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Relevance of equilibrium in multifragmentation

Takuya Furuth
GANIL (DSM-CEAIN2P3-CNRS), B.P.55027, F-14076 Caen, France

Akira Ono
Department of Physics, Tohoku University, Sendai 980-8578, Japan

The relevance of equilibrium in a multifragmentation réactof very centrat®Ca+ “°Ca collisions at 35
MeV/nucleon is investigated by using simulations of antisyntined molecular dynamics (AMD). Two types
of ensembles are compared. One is the reaction ensemble sifittes at each reaction titna collision events
simulated by AMD, and the other is the equilibrium ensembéppred by solving the AMD equation of motion
for a many-nucleon system confined in a container for a lamg tiThe comparison of the ensembles is per-
formed for the fragment charge distribution and the exicitegnergies. Our calculations show that there exists
an equilibrium ensemble that well reproduces the reactisemble at each reaction tirhéor the investigated
period 80< t < 300 fryc. However, there are some other observables that show péwies between the
reaction and equilibrium ensembles. These may be integbi@t dynamicalféects in the reaction. The usual
static equilibrium at each instant is not realized sinceemqilibrium ensemble with the same volume as that of
the reaction system cannot reproduce the fragment obdesvab

PACS numbers: 25.70.Pq

I. INTRODUCTION tation reactions is the order of 100 fopn which may not be
long enough for the system to reach equilibrium compared
with the typical time scale of successive two-nucleon eolli

In medium-energy heavy-ion collisions at around the Fermi’. fow t £ 1 H h | '
energy, intermediate-mass fragments as well as a large nu ions (a few tens o _VlI)- OWEVET, there are several reports
at support the achievement of equilibrium. An example is

ber of light particles such as nucleons and alpha partickes a h ot ¢ |t ¢ ing | that :
copiously produced[1] 2| 8, 4, 5]. This phenomenon is called"® existence of several types of scaling laws that appear in

multifragmentation. It is a challenging problem to undanst experi[nenta] data (e.g. Fisher's SC?““‘-’ [13] and isosgall
the comgplex but rich quantum mgny?b%dy dynamics of mul[L6.171), which may be understood if the system has reached

tifragmentation. One of the purposes of studying heavy—ior?qu”ibrium' Another example is the reasonable reproducti
collisions is to explore the properties of nuclear malttef7]6 of the fragment mass (charge) distribution by statisticatim

. . . . n Y. H . . ‘ [
This information is valuable not only for nuclear physicg bu els for some multifragmentation reactions|[16,119,201. 21, 2

Al - However, the achievement of equilibrium in multifragmenta
also for astrophysical interests such as supernova expi®si . ! o o .
phy P D fon reactions is still a controversial issue. One of tHadlil-

and the structure of neutron stars [8]. The nuclear matter i is that the inf i btained directly f s

expected to be compressed in the initial stage of a collisio 'Iefhlst ?th em olrm? '?n 0 ?I?he |re(t:_ y roEI eXpﬁh

and the created compressed matter then expands afterwald. atof the very 'ast stage of the reactions. £ven It th€ sys
em reaches equilibrium, the system undergoes the seglenti

The study of heavy-ion collisions thusters a possibility to ) . .
probe the properties of nuclear matter in a wide range of derfiecay process that distorts the information at the stageeof t
equilibrium before the fragments are finally detected in ex-

sity. Multifragmentation has been considered to occur & th =7~ ts. Another diculty is that it th librium i
expanding stage and to have some connection to the nucleBfrMents. Another ciculty IS that even if the equilibrium 1S
relevant to multifragmentation reactions the achievercant

liquid-gas phase transition, the existence of which is spec lete. S I ‘ tod to reflectibe
lated based on the resemblance between the equation of St&gmcomp ele. severalaspects are expected o refiecdae re
flon dynamics, such as the pre-equilibrium emissions ditlig

of homogeneous nuclear matter and that of a van der Waa ticles. th llective fi dth i tth ¢
system. Intensive research has been carried out to find e artices, the collective Tlow, and the expansion of theeys

dence of this phase transition in experimental data of multi 23,123/2b1 26, 27].

fragmentation. In some works it is claimed that indications The aim of this paper is to investigate whether the concept

have been obtained! [5, 9,110 11} 12 13,114, 15]. HoweveQf equilibrium is relevant in multifragmentation, and if,so

they are not conclusive and mucfiaet is still required. what sense. We examine the achievement of equilibrium in
One of the dificulties is that it is not straightforward to Multifragmentation reactionsrsimulated by antisymmettiz

relate the experimental data of heavy-ion collisions wita t Molecular dynamics (AMD).[Z€, 29. 30]. AMD is a micro-

statistical properties of nuclear matter unless the state v SCOPic dynamical model based on the degrees of freedom of

ables such as the temperature are well defined in dynamicHjteracting nucleons. AMD is a suitable model for this study

reactions. The typical reaction time scale of multifragmen for the following reasons: It has been shown that various as-
pects of experimental data are reproduced by applying AMD

to nuclear reactions [23, 28,129,/ 30) 31} 32, 133,134,.35, 36].
It has been also argued that the quantum and fermionic-statis

“Present address: LPC Caen (CNRS-INERGSICAEN et Universite), F-  tical properties of n.UC|ear systems are CprreCtly desd_rﬁye
14050 Caen, France. AMD if an appropriate quantum branching process is taken



into accountl[37, 38, 39, 40]. Furthermore, we can constructions are introduced in the present work. We simulate both a

microcanonical equilibrium ensembles for given energies a multifragmentation reaction (Sdcllll) and an equilibrigys-

volumes by solving the AMD equation of motion of a many- tem (SecI¥) with the same AMD model.

nucleon system confined in a container for a long time [41]. The wave function of anA-nucleon system¥(t)) that

By extracting temperature and pressure from these equilibevolves with timet according to the many-body Hamiltonian

rium ensembles and interpolating these data, we have draws given by a superposition of various reaction channels. As

the constant-pressure caloric curves to show that nedagae it is impossible to follow the exact time evolution |§(t)) in

capacity, which is a signal of the phase transition in finji& s practice, in the AMD formalism we approximate the many-

tems [18] 42, 43], appears in the obtained result. body density matrix¥'(t))(¥(t)] by an ensemble of AMD
To investigate the relevance of equilibrium in multifrag- wave functiong®(2)) as

mentation, we employ the foIIO\éving s4toeps. We perform the

,:\AMD simulation for very centrat°Ca+ *°Ca collisions at 35 WOYED)] ~ |(D(Z)><(D(Z)|W(Z, 0dz. 1)
eV/nucleon. The reaction ensemble at each reaction time (DO(2)|@(2))

t is constructed by collecting the many-nucleon states at the

time t from different events. We compare this reaction en-wherew(Z, t) is the weight factor for each reaction channel at

semble with an equilibrium ensemble with appropriately-cho timet. This approximationimplies that we incorporate the ex-

sen energy and volume. If we are able to find an equilibistence of various reaction channels while we ignore trerint

rium ensemble that is equivalent to the reaction ensemblderence between channels since it is unimportant for praicti

we may be able to discuss the connection between the mupurposes (decoherence).

tifragmentation data and statistical properties of nuateat- AMD uses a single Slater determinant of Gaussian wave

ter. This subject has been studied by Radaital. [44,145].  packets as a channel wave function

They have compared an ensemble obtained by the stochas-

tic mean-field approach [46] which is a BUU-type transport (ry-+-ral®(2)) = del[gozi (r,-))(m(j)], (2)

model with that obtained by the microcanonical multifrag- Y

mentation model[47] which is a statistical model. In costra

we use the same version of AMD to describe both dynamica\fvhere the spatial wave functions of nuclegnsare given by

and equilibrium situations so that we can compare the i@acti 2y 3/ 7
and equilibrium ensembles directly without beirfieated by (rlezy = (=) exd—v(r - =)'] A3)
the model diference. m Vv

This paper is organized as follows. In SEg. Il, the frame-and)m denotes the spin-isospin wave functign, = p 1,

work of AMD, which is used to simulate reaction and equi- p L. n 1 andn |. The AMD wave function®(2)) is the

librium systems, is explained. In S&c111l, we show the ressul ; ;
e ! . many-nucleon state parametrized by a set of complex vari-
of the AMD simulation for the*®Ca + 4°Ca collisions at 35 y P y P

MeV/nucleon, WhiCh have been already studied with anOtheEorrespond to the centroids of the position and the momen-
version of AMD [36]. One of the purposes of this section is

L ) . tum of each wave packet, respectively, if the antisymmatri
to ensure that the modifications introduced in Ref| [41] for y wave p pectively, | 1%y g

h lication to statistical calculati d t soail 4 tion efect is ignored. The width parameteris treated as
e application to statistical calculations do not spadl goo a constant parameter common to all the wave packets and

reproduction of the reaction data. Limiting the discusgimn v = 0.16 fm2 is utilized in this paper, which has been ad-

:Ee very tpentral treacgon,hwe 'als?har?ue the tt'mg evolul;tlfon Ojusted to reasonably describe ground states of light naoleh
€ reaction system by showing the fragment observables. fsi6q |t js shown that the binding energies of nuclei in a

Sec:m.’ we show res_ults of the statistical calculation fpr @ wide range of the nuclear chart are reproduced well with ap-
equilibrium system with 18 protons and 18 neutrons Wh'Ch.' ropriate &ective interactions [30,_48]. This choice of chan-
the same system as Ref.[41]. It is confirmed that negativig| \yave function is suitable for the simulation of multira
heat capacity appears in the constant-pressure caloresur mentation reactions, where each single-particle wavetimmc

although several modifications are introduced in this paper o 0| locali ithi £ t Besi the AMD
Sec[¥, we compare the ensembles obtained by the dynamic\%} ould be localized within a fragment. Besides, the

. . . R ave function®(Z)) contains many quantum features owing
simulation (SeclIll) and obtained by the statistical cleu o ntisymmetrization and so is even utilized for nuclearst
tions with various conditions of volume and energy ($€¢, IV) ;

. IR ture studiesl[49].
and discuss whether the concept of equilibrium is relevant t

: . . ! ! According to Eq.[{IL), the time evolution of thenucleon
the multifragmentation reaction. Sectibdl VI is devoted to asystem may be determined by calculating the time evolution
summary and future perspectives.

of the weight factor for each channe(Z t). Alternatively
we take another viewpoint that the parameif the wave
function|®(2)) are stochastic time-dependent variabi€g
Il. FRAMEWORK OF AMD TIME EVOLUTION and the time evolution of the many-nucleon state is given by
the ensemble of the various trajectories. The stochastie ti

In this section, we present our AMD framework to calculateevolution ofZ(t) should be considered as the quantum branch-
the time evolution of many-nucleon systems. We basicallying from a channel®(Z)) to many other channel®(Z;)),
follow the framework of Ref.[41], although several modifica |®(Z))), ....



The time evolution of the centroids is determined by a

stochastic equation of motion symbolically written as @ @ @ @@

d -
&Zi = {Z|,‘7‘{} + (NN COIIISIOH) + AZ;. (4) 0 fmic 0 fmic 0 fmic 0 fmic

The first term{Z;, H} is the deterministic term which is de-
rived from the time-dependent variational principlel[28, 2
30]. The Gogny forcel [50] is adopted as th&eetive inter- 60 fmic 60 fmic 60 fmic 60 fmic
action and the Coulomb force is also taken into account. The °
second term represents the stochastic two-nucleon coullisi
process where a parametrization of the energy-dependentin
medium cross section is adopted|[30].

The third termAZ; is a stochastic fluctuation term that
has been introduced to compromise the unrestricted single-

particle motion in the mean field and the localization of @
single-particle wave functions at the time of forming frag- V
ments [30,. 31| 32]. The fluctuationZ; is determined so S 180fmic 180 fmic 180 fmic 180 fmic
that the evolution of the width and shape of the single-plarti ° B
phase-space distribution in mean-field theories is repredu , % il
for a certain time duratiomgoe by the ensemble average of L.
the localized single-particle phase-space distributibeach o 240 fmic 240 fmic 240 fmic 240 fmic
channel. In practice, we compui; by solving the Vlasov °
equation with the samefective interaction used in the term °
{Z;, H}. The time durationyheto respect the coherent single- g*
particle motion in the mean field should be related to many- [~ . °

300 fm/c 300 fm/c 300 fm/c 300 fm/c

body dfects in some way since the decoherence is due to the
many-body correlations beyond mean field. In this paper, we
choosercone in such a way that the decoherence probabilityF|G. 1: Density distributions projected on the reactiomplaf very
becomes approximately proportional to the density at the nucentral*°Ca+ “°Ca collisions at 35 MeXhucleon by, = 0 fm) from
cleon location. This stochastic term is essential for thes@  t = 0 fm/ctot = 300 fnyc for four different events. The size of the
tency of dynamics with quantum statistics![37, 38,139, 40].  displayed area is 4R 40 fm.

Basically, we follow the formalism explained in Ref. [41].
In the present work, we have chosen the probability of deco-
herence for the nucledato occur during the time intervait

0 be obtained|([23| 36]. However, we take a finite coherence time

and we also introduce some modifications explained in Ref.
okAt [41] and the Appendix. Therefore, we confirm the applica-
—) (5)  bility of the present framework by comparing the simulation

results with the experimental data by Hagehl. [51]. The

wherer, is chosen to be 5 ffg, py is the density at the wave €nsembles of the many-nucleon states obtained from the dy-
packet center of the nucledrexcluding the contribution from namical simulations in this section are utilized in $ek. V.
the nucleork itself, andpg = 0.16 fm™3 is the normal nuclear ~ The simulations are performed in the usual way. The time
matter density. To better describe t€a+ 4°Ca reaction at  evolutions are calculated up to= 300 fryc, when the pro-
35 MeV/nucleon, the dissipation term (corresponding to theduced fragments are no longer strongly interacting eacroth
fluctuation term) is assumed to conserve the monopole anSimulations are carried out for many (1000) events inde-
quadrupole moments in coordinate and momentum spaces fpendently. Figur@€ll shows the time evolution of the density
the nucleons that have more than 15 neighboring nucleons @sojected on the reaction plane for several very central-rea
in Ref. [32]. Furthermore, another modification is introddc  tion events. The range of the impact paramétgs < 7 fm
to better incorporate theffect of decoherence, the details of is investigated, which is wide enough to compare the simu-
which are given in the Appendix. lation results with the experimental data of central resnti
[51]. The fragments dt= 300 frryc are identified by the con-
dition that two nucleonsand j belong to the same fragment
I1l. APPLICATIONTO A REACTION if %|Zi — Zj| < rfrag With rfrag = 5 fm, and the decays of
excited fragments are calculated by using a statisticahyglec
We apply AMD to “°Ca + 4%Ca collisions at 35 code [52]. To compare the results with experimental dat, th
MeV/nucleon. This system has been already studied by ussame experimental filter and event selection as in the experi
ing AMD with the instantaneous decoherence [36] and it hasnent [51] are applied. The obtained fragment charge distri-
been shown that a good reproduction of experimental data isution is shown in Figl]2 together with the experimental data

Pdecrk =1 - exp(—
PoTo
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FIG. 2: (Color online) The fragment charge distribution loé reac- ) . e

. ; . FIG. 4: (Color online) The fragment charge distribution loé¢ tvery
40 40

tion “°Ca+ “°Ca at 35 MeVYnucleon simulated by AMD (full line) central B = 0 fm) reactior®Ca+ °Ca at 35 MeVnucleon at four

compared with the experimental data of Hagedl. [51] (points). reaction times = 50 ~ 300 fnyc.
10
100fm/c +
8 200fm/c

> 300fm/c m
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— + =
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FIG. 3: Partition of total charge into fragments at the firtakes of \V + o o]
the reactiorf°Ca+ “°Ca at 35 MeYnucleon: the experimental data 2 & "Ell:LIrl
of Hagelet al.[51] (left) and the AMD result (right).

+ B8
0=

[51]. In Fig.[d, we also show how the total charge of the sys- 0 10 20 30 40 50
tem is distributed in fragments in the final state. The experi
mental data show that 20% of protons are emitted as protons, A

deuterons, and tritons, 30% of protons are contained in He

isotopes, and the rest of the protons are contained in heavie

fragments. The features of the experimental data are repreG. 5: (Color online) The average excitation energy of fnegts as

duced by AMD well, as we see in Fids. 2 did 3. Reasonabla function of the fragment mass numigefor the very centrallfim, =

reproduction of the fragments with= 1 and 2 is obtained. 0 fm) reactiorf°Ca+ “°Ca at 35 MeVYnucleon at three reaction times
In this paper, we have chosen the coherence time paramé= 100~ 300 fmyc.

ter 7o to be 5 fnic [Eg. @)]. No significant dierence is seen

even if we takerg to be a half or twice this choice. When we . . _
take g to be much longer such ag ~ 100 fnyc, excessive in Ref. [41] corresponds to a relatively weak decoherence (a

production of heavy fragments is observed and consequentlpng coherence time) as explained in the Appendix.

the amounts of the fragments around the B-Ne region are un- Let us concentrate our arguments on the time evolution of
derestimated compared with the experimental data. The sanseveral observables for very central reaction evemg & 0
trend has been seen when we use the AMD model describdth). The fragment charge distribution and the average exci-
in Ref. [41]. This can be understood because the treatmemdtion energy as a function of the fragment mass number are



shown for several reaction times in Fifk. 4 &hd 5, respdgtive
by identifying fragments witlrqag = 3 fm. The fragments
identified in this way are not necessarily related to the-frag
ments at the end of the reaction. Nevertheless, these quanti
ties are helpful to understand the change of the reaction sys
tem along the time evolution. (The choice of the parameter 15
rrag = 3 fm is taken to identify fragments even at early stages
of the reaction, butyag = 3 fm seems to be too small to iden- —,
tify the realistic fragments at time= 300 frryc.) %_,
Isolated nucleons and light fragments are identified even &€, 10
a very early stage of the reaction= 50 frmyc); these are in- -
terpreted as pre-equilibrium emissions of light particl€ke
heavy fragmentZ > 20 are negligible at the truncation time
(t = 300 frryc). The average excitation energies per nucleon S

20

of the fragment#\ > 15 are as high as about 5 MeVtat 100 T
fm/c and decrease to about 4 MeVta¢ 300 fryc. ) S — Eiotal/Arota=(3/2)T
In many very central reaction events, the produced frag- T2/8 otal totd
ments seem to be divided into two groups, projectile-liké an 0
target-like groups, at the late stage of the reaction (Hig. 1 0 5 10 15 20 25 30
Therefore, the two separate equilibrium systems of abdtit ha EiotalAtotal IMeV]

size will be more relevant to this reaction system rathemn tha

single large equilibrium system, if the concept of equilibm

is relevant to this reaction in any sense. FIG. 6: (Color online) The constant-pressure caloric csirfee the
Atal = 36 (Niotal = 18, Ziota) = 18) system obtained by AMD. The
lines correspond to the pressu?e= 0.005, 0.01, 0.02, 0.03, 0.05,

IV. APPLICATION TO STATISTICAL CALCULATIONS 0.07, 0.10, 0..15., 0.20, 0.25., 0..30 and 0.40 MB‘\? from the bottom
upward. Statistical uncertainties are shown by error bEns.curves

o . of E./Acal = T2/(8MeV) andE;,,../Aca = T2/(13MeV), and
We are able to study the statistical properties of manythe line of Eq/Aotal = (Ejyg + Egs)/Aowal = 3T are drawn for
nucleon systems in equilibrium by using AMD as in Ref! [41]. comparison.

We calculate the time evolution of the systemgf, nucle-
ons (it NeUtrons andg protons) confined in a spheri-
cal container of radiusya for a long time. We regard the curves, shifted slightly left compared with the result offRe
Awta-nucleon state at each time as a sample of an equilibriurg1] and, connected to that, the critical point seems to be af
ensemble. The total enerdora Of the system is conserved fected slightly. This is mostly due to the change of decoher-
throughout the time evolution so that the obtained ensemblence, as explained in Sec. VB in Ref.|[41].
is a microcanonical ensemble specified by the total energy The created equilibrium ensembles in this section are uti-
Etotal, the volumeVigig = g‘nrfva“ and the number of nucleons [ized in Sec[V.
Awotal(Ziotal, Niotal)- BY extracting statistical information (tem-
peraturel and pressur®) from the ensembles, we can con-
struct caloric curves (Ectal, P). V. COMPARISON BETWEEN A DYNAMICAL

We utilize the same AMD model used to simulate the reac-  SIMULATION AND STATISTICAL CALCULATIONS
tion “°Ca+ “°Ca at 35 MeVYnucleon in the previous section
to study the equilibrium system 0¥a;, Nota)) = (18, 18),

which is the same system as studied in Refl [41]. We calcuzempie and an equilibrium ensemble - to study whether the
late ensembles for various energigs,, /Awta = 5 ~ 8 MeV

concept of equilibrium is relevant in multifragmentati@ac-
and volumes g = 5 ~ 15 fm Viota/Vo = 2.5 ~ 67). E?

e ) total tions.
stands for the excitation energy relative to the grounc bt

the 3°Ar nucleus Egs. = —8.9A0 MeV) andVo = Awai/po A reaction ensemble An ensemble obtained by collecting
corresponds to the volume for the system with normal nuclear the states at a certain reaction time from many events of

In this section, we compare two ensembles - a reaction en-

matter densityoo. The obtained constant-pressure caloric a dynamical multifragmentation reaction simulated by
curves are shown in Figl 6. Although several changes (ex-  AMD (Sec.Il). The reaction ensemble is specified by
plained in Sec[l and the Appendix) have been introduced  the reaction time, and we consider the ensembles ob-
in this paper, the characteristic feature of the phaseitians tained from the reactioffCa+°Ca at 35 MeYnhucleon

in finite systemsl[18, 42, 43], namely negative heat capac-  in Sec.[Tll. We use only very central reaction events
ity, can be recognized in the constant-pressure caloriesur (Bimp = O fm).

with P < 0.3MeV, as has been seen in Ref.i[41]. The caloric
curve for the liquid phase, namely the line obtained by con-An equilibrium ensemble: An ensemble obtained by calcu-
necting the leftmost points of the constant-pressure icalor lating the time evolution of a many-nucleon system in a



container for a long time by AMD and regarding a state _ _
. .o TABLE I: The state variables of the equilibrium ensemblet ttea
2tnse:r(r:1rllaItelzr?1€eraelsisaaS?nTceloece(li;E]mcla}l/l).enzgre; §|qeus|“ber(|;lijf22a0duces the fragment observables of the read¢fiGa+ *°Ca at 35
; p eV/nucleon at each reaction tinhe- 80 ~ 300 fryc.
by the total energyEota, container volumeVig, and
number of nucleonfotal(Ziota, Niotal). We consider the

H H t Et* / A(otal Vtotal/ VO T P N 52
tem of N = (18, 18) studied in ) otal
system of Ziotal, Niotar) = (18, 18) studied in Se€ vV fm/d (Mev) (MeV) (MeV/fm?)
We utilize the same AMD model to calculate both situations 80 6.9 33 81 0042 14046
so that we are able to compare the reaction and equilibrium 100 6.5 3.9 7.1 0.029 200.18
ensembles without ambiguities. 120 6.3 5.0 6.1 0.019 2.1 0.12
The comparison of the reaction and equilibrium ensembles 140 6.1 6.2 5.9 0.013 2.00.13
is performed by calculating the same observables for both en 160 5.9 6.4 5.6 0.011 2.0 0.12
sembles. In this paper, the fragment charge distribu¥ipn 180 5.7 6.6 5.4 0.010 2.0 0.13
and the average excitation energy as a function of the frag- 249 5.4 92 47 0.007 1.8 0.11
ment mass numbefE*/A)a are chosen as the observables 300 5.3 13.2 41 0.005 1.9 0.15

(“fragment observables”). To make a detailed comparison
with many observables, we introduce three classes of frag-
ment observables by choosingfdrent values of the fragment
identification paramet@fag: rraga) = 3 fM, rfrage) = 2.5 fm
andriage) = 2 fm (see SedJll). The fragment observablesparison after the reaction time= 80 fryc at which we find a
with differentryag can be regarded asftrent observables for  significant number of adopted states.

the comparison of ensembles. _ The reaction ensembles at the titne 80, 100, 120, 140,
For a given reaction timg we compute a quantity 160, 180, 240 and 300 ffmare compared with the equilib-
rium ensemble&;  /Awota = 5 ~ 8 MeV andrya = 5 ~ 9
fm (Viota/Vo = 2.5 ~ 14). When the energy of the equilib-
rium systemkE;  /Awtal IS varied, a large change is observed
in (E*/A)a. However, when the volume of the equilibrium
systemViig IS varied, the change of the shapeYofis no-
ticed. Therefore, by reproducing and(E*/A)a, we are able
to find an equilibrium ensemble (specified By andViota)

and search the equilibrium ensemble that gives the minimuri@t reproduces the reaction ensemble, if it exists. Therobs
value of62. HereY; and(E*/A)a are the yield of the frag- ables for the equilibrium e_nsemble depend on the size of the
ments with the charge numb2and the average excitation en- SyStem, but we have confirmed that this dependence is com-
ergy of the fragments with mass numierrespectively. The pensated by the freedom of the normallzatlon 'faﬂowhen
subscripts “react” and “equil” indicate that the obserestibr W€ change the number of nucleons in the equilibrium system
the reaction ensemble and for the equilibrium ensemble, re® Avotal = 20.
spectively. The superscrig) denotes that the observables are  FigurelT is the comparison of the observables between the
calculated with the fragments identified byg. The factor  reaction and equilibrium ensembles. The equilibrium enrsem
€ is a dimensional constant of energy and taken as 1 MeV ible is chosen to minimize th# value for the reaction ensem-
this paper. The factoN is a normalization constant that is ble at each reaction timte= 80 ~ 300 fyc. Overall features
optimized to give the minimum value 6f. The yieldsY; of  of the fragment observables of both ensembles agree well at
the fragments wittZ = 1 ~ 3 are omitted to computé® to  every reaction time except for small details. The compasso
avoid the &ect of pre-equilibrium emissions. of (E*/A)a for the fragments identified withyag = 2.5 and 2

In Sec[Il, we have seen that the reaction system seems fa are not shown in Fi§l7, but the agreement between the two
be composed of two separate equilibrium systems if equilibensembles are as good as in the casegf= 3 fm. Table
rium is relevant to this reaction. The systelyf, Niota) =  [shows the energy, volume, temperature and pressure of the
(18,18) we studied in Se¢1V is about half the size of thebest-fit equilibrium ensembles. The normalization factor
reaction system. We therefore compare the reaction enserands? values are also listed in the table. The larger volume is
ble of Sec[ll and the equilibrium ensembles of 9ed. IV. Arequired to reproduce the later stage of the reaction whée t
value of N ~ 2 is expected to compare the equilibrium sys-energy per nucleon decreases gradually. As a consequence,
tem of Zota, Niota) = (18, 18) with the reaction system of the temperature and pressure of the system decrease aéong th
40Ca+ “°Ca. In early stages of the reaction, a heavy frag+eaction time. In the caloric curves of Fig. 8, we show the
ment withZ > 20 is identified when the projectile-like and reaction path by connecting the poin&_ /Awtal T) of the
target-like groups overlap spatially. It is not appropi&d  equilibrium systems corresponding tdfdrent reaction times.
compare such situations with an equilibrium ensemble withAll these points seem to be located in the region of liquid-ga
(Zotar, Niotar) = (18,18). We therefore exclude from the re- coexistence that includes the region of negative heat dgpac
action ensemble the states in which a heavy fragment witland therefore it seems that the fragmentation of this reacti
Z > 20 is identified withrpagy = 3 fm. We start the com- is connected to the nuclear liquid-gas phase transition.
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FIG. 7: (Color online) Comparison of the fragment chargerittistion (left three columns) and the average excitatinargy of fragments
(rightmost column) of the reaction ensemble at each readioet = 80 ~ 300 fryc obtained from the very centralhi,, = 0 fm) reaction
40Ca+ “°Ca at 35 MeVYnucleon and those of the best-fit equilibrium ensemble obtstem Ziora, Niota) = (18, 18). The reaction time of the
reaction ensemble and the energy and the volume of the lduiii ensemble are shown in the leftmost column. The valfieg.gfor the
fragment identification are indicated.



these fragments withyagz) = 2 fm. The other dierence is

in the value ofE*/A)a for heavy fragmentsX > 15), where
the equilibrium results give slightly higher values thaa thk-
action results, even though the values(Bf /A)a for lighter
fragments A < 15) for the reaction and equilibrium ensem-
bles match well. It will be possible to discuss dynamical ef-
fects that exist in the reaction ensemble by further corspari

in future studies.

Let us compute other observables in both the reaction and
corresponding equilibrium ensembles. In the following cal
culations, we use the fragments identified by ugipg = 3
fm.

First, we compute the kinetic observables, which should
also agree in the two ensembles if complete equilibrium is
T achieved in the reaction. Unfortunately, it is not straight

" e E. .. JA =(3/2)T ward since we are comparing the reaction systerf’6f +
T8 total’total 49Ca with the equilibrium system 0Z{a;, Nota) = (18, 18)
0 and thus kinematics is filerent. However, we are using the
0 5 10 15 20 25 30 very central reaction eventsig, = 0) and the fragments in
E:otaI/AtotaI [MeV] the.rea'ctio.n system seems to be categorized into two groups,
projectile-like and target-like groups, and therefore tie
servables related to the transverse momentum may be little
FIG. 8: (Color online) The crosses on tBeT plane indicate the ~affected by the dierence of kinematics. To further reduce
equilibrium ensembles that reproduce the fragment obblwaof  the influence of dferent kinematics, we define the transverse
the reaction ensembles at reaction tihes80, 100, 120, 140, 160, direction on an event-by-event basis for the reaction gyste
180, 240, and 300 from the top downward. The constant-pressu Choosing thez-axis obtained by connecting the center of
caloric curves of Fid]6 are shown for comparison. mass of the nucleons located in the positive side of the beam
axis (the projectile-like group) and that of the nucleortsited
in the negative side (the target-like group), we compute the

These results may be interpreted as follows. The fragmerjf2nsverse momentur{, Py) of each fragment projected on
observables of the reaction system become equivalentse thotheX'y -plane perpendicular to tfee-axis. For the equilibrium
of an equilibrium system by the time= 80 fnyc at latest. The system, the_f-a>_<|.s can be ta_ken arbitrarily. We calculate the
equivalence of the reaction and equilibrium systems is kepfo!lowing quantities as functions of the fragment mass nemb

for a while although the reaction system cools by breakieg th A

20

15

fragments as well as by emitting light fragments and nudeon 1

A natural question arises as to when the equivalence between E.(A) = 2—(A)<P2’ +Po)a (7)
the reaction and equilibrium systems is achieved and at what H

. . . . Pﬂow>2

time the equivalence ends, which corresponds to the time of EﬂOW(A) (PP ®)
freeze-out. Unfortunately, it seems that the current ahoic + T 2u(A)

observables is not suitable to discuss the beginning and the

end of the equivalence. Because the identification of fragwhere the bracket$ )a denote the average for all the frag-
ments is impossible at earlier stages of the reaction, insee mMents with mass numbek in the ensemble. The momen-
difficult to find out-of-equilibrium &ects after freeze-outwith tum and the position of a fragment are denotedPhyandR,
the resolution we have obtained in this paper even if they extc = X,Y',Z), respectively.P°" is the momentum compo-
ist. Even at a very late stage suchtas 300 fnyc, it seems hentin the transverse radial directid®( Ry);

that the fragment observables of the reaction are still @sell

plained by an equilibrium ensemble. pllow — PxRx + Py Ry"

Even though the overall features match well, there are also RZ + I%
small discrepancies in the fragment observables between th
reaction and equilibrium ensembles. The yields of light par The reduced maggA) of a fragment is defined by
ticles Z = 1 and 2) of the equilibrium ensemble are much
less than those of the reaction ensemble, which is due to the 1 1 1 1
effect of pre-equilibrium emissions of light particles. Wecals u(A) Ty (Asystem— AT Z)
notice two systematic deviations at the early stage of tae-re
tion (t ~ 100 fryc), which may be due to dynamicaffects. ~ wheremy is the nucleon mass anidysenis the number of
One is the deviation iz for heavy fragments. The equilib- nucleons in the system. We taRegysiem= 40 for the reaction
rium ensemble overestimates these fragments when the fragystem since the reaction system seems to be composed of two
ments are identified byraga) = 3 fm but it underestimates groups, and we takAsysiem= 36 for the equilibrium system.

9)

(10)
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FIG. 9: (Color online) Comparison of the observables relatethe
fragment transverse momenta, (and E™°") of the reaction ensem-
ble (“React”) at each reaction time= 80 ~ 300 fnyc with those of
the corresponding equilibrium ensemble (“Equilg, andE™" are
shown in the left column as functions of the fragment massharm
A, and the dferenceE, — E"® is shown in the right column. The
dashed horizontal lines indicate the temperafucd the equilibrium
ensembles.

statistical results are infiicient to draw conclusions.) How-
ever, the dferenceE, (A) - E"°V(A) agrees quite well be-
tween the reaction and equilibrium ensembles, as shown in
the right panels of Fig9, at all the shown times. Further-
more,E, (A) - E™(A) has nearly no dependence on the mass
numberA, and its value almost agrees with the value of the
temperatur@ of the equilibrium ensemble shown by the hor-
izontal line at each reaction time. This surprising agre@me
also suggests a consistency of the model, since the tempera-
ture has been extracted from an equilibrium ensemble withou
using the information of fragment kinetic energies. Thus th
reaction results for the observables related to the fraggmen
menta seem to be still consistent with the equilibrium rssul

if we subtract the flow fects from the reaction results.

Second, we estimate the size of the reaction system. The
volume listed in Tabl@8 | is that of the equilibrium systemttha
gives the best fit for the fragment observables of the reactio
system. However, the real volume of the reaction system may
be diferent from this. To estimate the size of the reaction
system, we compute the root mean square radius of the total
system in the<y’-plane

Riystem:<\/ 1 Z (R?X/+R.2y,)> (11)

Nsa-5) ieS(A>5)

by using the nucleon positionrR,(cc = X,Y,Z), where

S(A > 5) denotes the nucleons that belong to the fragments
with mass number greater than 5, aNglas) is the number

of these nucleons in each event. The nucleons that belong to
light fragments A < 5) are omitted from the calculation in
Eq. (I1) to minimize theféect of pre-equilibrium emissions.
The results are given in Fig10. The radii&*™of the reac-

tion ensemble is larger than that of the equilibrium ensembl
at all the reaction times and theffdrence increases with time.
For the reaction ensemble, the system may be more extended
along the beam axis owing to the memory of reaction dynam-
ics and then the étierence of the volume between the reaction
and equilibrium systems will be more prominent. Therefore,
the diference oR>’**"shown in Fig CID suggests that the real
volume of the reaction system is larger than the volume of the
corresponding equilibrium system typically by 50 % or more.
Conversely, if the real volume is required to agree betweenr
action and equilibrium ensembles, any good fittingrgfwill

not be obtained, because of the strong volume dependence of
Yz of the equilibrium system as can be seen fromHg. 7. (The
dependence ofz on the system energy is weak, as mentioned
eqrlier.) Thus the usual static equilibrium at each insisnot
realized. This may be because fragments are formed in a dy-
namically expanding system and the observables of fraggnent

The comparison between the reaction and equilibrium enseniecognized at a reaction timenay be reflecting the history of
bles is shown in the left panels of FIJ. 9 for the observableghe state of the system befdreather than the volume at that

E.(A) and E"°V(A) at various reaction times. Largefidir-

instantt.

ences between the ensembles are found for these observabled hird, we calculate the root mean square radii of fragments
especially at the late stage of the reaction. For instarm®, n Rms(A) for the reaction and equilibrium ensembles to inves-
negligibleE"®" for the reaction ensemble (shown by squares)igate whether the properties of the created fragmentsen th

is noticed att > 140 fmc, whereasE™" for the equilib-

reaction system are the same as those in the equilibrium sys-

rium (shown by circles) is almost zero for all the times astem (Fig[Il). We find tha®ms(A) of intermediate-mass frag-

it should be for equilibrated systems. (At 80 fnyc, the

ments A = 6 ~ 20) for the reaction ensemble are system-
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FIG. 10: (Color online) The root mean square radRj$™™ of the
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FIG. 12: The time dependence of thefdience of the fragment root
mean square radius between the reaction and corresponglirig e
librium ensembles, averaged over the intermediate-magsents
(A =6~ 20).

atically (about 5 %) larger than those for the equilibrium en
semble. We also calculate the average of théedince of
Rms(A) between the ensembles over a range of intermediate
mass fragmentsy = 6 ~ 20);

20 _
MRms = 72> REFM) -RRIW). (12

A=6

We plot ARms as a function of the reaction time in Fig.
[[2. The diference is large at the early stage of the reaction
(t ~ 100 frmyc) and reduces with time at the late stage of the
reaction. In fact, the radii of the intermediate-mass fragta

in the reaction ensemble &t 100 fnyc are larger than those

in any of the equilibrium ensembles that we have investijate
This may be an indication of the fragment formation mecha-
nism in which the fragments in the reaction are made from the
expanding dilute system where surfa¢keets are less impor-
tant. It may also be related to the finding that the symmetry
energy extracted from the multifragmentation reactioms\gh
almost no surfacefiect |53].

Vi. SUMMARY

In this paper, we have investigated the relevance of the
equilibrium concept in multifragmentation by comparing re
action and equilibrium ensembles. The reaction ensemble at

FIG. 11: (Color online) The fragment root mean square radius€ach reaction time is constructed by gathering the many-
Rms(A) divided by A3 plotted as a function of the fragment mass nucleon states at timein AMD simulations of very central

numberA for the reaction ensemble at each reaction tirae80 ~
300 fm/c and for the corresponding equilibrium ensemble.

40Ca+ “49Ca collisions at 35 MeXhucleon. The equilibrium
ensemble is prepared by solving the AMD equation of motion
of a many-nucleon systenZai, Niota) = (18, 18) confined



in a container for a long time. We then compare the reactioris large at the early stage of the reactienl(00 fryc) and de-
ensemble at eadlwith equilibrium ensembles at various con- creases with time. This may be an indication of a fragment
ditions of volume and energy. We have used exactly the sam@rmation mechanism in which the fragments are made from
AMD model in simulating both situations. To our knowledge, an expanding dilute system in the reaction.

this is the first work that directly compares the multifragme Only a small diference between the reaction and equilib-
tation reaction and the corresponding equilibrium systgm b rium ensembles is seen in the fragment observables studied i
describing both situations with one model. this paper. However, dynamicafects may become essential

The AMD model used in this paper has been modified froneven for the fragment observables when the incident energy i
that in Ref. [4]1] to better incorporate th&ect of decoher- increased or the impact parameter is varied. It has been sug-
ence. We have confirmed the validity of the current versiorgested that neck formation play an important role in semipe-
of AMD by comparing the result d°Ca+ “°Ca reactions at  fipheral collisionsi[56], but in this paper we ignored thfs e
35 MeV/nucleon with the experimental dafal[51]. We havefect. It is an interesting question whether the equivalence
also confirmed that the constant-pressure caloric curveseof between the multifragmentation reaction and the equiliri
equilibrium system Ziota, Niotal) = (18, 18) constructed with ~ System still holds under such circumstances. It is alsa-inte

the same AMD show negative heat capacity which is the sigesting to compare observables such as the momentum distri-
nal of the phase transition in finite systems. bution of fragments and the system size of multifragmeontati

The comparison between the reaction and equilibrium er].[eactions with those of the corresponding equilibriumesyst

sembles has been performed by computing the fragmerft the explicit presence of expansion and fldeets [571.58].
charge distribution and the average excitation energitagf In this paper, ;/%/pe Stljg'ed only one particular reaction,
ments (fragment observables) for both ensembles. We aze agiamely very centrai’Ca+""Ca collisions at 35 Mejhucleon.

to find an equilibrium ensemble that reproduces overall fea] N€ reaction mechanism changes from one reaction to an-
tures at each reaction time= 80 ~ 300 fnyc. For the later ~ Other. Itis therefore interesting to apply the same apjiréac
stage of the reaction, an equilibrium ensemble with a largePther reactions, such as a reaction of heavier nuclei where c
volume and a slightly lower energy is required. This is con-&tion of a single thermal source is expected [44, 45], and are
sistent with the scenario that the system created by heavy-i aCtion of nuclei with diferent isospin compositions where the
collisions cools during expansion. Unfortunately, it isfiei ~ 0ccurrence of isospin flusion has been claimed|39)60]. Itis
cult to identify the beginning and the end of the equivalencéMpPortantto explore theffects of various reaction parameters

between the reaction and equilibrium systems, and it will be?Uch as the reaction system, the incident energy and the im-
interesting to further develop the study to explore these. E pact parameter on the achievement of equilibrium. If the con

perimentally, isotope thermometers have been utilizeckto e CEPt Of equilibrium is relevant, it is interesting to exdrow
tract the temperature from reactiohs|[54, 55]. By comparingn€S€ parameters influence the parameters to specify the equ
it with the temperature obtained by numerical simulatian, i IPTium system. This study will ier guidelines for combining

may be possible to identify the reaction stage relevanteo th€XPerimental data of various heavy-ion collisions to cor
experimentally obtained isotope temperature. for example, equation of states and constant-pressuracalo

; . curves.
The reaction ensembles have been constructed without any

assumption of thermal equilibrium. Nevertheless, we cath fin
an equilibrium ensemble that is almost equivalent to the re-
action ensemble as far as the fragment observables are con-
cerned at each reaction time after 80 fmyc. This is a rather
surprising result, since there are certainly some obstesab  The major part of this work has been done at Tohoku Uni-
that reflect the reaction dynamics. In fact, we have given sewersity as the Ph. D. study of T.F. T.F. acknowledges par-
eral examples of the observables that show some discrepantig! support from the ANR project NEXEN (ANR-07-BLAN-
between the reaction and corresponding equilibrium ensenfl256-02). This work is partly supported by the High En-
bles. The fragment transverse kinetic energies afferént ~ €rgy Accelerator Research Organization (KEK) as a super-
from those of the equilibrium system, especially for the lat COmputer project.

stages of the reaction. However, thdfelience can be ex-

plained by simple flow &ects. If the flow &ects are sub-

tracted, the fragment kinetic energies of the reactionesyst APPENDIX A: IMPROVED IMPLEMENTATION OF

is still consistent with those of the equilibrium system.eTh DECOHERENCE

size of the reaction system is larger than that of the eguilib

rium system. Namely, the real volume of the reaction system The reactiorf°Ca + *°Ca at 35 MeVYnucleon has already

is larger than the volume assigned by fitting the fragment obbeen studied by AMDL[23,_86] and it has been shown that
servables. The @fierence becomes larger at the later stages o$everal aspects of the experimental data [51] are nicely re-
the reaction. The usual static equilibrium at each insnbt  produced. The AMD model used in these studies adopts the
realized since any equilibrium ensemble with the same volinstantaneous decoherence of the single-particle mag6h [
ume as that of the reaction system cannot reproduce the fra¢iz contrast, in Refl[41] and in this paper, we utilize the AMD
ment observables. The fragment radii in the reaction systemmodel in which the coherence of the single-particle motions
are larger than those in the equilibrium system. Tlkedednce are kept for a finite duration. When we directly applied the

Acknowledgments



AMD formalism given in Ref.[[41] to the reactidiCa+*°Ca  where Th Sk = Skas + Skss + Skes denotes the momentum
at 35 MeV/nucleon, excessive productions of heavy fragmentspreading of the distributiog(x; Xk, S). Namely, if the left-
are obtained and, connected to that, amounts of lighter frachand side of Eq[{A5) is getting larger than the right-hade si
ments around the B-Ne region are underestimated compare’k was reduced to satisfy the equality of Hg. 1A5) and the re-
with the experimental data. Thisis because the coherameeti duced part was converted into a stochastic Gaussian fluctua-
chosen by the formalism in Ref.|41] is too long and tifeet  tion to the centroidXy (the details are explained in Sec. Il
of decoherence is hindered for some cases, and thus it fails Ref. [41]). The purpose of this condition is to ensure full
to give enough quantum fluctuations to break the heavy frageonsistency of the energy conservation and to allow precise
ments. A modification is necessary to better incorporate thevaluation of the temperature. When a recovery of the phase-
effect of decoherence and reproduce the experimental datapace distributiom(x; X, S) for nucleonk took place as a re-
This is rather technical but the summary is given in this Ap-sult of decoherence, we replaced the shape of the diswibuti
pendix. Sy with

In the AMD formalism, special care is taken for the nu-

cleons that are almost isolated. For instance, the zenat-poi ;11 (a=b=1,23)
kinetic energies of these nucleons are subtracted since the Swb=1{1(1-7y) (a=b=456), (A6)
wave functions of such nucleons should have sharp momen- 0 (@#h)

tum distributions rather than Gaussian ones corresponding
the wave packet in EqLI(3). This change of interpretation is i 1
necessary for the consistency of Q-values of nucleon emigvhere the momentum widths were chosen togle — )
sions and fragmentation |28, 29] 30] and is very important fo 'ather than the standard Gaussian widfh b satisfy Eq.
the definition of temperaturé [41]. In Ref._[41], we judge the :

“degree of isolation” of the nucledxby introducing The condition is arbitrary as long aspR$y ~ 11-1yis
satisfied for the nucleokthat is utilized to measure the tem-
Ty=[1- W(qk)]I(kO) +w(c) (A1) perature. Unfortunately, it turns out that the conditibi@jA

utilized in Ref. [41] tends to hinder thdfect of decoherence

whereg counts the neighboring nucleons of the nucleam  Unphysically at the surface of fragments. This is because
cluding itself,w(q) is a continuous function from one when increases close to unity when the nuclé&as located near the
the number of neighboring nucleoggis small ¢ < 25)to  Surface of the fragmgnt to WhICh the nucldobelongs. The
zero, and/?) corresponds to the inverse number of the neigh"¢r€as€ off results in keeping FrSk small, even though the
boring nucleons. Detailed definitions of these functiores ar '€COVery of the phase-space distribution defined by [Eq. (A6)
given in Appendix A in Ref.[[41]. frequently occurs. There is no physical reason why ﬂ“ﬂ;é

of decoherence is suppressed at the surface of fragmenits and

In the AMD formalism, the phase-space distribution
g(x; X, S) is considered to compute the time evolution of thels more natural that theffiect of decoherence for the nucleon

mean-field propagation. The distribution for each nuclen Kis as large as those for the other nuc!eons belonging to the
; same fragment even though the nuclé&ads located near the
parametrized by . :
surface. We thus introduce a new function

v = W(g[L ~ W] 7 + w(g) (A7)

1 & and replace in Eq. (A8) and Eq.[[AB) with this newly de-
X exp[—i Z S;Qb(xa— Xa) (%o — Xb)], (A2) fined functionZ, while we keepZy, which appears in the
ab=1 equation of motion as it is (see Sec. Il in Ref.l[41]). The
) o ) ) difference betweefi; and 7y is only that the first term of Eq.
wherex gives the six-dimensional phase-space coordinates &) is multiplied byw(qx) so thatZ; ~ 0 when the nucleon
k is located inside of a fragment, wheregs~ Iy when the
X = {Xalact 6 = { or. L} (A3)  nucleork has only a few neighboring nucleons. In addition to
this modification, we change the criteria to choose the Rucle
) ) _ons that are used to measure temperature of the system. It has
andSy and X, specify the shape and the centroids of the disyeen shown that, to calculate the temperature of the system
tr!but|on, respectivelyX is identified with the physical coor- correctly, it is necessary to choose the subsystem camgisti
dinateW [28,129,.30]: of the nucleons with negligible quanturffects among them
based on only the nucleon spatial coordinates without using
momentum variables (see Appendix B in Ref.[41]). For this
purpose, there was a condition that the nucleons that ack use
to measure the temperature are chosen not to have more than
one other nucleon within a distance of 3 fm in Refl [41]. We
replace this condition witkk; w(qx) > 0.9}, which has similar
3 meaning to the aforementioned condition and guaranteés tha
TrpSk < 4_1(1 - Iy), (AS)  the diference betweefi; and 7 for these nucleons is 1% at

X; Xk, Sk) =
9(X; Xk, Sk) S Vdos

Xi = {Xkata=1,...6 = {REW, ImMW,}. (A4)

In Ref. [41], one condition was imposed gKix; Xk, Sk) for
each nucleoik by using the degree of isolatiafy. The con-
dition was



most. This replacement is justified by the study that the meadtilized to measure the temperature as long as necessary con
sured temperatures are independent of the choice of nicleoditions are satisfied (see Sec. VC in Ref! [41]).
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