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Purpose: To study the effect of nuclear deformation on proton bubble structure of N = 28 isotones and 
and compare it with the spherical limits. The reduction of depletion fraction due to deformation can be 
explained by studying the relative differences in the central densities.
Methods: In this work, we have employed relativistic Hartree-Bogoliubov (RHB) model with 
density-dependent meson-exchange (DD-ME2) interaction and separable pairing interaction. We have 
performed axially constrained calculations to investigate the deformed proton bubble structure in 
40Mg, 42Si, 44S, and 46Ar, isotones of N = 28 shell closure.
Results: We have observed that the nuclear deformation play againsts the formation of bubble 
structure. In the spherical limits, the isotones of N = 28 shell closure have pronounced bubble structure 
with large value of depletion fraction. But, the increase in deformation leads to the disappearance of 
bubble structure. The internal densities in deformed nuclei are found to increase with deformation 
which can be related to the decrease in depletion fraction.
Conclusion: By using RHB model, we have investigated the ground state and proton bubble structure 
of N = 28 isotones. In 44S, and 46Ar, the 2s1/21d3/2 states get inverted due to the weakning of spin-orbit 
strength. Due to strong dynamical correlations, arising from deformation, the central depletion of 
proton density is greatly affected in these isotones. The decrease in depletion fraction can be related to 
increase in the internal density due to deformation.
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1. Introduction
The nuclear density distribution unfolds information 
regarding the shape and stability of the nuclear system. The 
saturation property of nuclear force states that the nuclear 
density is constant inside the nucleus ρ0

30 16≈( )−. fm  
irrespective of the number of nucleons. In certain cases, an 
interesting fact is observed in context of the nuclear density 
profile known as “bubble effect”. The bubble effect in nuclei 
is characterized by the depletion of central nucleonic density 
with a hump nearby it. In recent years, there has been an 
increasing interest in the search of central depression of 
nucleonic density.

The possibility of central density depletion in stable 
spherical nuclei was firstly proposed in 1940s by H.A. Wilson 
[1]. In 1970s, Campi and Sprung have performed the first 
microscopic calculations for the spherical bubble nuclei [2]. 
The existence of bubble or semi-bubble structures in light, 
medium, and superheavy nuclei has been investigated in 
many studies [3-9]. In these studies, it was suggested that the 
shell effects are responsible for the central density depletion 
in light nuclei. In the superheavy region, the occurrence of 

bubble structure has been ascribed to Coulomb repulsion 
due to the movement of protons towards the nuclear surface 
[10-12]. Interestingly, one can found the phenomenon of 
bubble structure is in all mass regions.

In a nucleus, the wave function of s-orbit has a radial 
distribution peaked in the nuclear interior and this part 
of the wavefunction contributes to the central density. 
However, the wavefunction of orbitals with non-zero 
angular momenta do not contribute to central density as 
the peaks of these wavefunctions are suppressed by the 
centrifugal barrier. This means that only s-orbit contribute 
to the nuclear density at the center and the depopulation 
of this state cause the depletion of central density in the 
nucleus and hence a bubble may form. Such an interior 
peaked shape of 3 s wavefunction was measured using 
electron scattering on 206Pb and 205T1 [3]. The emergence 
of a bubble structure also affects the spin-orbit potential. 
In bubble nuclei, the spin-orbit strength gets weaker which 
may cause 2 11 2 3 2s d/ /- orbital inversion in light nuclei [4,5]. 
The first experimental study of the bubble structure has been 
reported recently for 34Si [13]. The emptiness of 2s1/2 proton 
orbit was observed for 34Si observed in this experiment. 
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These sophisticated radioactive ion beam facilities have 
opened a testing ground for theoretical predictions. In the 
literature, most of the bubble nuclei have been explored 
for spherical cases. Nuclear deformation disfavors the 
formation of a bubble as it admix s orbital with the higher l 
orbitals [4,7,8,14,15]. The first study of axially deformed 
bubble nuclei in light mass region was done by Shukla  
et al. [16]. In our previous work, we studied the possibility 
of deformed dual bubble-like structure in light nuclei [17]. 
We found some potential candidates around N or/and  
Z = 14 exhibiting a deformed dual bubble structure. The 
isotones of N = 28 shell closure are not spherical in their 
ground state [18]. In the present work, our purpose is to 
study the effect of nuclear deformation on proton bubble 
structure in N = 28 isotones.

During the past decades, the relativistic nuclear density 
functional theories have achieved great success in describing 
nuclear properties of both stable and unstable nuclei 
throughout the nuclear chart [19-21]. The RHB model 
based on Covariant density functional theory (CDFT) is 
one of the most attractive nuclear density functional theories 
to describe the ground- and excited-state properties for both 
spherical and deformed nuclei. In the present work, we have 
used the Covariant Density Functional Theory to describe 
the impact of deformation on proton bubble structure in  
N = 28 isotones and the phenomena behind it.

This paper is organized as follows: In Section 2, we 
have briefly described the outline of the RHB model with 
the separable pairing interaction. The results for density 
distributions of deformed bubble candidates and impact 
of deformation are presented in Section 3. Finally, the 
concluding remarks are given in Section 4.

2. Theoretical formalism

2.1. Meson Exchange Model
In the framework of meson-exchange model, a nucleus is 
described as a system of Dirac spinors which are interacting 
by the exchange of point-like particles, called mesons. The 
total Lagrangian density of mesons exchange model involves 
the isoscalar-scalar σ-meson, the isoscalar-vector ω-meson, 
and the isovector-vector ρ-meson and can be written as 
[22,23]:
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where the first term represent the Lagrangian of free 
nucleons with bare mass m and ψ denotes the Dirac spinors 
for nucleons. m m mσ ω ρ, ,  represents the masses of σ ω, , and 
ρ mesons with corresponding coupling constants g g gσ ω ρ, ,  
for the mesons to the nucleons, respectively. Ωµυ µυ µυ, ,



R F  
are field tensor of the vector fields ω, ρ, and the photon [24].

The functionals are described by density-dependent 
coupling constants gi ρ( )  (for i= σ ω ρ δ, , , ). The coupling 
of σ-meson field and ω-meson field to the nucleon field is 
written as, [24,25].

 g g f x ii i sat iρ ρ σ ω( )= ( ) ( ) =for ,  (2)

with

 f x a
b x d

c x d
i i

i i

i i

( )=
+ +( )
+ +( )
1

1

2

2
 (3)

For density dependence of ρ-meson coupling, Dirac-
Brueckner calculations of asymmetric nuclear matter 
suggested the functional form [26], given by

 g g esat
a x

ρ ρρ ρ ρ( )= ( ) − −( )1  (4)

The isovector channel is parameterized by gρ ρ( )  and aρ .
This model is represented in the present investigations by 
the parameter set DD-ME2 [22].

The inclusion of pairing correlations is important for 
the description of open-shell nuclei [27, 28]. In the RHB 
model, the mean-field and pairing correlations are treated 
self consistently. Here, the single-particle density matrix can 
be generalized in two densities, the normal density ρ̂, and 
pairing tensor κ̂. The RHB energy density functional is then 
given by

 E E E kRHB RMF pairˆ, ˆ ˆ ,ρ κ ρ[ ]= [ ]+ 


ˆ  (5)

where ERMF ρ̂[ ]  is the nuclear energy density functional and 
is given by [29]

 E A d r rRMF ψ ψ σ ω ρ
µ µ

µ, , , , , .



 = ∫ ( )3   (6)

The pairing part of RHB functional is given by

 E n n V n npair n n
n n

PP
n n

n n

ˆ ,*κ κ[ ]= ′ ′′
′

′
′
∑∑14 1 1
2 2

2 2
1 1

1 1 2 2κ  (7)

where n n V n nPP
1 1 2 2′ ′  are the matrix elements of the two-

body pairing interaction.
The pairing force is separable in momentum space and 

can be transformed from momentum to coordinate space 
with the form of

 V r r r r f G R R P r P rPP
p1 2 1 2, , , ,′ ′( )=− − ′( ) ( ) ′( )δ  (8)
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where R r r r r r= +( ) = −( )1
2

1
21 2 1 2and represent the 

center of mass and the relative coordinates, respectively and 
the form factor P(r) is of Gaussian shape

 P r
a

e r a( )=
( )

−1

4 2 3 2
22 2

π
/

/ .  (9)

The factor fp is the scaling factor of the pairing force. Pairing 
mixes the states around the Fermi surface and the bubble 
formation might get suppressed. To take care of pairing 
effects, the value of the scaling factor is taken as fp=1.0 in 
the present work. The two parameters G and a have been 
adjusted to reproduce the density dependence of gap at the 
Fermi surface ∆ κF( ) in the nuclear matter [27, 30], and 
their values are taken as G = 728 MeV fm3 and a = 0.644 fm 
for both protons and neutrons. The pairing force has a finite 
range, and also it conserves translational invariance due to 
the presence of the factor δ R R− ′( ) . The anti-symmetrized 
pp matrix elements can be represented as a sum of a finite 
number of separable terms in the harmonic oscillator basis

 n n V n n a W Wpp
n n
N

n n
N

N
1 2 1 2 1 2 1 2

′ ′ = ′ ′∑ * .  (10)

The pairing field ∆, in this case, takes the form

 ∆n n N n n
N

N
N

NP W with P Tr W
1 2 1 2

1
2

= = ( )∑ * ,κ  (11)

and finally, the pairing energy in the nuclear ground state 
is given by

 E G P Ppair N N
N

=− ∑ *  (12)

In this work, the RHB model based on CDFT with DD-
ME2 interaction is used. To understand the effect of nuclear 
deformation on bubble structure, we have performed 
axially constrained calculations. The spherically constrained 
calculations have also been carried out as a reference to 
clarify the role of deformation.

3. Results and Discussion
The N = 28 shell closure is produced by spin-orbit splitting. 
In light nuclei, the N = 28 shell gap get eroded due to the 
quadrupole excitations across it [31-33]. The reduction of 
N = 28 spherical shell gap towards the neutron-rich side is 
responsible for this erosion. Therefore, the isotones of N = 28 
magic shell have a deformed ground state. The deformation 
in a nucleus mainly depends on the number of nucleons 
(protons and neutrons) it contain. The shape of most 
nonspherical nuclei is characterized by axially symmetric 

quadrupole deformations (prolate or oblate). The evolution 
of single-nucleon shell structure is the origin of deformation 
in a nucleus. For these isotones (40Mg, 42Si, 44S, and 46Ar), 
the values of quadrupole deformation parameter β2 are taken 
from our previous work [18]. The values of deformation 
parameter β2 are given in second column of Table 1.

Table 1: The calculated values of quadrupole deformation 
parameter β2 for N = 28 isotones are compared with the available 
experimental data [35]. The last two columns shows the depletion 
fraction (DF) for proton bubbles corresponding to spherical 
solution and ground-state solution.

Nucleus β2[g.s.] β2[Exp.] β2 = 0 
DFP(%)

β2[g.s.] 
DFP(%)

40Mg 0.44 - 31.76 27.73

42Si -0.35 - 42.91 13.13

44S 0.34 0.258 39.49 18.54

46 Ar -0.18 0.196 31.46 16.61

The bubble effect in the nuclei can be quantified in 
terms of depletion fraction (DF), given by:

 DF cen=
−

×
ρ ρ
ρ

max. .

max .

%,100  (13)

where ρmax. and ρcen. are maximum and central nucleon 
density, respectively. The bubble nuclei are characterized by 
a large value of DF. In N = 28 isotones, the unoccupancy 
of proton 2s1/2 orbital leads to a proton bubble structure. 
The formation of bubble structure is associated with the 
shell effects. The weak dynamical correlations between 
s-orbital and higher angular momentum orbitals ensure 
the bubble formation [34]. Deformation causes the mixing 
or overlapping of sd states and leads to stronger dynamical 
correlations. These correlations ultimately disfavor the 
formation of a bubble.

Discussing the spherical limits of these isotones, a 
pronounced proton bubble structure is observed. Fig. 1 
presents the proton single-particle energy levels for 40Mg, 
42Si, 44S, and 46Ar nuclei. In 40Mg and 42Si, the proton 
2s1/2 orbital is empty, as all the protons are filled in 1d5/2 
orbital. While, in case of 44S and 46Ar, the 2s1/2 level become 
depopulated due to the inversion of 2s1/2-1d3/2 orbitals. The 
value of occupation probabilities are given in the paranthese. 
The occupation probabilities for each spherical s.p. state 
are obtained by dividing those occupation numbers by the 
maximum occupation number (2j+1) for each s.p. state. 
The inversion of 2s1/2-1d3/2 orbitals can be ascribed to the 
weakening of spin-orbit strength.
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Figure 1: (Color online) Proton single-particle energy levels for 
40Mg, 42Si, 44S, and 46Ar nuclei. The value of occupation probabilities 
are given in the paranthese.

Fig. 2 presents the 3D plots of proton density profiles of 
deformed ground state in 40Mg, 42Si, 44S, and 46Ar. The 
symmetry axis is denoted by z and the perpendicular 
axis by x. The depletion of central proton density can 
be observed in these nuclei. Also, the shape of formed 
proton bubbles has a substantial deformation. The 
characteristics of occupied s.p. orbits are necessary to 
determine the density distributions in the nucleus. All 
of these isotones are found to have a very low occupation 
probability of 2s1/2 orbital in their ground states. Thus, we 
may say that the deformation plays a predominant role 
in the quenching of central depletion of density than the 
occupancy of 2s1/2 orbital. Shell effects are high for magic 
spherical configurations [34]. Due to deformation, the 
large dynamical correlations arise due to broken (2j+l) 
degeneracy which ultimately leads to a less pronounced 
shell effect and the depletion fraction decreases with the 
increase in deformation.

Figure 2: (Color online) Proton density profiles for 40Mg, 42Si, 44S, and 46Ar nuclei along symmetry axis, z, and coordinate axis, x. The dark 
red color corresponds to maximum density while the dark violet color to lower density or zero density.

In the case of deformed nuclei, it is significant to define 
axis-specific depletion fraction. The last two columns of  
Table 1 presents the values of proton depletion fraction 
for 40Mg, 42Si, 44S, and 46Ar along the symmetry axis z. 
In this table, we have shown a comparison of proton 
depletion fraction with the spherical mean-field solution 
(β2 = 0) and ground state solution (β2[g.s.]). A pronounced 
drop in depletion fraction is observed for the nuclei with 
large deformation. Shell effects are observed to be more 
pronounced for the prolate mean-field solution than the 

oblate mean-field solution which can be related to the 
lowering of some deformed s.p. states. Thus, the nuclei with 
an oblate ground state have a low value of depletion fraction.

Another possible reason for the decrease in value of 
depletion fraction is the enhancement of central density due 
to deformation. To understand this, we have compared the 
central densities that come from the deepest single-particle 
orbits obtained by deformed and spherical mean-field 
calculations. For further investigation, we have calculated 
the correlation between depletion fraction and internal 

https://doi.org/10.1016/S0375-9474%2802%2901398-2
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density. We calculate the relative differences in the central 
densities (∆[ρ(0)]) obtained from deformed and spherically 
constrained calculations, given by [36]

 ∆ ρ
ρ ρ

ρ
0

0 0

0
( )  =

( )− ( )





( )

sph

sph

.

. ,  (14)

where ρ(0) denotes the central density for deformed solution 
and ρsph.(0) shows the central density for spherical mean-field 
solution. Fig. 3 presents the correlation plot of the relative 
difference of internal densities and the depletion fraction 
of the deformed state for these isotones. It can be observed 
from Fig. 3 that internal densities in deformed nuclei 
increase that leads to the decrease in depletion fraction in 
the deformed ground state or vice - versa. It can also be 
observed that the nuclear deformation leads to an increase in 
the internal density of the nucleus. The other contribution 
may come from the change in densities of 2s1/2 orbit driven 
by the deformation, which is not easy to identify as it is 
constructed from various deformed s.p. orbits.

Figure 3: (Color online) Plot of relative differences in the internal 
densities versus the depletion fraction.

4. Conclusion
In the present study, we have investigated the effect of 
nuclear deformation on proton bubble structure in N = 
28 isotones. The theoretical calculations are carried out 
by using relativistic Hartree-Bogoliubov model based 
on density-dependent meson-exchange (DD-ME2) 
interaction. The isotones of N = 28 shell closure are known 
to exhibit a deformed ground state. Due to the weakning 
of spin-orbit strength, the 2s1/2-1d3/2 states get inverted. We 
found that the central depletion of proton density in these 
isotones is greatly affected by nuclear deformation. The 
strong dynamical correlations, arising due to deformation, 
disfavors the bubble formation. The decrease in depletion 

fraction can be related to increase in the central nucleon 
density (internal density) due to deformation. The study of 
deformed bubble structure and internal density is desired 
from an experimental perspective.
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