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A PRIORI ERROR ESTIMATE OF A MULTISCALE FINITE ELEMENT METHOD FOR
TRANSPORT MODELING

FRANCK OUAKI! GREGOIRE ALLAIRE? SYLVAIN DESROZIERS AND GUILLAUME ENCHERY 3
Key words. convection-diffusion, periodic homogenization, multiscale finite element method

Abstract. This work proposes an a priori error estimate of a multiscale finite element method to solve convection-diffusion
problems where both velocity and diffusion coefficient exhibit strong variations at a scale which is much smaller than the domain
of resolution. In that case, classical discretization methods, used at the scale of the heterogeneities, turn out to be too costly. Our
method, introduced in [3], aims at solving this kind of problems on coarser grids with respect to the size of the heterogeneities
by means of particular basis functions. These basis functions are defined using cell problems and are designed to reproduce the
variations of the solution on an underlying fine grid. Since all cell problems are independent from each other, these problems
can be solved in parallel, which makes the method very efficient when used on parallel architectures. This article focuses on the
proof of an a priori error estimate of this method.

1. Introduction.

A multiscale finite element method was first introduced by Th.Y. Hou and X.H. Wu in [19] to efficiently
solve elliptic problems with diffusion coefficients containing small-scale features. The novelty of this method
consisted in computing basis functions associated to a grid with a coarser resolution than the fine scale and
which contain the small-scale variations. This method was based on results of periodic homogenization theory
shown, for example, in [8], [28] and [31]. Other multiscale methods, which also stem from homogenization
results, were proposed in [7], [15], [23]. Since these early works, the literature has grown considerably in variety
of numerical algorithms and physical applications including reservoir simulation (see e.g. the reference book
16]).

Here, we consider the following convection-diffusion problem in RY (in practice N = 2 or 3), written in
physical units, describing the evolution of an initial concentration:

p (m)at* (t*,2*) + b* (x*) - Vu* (t*, 2*)

(1.1) —div (A* (z*) Vu* (t*,2*)) = 0,

u* (0,27) = u™ (27),

which arises, for example, when modeling the transport of flows in porous media. In this case, p* represents
the porosity, b* the velocity, A* the diffusion tensor, u* the unknown concentration with initial value u*°
and we assume that the flow is incompressible, i.e.,

div (b*) = 0.

Problem (1.1) can be adimensionalized and rescaled following the same ideas as in [1], [6] and [14], in order to
be amenable to homogenization. Let [ be a characteristic length of the variations of the material properties,

Ly a characteristic length of macroscopic observation and Tg a characteristic time scale. As usual, we set

€= Ll—R, which is assumed to be a small parameter. We denote by pg, br, cr, Ar characteristic values for
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the porosity, velocity, concentration and diffusion and define dimensionless variables:

T = , = —, T)= ,
Lgp Tr pr@) PR
ey br@) o AT _ut(tar)
(@) = T ey = D =

The dimensionless equation thus reads

9 beT ART,
Due | bl g, AR g, (4790 =0,

(1.2) ot Lgr L3

2
We now choose a diffusive time scale, i.e., we set T = i—R. Then, for this dimensionless problem, depending
on the chosen spatial scale, two Péclet numbers can be defined:

e a local one

lbr
Pejoc = TR’
e and a macroscopic one
Lgb
Pe = “871
AR

They are related by Pe = %Peloc. With these notations, (1.2) can be rewritten as

- Oug

ot

+Peb - V,u, — div, (A°V,u) = 0.

In order to keep a balance between convection and diffusion at the microscopic scale, we choose the charac-

teristic velocity b such that the local Péclet number is equal to 1, implying that Pe = L. Thus, the original

problem (1.1) becomes: )

pg(ac)aal;s + %be (z) - Vue — div (A° () Vue) =0 in (0,T) x RN,

(1.3)
ue (0,2) = u° (2) in RV,

for some final time 7" > 0. Furthermore, we shall assume that the coefficients p®, b°, A° are e-periodic
functions in (1.3). The goal of the present paper is to prove an error estimate for the multiscale finite
element method introduced in [3], [24] when applied to the periodic homogenization problem (1.3). Note
however that our multiscale finite element method (recalled in Section 3) can be applied to non-periodic
models.

In [17], a Heterogeneous Multiscale Method (HMM) was proposed and analyzed for the same problem
(1.3). This HMM was designed to compute more accurately a solution at the coarse scale but not to reproduce
its variation at a finer (microscopic) scale. Moreover, the analysis of this HMM assumed that the diffusion
and velocity field only have a small scale behavior and that they are constant on the macroscopic scale.

In [18], Th.Y. Hou and D. Liang were concerned with the following equation:

Oue +b° () - Vue — e™div (A% (z) Vu.) =0 in (0,7) x RV,
(1.4) ot
ue (0,7) = u° () in RV,



where m € [2,+00[. Our case corresponds to m = 1 as far as the Péclet number is concerned. However the
time scale is much shorter in (1.4) than in (1.3). More precisely, a time of order 1 in (1.4) is equivalent to a
time of order ¢ in (1.3).

Our paper is organized as follows. Known homogenization results for the periodic problem (1.3) are first
summarized and an a priori error estimate between the exact solution and the first two terms of its two-scale
expansion is recalled in Section 2. Section 3 defines our new multiscale method which is based on these
previous homogenization results. Section 4 establishes an a priori error estimate of this method. Our main
result is Theorem 3. Numerical tests illustrating the interest of our multiscale method can be found in the
PhD thesis of the first author [24] and will be presented in an upcoming article.

2. Homogenization in the periodic case.
Let us consider the homogenization of (1.3) with periodic coefficients defined by

£ _ € (1 _ € € _ T

P (a:)—p(g), b (x)_b(s)’ A (x)_A(s)’
where p, b and A are Y-periodic functions, with Y = (0,1)" the unit cube. More precisely, we make the
following assumptions.

HYPOTHESES 1.

p, b and A are Y -periodic functions,
p, b and A are piecewise C' and the interfaces of discontinuity are C2,
div(b) =0,
there exists pmin > 0 such that Yy € Y,  p(y) 2 pmin,
A is coercive and bounded: there exist constants Csq > 0 and Cy,g > 0 such that

Crds o o~

Yy eV, veeRY, Ay € > Cualél®,
and
||A||Loo(Y)N><N = Cppa < +00,

6. u e H? (V).

Assumption 2 is useful for getting smoothness of the cell solutions, while assumption 6 implies smoothness
of the homogenized solution.

In the sequel, we denote by X4(Y") the set of the Y-periodic functions of a given functional space X (Y")
(typically a Sobolev space).

The first main result of this section is the following convergence theorem which is proved in [6], [14], [22],
[24] (see also [26] for a formal derivation).

THEOREM 1. Let ue be the sequence of solutions to (1.3). Assuming that Hypotheses 1 are satisfied, then

T b*t 2
/ / ue(t,x) —u (t,x — > dzdt — 0,
0 RN £ e—0
where b* is the homogenized velocity defined by
. b(y)dy .
(2.1) bt = fyp* and  p* = / p(y)dy,
Y

while u is the unique solution of the homogenized problem

p*@ —div(A*Vu) =0 in (0,T) x RV,
(2.2) ot

u (0,2) = u° () in RV,



with A* the homogenized diffusion tensor defined by its entries

(2.3) z%:LﬂMW—MWW@+LMmWWﬁWYMy

or, equivalently,
(2.4 Ay = [ A (Tt e (T + ) dy

and w; the solution of the cell problem (2.12).
Another interpretation of Theorem 1 is that the solution w. of (1.3) is approximately given by

UE(tﬂ x) ~ a&(tax)v

where u, verifies

(2.5) it ) = u <t7 v — m)

€
and is the solution of a modified homogenized problem

. Ol
(2.6) P o
i (0,2) = u® (2) in RV,

1
+ 2b* - Vi, — div (A*Via) =0 in (0,7) x RV,
13

The interest of the comparison with . is that the frame of reference is the same for u. and . and that the
convective term is explicit in (2.6). Note that . (t,x) is not an oscillating function although it still depends
on ¢ because of the large convective term in (2.6).

REMARK 1. [t is clear from the statement of Theorem 1 that, in the general case when b* # 0, such
a result cannot hold for a bounded domain. Indeed, for a bounded domain the leading asymptotic term
U (t,x — %) escapes from the domain. In other words, the imposed boundary conditions will play a crucial

role and change the asymptotic behavior (see [5] for more details). This explains why we work in the full
space RY instead.

2.1. Asymptotic expansion with drift.

A formal proof of Theorem 1 can be deduced from the method of two-scale asymptotic expansion with
drift that we briefly recall. As in [1], [4], [6], [14], [22], [26], we assume that the solution u. can be expressed
by means of the following series:

= b*t x
(2.7) ue(t, ) = Zslui <t,x -—, ) ,
i=0

where each function u;(t,z,y) is Y-periodic with respect to y and b* is a constant vector which represents
the homogenized velocity and is an unknown that will be determined later. We insert this expansion into
(1.3). The identification of the terms corresponding to each power of € leads to the following set of equations:

(2.8) b(y) - Vyuo — divy (A(y)Vyue) =0,

(2.9) — p(y)b* - Vaug +b(y) - (Vauo + Vyur) — divy (A(y) (Vauo + Vyur)) = div, (A(y)Vyu),
4



(2.10)  b(y) - Vyug — divy (A(y)Vyuz) = —p(y)duo + p(y)b" - Vaur —b(y) - Vous
+ divy (A(y)Vaur) + divy (A(y) (Vyur + Vi),

complemented by Y-periodic boundary conditions. From (2.8), we deduce that uy does not depend on the
variable y € Y so that ug(¢,z,y) = u(t,z) for any y € Y. Then, (2.9) can be rewritten as

(2.11) — p(y)b™ - Vaug + b(y) - (Veuo + Vyur) — divy (A(y) (Veuo + Vyur)) = 0.

From the compatibility (or solvability) condition of (2.11), we deduce that the homogenized velocity b* must
be given by formula (2.1). Morevoer, for each i = 1,..., N, we introduce the function w;, solution to the cell
problem

(2.12) b(y) - (Vyw; + e;) — divy (A(y) (Vyw; +€;)) = p(y)b™ - e;, in Y.

The Fredholm alternative ensures the existence of a solution w; € H 7}?é(Y) to this equation. Moreover, under

the hypotheses 1, we also have w; € W;’DO(Y). By linearity of (2.11), u; can be computed, up to an additive
function of z, as

N
bt ou bt
(2.13) uy (tycc— €,y> =2 o, (t,w— 6 )wi(y)-

Eventually, the compatibility condition of (2.10) yields the homogenized problem (2.2) for u. This is thus a
formal proof of Theorem 1. A rigorous proof is obtained by using the notion of two-scale convergence with
drift introduced in [22].

2.2. A priori error estimate.

Theorem 1 states that u is a fair approximation of u. with respect to the L? norm. However, it is not
sufficient for higher order approximations and it was improved in [3] and [24] by using the corrector term u;
as follows.

THEOREM 2. Let ue be the sequence of solutions to (1.3), u be the solution of the homogenized problem
(2.2) and uy be given by (2.13). Assuming that Hypotheses 1 hold, then

b*t b*t x
ue(t,x) —u | t,x — —euy (t,x — —, —
€ €€

where C' > 0 depends on the final time T but not on €.
Inequality (2.14) allows us to justify the approximation

* N *
(2.15) Ue(t,z) ~ u (t,x - b;) Loy (t,:c o

x
Eizl ox; € )wz(e)
which will be the starting point of our new multiscale method.
The proof Theorem 2 is a consequence of the following technical lemma (for details, we refer to [3]
and [24]).
LEMMA 1. Under the same assumptions as Theorem 2, we introduce the remainder

b*t b*t
re(t,z) =e ! (ug(t,x)—uo <t,x— ) —euy <t,x— 7:10)) .
€ e e

(216) ||TEHL°°((O,T),L2(]RN)) S C and HVTE||L2((0,T)><RN)N NS C,

(2.14)

< Ck,

L2((0,7),H* (RN))

Then

N

where C' > 0 depends on the final time T but not on €.
5



3. A new multiscale finite element method.

In this section, we recall the definition of our multiscale finite element method as introduced in [3] and
[24]. Since it is not possible to discretize the full space RY, we replace it by a rectangular domain €2,
complemented with periodic boundary conditions on 9€2. The previous homogenization results, Theorems 1
and 2, obviously extend to this simpler setting.

To enforce that the domain €2 is always the union of an entire number of periodicity cells we make the
following additional assumption. We also replace point 6 of Hypotheses 1.

HYPOTHESES 2.

1. The sequence of real numbers & converging towards 0 is such that for each e, there exist integers
(n5,m$)1<ign such that

N
H(nfe,mfe), ng,m; € N with n; <m;.

i=1

Q

2. u’ € W:;JFS’OO () where k € N\ {0} is the order of the finite element method to be defined.
In other words, we replace problem (1.3) by

p°(z) 85;6 + ébs (x) - Vue —div (4% (x) Vue) =0 in (0,T) x £,
3.1
3-1) x — ue(t, x) is Q-periodic in (0,7),

ue (0,2) = u’ (2) in Q.

3.1. Idea of the method.
As suggested in [19] and following an idea of L. Tartar [29], we introduce oscillating test functions

. x
Wi = x; + ew; (7) ,
€
each w; (£) being the solution of (2.12). With this definition, we have
_ x
Vs (z) = e; + (Vyw;) <E) :
Since div, = ediv, (2.12) becomes
1 sz e . T e 1 oz, .
(3.2) -b (7) -Vw; — div (A (7) Vwi) =-—p (7> b*-e; in €Y,
e \e € e \e

where each function @ is e-periodic. Using the approximation (2.15), u. satisfies

N
b*t . ou b*t
ug(t,x)Nu(t,x— E)—l-ig_l(wi(x)—xl)ém(t,x— 6).

Here, as in [2], it is important to notice that the right hand side of this approximation is a first-order Taylor
expansion with respect to the space variable. Thus, equivalently, we have:

w(t,z) ~u (t,@s(x) _ W) .

3

Introducing 4. defined in (2.5), we have

u (t,@f(x) - bt) = U (t, 0" (x))

€
6



and the previous approximation can be rewritten as:
(33) uE(tv .’IJ) ~ ﬂa (ta ) © @E(x)

The multiscale method presented in this paper is based on this approximation and a set of multiscale basis
functions is built following this idea of composition. This change of variable, called harmonic coordinates,
was first introduced by S. Kozlov in [21] and applied to define a multiscale method in [2] and [25].

3.2. Coarse mesh and weak formulation.
Let Ky be a family of meshes of resolution H with Q = UKE,CH K. A mesh Kg will be referred to as
the coarse mesh. For each cell K € Kpg, let us define:
e the diameter Hx which is the length of the longest edge of K,
e the roundness pg, the diameter of the inscribed ball in K,
e the excentricity ox = IZ—;{‘ which measures the non-degeneracy of K.
Each mesh Kg is defined so that H = maxgex,, Hx. Here are recalled several definitions which will be
used afterward.
DEFINITION 1. A mesh Ky is conformal (in the finite element theory) if every face of an element
K € Ky is either part of the boundary 0S), or the face of another element K'.
DEFINITION 2. The family of meshes (Kg )y is regular if and only if, there exists a constant C, such
that

OK < CT‘a

for each cell K € Ky and for all H > 0.
DEFINITION 3. The family of meshes (Kg)y is quasi-uniform if and only if, there exists a constant
C > 0 such that

VH>0,VK€’CH, CngKgHKgH

In the following, we make the following assumption.

HyYPOTHESES 3. The family of meshes (Kg)y is conformal, regular and quasi-uniform.

We build a multiscale finite element method that can be applied to non-periodic cases. Therefore, in
each coarse cell K € Ky, we define functions which are equivalent to the functions @$ in a non-periodic case.

As a result, restating the definition (3.2) of @¢, we define the functions @:"™ as the solutions of

3 €

~ ’K
wy = xz; on JK,

L (2) - vy ™ — di € 55 = Log()bt - e i
(3.4) { 2b° () - Vg div (A (z)Vw ) p° ()b - e; in K,

where

" fK p(x)dx

In practice, (3.4) is solved, in each cell K, using a finite element method on a local fine mesh of resolution
h < H. A function @™ is then defined on Q gathering all functions @™ on each cell K. Given the

regularity of the functions b°, A® and p®, each function @f’H belongs to W>°(£2). Finally, we define the

s~ ~c.H
vector-valued function @ = (wi’ ) .
i=1,...,N

yeeey



3.3. Definition of the multiscale finite element space.
Let Vi be a linear subspace of Hy(Q) (the subspace of H'(2) made of Q-periodic functions) associated
to the coarse mesh Kg, Dy the dimension of this space, i.e., the number of degrees of freedom. In what

follows, the subspace Vi is a P; Lagrange finite element space and (@f{ )l N is a basis of Vg. A new
I k>

space V¢ g is then defined: it is spanned by the multiscale basis functions:

o =offoa™, 1=1,...,Dy.

REMARK 2. Since for all x € 99, w*H(x) = =z, for any Q-periodic function f, f o w*H is also
Q-periodic.

Moreover, recalling that W5 (z) = x; + ew; (f) then ,using Hypothesis 2.1, w° is equal to the identity
function to which an Q-periodic function is added. Therefore, for any Q-periodic function f, f o w® is also
Q-periodic. This remark proves that V. g is indeed a subspace of H;E (©2). Accordingly, we introduce the
interpolation operator 7. g associated to V; g:

(3:5) menv(e) = D0 w2 @) = Y w®@f 0w (x) = (wrv) o 7 (1)

lEN]}»k,H lE/\/’pk,H

where 7y is the interpolation operator associated to Vi:

rpv() = Y v (l) B (x).

S

We seek a numerical approximation u. g in Vi g of the exact solution u.. We compute it by means of
the variational formulation: find u. gy € C* ((0,T), Ve ) such that u. y(0,2) = 7. gu®(z) and, for any
Ve, € Ve,

(36) (Dtue,Hava,H)Lz(Q) + a(ue,HaUa,H) =0,

where D, is the convective operator D, = pE% + %ba -V and a(u,v) = [, A°Vu - Vudz. In the rest of this
article, we introduce simplifying notations:

0 0
t 8t an i al’z
4. A priori error estimate of the multiscale finite element method. This section

is devoted to the main result of the present paper, that is an estimate of the error between the numerical
solution obtained with our multiscale finite element method and the exact solution of problem (3.1).
THEOREM 3. There exists a constant C' which does not depend on € or H such that

(4.1) e = uemllg, SC(H’“+|I)€| (H* 4¢) + /;{)’

where

2 2 2
lulle, = lullze 0.1y, 20 + [ulz2 0,1y, 11 2)) -

We recall that € represents the size of the heterogeneities, H the size of the coarse mesh and k > 1 is the

order of the finite element method defined on the coarse mesh on which the multiscale method is based.
REMARK 3. The presence of the term ‘bsj i the error estimate is rather inconvenient. Indeed, due to

this factor, the upper bound in (4.1) does not tend to zero when & and H get smaller. However, the multiscale

8



method presented here does not treat specifically the convection term in the equation since it is based on

a classical Py, Lagrange finite element method. In other words, the numerical scheme is centered and no
upwinding is applied. As a result, we obtain this nasty term @. Of course, we could always remember that
the large convective term is coming from an adimensionalization process (as described in the introduction)
and claim that, after all, the homogenized velocity @ is of order 1 in the original physical variables. A
better answer would be to improve our multiscale finite element method by using a better coarse discretization
method like a SUPG method [10] or a Galerkin characteristic method ([9] or [27]). Unfortunately, we are
not able to prove a better error estimate in these cases.

Proof. In order to prove this theorem, we will begin in Section 4.1 with a characterization of the error
obtained when solving (3.1) in an approximation space (Lemma 2). This lemma is in fact an adaptation of
Céa’s lemma [12] for a transport equation. It is then applied with a specific test function:

Ve, H = 7T.r;‘,Haav

)

where . (t,2) = u (t,x — ﬂ), and u is the solution of the homogenized problem (2.2). This gives the

€
following inequality:

(4.2) ue — e mllo, <O (X1 + Xo+ X3+ X4+ X5),
where

Xo = e = e mlel 2 o 1) 1 () 0

Xy = [Jue - 7T6,H7-L6||Loc((o,T),L2(Q)) )

X3 = || Dy (ue — TrE»HaE)||L2((07T)7H-?;1(Q)) )

/ Dy (ue - WE,H’ELE)
Q L2((0,1))

and X5 = ||(ue,m — me,mie) (0, ')||L2(Q) .

Xi=|

The term X is bounded in Section 4.3, X5 in Section 4.4, X3 and X, in Section 4.5 and X5 is bounded in
Section 4.2.
Adding inequalities (4.15), (4.36), (4.38) and (4.14) into (4.2) leads to the desired result (4.1). O

4.1. The approximation error.
Let us define the subspace H;& (Q) of HL(Q) by

iy@ = {ecmm] [ o=o}.
Its dual space is then denoted by H ;1(9) and the corresponding norm verifies

Joup
||u|| - = ‘max ~.aA
B O e @ oy IVl 2w

LEMMA 2. There ezists a constant C > 0 which does not depend on € such that

(4.3)  |Jue — UE,H”QT <C nf (”us - ”s,H”QT + || Dy (ue — U€7H)HL2((0$T),H;1(Q))

i
ve, g €C>®((0,T),Ve, 1)
/ Dy (ue — ve,m)
Q

9

"

+ (ue,r — ve,mr) (0, -) ||L2(Q)> ,
L2((0,T))



where Dy = pf0, + 1b° - V and |llq,. is defined in Theorem 3.
The proof of Lemma 2 is based on the article [30] which is concerned with an equivalent inequality in
the case of homogeneous Dirichlet boundary conditions. It also relies on the following lemma.
LEMMA 3. There ezists a constant C > 0 such that
< el 90l + €| [ 0

Vu € L3 (), Vv € Hy(9), ’/qu [Vl 20

Proof. The proof is here quite straightforward:

/“<‘|slz|/> \m/ /

||u||H—1 Q) ||V”||L2(Q)N + 1o

/UU—
Q

|0

ul o]l
/Q L2 (Q)
applying Cauchy-Schwarz inequality. O )
Proof of Lemma 2. By using Poincaré’s inequality, it can be shown that L3, (Q) C H#l(ﬂ) Let we. g €
C>*((0,T), Ve i). Using the fact that u. verifies (1.3), for all v, gy € C* ((0,T), Ve i)

< ||U||H;1(Q) Vol L2 yv + Q"

(44) (ths,Hv UE,H)L2(Q) +a (ws,Hv UE,H) = (Dt (wa,H - ue) 7UE,H)L2 (Q) +a (wE,H — Ug, /US,H) .

Then, subtracting (4.4) from (3.6) with v. g = u. g — we m, We get

(45) (Dt (UE,H - w&H) yUe H — wE,H)LZ(Q) +a (UE,H — We,H,Ueg, H — wa,H)
= (Dt (ue - ws,H) yUe H — we,H)Lz(Q) +a (Us — We,H, Ue,H — ws,H) .

In the left-hand side of (4.5), the following properties are used:

(46) (Dt (us,H - ws,H) yUe H — ws,H)L’z(Q)

th ||\/7 EH wsH HLQ(Q)

because Vu € Hy(Q), (b°-Vu, U)r2(q) = 0. And
(47) a (UE,H — We,H,Ue,H — ws,H) 2 Csta |u6,H - ws,Hﬁql(Q) .
For the right-hand side, using Young’s inequality

‘a (us — We,H,Ue,H — wE,H)| < Cbnd |u5 - we,H‘Hl(Q) |UE,H - wa,H|H1(Q)

Csta 2 Cl?nd 2
< |U5,H - wE,H‘Hl(Q) + |ue - wE,HlHl(Q)
4 Csta

and using Lemma 3

(Dt (ws,H - us) s Ue H — ws,H)Lz(Q)‘ < ||Dt (us - wE,H)”H;l(Q) ||v (UE,H - ws,H)”Lz(Q)N

+C / Dy, (ua - wa,H) HUE,H - we,HHLQ(Q)
Osta 2
< 4 |U5H We H|H1 ) + ||Dt( wE,H)”H;l(Q)
p 2
! 2
+ Tgm llve,m — ws,HHLz(Q) + 2p N /QDt (Ue — We,m)

10



Thus, we have,

d 2 202 2
% ||\/p7€(U5,H - wg,H)HLz(Q) < Ciizd |UE — wE,H‘Hl(Q)

2 2 2
+ C ”Dt (U’E - ws,H)”H—l Q) + Pmin Hug,H - ws,HHLz(Q)
sta

/ Dy (ue — we, H)

2
Csta |UE,H - w&,H‘Hl(Q) .

pmln

Using p°(2) = prmin, this leads to

d
(48) % H\//?(UQH - wa,H)Hiz(Q) < H\/ﬂE‘E(U&H - we,H)Hiz(Q)

2
+C(|Ue_w6,H|H1(Q)+”Dt( — We H)”H Q)

/ Dy (ue — we 1)

Then, applying Gronwall’s inequality between 0 and ¢ € (0,7):

) — Cista |UE,H - w&‘,H‘i]l(Q) .

H\/E(%E,H - ws,H ||L2(Q) t ||\/7 Ueg, H — We, H) 0, )HQLQ(Q)

+C et_s [ue = we,t 371y + 1D (e = we )| g1 q
i @ # ()

/ Dy (ue — we i)

Vse(0,1), 1<e <e,

t
t— 2
d5> - Csta/ e’ ‘U‘&H - wEvH|H1(Q) ds.
0

Since

we obtain

2 2
(4.9) ||\//? (Ue,r — we,m) (¢, ')HLQ(Q) + Csta |te,nr — wE,H|L2((0’t)’H1(Q))

< IV Gt 1) 0.

2
+ Ce! <|Us - wE,H|L2((0,t)’H1(Q)) + || D¢ (ue — we H)||L2( 0,t),H, ' ()

/ D; (ua - wa,H)
Q

2
L2(O,t)> .

Thus
"ﬁ(UE,H - wE,H) <t7 )HiZ(Q) < eT H\/p?(u&H - wE,H) (07 )HiQ(Q)

2
+ C’eT(|u5 — we il 20,1y, 110y + 1D (e — We,#) |12 (0,10, 8157 ()

+ / D, (us - ws,H)
Q

2
L2(0,T)>.
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This inequality is verified for every t € [0,T], so

2
(410) H\/i Ug, H — We, H ||L°°((O T),L2( Q)) (Hf Ue, H — We H) 0, ')HL2(Q)
+ |u5 — w57H|L2((O7T)7H1(Q))

2
+ ||Dt (ue - w€7H)||L2((O7T),H;1(Q)) + H-/Q Dt (’LLE - wE,H)

2
L2(O,T)).

In the same way, using inequality (4.9),

2
Csta |U€,H - wE’H|i2((0,t),H1(Q)) < e ||\/P7 (UE,H - wa,H) (07 )HLQ(Q) + Ce! <|u€ - we,H'iQ((O’t)7H1(Q))

2
L2(O,t)>

2
+ HDt (’U,E — wE,H)HLQ((O,t)7H;1(Q)) + H/Q D, (Ua - ’lUs7H)

and choosing t =T,

2 2
(411)  Juen — wsH|L2((o T),H()) (H\ﬁ (tte,r1 — we,mr) (0, ')HLZ(Q) + [ue = we,r 12 (0,1), 11 (0))

2
L2(0,T)> .

2
+ || Dy (ue — w&H)HL?((O,T),H;l(Q)) + H/Q Dy (ue — we 1)
Adding inequalities (4.10) and (4.11) leads to

=5 2 2
(4.12)  [|Vp® (uemr — wsvH)HLOC((O,T),L?(Q)) F e, — wen |12 ((0,), 11(0))

< C’(|u€ - wEvH@?((O,T),Hl(Q)) + ||Dt (Us - ws,H)”iz((gny;%g))

2
/ Dy (ua - we,H)
Q

+ |VPF (ue,m — we 1) (0, ')H2Lz(9))'

L2(0,T)

Since PE = Pmin and PE < Pmazxs

(4-13) ||U5,H - wE,H||iOO((O7T)7L2(Q)) + |UE,H - wE7H|i2((O,T),H1(Q))

2 2
C(Jue = we,n 12 (o1, 1)) + 1D% (e = e 20,115 @)

2
/Q Di (e — wept) et = w0oat) (0,22 )

L2(0,T)

This implies

[lue — UaHHQT < C(||u5 - waHHQT + || D¢ (ue — w6,H)||L2((o7T)7H;1(Q))

/ Dy (ua - wa,H)
Q

12

+ (e = we i) (0,) | (o)
L2(0,T)



4.2. The initial error Xs.
The initial error X5 is yet to be bounded:

X5 = [[(ue,r — me,mtic) (0, '>||L2(Q) :
The initial condition of u. g is

V€ Q, ucp(0,z)=m. gu’(z).

e (t,x) =u (tmc— b t)

The function @, is defined by

€
where u is the solution of the cell problem (2.2) :

{ p*Oiu — div (A*Vu) = 0 in RY x (0,7),

u(0, x) = u%z) inRVM,
Therefore
e, 1Ue (0, ) = 7rE7Hu0.
Hence
(4.14) [(ue,r = 7e, 1) (0,-)]| 12 () = 0-

4.3. The gradient term X;. Let us prove the following proposition.
PROPOSITION 1. Let u. be the solution of problem (3.1) and u. defined by (2.5), then

_ €
(4.15) Vue — VW57HUE||L2((O7T)XQ)N <C (Hk + H) )

where . g is the interpolation operator associated with Ve g verifying (3.5).
Proof. First of all the norm is split into three terms:

(4.16) Ve = Ve giell 2o ryxayy < G1 + G2 + G,
where
G1 = [[Vue =V (@e(t,-) 0 W)l 20,1y x) ¥ »
Ga = |V ((@c(t,-) — mrtc(t, ")) o @5)||L2((0,T)xQ)N )
and Gz = ||V (rhic(t, ) o W% — T mte) || 12 ((0.1)x )™ -
the function @ is defined in each direction 7 by
w5 (x) = z; + ew; (g) ,

and the functions w; are the solutions of the cell problems (2.12). G; is a term of global homogenization
which will be bounded by restating accurately the approximation (3.3) and it is bounded in Section 4.3.1.
(G5 is a term of interpolation on the coarse mesh bounded in Section 4.3.2. (G5 is bounded in Section 4.3.3
by using homogenization results in each coarse cell.

The proof is obtained by collecting the results from Lemmata 4, 5 and 7 that is to say by inserting
inequalities (4.17), (4.23) and (4.27) into (4.16):

~ k €
||V’LL5—V’]Tg’HUgHLQ((O’T)XQ)N <C<€+H + H) .

Using the fact that ¢ < C'\/4 because veH is bounded leads to the inequality forecast by proposition 1. 00
13



4.3.1. The global homogenization term G;.
Let us prove the following lemma.
LEMMA 4. Assuming that the hypotheses of Proposition 1 are satisfied,

(4.17) Ve =V (ae(t,-) 0o W) L2 0,1y xyv < Ce.

Proof. The problem is defined on the parallelepiped €2 and periodic boundary conditions are imposed,
inequality (2.14), proved on the whole domain R, still holds:

b*t b*t x
us(t,x) —u ([ t,x — —euq [tz — —, =
€ €€

First, the norm that has to be bounded is split into two parts, using Einstein summation convention:

(4.18) < Ce.

L2((0,7), H'(2))

(4.19)  [[Vue = V (@c(t,) 0 @s)”p((o,T)xQ)N < Ve - Vﬁ)\?aﬂ?iaEHLQ((O,T)xQ)N
+ ”V@fawLaE -V (ﬂg(t, ) o 7:U\g)HL?((O,T)XQ)N :

The first term is bounded thanks to inequality (4.18). Indeed

V(u (t,x— b t) + euq <t,x—bt,x>> = Vi (t,z) +eV (wi (E) Ou (t,x—“))
€ €€ e/ Ox; €

= <€i + Vyw; (g)) Oz, Ue (t, ) + ew; (g) VO, te.

And
v (us(t,x) —u <t,m — bt) —euy (t,:z: — E, x>) = Vue — VW; 0y, U — ew; (E) VO, te.
€

S g £

Thus, restating inequality (4.18)

~ - €T -
[Vue = V@505, el 20,7y xyy < Ce+e sz (g) A\ TR

L2((0,T)x )N
Then, the fact that u € L> ((0,T), W*t%°°(Q)) and w € L>=(Y)" leads to
(4.20) Ve = V50s, e 2 oz < Ce.
In order to bound the other term of (4.19), let us first rewrite it

V@01 — V (i(t, ) 0 B°) = VO (&) (D e (£, 2) — Do e (1,5 (2)))
Thus,
(4.21) Vg (2) (9, te (t, 2) = Oytic (¢, @0 (2))) L2 ((0,1) ) ¥

S + Vywll oo yywun [Vite (t,2) = Ve (8, @7 (2))[| L2 0,7y x> -

Writing the Taylor expansion of Vi, gives:

Vi (t,-) o @ (x) = Vi (t, ) + 5/01 wj (g) VO, e (t,x + esw (g)) ds.
14



As a consequence
IVae(t, ) 0 W = Vel 2 0,1y weyy < € el o,m), w200 (@) WLy -

Since U (t, ) = u (t, T — %) and periodic boundary conditions are imposed on §2,

el p20,m), w20 ) = 1l 2 (0,7), w2 @) < ﬁ”“”Lm((o,T),WZm(Q)) ;
using Cauchy-Schwarz inequality. So
Ve (t, ) 0 @° = Viie|| 12,y xy~ < Ce.
Finally, injecting this inequality into (4.21) leads to
(422) [V (@) (0, (1,2) — Do (6,5 () s 019y < C-

Then, adding inequalities (4.20) and (4.22) in (4.19) gives the desired result. O

4.3.2. The interpolation term Gs.
LEMMA 5. Under the same hypotheses as in Proposition 1,

(4.23) IV ((ae(t, ) = mHic(t,-)) o le)||L2((0,T)xQ)N <coH* Hu||L<>°((O,T)7W’“+1v°°(Q)) J

where wy is the interpolation operator on Vi .
Proof. First of all,

(4.24) [V ((@e(t,) — 7w (t,)) 0 Tl 2 0.1 ey

= [|V@; 0y, (e — TH:) (¢,-) 0 @EHL2((0,T)><Q)N

S A+ Vywll poo yynvsen [V (e = wg)) (£ ) 0 @ || 20,7y xe)™ >
since the functions w; are in W;’OO(Y). The function v belongs to the space

L>® ((O7 T), W]H'LOO(Q))

so that

IV ((@e(t, ) = mrte(t, ) 0 W)l 20,7 x )™
< VT NId + Vg0l oy 19 (e = T e 0y

Then, using classical interpolation results (see [13]) and the fact that

el oo 0.7y, wisr.00 ) = Nl e 0,7y, w1 (@)
proves the lemma. O
4.3.3. The local homogenization term Gs.
To achieve the proof of Proposition 1, a term still needs to be bounded:
Gs = |V (7aic(t,) o W — me )l 20,7y )N -
Let us first precise the error between @° and w** using the following lemma.
15



LEMMA 6. There exists a constant C' which does not depend on € and K such that

| — @ 1 g < CVEIOK].

Moreover, there is a constant C' which also does not depend on € and K such that

(4.25) [ ~€7KHL2(K)N < CevIE|
and
(4.26) [° = @ e gy < N0l] e 3y -

This lemma can be proved using the same arguments as in the elliptic case (see [8] and [20]). Let us now
prove the following lemma.

LEMMA 7. Let . and m. g defined as in Proposition 1. There exists a constant C > 0 e, which does not
depend on k and H, verifying

o _ [e
(4.27) IV (wr e (t, 0 (x)) = 7e,mte) | 20,7y xyy < C 7

where my is the interpolation operator on V.
Proof. The term which will be bounded is

V (mgriie) (t, @ (2)) — mepriie) = V ((mgrite) (1,0 (2)) — (i) (1,77 (2)))
=V (@), (raie) (1,0 ()
— v (2)0,, (rrie) (t, a5 (2)) .

We have

(4.28) va@faxi (Tie) o & — Vo, (npie) an’H]

i

L2((0,T)x Q)N

<|(va: = var™) o, (rua.) 0 |

L2((0,T)x Q)N

+ ||V1Df (8%. (Trle) 0 W — Oy, (THTe) o wg’H) HL2((O,T)><Q)N :

Yet,

~c ~e 2 ~¢ ~c 2
IV (@ = @) [ aqywon = D IV (@ = 0F) || Lo gy
KeKy

Applying Lemma 6 in each cell K gives

e ~e 2 e~ 2
IV (@° = @) [ Laynn = D IV (@ = @) [ Lo ywan
Keku
< ) Cel|oK]|
Keku
< CeHN'HN,

since the perimeter of a cell is on the order of HY ' and the number of cells to cover 2 is on the order of
H~N. Thus

(4.29) IV (@ = &) | qyn < /O

16



And so

Hv (@ - {Ef’H> By, (Tiriie) o aE’H‘

€
s SV O Imallw=) -

N e H N -
HV (wf —w;’ ) Oy, (THle) 0 wE’H’

Moreover, since |||y, gy is bounded

<C
L2(Q)N H
Hence

3

: L2((0,T)x)N H

(4.30) Hv (@ - fanH) By, (Trie) o a&ﬂ‘

To bound the second term of (4.28), a second order Taylor expansion will first be computed and the estima-
tion (4.25) will be applied. However, this Taylor expansion is only valid if the function is C? in the domain
considered. The functions ®7 and 7yu are C* in each cell K. Thus, let us define a subset of K in which
@°¢ and w*¥ also belong to K. In fact, the estimation (4.26) gives

@ — 2 — (@K - SU)HLOO(K)N < [wll oo (yyv €
So
1555 = ]| o gy M0l ey €+ 187 = 2] oo g0y
Since @° — z = ew (£),
(4.31) 175 = ] e epn < 20l gy &
Let us define
Crc = {w € K | d(a, 0K) > 2 ] ey
With this definition, if x € C,
we(z) € K
and
o= (z) € K.

The second term of (4.28) will be split into two parts:

(4.32) ||V (9, (rariic) o @° — s, (mrru) 0 5|2, o

— [V (D, (mar) 0 & — D, (mariie) o 0 [ o o
+ [|V@; (0, (THTe) 0 W — Oy, (mrTe) o w™ ™) ||12(K\CK)N :

In Ck, a Taylor inequality can be applied.
REMARK 4. The following inequality can be shown using interpolation results (see [13]):

||V27THU||L°°(K)N><N S HvzuHL‘X’(K)NXN +[|V2 (u - 7TiTl’u)HLoo(K)NxN
<NV2ul| oo gy + CHE ™l oo ) -

17



Since k > 1,
||v27THuHL°°(K)N><N

is bounded.
Then, the following inequalities are verified

IV (O, (mu@ic) 0 @ = By, (wariic) 0 T H) || o, o

SNV ey (192 (1) o ey [10° = | oy

N

C||@* *{‘V’E’KHL%K)N

Cev/|K]|
CeVHN,

since the cell volumes are on the order of HY. In K \ Cf, let us use the fact that

<
(4.33) <

1K\ Cx| = H:v € K | d(z,0K) < 2 ||wHLOO(Y)N}] < C|OK]e.
This implies that
|V @ (0, (THTc) 0 W — Oy, (T tic) o w™H) ||L2(K\CK)N
L2V oo (geyvn IV (T W) | oo 1y VO [OK |
(4.34) < CVeHN-T,
Inserting inequalities (4.34) and (4.33) in (4.32) leads to
CeHN= (eH +1)
CeHN L,

V5 (s, (rrrtic) 0 @ = Oy, (wrric) 0 @) [ g0y <
<
~

because € and H are bounded. Computing the L? norm on the whole domain gives

[V (O, (mrriic) 0 @° = 0, (waiic) 0 5°H) ||} g
= KgH V@5 (B, (maitc) 0 @ — By, (waiic) o @) |2, .
< Z CeHN!
Keknu
< 0%.

This implies

[V (9, (et o 8 — B, (e 0 7)oy < Oy
Hence
(4.35) IV (0s, (raiic) 0 @ = a, (mariic) 0 57 || Lo 0.y xerys < Cy /%.

Thus, injecting inequalities (4.30) and (4.35) into (4.28) gives the desired result. O
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4.4. The inertial term Xs.

This section provides an upper bound to the term X5. More precisely, it aims at proving the following
proposition.

PROPOSITION 2. Let ue be the solution of problem (3.1) and u. defined by (2.5), then

~ g
(4.36) X3 = e = Tetiicll o o1 221y < C (Hk N H) .

where T i is the interpolation operator associated with V. g verifying (3.5).
Proof. The term X5 can be bounded in the same way that X; was bounded. However, the a priori error
estimate used is not (4.18), but the estimation (2.16), which leads to:

b*t b*t =
ue(t,z) —u t,:z:f? —euy t,a:f?,g

with a constant C' > 0. The proof of Proposition 1 can then easily be adapted to prove this proposition. O

(4.37) < Ce,

L>=((0,T),L?(2))

4.5. The convective derivative terms X3 and Xj.

This section is dedicated to the proof of a proposition giving an upper bounder of the terms X3 and Xj.
Let us first state this proposition.

PROPOSITION 3. Let u. be the solution of (3.1) and . verifying (2.5). There exists a constant C' > 0
which does not depend on € and H such that

(438) ||Dt (UE — 7T87Ha‘€)||L2((O,T)7H;1(Q))

+ ‘ / Dy (ue - 7Te,H'ELE)
Q

b* b*
<C (H’“+H’“+1||+||s+1/5> ,
L2(0,T) € € H

where T g s the interpolation operator on V. g defined by (3.5).
Proof. In order to prove this proposition, let us first make the following remark.
REMARK 5. For any function f,

1AW 2 (0,0, )

1%

can be bounded using similar arguments. Indeed, by definition of this norm

fo‘P

max _— .
eerL@\{0} V@l 12q)n

and

L2((0,1))

1AW 0) =

Using Poincaré inequality the semi-norm ||y q) is equivalent to the norm || g1 (q)- And, it can be noted

that
|Jo fol 1 / .
=— || f| Hfe=1
lelmy 102 e
Therefore, in the following, the term M will be bounded. In this section, only the case ¢ € H;&(Q) will

be considered. However, the properties are still valid in the case ¢ = 1.
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Moreover, using once more Poincaré and Cauchy-Schwarz inequalities, any function ¢ € H;t (Q) wverifies

< Cq < Ca | £l ,
Vol 2oy~ el p2(0) L)

where Cq is the constant associated to the Poincaré inequality applied in Q). Hence
HUHH—l(Q) < Co ||U||L2(Q) :

Using this remark we will only prove here the inequality

~ k g1 07107 €
(439) ||Dt (ue - ’/TEvHue)||L2((O,T),H*1(Q)) < C (H + H + ? + ?5 + ﬁ s

As in Section 4.3, the term to be bounded is split into three:
. t (Ue — T HUe L2((0.T).E-1(Q X V1 2 35
(4.40) IID; ( )i (0.1, ()#)<D + Dy + D
where

Dy = || Dyue — Dy (tie(t, ) o {U\E)||L2((0,T)’H;1(Q)) )
Dy = ||D; ((te — wpae) (t,+) o @E)HL?((o,T),H;l(Q)) ,

and Dj3= ||Dt (WHﬂg(t7 ) o f — WE,Hﬂ’&)||L2((07T)7H;1(Q)) .

D; is a global homogenization term bounded in Section 4.5.1. Dy is an interpolation term on the coarse mesh
to which an upper bound is given inside Section 4.5.2. Section 4.5.3 is dedicated to bounding D3 applying
homogenization results in each coarse cell.

Injecting the results of Lemmata 8, 10 and 12, or more precisely, the inequalities (4.41), (4.49) and (4.57)
into inequality (4.40), we get:

~ k e N €
HDt (UE_ﬂ-E’HUE)||L2((07T)’H_1(Q)) <C<€+H +H + ?+7€+ E .

Providing that e < C'/4;, the proposition is then proved. O

4.5.1. The global homogenization term D;.

Let us prove the following lemma

LEMMA 8. Let u. be the solution of problem (3.1) and . verifying (2.5). There exists a constant C > 0
which does not depend on € and H such that

(441) HDtue - Dy (as(t7 ) ° @E)HL%(Q,T),H;%Q)) < Ce

This proof requires the following classical lemma which will not be proved here.
LEMMA 9. Let g € Li(Y) such that [ g(y)dy = 0. There exists a function ¢ € H%E(Y)N such that

—div, ¢ = 9g(y),

Jy C(y)dy = 0,
y — ((y) is Y -periodic.
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Proof of Lemma 8 In order to bound ||Dyu. — Dy (tc(t,-) o {U\s)”Lz((O,T),H;l(Q))’ let us consider a test
function

e e 12 ((0,7), 14(®)).
The aim is now to bound the integral
/Q Dy (ue — U (t, ) o 0°) pdux.
Recalling that Dy = p°0; + %bs -V,
Dyu. = div (A*Vuy,) .

First, we have

§° (@) (i (t, ) 0 ©) () = p* () (“ (“ e () - m))

5

= (o) 0o (1 + 2w (2) - )

_ éps(@b* (V) <t,w +ew () - bet> '
9 (aitr1o )= ((r e (2) - 21))

(e T (2)) e (1w () -2

Ths
D561 = )0 (155 (£) -2
— = (2)b* - (V) (t,x tew (’) - bst>

Let us define

I — 7}/)6(36)1)* (V) <t,z +ew (f) - b*t>

3 e 3

I, = %bs . (Id-i— Vyw; (g)) Oy, (t,a: + ew (g) — b?) )
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Using the fact that u verifies (2.2), we have

000 (1050 (2) =20 = 7 @ (1 2w (£) - 1)

3

+ (p°(2) = p*) (Byu) (t’x rew (;) - b*t)

9

g

= div (A* (Vu)) <t’x e (g) - b*t)

€

+ (p°(z) — p*) (Dru) (t,x +ew (g) - b*t) .

Introducing

Iy = div (A* (V) <t,x tew (9 - b*t) :

€
T b*t

and I = (p°(z) — p*) (Byu) <t,:1: tew (f) f > ,

9 3

the convective derivative can be rewritten in
Dy (ag(t, ) o) 1/1)\6) =1L+ 1+ I3+ 14

Applying Lemma 9, the term I can be bounded. Indeed, since fY (p(y) — p*) dy = 0, there exists a function
(e H#(Y)N such that —div,((y) = p(y) — p*. Then, we have

(07 () — ) (D) (2 + 2w () = 1) (w)da
/. (haven ()2

- —/QdivyC (g) G2 (t,x +ew (g) - b?) p(x)dx
_ _/diiv (c(%)) @w (t,x +ew(2) - b;) p(a)da
_ /Qgg (g) v ((atu) (t,a: +ew (g) - b;) w(x)> d,

using integrations by parts and the periodicity of the different functions (see Remark 2). Since dju =
p%div (A*Vu) and u € L ((0,T), Wkt320(Q)),

dyu € L ((0,T), WFtL2(Q)) c L™ ((0,T), Wh>(Q)) .

Moreover, ¢ € Li(Y)N so ¢ (£) € L*(Q)" and applying Cauchy-Schwarz inequality
b*t
/Q eC (g) -V ((@u) (t,az +ew (g) - ) go(x)) dz
. b*t
<e HC (g)‘ \% <(8tu) (t,a: +ew (g) - ) @(x))

Se HC (g)‘ 10/l e (0,1, w1.00 () 1Ml 1) -

This proves that

L2(Q)N Lo ((0,T),L2(Q))N

L2 (Q)N

(4.42) < Ce.

||I4||Loo((o,T),H;1(Q))
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Applying Taylor expansions to the terms Iy, I and I3 and using the fact that u € L> ((0,T), W3>(Q)),
we have:

b*t b*t x

n= fé,f(x)b* (V) (t,x = E) — pf ()" - VO, u <t,:v - E) wi (%)

€

+ 6/01 w; (g) W (g) po(x)b" - vagmu (t,x - ? + esw (i)) (1 —s)ds,

I, = éba : (Id+ v, wi (g)) O, (t,x — b;)
(S (2)) o (20~
e [ (e () (2 2
B 0wl (t,x - % +esw (Zf)) (1— s)ds,

and

b*t

I5 = div (A" (Va)) (t,x - €>

+ s/ol w; (%) div (A* (V,,u)) (t,x - % +esw (j)) ds.

This implies that
Dy (ue — U (t, ) ow®) = div (A*Vu, — A*Vi,)
LN TE 4 (b o (T
+ P (x)b* - Vi, + p°(x)b* - VOt w; (5)
1. x .
— gb . (ei + Vyw; (g>) O, Ue

— v (1a+ Vyw, (g)) w; (g) &, , i

+eClt,z) — Iy
= div (((A(1d+ V,w)) (S) ~ A") Vi)
£ L@ Vit (@) Vo (2)
— éba . (61' + Vyw; (g)) Oz, e
o T (2) o (2
+ div (AEVuE — (A(Id+ V,w)) (g) vag)
+eC(t,x) — 1y,

where [|C| .« (o,r)xq) does not depend on e because u € W3(Q),w; € WHe(Q), p° € L*(Q) and
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b € L>=(Q)N. Let us define

(t,) = div ( (A4 (1d + V) (g) - A7) Vi)
+ %ps(x)b* Vi + p*(2)b* - VO, tew; (g)

- ébs (e + vy (g)) Opte = b (3 + Vyw; (g)) w (1) 02,

g
and
B - peon T\ oo
Jerp = /lev (4°Vu. — A (1d+ Vyw) (6) Vi) ¢.
We obtain
(4.43) Dy (ue — e(t, ) ow®) p = / Lo+ Je,+e | Clt,z)p— / Lyp.
Q Q Q Q
We have
(4.44) ’/Q C(ﬂx)@‘ SVIUIC Lo 0,y xe) 19112 0) < CallCll oo 0,7y x02) 191 11.02) -

Now, let us focus on the term fQ I.p. Let us first notice that
. X ~
(4.45) div ((A (Id+ V,w)) (g) Vus)
_ 2 o2 Ly Y v
— (A(Id+ V,yw)) (5) V2. + ~div, ((A (Id+ V,w)) (5) Vus) ,

where : is a tensor contraction between two matrices. Moreover, in (4.45), 4. does not depend on y. Thus,
the term multiplied by % in I, is

g;i <t, - b;) (divy ((atra+ v, () e)

using the cell problem (2.12). I. can therefore be rewritten in
I = (A(Id+ V,w)) (g) V20, — A V% 4+ p (g) b* - VO, Gew; (g)
- (b it 2)+ (o (2)5 - (2) 2
(s (2 (2) 1) 8

Applying the definition of A* (see (2.3)), we have

[ (s st (5)+ o 2) 5 - () (2)) o= 1
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The following term is still to be studied:

(2 (2 (2) 8.

: Pu_ _ d%u
Since 2,00 — mdz; 0 WO have

= %bk (aykwi (g) oy (g) + Oy, wj (g) wj (g)) 831,’1],115

1
= §bk8yk (wiwj) (92 ’115.

T, Tj
The functions w and b being Y -periodic,

3 | g ) ) = =3 [ div @) wiw; =0,

because div(b) = 0. I. can then be rewritten in

b*t
1= (5) o (1= ).

with

/ Pis,j(y)dy = 0.
Y

Applying Lemma 9 for each 4, j. Therefore, the functions P; ; can be rewritten in
g ) x
P (2) = dive (=i (2)).
with Z; ; € L? (V)N So, for ¢ € H#(Q),
b*t
/ ILo= / div, (sZ,-J- (£)> 33_ 2. U <t,:v — ) p(z)dx
Q Q € B €
T b*t
= [ ez (%) 02 ultz— dz.
/5;8 5] € (‘p(l‘) wl,xju< T c )) €xr

Then, since the functions Z; ; are bounded, we have

(4.46) ‘/QIESO‘ < Cellell gy 1wl oo 0,y w0 ) -
The term |J; .| has to be bounded. Let us recall that
ey = /Q div (4°Vu. — A(Id + V) (;) Vi) ¢
So, integrating by parts,

ey = —/Q (AEVuE — A(Id + V) (g) vas) V.
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Let us first prove that:

< Ce.

HAEVug — A(Id+ Vyw) (g) vaa\ iy S

In order to obtain this inequality, we use (4.18). This leads to

HVUE — (Vﬂs + eV <u1 (t,x — ﬂ7 $>>)
€€

b*t b*t
(4.47) Vue = Vi, + Vyuy (t, T — = i) +eVuy (t, T — = x) + g,

L2(Q)N

This can rewritten in

with
19ell L2 (@)v < Ce.

Multiplying inequality (4.47) by A¢, and using the definition of u; in (2.13), we get

AV, — A(Id + Vyw) (g) Vi, = e A, (g) Vo, u (t,x - b;) + Asg..

The functions w and the matrix A being bounded, we have

HAEw (g) -V3u (t,x — b?)

because u € L™ ((O, T), W2’°°(Q)). Moreover, using the properties of g. and the boundedness of A®

< ”w”LOO(Y)N Cbmi ||v2u||L2(Q)N><N <C
L2(Q)N

HAagEHL?(Q)N < CpnaCe.

This proves that

e T ~
HA Ve — A(Id+ Vyw) (g) vug‘ iy SO
Applying Cauchy-Schwarz inequality, this leads to
€ z ~
(4.48) ool = | [ (45 = (At1a+ 9,w) (2)) Vi - V| < Ce @10 -
O e

Then, injecting inequalities (4.42), (4.44), (4.46) and (4.48) into (4.43) gives

JEX o@w‘ < Ce Lol
Q

So

D2 (e =t ) 072 < C.

This proves the desired result.
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4.5.2. The interpolation term D-.

This section is devoted to the proof of the following lemma.

LEMMA 10. Let u. be the solution of problem (3.1) and . verifying (2.5). There ezists a constant C > 0
which does not depend on € and H such that

_ S |b*]
(4.49) ID; (e — mHte) o 'UJE)HLQ((O,T),H;I(Q)) <C <Hk + Hk“? ,
where wy is the interpolation operator on Vi .
Proof. The proof of this lemma require the following lemma proved in [11].

LEMMA 11. Let g : Y — RY be a piecewise C' function with C? interfaces of discontinuity such that
Jy 9(y)dy = 0 and div(g) = 0. There exists a function ¢ € Ly (Y)NXN skew-symmetric such that g = div(¢).

The matrixz { can be defined by
Gj=A" ((“)gi - agj) .

%j 8331'

Let us now break up the D5 into three parts:

@50) D, [u (f,mx) - b;t) - Y (t,z _ b*t) &, (% ()

lEN]pk,H <
= p°(x) <8tu (t, - — b;) —TH <8tu <t,~ - b;))) o w*(x)
- épe(:r)b* (Ve —mgVie) o w(x)

+ édw (b°(2) (@e — Trrie) o @ (x)).

Using Remark 5, only the L? norm of the first term will be bounded:

i o 2) e on - 2)) o
o (1= 22 e (o 1= 1))
3 e

1
<CQ? pmasz-H ”atu”W’“*l"’o(Q) ’

1
< ‘Q| 2 Pmazx

L>(9)

applying, once more, interpolation results. Since

1
Opu = Ediv (A*Vu),

we have
[0cullyrisr.00 0y < C llullyyisa.ce gy -
Therefore
b*t b*t
o 2) - 2)) -
€ c H1(Q)
b*t b*t
<[ (a0 (1= ) = m (00 (0= ) ) o0
€ € L2(Q)
(4.51) <oHM
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For the second term, let us use the inequality
(Ve =7 Viie) o 07| L2y < Q)7 [(Viie = TaViie) © @ || oo ()
We have
[(Vie — Vi) o ’&}\E”LOO(Q)N = ||V, — WHV’&EHLOO(Q)N
< CcHM HVU‘|W1¢+1700(Q)N )
which gives

1
o (@) - (Vit. = m Viie) o °

7]

(4.52) < CHMIL
3

||UHW’*‘+2»°°(Q)
L2(Q)

For the third term, let us define a test function ¢ € H # (©2). All the functions are Q-periodic (see Remark 2),
integrations by parts give:

/Q édiv (0°(2) (e — 7rfie) © @ (2) p(a)dr = — /Q %b‘f(m) (e — 7)o 0% (z) - Vo) da

This integral is split into two:

(4.53) /Q %be(w) (Ue — ) o W (x) - Vo(x)dx = /Q éb* (e — me) oW (x) - Vo(x)dx

T /Q % (b°(x) = 0") (e — mplie) 0o @°(x) - Vip(z)dx

For the first integral, we have

1
gb* (te — THU:) o W (x) - Vo(x)dx
Q

|b*\ o
[(Ge — mrie) 0 W Lo (o) 19l 11 (0)

Ibl

(4.54) M lll oo 0,7y, w4150 () 1€ 11 (02) »

applying Cauchy-Schwarz inequality and interpolation results. We apply Lemma 11 to the function b°(z) —
p°(z)b* and we define ¢ the skew-symmetric matrix thus obtained. As a result,

/ : (0% (z) = p*(2)b") (4 — T ) 0 W () - Vip(x)da
Q¢

- - "W (i — i) 0 5 () -
= /lev (C (€)> (te — @) o W (x) - Vo(z)da.
All the functions are Q-periodic (see Remark 2), integrating by parts, we obtain
1 5 5 * ~ ~ ~¢
2 0°@) = @) (0 — marie) 0 0°(0) - V()
Q
= [ 65 (£) 0n (e = 7)o (@0, 0(2)

+ (ﬁs - 7TH7:LE) o {U\E(m)axi,zj go(x))dx.
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Since ( is skew-symmetric and 0, »; = Oz, 2, the second term in the integral is equal to zero and

/Q % (b°(2) = pf (2)b%) (@ — mriic) 0 W (x) - Vip(w)d
= [ 65 (£) 00 (e = mmic) 0 () 0, )

Moreover,

O, (1 — Tagiic) © @ () = Do, B ()0, (e — Trrilc) 0 ().

Hence

|0z, ((Ge — TH ) 0 ©°(2))]

< ||w||wlvoo(y) lGe — 7THﬂs”mzhoo(sz)
< ”wHWlﬁoo(y) H* ”uHLoo((o,T),Wkﬁ—l,oc(Q)) .
Since ¢ € L=®(Q)NV*N | we get
x - _ e k
G (2) B (8 = miriie) 0 @ (2)) O p(w)d| < CHY |l -

Q 9
Therefore

1 e
(4.55) |2 6(@) = @) (@ — ) 0 @(0) - Vila)do < CH el

Q

Injecting inequalities (4.54) and (4.55) in (4.53) gives

/ %div (0°(x) (Ge — T Ue) o W (x)) (x)dx
Q

= / }bg(:zz) (e — mie) o W (x) - V(x)dx
Q€
(4.56) < CH" |9l

Thus, collecting inequalities (4.51), (4.52) and (4.56) in (4.50) implies

1De (e = mrrfie) © )| oo (0,7, 75" () < C(H’f ch+15|).

Then, by Cauchy-Schwarz inequality, the desired inequality is obtained. O

4.5.3. The local homogenization term Ds.
Let us prove the following lemma.
LEMMA 12. Taking the same notations as in Proposition 3, there exists a constant C > 0 such that

o ) e, I
(4.57) 1Dy (e (t,7) 0 @° = eyt (0.1 114 0) < C <\/ Tt ) ’

where wy is the interpolation operator on Vi .
Proof. The norm of

D, (WH’ELE(t, ) ow® — 7T€,H’L~LE) =D, (7TH’(~1,5(t, ) ow® — 7TH’L~L€(t, ) o @E’H) .
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needs to be bounded. Let us introduce the function ;. defined by

Ut e(t, ) = Opu <t,x — bt) .

€
We have
(4.58) Dy (myic(t,) o 0° — wpiue(t, ) o w® H)

=p° (7TH’L~I¢75 (t,") ow® — wplye (t,-) o W™ H)

+ %div (b° (rrte () o @° — 7y (t,-) o w™ )
— épeb* ((raVae) (t,-) o w° — (mg Vi) (t,-) o QEE’H) .
For the first term of this sum, let us apply once more Remark 5.
07 (rrii s (t) 0 @ = e (8) 0 ) 1 g
< p20nC3 H7TH11,5,E (t,-) oW — wylye (t,-) ow®™ HHLQ(Q

(4.59) < p20nC3 Z H?‘('Hﬂt’g (t,-) oW — wy Ty, (t,-) ow®™ HHL2 K)-
KeKy

N

As in Section 4.3.3, in each cell K, this norm will be split into two in Cx and in complement. In K \ Ck,
let us bound the norm:

[T (t,7) 0 @ — mriee (t) 0 07| o e o)

<C ||7THﬁt,€||LOO((0’T)XQ) VE |8K|
(4.60) < CVeHN-1

because

Tl e (t, T) Z 8tu<

lEN]pk H

") aft (o
and the functions @fl and 9;u are bounded.
In Ck, all the functions are C* and Taylor inequalities can be used

Hﬂ'Hﬂm (t,) oW — wyTy e (t,-) ow

EHHLz(CK (K)N @ _we’HHm(K)N

Applying interpolation inequalities

||7rHﬁt,€||Wl,oo(K) <

And Gy € WFHL2(Q) since u € WHF3°(Q). Moreover k > 1 and H is small, as a consequence
||7rH€Lt,5||W1)OQ(Q) is bounded. Thus

(4.61) |mate (t,-) o @ — Tpiye (t,-) 0 W H||L2(C < CeVHN.
The inequalities (4.61) and (4.60) imply

|maiine (t,-) 0 @ — Ty (t,-) 0 W HHL2 < CeHN "' (1+¢H).
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So, using inequality (4.59)

(4.62) l0° (Rt (1,7) 0 @ = wariee () 0 )| o g < € /%,

because the number of cells in g is on the order of HV and the product eH is bounded.

In order to bound the second term in (4.58), let us introduce a test function ¢ € H%é(ﬂ) Applying
Remark 2 in the integration by parts on :

/Q édiv (b°(2) (rhte (t, 0% (2)) — mhte (¢, 07))) o(z)dx

= — [ 26 (@) (ragic (6,8 (2)) — e (1, (@) - Vipla)d,
Q

the boundary term is equal to zero because the functions b, mgiic (t,-) o @, Tgie (t,-) o W™ and ¢ are
Q-periodic. Using once more the skew-symmetric matrix

(e LE(Y)NVN

such that b(y) — p(y)b* = div({(y)). Then

/Q (b°(z) b*) (Trte (t, 0% (x)) — Tt (t, ﬁs’H(x))) -V(z)dx
/ div ( ( )) e ( () — TH T, (t,ﬁE’H(x))) -Vo(x)dx
/ Gij (7THU,E (t,w"(x)) — THU. (t, @EH(QJ))) 3xj<p(x)) dz,

the boundary terms being equal to zero due to the previous remarks. The matrix ¢ being skew-symmetric,
the term in 97, , ¢ is equal to zero and

@63) [ (@) = @) (maic (00°(2) = mu (1,77 (@) - Vipla)da

/ Cij | =) O, wHﬂs (t,w"(x)) — THU. (t,{EE’H(x))) &cj(p(x)dx.
Let us now write

(4.64) 0, (Tyt. (t,0°(2)) — Tht. (t, 07 (2)))
= 0,07 (2) 00, i ic (1, 0% (1)) — Do 07" ()0, a0 (1,557 (1))
= (00 @i (@) = 00,5, () Dumuic (1,577 ()
+ Oy, W5 () (B Taric (8, @° () — Dy mprite (8,05 (2))) .
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Applying computations done previously:
2

P e H ~ e,
(4.65) H (3quwk — O, Wy, ) O, THU: (t,+) oW H’ o)
2
- Z H (83%652 - aﬁcz{DZ’H) axkﬂ-Hﬂ“? (t5 ) © {[}/E’H‘
L?(K)
KeKku
“SE ~E 2 v 2
< Z va - Vuw ’HHLQ(K)NXN ||V7THUE||L°°(Q)N
KeKu
<C Z eHN1
KeKy
€
4.66 <C—.
(4.66) =
Moreover, a Taylor expansion can be applied in the set C:
102, @F, (O waile (¢,-) 0 B = O e (£, ) 0 @ )| 1oy
@y, e v (|87 = @57 || o ey V2T E T o 1w

(4.67) < CeVHN.
In K\ Ck, since |K \ Ck| < C|0K|e, we have
100, @5 (Oumrritc (£,-) 0 @ = Dy mric (t,-) 0 ) || e 0
< 2@ ([ yrroe () IVTHGE || poo (poyvxn VC 0K |e
(4.68) < CVeHN-L,

Hence, gathering inequalities (4.67) and (4.68):

|‘811ﬁ}\1i (azkﬂ—HﬁE (t7 ) oW — 8mk7THa£ (t7 ) © ﬁje,H) ||L2(K) < CvVeHN-1.
Therefore
||aacz{ﬁlaf (a:ck-ﬂ-Hﬂs (tv ) oW — 8xk7THae (ta ) © {DE’H) ||i2(Q)
= 3 00 (O matic (8,) 0 & — D wuiie (£2) 0 ) |1 e
Keku
< Y CeHV!
Keku
€
(4.69) < Cﬁ'

Injecting inequalities (4.66) and (4.69) in (4.64) gives

3

00, (raxe (4,0 (2)) — marie (657 (@))]| o < c\/;.

And, using inequality (4.63) and Cauchy-Schwarz inequality leads to

(4.70)

/Q é (0 (2) — p(@)b°) (mariie (t,@° (2)) — mariie (1,5 (2)) - V(@) do

[ €
<C‘¢|H1(Q) T
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7THUe is bounded in W1°(£), thus we get

|7 atic (t,-) 0 @ — Tpric (,-) 0 B <Ol — a7 L,

H||L2(K) )

Then, applying Lemma 6, we have
Hﬂ'Hﬂg (t,) oW® — wyt. (t,-) 0 @5’HHL2(K) < CCev/|K]|.
This implies

e () 0 @ — mpiie (t,7) 0 557 |[7

= K%; Imarte (t,) 0 5 — marie (1) 0 55|, o)
H

<C ) K]

Keky
< C Qe

Therefore, applying Cauchy-Schwarz inequality

|07
3

e |b%

Moreover, using the same arguments that led to inequality (4.71), we have

(4.71) <C

6|<P|Hl(sz)~

/Q %pe(m)b* (maie (t,@° (7)) — mpie (607" (2))) - Vo(z)da

And, collecting inequalities (4.71) and (4.70):

(4.72)

/ ébs(x) (T (t, @°(z) — Thi. (t, 05" (2))) - Vo(z)dz
Q

Lol

3

(4.73) ellell 2 -

/Q épe(ac)b* (7 Vi (t, 0% (2)) — 7 Ve (¢, 057 (2))) @(m)dm' <C

Applying inequalities (4.62), (4.72) and (4.73) in (4.58), we get

~ A~ ~ < b*
| Dy (mptie(t,-) o W — Wa,Hue)”H;l(Q) <C (\fH+ | € |E> ’

This proves the desired result. O
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