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A discrete duality finite volume discretization of the
vorticity-velocity-pressure Stokes problem on almost arbitrary
two-dimensional grids
Sarah Delcourte! and Pascal Omnes?3

Abstract

We present an application of the discrete duality finite volume method to the numerical
approximation of the vorticity-velocity-pressure formulation of the 2D Stokes equations,
associated to various non-standard boundary conditions. The finite volume method is
based on the use of discrete differential operators obeying some discrete duality principles.
The scheme may be seen as an extension of the classical MAC scheme to almost arbitrary
meshes, thanks to an appropriate choice of degrees of freedom. The efficiency of the scheme
is illustrated by numerical examples over unstructured triangular and locally refined non-
conforming meshes, which confirm the theoretical convergence analysis led in the article.

Keywords: Stokes equations; vorticity-velocity-pressure formulation; boundary conditions;
discrete duality; finite volumes; arbitrary meshes; a priori estimates

1 Introduction

Let Q be a bounded, open, connected but not necessarily simply connected polygon of R?, whose
boundary is denoted by I'; we consider the numerical approximation by means of finite volumes
of the solution of the Stokes equations: with given functions f, g, o, pg and wy and a given real
number m,,, find (u, p) satisfying

—Au+Vp = f inQ, (1.1)
V-u = ¢ inQ, (1.2)

supplemented with one of the following non-standard sets of conditions

u-n=c¢ overI' |, Vxu=wy over ' and Qp(x)dx =0, (1.3)
u-n=0 over' | p=pg over I' and ; V x u(x)dx = m,, , (1.4)
u-Tt=0 overl' |, Vxu=wy over ' and /Qp(x)dx:(), (1.5)
u-Tt=0 overl' , p=pg over ' and /QV x u(x)dx =my, . (1.6)
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These conditions are written here in the case of simply connected domains, but they will be
extended in the core of the article to non-simply connected domains. There are compatibility
conditions between the data (g,0) in (1.3) and (1.4), the data (wq,o) in (1.5) and the data
(my,0) in (1.6). They will be discussed in subsection 4.1.

As recognized for example by Dubois et. al. [1], these non-standard conditions can be treated
in a very general and natural way thanks to the vorticity-velocity-pressure formulation of the
Stokes problem (for earlier works based on different approaches, we refer to [2] and [3]). Since
—Au =V xV xu-—VV -u, using (1.2), and introducing the vorticity w, Eq. (1.1) may be
split as

Vxw+Vp = f4+Vg in Q, (1.7)
Vxu = w in Q. (1.8)

The mathematical analysis of system (1.7)-(1.8)-(1.2) with various boundary conditions was led
in several references, among which [4, 5, 6, 7, 1]. Finite element methods for the vorticity-
velocity-pressure formulation were analyzed in [4, 5, 8, 9]. Spectral methods were considered in
[6, 10] and [11], where a least-square formulation is used.

In the present work, we shall be interested in a finite volume generalization of the Marker
and Cell (MAC) scheme on very general meshes. The MAC scheme was developed initially
in [12] on staggered rectangular grids and extended to the so-called covolume scheme using
Delaunay-Voronoi mesh pairs, as reviewed in [13]. We note that the orthogonality property of
these mesh pairs might be in certain cases a drawback, in particular in the context of adaptive
mesh refinement. The standard MAC scheme discretizes (1.1)-(1.2), while the covolume scheme
discretizes (1.7)-(1.8)-(1.2). Given a (primal) mesh, the MAC and covolume schemes use as
velocity unknowns the normal components of the velocity field with respect to the edges of the
control volumes, while the pressure unknowns are located at their circumcenters. In addition,
the covolume scheme considers vorticity unknowns at the vertices of the primal mesh.

The generalization of the MAC scheme we propose is a new application of the “discrete dual-
ity finite volume” (DDFV) method [14]. Originally developed for linear diffusion equations [15,
16, 17], the DDFV method was extended to nonlinear diffusion [18, 19, 20], convection-diffusion
[21], electro-cardiology [22, 23|, drift-diffusion and energy-transport models [24], electro- and
magnetostatics [25], electromagnetism [26], and Stokes flows [27, 28, 29, 30]. The advantage of
this covolume-like method is that it allows the use of almost arbitrary meshes, including very
distorted, degenerating, or highly non-conforming meshes (see the numerical tests in [15]). The
name of the method comes from the definition of discrete gradient and divergence operators
verifying a discrete Green formula.

In order to get rid of the orthogonality constraints that restrict the use of MAC and covolume
schemes to certain families of meshes, the price to pay in the DDFV framework is to discretize
both velocity components on the edges of the control volumes, while pressure and vorticity
unknowns are associated with the centroids of the primal cells and to their vertices. Then, we
integrate both components of (1.7) on cells associated with the edges (the so-called “diamond
mesh”) and (1.8) and (1.2) on both primal and dual cells associated to the vertices. This process
uses discrete versions of the divergence, gradient and curl operators which appear in (1.7), (1.8)
and (1.2). These discrete operators are known to satisfy properties analogous to those verified
by the continuous operators [25]. With these properties, we show that the solution of the DDFV



discretization of the Stokes equations with any of the conditions (1.3) to (1.6) can be reduced
to the solution of four discrete Laplace equations involving the pressure, the vorticity and the
potentials stemming from the discrete Hodge decomposition of the velocity.

Other approaches with finite volumes were developed in [31, 32, 33, 34]. In [31, 32], velocity
unknowns are located at the cell centers, and pressure unknowns at the vertices. But an orthog-
onality condition is also needed: the segments connecting the cell centers must be orthogonal to
the edges of the mesh, which restricts this scheme to particular families of meshes. The same
kind of orthogonality condition is needed in [33, 34], where velocity and pressure unknowns
are all located at the cell centers. This choice requires some stabilization obtained by penaliz-
ing the discrete incompressibility equation. Such a penalization is also needed in the previous
approaches that used the DDFV ideas [28, 29, 30] because in these works, velocity unknowns
are located at the cell centers and vertices, while pressure is defined on the edges (or faces in
3D) of the cells, and thus the pressure gradient is proved to be injective only on simplices, and
there might be spurious pressure modes on more general meshes if no penalization is added. In
the approach developed in the present article, such a penalization is not needed: The pressure
gradient is computed from two pressure differences, one related to pressure unknowns located
at the vertices of an edge, and another related to pressure unknowns located at two neighboring
cell centers. This leads to the fact that on any mesh, a vanishing gradient implies that pressure
is a constant on the primal and on the dual meshes. Moreover, in our work, the important role
played in the Helmholtz-Hodge decomposition of vector fields by internal boundaries in the case
of non-simply connected domains is very simply taken into account through the Euler formula
that links the number of edges, cells, vertices and internal boundaries (see [25] for more details
on this). This wouldn’t have been the case if we had chosen the same unknown locations as in
[28, 29, 30].

Another important result we obtain here is that there exists a way to discretize the data
f such that if ¢ = 0 and if f is the gradient of the pressure (resp. the curl of the vorticity),
then our scheme computes exactly (up to the precision of 1D quadrature formulas) the pressure
and a vanishing vorticity (resp. the vorticity and a vanishing pressure) at the cell centers and
vertices.

As compared to previous work with DDFV schemes, the novelty here is to realize that
the vorticity-velocity-pressure formulation of the Stokes equations associated to an appropriate
choice of the degrees of freedom reduces the numerical solution of this problem to four discrete
DDFV Laplace equations. Another novelty is that in the course of the numerical analysis of the
scheme, we are led to evaluate the difference between some functions and their pointwise values
on the one hand, and their mean-value projections on the other hand, both on the primal and
dual meshes. These kinds of estimations had never been used previously in the DDFV context.
Moreover, we had to combine this with some Poincaré inequalities which have recently been
proved [35].

When g = 0 in Eq. (1.2), another feature of this scheme is that it satisfies the notion of
“reinforced incompressibility” introduced in a finite volume element context in [36] and in a finite
element context in [37] to overcome non-perfectly divergence free velocity modes that may appear
in unsteady Navier-Stokes simulations performed with Crouzeix-Raviart [38] finite elements of
lowest order. Indeed, since these elements involve pressure unknowns located at the triangle
barycenters only, the incompressibility constraint is satisfied only around these barycenters, but
the discrete velocity divergence, when computed around the vertices of the mesh, may not vanish



or even be small. A cure to this problem, proposed in [37] and [36], is to add pressure unknowns
at the vertices of the mesh, which introduces incompressibility constraints around these nodes.
Thus, on triangular meshes, the scheme presented here has exactly the same unknowns as (but
is however not equivalent to) those involved in [37] and [36], and incompressibility conditions
are written on each triangle (primal cell) and around each vertex (dual cell) of the mesh. The
advantage of the scheme we present here is that it handles meshes that are much more general
than triangular.

The convergence analysis shows that pressure, vorticity, their gradients and the velocity field
are all first order accurate on general meshes. Moreover, for families of meshes where diamond
cells are almost all parallelograms, pressure and vorticity gradients superconverge with the order
1.5. The numerical tests included in this work validate these theoretical results, and even go
beyond: We observe that pressure and vorticity converge on general meshes with the order 2,
while velocity converges with the order 2 for families of triangular meshes or for which the
diamond cells are almost all parallelograms.

The paper is organized as follows: in Section 2, we introduce the notations associated with
the primal, dual and diamond meshes. In Section 3, we define the discrete gradient and vector
curl on the diamond cells, and the corresponding adjoint discrete divergence and scalar curl
on the primal and dual cells and state their properties. In Section 4, we present the DDFV
schemes for the steady Stokes problems with the various conditions (1.3)—(1.6) extended to
non-simply connected domains. Section 5 is devoted to the convergence analysis of the DDFV
scheme with conditions (1.3). Finally, section 6 presents numerical results over unstructured
and non-conforming meshes.

2 Definitions and notations

Let © be a bounded connected polygon of R?, with boundary denoted by I'. We suppose that
the domain has @ holes. Throughout the paper, we shall assume that ) > 0, but the results also
hold for the case @ = 0. Let I'y denote the exterior boundary of Q and let Iy, with ¢ € [1,Q)],

be the interior polygonal boundaries of 2, so that I' = Ty U ry,.
q€[1,Q]

2.1 Construction of the primal mesh

We consider a first partition of 2 (named primal mesh) composed of elements T;, with i € [1, 1],
supposed to be convex polygons. With each element 7T; of the mesh, we associate a node G;
located at the barycentre of T;. The area of T; is denoted by |T;|. We shall denote by J the
total number of edges of this mesh and by J' the number of these edges which are located on
the boundary I" and we associate with each of these boundary edges its midpoint, also denoted
by G; with i € [I + 1,1+ J]. By a slight abuse of notations, we shall write i € I'; if and only
if G; € Fq.



2.2 Construction of the dual mesh

We denote by Sj, with k € [1, K], the nodes of the polygons of the primal mesh. Around each
Sk, we construct a polygon Py by joining the points G; associated to the elements of the primal
mesh (and possibly to the boundary edges) of which Sy is a node, through the midpoints of the
edges. The area of Py is denoted by |Py|. The family of cells (Py)rep1, k] constitutes a second
partition of Q, which we name dual mesh. We shall also write k € I'y (respectively k € I') if and
only if S, € T'y (resp. Si € I'). Figure 1 displays an example of a non-conforming primal mesh
and its associated dual mesh.

Figure 1: An example of a primal mesh and its associated dual mesh.

2.3 Construction of the diamond mesh

With each edge of the primal mesh, denoted by A; (whose length is |A;|), with j € [1,J],
we associate a quadrilateral named “diamond cell”, denoted by D;. When A; is not on the
boundary, this cell is obtained by joining the points Sy, ;) and Sk, (;), which are the two nodes
of Aj, with the points G;, (;) and G, (;) associated with the elements of the primal mesh which
share this edge. When A; is on the boundary I', the cell D; is obtained by joining the two
nodes of A; with the point G;, (;y associated with the only element of the primal mesh of which
Aj is an edge and to the point G, ;) associated with A; (i.e. by convention is(j) is element of
[I+1,1+ JV] when A; is located on I'). The cells D; constitute the “diamond-mesh”, which is
a third partition of Q. The area of the cell D, is denoted by |D;|. Such cells are displayed on
Fig. 2. We shall also write j € T'; (respectively j € I') if and only if A; C Ty (resp. j CT).

2.4 Definitions of geometrical elements

The following geometrical elements are displayed on Fig. 3. The unit vector normal to A;
is denoted by n; and is oriented so that its dot product with Gy, ) Gy, () is positive. We
further denote by A’ the segment [Gj, (;)Gi,(;)] (whose length is [A%]) and by n’ the unit
vector normal to A} oriented so that Sy, (j)Sk,() - n; > 0. We also define the unit vectors
7; and 7 such that (n;,7;) and (n},7) are orthogonal positively oriented bases of R?. We
denote by M; the midpoint of A; and by A’; (respectively A’) the segment [G}, ;) M;] (resp.
[M;Gi,(j]) and by n; (resp. n’,) the unit normal vector to A’ (resp. A’,) oriented so that
|A}|n; = [A% [n}; +|A)s[n),. We define for each i € [1,I] the set V(i) of integers j € [1, .J] such



Figure 2: Examples of diamond cells.
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Figure 3: Notations for the diamond cell.

that A; is an edge of T; and for each k € [1, K] the set E(k) of integers j € [1,J] such that Sy
is a node of A;.

We define for each j € [1,J] and each k such that j € E(k) (resp. each ¢ such that j € V(7))
the real-valued number s, (resp. s;;) whose value is +1 or —1 whether n’; (resp. n;) points
outward or inward P (resp. T;). We define n; := s/;n} (resp. nj; := s;;n;) and remark that
n;k (resp. mnj;) always points outward Py (resp. T;). In the same way, we set n;-kl = 5;‘1@1191
and nf, 1= 80},

2.5 A hypothesis on the mesh regularity

In the sequel of this article, we shall obtain error estimates under the following hypothesis (see
Figure 4 for the notations).

Hypothesis 2.1. The angles of the subtriangulation G;M;Sy of the diamond-cells D; are
greater than an angle 0* which is strictly positive and independent of the mesh:

30", 0<6* < g such that  min{am,, Bm,Yym} > 0%, m=123 4.



Figure 4: Notations for Hypothesis 2.1.

We can easily verify that Hypothesis 2.1 implies various weaker hypotheses: [15, Hypotheses
5.5 and 5.6], [25, Hypothesis 5.5] and [35, Definition 2.1] under which results obtained in these
articles, and used in the present work, are valid.

3 The discrete operators and their properties

9z Oy
discrete counterparts on the diamond cells D; (see [15, 25]).

T T
We may approach the gradient V = ( 9 0 ) and the vector curl Vx = (a%’ —@> by

Definition 3.1. For any ¢ = ( iT,qSkF.’) e RI+T" x R¥, the discrete gradient Vf and vector
curl VhDX are defined by their values over the diamond cells D; (see Fig. 3):

1
(VRe); =3 |Dj|{[¢£2 = 0k, ] 145 + [, — 1] Ajlnj}, (3.1)
1
(VP x ), = —W{ [6F, — o0.] 145175 + [T, — 67 |Aj|rj} | (3.2)

Note that formulas (3.1)-(3.2) are exact for any affine function ¢ if we set ¢ := ¢(S)) and
T == ¢(G,), for any (i, k).

Next, for a discrete vector field u, given by its values u; on the cells D;, we define its discrete
divergence and curl on the primal and dual cells.

Definition 3.2. Foru = (u;) € (R?)”, the discrete divergence VZ’R = (VF.,VFP.) and discrete
curl VZ’PX = (VEx,VEx) are defined by their values over the primal cells T; and the dual



Figure 5: Edges and unit vectors for the discrete divergence and curl

cells Py (see Fig. 5)

T R 1
(Vi -u); o= m Z

|Aju; -y,
)

eV (3.3)
1 1
(Vi )y, = |P|< Z (|A;'1|n;'k1 + ‘A;‘2|n;'k2) U+ Z §|Aj|uj ‘ nj>-
k JEE(K) JEE(k)NT
1
(Vi xu);: = T > 1Ay T
Ieve (3.4)
1 1
(V}Ij Xu)g: = |P|< Z (|A91‘T;‘k1 =+ |A;2|T;‘k2) Suy Z i‘Aj|uj 'Tj>~
kL NseB M) JEB(k)NT

Remark that if the node Sy, is not on the boundary I' (i.e. if k ¢ T"), then the set E(k)NT is
empty. On the contrary, if Py is a boundary dual cell, then the set E(k) NT" is composed of the

1
two boundary edges which have Sy as a vertex. In this case, the quantity Z §|Aj\uj ‘n;

JEE(K)ND

1 . . .
(resp. Z §|Aj|uj -T;) is an approximation of [,, - u-n(§)d¢ (vesp. [,p pu-7(§)dS.)
JEE(R)NT
For a given vector field u, it is straightforward to check that formulae (3.3) (resp. (3.4)) are the
exact mean-values of V-u (resp. V-7) over T; and an inner Py if |Aj|u;-nj; = [, u-nj;ds (resp.

|Aju; 75 = fAj u-7j;ds) and (|A;‘1|n;‘k1 + |A;2|n§k2> Uy = fA;l u- n;’kl ds + fA_/7,2 u- n;‘kQ ds

(resp. <|A;'1|T;'k1 + |A;'2‘T;'k2) ‘u; = fA_;.l u- T;’kl ds + fA_;.Q u- T}m ds).

Now, we define discrete scalar products and a trace operator.



Definition 3.3. For (¢,v) € (R! x RK)2 and (u,v) € ((RZ)J)Q, we set:

(wv)p = > [Djlu; v, (3.5)

Jje(t,J]
1
(6, )P = 2( DTl ol + D IPlef w,’i)- (3.6)
1€[1,1] ke[l1,K]
The associated norms will be denoted by || - ||p and || - ||z, p. We also define discrete scalar

products on the boundaries I'q and I': for sets of values (u;,v;)jer we set:
(V)r,n =Y Ajluo;  (wo)rni= > (u,0)r,h- (3.7)
Jjelq q€[0,Q]

In particula%", we shall often consider these boundary scalar products for the trace qNS of a
given ¢ € RIT7 x RX | defined by

Definition 3.4. (Trace operator) For any ¢ € RI+" RX, and for any j € T, we set

7 1 P T P
¢ =7 (¢F.6) + 2600 + o5 - (3.8)

With these scalar products, the discrete operators verify properties which are analogues to
properties of the continuous operators [25, 15]:

Proposition 3.5. The following discrete analogues of the Green formulae hold:
(Vi w¢)rp =—(0, Vi d)p + (u-n,)ry (3.9)
(V¥ xw,é)rp = (0, VY x ¢)p + (u-7,0)rn , (3.10)
for allu € (R?)* and all ¢ = (47, ¢7) € RI+7" x RX

The following two propositions state discrete equivalents of the continuous properties V -
(Vx) =0, VxV =0and Vx (Vx) =-V-V (in two dimensions). Note however the
hypothesis needed on the boundary dual cells:

Proposition 3.6. For all ¢ = (¢, ¢") € RI+" RE | the following equalities hold:

(v{vP (VP x ¢)) =0, Vie[LIVkgr, (3.11)
1y
(ViF x(VPo)). o =0 Vie[LIVK¢T. (3.12)
Moreover, these formulae still hold on boundary dual cells Py, k € T, if for any q € [0,Q)], there
exist two real numbers (ch, ch) such that ¢ = cg and qu = cf; uniformly over I'y.

Proposition 3.7. For all ¢ = (¢7, %) € RI+T" x RX, the following equality holds:

(VIP X VP xp)in=—(V0T - VPd)in, Vie[l,1],Vke[l,K] (3.13)



Finally, a discrete Helmholtz-Hodge decomposition of vector fields in non simply connected
domains holds [25]:

Proposition 3.8. Let (u;);ep1,s) be a discrete vector field defined by its values on the diamond

cells D;. Then, there exist unique ¢ = (¢ ,¢1) and ¢ = (YI, ¢} both in RI+ x RE gnd
(el cP) in R x R? such that:

q°’7q
W= (V7e); + (Vi x ), Vjel[lJ), (3.14)
with Do ITlel = Y |Pef =0, (3.15)
1€[1,1] ke[l,K]
Yl = 0,VieTy , ¢f =0,VkeTly, (3.16)
Vg e [1,Q], D=l Viely , ¢p =c Vkel,. (3.17)

Moreover, the decomposition (3.14) is orthogonal, in the sense that
(V7 6, Vi x1p)p =0, (3.18)
a property that is true for all ¢ and all Y verifying (3.16) and (3.17).

Formulae (3.15) are discrete analogues (respectively stated on the primal mesh and on the
dual mesh) of the condition fﬂ ¢ = 0 that appears in the continuous Helmholtz-Hodge decom-
position, while formulae (3.16) and (3.17) are discrete analogues of the boundary conditions
Y =0o0nTyand 1) =c4 on I'.

Remark 3.9. We may also write a similar decomposition by changing the conditions (3.15)-
(8.17) in the following way

o ITl = Y IRdw =0, (3.19)

i€1,1] ke(1,K]
¢f = 0,VieTy , ¢f =0,VkeTly, (3.20)
Vge1,Ql, ¢ = ', Viel, , ¢p =c) VkeT,. (3.21)

Finally, we mention discrete analogues of the so-called Poincaré inequalities, which were
proved in [35] (respectively Theorem 3.2 and Theorem 3.6):

Proposition 3.10. Let ¢ = (¢7,¢F) and ¢ = (I, 9F) both in R+ x RE and (k. el
t

in R? x RY be such that (3.15), (3.16) and (3.17) hold; then, there exists a constant C(6*),
depending only on 0* and on ) such that

ollz.p < CONVESlD  I[Wllre < CO)VEYD. (3.22)

4 Application to the Stokes equations

In this section, we are interested in the discretization of Eqs. (1.7), (1.8) and (1.2) supplemented
with one of the following non-standard sets of conditions, which generalize conditions (1.3) to

10



(1.6) to non-simply connected domains, with o, pg and wy given functions, m, a given real
number and (kq)qeq1,q] @ set of given real numbers:

u-n=0 overl' |, wp, =ws wr, =wis+cg, Vqe[l,Q], (@)
quu~T:kq,Vq€[1,Q}, Jop(x)dx =0, '
u-n=0 overl' , pr,=ps; P, =pri+cg, Vqge[l,Q] (12)
quu~T:kq,Vq€[1,Q}, Jow(x)dx =m,, , '
u-Tv=0 overI' , wyr,=uwy; w‘pq:wd—l—cq,VqE[l,Q], (43)
4.3
quu~n:kq,Vq€[1,Q], Jop(x)dx =0,
u-T=0 overI' , pp,=ps; P, =ri+cg, Vqel,Q] (w4
quu~n:kq,Vq€[1,Q], Jow(x)dx =m,, , '

where the constants (c,) € R? have to be determined.
Before going into details of the discretization of these equations, we discuss the compatibility
conditions of the right-hand sides of these sets of equations.

4.1 Compatibility conditions

Consider Egs. (1.2), (1.7) and (1.8). First, when associated with one of the sets of conditions
(4.1) or (4.2), the data has to verify

[ atoix = [ ate)ae. (45)

Then, when associated with the set (4.4), integration of (1.8) over € and application of the
Green formula and of the boundary conditions yield

/ o(§)d§ = me,. (4.6)
T

Finally, in the case of Eqgs. (1.2), (1.7) and (1.8) associated with the set (4.3), the situation is
more involved. Indeed, we infer from (1.8) that [.o(£)d¢ = [, w(x)dx. However, the quantity
Jqw(x)dx is not a data given by (4.3), but is a result of the computation of w through the
Hodge decomposition of f + Vg expressed by Eq. (1.7) associated with the conditions over p
and w expressed in the set (4.3). This may be interpreted as an implicit compatibility condition
between the boundary conditions wy and o in (4.3). Further details on how to handle this will
be given in subsection 4.2.

4.2 Discretization of the Stokes equations in vorticity-velocity-pressure
formulation

In this subsection, we are interested in the approximation of the continuous problem given
by (1.2)-(1.7)-(1.8) associated with one of the sets of conditions (4.1) to (4.4). We choose to
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approach the solution of this problem by a vector (u;), with j € [1, J], which discretizes the
velocity field by values defined over the diamond cells of the mesh, and by scalars (w], w,f ) and
(pF,pl), with i € [1,I + JV], k € [1, K], which discretize the vorticity and the pressure fields
by values defined over the primal and dual cells, as well as boundary edges of the mesh. The
problem will be solved in two steps. In the first, we use the Hodge decomposition of f + Vg (see
prop. 3.8) to solve for p and w. In the second, we solve a div-curl problem for u.

Step 1: The discrete Hodge decomposition of the data f + Vg reads:

find p = (07, pf iep, 1+7), ke, x) @ = (W7 wF )ieq, 147, ke, and (¢, cl)gen,q) such that

(Vip)j + (Vi xw); =17 +(Vg)7, Vi€l J], (4.7)

7o
together with one of the following sets of conditions

wl =we(Gy), VieTy , wiT:wd(Gi)+cg,Vi€Fq,Vq,
w,f:wd(sk),VkGFO R w,f:wd(Sk)Jrcf;, VkGFq,Vq,

Yol = Y IPdlpf =0,

i€([1,1] ke[l,K]

(4.8)

for a given (up to constants to be determined on each internal boundary) vorticity field wg on
the boundary (see the corresponding equations in (4.1) and (4.3)), or

p’zT:pd(Gl)7v'L€F0 ) pzT:Pd(Gz)JFCqT,WGFq;VQa
pgzpd(sk)7Vk€FO ) ka:pd(Sk)+657Vk€ququ

YNonlwl = > P wf =m,

1€[1,1] ke[l,K]

(4.9)

for a given (up to constants to be determined on each internal boundary) pressure field pg on
the boundary (see the corresponding equations in (4.2) and (4.4)).
In (4.7), the following definitions have been used

1 1
£P = 7/ £(x) dx . (Vg)P = —/ Vg (x) dx V)€ [1,J]. (4.10)
1Dj| Jp, |Dj| Jp,
The two problems involving (4.7) and (4.8) on the one hand, and (4.7) and (4.9) on the other

hand are solved in a very similar way, thus we only detail the solution of (4.7)-(4.8).

Proposition 4.1. Problem (4.7)-(4.8) may be split into two independent subproblems: setting
S = (S-]‘D)je[lytj] with sf = fJD + (Vg)]D, find (w;f,wf)ie[l}prﬁ]’ke[l,[q and (CqT’C,f)qe[l,Q] such
that

—(VF-VPw);, = (VExs);, Viel,1],
(VP -VPw) = (VD xs), VE¢T,
(ng -n, 1)[‘q7h = —(s -7, 1)1"(1,}“ Vg € [1,Q)], (4.11)
~Ser, 1B (VE- VP = Yyer IR (VExs) Vae [LQ), |
w;»T = wd(Gi), Vi € FO R wf; = wd(Sk), Vk € Fo,
wl = wa(Gy) + 057 VieTl, , wb=waSk) + 05, VkeTl,, Yqel1,Q],
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and, once w has been computed, find (p;l—‘,p’};)ie[l’[J’,JF]’ke[l’K] such that

(Vi -Vip)i = (Vi-s), Viell,[],

(VE-Vipe = (VF-(s— V5 xw)Vk e [1,K],

(VPp);-m; = (s;— (VP xw);))-n;, VjeT, (4.12)
S ITlpf = > Pl pi =0

i€[1,1] ke[l1,K]

Proof. Applying the discrete vector curl operator to (4.7) on any primal cell and on any inner
dual cell yields the first two lines of (4.11), thanks to (3.12) and (3.13).

Next, for a given ¢ € [1,Q)], we consider the element 1 € RI*/ " x RX which has the
following values: ¥] =1, Vi € I'y and ] = 0 everywhere else, and 1/),1: = 0 everywhere. Then,
we compute the scalar product (3.5) of Eq. (4.7) with V7 x ¢:

(VP xw, VP x)p+ (VEp, VE x)p = (s, VE x9)p . (4.13)

Using the orthogonality of V p and V X 1) (see last line of Prop. 3.8), using the discrete
Green formula (3.10) and Eq. (3 13), we 1nfer

_(V,]JJ,P . ngaw)T,P - (Vg Xw-T, QL)F,h = (VI}J;,P X Saw)TJD - (S . T7’(/;)F7h- (414)

Further, using the fact that 1 vanishes everywhere but on the boundary points G;, the first
term in the left-hand side and the first term in the right-hand side of (4.14) vanish. Next, since
VP xw-1=-VPw-n, and using the definition (3.7) and the fact that the values of 1) on
the boundaries imply that wj =1/2for all j € Ty and wJ = 0 for all j € ', for any ¢' # q,
Equ. (4.14) implies —(VYw - n, rgh=(s-T, 2)pq p, and thus the third line of (4.11).

Last, we consider the element 1) € Rf +J" % RE which has the following values: ¢! = 1,
Vi € 'y and 1/1,1: = 1, Vk € T'; and vanishing everywhere else. Then, the dot product of Eq.
(4.7) with V£ x ¢ yields (4.13) and (4.14) again. Now, we use the fact that the first term
in the left-hand side of (4.14) equals —3 > ker, | Pkl (VP - VPw), while the first term in the
right-hand side of (4.14) equals § > rer, 1Pkl (VP x 8)g. Using the previously proved third line
of (4.11), we obtain the fourth line of (4.11).

Once w has been computed, the derivation of (4.12) from (4.7)-(4.8) is obvious. We stress
that in the second equation of (4.12), there holds (V-V}’ x w);, = 0 for all inner dual cells
(k ¢ T') but that this property might not necessarily be true for boundary dual cells (k € T),
see Prop. 3.6. O

Step 1 ends with the fact that (4.11) and (4.12) are well-posed:

Lemma 4.2. It was shown in [25, Proposition 5.2] that systems of types (4.11) and (4.12) both
have a unique solution.

Now, let us describe Step 2 of the calculations, which consists in solving for the velocity.
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Step 2: Once (Wzawlf)ie[l,l],ke[l,K] has been computed through Step 1, we solve a div-curl
problem for u: given (kq)4en,q), find (uj);en, s such that

(VEP w)e = ¢, Vie[1,1],Vke[1,K],
(VP xw)ip = Wi, Vie[lIVk¢T,
uj-n; = o0y vjer, 415
(w-m,Dr,n = ke Vg € [1,Q], (4.15)
SR (VExwe = > [P wp, Vee[lQl,
ker, ker,

in the case of a given normal velocity field on the boundary (Egs. (4.1) or (4.2)) or

(VEP w) = ¢l VieLI),Vk T,
(VIP xwyip = whf,  Vie L1,k € [1,K],
u T = 05 vjerl, (4.16)
(w-n,r,n = ke Vg e [1,Q,
Zkel‘q ‘Pk| (vhp : u)k = ZkGFq |Pk| gllj, Vq € [LQ]’

in the case of a given tangential velocity field on the boundary (Eqgs. (4.3) or (4.4)).
In (4.15) and (4.16), we have set

T =2 [ gxyax vie,n) , of = — [ g00dx vke LK),  (417)
|TZ| T; |Pk‘ Py,
1
oj = —/ o(¢) dé VjeT. (4.18)
|A;] Ja,

Moreover, the right-hand sides in (4.15) and (4.16) have to verify compatibility conditions.
Indeed, it is readily seen from the definition of the discrete divergence and curl operators (3.3)
and (3.4) that the following two equalities hold

STTIVE wi= Y |P(VE -we = |4 - n;, (4.19)
i€[1,1] ke[l,K] jer

STTIVE xu)i= > |RIVE xwk =D [Ajlu;-7; . (4.20)
i€[1,1] ke[l,K] jer

Then, because of (4.19), the right-hand sides in (4.15) must satisfy

Smilgl = D 1Pl =D 14105 - (4.21)

i€[1,1] ke[l,K] jeT

This relation is true thanks to the definitions (4.17) and (4.18) since

S migt = S (Pef = /Q gx)dx  and 3[40, = / o(€) de |

i€[1,1] ke[l,K] jer r
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That the right-hand sides of the above two equalities are identical follows from (4.5).
Further, because of (4.20), the right-hand sides in (4.16) must satisfy

Yo IT! = > 1Pl =) Al - (4.22)

i€[1,1] ke(l,K] jer

For the set of conditions (4.9), the first two terms in (4.22) are equal to m,, and the last term
in (4.22) is equal to [ o(§) d€. These two quantities are identical thanks to (4.6).

On the other hand, for the set of conditions (4.8), the values of the first two terms in (4.22)
are never imposed, but, rather, are results of the computations involved in the first step of our
procedure, see Eq. (4.11), so that the compatibility condition (4.22) may not be verified in
general. A possible way to overcome this problem is to change w! into w! + ¢ and w,f into
wf+cP foralli € [1,I+J ] and all k € [1, K] in (4.16), with two constants ¢’ and ¢’ computed
so that (4.22) holds. Doing so does not change the value of Vfag so that the modified w still
verifies system (4.11), but with modified boundary conditions. This may be interpreted as an
implicit compatibility condition between the boundary conditions wg and o in (4.3).

Now, using the discrete Hodge decomposition of (u;);ef1,s7, each of the problems (4.15) and
(4.16) may be split into two independent subproblems involving the potentials. We only detail
the resulting systems for problem (4.15) using the Hodge decomposition with boundary condi-
tions (3.15) to (3.17). A similar result holds for problem (4.16) using the Hodge decomposition
with boundary conditions (3.19) to (3.21).

Proposition 4.3. Problem (4.15) may be split into two independent problems:
find (67, &F )ien 1471 ke, k] Such that

(VI -V7e); of,  Viell,1)
(VE - Vi o) gf, Vke[l, K]
(Vi¢);-m; = oy vjer, (4.23)

>l ¢f > 1P ¢f =0,

1€[1,1] ke[l,K]

and find (¢?7wkp)ie[I’IJ’,Jl’],ke[l’K] and (ch,cf;)qe[lyQ] such that

—(VF-VPy);, = wl, Vie[l,1],
—(Vy VPP = wi, VkéT,
_(Vth -n, 1)Fq,h = kq7 VQ S [17 Q])
S URI(VE VP = Y IRl Wl Yae[LQl, (4.24)
keT, keT,
sz = d)]‘:) = 0, Vi € Fo,Vk} S Fo,
qu [LQ]? %T:Cg y 1)[}5:657 ViGI‘q,VkEFq.
Proof. The proof is given in [25, Proposition 5.1]. 0

Step 2 ends with the fact that (4.23) and (4.24) are well-posed:

Lemma 4.4. It was shown in [25, Proposition 5.2] that systems of the type (4.23) and (4.24)
both have a unique solution.
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Once these two subproblems have been solved, the vector u is then reconstructed by u; =

(Vid);+ (Vi xa); .

5 Error estimates

Obtaining error estimates usually relies on regularity assumptions on the solution of the problem.
In order to apply results given in [25, 15], we shall assume more regularity on the vorticity and
pressure fields (&, p) given by Proposition 5.1 below, and on the velocity potentials given by
Proposition 5.3 below.

Proposition 5.1. Let (f,g,0,wq) belong to L2(Q)? x HY(Q) x HY*(T') x HY*(T), and let

(kq)qen,q) be a set of given real numbers. Then, system (1.7)-(1.8)-(1.2)-(4.1) associated with

(4.5) may be split into two subproblems, where (p,w) € Hl(Q)2 and a set of real numbers
(Cq)qepi,qp are the exact solution of the Hodge decomposition of £+ Vg:

Vxo+Vp = £4+Vg in Q,
(D|F0 = Wd, (;J|I‘q :wd+Cq qu [LQ]a (51)
fQﬁ(a:)dx = 0,

and, once @ has been determined, 0 € Hdiv(Q) N Heurl(Y) solves the div-curl problem:

V-a = g in Q,

Vxia = o in Q,

a-n = o on T, (5.2)
frqﬁ"" = ky, Yge[1,Q]

Hypothesis 5.2. We assume that @ and p given by Proposition 5.1 belong to H?(2).
The velocity field @ solving (5.2) may be found by the following Hodge decomposition.
Proposition 5.3. Let (g,&,0) belong to H () x H?(Q) x HY*(T'), and let (kq)qep1,q) be a set

of given real numbers; let & be the exact solution of problem (5.2). Then, there exist QAS and 1/;
both in H'(Q) and a set of real numbers (Cq)qen o) such that

0=Vo+V x 1,

where gZ; and 1]) are the solutions of

Vé-n=tu-n=o0 on T, and (5.3)
fQ ¢ =Y,

—AYp=Vxa=d in Q

w\l—‘o :AO’ wll—‘q = Cq vq € [17Q]7 (54)

frq Vi-n=—k,.
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Proof. The Hodge decomposition of & and the determination of ¢ and 1) through (5.3) and (5.4)
are direct consequences of [39, Theorem 3.2 and Corollary 3.1]. O

Hypothesis 5.4. We suppose that </3 and 1/3 given by Proposition 5.3 belong to H*(S2).

Due to re-entrant corners related to the internal polygonal boundaries I'y, the H? regularity
of the potentials is not a consequence of the regularity of the data (g,w, o).

5.1 Error estimates in the H! semi-norm for the pressure and the
vorticity

Definition 5.5. For any continuous function v, we define Ilv by
Vie[l,I+J5), ()] =v(G),
Vke[1,K], ([v)f =v(Sk).
We note that, under Hypothesis 5.2, & and p belong to H 2(Q), which implies they are
continuous on €2, so that considering IIw and IIp makes sense.

Theorem 5.6. Let p and w be the solutions of the numerical scheme (4.7)-(4.8), and let (p,)
be the exact solutions of (5.1). Then, if all diamond-cells are convex and under assumptions 2.1
and 5.2, there ezists a constant C(0*), independent of h, such that

IVE (0 =Tp)lp + [IV5 (w = 1@)||p < C(0%) h (1 9)- (5.5)

Proof. Firstly, taking the mean-value of each term of the first line of Equ. (5.1) on a diamond
cell D; and using (4.10), we get:

D] /D‘(Vﬁ +V x@)(x)dx =f£ + (Vg)P, vj e [1,J]. (5.6)

Then, since (5.6) and (4.7) have the same right-hand side, we infer that:

1
(VPp); + (VP x w); = W/ (Vh+V x &) (x)dx, ¥j € [1,.]]. (5.7)
Il JD;
Setting
gp:=p—1Ip and ¢, :=w—1D, (5.8)
Equ. (5.7) implies the following equality:
(VEep); + (VE x 2u); |D ‘ / — (VP11p);)dx
(5.9)
‘D | / (V x &(x (Vf x T&);)dx, Vi € [1,J].
According to (4.8) and the second line of (5.1), the error €, satisfies on the boundary
(e)f=0,VieTy , ()] = C‘fo C,,viel,, Vg, (5.10)
(ew)f =0,Vkely , (eu)f =cl—Cq,Vkely, Vq. ’
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Therefore, (V'¢,) and (V2 X €,) are orthogonal for the scalar product (-,-)p, as recalled at
the end of Proposition 3.8. Consequently, multiplying (5.9) by |Dj|(sz-:p)j and summing for
all j € [1,J], we obtain:

IVPalh = 30 [ (Vi - (VET),) - (TFe) dx
JelLI = (5.11)
+ ;]/DV(wa(x)—(vf x 1)) - (V7 ep)jdx.
Jjen,J 7

In the very same way, multiplying (5.9) by |D;|(V} x ,); and summing for all j € [1,.J], we
obtain:

VP, = 30 /D (Vi(x) — (VPTIp);) - (VP x £, jdx
JElLI (5.12)
+ ) /D(VXJJ(X)—(VhDXHG))j)~(VhD><6w)jdx.
je,J =i

The right-hand sides of (5.11) and (5.12) may be bounded using the traditional P! Lagrange
interpolations of p and @ on a submesh of the diamond mesh, obtained by splitting each diamond
cell, along any of its diagonals, into two triangles. The details of the calculations may be found
in [15], starting with inequality (62) of that reference, and then using Lemma 5.11, where the
norm in the right-hand side of inequality (66) has to be replaced by the H?() norm of p and
w. O

5.2 Error estimates in the L?-norm for the pressure and the vorticity

We shall use the discrete Poincaré inequalities recalled in Proposition 3.10 to infer error estimates
for the discrete L? norm of the errors in the pressure and the vorticity.

On the one hand, Proposition 3.10 can be applied directly to the error e, because it verifies
(5.10), which are exactly conditions (3.16) and (3.17) that Proposition 3.10 requires. Thus, we
infer from (5.5) the following theorem

Theorem 5.7. There exists a constant C(0*) that does not depend on h such that
lw —T&[r,p < CO7) h ([Pll20 + |0]l2.0)- (5.13)

On the other hand, since (p — IIp) does not in general verify the vanishing mean-value
condition (3.15) (because IIp doesn’t), we may not apply the discrete Poincaré inequality in a
straightforward way. However, defining

, T|p)T
ot e ot OOV a7 i " i L1+, (514

p o ke | Pel(TID)E
2]

¢ , (Tp)F = (p)l — P, Yk e [1,K], (5.15)
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we have that ITp verifies the vanishing mean-value condition (3.15) and
Vi, ([1p) = V3 (T1p) (5.16)

because (I1p) and (IIp) only differ by a constant on the primal and dual meshes, and defini-
tion (3.1) of the discrete gradient implies that this does not affect its values. Further,

lp = ||z, < ||p = 11| |7, + |11 — 11| |7, p- (5.17)

Estimating the first term in the right-hand-side of (5.17) may be performed through the discrete
Poincaré inequality applied to (p — IIp).

Lemma 5.8. There erists a constant C(0*) that does not depend on h such that

lp — 1Ipl|z.p < C(67) b (|| Q)- (5.18)

Proof. From Prop. 3.10, it holds that
lp = Tpllr.p < CENVE (p ~TIH)l[o = CEIVE (p —11H)lp (5.19)
because of (5.16). Applying (5.5), we get (5.18). O

To estimate the second term in the right-hand-side of (5.17), we first recall (5.14) and (5.15).
This leads to Q|

I11p — T1p||7, p = 3 [(e")? + (¢)?] . (5.20)
Lemma 5.9. Let cT be defined by (5.14); then
1/2
1< 19072 (S0 - 0 V) (5.21)

Proof. From (5.14), we have that
ol = S impf =3 [ [n! 5] (o

because ), fT x)dx = pr x)dx = 0. Then, a continuous and a discrete Cauchy-Schwarz
inequality lead to (5 21) through

1/2
7] < L1215 - (W) ey < 1902 (10 = O ey )

O
So, what remains to evaluate is the L? norm of (IIp)I — p on T;.
Lemma 5.10. There exists a constant C(0*) that does not depend on h such that
15— (H)7 | 2ryy < CO7 )l et (5.22)
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Proof. First, we split the integral on the subtriangles t; ; , with vertices G, M;S) (see Fig. 4),
where M; is the midpoint of the edge A; C 01; and S), one of its vertices:

A~ 72 R 12
[T =i oix= Y [ [af -5 ax (5.23)
T; ti i uCTs tijk
Let m; ;xp be the standard P! Lagrange interpolation of p on ti5,%- We have
16 — (WD) 122ty < 201TB)T — mijbl|22e

It is a standard result (see Theorem 3.1.5 of [40]) that there exists a constant C', not depending
on t; ;% such that

)+ 2lmi kb = Bll7e - (5.24)

i53.k

1700 = BllL2(e, ;.00 < Cdiamdti ) [[Bll (.0 (5.25)
which evaluates the second term in the right-hand side of (5.24). As far as the first term in the
right-hand side of (5.24) is concerned, since (IIp)7 — m; ; xp(G;) = 0, and since 7, ; xp is a P?
function, we have that, for all x € ¢; ;

()] — mi k(%) = Vi3 - (Gi = %),
which ensures that |(IIp)] — m; ; xp(x)| < diam(t; ;)| Vi kPl for all x € t; 1. Thus
i jep — MP)T |2 e, ) < diam(ts j 1) ||V g kbl L2t 0)- (5.26)
Using the triangular inequality
IV wbllrze, ;0 < IV (mijkb — D)2, ;0 + IVBllL2, ;10

and using again Theorem 3.1.5 of [40], we have that there exists a constant C' depending only
the regularity parameter of the subtriangulation (and thus on 6*) such that

IV jkbllLae, ;0 < (14 Cdiam(ti 5 6) 1Dl 2, 5 0)- (5.27)
Gathering (5.23), (5.24), (5.25), (5.26) and (5.27) implies (5.22). O
We are now able to estimate the second term in the right-hand side of (5.17)
Proposition 5.11. There exists a constant C(0*) that does not depend on h such that
IT1p — TIp| |z, p < C(67) h][Bl]2,0- (5.28)
Proof. Bounds (5.21) and (5.22) imply that
[T < C(6")n][B]2.0- (5.29)

Using (5.20), (5.29) and a similar bound that can be obtained in the same way for ¢, we obtain
(5.28). O

Finally, using (5.17), (5.18) and (5.28), we obtain the following theorem:
Theorem 5.12. There exists a constant C(0*) that does not depend on h such that

lp = Tpl|r.p < C(0%) A ([Ipll2.0 + [@]l2.0)- (5.30)
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5.3 Error estimate in the L?-norm for the velocity

Once the numerical approximation w = (w;"j,wf:)ie[LHJrL ke[1,k] of the vorticity @ is known,
we have to solve (4.15) in order to find the discrete velocity u = (u;);ep, s, with which we
define a piecewise constant function uy by

u,(x)=u;, Vxe D;, Vje[l,J].

In order to estimate the error between u; and the exact velocity t, we first introduce an
intermediate discrete velocity @ = (1i;);eq1, ), solution of the discrete div-curl system

(Vi w)ie = gl Vie[1,I),Vk € [1,K],
(Vi x ) = (@)1, Vie[l,I|Vk¢r,
ﬁj ‘n; = 0y, VjerT, 5.31
(@-rDron = ke Yae[LQL (5:31)
SARL(VE x @), = > B @)F, Ygel[1,Q,
kel kery

where we have set

(T .= IT{/T O(x) dx Vi€ [l,I] and (O)F := ﬁ : W(x) dx Yk € [1,K].

Note that u is of course never actually computed (because the exact vorticity @ is not known),
but only serves for theoretical reasons. The following triangle inequality holds

lun, = ljo,0 < |fu—al[p + [[ua, — 1

o, (5.32)
A bound of the second term in the right-hand side of (5.32) is given by [25, Th. 5.22]:

Proposition 5.13. If all diamond-cells are convex and under Hypotheses 2.1 and 5.4, there
exists a constant C(0*) independent of h such that

i = @llo. < CO A (Ilgllo + 1210 + 18ll2.0 + 1ll0) (5.33)

The next step is the evaluation of the difference d,, := u —q, which, using (4.15) and (5.31),
and setting d,, :== w — (@), is the solution of

(Vi dix = 0, ViellI],Vke[l,K]
(Vi xdu)ix = (d)i}) . Vie[LI,Vk¢T,
(du)j n; = 07 Vj S F, 4
-7 s = 0, Vge Ll (539
DRI (VE xdae = > IR (do)i, Yee[1,Q)
keT, ker,
Proposition 5.14. There exists a constant C(0*) independent of h such that
lu—a|lp <CO)[|w - (@)]|z.p- (5.35)
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Proof. We use the discrete Hodge decomposition (see Proposition 3.8) of d, into Vi ¢q +
Vf x 1q. Using Proposition 4.3, we get that ¢q vanishes. Next, performing like in the proof
of Theorem 4.1 in [35], we obtain ||d,||% = (Vg’P X dy,%a)r,p. By definition of the scalar
product (3.6), and using the second line in (5.34), it holds that

1 1
(V" x duga)rp =5 D T[T Wa)l + 5 D 1Pkl (do)f (wa){
i€(1,1] k¢r

by SIRIVET < dof@al + Y 3 3 IRIVET xdof @a)f.  (536)

k€T, q€[1,Q] * keT,

Using boundary condition (3.16) for ¢4, we obtain

PV x du)f (Ya)f = 0= [Pel(do)f ()t - (5.37)

keTo keTo

Moreover, using boundary condition (3.17) and the last line in (5.34), we obtain

Y NPVET x dui Wa)E = D 1Pel(du)i (a)s - (5.38)

kel ker,

Thus, gathering (5.36), (5.37), (5.38), and recalling that ||V x ¢4||% = ||du||3 = (Vf’P X
duawd)T,Pa we get

VP x pall? = (V" % du,¥d)r,p = (dw, Ya)T,p- (5.39)

Using (5.39), the Cauchy-Schwarz inequality (d,¥d)r,p < ||dw|l7,p||¥allr,p and the discrete
Poincaré inequality (3.22) for 14, allow us to conclude. O

Next, it remains to estimate d,,. We first link |jw — ()]
triangle inequality

7,p to a previous result by the

llw = ()lr,p < [|lw—T0||r p + [{(@) — TIO||T P (5.40)

The first term in the right-hand side of (5.40) is bounded by (5.13). Bounding the second term
requires some more analysis.

Proposition 5.15. Under hypotheses 2.1 and 5.2, there exists a constant C(6*) independent
of h such that
(@) = T&|lrp < CO°) k02,0 (5.41)

Proof. First, we have
6) - Mallpp = 5[ 1T (@)F - )7)° + LR (@F - @)f)*]. (42
i k

Let us consider the first sum in the right-hand side of (5.42); the second sum will be treated
in the same way, with however an important modification that will be underlined within the
developments that follow.
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Since ()7 — (I1w)7 is a constant on T}, we have
@) - = [ (@ - ma))* ax

2 (10— @) ey + 16— M6)T gy - (5:43)

IN

Using arguments similar to those that led to (5.22), we have that
ll& — ()] L2 (ryy < Chll@ll2,z- (5.44)

Since T; is an open bounded set which is star-shaped with respect to G;, there exists a constant
C(T;) only depending on the shape of T}, but not on its diameter such that

& = (@) ll2ry < C(Ty)diam(T;)[| V| 2(r- (5.45)

Since T; is convex, a universal constant C(T;) is given by I, see [41]. Since any dual cell Py is
star-shaped with respect to Sk, a similar inequality holds:

1o = (@) |22 (P < C(Pr)diam(Pi) [V 22 (p,)- (5.46)

However, since Py is not necessarily convex, the estimation of C(Fj) is less obvious, but we
may use explicitly computable formulas given, for example, by [42, 43]. These formulas show
that C'(Px) only depend on the angles of the subtriangulation mentioned in Hyp. 2.1. Gathering
(5.43), (5.44) and (5.45), and similar inequalities on the dual cells Py, the upper bound (5.41)
is obtained from (5.42). O

Now, we are able to estimate the first term in the right-hand side of (5.32). With (5.40),
(5.13) and (5.41), we obtain from (5.35) the following proposition:

Proposition 5.16. Under hypotheses 2.1 and 5.2, there exists a constant C(0*) independent
of h such that

llu—allp <CO) (|0ll20 + [Bll2.0) - (5.47)
Finally, plugging (5.47) and (5.33) into (5.32) leads to the following theorem

Theorem 5.17. If all diamond cells are conver and under hypotheses 2.1, 5.2 and 5.4, there
exists a constant C(0*) independent of h such that

[ = dllo.0 < €O (I2lla0 + Iollan + llgllon + 1dlbo + [l20) - (5.48)

Remark 5.18. The convergence results obtained in this section are valid on any mesh; however,
on some type of meshes, it is possible to prove some superconverge results. They will not be proved
here, but it may be shown that if & and p given by Proposition 5.1 belong to H3(SY), then, on
families of meshes such that there exists a finite number L of sub-domains (S2¢)e(1,1) included in
Q and independent of the mesh step h, such that the diamond-cells which are not parallelograms
are included in strips dp, having width Ch and located along the boundaries of the various €y,
where C'is a constant independent of h, then ||V (p—1Ip)||p and ||V (w—TI)||p both converge
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to 0 with the order h3/2, and, using the discrete Poincaré inequality, so do ||p — IIp)||r.p and
|lw — TI&) ||, p-

Families of uniformly refined meshes of rectangles, or any (possibly non-conforming) union
of such meshes verify such an hypothesis; see for ezample on Fig. 7 the second family of meshes
used in section 6. In that case, each mesh of rectangles is an Qy. Another example of such
families of meshes is what is called “homothetically refined triangular meshes”, obtained from a
coarse triangular mesh by iteratively refining each triangle into four homothetic sub-triangles by
joining the midpoints of its edges. In that case, each triangle of the coarse mesh is an .

6 Numerical results

In this section, we first test the finite volume method applied to the vorticity-velocity-pressure
formulation against known analytical solutions and plot convergence curves (in log-log scale) for
several quantities; then we consider the Bercovier-Engelman [44] as well as the Ruas [45] test
case.

6.1 Convergence curves

First, the data are chosen so that the exact solution is
0 = (exp(z) cos(my), zsin(my) + cos(wx))”  and p = zyexp(z) cos(my). (6.1)

The boundary conditions are those given by (4.1).

Three families of increasingly fine meshes are used. The first is a family of standard triangular
meshes, used on the non-simply connected domain 2 =] — 1/2;1/2[?\] — 1/6;1/6[2, see Fig. 6.
The second and third families are nonconforming meshes used on the domain Q =] —1/2;1/2[2.
The second family has very localized non-conformities, see Fig. 7, and is obtained in the following
way: the first mesh is obtained by dividing the domain into 8 x 8 identical squares, and the 4
squares at the center of the mesh are further refined into 4 x 4 sub-squares. Then, the subsequent
meshes are obtained by dividing each cell of the previous mesh into 2 x 2 square cells. The third
family has non-conformities spread over the entire domain, see Fig. 8, since every other cell is
refined into 4 x 4 sub-cells. Of course, the third family of meshes is not of practical use but
illustrates well the ability of the scheme to deal with heavily non-conforming meshes.

We have proved (see Sections 5.1 and 5.2) that p, w, as well as their gradients converge to the
exact solution of the Stokes problem. We are thus interested here in the numerical convergence
of p, Vf p, w and Vf w, which we measure by the following errors

Tl o S ID (TR, - (V)

||z, P
where Vj € [1,J],(IIVp); = (VP)(B;), where B; is the center of gravity of the diamond cell
D;. The same definitions hold for w by replacing p by w in the previous formulae. From the
numerical results given in [15], we may expect second-order accuracy for p and w (although
we were able to prove only first-order accuracy in section 5), and first-order accuracy for Vf D
and V£ w on general meshes. However, on meshes with diamond-cells which are almost all
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parallelograms, which is the case for the second family of meshes, we expect a convergence order
of 1.5 for V§p and V7 w.

We also proved the convergence of the velocity field u to the exact solution. The discrete
relative L? error on the diamond cells for the velocity is measured by:
() = >, 1D;| [u; — (ITa); [
>, D] )P

where (ITa); is the value of the exact solution @ at the midpoint M; of the edge A;:

Vi € [1,J], (Ila); = a(M;).

We expect first-order convergence of the velocity field on general meshes like those of the first and
third families. On the second family of meshes, since almost all diamond cells are parallelograms,
we may expect from the numerical results of [25] an order of convergence of at least 1.5. In
Finite Element methods, one is also usually concerned with the convergence of Vu, since u
belongs to H'(Q) and since the term [, Vu : Vvdx appears in the bilinear form associated
with the variational formulation of the Stokes problem. In our formulation, the natural norm

1/2
induced by the variational formulation is <||V : u\|2L2(Q) + |V x u||%2(ﬂ)) . Since V¥ - u is

always exactly imposed through the first equation of (4.15) or (4.16), we measure the errors on
the derivatives of u through the error on w = V{’P X U.

6.1.1 Triangular meshes

We first consider standard triangular meshes, as shown in Fig. 6. On this type of meshes, V hD D
and Vf w are all first-order accurate, while p, w and u are second-order accurate, as displayed in
Fig. 6. Apart from u which displays superconverge, these are the expected orders of convergence.

-=-elp(h)
—=—e0p(h)
——e(h)
-e-elaxh)
—e—e0ux(h)
—slope=2
- --slope=1

10°

Figure 6: Left: Triangular mesh. Right: Errors.
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6.1.2 Locally refined meshes

On the second family of meshes (see Fig. 7), we observe a super-convergence of order 1.5 of Vf P
and VE w, as expected. Moreover, as far as u is concerned, we observe in practice an order of
convergence which is better than expected since it is slightly lower than 2. On the third family

-=-elp(h)
—=—e0p(h)
-»-e(h)
-e-elu(h)
—e—e0w(h)
—slope=2

- - -slope=1.5|

10” 10°

Figure 7: Left: Non-conforming mesh. Right: Errors.

of meshes, see Fig. 8, we recover the same orders of convergence as those obtained on triangular
meshes, except for u which has only first-order convergence.

10 -=-elp(h)
_--a ]|==—elp(h)
-»-e(h)
-e-elu(h)
—e—e0w(h)
—slope=2
- --slope=1

Figure 8: Left: Non-conforming mesh. Right: Errors.

6.2 The Bercovier-Engelman test case

The domain of computation is the unit square and the boundary conditions are u-n = 0 on the
whole boundary and w = 256y2(y — 1)? for x =0 or = 1 and w = 2562%(z — 1)2 for y = 0 or
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Yy = ].7 while f = (fl, fg)T with

filzy) = 256 (2%(z — 1)*(12y — 6) + y(y — 1)(2y — 1)(122° — 122+ 2)) + (y — 1/2)
fzy) = —fily,z)
The exact solution is w = 256 (y*(y — 1)?(62% — 6z + 1) + 2*(z — 1)%(6y> — 6y + 1)), p = (z —
1/2)(y — 1/2) and u = (ug,u2)? with
ui(z,y) = —256y(y — 1)(2y — a*(z - 1)?
uz(z,y) = —ui(y, ).
This test case is interesting because in the source term f, the component related to V x w is
much larger in magnitude as that related to Vp, and thus one may wish to know if a numerical
scheme is able to calculate the pressure field correctly. This is indeed the case as may be seen

from the results displayed on Figure 9 which were computed on a triangular mesh with around
63000 triangles.

10
a0

Figure 9: Bercovier-Engelman test. Left: pressure contours (expected extrema : —1/4 and 1/4,
computed extrema: —0.24989 and 0.25003). Center: velocity field. Right: vorticity contours
(expected extrema : —16 and 16, computed extrema: —16.001 and 16).

J .

B (]

6.3 The Ruas test-case

The domain of computation is the unit circle, we use u-n = 0 on the boundary, where we
also prescribe the value of the exact vorticity @ = 32 — 16(z? + 3?). Setting f = V x & and
g = 0 yields that p = 0. This test is interesting because a numerical method will compute a
discrete pressure which will be, in general, different from 0, and thus one wishes to know the
magnitude of this spurious pressure. However, in the DDFV framework, we wish to emphasize
that there is a way of prescribing the right-hand side f; on each diamond-cell D; in the discrete
Helmholtz-Hodge decomposition (Step 1 of our procedure) such that the discrete values p and
w computed by our scheme are exactly equal to 0 and IIw, respectively. Indeed, instead of using
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4.10), we define f? by its scalar products with n; and n’; in the following way
J J J

1 1
ij-nj:m/ f-njdo and ij.n;:|A/-|</' f-n;lda—l—// f-n;.Qdo). (6.2)
il Ja, y AL Al

J

Then since

/Ajf.nj _ /A](v X&) -y = /Ajma) 7 = 0(Sk) — &(Ska) = |45 (VD x 1), - my

and, in the same way

// f-njdo+ /A, f-njydo = (O(M;)—0(Ga)) + (@(Giz) — @(M;))
41 2

= @(Gi2) — &(Ga) = |AS|(V}) x TI&); - nf,
we have that f; = (V} x IId); for all j; then it follows from the uniqueness of the discrete
Helmholtz-Hodge decomposition of the discrete f that w; , = (II); , and piT,}cP = 0. Of course,
defining ij by (6.2) requires the calculations of the 1D integrals along the edges; this may be
performed by numerical quadrature, up to a user-defined precision. In the Ruas test case, since
f is a P! function, the midpoint rule is enough to calculate the integrals exactly. We checked
that the computed vorticity is exactly equal to IIw and that the computed pressure vanishes, up
to the linear solver precision. The vorticity and the velocity fields are displayed on Figure 10.

Figure 10: Ruas test. Left: velocity field. Right: vorticity contours.

7 Conclusion

We have proposed a discrete duality finite volume method for the two-dimensional Stokes equa-
tions with the non-standard boundary conditions (4.1) to (4.4). These non-standard boundary
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conditions are treated through the vorticity-velocity-pressure formulation of the Stokes equa-
tions, for which the finite volume method was successfully applied over unstructured and non-
conforming meshes. Numerical results show a first-order convergence for the velocity, the pres-
sure gradient and the vorticity gradient and a second order convergence for the pressure and
the vorticity, while a superconvergence order of 1.5 for the pressure gradient and the vortic-
ity gradient and an order two for the velocity are obtained on regular (but possibly locally
non-conforming) meshes. Some of these convergence orders were proved through the theoreti-
cal analysis we led in this paper, while only suboptimal orders were obtained for pressure and
vorticity on general meshes and for velocity on regular meshes.
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