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POSITIVE SIMILARITY SOLUTIONS FOR A DISCRETE VELOCITY
BOLTZMANN COAGULATION-FRAGMENTATION MODEL

Cornillet H. and Iklett M.

T Service de Physique théorique, CE Saclay, F-91191 Gif-sur-Yvette, France
T+ Dep. of Mathematics, University of Nevada, Las Vegas, NV 89154

Abstract

We consider the Slemrod et al!) coagulation-fragmentation model which is essentially
the 2-dimensional Broadwell model including inelastic collisions. We construct two classes
of similarity solutions (variable n = z — (t), positive for n € (—o0,00): the Rankine-
Hugoniot solutions and the scalar Riccati similarity solutions. Previous solutions were
built up with positivity along half of the x-axis. For the two classes we determine in the
parameter space, building up the solutions, domains corresponding to positive solutions.

1. Equations for the Coagulation-Fragmentation Model

In this model, to the planar Broadwell model with elastic collisions is added in-
elastic collisions where a cluster with one particle may gain (coagulation with transition
probability p.) or lose (fragmentation with transition probability ps) only a cluster with
one particle. Assuming that the system is symmetric about one xy = z axis, we have four
independent densities N; associated to velocities with coordinates xq,z2 in the plane.

N1 . (1,0),N2 . (—1,0),N3 . (O,j:]_), No : (0,0)

They satisfy two linear relations (mass and momentum conservation laws) and two
nonlinear equations: We define: p1 = 0y &+ 0., po = 0%

P+ N1 4+ po(N3 + No) =0,p4 Ny = p_Ny,py Ny = Cy,poNs = Cs (1.1)
C1 =[(1 = pc)N§ — (14 pc)N1 N3] /2 + pyNo,Cs = [(1 — pe) N1 N2 — (1 + pe)N31/2 4 pyNo

The elastic collision terms are (N1 Ny — N3 ) and +p s No, +p.(N1 N2+ N3 ) for the inelastic
collisions. Assuming N;(n = = — (t) we get a system of coupled Riccati equations and the
whole study could be done in three steps. First the Rankine-Hugoniot (R-H) relations(?)
where we consider only the two conservation laws and the vanishing of the collision terms.
Second the solutions of the scalar Riccati type®) and third the possible Riccati coupled(4—2)
solutions. We define two asymptotic states defined by the microscopic densities: (i) ng;
and (ii) s; = ngi+ ni, choose ngy = 1 ngz > 1 and write down the twelve conditions for
physical positive solutions:

no; >0, 5,20, 0<pr <1, 0<p:.<1 (1.2)
The first problem is whether two positive stable asymptotic states ng; > 0,s; > 0 exist or
not. The best tools for this study are the R-H relations. The second problem is whether
or not exist p.,py positive and less than 1. In the R-H framework we will get only p./ps

while both p. and py are deduced for the scalar Riccati solutions so that the domain of
acceptable solutions will be smaller. We have found two classes of solutions: Classl with



0 < ¢ < 1 for which we will give details and Classesll with —1 < ¢ < 0, deduced from
classI by the T transform: x +— —x, Ny +— N, N3 <— N3, Ng <— Np.

2. Rankine-Hugoniot Solutions
2.1 General Results

We get six relations. Two from the linear conservation laws where we defined scaled
parameters n; = n;/n;
(1=Cni —C(ns+no) =1 —-Cni+(1+n2 =0
fio = —[M3 +M2(2+73)]/(1 +72), (= [1+73 +70] ™" = (1+72)/(1—72) (2.1)
and four from the vanishing of the two collision terms at the asymptotic (i),(ii) states:
(1): noopf/pe = nds = noano1, (ii): sops/pe = 3 = s152 (2.2)
or for (ii) nopy/pe = n3 + 2no3ns = nangr + ni(ne2 + n2) or
ny = (Ranoe1 + noz — 2”0353)/(53 — Na),
Pf/pe = (ﬁ§n1 + 2ngsns)/fg = n3[Rg(Manor + no2) — 2n03ﬁ2]/ﬁo(ﬁ§ —Tg) (2.3)

All parameters can be deduced from ngy,ngs,n2,3. We get successively: ngs from
(2.2),¢,no from (2.1),n1,n2,n3, N0, 51, 82, 53,pc/pf from (2.3-1), ngo from (2.2) and finally
sp. The main result is that all s; can be written in closed form. For the present model the
mass M = Ny + Nz 4+ 2(N3 4+ Ng) and the momentum .J = Ny — N3 are conserved but not

the energy and we call mg, m, the M values at the (i),(ii) state:

so = No(y/noz — May/no1)? (a/To2 — ﬁ2\/n01)2/[ﬁ3(ﬁ§ — n2)|[P2(s — 2n03) + Rsnoz)],

s1 = (M3\/Mo1 — V102)? /(73 — M2), s2 = (R3/noz — M2v/no1)? /(T3 — M),

55 = (Ty o/ — o /o) (/707 — s/ ) (73— 32), g — 1 = oy (1~ 22) (1 +732) (2.4
Concerning the stability of the (i),(ii) states we will apply the Lax-Whitham(?) theory.

To these (i),(ii) states, assuming that in (2.1-2-3) the n; are small and the products n;n;

negligible, we associate the characteristic velocities (g, (s of the weak shock theory:

(2(no1 + no2) + Co(ro2 — no1) + ((& — 1)2n0s /(1 + 2nospe/pr) = 0,(0 — (s if no; — s; (2.5)

For ClassI with upstream state (i), the admissibility Lax criterion is 0 < (p < ( < (5 < 1.
We define the velocity U = J/M with Uy, U, at the (i),(ii) states, the shock velocities
Vo = (— Uy, Vs = (¢ — Us, sound wave velocities Wy = (o — Uy, Wy = (s — U with the
shock inequalities |W|S|V] at the upstream and downstream states.

2.2 Positivity domain for Classl

Lemmal For Classl, cf. fig.1a, sufficient conditions for positivity of the R-H solutions are
NnNo1 = 1,7102 > 0, sup[—l, —TLQQ] < ﬁg < 0, 0 < ﬁ3 < inf [TL03, —2%2/(1 + ﬁg)] (26)
iFrom (2.1-2-3-4-6) we get 0 < ( < 1,2 < 0,79 > 0,5; > 0, p./ps > 0 ,ngo > 0. Only the
sign of ny is unknown. Depending whether 73 S (73 + noz2)/2nos we get ny 20, ms 2 mo
with either (i) or (ii) as upstream state and either all n; 20 except ny $0. Only the ratio
p = pe/ps > 0 is known and the contour plots are shown in fig.1la for ng; = 2,ng3 = V2.
We choose 0 < p, < 1 such that py = p./p < 1.



3. Scalar Riccati Similarity Solutions
3.1 General Results
These solutions, which satisfy the two linear (2.1) relations, are of the type:
Ni(n) =noi+ni/D.D=14w,w=de", n=a—(t (3.1)
The nonlinear (1.1) equations give at the lhs and at the rhs terms of the type:
p+N1 = (1= ¢)yna(D™? = D7), poNs = —(yns(D~? — D7)
NiN; = noinoz + (no2ny + 7”627”601)1)_1 +ninaD™2 N2 = nds + 2n3ngs D~ + niD?

Const, D', D~? being independent we get six relations: the four R-H (2.2-3) relations
and from the coefficients of D™2, two new relations with only one new parameter ~.

Xy =03 £ning, 2y = (Xo + peXy)/(ns = (Xo —peX1)/(1 = Om (3.2)
iFrom (3.2),(2.3) we rewrite p., ps as functions of ny,n3:

Pec = —noX_/(Qng + nO)X_|_

pe = [(M5 — M2)/(T3(1 4 72) — 2m2)|[~T03(1 + 7oz) — 2702) /(—75 — Ta)] (3.3)
pr/3 = (1 + 72) (M3 (noz + Mano1) — 2fangs)/(Ms(1 + Rz) — 202 )(—Ty — 723) (3.4)
3.2 Positivity domain for Classl

For the positivity properties (1.2) we start with the 7y, 73 domain (2.6) but now we
have a new relation (3.2) which determines p. and py. We must determine the subdomain
of the R-H domain for which 0 < p. < 1,0 < py < 1. This subdomain is plotted in fig.1b
for ng2 = 2 and we see that it is limited by the two curves p. = 1 and py = 1. We sketch
briefly the proof. In (3.3-4) the four factors are positive if we add to (2.6) the condition
n3 + 12 < 0 and it follows p. > 0,ps > 0.

For the upper bound 1 we discuss first p. which in (3.3) depends only on iz, n3. For p, =1
we find both n3 = 0,73 = 0 and ny = —1 4 2n3 < 0. Let us consider ny,ng such that:
0 < ng < inf [\/—n2, —2n2/(1 4+ n2), (1 + 72)/2]. The three curves intersect at the same
point and it follows, at this stage, that i3 < v/2 — 1. The domain is a triangle limited by
the three lines : s =0 (p. = 1) = (1 + 72)/2 (pc = 1) = —2n2/(1 + 72 (p. = 0). Let
n3 > 0 fixed, my = —1 4+ 2n3 + € with € varying so that inside the triangle 0 < e < 1 — 2n3
and defining YV := 1 —2n3 —n3 > 0 we get € < Y/(1 +7n3/2). With X := (73 —1)2 > 0 we

rewrite the four positive (3.3) factors in terms of X,Y, i3, e
pe(€) = (X —e)(Y —e(1+73/2)) /(X — e(1 =73/2))(Y —€) <pc(e=0) =1 (3.5)
In the triangle, along a line parallel to the n, axis, p. > 0 is decreasing from 1 to 0.

For py/ns which depends on ng; and is written in (3.4), two of the four factors were
present in (3.3). We assume both the (2.6) domain and the restriction inside the above
triangle for 0 < p. < 1. Still assuming n3 = (1 + 72 — €)/2 fixed, € > 0 we define
27 = ﬁozﬁg + (1 — 2%3)(2?103 - ﬁ3) > 0, notice Z — 6(7103 — ﬁ3/2) > ﬁgﬂoz/? and get:

by /s = [(275 + €)/(X — (1 — 73 2))1Z — e(nas — 7s/2)/(¥ — o] (3.6)
The first bracket increases with € and from Z —Y (nos —n3/2) = ni3(noz+n3(2nes —73))/2 >
0 the same property holds for the second factor. For n3 fixed, ps increases with € or with
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ny. Consequently starting from n3 = (1 + f2)/2 and letting ny increasing we are limited
by the 7, value for which py = 1. In (3.4) we get a quadratic iz polynomial and choose
the negative root corresponding to py = 1.

Lemma?2: For the Classl, in addition to the R-H conditions (2.6), positive scalar Riccati
solutions with 0 < py < 1,0 < p. < 1 are provided in the ny,n3 domain by the curves
n3 < (1+7n2)/2, (p. = 1) and the Ry < 0 root (function of n3) given by (3.4) for py = 1.

In fig.1b, for ngs = 2, we present the positivity domain, the p.,ps contours, find very
small values for py and only 0.6 < p. < 1. As illustration in figs.2a-b for ng; = 2 we
respectively present the N; and M for p. = py = 0.8 and for py = 0.01, py = 0.99. In both
cases the Lax criterion as well as the shock inequalities are satisfied.

CO C Cs Vo Wo Vs W noo S0 S1 52 S3 mo Mg
2¢ 0.33 0.55 0.75 0.65 043 0.346 0.55 2. 43 4.7 09 21 9.8 185
26 0.009 0.08 0.4 0.08 0.01 0.08 0.4 200 213. 2.2 0.96 146 404 432

4. ClasslI of Positive Solutions
The six R-H (2.1-2) relations remain invariant when we apply the transform:

T: no1 & noz, n1 < na, ¢ & —(, Ni(n) = Na2(-n), N2(n) = Ni(-n),N3(n) —
N3(—=n), No(n) = No(—n), M(n) — M(-n)

and ng, noo, N3, No3, Pe, Py being unchanged. For the Riccati similarity solutions, the two
other relations (3.2) remain invariant under the 7 transform if v <— —~. For the exact so-
lutions which depend (Lemmas1-2) on ngy, noz, 2, 23 they become solutions ngz, no1, 1/72,
73 /Ty. As illustration we present in fig2abis the associated solution to fig2a, called(®)
“partner solution”, and we can verify the mentioned properties.

5. Conclusion

The motivation of this work was to show that in discrete kinetic theory, if we add
inelastic collisions, it is still possible to find models with the two asymptotic states which
are positive and stable. We find for the Riccati solutions domains smaller than the R-H
ones. For the classical® Riccati coupled solutions: Projective-Riccati and Conformal-
Riccati, we get respectively p. = 1, ( = 0 which are not possible, but there exists other
possibilities(®) that we are investigating.
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