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Abstract Whistler mode chorus waves are present throughout the Earth’s outer radiation belt as well
as at larger distances from our planet. While the generation mechanisms of parallel lower band chorus
waves and oblique upper band chorus waves have been identified and checked in various instances, the
statistically significant presence in recent satellite observations of very oblique lower band chorus
waves near the resonance cone angle remains to be explained. Here we discuss two possible generation
mechanisms for such waves. The first one is based on Landau resonance with sporadic very low energy
(<4 keV) electron beams either injected from the plasma sheet or produced in situ. The second one relies
on cyclotron resonance with low-energy electron streams, such that their velocity distribution possesses
both a significant temperature anisotropy above 3–4 keV and a plateau or heavy tail in parallel velocities
at lower energies encompassing simultaneous Landau resonance with the same waves. The corresponding
frequency and wave normal angle distributions of the generated very oblique lower band chorus waves,
as well as their frequency sweep rate, are evaluated analytically and compared with satellite observations,
showing a reasonable agreement.

1. Introduction

Whistler mode waves are rather ubiquitous in the magnetosphere of the Earth, although their wave power
generally increases at times of stronger geomagnetic activity [Burtis and Helliwell, 1969; Tsurutani and Smith,
1974; Li et al., 2010; Agapitov et al., 2013; Orlova and Shprits, 2014]. Bursty whistler mode waves with frequen-
cies 𝜔 ∼ 0.1–0.8Ωce (where Ωce is the electron gyrofrequency) which appear as either rising tones, falling
tones, or hooks at L ∼ 4–10 are generally called chorus emissions. Observed from the equator up to high mag-
netic latitudes and mainly from 22:00 to 14:00 magnetic local time (MLT), they are among the most intense
electromagnetic emissions recorded inside the magnetosphere [Meredith et al., 2012; Li et al., 2010, 2013a;
Agapitov et al., 2013].

Their source region is thought to be close to the geomagnetic equator [LeDocq et al., 1998; Santolík et al., 2009;
Omura et al., 2009] where the magnetic field inhomogeneity is minimal, but it may extend up to a few thou-
sand kilometers along field lines as well as in the transverse direction [Santolík et al., 2005; Agapitov et al., 2010].
Anisotropic and warm (1–50 keV) electron populations injected from the plasma sheet during substorms are
believed to provide the necessary energy for chorus wave generation via linear and nonlinear processes [e.g.,
see Kennel and Petschek, 1966; Li et al., 2010; Omura et al., 2008; Cully et al., 2011].

Chorus waves most often occur in two distinct frequency bands: the lower band (0.1 < 𝜔∕Ωce < 0.45) and the
upper band (0.55 < 𝜔∕Ωce < 0.8) [Tsurutani and Smith, 1974; Hayakawa et al., 1984; Meredith et al., 2012]. The
gap near Ωce∕2 could result from nonlinear damping of weakly oblique waves propagating along an inho-
mogeneous geomagnetic field [Omura et al., 2009; Yagitani et al., 2014]. Upper band and lower band chorus
waves could also be separately excited inside ducts of depleted and enhanced density, respectively [Bell et al.,
2009]. More recently, Fu et al. [2014] demonstrated via numerical simulations using measured electron pop-
ulations with large enough temperature anisotropies that a low-energy (∼300 eV) population could drive
quasi-electrostatic very oblique upper band chorus waves while a hotter (> 2 keV) component was generat-
ing quasi-parallel lower band chorus waves. The gap at Ωce∕2 is then simply the consequence of the linear
excitation of two distinct whistler modes by two well-separated electron populations. Nonetheless, individ-
ual chorus elements crossing this gap have sometimes been reported too [Burtis and Helliwell, 1976; Kurita
et al., 2012].
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Chorus waves have been shown to play a prominent role in the dynamics of trapped electrons at L ∼ 4–8,
being often responsible for the main losses and accelerations of energetic (E ∼ 5 keV to 5 MeV) electrons
[Horne et al., 2005; Thorne et al., 2010; Li et al., 2013b; Thorne et al., 2013; Chen et al., 2014], although other kinds
of waves and other processes can also be important [Thorne, 2010; Mozer et al., 2013, 2014].

Quasi-linear and nonlinear models of wave-particle interaction generally assume that chorus waves propa-
gate at wave normal angles nearly parallel to geomagnetic field lines [e.g., see Nunn, 1971; Karpman et al.,
1974; Albert, 2002; Trakhtengerts et al., 2004; Omura et al., 2008; Nunn et al., 2009; Orlova and Shprits, 2014],
although some studies have also considered very oblique waves [Bell, 1984; Inan and Bell, 1991; Shklyar and
Matsumoto, 2009; Mourenas et al., 2012a, 2012b; Artemyev et al., 2012].

The latest studies considering electron interactions with very oblique waves have been motivated by recent
satellite statistics showing high occurrences of very oblique lower band chorus waves, especially during quiet
or moderately disturbed geomagnetic conditions [Li et al., 2013a; Agapitov et al., 2013; Artemyev et al., 2013a;
Mourenas et al., 2014] and even near the equator [Santolík et al., 2009; Li et al., 2013a; Mourenas et al., 2014;
Taubenschuss et al., 2014], although quasi-parallel waves are generally prevalent at magnetic latitudes lower
than ∼35∘ [Hayakawa et al., 1984]. These results have been globally confirmed by ray tracing simulations
of lower band chorus wave propagation to higher latitudes after their generation near the equator [Chen
et al., 2013].

Following the classification adopted in these previous studies, one can distinguish quasi-parallel or moder-
ately oblique whistlers, with a wave normal angle within 30∘–45∘ of the background magnetic field direction,
from very oblique whistlers with higher wave normal angles close to the resonance cone angle. An analy-
sis of conjunction events between Polar Operational Environmental Satellites and the Van Allen Probes has
recently suggested that such very oblique lower band chorus waves could play a significant role in scattering
30–100 keV electrons into the loss cone during moderately disturbed periods [Li et al., 2014]. High-amplitude
very oblique waves have also been observed [Cattell et al., 2008; Cully et al., 2008; Agapitov et al., 2014], stim-
ulating the development of nonlinear models describing the trapping, acceleration, and also the possible
bursty losses of 10–100 keV electrons induced by these waves [Artemyev et al., 2012, 2013b, 2014a; Osmane
and Hamza, 2014]. However, the exact generation mechanism of such very oblique whistler mode waves near
the equator still remains something of a mystery.

In the present paper, we first provide in section 2 useful analytical estimates of the energy of electrons poten-
tially interacting via Landau or cyclotron resonance with lower band chorus waves. In the next section, we
make use of various satellite observations of low-energy electrons and lower band chorus waves to discuss the
most probable generation mechanisms of these waves. Section 4 is then devoted to approximate analytical
calculations of the corresponding frequency sweep rates of very oblique lower band chorus waves, allowing
finally some comparisons with frequency sweep rates observed by satellites.

2. Interaction of Low-Energy Electrons With Oblique Lower Band Chorus Waves
2.1. Generalities
The oblique whistler mode wave dispersion relation in a cold magnetized plasma reads as [e.g., see Lyons,
1974; Verkhoglyadova et al., 2010]

𝜇2 = k2c2

𝜔2
= 1 +

Ω2
pe

𝜔(Ωce cos 𝜃 − 𝜔)
(1)

with 𝜇 is the refractive index, k the wave number, 𝜃 the wave normal angle between the wave vector and
the background magnetic field, c the velocity of light and where we consider only oblique whistler mode
waves with frequency 𝜔 much higher than the Lower Hybrid frequency and smaller than half the electron
gyrofrequency

√
ΩceΩci ≪ 𝜔 < Ωce∕2 in situations such that Ω2

pe ≫ Ω2
ce. Here Ωci, Ωce, and Ωpe are the local

ion gyrofrequency, electron gyrofrequency, and plasma frequency, respectively.

The wave group velocity Vg = 𝜕𝜔∕𝜕k along the wave vector direction is given by

Vg =
2c cos 𝜃Ωce

Ωpe

(Ωce cos 𝜃 − 𝜔)3∕2𝜔1∕2

Ω2
ce cos2 𝜃

(2)
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leading to a parallel group velocity Vg∥ = 𝜕𝜔∕𝜕k∥ ∼ Vgk∕k∥ along the geomagnetic field line

Vg∥ ≃
2cΩce

Ωpe

(Ωce cos 𝜃 − 𝜔)3∕2𝜔1∕2

Ω2
ce cos2 𝜃

(3)

while the parallel phase velocity VP∥ = 𝜔∕k∥ is

VP∥ ≃
c
√
𝜔(Ωce cos 𝜃 − 𝜔)
Ωpe cos 𝜃

. (4)

From the above expressions, the highest parallel phase velocity is reached for 𝜃 = 𝜃g with 𝜃g the Gendrin
angle defined by cos 𝜃g = 2𝜔∕Ωce. At still higher 𝜃, both the parallel group and phase velocities decrease.

2.2. Wave-Particle Interactions Via Landau Resonance
When addressing wave-particle resonant interactions, two main resonances must be considered in gen-
eral: the Cerenkov-Landau resonance and the first-order cyclotron resonance [Shklyar and Matsumoto, 2009].
Landau resonance corresponds to a resonant electron parallel velocity VR∥ such that

VR∥ = VP∥. (5)

Landau resonance occurs during the bounce motion of electrons from the equator to their mirror point [Lyons
et al., 1972]. Considering particles with a fixed pitch angle, it follows immediately from equations (4) and (5)
that the energy of resonant electrons is always minimal for waves such that 𝜃 ≥ 𝜃g. However, there exists also
an upper bound on 𝜃 for whistler mode waves in a cold plasma, corresponding to the so-called resonance
cone angle 𝜃r . For𝜔2 ≪ Ω2

pe, one gets cos 𝜃r ≃ 𝜔∕Ωce. At the resonance cone angle, the parallel group velocity
would go down to zero.

In a finite temperature plasma, however, thermal effects can modify the dispersion and put an upper limit
on the wave refractive index 𝜇, while suprathermal electron populations with velocity Vsth can further limit
the maximum 𝜇 by introducing an overwhelming Landau damping at VP∥ ≤ 2Vsth near the resonance cone
angle [Hashimoto et al., 1977; Horne and Sazhin, 1990; Mourenas et al., 2014; Li et al., 2014]. A rough upper
bound𝜇max corresponding to both thermal (∼1–3 eV) effects and Landau damping by 100–500 eV suprather-
mal electrons present at L ∼ 4–6 in the trough during moderately disturbed geomagnetic conditions is
𝜇max ∼ min(300, 36Ωce∕𝜔) when Landau damping generally prevails [Mourenas et al., 2014; Li et al., 2014].

Above the Gendrin angle and not too far from the resonance cone, one obtains an approximate expression
for the resonant electron velocity:

V2
R∥

c2
≈

Ω2
ce

Ω2
pe

(cos 𝜃 − cos 𝜃r)
cos 𝜃r

. (6)

from which one gets in the weakly relativistic limit E < 20 keV the energy ER of electrons in Cerenkov
resonance with very oblique whistler waves [Li et al., 2010]:

ER (keV) ≈
250Ω2

ce

Ω2
pe

cos 𝜃 − cos 𝜃r

cos 𝜃r
. (7)

The region L ∼ 4–8 outside the plasmasphere corresponds in general to Ωpe∕Ωce ∼ L for a dipolar geomag-
netic field with the (average) cold plasma density from Sheeley et al. [2001]. As a result, one finds resonant
energies ER ≤ 2 keV when 𝜃m ≤ 𝜃 < 𝜃r , where 𝜃m is given by

cos 𝜃m

cos 𝜃r
− 1 ∼ L2

125
(8)

or equivalently when the wave refractive index 𝜇 > 11Ωce∕𝜔, which is still much smaller than the above esti-
mate for 𝜇max. Taking for instance 𝜔∕Ωce = 0.34, one finds 𝜃r ∼ 70∘ and 𝜃m ∼ 65∘ so that weakly damped
resonance is available for ER ≤ 2 keV over Δ𝜃 ∼ 5∘ below the resonance cone angle.
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2.3. Wave-Particle Interactions Via Cyclotron Resonance
Considering very oblique waves propagating above the Gendrin angle and not too far from the resonance
cone, an approximate expression for the resonant velocity VR∥ can be similarly derived in the case of first-order
cyclotron resonance:

V2
R∥

c2
≃

(cos 𝜃 − cos 𝜃r)(Ωce − 𝜔)2

cos 𝜃r cos2 𝜃Ω2
pe

(9)

from which one gets in the weakly relativistic limit E < 30 keV the energy ER of electrons in first-order cyclotron
resonance with very oblique whistler mode waves

ER (keV) ≈
250(cos 𝜃 − cos 𝜃r)(Ωce − 𝜔)2

cos 𝜃r cos2 𝜃Ω2
pe

. (10)

As a result, one gets low resonant electron energies ER ≤ ER,Max(keV) when 𝜃m ≤ 𝜃 < 𝜃r where 𝜃m is given by

cos 𝜃m

cos 𝜃r
− 1 ≈

ER,MaxL2

250
𝜔2

(Ωce − 𝜔)2
. (11)

or equivalently when the wave refractive index 𝜇 ≥ (250∕ER,Max)1∕2(Ωce∕𝜔)(Ωce∕𝜔−1). Taking ER,Max = 2 keV,
the latter value is clearly larger than the value obtained from (8) in the case of Landau resonance. It remains
sensibly smaller than the above estimate for 𝜇max only for 𝜔∕Ωce > 0.3. Note that the additional presence
of a beam-like distribution is expected to reduce 𝜇max only slightly as compared with the above esti-
mate [Sazhin et al., 1990]. Taking for instance 𝜔∕Ωce = 0.34, one finds 𝜃r ∼ 70∘ and 𝜃m ∼ 68.5∘(58∘) for
ER,Max = 2(15) keV. Thus, weakly damped cyclotron resonance is available for ER ≤ 2(15) keV overΔ𝜃 ∼ 1∘(12∘)
below the resonance cone angle of lower band waves.

Comparing now cyclotron-resonant electron energies for parallel and very oblique waves, one finds

ER(𝜃 ∼ 0)
ER,Max(𝜃 ≥ 𝜃m)

∼ 2𝜔2

ER,MaxΩ2
ce

Ωce − 𝜔

Ωce cos 𝜃 − 𝜔
(12)

Equations (10)–(12) show that electron energies for cyclotron resonance are typically larger by a factor ∼2
over L ∼ 5–7 for parallel lower band chorus waves at 𝜔∕Ωce ∼ 0.35 than for very oblique lower band chorus
waves very close to the resonant cone angle when considering ER,Max ∼ 2 keV, but at least twice smaller for
parallel waves when considering oblique lower band chorus waves farther away from the resonance cone,
such that ER ≥ 8 keV.

Very close to Cerenkov resonance, Landau damping by Maxwellian suprathermal electrons generally becomes
overwhelming, precluding efficient wave amplification via cyclotron resonance. Combining both cyclotron
and Landau resonance relations shows that it occurs for𝜔∕Ωce ∼ 1∕2. It is one of the possible explanations for
the spectral gap usually separating lower band from upper band moderately oblique chorus waves [Tsurutani
and Smith, 1974; Taubenschuss et al., 2014].

3. Possible Scenarii for Very Oblique Whistler Mode Wave Generation
3.1. State of the Art of Whistler Mode Wave Growth in the Outer Radiation Belt
Two kinds of anisotropic electron populations have generally been observed (simultaneously or not) inside
geostationary orbit (in addition to a cold isotropic population at ∼ 1–3 eV): warm (E ∼ 0.3–3 keV) and
hot (E ∼ 4–20 keV) distributions, both with temperature anisotropy T⊥∕T∥ > 1–2 [Li et al., 2010; Fu et al.,
2014]. Taken together, these two distributions are able to linearly excite both parallel lower band chorus waves
and more oblique upper band chorus waves, provided that the temperature anisotropies are strong enough
[Kennel and Petschek, 1966; Fu et al., 2014]. Nevertheless, average temperature anisotropies recorded by Time
History of Events and Macroscale Interactions during Substorms (THEMIS) [Li et al., 2010] and the Van Allen
Probes [Fu et al., 2014] are often too low (T⊥∕T∥ ∼ 1.5), suggesting that spatiotemporally localized injections
of more anisotropic populations are necessary to account for the generation of these waves.

When considering the above-discussed electron populations, the generation of very oblique lower band cho-
rus waves remains elusive, in general, probably due to two facts: the much faster growth rate of parallel lower
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band chorus waves interacting with E ∼ 4–15 keV anisotropic electrons [Fu et al., 2014] and the high Lan-
dau damping present near the resonance cone [Horne and Sazhin, 1990] which likely overcomes any small
growth induced by a realistic temperature anisotropy—at least when considering nearly Maxwellian distri-
butions. Indeed, it follows from equation (10) that very oblique waves can be excited via cyclotron resonance
with low-energy electrons (< 3 keV) only in the very close vicinity of the resonance cone, where significant
Landau damping is present near 𝜇 ∼ 𝜇max. It suggests that even a strong temperature anisotropy T⊥∕T∥ ∼3–6
might not (on its own) allow very oblique wave growth to overcome damping in this case. Considering waves
generated farther away (∼5∘) from the resonance cone (as in THEMIS statistics from Taubenschuss et al. [2014]),
one readily finds from equations (8) and (10)–(12) that the corresponding energy of cyclotron-resonant
electrons is similar as for parallel waves. In such a situation, parallel lower band wave growth should likely
overwhelm very oblique wave growth, especially as the latter waves still experience a stronger Landau
damping than the former.

However, the above considerations rely on the usual assumption of a double Maxwellian shape (with different
perpendicular and parallel temperatures) for the electron velocity distribution. What can happen if the latter
strong assumption is actually relaxed? Since the main obstacle for the generation of very oblique whistlers is
the adverse effect of Landau damping, one should examine the different parallel velocity distributions which
can realistically lead to a strongly reduced (or suppressed) Landau damping.

3.2. Electron Distributions Favoring Very Oblique Lower Band Chorus Wave Growth
One first possibility which comes readily to the mind is the additional presence of a low-energy electron beam.
In such a case, very oblique lower band chorus waves could actually be generated simply by inverse Landau
damping for resonant velocities lying in the region of positive slope of the parallel velocity distribution. But
can we expect such beam-like distributions to be present in the outer radiation belt?

Low-energy (∼ 0.2–3 keV) field-aligned electron beams originating from the plasma sheet can be injected
from time to time around L ∼ 7 during substorms [e.g., see Parks et al., 1977; Reinleitner et al., 1983; Klumpar
et al., 1988; Apatenkov et al., 2007, Wang et al., 2014, and references therein]. Their creation involves either
field-aligned electric fields or a Fermi-like acceleration in the presence of the dawn-to-dusk electric field in the
plasma sheet [Parks et al., 1977; Hada et al., 1981; Kan et al., 1988; Shiokawa et al., 2003; Apatenkov et al., 2007;
Wang et al., 2014]. Furthermore, it has recently been shown that nearly thermal electrons (∼ 10–50 eV) can
be directly accelerated by electrostatic structures observed by the Van Allen Probes inside the outer radiation
belt [Artemyev et al., 2014b; Mozer et al., 2014]. The average acceleration by such localized bursts of electro-
static field has been calculated [see Artemyev et al., 2014b, Figure 2(d)]. At low pitch angles, it is significantly
larger for intermediate initial energies E0 = 25 eV than at E0 = 10 eV or E0 ≥ 50 eV, which may translate into
a bump-on-tail velocity distribution akin to a parallel beam, with a final bump near E∥ ≈ 500 eV in the con-
sidered case. Actually, moderately oblique lower band chorus waves consisting of parallel-generated waves
refracting to larger 𝜃 along their propagation to higher latitudes, can themselves produce such kinds of beams
by electron trapping and acceleration through Landau resonance [e.g., see Gurnett and Reinleitner, 1983;
Artemyev et al., 2012] as well as via cyclotron resonance under appropriate circumstances [e.g., see Shklyar and
Matsumoto, 2009, and references therein].

Whatever their actual generation process, low-energy beams can sometimes be observed at L ∼ 5 well inside
the outer radiation belt [e.g., see Kellogg et al., 2011] and intense field-aligned low-energy (0.2–3 keV) electron
beams or streams occur frequently at L ∼ 5–7 in the equatorial zone following substorm onset dipolariza-
tions [Abel et al., 2002]. Furthermore, small spatiotemporally localized parallel beams could well go unnoticed
in general in the measured time-averaged electron distributions, especially at low energies where space-
craft potential charging can often significantly alter the measurements [Fu et al., 2014]. Since the generation
of parallel lower band waves via cyclotron resonance with an electron population exhibiting a temperature
anisotropy already requires a localized increase of this anisotropy above the measured levels [Fu et al., 2014],
it does not seem unreasonable to assume that similar bursts of parallel beams may also be present, although
probably more rarely.

In such a case, however, Langmuir waves should be simultaneously excited by the beam-plasma instability
with a larger growth rate than oblique whistlers. The much higher frequency Langmuir waves will grow and,
after reaching high enough amplitudes, they will tend to quasi-linearly flatten the beam profile, thereby reduc-
ing oblique wave growth. Nonetheless, very oblique whistlers may still be able to grow for a while before
the beam structure is eventually suppressed [e.g., see Stenzel, 1977]. This mechanism of very oblique lower
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band chorus wave generation via Landau resonance is actually roughly similar (in its initial linear stage) to
the generation mechanism of auroral VLF hiss by electron precipitations analyzed in details by Maggs [1976]
and reviewed by Labelle and Treumann [2002]. In our case too, Langmuir waves could be first excited by rel-
atively high-energy (∼ 5 keV) electrons and saturate, turning off this high-frequency instability and allowing
unimpeded growth of very oblique whistler mode waves interacting with lower energy electrons [Ergun et al.,
1993]. Moreover, the presence of beam and plasma inhomogeneities, and low frequency turbulence, can effi-
ciently reduce Langmuir wave growth and strongly retard beam relaxation [e.g., see Goldman and DuBois,
1982; Lin et al., 1986; Krafft et al., 2013]. A substantial noise level (≈1–5 pT) of very oblique lower band chorus
waves is expected to arise from the propagation, refraction, and magnetospheric reflection of parallel rising
tone lower band chorus waves originating from other L shells [Chen et al., 2013; Breuillard et al., 2014]. This
could enable very oblique lower band chorus waves to reach large amplitudes during one brief interaction
with a sporadic electron beam. The very small parallel group velocity of oblique whistler mode waves near
their resonance cone can actually allow them to grow to significant amplitudes over a reduced path length
along magnetic field lines.

Combining equations (7) and (10) shows that the (parallel) resonant electron energy ER is always smaller for
Landau resonance than for cyclotron resonance when considering very oblique lower band waves such that
𝜔 < Ωce∕2. ER is also much smaller for Landau resonance with very oblique lower band waves than with
quasi-parallel waves. Thus, very low energy beams should certainly excite very oblique lower band waves
mainly via Landau resonance. The latter conclusion is actually supported by computer simulations: Zhang
et al. [1993] have shown that very oblique lower band whistlers were mainly generated via Landau resonance
in the case of a 7 keV parallel beam having also a temperature anisotropy, while Sauer and Sydora [2010] have
noted that only Landau resonance remained available for oblique lower band wave growth in the case of
a parallel beam with a velocity smaller than half the electron Alfven speed. Complete 2-D particle-in-cell or
Vlasov simulations in an increasing geomagnetic field will be required in the future to ascertain the possibility
of oblique wave amplification via inverse Landau damping by small beams, but it still remains at this date a
formidable task [Fu et al., 2014].

Nevertheless, the relaxation of the beam part of the distribution under the influence of simultaneously excited
Langmuir and whistler mode waves should usually lead in the end to the formation of a local plateau or slightly
negative power law tail in the same parallel velocity range. Such asymptotic distribution shapes should there-
fore be more likely to be observed. In this regard, the bumps in parallel differential energy flux j(E) recorded
on board CRRES at L ∼ 5–7 [Abel et al., 2002] become much smoother when considering the energy distri-
bution f (E) = j(E)∕p2 ∼ j(E)∕E. But even the asymptotic stream-like electron distributions still correspond to
a much reduced (or suppressed) Landau damping. Since inverse Landau damping is not available anymore
in this case, however, one must consider cyclotron resonance instead. The free energy driving the instabil-
ity must then come from a temperature anisotropy T⊥∕T∥ > 2 at E > 2–4 keV strong enough to allow wave
growth via cyclotron resonance to overcome a very small residual Landau damping at lower parallel velocities.
As noted in the previous section, the generation of very oblique whistler mode waves by cyclotron resonance
indeed corresponds to electrons of higher parallel energy than for Landau resonance: typically 2–15 keV
instead of 0.3–3 keV. In the remainder of this paper, both mechanisms of very oblique wave generation will
be considered.

For the sake of completeness, let us mention that if a one-directional (asymmetric) tail of suprathermal par-
ticles were to be present, the fan instability could also excite (via cyclotron resonance) lower band waves
confined within 1∘ of 𝜃r [e.g., see Krafft and Volokitin, 2006]. But only a very small portion of the observed waves
could be generated this way. Moreover, small beam-like features are likely to arise at low energy during the
development of this instability [Krafft and Volokitin, 2006], which could allow some excitation of oblique waves
by inverse Landau damping. Cyclotron-resonant wave growth due to the existing temperature anisotropy
should also remain quite efficient in this case.

During a sudden burst of broadband quasi-electrostatic lower band whistlers analyzed by Maeda and
Anderson [1982], these waves showed up at a time when the temperature anisotropy did not seem to budge
as compared to the preceding period, except for a slight reduction of T⊥∕T∥ ≤ 2.5 at E ∼ 1–6 keV. But if one
assumes that cyclotron resonance alone was present, then the emergence of lower band waves cannot be
explained by a reduced anisotropy. Rather, the latter could be an indication that small parallel electron beams
were injected at that time.
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3.3. Comparisons With Wave Observations
Based on the preceding analysis, the recent statistical observations on board the THEMIS satellites at L = 5–8
[Li et al., 2013a; Taubenschuss et al., 2014] of both rising and falling tone lower band chorus waves propagating
near their resonance cone could be explained by the presence of either very low energy (< 3–4 keV) paral-
lel beams or a low-energy electron population exhibiting both a temperature anisotropy at 3–15 keV and a
non-Maxwellian tail or plateau somewhere in the range < 4 keV of parallel energies corresponding to Landau
resonance with the same very oblique waves. Moreover, falling tone lower band chorus waves (about 5 times
less frequent than rising tones and rarely observed together with them) are mostly seen at very large wave
normal angles [Taubenschuss et al., 2014]. It could be an indication that they are generated by low-energy
(< 3–4 keV) electron beams or streams mainly at times when the temperature anisotropy is very weak at
higher energies.

The similar electric and magnetic field amplitudes of both rising and falling tones near the resonance cone
suggest similar nonlinear growth rates [Taubenschuss et al., 2014]. Since most THEMIS measurements were
performed at magnetic latitudes 𝜆< 10∘ and most of the waves propagate away from the equator [Li et al.,
2013a; Kurita et al., 2012], at least part of these rising and falling tones are likely generated directly with high
wave normal angles (as in one previous case study by Santolík et al. [2009]), although quasi-parallel waves
can also become oblique after refraction along their propagation away from the equatorial plane [Chen et al.,
2013; Agapitov et al., 2013]. While the nonlinear theory of parallel chorus wave growth is now well developed
[e.g., see Trakhtengerts et al., 2004; Omura et al., 2008; Nunn et al., 2009; Demekhov, 2011; Katoh and Omura,
2011; Katoh, 2014], the generation of quasi-electrostatic lower band chorus waves with both rising and falling
tones, as well as hooks, still remains largely unexplained—although a few preliminary models have recently
been proposed for falling tones [Nunn and Omura, 2012; Yamaguchi et al., 2013; Soto-Chavez et al., 2014].

A gap at 𝜔 ≈ 0.5Ωce is generally observed in parallel chorus wave spectra [Tsurutani and Smith, 1974], and it
has also been more recently pointed out in very oblique wave spectra [Taubenschuss et al., 2014]. In the latter
case, it could simply stem also from strong Landau damping at 𝜔 ≈ 0.5Ωce of quasi-parallel waves initially
excited by a temperature anisotropy via cyclotron resonance close to the magnetic equator. These waves
should later refract to larger wave normal angles along their propagation to higher latitudes [Chen et al., 2013],
eventually approaching the resonance cone. If such waves represent a significant portion of the measured
waves, they can easily account for the observed spectral gap. Indeed, this gap can be seen in wave occurrences
and wave magnetic amplitudes, but it is not so clearly apparent in wave electric amplitudes where most of the
wave energy is concentrated near the resonance cone [Taubenschuss et al., 2014]. The latter point could well
be another important indication that Landau damping of very oblique waves is sensibly reduced as compared
with its usual level.

It is interesting to compare detailed THEMIS statistics [Taubenschuss et al., 2014] of the frequency and wave
normal angle distribution of very oblique chorus waves with analytical estimates based on a generation
via Landau resonance with very low energy (E ≤ 2 keV) electron beams or via cyclotron resonance with
low-energy (< 2 keV or < 15 keV) electron streams possessing both a temperature anisotropy and a local
plateau or tail-like parallel velocity shape. Figure 1 shows that the (𝜃, 𝜔∕Ωce) parameter range of high occur-
rences (and intensity) of very oblique chorus waves is in reasonable agreement with the estimates 𝜇 < 𝜇max

and 𝜃 ≥ 𝜃m given by equation (8) for Landau resonance in the case of lower band waves, for both rising
tones and falling tones. It is worth noting that the uncertainty on measured values of 𝜃 is less than 5∘ here
[Taubenschuss et al., 2014]. One can also see that the lower bound 𝜃m on 𝜃 from equation (11) for cyclotron
resonance with E < 2 keV electrons is much closer to the resonance cone angle for lower band waves.
Very oblique lower band waves generated through cyclotron resonance with such very low energy electrons
due to a sole temperature anisotropy should therefore remain very close to 𝜃r . Only higher-energy electrons
(∼ 3–10 keV) could explain by such a mechanism the high occurrences and amplitudes of very oblique waves
observed down to 5∘–10∘ below 𝜃r for 𝜔 ≤ 0.35Ωce.

However, the lower bounds 𝜃m for Landau and cyclotron resonance at the same parallel energy cross each
other at 𝜔 ∼ Ωce∕2. As concerns rising tone upper band waves, the lower limit on 𝜃 where high occurrences
are obtained in THEMIS statistics is very close to the cyclotron resonance limit at 2 keV, while the upper value
of 𝜃 departs from the resonance cone, decreasing rather quickly for 𝜔> 0.6Ωce. In contrast, the distribution of
falling tone upper band waves always remains within the limits imposed by Landau resonance with less than
2 keV electrons or by cyclotron resonance with less than 1 keV electrons. What can explain these features? We
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Figure 1. Distribution of very oblique chorus wave occurrences obtained in THEMIS statistics at L∼5-8 (solid red curves
show the limits where occurrences fall below 30% of their maximum value for a given frequency) [Taubenschuss et al.,
2014] and the corresponding distribution given by analytical estimates for Landau resonance with small electron beams
of very low energy ER ≤ 2 keV (area delimited by dotted blue curves). The upper limit in analytical estimates comes from
the condition 𝜇 < 𝜇max while the lower limit corresponds to 𝜃 ≥ 𝜃m as given by (8) with L ∼ 7. The corresponding lower
limit for cyclotron resonance from (11) is also displayed for ER ≤ 2 keV and ER ≤ 15 keV (dashed and dotted green
curves, respectively), while the resonance cone angle is plotted as a dotted black curve (in the cold plasma
approximation). Rising and falling tones are displayed in left and right panels, respectively.

have already noted above that the resonant electron velocity VR∥ for cyclotron resonance with very oblique
waves becomes smaller than for Landau resonance when𝜔>Ωce∕2. If a generation mechanism based on Lan-
dau resonance is operating, the competition with cyclotron resonance should reduce its efficiency at higher
frequencies. If the cyclotron generation mechanism prevails, the parallel electron energy required to be in
cyclotron resonance with waves close to the resonance cone angle decreases rapidly as 𝜔 increases above
Ωce∕2. In such a case, a lower limit around 0.1–0.3 keV for strongly reduced Landau damping should lead to
peak wave occurrences progressively departing from the resonance cone angle as 𝜔 increases above Ωce∕2,
accompanied by a shift of the wave normal toward quasi-parallel propagation as in THEMIS statistics displayed
in Figure 1 [Taubenschuss et al., 2014].

The preceding comparisons confirm that cyclotron resonance with low-energy Maxwellian populations with
temperature anisotropy probably accounts for the generation of most rising tone upper band waves at
𝜔 ≥ 0.55Ωce as well as lower band quasi-parallel waves [Fu et al., 2014]. On the other hand, the proposed gen-
eration mechanisms of very oblique lower band (and falling tone upper band) waves by Landau resonance
with very low energy beams or by cyclotron resonance with low-energy streams with temperature anisotropy
seem to be compatible with observations and could potentially explain various features of the measured
waves. However, the corresponding wave growth rates and frequency sweep rates must still be derived, which
will be the subject of the next section.

4. Simplified Models of Oblique Wave Generation by Low-Energy Electron Streams
4.1. Second-Order Resonance Condition and Frequency Sweep Rates
Very oblique whistler mode waves become quasi-electrostatic near the resonance cone (for (Ωce cos 𝜃∕
𝜔 − 1) < 0.3), with a parallel electric field component Ew∥ ≃ Ew cos 𝜃 = Ew0 cos 𝜃 sin𝜙, where Ew0 is the
modulus of the field and 𝜙 the wave phase [Ginzburg and Rukhadze, 1975; Verkhoglyadova et al., 2010]. The
equation of motion of low-energy electrons under the influence of such a wave is given approximately by
[e.g., see Artemyev et al., 2012]

dv∥
dt

≃ −v2 sin2 𝛼

2Ωce

𝜕Ωce

𝜕z
−

eEw0 cos 𝜃 sin𝜙

me
(13)

where me is the electron mass, v its velocity, and 𝛼 its pitch angle.

Assuming that the first-order Cerenkov-Landau or cyclotron resonance condition is satisfied, then the deriva-
tive of the phase 𝜙 between the wave and the particle is given by d𝜙∕dt = k∥(v∥ − VR∥) = 0, leading to a
second-order resonance condition

d2𝜙

dt2
= k∥

d
dt

(
v∥ − VR∥

)
. (14)

The time derivative of the parallel resonant velocity appearing in the above equation has been calculated in
Appendix A for Landau or cyclotron resonance with oblique whistler mode waves.
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Using the definition of the trapping frequency ΩT =
√

ek∥Ew0 cos 𝜃∕me of oscillations of an electron in the
parallel electrostatic wave field component, one finally obtains a second-order nonlinear differential equation
describing the dynamics of a resonant electron [Omura et al., 2008]:

d2𝜙

dt2
= −Ω2

T (sin𝜙 + S) (15)

where the inhomogeneity ratio S, defined as the ratio of inhomogeneity to oscillatory terms, is given by

Ω2
T S =

(
1 −

VR∥

Vg∥

)2
𝜕𝜔

𝜕t
(16)

+

(
𝜔VR∥ cos 𝜃

2(Ωce cos 𝜃 − 𝜔)
+

𝜔VR∥ tan2 𝛼

2Ωce

)
𝜕Ωce

𝜕z

in the case of Landau resonance, while one gets for first-order cyclotron resonance:

Ω2
T S =

(
1 −

VR∥

Vg∥

)2
𝜕𝜔

𝜕t
(17)

+

(
k∥v2 sin2 𝛼

2Ωce
−
(

1 +
(Ωce − 𝜔) cos 𝜃

2(Ωce cos 𝜃 − 𝜔)

)
VR∥

)
𝜕Ωce

𝜕z
.

The situation where electrons are decelerated and wave grows corresponds to trapping of these particles.
For trapping to exist (i.e., to ensure the existence of a region of trapped particles in phase space), a necessary
condition is that |S| < 1 [Shklyar and Matsumoto, 2009; Artemyev et al., 2012]. Now, we assume that nonlinear
growth at the equator maximizes for some (small) value S∗ of |S|. Using equations (4) and (5) for 𝜃 near the
resonance cone angle 𝜃r and switching to full magnetic wave amplitude Bw0 with the help of equation (13)
from Verkhoglyadova et al. [2010], one finds in the case of Landau resonance a frequency sweep rate

𝜕𝜔

𝜕t
≃

±S∗eBw0𝜔
3∕Ωce

21∕2me(Ωce cos 𝜃 − 𝜔)
(

1 − 𝜔

2(Ωce cos 𝜃−𝜔)

)2
. (18)

Close enough to the resonance cone (i.e., at 𝜃 > 𝜃m given by equation (8) for L < 7), equation (18) can be
further approximated as

𝜕𝜔

𝜕t
≈ ±23∕2S∗𝜔2

(
Bw0

B0

)
(cos 𝜃 − cos 𝜃r)

cos 𝜃r
, (19)

which shows that the modulus of the frequency sweep rate increases like (Bw0∕B0)𝜔2 at a fixed relative dis-
tance from the resonance cone angle but also that it decreases as 𝜃 gets closer to 𝜃r . The frequency sweep rate
of very oblique lower band waves excited via Landau resonance with very low energy beams therefore varies
much more quickly with the wave frequency than when considering quasi-parallel lower band chorus waves
[Omura et al., 2008]. For L ∼ 6, one gets |𝜕f∕𝜕t| ≤ S∗Bw0(pT)(f (kHz))2∕25 < (Bw0(pT)∕6) kHz/s for 𝜃 > 𝜃m.

In the case of cyclotron resonance, using equations (4) and (9) for 𝜃 close enough to the resonance cone
angle 𝜃r (i.e., at 𝜃 > 𝜃m given by equation (11) with ER,Max ∼ 10 keV for L < 7), one finds similarly a frequency
sweep rate

𝜕𝜔

𝜕t
≈ ±23∕2S∗𝜔2

(
Bw0

B0

)
(cos 𝜃 − cos 𝜃r)𝜔2

cos 𝜃r(Ωce − 𝜔)2
. (20)

Assuming a fixed wave amplitude and a sufficient energy range of instability, one can deduce from (19) and
(20) that for rising tones, the frequency sweep rate should start with a relatively large value and then decrease
more and more quickly as 𝜃 gets closer to the decreasing 𝜃r , while for falling tones the frequency sweep rate
should be small initially and then increase more and more as 𝜃 further departs from the increasing 𝜃r . For
a small enough Landau damping by the lower energy core electron population, it could produce hooks in
frequency-time diagrams. But in case of a strong Landau damping by the core electron distribution (or for a
narrow instability range), only rising and falling tones should be seen. In view of this rather complex behavior,
it is necessary to check what can happen to the frequency sweep rate as the excited waves propagate away
from the equator.
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4.2. Wave Propagation Effects and Scale of the Generation Region
Following the approach of Omura et al. [2009], we assume here that a lower band chorus wave initially gener-
ated at z = 0 propagates over a distance Δz = Vg∥t after a time t. Moreover, the derivative of the wave group
velocity with respect to 𝜔 can be written as

𝜕Vg∥

𝜕𝜔
≃

Vg∥(Ωce cos 𝜃 − 4𝜔)
2𝜔(Ωce cos 𝜃 − 𝜔)

. (21)

It shows that the group velocity has two extrema: one minimum at the resonance cone angle where it is null
and a maximum for 𝜔∕Ωce = cos 𝜃∕4 (for 𝜃 = 0, our expression (21) is equivalent to (27) in the work by Omura
et al. [2009] in the nonrelativistic limit).

Using equations (A3) and (21), we finally get for 𝜃 close to 𝜃r (for both Landau and cyclotron resonances):

𝜕𝜔(t)
𝜕t

≈ 1

1 + 3
√

2tS∗𝜔(Bw0∕B0)
𝜕𝜔

𝜕t

||||t=0
. (22)

As a result, the frequency sweep rate can still be estimated from (19) or (20) alone as long as t(s) ≪

(B0∕Bw0)∕(3 ⋅ 23∕2𝜋S∗f ) with f the wave frequency in hertz, or equivalently for Δz ≪ c(Ωce cos 𝜃∕𝜔 −
1)3∕2(Ωce∕Ωpe)(B0∕Bw0)∕(4𝜋S∗f ). Using (8) and Ωpe∕Ωce ∼ L for 𝜃 ≃ 𝜃m, this condition becomes Δz(km) ≪
5 ⋅ 108∕(LfBw0S∗) with Bw0 in picotesla. For L ∼ 5 and Bw0 ∼ 30 pT, it is usually satisfied over at least ∼ 3000 km
of propagation along the magnetic field line.

It is also interesting to compare the effects of the frequency sweep rate and of the geomagnetic field variation
with latitude or z in the inhomogeneity ratio S. In the case of Landau resonance, the ratio of the former term
(Tf ) to the latter term (Tg) on the right-hand side of equation (16) is

Tf

Tg
≃ 𝜕𝜔

𝜕t

(
𝜕Ωce

𝜕z

)−1 𝜔Ωpe

2c
(Ωce cos 𝜃 − 𝜔)−3∕2 (23)

×
(
𝜔1∕2 +

tan2 𝛼(Ωce cos 𝜃 − 𝜔)
𝜔1∕2

)−1

.

where the dipolar geomagnetic field B(z) can be approximated as B(z)∕B0 ≃ 1+(9∕2)(z∕R)2 near the equator,
with B0 its equatorial value and R = LRE its curvature radius (RE being Earth’s radius). Consequently, the two
terms Tf and Tg become equal for very oblique waves after a propagation distance zc from the equator [Omura
et al., 2008]. Using (19), zc is given by

zc ≃

√
2S∗L2R2

E𝜔
2Bw0

9cΩceB0(Ωce cos 𝜃 − 𝜔)1∕2
(24)

×
𝜔Ωpe

𝜔3∕2 + tan2 𝛼(Ωce cos 𝜃 − 𝜔)𝜔1∕2
.

Similarly, in the case of cyclotron resonance with electrons such that tan 𝛼 < 4, one gets with equations (17)
and (20):

zc ≃

√
2S∗L2R2

E𝜔
9∕2Bw0Ωpe

9cΩceB0(Ωce cos 𝜃 − 𝜔)1∕2(Ωce − 𝜔)3
. (25)

The maximum wave growth (with S ≃ S∗) can be sustained over such a distance zc only if the wave ampli-
tude simultaneously doubles. Thus, zc gives a rough estimate of the dimension of the generation region. In
this regard, it is interesting to note from equations (24) and (25) that zc increases as 𝜃 gets closer to the res-
onance cone angle, which could partly compensate for the adverse effect of increased Landau damping by
smaller-energy electrons.

Using equations (8) and (24) yields zc(km) ∼ 0.025S∗L5f (kHz)Bw0 (pT) for moderate pitch angle particles in
Landau resonance with very oblique waves such that 𝜃 ≃ 𝜃m, i.e., more than 3000 km for L ∼ 5 and Bw0 ∼ 30 pT
when 𝜃 ≥ 𝜃m. For cyclotron resonance, zc is multiplied by a factor 1∕(Ωce∕𝜔 − 1)3 ∼ 1∕5 typically, still giving
more than 600 km.

Nevertheless, only parallel wave propagation and the related geomagnetic field inhomogeneity have been
considered above. In reality, there will be also a transverse inhomogeneity, probably determined mainly by the
transverse extent of the beam-plasma interaction region. But precise estimates of the latter inhomogeneity
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Figure 2. The function R(S) (solid curve) together with
the analytical fit (dashed curve).

will be hard to obtain even with modern spacecraft
instruments, considering the difficulty of detecting
these small low-energy beams or streams.

4.3. Nonlinear Growth Rate and the Determina-
tion of S∗

Following the approach of Shklyar and Matsumoto
[2009], we take here into account the presence of
both trapped and untrapped (transient) electron pop-
ulations. In this situation, wave growth (or damping)
results from energy exchanges with both transient
and trapped particles. Further, assuming that the wave
packet is located on one side of the equator (but very
close to it) and considering asymptotic behavior (i.e.,
t > 1∕ΩT ), then the sign of the (nonlocal) nonlinear
growth rate depends on the sign of the difference
between energy variations of untrapped and trapped
populations or equivalently on the sign of the deriva-
tive of the unperturbed population near resonance,
but not on the sign of the inhomogeneity S (i.e., the

nonlinear growth rate depends on S2) [Shklyar and Matsumoto, 2009], leading us to use hereafter S ≡ |S|.
Note that if only the trapped population is taken into account, the nonlinear growth rate depends linearly on
S [see Omura et al., 2008]. The nonlinear growth rate 𝛾NL of the wave can be defined from the ratio of change
of particle energy and wave energy. Equation (4.26) from Shklyar and Matsumoto [2009] provides a useful
general expression of 𝛾NL for whistler mode waves, based on an evaluation of the resonant current for either
cyclotron or Landau resonance. This equation was examined in details by Shklyar [2011] in the particular case
of first-order cyclotron resonance. For both Landau or first-order cyclotron resonance, this equation gives as
a general expression for the nonlinear growth rate

𝛾NL = 𝛾L
16
𝜋2

Φ3∕2

⟨
Φ1∕2ΓT S∫ S(t)dt

⟩
(26)

where 𝛾L is the linear growth rate, Φ is a dimensionless coefficient depending on particle energy and pitch
angle (some analog to the wave-particle coupling efficiency [see Shklyar and Matsumoto, 2009]), ΓT is the
phase space volume of trapped particles surrounded by the separatrix of system (15), and the average is a
weighted average over transverse adiabatic invariant performed with a weight (𝜕f0∕𝜕W)(v∥ = VR∥), where W
is the particle energy and f0 is the distribution function of electrons. The integral inside the weighted average
is performed over the time of resonant wave-particle interaction. Taking into account that resonance width is
small enough in velocity space, one can approximate equation (26) as

𝛾NL ≈ 𝛾L
16
𝜋2

Φ2S2ΓTΔt (27)

where Δt is the timescale of resonant interaction. The function ΓT has a form [e.g., Artemyev et al., 2012]

ΓT = ∮ �̇�d𝜙 (28)

= 2ΩT

√
S∫

√
H𝜙 + S−1 cos𝜙 − 𝜙d𝜙 = 2ΩT

√
SR(S)

where H𝜙 is the energy of the nonlinear pendulum (15). The profile of R(S) is shown in Figure 2. We use the
approximation R ≈ (5∕2)(S−1 − 1) to obtain the final equation for 𝛾NL:

𝛾NL ≈ 𝛾L
80
𝜋2

ΩTΔtΦ2
(

S3∕2 − S5∕2
)

(29)

Thus, the nonlinear growth rate given by equation (29) reaches its maximum value at S = S∗ ≈ 3∕5. Note
also that the linear and nonlinear growth rates should reach their maximum value near the equator, due to
two facts. First, the resonant velocity (6) or (9) is smaller there, allowing wave amplification by either Lan-
dau resonance with lower energy parallel beams which are generally more likely, or via cyclotron resonance
with more numerous lower energy electrons. Second, the distance zc of maximum nonlinear growth given by
equations (24) or (25) is largest close to the equator where geomagnetic field inhomogeneity is smallest.
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Table 1. Parameters of the Selected Cases of Intense Very Oblique Lower Band Chorus Waves, Detailing the Van Allen
Probe (VAP) Spacecraft (Either A or B), Date and Time of the Observation, Location, and Local Geomagnetic Field
Magnitude B0

a

No. VAP Date UT MLat (deg) L MLT 𝜃obs (deg) Bw (pT) 𝜔∕Ωce d𝜔∕dt (rad/ms) B0(nT)

1 B 2013-01-20 00:43:53 −6 3.9 00:30 65.7 ∼50 0.45 −1.57 303

2 B 2013-01-20 00:44:56 −6 3.9 00:30 59.2 ∼15 0.39 −6.29 303

3 B 2013-03-17 07:35:31 16 3.8 03:30 73.4 ∼40 0.29 −10.49 638

4 B 2013-08-28 13:07:28 −0.8 5.3 18:50 77.6 ∼120 0.20 −31.46 408

5 B 2013-08-28 13:07:46 −0.8 5.3 18:50 76.6 ∼200 0.19 −31.60 408

6 B 2013-08-28 13:07:47 −0.8 5.3 18:50 74.3 ∼120 0.21 −19.36 408

7 A 2013-03-17 09:14:11 17 3.4 05:00 74.7 ∼300 0.20 +12.58 1237

8 B 2013-03-17 07:35:20 15 3.8 03:50 71.7 ∼100 0.26 +52.43 638

9 B 2013-03-17 07:44:20 15 3.8 03:50 81.3 ∼200 0.22 +83.89 800

10 A 2013-01-20 00:13:21 −7.7 4.3 00:00 64.3 ∼70 0.22 +41.95 360

11 A 2013-01-20 00:13:21 −7.7 4.3 00:00 62.5 ∼30 0.29 +18.88 360

12 B 2013-01-20 09:42:33 −5.5 4.4 01:30 71.7 ∼25 0.31 +12.58 327

13 B 2013-01-20 09:42:34 −5.5 4.4 01:30 63.1 ∼17.5 0.40 +13.98 327

14 B 2013-01-20 09:42:35 −5.5 4.4 01:30 55.9 ∼20 0.37 +25.17 327
aThe different wave parameters are also provided, among which the measured mean wave amplitude and frequency

sweep rate (a positive one corresponds to a rising tone, a negative one to a falling tone).

4.4. Comparisons With Measured Frequency Sweep Rates
The frequency sweep rates given by equation (19) for Landau resonance and by equation (20) for cyclotron
resonance (with S∗ ∼ 3∕5) are strongly dependent on the exact value of the wave normal angle (i.e., on the
value of 𝜃 − 𝜃r). Considering the limited accuracy of the determination of 𝜃 in satellite measurements (at best
within ≈ ±2∘), this does not allow easy one-to-one direct comparisons between analytical and measured fre-
quency sweep rates, except for selected cases where the wave normal angle is determined accurately enough.
Therefore, we present here such comparisons performed using precise three-components wave magnetic
and electric field measurements from the recent Van Allen Probes at L ∼ 4–5.5, in selected cases where very
oblique lower band chorus wave amplitudes are sufficiently large for the uncertainty on the exact value of 𝜃
to remain less than ∼ 2∘ to ∼ 5∘ at most.

Each of the 14 selected cases listed in Table 1 corresponds to a well-defined lower band chorus wave packet of
∼ 200 ms duration on average. The precise location of each observation is provided in Table 1, together with
the local time and the different wave and geomagnetic field parameters needed to estimate the wave normal
angle from equations (19) and (20), as well as the measured wave normal angle. Making use of the Electric
and Magnetic Field Instrument Suite and Integrated Science High Frequency Receiver (HFR) spectral data
(in particular the variation of the upper hybrid frequency line) and of the variation of suprathermal electron
flux given by the Helium Oxygen Proton Electron (HOPE) mass spectrometer data, these lower band chorus
wave observations performed during moderately disturbed conditions have been checked to occur clearly
outside of the plasmasphere (often just outside of it) in all the considered cases. The only possible exception
concerns case 7 at the lowest L which could have occurred in the plasmapause transition region.

For each considered wave packet, the wave normal angle 𝜃obs has been determined using the singular value
decomposition method [Santolík et al., 2003], as in previous studies (e.g., see details in the works by Agapitov
et al. [2013, 2014]). The values of 𝜃obs in Table 1 correspond to the frequency of the wave power spectral maxi-
mum. A few of the distinct wave packets listed in Table 1 have been recorded at nearly the same location within
the same minute. Nevertheless, their amplitude, wave normal angle, and frequency sweep rate can be dif-
ferent enough. It demonstrates a significant variability in the generation process of such very oblique waves,
stemming probably from the important temporal variability of the low-energy electron beams or streams
which are producing them.

Most of these very oblique lower band chorus waves are observed at low magnetic latitudes within less
than ∼5∘–7∘ from the equatorial plane, corresponding to a distance Δ z ≤ 2000 km to 3000 km ≤ zc from an
assumed wave generation starting point located near the equator. Interestingly, however, four wave packets
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Figure 3. Very oblique lower band chorus waves measured on board the Van Allen Probe A in Earth’s magnetosphere
on 20 January 2013. Falling tone (left) and rising tone (right). The upper panels show the wave frequency variation as a
function of time (grey shading scale indicates the wave intensity), together with the average value of the frequency
corresponding to the maximum intensity (red circles with error bars). Bottom panels display the average value of the
measured 𝜃 (red circles). The resonance cone angle 𝜃r = arccos(𝜔∕Ωce) and Gendrin angle 𝜃g = arccos(2𝜔∕Ωce)
evaluated in the cold plasma approximation using the measured wave frequency and geomagnetic field strength B0 are
also plotted (upper and lower dashed lines, respectively). The inferred value of 𝜃, allowing to recover the observed
frequency sweep rate with equation (18) (resp., (19)), is displayed as a red (blue) cross in the case of Landau resonance.
The inferred value of 𝜃 in the case of cyclotron resonance, as obtained from equation (20), is displayed as a green cross.
For the rising tone, we show the inferred 𝜃 values both at the beginning and at the end of the time interval, because 𝜃r
varies significantly within this interval and, as a result, the inferred 𝜃 value varies as well.

(among 14) have been recorded around 15∘ of magnetic latitude near dawn during one geomagnetic
disturbance which moved the plasmapause location down to L≈ 3.4. The local geomagnetic field configura-
tion was slightly nondipolar at that time, with a measured B(z) varying from ∼0.8 to ∼1.11 times its dipolar
value over 2 h at nearly the same location. In these four cases, it is assumed that the oblique wave generation
mainly took place within less than 5∘ from the observation point and at lower latitudes, i.e., with a starting
point near an actual nearly null gradient of B(z) located within about 10∘ of the estimated (dipolar) magnetic
equator. Although the possibility that the generation region was actually farther from the observation point
(i.e., closer to the equator) cannot be totally ruled out in these four particular cases, it is worth noting that
strong Landau damping outside of the generation region should then likely prevent such very oblique waves,
very close to their resonance cone angle, from propagating with such high amplitudes up to the spacecraft
latitude [e.g., see Chen et al., 2013]. In case of a low damping, the waves could also have been generated near
the equator and kept their main characteristics along propagation, provided that the weak local magnetic
field inhomogeneity was somewhat reduced in this region. Still, in these four particular cases, one cannot
completely exclude the possibility of a refraction of the waves to slightly higher (by a few degrees) 𝜃 values
during propagation from their generation region.

Figure 3 shows two typical very oblique falling tone and rising tone lower band chorus wave packets measured
near the equatorial plane. Magnetic wave amplitudes Bw0 are around 50–150 pT and the wave normal angle
is rather close to the resonance cone angle. Assuming Landau resonance excitation, the observed frequency
sweep rate is fitted by a linear slope calculated with equations (18) or (19) using measured values of wave
amplitude, frequency, and geomagnetic field B0, choosing the value of the wave normal angle 𝜃 providing
the best fit to the observed frequency variation. Considering also a possible wave generation via cyclotron
resonance, the same procedure is repeated using equation (20) for the corresponding frequency sweep rate.
Then, the corresponding inferred 𝜃 values can be compared with the value of 𝜃 measured by the Van Allen
Probes. Analytical and mean measured 𝜃 values appear to be quite close in these two cases when assuming
Landau resonance. A good agreement is also obtained for the falling tone (but not for the rising tone) when
assuming cyclotron resonance.
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Figure 4. Comparisons between the mean observed wave normal angle 𝜃obs of very oblique lower band chorus waves
and the value of 𝜃 inferred with the help of analytical expressions (19) for Landau resonance (left) and (20) for cyclotron
resonance (right) of the frequency sweep rate on the basis of the wave amplitude, frequency, and geomagnetic field
strength measured by the Van Allen Probes near the equator. Both rising tones (diamonds) and falling tones (empty
circles) very oblique waves are considered. Error bars show the uncertainties related to the averaging performed over
varying measured parameters (wave frequency, intensity, wave normal angle, geomagnetic field strength). Blue and
green crosses show two events from Figure 3. The corresponding parallel energy ER of resonant electrons is plotted in
the lower panels, as calculated from equations (7) and (10) using a mean ratio Ωpe∕Ωce ∼ 5 corresponding to our data
set in the region L ∼ 5. The inferred 𝜃 values (very close to the observed ones) are used when considering Landau
resonance, while observed values are used in the case of cyclotron resonance.

More comparisons between the mean value of the measured wave normal angle 𝜃 of very oblique lower
band chorus waves and its value inferred from analytical expressions (19) and (20) are displayed in Figure 4 for
other similar observations on board the Van Allen Probes. One can see that the inferred 𝜃 most often remains
within less than ∼ 3∘ from the mean value of the measured wave normal angle when using equation (19)
corresponding to Landau resonance. Thus, the analytical estimates of the frequency sweep rate obtained
under the assumption of a wave generation mechanism involving Landau resonance with a low-energy
(< 4 keV) electron beam are in good agreement with observations in these selected cases. It shows that at
least some of the observed very oblique lower band chorus waves could really be generated this way near
the equator.

Nevertheless, some lower band chorus wave packets could also be explained by cyclotron resonance with
parallel streams of low-energy electrons exhibiting a temperature anisotropy. However, it seems to concern
mainly less oblique lower band chorus waves farther from the resonance cone angle and interacting with
higher-energy electrons (∼10 keV), as in previous studies considering quasi-parallel waves [Omura et al., 2008;
Fu et al., 2014]. As the size zc of the generation region is sensibly smaller for a cyclotron resonance mechanism
than for Landau resonance, some of the observations might have been performed too far from a cyclotron
resonance generation region to yield a good agreement with theoretical estimates. In the future, it would be
interesting also to undertake further comparisons between the observed frequency sweep rates and sweep
rates calculated on the basis of the nonlinear Backward wave oscillator theory [Trakhtengerts et al., 2004;
Demekhov, 2011] adapted for very oblique waves, which could lead to a better agreement in the case of
cyclotron resonance.

5. Discussion and Conclusion

The possibility of very oblique lower band chorus wave generation by means of Landau resonance interac-
tion with unstable low-energy electron beams or by cyclotron resonance with anisotropic low-energy streams
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has been examined above from a theoretical point of view and then compared to various satellite observa-
tions. The distribution of measured very oblique waves near the equator in the (𝜔, 𝜃) domain [Taubenschuss
et al., 2014] has been found to compare well with expectations based on Landau resonance with sporadic
very low energy (< 2–4 keV) electron beams injected from the plasma sheet or produced in situ. An alterna-
tive generation mechanism based on cyclotron resonance with an electron population exhibiting a sufficient
temperature anisotropy at low-energy (∼ 1–15 keV) together with a local plateau or power law tail in its paral-
lel velocity distribution at still lower energies corresponding to Landau resonance with the same very oblique
waves would lead to an (𝜔, 𝜃) distribution in much less good agreement with observations when considering
only very low energy (≤ 2 keV) particles but comes closer to the observations when allowing higher-energy
(2–15 keV) electrons. The fact that rising and falling tone very oblique waves exhibit similar levels of, and ratios
of, magnetic and electric field amplitudes lends support to the hypothesis of a similar generation process with
a common source region located near the equator [Taubenschuss et al., 2014].

It is a much more difficult task to compare precisely the observed frequency sweep rates of very oblique lower
band chorus wave packets with the corresponding analytical expressions obtained for Landau and cyclotron
resonances. Nevertheless, analytical estimates obtained under the assumption of Landau resonance with
small beams have been shown to be in good agreement with average measured values in at least a number
of cases carefully selected for the good accuracy of the wave normal angle measurements on board the Van
Allen Probes close to the equator. Only a small portion of our observations could apparently be explained by
assuming cyclotron resonance. While this confirms the compatibility of the Landau resonance wave genera-
tion mechanism with observations, more numerous (statistical) comparisons would nevertheless be needed
to ascertain the relative importance of this mechanism as compared with the other one based on cyclotron
resonance with electron streams having a temperature anisotropy. But such a comprehensive study is beyond
the scope of the present paper and left for a future dedicated work.

The characteristic scale length of the corresponding generation region of very oblique lower band chorus
waves is typically ∼ 1000 km (for cyclotron resonance) to 3000 km (for Landau resonance) along magnetic
field lines on both sides of the equator. It would be interesting in next studies to compare this estimate with
satellite observations, as well as to try to evaluate the transverse scale of the generation region. The latter
might indeed impose additional constraints to the proposed generation mechanisms, due to the partly trans-
verse propagation of the oblique waves. In the inner magnetosphere, most very oblique lower band waves
are observed in regions of relatively low ratio Ωpe∕Ωce < 5.5 [Li et al., 2012; Taubenschuss et al., 2014], which
corresponds to L ∼ 5 just outside the plasmasphere. At higher L shells, parallel resonant energies for both
cyclotron and Landau resonance with very oblique waves decrease with the ratio Ω2

ce∕Ω
2
pe ∼ 1∕L2. It means

that inverse (or at least reduced) Landau damping (as well as temperature anisotropy) is required to exist at
lower parallel energies, closer to the dense core of Maxwellian electrons injected from the plasma sheet. This
becomes probably less easy, in general, as one draws closer to the magnetopause.

Some high-frequency waves can be noticed near the electron plasma frequency in the electric field data
of the Van Allen Probes at the same time as very oblique lower band chorus waves are observed. The
simultaneous generation of Langmuir waves would lend further credence to the presence of an electron
beam. However, it is often difficult to unambiguously distinguish Langmuir waves from nearby electrostatic
Bernstein waves excited by temperature or loss cone anisotropies at higher energy [e.g., see Mourenas and
Beghin, 1991]. Further investigations are therefore necessary to examine this possibility.

Finally, only simultaneous experimental observations of these very oblique lower band chorus waves together
with small low-energy electron beams or streams could definitely establish the effectiveness of these gener-
ation processes inside the magnetosphere. But it remains to this day a very challenging goal.

Appendix A: Velocity at Landau or Cyclotron Resonance as Seen by an Electron
Based on usual definitions of wave phase, wave number, and frequency and assuming slowly varying wave
phase, amplitude, 𝜔, k, and wave normal angle 𝜃, as a function of time and position z along the magnetic field
line, we have

𝜕k∥
𝜕t

= − 𝜕𝜔

𝜕z
. (A1)
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while differentiation of the oblique whistler mode dispersion relation with respect to time leads to

2c2k
𝜕k
𝜕t

≃ −
ΩceΩ2

pe cos 𝜃

(Ωce cos 𝜃 − 𝜔)2

𝜕𝜔

𝜕t
. (A2)

From (3), (A1), and (A2), one gets the propagation equation for the wave frequency:

𝜕𝜔

𝜕t
+ Vg∥

𝜕𝜔

𝜕z
= 0. (A3)

Differentiating the dispersion relation with respect to position z (assuming for simplicity a constant density)
and using (3) and (A1), one obtains a similar propagation equation for k∥:

𝜕k∥
𝜕z

= − 1
Vg∥

𝜕k∥
𝜕t

−
Ωpe𝜔

1∕2 cos2 𝜃

2c(Ωce cos 𝜃 − 𝜔)3∕2

𝜕Ωce

𝜕z
. (A4)

Since we are dealing with oblique wave growth and propagation over only a very small path length along
magnetic field lines (corresponding to Δ𝜆 ≤ 2∘), wave refraction is likely negligible, justifying the assump-
tion of a constant wave normal angle 𝜃 used throughout the present study. Now, the time variation of the
frequency 𝜔 seen by a particle moving at a parallel velocity v∥ is

d𝜔
dt

= 𝜕𝜔

𝜕t
+ v∥

𝜕𝜔

𝜕z
=
(

1 −
v∥

Vg∥

)
𝜕𝜔

𝜕t
. (A5)

Making use of equation (A4), the temporal variation of k∥ seen by the same particle is

dk∥
dt

=
(

1 −
v∥

Vg∥

)
𝜕k∥
𝜕t

−
v∥Ωpe𝜔

1∕2 cos2 𝜃

2c(Ωce cos 𝜃 − 𝜔)3∕2

𝜕Ωce

𝜕z
. (A6)

On this basis, we can now derive two equations for the temporal evolution of the resonant velocity VR∥ as seen
by an electron in either Landau or cyclotron resonance with an oblique lower band chorus wave, in a fashion
similar to the work by Omura et al. [2008] for parallel chorus nonlinear wave growth in the case of cyclotron
resonance. Replacing equations (A5) and (A6) in the expression dVR∥∕dt = (1∕k∥)d𝜔∕dt − (𝜔∕k2

∥)dk∥∕dt valid
in the nonrelativistic limit, one obtains for Landau resonance:

dVR∥

dt
= 1

k∥

(
1 −

VR∥

Vg∥

)(
1 −

v∥
Vg∥

)
𝜕𝜔

𝜕t

+
v∥𝜔 cos 𝜃

2k∥(Ωce cos 𝜃 − 𝜔)
𝜕Ωce

𝜕z
. (A7)

while using dΩce∕dt = v∥𝜕Ωce∕𝜕z, one gets for first-order cyclotron resonance

dVR∥

dt
= 1

k∥

(
1 −

VR∥

Vg∥

)(
1 −

v∥
Vg∥

)
𝜕𝜔

𝜕t

−
v∥
k∥

(
1 +

(Ωce − 𝜔) cos 𝜃

2(Ωce cos 𝜃 − 𝜔)

)
𝜕Ωce

𝜕z
. (A8)
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