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ABSTRACT: We solve the loop equations of the hermitian 2-matrix model to all
orders in the topological 1/N? expansion, i.e. we obtain all non-mixed correlation
functions, in terms of residues on an algebraic curve. We give two representations of
those residues as Feynman-like graphs, one of them involving only cubic vertices.
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1. Introduction

The purpose of this article is to generalize the method invented in [13], for the
2-matrix model. The method of [13] is a diagrammatic technique for computing
correlation functions of the 1-matrix model in terms of residues on some algebraic
curve.

Random matrix models play an important role in physics and mathematics [32],
and have a wealth of applications which are too long to list here. In this article,
we consider “formal” random matrix integrals, which are known to be generating
functions for counting some classes of discrete surfaces [7,10,21,22,34].

The partition function, free energy and correlation functions are all generating
functions enumerating some kinds of graphs (respectively closed graphs, connected
closed graphs, open graphs), which graphs can be seen as discrete surfaces.

In the formal model, the size N of matrices, is just a complex parameter, it needs
not be an integer, and all observables (free energy, correlation functions) always have
a 1/N expansion, because for each power of the expansion parameters, there is only
a finite number of graphs with a given power of N. The power of N in a graph is
its Euler characteristic, and thus the 1/N expansion is known as the “topological
expansion” discovered by 't Hooft [34]. In the formal model, N is thus an expansion
parameter, and working order by order in N enumerates only discrete surfaces of
a given topology [7]. An efficient method for dealing with this formal model is to
consider the Schwinger-Dyson equations, called loop equations in this context [10,33].

To large N limit (i.e. planar topologies), the solution of loop equations is known
to be related to Toda hierarchy [9,28,35,36]. For this reason, the large N expansion
of matrix models plays an important role in integrable systems, and in many areas of
physics [29]. It was understood by [11] that the low energy effective action of some
string theory models is also described by matrix models.



In the beginning, formal matrix models were considered omlyin their 1-cut phase,
because a potential which is a small deformation of a quadratic one, must have only
one well, i.e. the variables perturbatively explore only one well. However, a N x N
matrix has N eigenvalues, and even though each of them can explore perturbatively
only one well, they do not need explore all the same well. That gives “multicut”
solutions of matrix models, where the number of eigenvalues near each extremum of
the potential is fixed (fixed filling fractions). Multicut solutions play an important
role in string theory, as they describe multi-particle states [11,12]. Multicut solutions
correspond to enumerating surfaces with contact terms, which can be called “foam
of surfaces” as described in [6,22].

The link between formal matrix models (which always have a 1/N expansion)
and convergent matrix integrals (which have a 1/N expansion only in the 1-cut case
under certain assumptions), has been better understood after the work of [6]. We
emphasize again, that the results developed in this article concern the formal matrix
model with fixed filling fractions, and should not be applied to convergent matrix
model directly.

Recently, it has progressively become clear that large N expansion of random
matrix models has a strong link with algebraic geometry [27]. The free energy and
correlation functions have been computed in terms of properties of an algebraic
curve. The large N limit of the 1-point correlation function (called the resolvent) is
solution of an algebraic equation, which thus defines an algebraic curve. There have
been many works which computed free energy and correlation functions in terms of
that algebraic curve. The leading order resolvent and free energy were computed in
the 1-cut case (algebraic curve of genus zero) in the pioneering work of [7], then some
recursive method for computing correlation functions and free energy to all orders in
1/N were invented by [3,4]. Those methods were first limited to 1-matrix case and
1-cut.

Then for 1-matrix several works have dealt with multicut: Akeman and Ambjgrn
found the first subleading term for the multicut resolvent and the 2-cut free energy
[1,2], Chekhov [8] and one of the authors together with Kokotov and Korotkin [17]
found simultaneously the first subleading term for the multi-cut free energy . Then
a (non-recursive) diagrammatic method was invented in [13] to find all correlation
functions to all orders, in the multicut case.

The 1-matrix model, corresponds to hyper elliptical curves only. In order to have
more general algebraic curves, one needs at least a 2-matrix model. For the 2-matrix
models, the loop equations have been known since [33], and have been written in
a concise form in [18-20]. They have been used to find the subleading term of the
free energy, first in the genus zero case in [15], then in the genus 1 case in [16],
and with arbitrary genus in [17]. The purpose of this article is to generalize the
diagrammatic method of [13] for the computation of non-mixed correlation functions



in the 2-matrix case. We solve the loop equations and present their solutions (the
non-mixed correlation function’s expansion) under two different diagrammatic forms.
We first build a cubic diagrammatic representation before presenting an effective non
cubic theory.

Outline of the article:
e In section 2, we introduce the model and our notations.

e Section 3 is dedicated to the derivation of loop equations. We derive the funda-
mental ”master loop equation” before deriving loop equations whose solutions
are non-mixed correlation functions

e In section 4, we show how a compact Riemann surface arises from the leading
order of the master loop equation and present notations and tools of algebraic
geometry needed for the computation of correlation functions.

e In section 5, we present a diagrammatic solution of the loop equations as cubic
Feynman-like graphs.

e Section 6 is dedicated to the presentation of another representation of the non-
mixed correlation functions as graphs of a non cubic effective theory.

e In section 7, we study the example of the gaussian case corresponding to the
1-matrix model limit.

2. Definitions and notations

2.1 Definition of the formal 2-matrix model with fixed filling fractions

In this article, we are interested in the study of the formal-two-matrix-model and
the computation of a whole family of observables. The partition function Z is the
formal matrix integral:

Z::/H . dMldM26—NTT(V1(M1)+V2(M2)—M1M2) (21)

where M; and M, are two N X N hermitian matrices, dM; and dMs; the products of
Lebesgue measures of the real components of M; and M, respectively, and V; and
V5 two polynomial potentials of degree d; + 1 and dy + 1 respectively :

Ik il g,
Vi(z) =Y =aF Wy = zy’“ (2.2)
k=1

Formal integral means it is computed as the formal power series expansion order
by order in the gi’s (see [7,10,34]) of a matrix integral, where the non-quadratic terms



in the potentials V; and V5 are treated as perturbations near quadratic potentials.
Such a perturbative expansion can be performed only near local extrema of V;(z) +
Vao(y) — zy, i.e. near points such that:

ViG)=m ,  Valm) =& (2.3)

which has d;d, solutions. Therefore, if M and M, are diagonal matrices, whose di-
agonal entries are some &;’s (resp. n;’s), (M1, Ms) is a local extremum of tr(Vy(M;)+
Vo(Ms) — My Ms) around which we can perform a perturbative expansion.

The choice of such an extremum, around which the perturbative series is com-
puted, is equivalent to the choice of the number of eigenvalues near each pair (&;,7;),
1=1,...,dids, i.e. the data of d;ds integers n; such that:

dids

This means, that we can choose some contours C;, i = 1,...,dds, such that the
following equality holds order by order in the perturbative expansion:

1 dx
— t = —n; 2.5
<2i7r]€i rx—M1> " (2:5)

% are called filling fractions. Thus, in the formal model, filling
fractions are fixed parameters.

The numbers

Fat graphs and discrete random surfaces

Once filling fractions are chosen, we perform the perturbative expansion. Each
term of that formal expansion is an expectation value of a gaussian integral, and
using Wick’s theorem, each term can be represented by a Feynman graph. Because
the integration variables are matrices, the graphs are “fat graphs”, which have a
2-dimensional structure. The Hermitean matrix models thus enumerate oriented
surfaces (other matrix ensembles can enumerate non-oriented surfaces). This Formal
expansion equivalent to an enumerating function of Feynman graphs is a standard
tool in physics [10,34]. Random matrices have thus played a role in all theories
where one needs to sum over surfaces, i.e. string theory and quantum gravity (i.e.
statistical physics on a random lattice).

Following this interpretation, the loop equations [33] can be understood as rela-
tionships linking surfaces of different genus and different number of boundaries.

2.2 Notations
2.2.1 Notation for sets of variables

We will consider functions of many variables x1, x9, 3, . . ., x, or of a subset of those
variables. In that purpose we introduce the following notations:



Let K be a k—upple of integers:
K= (i17i27"'7ik) (26>

We denote k = |K| the length (or cardinal) of K. For any j < |K|, we denote K;
the set of all j—upples (i.e. subsets of length j) contained in K:

Kj={JCK , |J =} (2.7)
We define the following k—upple of complex numbers:
XK = ($i1,l’i2,...,$ik) (28)

2.2.2 Correlation functions

For a given k, we define the correlation function:

k 1
w = NF2 t 2.9
wk(xla ,[L’k) <H r T — Ml >c ) ( )

1=1

i.e., with the previous notations:

Ia
1

W | (X ;:N|K—2< tr7> , 2.10
1) (Xkc) l;[1 o) (2.10)

where the formal average (.) is computed with the measure in eq. (2.1), and the
subscript ¢ means connected part (cumulant).

Those correlation functions can be expanded as formal series in
N limit:

N2 in the large

T (xsc) = i Nl% 7™ (xx0) (2.11)

The purpose of this article is to compute w,(ﬁh) (xx) as residues on an algebraic

curve and represent it with Feynman-like graphs of a cubic field theory on the curve.

We also define the following auxiliary functions:

1 Vi(y) — V K] 1
|K|-1 2
Up(x,y; X)) = N < v = H tr Ty (2.12)
Vite) = Vi) Vi) = Vi !
|K|—1 1 1 2
pr(x,y;xK) = N <tr P - H tr v
(2.13)
K|
ax(r; X ) = NIKI- <tr p— V(M) H tr p— v >C (2.14)



Notice that @y, (z,y; Xk) is a polynomial in y of degree dy — 1, and py(z,y; xk) is a
polynomial in x of degree d; — 1 and in y of degree dy — 1.
It is convenient to renormalize those functions, and define:

up(r,y; X ) = U2, y; XK) — 00V (y) — ) (2.15)
and
wi(Xg) = We(xx) + _Om2 (2.16)
(21 — 22)?

Let us remark that all those functions have the same kind of topological ex-
pansion as W (Xx) and one defines p,(ch) (x,y;xK) and u,(ﬁh) (z,y;x) as well like in

eq. (2.11).

We define the function:
Y(z) :=V{(z) —wi(x) (2.17)

which we see below, describes the algebraic curve.

The % expansion of such correlation functions is known to enumerate discrete
surfaces of a given topology, whose polygons carry a spin + or - (Ising model on a
random surface [26,29]), see [22] for the multicut case i.e. foam of Ising surfaces.

The w,(ﬁh) are generating functions enumerating genus h discrete surfaces with k
boundaries of spin +.

As an example, wg?’) enumerates surfaces of genus 3 with 2 boundaries:

(2.18)

Notice that the question of boundaries with non uniform spin, i.e. with changes
of boundary conditions has been solved to leading order only in [14].

3. Loop equations

There exist several methods for computing the free energy and correlation func-
tions, the one we consider here is the “loop equation” method, which is nothing
but Schwinger-Dyson, or Ward identities [10,33]. They implement the Virasoro or



We-algebra constraints on the partition function [27,31], i.e. the fact that the matrix
integral is left unchanged under a change of variable. The loop equations are valid
in the formal model, order by order in the expansion parameters.

For the 2-matrix model, loop equations have been known since [33], and written
in a more systematic way in [18-20,27].

3.1 The master loop equation

It is well known that in the large N limit, loop equations imply an algebraic equation
for the functions wy, i.e. for the function Y (z), called the master loop equation. Let
us briefly recall how to derive it (see [20]):

e the change of variables My — M; + em_lMl implies:
0=ag(x) —2wi(x) + 1 (3.1)
e the change of variables M; — M; + ex_lMl Vé(y;:;%(Mz) implies:
o 1 oN— _
wi(@)to(2,y) + qpulz,yse) = Vil@)do(z,y) = po(@,y) = yto(@, y)
+V3 (y)wi(x) — ao(z)
(3.2)

i.e., putting everything together:

(y = Y(2))uo(z,y) + %ul(w, yir) = (Va(y) —2)(Vi(z) —y) —po(z,9) +1 (3.3)

We define:

E(z,y) = (V3(y) = z)(Vi(z) = y) — po(z,9) + 1 (3.4)

The master loop equation is thus:

(v~ Y (@) ol 9) + (43 7) = Bz, y)

(3.5)
where E(x,y) is a polynomial of degree d; + 1 in z and dy + 1 in y.

3.2 Loop equations for correlation functions

We now derive the loop equations which allow to compute recursively the k-point
non-mixed correlation functions.

e The change of variables M, = lMl [1¥., tr —— implies (see [20]):

r— x;— M1

CLk(LL’;XK) = LL’@]H_l(SL’,XK) - Nzwk(XK) (36)



1 Vi(y)—Vy(M2) Hf L tr

e The change of variables 6M; = — VTR

1 . .
—— implies (see

20]):
k—1
wy () (2, y; XK) + Z Z Tj(x, y; Xg) We—js1 (2, XK —y)
7=0 JEK]‘
1
N2Uk+1($ Y; T, XK
+Xk: 0 W1 (7, y; Xk —{5)) — Tp—1(T5, Y3 XK —(5})
1 0x; T —
= Vl( )Ulao(if Y;Xk) — pr(T,¥; XK )
—yT(z,y; Xk) + Vo (Y)Wt (2, x5 ) — ap(w; Xk )
(3.7)
ie. for k> 1:
(y = Y(2)) ur(z,y;xx) = — Z?Qé 2 JeK; wi (7, Y3 X) We—jy1 (T, XK )

]\}2 Uper1(2, Y3 T, XK

0 Uk— 1(% Y XK — {j}) .
_'_Z] 18m T—T; (x7y7XK>

(3.8)

The purpose of this article is to solve eq. (3.8) and compute m,ih) for all k£ and h.

4. Leading order and algebraic geometry

4.1 Leading order of the master loop equation

To large N leading order, the master loop equation eq. (3.5) reads:

(y = Y(2))uo(z,y) = E(z,y)

(4.1)
Since ug(z,y) is a polynomial in ¥, it has no singularity for y finite and the LHS

vanishes for y = Y (x), i.e.:
E(z,Y(x))=0 (4.2)

This defines an algebraic curve E(x,y) = 0.
Notice that to leading order we have:

_ E(z,y)
and
up(x,Y (2)) = Ey(x, Y (2)) (4.4)



4.2 Introduction to some algebraic geometry

We use notations similar to [25] or [24]. Some useful hints for understanding this
section can be found in Appendiz A.

Let us parameterize the curve F(z,y) = 0 with a running point p of a compact
Riemann surface £. It means that we define two meromorphic functions z(p) and
y(p) on & such that:

E(x,y)=0&3pecf v=x(p), y=yp) (4.5)

The functions = and y are not bijective. Indeed, since F(z,y) is a polynomial of
degree dy + 1 in y, it has dy + 1 solutions, i.e. for a given x, there exist dy + 1 points
p on & such that z(p) = x. Thus, the Riemann surface is made of dy + 1 z-sheets,
respectively d; + 1 y-sheets. Hence, from now on, we use these notations:

r(p)=r s p=p(z) for j=0,...,ds (4.6)

yp)=yep=p(x) for j=0,...,d (4.7)
We will most often omit the exponent 0 corresponding to the physical sheet:
p=7p"
For instance, one can write FE(z,y) as:

E(x(p), y(0)) = —gun1 ¥ 1j0<x<p> —2(d ()

= Ga X fgy(q) oy (@))) (48)

Considering that the w,gh)’s, u,(ﬁh)’s and p,gh)’s are multivalued functions in their

arguments z, we now work with differentials monovalued on the Riemann surface.
Let us write the differentials:

Wit1(p, Pr) = wig1 (2(p), x(pr ) )dx(p) 1:[ dz(p;) (4.9)
Ur(p, y; Px) = ur(2(p), y; x(px ) )dzx(p) ]:[ dz(p;) (4.10)
Py(x,y; px) == p(z, y: x(p)) [ dae(ps) (4.11)

i=1

Note: In the following, the arguments of a function will be called z(p) or y(r)

if the function is defined on the basis, and p or r if the function is defined on the
Riemann surface - and so multivalued on the basis-.



Let us now review the notations we use in this article to denote some basic
objects. For definitions and details, we refer the reader to Appendiz A and [25]
or [24].

eCanonical cycles: A;, B, fort=1,...,g where g is the genus of the compact
Riemann surface £ (0 < g < dydy — 1), such that:
A, NB;, =9, (4.12)

eBranch points in x: They are the zeroes of dr on the surface. We denote
them by a;, i =1,...,dy + 1+ 2g.

eBergmann kernel: It is the unique bilinear differential with only one double
pole at p = ¢ satisfying:
dx(p)dx(q) . .
B(p,q) ~ ——————— + finite and W2 j{ B(p,q) =0 4.13
P.9) ), T — 20 b BP0) (4.13)

eAbelian differential of third kind: It is the differential defined by dS, . (p) =
+—r B(p,q). Notice that it has the following properties:

Efs dS,r(p) =1=— I;{§§ dS,-(p) and Vi jéli dS,-(p) =0 (4.14)
4.3 Fixed filling fractions
To large N leading order, the loop equation eq. (4.2) is an algebraic equation:
E(z,Y(x))=0 (4.15)

The coefficients of E are determined using filling fractions. Since wy(z) = V{(x) —
Y (x), eq. (2.5) gives (up to a redefinition of A;):

1 1
~f ydr=——§ wdy=-¢ 4.16

Let us recall that (see section 2.1) the ¢;’s are called filling fractions, and they
are given parameters (moduli) of the model. They don’t depend on the potential or
on any other parameter.

In particular, since all correlation functions wg(z1, . . ., x)) are obtained by deriva-
tion of wy with respect to the potential V; ( [4]), we have for k& > 2:

2@% 7{4 Wi, - .. ap)de = 0 (4.17)

Equation eq. (4.16) together with the large = and y behaviors eq. (A.2) and
eq. (A.1), are sufficient to determine completely all the coefficients of the polynomial
E(z,y), and thus the leading large N resolvent wy(z).

In what follows, we assume that the leading resolvent, i.e. the function Y (x) is
known, and we refer the reader to the existing literature on that topic, for instance
5,20,27,30].
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5. Diagrammatic solution as cubic graphs

In this section we present a first way of describing the solution of the loop equation
eq. (3.8) by trivalent diagrams whose h loop level corresponds to the h-th term Wk(h)
of the topological expansion.

5.1 Solution in the planar limit

Before considering the full ﬁ expansion, let us focus on the structure of the leading
terms corresponding to planar fat graphs. Thus the 1/N? terms in the loop equations
are omited.

From now on and particularly in this paragraph, we drop the genus zero exponent

(0) when it is clear that we deal with the planar limit, i.e. w,§°> (xx) — w(xK).

Up to now, the loop equations were written in terms of multivalued functions.
It is more appropriate to write them in terms of meromorphic differentials on the
Riemann surface. Thus, one writes eq. (3.8) in the planar limit as follows:

(y(’f’) - y(p))Uk(p, y(?"), pK) _ Z?;é ZJng Uj(p7y(7‘)§pJ)dI;VIL*j+1(p7PK7J)

()
k Ur—1(p;,9(r);Pr—{5}) dx(p)
+ Zj:l dpj ( z(p)—x(p;) dl‘(l’j)) (51)

—Pi(z(p), y(r); Pr)dz(p)

Starting from eq. (5.1), we determine W} and Uy, for any k by recursion on k.

Let us assume that one knows W;(p;) for j < k and U;(p, p,) for j < k—1. The
first step consists in the determination of Wy, 1(p, px) as a function of the lower order
correlation functions. The second step leads to the computation of Ux(p, px). Once
this is done, one knows the correlation functions one order upper. The initial terms
W5 and U can be found in the literature [5,20,27] and are rederived in Appendiz B.

5.1.1 Determination of W, for k£ > 2

If one chooses r = p in eq. (5.1), one gets (using eq. (4.3) and eq. (4.4)):

Ey(z(p), y(p))Wis1(p, Px) = —Pu(z(p), y(p); Px) dz(p)

_ Z?;ll ZJeKj Uj(p,y(p);p(f)d‘;lf(;jﬂ(p7pK7(1) (5.2)
}

k Ur—1(05,9(0)iPK—{;}) dz(p)
+ Zj=1 dl’j ( z(p)—z(p;) dw(ﬁj))

Notice that the two equations eq. (5.1) and eq. (5.2) imply by recursion, that
Wy and U, are indeed meromorphic differentials on the curve, in all their variables.

We define:

Un(@,y(0"); Pr)
Ey(x(p?), y(p'))dx(p’)

V(i.j) R pK) = (5-3)

11



Note that we have already obtained (see eq. (4.3)) that:
Ry(p') = iy (5.4)
Using eq. (4.14), the Cauchy formula gives:

Wi (p, px) = — Res Wit (¢, Pre)dSpo(p) (55)

where o € £ is an arbitrary point on the Riemann surface.

The integrand has poles in p’ only at p’ = p and the branch points p’ = a, (this
can be proven recursively by differentiating wrt the potential 84?/1). Using Riemann
bilinear identity eq. (A.10), we can then move the integration contour and get:

Wisi(p,Pr) = > Res Wi (¢, P)dSyo(p) (5.6)

We now introduce the loop equation eq. (5.2) inside this expression and remark
that only one term has poles when p’ — a,. Thus Wyy1(p, px) can be written:

L os (0);Ps) Wi—ja1 (P, Pr—J) ,
Wenlpp) = =33 ZZK RGeSl
— —Z Res Z Z RO ,pJ YWy g+1(p Pr—7)dSy o(p)
@501 JeK;
(5.7)

Notice that Uy(p,y; pr) is a polynomial in y whose degree is equal to dy — 1.
Considering its dy values for y = y(p') with i € [1,ds], the interpolation formula
reads:

_ . da _ i
vy W= y@)Uk(,yPx) _ B Uk(p,y(@"): P) (y(p) ygp ) (5.8)
E(z(p),y) = (—y@)E,(x(p),y(p))
for y = y(p), this gives:
R)(p, px) ZRk P, PK) (5.9)
i=1
So, in eq. (5.7), one obtains the recursive formula for Wy (px):
dy k-1
W10, Pr) =D Y Z RGS R(p's s )Wiejr (0, P—1)dSy o(D)
1=1j5=1JeK; s
(5.10)

The sum over j represents the summation over all partitions of K into two subsets
Jand K — J.

12



5.1.2 Determination of R}

In this section, we find a recursion formula for Rj.
For this purpose, one needs to know an intermediate expression defining the
different Uy’s as well as a relation linking the value of

k—1

> Ui (0, y(P); P Wija (0, P ) (5.11)

J=0

for different 7’s.
Let us rewrite here eq. (5.1):

(y(r) — y(@))Uk(q y(r = Z >

e Us-1(pj, y(r); Pr—151) de(q)
_'_Z Pj < ZL’((]) — :L'(p]) dl’(}%))
~Pulala). y(r): pr)da(a) (5.12)

dz @ Y(r);pa) Wi—j1(q, Pr—J)

In what follows, we use the properties of rational functions defined on the basis
and not on the Riemann surface (for some more details, see the case k = 1 in
Appendiz B).

For r = ¢ = p', eq. (5.12) reads:

£ Ur—1(p;, y(P"); Pr—5}) dw(]?))
+§de ( z(p) — z(p;) dz(p;)
—Pe(x(p), y('); Pxc )d(p) (5.13)

where we have used that z(p) = z(p).
Now, write eq. (5.12) with r = p’ and ¢ = p

(yl(f1 —y()Uk(p,y(p"); Px)
= _ZOJ dl( ) (p7y( )?pJ) Wi J+1(p7pK J)

13



k Ue—1(p;, y(0"); Pr—(y) dz(p) )
2 ) -2 delp)
—P(z(p), y(p"); Pr)dz(p) (5.14)

and inserting eq. (5.13) we get:

(yg_il) —y()Usk(p,y(0"); Px)
= ;J . xl(m Ui(p, y(0"); Ps) Wi—ji1(p, PK—)
k—1 1

(0 () ps) Wiejra (P, Pr—J) (5.15)

||M

Z;:{ (p

This formula is in principle sufficient to compute the U,’s recursively, and then,
one can compute the R:’s. However, what we need in order to get diagrammatic
rules, is a closed recursion relation for the R}’s themselves. In order to achieve this
aim, we show that:

Lemmoa: for any k > 1, one has:

E(x(p), y)da(p) & <
Yy — y( ) rzl Klu..§{T:Kj1#j27;7ﬁjr:1

ﬁ Wik, 41 (P, Pk,)
i (y —y(pln)) dx(p)

Us(p, y; PK)

(5.16)

where the sum over K7 U...U K, = K is a sum over all partitions of K into r
subsets.

Proof: Tt can be proven easily by recursive action of 9/9V;, as in [4], however, in
order to have a self-contained method, we want to derive it here only from the loop
equations eq. (3.8).

The proof works by recursion on k. It is proven in Appendiz B for k = 1. Let
us assume that, it holds for any [ < k — 1.

Notice, that since both sides of eq. (5.16) are polynomials of y, of degree dy —1, it
is sufficient to prove that the equality holds for dy values of y, namely, it is sufficient
to prove it for y = y(p'), i = 1,...,dy. Therefore, one has to prove that:

Ur(p,y(0');px) _ Ey(x(p'), y(p') Z 2 2

dz(p) y(p r= 1K1u UK, =K j1#ja# .. jr—170,i
VV\KTHI(p 7PKT) H W/IKt\H(phapKt)
dz(p) i1 (v —y(@™)) dz(p)

(5.17)
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where only the sums in which one of the j;’s is equal to ¢ contribute.
The recursion hypothesis for j <k — 1, and any J € K gives:

Al AW ) ] do
Uj(p ,y(p),pJ) _ Ey(zv(p’),y(pl))z Z Z
dz(p) r=1 J1U..UJr=J j1#£joE...Ejri

Jt|+1(p] PJt)
|

(5.18)

In order to compute U;(p, y(p'); p.s), one has to keep only terms in the sum such
that there exists a ¢ such that j; =i, i.e.

) AW ) ) da
U](pvdy(p )7pJ) _ Ey(x(pl),y(pl Z Z Z
‘T(p> r=1 J1U...UJr=J j1#jaF...#jr—17#0,i
VV\Jr-H-l(p?er) ﬁ \JtH-l(p] ath)

(y(®") —y(p)) dz(p) ;=3 (W) —y(@")) dz(p)

(5.19)

Insert that into eq. (5.15):

(") —y(p ))U( y( i pK)
= _Ey(z( Z Z Z o Z '
JeKjr=11U..UJr=J j1#£je#.. . #jr—170,

) VV|J7"H‘1( >er) = I/I/Y|Jt|-i-1(pjta th)
Wi-jr(0 Pr—) W)~ y(e) dor) U5 =) e

>y 2.

€K r=1 1U..UJr=J j1#jaF ... Fjri
T

||M|

+Ey($(p

||M|

mJtH'l P pg,)
y(p’)) dz(p)

Wi—js1(0', Pr—7)
(5.20)

The difference between these two summation, keeps only j; # 0,4, thus:

Ue(py("): Px)

= B0y dm Y XY Y 2

' j=0 JEK; r=1 1U..UJr=J j1#£jo#...7jr#i,0
Wi jr1(p', Pr—J) 1 WlJt|+1(pJ=th)

(y(p'") —y(p)) dz(p) =1 (v(¥") — y(p”)) dz(p)

(5.21)
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i.e. we have proven the lemma for k, for y = y(p), and since both sides are
polynomials in y of degree dy — 1, the equality holds for all y.

Theorem: For all k > 1, one has:

S SR S e, Ui (0, y(0): Pr)Wiejia (P, Pr—s)

5.22
= S S sex, Ui (0, y(0): Pr) Wiy (P Pr—g) (5.22)

Proof of the theorem: Let us simply perform some basic rearrangements:

da k—1

ZZ Z Uj(pi7y(P);PJ)Wk—jH(Pi,PK—J)

i=1j=0 JEK;

do ‘ ‘
= oY Wik (0 pr)Uis (P y(p); pL)
K1UL:Kj1=1
do  do

= BGp)yp)dp) Y Yy 3 2

K1 |J L=K 1=1r=1 KoU..UKr11=L jo#js#... #jr€[1,d2]—{j1}
Wik, 11+1(0, PK, 1) ﬁ Wik +1(P*, Pk,)
(y(p) —y(®™)) o= (Wp) — y('e))dz(p)

da

— B m)ye)im) Y. Y >

' r=1 K1U..UKr 1=K j1#je#...#jr=1
ﬁ I/V|Ka\+1(pja>pKa)VV\KT+1|+1(p7 PKTH)
a=1 (y(p) — y(p’*))dz(p)

= > Wik n+1(0, P ) U (0, () )
KrpiUJ=K

I/V|K1\-‘rl(pjla PK1)

(5.23)

This identity simplifies eq. (5.15) which becomes now:

(y(®") — y(p))Ri(p, pr)da(p) =

i = U;(0, y(®0"); ps)Wi—j1(0', Pr—J)
Wi prc) JZ:‘{ J%T:(j l;): Ey(2(p), y(p'))dx(p)

(5.24)

One can now write down the final recursion formula for R} (p, pr) in these terms:

i — _Weni('px)
Ry.(p.px) = (y(p*)—y(p))dz(p) R (ol p )W, ! )
k1 (PP )We—j+1(P" PK—J
+ 20501 ek 200 = (y(pi)—y(Jp))dw(p)

(5.25)
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The relations eq. (5.7) and eq. (5.25) allow to compute recursively W), for any k.
This solution can be represented by binary trees as it is presented in section (5.3).

5.2 Solution for any genus

In the previous paragraph, one has kept only the leading terms when performing the

changes of variables to obtain the Schwinger-Dyson equations. Let us now write the

1
N

equations giving the whole 37 expansion. One obtains the following loop equations

~z corrective term for the same changes of variables so that we write a system of

(y(r) = y(p))Uk(p, y(r); Px)
= —Pi(a(p),y(r); pr)dz(p) — X5 #@Uj(va(T)SPJ)Wk—jH(p, Pk-J)  (5.26)

U T); Ur—1(pj,y(r)iPx—{;}) dx
_1\}2 Hl(lc]lj(p = +Z dp]( - 1m(Jp)—w(P;§ - dm((ij)))

For the following, one should remind the expression of the function Y (z(p)):

Y (z) := V{(z) —w,(x) (5.27)
Then, for h > 1: “
(h) (4 _ _W1 (p)
Y™ (z(p)) 5 0) (5.28)

Consider now the % expansion of this equation order by order. The genus h
term (corresponding to the ﬁ term) gives:

<y<r> y(0) U (p,y(r); pr) — S0y YO (2(p) U™ (b, y(r): i)
= P (x(p), y(r); Pi)da(p)
= S0 S s U (0, y(r) ) WA (b, P )

UV wy)mp) UM (0 9()ipk— () da(p)
T T2 \ T =) @)

(5.29)

When y(r) = y(p):

S Y @)U ™™ (0, y(p); Pc)
— ,§>< 0. (p): Pr)da(p) + oo X325 750 U™ (0, y(0); p)WLT (0, Prc)

+1 Y (p,y(p)ippr) _ Uy, )1 (p;,¥(P)iPr—{4}) dx(p)
2 o 2.5 Ao w2y )

(5.30)

These two equations are the generalization of eq. (5.1) and eq. (5.2) for any genus

in the topological expansion. With all these tools, we are now able to compute all
the terms of the ﬁ expansion of non mixed traces.

In this section, we proceed in two steps to compute the correlation function Wk(h)

for any k and any h, and represent it as a Feynman graph with h loops. The first step

17



consists in the determination of a recursive relation for Wéh), whereas the second one
UM 0 y(0)ipi)

Ey(x(p?),y(p*))dz(p7)

For the following, let h and k be two given positive integers. Let us consider

Wj(m) known for any j if m < h and any j < k if m = h. One also assume that

gives RZ’(h) = considered the lower order terms known.

R“™ is known for any i and any j if m < h and any j < k if m = h. Starting from

J
i,(h)

these assumptions, one computes Wk 1q and RV, what will allow to know any term

recursively.

5.2.1 A recursive formula for Wk(i)l

Let us remind eq. (5.30) in a more suitable way to emphasize that it allows us to
compute W,ﬁ’;)l (p, px) With our assumption:

Wk+1(p,pK)Uo(p, (p ))=
— W () U™ (9, y(p): P
(h)( y(p ) px)dz(p)?
—yh oz] om0 U (0. y(0); WS (0, Prc— )

UM (0 9(0)Pr—15}) da
_Uk+1 '(p.y(p): p. Pr) + 225205 dy, < . 1x(Jp)_x(p;§ k d:c(g;))) dx(p)

(5.31)

Remark that the RHS contains only known terms except Péh) (p,y(p); Pr). For-
tunately, it plays no role in Cauchy formula.

Indeed, we write the Cauchy formula, move the integration contour and vanish
integrals around the cycles thanks to the Riemann bilinear identity eq. (A.10). This
gives:

Wk+1(p> Px) = — Res le-:-)l(p, Px)dSy (D)
= Z Res (0 PK)dSy o (p) (5.32)

We now introduce eq. (5.31) inside this formula and keep only terms which have
poles at the branch points:

Wéi’l <p, Px) = N
— S, Reswm m(')Rmp’;pK)dSP o<>

m (5.33)
— Yo Z] =0, m+j7}fO 128 Res p—a, R;- )(p/; pJ)Wk —j+1 (pla Prc—7)dSy 0(p)
— 5 Res o, B (050, P Sy o(p)
For convenience, let us note:
W) =0 (5.34)
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Then, the recursive definition of W,ETI (p, px) reads:

h
W (b, pic) = , .
Zi2 e Zjo o T ReSp, R (0 )W (0, Pre—s)dSy o(p)
+ Z;lil Zs Res p'—as RZ.(;_l_ )(p/7 p/a pK)dSp’,O(p)

(5.35)

5.2.2 A recursive formula for Rz(h)

The second step consists in the derivation of an equivalent formula for ng(h). We
proceed in the same way as for the genus 0 case: we use the rational properties of
some of the correlation functions to write the recursive formula, with the aid of a
relation similar to eq. (5.22).

Let G (2(q), y(r)) be :

a
+
=
—
R
<
~
=
~—
R
3
=
~—

G @@ y(r) = () —y@)U" (@ y(r)ipx) + dz(q)
+m§1j§d;(q)U;m)(q’y(”;PJWé’i;.TB(q,pK_J)
k—1
3 dxl(q)zfj(q,y(r);pJ>w,gﬁ>j+l<q,pK_J)

(5.36)

The loop equation eq. (5.29) shows that G,ih) (z(q),y(r)) is a rational function in
x(q) and a polynomial in y(r).
Thus, one has:
G @), y() = GO ), y() (5.37)

which can be written:

i h i w ™ (0t U™ 0y (0P 1)
(W) = y DU (0, y(0); Pic) = Sl by by I
U(h—l)( i ( 7.) i )
+ k41 py\p )PPk
do (m) (hm) (o (5.38)
. Zh . Z? . Wjﬂ(pvp(f)Uk;j( )(p7y(p )iPE—J)
m= = z(p
UV ey@)ipr)
dx

We now establish a relation similar to eq. (5.22) in order to present our recursive
formula in such a way that it can be graphically interpreted.
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In order to achieve this aim, one has to determine an explicit intermediate for-
mula for U,gh (p,y; px ). Let us assume that (for the proof, see Appendiz C')

UM,y (");p(K)Z)
Ey(z,y(p?)) =min(d2,k+h 1
‘y@(}) o) St Y ke U U ek Sham0 St 21| S siar gy elldol (i) G
w 1

i J1,1 J1,k1—| K1 | T (ha) (de,0 Ja,1 Joka—|Kal (539>
k1+1( PE P pt L ) Hazgwka+1(pa PKo P O, p e ol)

dﬂﬁ(p)r*k*1+Z ha [L. 5 v —y@'>?)

where Q = T[, (ko — |K.|)! is a

symmetry factor and one has the following
constraints:

o Y (ha+ka)=h+Ek;

o 0 <|Ka| <ka

One should note that the only external parameter entering these constraints is
k+ h.

It is now possible to derive an equality equivalent to eq. (5.22). One shows — in
Appendixz D — that:

h
h—
S W)U 0yp)ipr—s) + UL (0, y(p); p, k)
m=0 j=0;mj#kh

k
3 WG e)U™

0 y(p) Pr-g)
1=1 m=0 j=0;mj#kh

da ' '
+3 UL (0, y(0): v p)
(5.40)

This equality allows us to write:

(y(p') — ())Uk (P, y(P);

h W @)U 0l )P )
(h
U

Dol i l
( ) ( )7 ) 7
+Zz¢o: - Z;zpl)) LD Wk+1( >PK)Ey($ay(p )

Px)
(l

That is to say:

i,(h) _ < k Wi e ) BT (0hprc )
Rk (p7 pK) - Zm:(] Zj:-o(;:b]fkh Zl;éOi (y( ) y(p))dw( )
Ry (!

k41 pip 7pk) k+1(p 7pK)
21200 GO ) T W)@

(5.42)
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5.3 Diagrammatic solution: a cubic theory

This section is the principal part of the article. We define a correspondence between
the correlation functions and a system of Feynman-like graphs. To every k-point
function of genus h, we associate a graph with k external legs and h loops and
eq. (5.35) and eq. (5.42) become two relations describing these graphs as functions
of graphs with less legs or loops thanks to some rules we introduce in this part.

First of all, let us represent diagrammatically eq. (B.6) and eq. (B.16) as the
propagators of the theory:

Wap,q)=P —— 4 (5.43)

and

Ri(pm) = pd ey p, (5.44)

These two diagrams represent the basis of the whole representation: they allow
to draw the k > 2 correlation functions.

Note that the second propagator can also be seen has a vertex of valence 2, and
this is the way it will be presented in the diagrammatic rules.

Let us now introduce the whole diagrammatic representation:

Let Rz(h), and Wk(i)l respectively, be represented as white and black disks with h
holes and k external legs (remember that Wéi)l is the generating function of discrete
surfaces with k& + 1 boundaries and h holes):

R
R
Wk(fli-)l(pupl(> = (5.45)
(h P,
pl
B
//pk-l
i.(h) o pwgi >
(h) p
b, °

Let us introduce also the following propagators and vertices:
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non-arrowed propagator:

p

q .= WZ(p> q)

arrowed propagator:

P —F—q.= dS,.0(p)

Residue cubic-vertex:

q

= >, Res g,

colored cubic-vertices:

2-valent vertex: | p'Adre—pi o

1
G L~ %)

One can now simply interpret the recursion relations eq. (5.35) and eq. (5.42) in
terms of diagrams.

The relation eq. (5.35) reads:

Y Y Oy

i=1 m=0 j=0,m+j#0 JEK;

(5.47)

And given lower order R;’(m) 's and VVl(m) ’s, one can obtain RZ’(h) diagrammatically
by writing eq. (5.42):
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+3, (5.48)

+p

From these diagrammatic relations, one can see that W]gi)l is obtained by the
summation over all diagrams with 1 root, k leaves and h loops following the rules:

e The vertices have valence 2 or 3; there are 2h + k — 1 trivalent vertices;
o The edges, are arrowed or not, the arrowed edges are waved or not;

The subgraph made of arrowed edges forms a skeleton tree (i.e. a tree whose

vertices have valence up to 3);

from each trivalent vertex comes one waved and one non-waved propagator;

two vertices linked with a waved propagator have different indices;

o the k leaves are non-arrowed propagators finishing at p;’s (i.e. B(.,p;));

e the root is an arrowed non waved propagator starting from p.

A practical way to draw these graphs is to draw every skeleton tree of arrows,
put k£ non arrowed propagators as leaves, close it with h non arrowed propagators
linking one vertex to one of its descendents in order to obtain A loops and then put
waves so that from each trivalent vertex comes one waved and one non-waved arrow
with the possibility that every waved arrow leads to a bivalent vertex.

Remarks:

e The order for computing the residues is following the arrows backwards from
leaves to root.

e Wy, is symmetric in its k 4 1 variables, although it is not obvious from this
representation.

e There is no symmetry factor arising in this representation unlike [13].
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5.4 Examples

Let us briefly show some diagrams for small h and small k.

5.4.1 Leading terms: tree level

We begin by the leading terms of the first correlation functions, i.e. for h = 0.
o k=3

WS(O)(p>p1>p2 = ; ;

't p1)B(p’ ,p2) B(p't,p2) B(p',p1)
= T 5, Resp*as By A 4 e | dSy o ()
(5.49)

and

% P,
-’ 0 i i
Rg( )(p7p17p2> = Z;lzzl pw—{ " PW—{
I R, Py
R

2 P

(5.50)

Let us show that W3(0) (p, p1,p2) is indeed symmetric in pq, py and ps.
For every branch point a, let g be the only ¢ such that dz(g) — 0 when ¢ — a.

0 B(q",p1)B(q, B(q", ,
Wi (0,01, p2) = S, 5, Res g g, ZORIBURIBG 00 001) 45, ()

_ 2 B(r,p1) B(q,p2)+B(r,p2) B(g,p1)
= Lit1 X Resga, ReS g 0000 05t —s(andsta) oo ()

_ _ B(r,p1)B(q,p2)+B(r 7P2)B(q,p1)
= Zs Res q—as Res T4 (y(r)—y(q ;)(x(r)—x(q))dx dS (p) (5 51)
= > Res B(qvpl_)B(qvpz)dsqq(p |

s q—as g/((Q)—gJéq())dxgglg »
= - 4,P1 q,P2 ivd
= —>, Res q—as Sy(ﬁ)—y(Q))dx 3131

= ¥, Res ., 2plolr b

which is nothing but the formula found in [30] and is a way of writing Rauch’s
variational formula.
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o k=4:

0
W4( )(p7p17p27p3> = Zgil 272:1 p

R T (5.52)

d d
+ 205212 e P

+( permutations of {p1, p2, ps})

One has to consider all the permutations on the external legs. Thus, W4(0) is the
sum over 18 different diagrams.

5.4.2 Topological expansion: one and two loops level

Consider now the first non planar examples beginning by the simplest one, the one
loop correction to the one point function.
ek=1and h=1:

W (x(p))da(p) =
— f:p i
& os B(q,q")
= L2 R dSa) T
(5.53)
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One can check that this is identical to the result of [17].
ek=2and h=1:

1
DY ID Y wi - %

- w é,% o
et

Analytically, this reads:

W3 (p,pr) =
d das, /70(17)

Ziz1 Ljelna)-(3) 2os RO pa, Gom—emaeoma®)
[B(p',p1)B(p",p?) + B(p", p1) B, p”?) + B(p’,p”)?)(pl,p’])] (5.55)

do do ds /. o\D
2021 22 2 Respma, ReSyra, om—ymn i) - s G de )

(B, p1) B(", 0 )dSpr o(p") + B(p", p1) B(p", 0 )dSpr o(p)
+B(",p )B(pl, P"7)dSyo(p") + B(pr, ”)B(p,p’”)dspmo( "))

ek=1and h=2:

UERE D Vil 31

W%ﬁ?{ﬁ

+3k 12 jel,da]— }Zk 1 % W
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k
r i
i
da da .
+2224 j=1 Zke[Ldz]—{J} T “
I k

+ Zg; jel,da]—{i} Zke[l,dz]—{j} lk

LDt D

6. An effective non cubic theory

(5.56)

The Feynman-like graphs described up to now correspond to cubic vertices only, but
the price to pay is the introduction of auxiliary functions Rz(h). Nevertheless, in
order to study some problems, this property is not needed and one may prefer an
effective diagrammatic representation for only W,gh) but vertices with valence up to
ds — 1. This section is dedicated to building such a diagrammatic representation. It
consists in resumming the linked waved vertices into one multivalent vertex:

T o

6.1 Leading order: Genus 0

We have already written the equations necessary to define this effective theory. Let
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us consider eq. (5.7) and eq. (5.16):

k—1 1 U. /’ /7
Wis1(p, PK) Z Res Z Z i y()i py)

)
s j=1 JEK, da’ Ey(z(p'),y(p'))

Wk—j+1(p/7 Px-7)dSy o(p)
(6.2)

E(x(p),y Z Z f: T Wik a1 (0", Pr,)

y_y r=1 K1U...UK,=K j1#j2#...#jr=1t=1 (y y(pﬁ)) dl’(p)
(6.3)

This second equation taken for y = y(p) reads:

Us(p,y(p); Px) Z 3 Z H \Ktl+1p7 Pr) (6.4)

Ey('r(p)7y(p))d'r r=1 K1U..UK,=K j1#jo#... #jr=1t= 1 ))dﬂ?( )

Introduce it in eq. (6.2) and get a closed recursive formula for the W} 's:

d da
Wit1(p: Pr) = — X6 Respa, 350201 YUk, Uk, = szémé Ajr=1

W\Kt\+1(p it ,pK,)

Wik +1(0', Preo) TTi= 1 Ty —y(@70)) da(p’) dSp ()

(6.5)
Let us introduce the following Feynman rules:
non-arrowed propagator: | P —————— 4 := Wz(p, Q)
arrowed propagator: | P —» g :=dS,.(p)
q
r+2 - vertex qil
(1<r<dy) q q: .— _ 25 gttt RS ga,
with one marked i | m
edge:
o

Remark that one leg of the multiple vertex is marked: on this leg, there is no
summation over the different sheets.

Using these rules, one can diagrammatically write the recursive relation as fol-
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lows:

B
Pt
/ Bz
=Yy

r=1 KoUK 1U...UK,=K

(6.6)
From this relation, one can see that Wy, 1(p, px) is obtained as the summation
over all trees with k 4+ 1 external legs and following the rules:

e The vertices have valence r+2 such as 1 < r < min(k — 1,ds);

The edges are arrowed;

One of the legs of each vertex is marked

The k leaves are non arrowed propagators ending at p;’s;
e The root is an arrowed propagator starting from p.

The drawbacks of these effective rules induced by the existence of multivalent
vertices is balanced by the simplicity of the vertices and the absence of different
propagators.

6.2 Any genus h

Let us now study the extension of this theory to any genus.

Once again, the fundamental equations have already been written. Let us recall
to mind eq. (5.35) and eq. (5.39):

h

W (p,pic) = o
U;" @' y(@0')ipa) 11 (h—m

—ho Z§207m+]¢02 Respﬂasj(z(p—)y(plwk W pr-s)dSyap)  (6.7)

uth

(0 y(0')ip Pr)
—2s Respa, H;Ey(x( ")y(@')) dSy.a(p)

and, for ¢ # 0:
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Uk ( by (Z)§pK)
Ey(z,y(p )) min(dz,k+h) 1
Vo)) =1 LU U= Ztomo Dol S pter w0 8 ()
W,E;Tl( }pxl,ph’lv---vp(“ k1 - ‘Kl‘))(]_[r ,Wile) (pa0 pc, ot .. pleska—IKal)

(p) 2 e [1. ;v —y@'es

In order to introduce this second formula inside the first one, one has to use the
interpolation formula to consider the case where ¢ = 0

U™ wy(p)ipr)
By 2(0)9()

mzn dg,l+m
— > ZLI U--ULr=L Zma—O Zza—lLa\ Zmﬁ Fir€[l d2} (6.9)
W( 1)( 1.0 pry b W B [T, wime)

la+1( ]aovpL Pjal ---p]a la— ‘La‘)
-1 1 j j
dz(p)" D> “(y p“’o)—y(p))Ha,ﬁ(y(p“'o)—y(p”“ﬂ)

Recursively, it is easy to check that it can be written:

U™ (p,y(p); P1)
Ey(z(p),y(p))dx(p) |
m +m
SIRD DD S SEND DI
LlU JLr=Lma=0la=|La| jo,p7]ar, 5 €[1,d2]
a+1 (pja JPL., P, Pletasital)
a=1 dl’( )la [Lal+1 Hlﬁa:()‘La‘(y(p)

— y(pla®))
(6.10)

where € is some other symmetry factor depending only on the same parameters
as (2.

One is now able to write an explicit recursion formula for the th)’s that can

be graphically represented with the Feynman rules introduced in this section. The
introduction of eq. (6.10) in eq. (6.7) gives:

h
W (p, pK) =

k+h

1
S35 SEND SHNS b S S
fr= 1K0UK1 U"'UKT':K ha—Oka—‘Ka‘ja,ﬁ7éja/ﬁ/€[1 da]

T

W(ha) (p/ja,o P /Ja,1 . ,ja,ka*\Ka\)
ho) o y PK.» P ) D
dS ( )W/](K;)Hl(p ) pKo) H /+k1 K41 ka—|Ka| / i)
a=1 dx(p/ )k~ IKelHL T2 0 (y (p) — y(p7=2))
)P, PK)
dS ’,oe(p)
() !

h
_Z Res UI‘EH1 ( ,7y(p/
s Poas Ey(x(p/)
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That is to say:

(h)

S oD “

r=1 ho KoUK1U..UK,=K
(hy

(h)

+§:Z 3 % ) (6.12)

r=1 ho K1U..UK,=K
(h)

Ke

Remark that we have splitted the diagrams in the RHS in order to reproduce
the recursion relation. Nevertheless, the first term in the RHS is nothing else but a
particular case of the second term where the marked leg of the vertex is left alone
inside one of the W’s.

Hence, the h-th order expansion term of the correlation function W,yfr)l is obtained
as the summation over all Feynman diagrams with k + 1 external legs and h loops
following the same rules as exposed in the genus 0 case, i.e.:

o The vertices have valence r+2 such as 1 < r < dy;

o The edges are arrowed or not;

e One of the legs of each vertex is marked;

o The subgraph made of arrowed edges forms a skeleton tree;
o The k leaves are non arrowed propagators ending at p;’s;
e The root is an arrowed propagator starting from p;

e o non arrowed edge links a vertex to one of its descendants along the tree.
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6.3 Examples

Let us review some simple examples of this description.

Wi (p, p1,p) = P q p—>—gd (6.13)

Analytically, this reads:

e _

3 (P D1, D2)

d2 i i dSq,0(p) (6.14)
Zz’:l Zs Res q—as [B(q 7p1>B(Q7p2> + B(q 7p2>B(Q7p1>] (y(q’i)—y’(q))dx(q)

WV (p) = p @

N ZZ g5 A500(p) (y(qi) — y(q))da?(q) (6.15)
Wi (p,p1) =
pﬂ“

(6.16)

e
SR
RO GEYA
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7. The gaussian case: the 1-matrix model limit.

In this section, we are interested in the special case where do = 1, i.e. one has a
gaussian potential in Ms. This situation is very important because it links our results
to the 1-matrix model studied in [13]. Indeed, when one of the potentials is gaussian
— V4 for example —, the integration over one of the variables — M, in this case — is
gaussian and can be straightforwardly performed without giving any contribution
to the formal expansion. Then, the 2-matrix model with one gaussian potential
Va(y) = £y? is equivalent to the 1-matrix model with a potential V' = V; — %. We
check in this part that our results coincide with the ones obtained directly from the
1-matrix model in [13]. Actually, it is a good way to better understand the structure
obtained.

In this case, the Riemann surface is an hyperelliptical surface with only two z-
sheets. The equation z(p) = = has only two solutions. Let us call them p and 7, i.e.

p? = p and p' = p. They obey the following relations:

x(p) = z(P)y(p) = —y(P) (7.1)

The algebraic equation generating the Riemann surface reads:

E(z(p),y(r)) = —g2(y(r) —y(0)(w(r) —y(®)) = —g2(y(r)* — y(p)?) (7.2)

One can also remark that:

Ue(p,y; Px) = 92Wit1 (P, Px) (7.3)
That is to say:
0 _ Upy)sipx)  _ Win(p Pk)
Relp:pr) = Ey(z(p),y(p))da(p) —  2y(p)dz(p) 74)
So that:
0/ 1 Wi1(p, Px)
Ry (P, px) = Ri(p, Pr) = m (7.5)

Diagrammatic rules.

One can now study how the diagrammatic rules introduced earlier behave in this
limit.

e The cubic rules

Because V5 is gaussian, the Feynman rules become:
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non-arrowed propagator:

p q .= WZ(p> q)

arrowed propagator:

P % d:.=dS,(p)

Residue cubic-vertex:

q =, Res;q,

simple vertex:

- 1
P P = 2y(p)dz(p)

The last component of the Feynman diagrams, the colored cubic-vertex, im-
plies three different z-sheets. Because there exists only two such sheets in the

gaussian case, this vertex vanishes:

Considered that the bivalent and trivalent vertices only appear together, one

can merge them into one whose value is equal to — >, Res ;_.q, 5

one recovers

e The effective theory

1

@ And

[13):
4< . 4< (7.7)

The effect of the gaussian limit on the effective theory is to make it cubic. One

obtains the following rules:

non-arrowed propagator: | P

arrowed propagator:

cubic vertex
(only for r=1):

q := Wy(p,q)
P —»— d.=dS,.(p)
q
q"f
o 1
0% = =2 Reso—a, 3500
I
q
gl
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Hence, the two theories turn into only one cubic theory in this limit which is the
one derived in [13]. Indeed, the corresponding recursive relation appears to be:

_ le-il-gl) (Q> q, pK)dSq,o(p)
Wk+1 P, PK) = quial 2(0)dx(g)

h k (+1 q, Wk j+1 K— dSq,
- Y 3 Res Wiii(g,pJ) ()diq(l)) J) ()(7.8)

m=0 j=0,j+m#0

Remark:

Diagrammatically, this limit can be easily interpreted. Starting from the general
cubic theory, in order, to obtain the 1-matrix model graphs from the 2-matrix model
ones, one only has to take the length of the waved propagators to 0. In this case,
the graphs containing at least one colored vertex vanish.

Everything works as if the waved propagators of the 2-matrix model were un-
stable particles which decay into stable ones represented by non-waved propagators.
Then the 1-matrix limit is obtained by taking the life time of these particles to 0.

One shall also note that there is no symmetry factor in the 2-matrix model graphs
of the cubic theory whereas there are not well understood ones in the 1-matrix case.
The derivation of the 1-matrix model as a limit exhibits how these factors arise.
They come from the same contribution given by different diagrams in this limit.
This observation exhibits how the 2-matrix model seems more fundamental.
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8. Conclusion

In this article, we have generalized the diagrammatic technique of [13] to compute all
non-mixed correlation functions of the 2-matrix model, to all orders in the topological
expansion.

The result can be represented diagrammatically, with some cubic Feynman rules,
which are just convenient notations for writing residues on an algebraic curve and it
is not clear whether there exists a field theory giving rise to these graphs or not.

This shows that the method discovered in [13] is very universal, i.e. it works for
all algebraic curves, not only hyper elliptical curves.

The future prospects of that work are to find the diagrammatic rules for com-
puting the free energy to all order in the topological expansion, and also all mixed
correlation functions (using the result of [14]). Another possible extension is to work
out the multimatrix model, i.e. the chain of matrices as in [20], and in particular the
limit of matrix quantum mechanics. We believe that this technique could apply to
many other integrable models.

Another question, is to understand the limit of critical points, i.e. when some
branch points and double points start to coalesce. It seems that the diagrammatic
technique should just reduce to consider only residues at branch points which become
critical. One may expect to recover some relation with the Kontsevich integral, in
relationship with KP integrable hierarchies.
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Appendix A Needed tools of algebraic geometry
We review here some definitions and properties all along this article.

Behaviors at co. We see from eq. (2.17), that at large x, we have y ~ V/(z) —
2+0(1/x?) in the z-physical sheet. (resp. at large y, we have z ~ V2’(y)—5+0(1/y2)
in the y-physical sheet). This means that the functions x(p) and y(p) have two poles,
oo, and oco_ on &. The function z(p) has a simple pole at co, and a pole of degree
dy at co_, while the function y(p) has a simple pole at co_ and a pole of degree d;
at co. We have:

Yo) 2, Vilee) = o+ 0L fa)) (A1)
(p) ~ Vi) - —— + O(1/y(p)?) (A.2)
P y(p)
In particular:
130(18 ydr = Res xdy =1 (A.3)

Genus and cycles. The curve £ is a compact Riemann surface with a finite
genus g < didy — 1. If g = 0, £ is simply connected, and if g # 0, there exist 2g
linearly independent irreducible cycles on &, such that by removing those 2¢g cycles
we get a simply connected domain. It is possible to choose canonically the 2g cycles
as A;, B;,1=1,...,g, such that:

Aiﬂ.Aj:O s BiﬂBjIO s Aiﬁszéij (A4)

Branch points. The x-branch points a;, t = 1,...,ds + 1 4 2g, are the zeroes
of the differential dx, respectively, the y-branch points b;, i = 1,...,d; + 1+ 2g, are
the zeroes of dy. We assume here, that all branch points are simple and distinct, i.e.
that the potentials are not critical. Notice also, that E,(z(p), y(p)) vanishes (simple
zeroes) at the branch points (it vanishes in other points too).

Bergmann kernel. On the Riemann surface &£, there exists a unique Abelian
bilinear differential B(p, ¢), with one double pole at p = ¢, such that:

AN nite and Vi Bpa) =0 (A5)

peEA;

B9, i) —2(9)

It is symmetric:
B(p,q) = B(q. p) (A.6)

Its expression in terms of theta-functions can be found in [24,25], it depends only on
the complex structure of £.

37



Abelian differential of third kind.
On the Riemann surface &, there exists a unique abelian differential of the third
kind dS,,(p), with two simple poles at p = ¢ and at p = r, such that:

Res dS,(p) = 1 = — Res dS,,(p) and Vi ]{4 dS,.(p) =0 (A7)
We have: .
dSgr(p) = / ,_ B.4q) (A.8)

q
where the integration path does not intersect any A; or B;.
dS,-(p) is a differential on £ in terms of p, but it is a multivalued function of
q (and of 7). After crossing a cycle B;, it has no discontinuity, and after crossing a
cycle A;, it has a discontinuity:

dise (S, (9)) = dSy..r(p) = dS, ,(0) = §_ B.d) (A9)

Note that the discontinuity is independent of q.

Riemann bilinear identity.
If w is a differential form on &, such that § . 4 w(q) = 0, we have:

> Res oSy o) = 3 i (o(0)dS,, )

g

1jg discg, (w(q)dS,+(p))

I
=

y§ (@) dise (S, ()

disc 4, (dSy(p ))j{ w(q)

qEA;

@
Il
—

I
HM@

I
o5

(A.10)

where the LHS is the sum over all residues on a fundamental domain, the poles z; are
all the poles of w as well as the pole at ¢ = p. This identity is obtained by moving the
integration contours on the surface, and taking carefully into account discontinuities
along the nontrivial cycles (see [24,25]).

Appendix B Two points function in the planar limit

We present here a new derivation leading term of the 2-point function’s leading term

Wa(p1, p2)-
This case is of special interest because it represents some initial condition for the
diagrammatic rules. In fact, the two correlation functions Ws(p1, p2) and Uy (p1, y; pa),
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are the basis of the whole structure of the Wéh)’s. Moreover, it allows us to show
through a simple example the way we proceed further for the general case.

We first rederive the well known result that the two point function is nothing
else but the Bergmann Kernel (see [5] for instance).

Let o € £ be an arbitrary point on the Riemann surface. Since the Abelian

differential of the 3rd kind defined in eq. (4.14) dS,.(p) behaves as x(d;c (’; @ When

q — p, one can write the Cauchy formula under the form:

Wa(p,p1) = = Res dS,o(p)Wa(g; 1) (B.1)
One can see from eq. (5.2) with £ = 1, and from eq. (4.17), that the integrand

in the RHS has poles only for ¢ — p and ¢ — p;, Since W5 has vanishing A-cycles
due to eq. (4.17), we can use the Riemann bilinear identity eq. (A.10), and get:

Wa(p,p1) = Res dSq0(p)Wa(q; p1) (B.2)

For k =1, eq. (5.2) reads:

Ey(z(p),y(p)) Wa(p,p1) = —Pl(x(zl}),(y(p);(pl)))dxépz |
o(p1,y(p)) da(p
i <x<p> (1) dax(pl))
(B.3)
and thus we have:
Wa(pspr) = Res dS,.o(p)Wa(q; p1)

. Res Pi(z(q),y(q); p1)dz(q)

=~ Res dSyo(p) £, (0)y(a)

(:chfl vpy) Ay >)

+ Res 4500 i)

(B.4)

Since Pi(x(q),y(q); p1) is a polynomial in z(q) and y(q), it has no pole at ¢ = p;.
For the second term we use eq. (4.3):

Walpip) = qfigsldSqo( p)Wal(q; p1)
- o E(x(p1),y(q)) dz(q)
= B e =0 ) — ) B (0), 9(0)
dp, dSp,.0(P)
= B(pi,p)
(B.5)
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We thus recover the well known result: the two-points function is equal to the
Bergmann kernel on the Riemann surface corresponding to the algebraic equation
E(z,y) =0 (cf [5,20,27,30]).

Wa(p;p1) = B(p, p1)

(B.6)
Let us now compute Uy (p,y;p1). For k=1, eq. (5.1) reads:
(y(r) — y(qczs)cf(g)(q,y(r);pl) _ _W2(q;zgi$)(2q,y(r)) — Pua(q), 5 )
Uo(p1,y(r))
o (o ) D
take it for ¢ = r = p*:
0= _Wz(pi;pdlcz?;()g’y(pi» — Py(x(p"), y(p'); p1)
Uo(p1,y(»"))
o (o) i ) 9
using that z(p) = z(p'), we have:
0= REPIRB VB by atp), )00
Uo(p1, y(p"))
o (G i ) ()
Now, write eq. (B.7) with ¢ = p and r = p
(y(pi) - y(pcgig)l)(pv y(p )?pl) _ W2(p pl)[(JO)( ( )) Pl(x(p>’y(pi);p1)
Uo(p1,y(p))
o (G 2 ) (240
and insert eq. (B.9), you get:
(@) —y@)Uipy(0');ip) = WQ(pi;png(;()pi’ (#")
~ Wa(p;p1)Uo(p, y(p'))
dz(p)

(B.11)

Using eq. (4.3), i.e. Up(p,y) = %p&;i/)dl’(p), this implies:

(") — y@)Ui(p, y(p'); p1) = Wa(p's p1) By (z(p”, y(p")) (B.12)
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Since Uy (p, y; p1) is a polynomial of degree dy — 1 in y, we can reconstruct it through
the interpolation formula:

. ~ E(xp),y) & 1 (y») —y)Uilp, y(0); p1)
D) = ) Z; —y(p') E,(z(p?,y(p'))

i.e.

E(z(p),y) dZQ Wa(p', p1)

hlpyim) = (v—y) I y—y) B
and in particular, at y = y(p), we have
B(p, pr) () = % ; 2(1, %j) (B.15)
and for i # 0, we have:
Ry (p, p1)dx(p) = Gilpy@)ip) __Walp',p1) (B.16)

Ey(z(p),y()) () —y(p))

Appendix C  Computation of Eq. (5.39)

In this appendix one proves recursively eq. (5.39) for any k and h.
Let us suppose that this formula is know for any Ul(m) with m < h — 1 and for
any Ul(h) with [ < k — 1. One writes it:

U™ (p,y(p); pr) =
By (2y(p")) §~min(dz.k-+h) !
y:(yp )y p(p) ZT 1 ’ ZLl U UL’I‘ L Zm(x—o Zla ‘L(x| Zja,ﬁ#jalyﬁ/e[lvdﬂ_{i} Q (Cl)

10, - - o
Wl(ﬁll)(p Ly P b, p ‘Ll‘)(HT ,Wme) (a0 pr plast, | plecla ‘L“‘))

da(p) ~ 2 Lo [1. 5 v —y@'>?)

Let us introduce some shortened notations so that one can write this proof in a
few pages.

Considering the sum on the RHS of eq. (C.1), one can see that there are two
different kinds of terms:

e If ; = |Ly|, one can factorise the term W'|L1|+1(p pr,). Let us note the sum of

these terms W (p*, p)W (pr,p’) where we have noted W instead of VV\L 41 to
indicate that these are formal notations;

e the other terms correspond to the sum over all l; # |L;|. Let us denote them
by W(pluplnp])W(pLap])
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Using these notations, one can shortly write eq. (C.1):

U™ (p,y(0'); pr) = W', p)Wpr, ) + W', pr, o')W (pr, p) (C.2)

Thus the interpolation formula gives:

Uz(m)(Pi,y(piﬁpL) =W(pL,p’) + Wp,p)W(pr,p’) + W(p,pr. o’ )W (pr,p’) (C.3)

where the first term corresponds to the sum where all jg’s are different from ¢
and 0 and there is no W, whose argument is p or p'.
On the other hand, one knows the relation 5.38:

W ot p ) U™ (00 y (0 )ip R — )

i\ . h k
UM (0, y(0)i pre) = Sl g Shog —2 W) Z@))dw()

wm (h
ek W (pp ) Uy ™ (py(p")iPr—7) C.4
D N (T RTO)E ) (©4)
U,SH ) (p.y(p");p,p1) U,SH (0 y(p)ip pr)

_|_

(y(®*)~y(p))dz (y(®*)~y(p))dz

Remark that the terms in the RHS of this equation correspond to the criterion
of the hypothesis and one can then express them as a product of W’s following the
notations introduced earlier. This reads:

U (0, y(0): pic) =

W', p )W (pre, ) + W', p)W (p, p)W (i, )

W', p)W (p, pc, )W (pic, 7)) — W p, p)W (0, )W (P, 77)

-W( pK) (0", v, )W (prc, 7)) + W (', prc, 07 )W (i, 77)

W', p,p)W (p, 0°) + W (p, )W (0", pic, )W (pic, ) (C.5)
(
(

+

p
P’

+

+W (', pic, V)W (pic, 1) + W (P, pic, )W (0, pic, )W (pic, P7)

~W(p, 0", p )W (prc, ) — W (', pr)W (p, pic, )W (pic, )
—W(p, 0", pc, V)W (pic, ) = W0, pic, )W (p, pic, )W (pic, )
=W, pe)W (px.P’) + WO, . )W (P, )

So one has proven the formula for U ,gh).
Because this formula is true for h=0, it is true for any k and h.
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Appendix D  Derivation of Eq. (5.40)

One wants to show that:

Ul py@)imp)
ZZ@:O Z?:O;mj;ékhw—i-l (I%PJ)Uk —j (p,y(P)§pK—J) + = Zzp P =

S o S e WL (0 ) UL ™ (0 4 (9): P —) (D.1)

h—1 i i
+ Zd2 U 0 () o)
i=1 dx

Let us compute the difference D between the two sides of the equation by the
introduction of eq. (5.39) written with some few different notations which are defined
as follows:

o l=r+h—3%,h;

o ug =" (ke— |K.]) -
One can then write:

D:Zh (]Zk OmﬂékhW+1(ppJ)E (:(; y( ))Zgzlm
X Zdz —1 Zho—o ]lz:—_ho j—m 23275 £jie[l,do]— {3} ZK1U UK=k Q
Wéh)l( ,PK17p]7"+17___7p97"+u1 (Hﬁ , kﬁ+1(pﬁvpKﬁ prrus—it .,,7p]’"+uﬁ))
sz Qy(p) y(p’7)
- Zh o g WL (0 ) e

y(p)—y(®*)
X Zd2 =1 Zho—O zj:ho 7 Zj275~~~7fjl€[1,d2}—{i} ZKI U--UKr=K é
W1£1+)1( PPKy P (ngz Wligi)l (@’ PEg ’pjr-+u571+1 ’m,pj’”r"ﬁ))
IT_,v@)—y@™)
+Ey(x,y ( ) 2 e
x Y s Zho_o lezj:ho jot A €[Lda)—{i} 25K .. | Kr=K %
e (i D)
I1_, v -y
W(hﬂ(l? Py P p? T )Wési)l (P72 prcy P’ F U1+ L pTTHu2)
[T _, v —y(™)
X Hﬁ ?,VV/LcﬁJrl(p]ﬁ p ﬁapﬁﬂﬁ 1 ---apjr“ﬁ)}
_ Z P))

i= 1y(p y(p)

X 2y Yoy S Lo X Y. ARl da]—{i} 22K |- UKT—Ksla
W’iﬂ)l( Fp ey L) (Hﬁ:Q é;ﬂ(l’ﬁ,pxﬁ,phﬂﬁ 1+l ...,pJ”“B))
[T, v@)—y(»)

W(lﬂ(p,pxl il it )W(h2> (0 972 picy T L pPr )
[T _, v(@)—u()
X Mooy Wi (079 prc, 700 o)

(D.2)

+

+

The difference between the two first terms leaves only the terms corresponding
to uy; # 0 in the first one minus u; # 0 in the second one.
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The difference between two last terms will allow us to compensate the preceding
ones. Indeed, the terms with p’ and p together in the same correlation function
straightforwardly vanish and one gets the exact opposite to the two first terms re-
maining.

Thus D=0 and the equality D.1 is proven.
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