 p29192 n 1 (3 9

1 0(19) 2D2.g§ 9 05,11/732 22 g%
4 WB 1
+Zc§V)3Dgglg%—¢f c(Wg(ﬁQDzA—‘ﬁf, (5.25)
(6) 2 (8) 2
1 c 91 ¢ 91 3
1 Cp2p4 4 B242D291 B2462D291
cggw —>c§33¢4+%91 cgg&Dgz\— ¢4 ¢4 —§0W2D4g%g§
C(H) 9192 6(13) 9192 1 1
W B¢2D? W B¢2 D2 3
¢8 ¢4 +Ecgv>¢2D4gggQ_§%zg§A, (5.26)
2) (2) 0(121;2 29% 9) CS/%¢2D29192 Cg/yl/g¢2D29192
2 2 B D 9
s~ g+ I 4] pr - HEEDEZ  WEPDR S (5.27)
2 1
ngqS?D? = C(G2)¢2D2 - §C(G?)¢2D2 , (5.28)
14
C%/?/)2¢2D2 — CE/KZ/)%{)?D? - CE/VQ)&D? , (5.29)
16
CE/?/)Q(;SQDQ — CE/?/)2¢2D2 - CE,(;Q)¢2D2 s (5.30)
4 4 1
C%/I/)QQS?D? = CE/K/)%?D? - 26%/11)3D292 , (5.31)
6 3
CE/I6/)2¢2D2 - CE/V)%?D? - Cg/y):sngZ ) (5.32)
L
1 1 W B¢2D?
C%/V)Bd>2D2 — CE/V)Bd)?DZ - 2¢ ) (533)
19)
2 2 W B2 D?
cg/V)quQDQ — CE/V)BdﬁDQ - 2¢ ) (534)
3 3 1 2 12 7
C%V)BQS2D2 — CE/V)B¢2D2 - CE/V)2BD292 + C%{/)QBDQQQ + CE/VE)hzb?DQ + 2C$/V)B¢2D2 s (535)
3.4
5 5 3 g2 15 18
CéV)qu?D2 - CE/V)qu?DZ — it ppadat % + QC(WJ;QPD? + CéVJ;qb?D? ’ (5.36)
(2) 2) C%?DZ
€242 p2 _>CBQ¢2D2 - 9 ) (5.37)
(3)
1 1 CBg2pa9192 11 19
CE/‘/)QS‘ID? — CW)¢4D2 - CB2D49%92 + % - CW2D4g§) + CI(/‘/z)d)QDZ g2 - 4C§V2)¢2D292
pERY) - cg/?/) 2D4g%
1 2 W B@? D 8
- 405/1/)31329% + QCg/V)sng% - # — CE/V)Bd)ZDle - %
7
+263) 4 (5.38)
10 7 3 4 16
05/‘2,)¢4D2 — CE/‘Q/)¢4D2 + C(W2)¢>2D2 g2 — 4654/)2¢2D292 + 4c§,V)3ng% + QCE,V)SDQ g% + 20%/;&1)2 g1
CWB¢2D291 (5 39)
2 ’ )
(3) (3) 6(1)2 29192 (12) (18) C%/%%&ngl ()
CW¢4D2 — CW¢4D2 + % +CW2¢2D292 + CW2¢2D292 - f - CWB¢2D291
9
- Cg/V)B¢>2D2gl ; (5.40)

~15 —



D ), pa | HO DG 8 b St +
0531;54132 - 0531354[)2 +epepigh — ngqpmgl + 05983432,3291 — 052522[)49% —3cw2paglgs
Cg;4D2 — cg;ﬂDQ + cgz}izm g1— 365,[1,%¢2D2g2 - 30%2,(]52]32 g2 (5.43)

Wilson coefficients absent in the equations above are not modified by redundant interac-
tions.

This concludes the reduction of the redundant operators to the physical basis. One
more important remark is in order, though. The physical operators also get corrections
from the removal of redundant dimension-six interactions that, due to our focus on the
dimension-eight sector, we do not specify. Eliminating these operators by applying the
dimension-six SMEFT EOM is only valid up to linear order in the redundant Wilson co-
efficients [39]. For calculating the RGEs at one-loop accuracy, one can therefore apply
directly the EOMs as the neglected quadratic effects are formally two-loop corrections [37];
however, if the redudant contributions arise at tree-level — which can happen in the cal-
culation of the matching conditions of a UV theory onto the SMEFT — the dimension-six
redundant operators must be removed by proper field redefinitions. This exercise will be
addressed elsewhere.

Furthermore, let us note that due to the p proportional term in the Higgs EOM,
eq. (5.1), the removal of the redundant dimension-eight operators also results in a shift of
the dimension-six physical Wilson coefficients. While not written in the manuscript, we
also provide these contributions (in addition to the ones presented in the paper) in the
Warsaw basis [17] in an auxiliary notebook in the supplementary material.

6 Some applications

6.1 Integrating out a scalar singlet to one loop

Let us extend the SM with a heavy singlet scalar S ~ (1,1)g. The numbers within paren-
theses and the sub-index indicate the SU(3). and SU(2); quantum numbers and the hy-
percharge, respectively. We assume a Zo symmetry & — —S§, so that the new physics
Lagrangian reads:

1 1
Lxp = 5 (D,S)(D"S) - 5m?gs2 — AssS%0Tp — AsS?. (6.1)

Because of the Zo symmetry, all effective operators arise first at one loop. Hence, the
contribution from redundant dimension-six interactions to the dimension-eight terms upon
field redefinitions are formally two-loop corrections and therefore negligible within our order
of calculation. Consequently, egs. (5.7)—(5.43) are valid without any further corrections.
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Thus, we implement this model, together with our Green’s basis of operators (including
the on-shell relations in egs. (5.7)—(5.43)) in matchmakereft [34]. Automatically, we get
the following dimension-eight Wilson coefficients:

(1)

Cg0 1 2
o 1

= )%, 6.3
AY T 960mE 7270 (6.3)
For simplicity, we have taken the limit go — 0. (Also, we have not computed the Wilson
coefficient of Oys.) To the best of our knowledge, this is the first one-loop computation of
the matching of a scalar singlet onto the bosonic SMEFT to dimension-eight.

6.2 Integrating out a scalar quadruplet to one loop

In this case, we consider the SM extended with a scalar SU(2);, quadruplet with ¥ =1/2
and mass mg. We name it as ©. The relevant new physics Lagrangian is:

Lyp = D,O'D"O — m@O'0 — Mo (610 9)CF567€0,©7 + hic.. (6.4)

(For simplicity, we are ignoring other quartic terms.) The Cfj; symbol represents the
Clebsh-Gordan needed to single out the SU(2), singlet from the contraction of a quadru-
plet, a doublet and a triplet. At tree level and dimension six, only the operator (¢f¢)3
is generated. (Therefore, once more, indirect contributions to the dimension-eight Wilson
coefficients can be obtained simply from eqs. (5.7)—(5.43).) At dimension eight, and again
in the limit go — 0, we obtain:

ﬁ — 791 (6.5)
A* 92160 mg 2 '
2
ﬁ 9 (6.6)
A* 92160 mg w2’ '
1
ﬁ el N —6440 g7 [Ao|? 4 103040 | Ao |2\ 6.7)
A 3md 80640 mg, w2 ’ '
2
ﬁ el N +3640 g3 | Ao |* — 655200 [Xo]? A (6.8)
A 2md 483840 mg 2 ’ '
1
o 4480 |Xe|? — 391

ot _
A4 40320 mg 72’ (6.9)

Cot  3gi+1120|Xel?

9 6.10
AT T 40320mE 72 (6.10)
(3)

‘ot _ _ el 6.11

F__18m‘é7r2’ (6.11)
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1
g _ 1960 g7[Ae|* — 347

= 6.12
A? 322560 mg w2 (6.12)
(1)
At 13440 mg 72 '

The tree-level contribution to c((;e) and c((;ﬁ) had been previously computed in ref. [30], and

(1)

we agree with the result therein. We are also in agreement with the (loop produced) ¢,

(2)

52 previously reported in refs. [38, 40].

and ¢

6.3 Reduction of Lagrangian to a physical basis

Functional methods comprise a very powerful tool to match UV models onto EFTs; by
literally integrating over the heavy dynamical fields in the path integral [3-5]. The advan-
tage of this approach with respect to matching 1PI amplitudes in Feynman diagrams is
that no basis of EFT operators (neither Green’s nor physical) must be known in advance
to complete the calculation.

The drawback, though, is that the resulting EFT Lagrangian is highly redundant, in-
volving operators related by EOM, integration by parts and algebraic identities. Operators
can be even connected by a re-labeling of dummy indices. (However simple this might look,
they can be hard to differentiate in a more or less automatic fashion.)

With the help of SuperTracer [41], we have checked the monstruosity of the EFT
Lagrangian resulting from integrating out heavy fields to one loop in elaborated models.
However, the cumbersone mixture of EF'T interactions can be already appreciated in simple
models and even at tree level.

Let us consider, for example, an extension of the SM with a heavy real vector triplet
W ~ (1,3)p, with Lagrangian:

1 .
Lnp = 2 [DMWID”W“ —DuWiDuWV"‘m%/VWLW#"‘ (g%W“(ﬁITaIzDuqﬁ—i—h.c.) - (6.14)

At tree level, the effective action is given by the UV action evaluated on W = W,, namely
the classical configuration that solves the W EOM. We compute this to order 1/ mﬁl/v using
MatchingTools [42], obtaining:

Lopr= (fn%ﬁ‘zwmmm(D“¢TD”¢)+4<DV¢TD”D“¢><Du<z>T 0)—2(D,u6' D) (6 D" D)
~4(D,¢"¢)(D" D, ¢' DY $)+2(Dyu¢' D, ¢)(DF D" ¢'¢)—4(D,u' D" ¢) (D, ¢" D* )
$2(D,61 Dy6)(D" 61 D)3 (61 DuDy) (6 DD 6)~2(D, D! D D) (61)
+(DyuD, ¢ 9) (T D* DY ) —4(4T D) (D, o' D? DY $)+2(¢ D, D,u9) (D¥ ' D¥ )
%(Dquw)<D“D”¢T¢>+4<DPDV¢TDP¢><D”¢>* $)—2(D, Dyt ) (D" D¥ )

5 (61D, D,)(6/ D DY 6)+2(D, Dyt DY DP6)(616) ~(D* D616) (61 D Dy)

5 (DDt (D D61 5)].
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(The dimension-six piece can be checked in ref. [39, 43], from where we borrow notation.)
We reproduce precisely the different dummy indices resulting from the automatic calcu-
lation. It is apparent that this Lagrangian can not easily (at least not immediately) be
reduced to a physical basis by hand.

However, one could simply (and automatically) export ESF)T to FeynArts with the
help of FeynRules, compute the relevant 1PI tree-level off-shell amplitudes and project

the results onto our basis.* Proceeding this way, we obtain:

b \2
® _ (9w) (1) 2) @ 1 5.1 1 (1)
EEFT - mV;l\//'v 2O¢4 + 20¢4 — 4O¢4 - ZQSOWQ(;% + 591920WB¢4

3
+ 1910 = 2020 + 69103} + 20105 | (6.15)

Thus, even matching computations performed using functional methods can benefit
from knowing a basis of independent Green’s functions.

7 Conclusions and future directions

Off-shell calculations are common practice within effective quantum field theories. They
have the advantage that they involve a substantially smaller amount of Feynman diagrams
than calculations of physical (on-shell) S-matrix elements. In contrast, they require intro-
ducing redundant interactions in the Lagrangian, including nonphysical terms that vanish
under field redefinitions.

Concentrating on the SMEFT, it would then be desirable to have a complete set of
operators independent off shell, so neither related by algebraic identities nor by integration
by parts. Any such set of interactions is called a Green’s basis [44]; a particular realisation
to dimension six was built in ref. [16]. In this paper, we have constructed the bosonic
dimension-eight counterpart, which consists of 86 new interactions.

One important aspect of our approach has been working in momentum space to estab-
lish the off-shell independence of operators, thus avoiding the otherwise cumbersome oper-
ations needed at the level of the Lagrangian when the interactions involve many fields and
derivatives. In particular, integration by parts amounts simply to removing one momentum
in 1PI amplitudes. Other relations, such as four-dimensional constraints resulting from con-
tractions of the Levi-Civita symbol, are harder to enforce systematically at the level of am-
plitudes, but we have shown that they can be accounted for by requiring that at most four
Lorentz vectors (momenta or polarisations) are linearly independent in four dimensions.

Our Green’s basis is obviously not unique. Infinitely many other combinations of
operators could be considered, in particular bases in which the redundant interactions
are related to physical ones by EOM through simpler relations than those in eqs. (5.7)—
(5.43). One advantage of the one presented here, though, is that the renormalisation of
the X3¢? operators (which will be presented elsewhere [45]) can be carried out without
necessarily projecting the contractions of the Levi-Civita symbol onto four dimensions.

4Matchmakereft includes also a single instruction to perform this action automatically.
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This simplifies notably the calculation, because these operators generate amplitudes with
three polarization vectors and five different momenta, from which three vectors must be
therefore projected onto the remaining four independent ones. (A more mundane albeit
technically important property of our basis is that all the effective operators in there can
be exported to FeynArts using FeynRules, which is not always the case.)

Renormalising the bosonic sector of the SMEFT to dimension eight (thus concluding
the effort initiated in ref. [37]) is in fact an avenue we have already started to explore on
the basis of this work. Another future direction of our current work includes classifying all
independent bosonic evanescent operators (and projecting them onto the physical basis in
four dimensions). This will simplify the matching of UV models onto the SMEFT using
tools based on diagrammatic calculations, since the Levi-Civita symbol can be assumed
to be simply a totally anti-symmetric tensor without further structure inherited from the
four-dimensional space-time. (In fact, for performing the matching in section 6.2, we
augmented the basis with the operator O = B*'B,,B"° B;,,, which in D = 4 fullfills
o=100]+100))

Connected to this, one more avenue that we aim to pursue in the near future is using
matchmakereft to analyse positivity bounds on SMEFT X?2¢?D? operators (first presented
in ref. [46]) in models in which low-momentum 2 — 2 amplitudes are not necessarily well
approximated by the EFT at tree level. Such models involve in general heavy fields with
linear interactions, which can be integrated out only if loops involving heavy-light particles
are calculated. To the best of our knowledge, other tools for matching, such as Codex [47],
do not include yet these loops, particularly for dimension-eight computations.

The computation of the field redefinitions needed to remove the redundant operators
from a dimension-six Green’s basis and its impact on the physical Wilson coefficients at
dimension-eight is also a future path to follow.
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A Tables of operators

Operator Notation Operator Notation
% (¢Te)* Ogs
2 (610)(Dyg! DH) oy (670) (6107 6)(DygTo Do) o5
5 ¢ ¥
< (p')2(¢TD%¢ + h.c.) 0([":,) (¢79)?D,, (()Tiﬁ“o) Of:,’)
(Dug! D) (D"¢! Dig) o (Dug! Do) (D 6t DY g) o
(D“¢TDM¢)(D”¢TD,,¢) Og? D,¢'DFo(¢T D2 + h.c.) (’)fj\
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A (D¢ $)(D29TiD,¢) + h.c. ol (D297 ) (D24t ) + h.c. o
< Q) . . K \
< (D291 ¢)(iD%*¢t¢) + h.c. (’)(“)i'\ (D2¢TD%¢) (0T ) (’?fim
(\“TDB“:)([)zo?“) O({)l]” (D,Iu'i o)(D”JD“U;) + h.c. Ofylf)
('l)//(.')'i <v):)(l)"<>ri'il)2<>) + h.c. 0})'13")
FABC (gl )G GEP GTm 02 FABC (¢t o) Giv GErGSn 0%
3]
§ IR ()Wl e K Ofsge IR (gl )W oW n Ofhye
v o 1 Duy v J 117 2
T (g0l §) By W PWKn OWhpy 7K (6la! @) (B WL, WEP + BRWLWEe)  OF)
v 1 ~ ny 2
(610)*GiL,Gn Oy (60)2G, G Oy
(#o)? Wi, Wi Ol g (¢lo)2 W, Wi Ol g
<
< —
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Table 1. Green’s basis of operators, part I. Operators in gray are redundant.
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Table 2. Green’s basis of operators, part II.
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Table 3. Green’s basis of operators, part III.
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Table 4. Green’s basis of operators, part IV.
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