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graph, one of which would imply the other . The strong conjecture is that for any such
graph there is a critical exponent in (0,1], below which the variable Wiener index is larger
and above which the variable Szeged index is larger. The weak conjecture is that the vari-

MSC: able Szeged index is always larger for any exponent exceeding 1. They proved the weak

05C09 conjecture for bipartite graphs, and the strong conjecture for trees.

gggé In this note we disprove the strong conjecture, although we show that it is true for almost
all graphs, and for bipartite and block graphs. We also show that the weak conjecture

Keywords: holds for all graphs by proving a majorization relationship.
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1. Introduction

Topological indices of graphs originate from chemical graph theory, and are descriptors of organic molecules that depend
only on the graph of atoms and bonds and not on their physical arrangement. The oldest and most important of these
is the Wiener index, or total distance, which was introduced by Wiener in 1947 and shown to accurately predict alkane
boiling points [21]. Here, as is usual, the index is applied to the unweighted graph of carbon-carbon bonds, neglecting
hydrogen atoms. Wiener subsequently established correlations between the Wiener index and other physical quantities (see
e.g. Wiener [22]). The Wiener index was rediscovered by Rouvaray [19] in the 1970s, and applied to more general chemical
graphs. It was independently introduced to the mathematics literature for trees by Zelinka [23], and subsequently extended
to general graphs by Entringeret al. [4]. Since the late 1970s, it has seen an explosion of interest in both fields; see e.g. the
survey article [2] from the mathematical side, and the collection [6] from the chemical side. Its importance has led to the
study of many other topological indices, such as the Randi¢ index [18], first and second Zagreb indices [7,8], and the Hosoya
index [9].
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Among topological indices, the Wiener index has a particularly simple and natural definition: it is the sum, over all
unordered pairs of vertices, of the graph distance between those vertices (hence the alternative name of “total distance”;
it is linearly related to the average distance when the order is fixed). We define the Wiener index only when the graph is
connected, so all distances are finite; this is certainly the case for molecular graphs.

As a special case of the alternative method to compute W (G) by use of a canonical metric representation of a graph, as
defined in KlavZar [12], it is well known that for a tree T one can compute the total distance as a sum of a certain quantity
over the edges instead of the sum of distances over all pairs of vertices. For each edge e = uv, write n,(v) for the number
of vertices strictly closer to u than to v (including u itself), and n,(u) for the number strictly closer to v than to u. Then

W= Y mo) n. (1)

uveE(T)

This fact, which follows from a simple double-counting, was observed by Wiener in his original paper [21], where only trees
were considered. However, Eq. (1) fails to hold for most other graphs, owing to the fact that shortest paths are typically not
unique.

For a general graph G, the right-hand side of (1) denotes a different topological index, introduced by Gutman [5] and
subsequently called the Szeged index:

Sz(G) == Y nu(v) - ny(u).

uveE(G)

In general it is not necessarily true that Sz(G) = W (G), but the inequality Sz(G) > W (G) holds for all connected graphs [13].
The graphs where equality occurs were classified by Dobrynin and Gutman [3]; these are precisely the block graphs (also
known as clique trees), that is, graphs where every maximal biconnected subgraph is complete. The difference between the
Szeged and Wiener indices can take any non-negative integer value other than 1 or 3 [16].

The study of topological indices encompasses variable forms, which depend not only on the graph G but on a parameter
often denoted «; the terms which make up the index in question are raised to the power o before summing. This allows
the sensitivity of the topological index to extreme values to be altered. For example, the variable form of the Randi¢ index
was introduced in Bollobas and Erdos [1], and the variable Zagreb indices in MiliCevi¢ and Nikoli¢ [15].

Hrindkova et al. [10] generalized the Wiener and Szeged indices to analogous variable forms, and studied the relation
between the variable Wiener index and variable Szeged index. For a parameter ¢, these two graph parameters are defined
as respectively

WeG) = Y dv)® and Sz*(G):= Y (m(v)-ny(u))*.

u,veV uveE(G)

They gave the following two conjectures (in these conjectures, and the rest of this paper, graphs are tacitly assumed to be
connected ).

Conjecture 1.1 ([10, Conjecture 5]). For every non-complete graph G there is a constant o € (0, 1] such that

Sz%(G) > W¥(G) if @ > ag;
Sz%(G) = W9 (G) if o = ag;
Sz%(G) < W¥(G) if o < ag.

Conjecture 1.2 ([10, Conjecture 6]). For every non-complete graph G and every « > 1 we have Sz%(G) > W*(G).

Note that Conjecture 1.1, since it requires o/ < 1, implies Conjecture 1.2. Complete graphs are excluded from the conjec-
tures since if G is complete we have Sz%(G) = (‘g') =W (G) for every o.

If we consider (d(u, )y pev(cy and (nu(v) - ny(U))yyepcy as two sequences (of positive integers) (x;); and (y;); derived
from a graph, then we are comparing the sums ) f(x;) and Y f(y;) where f(x) =x% A famous inequality related to
such sums is Karamata’s inequality [11], which is a generalization of the better known inequality of Jensen. Hrindkova
et al. [10] used Karamata’s inequality to derive inequalities between Sz*(G) and W% (G) for trees and bipartite graphs (when
o > 1), proving that the strong conjecture holds for trees and the weak conjecture for bipartite graphs.

In Section 2, we prove that the weak conjecture is indeed true by a small adaptation of Karamata’s inequality combined
with a majorization result. In Section 4 we describe a family of counterexamples to the strong conjecture. However, we are
able to prove the strong conjecture for some special families of graphs in Section 3. In particular we show that it is true for
bipartite graphs, block graphs, and all graphs in a moderately sparse regime. We show that it is true for almost all graphs
in a very strong sense: we prove that it is true with high probability for the random graph G(n, m) (that is, a uniformly
random choice from the set of all connected graphs with n vertices and m = m(n) edges), even if m is chosen adversarially.

Since this work was submitted, a different and independent proof of the weak conjecture by Vukicevi¢ and Bulatovi¢ has
appeared [20].
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2. Proof of the weak conjecture
2.1. An adaptation of Karamata’s inequality

Karamata’s inequality generalises Jensen’s inequality for convex functions to majorizing sequences. In this article, we
will find it convenient to define the notion of majorizing sequences in a slightly more general way, in the sense that the
sequences do not need to have the same length or sum. Throughout the whole article, a sequence will always be ordered
(from largest to smallest).

Definition 2.1 (majorizing sequences). Let (X;)1<j<, and (¥;)1<i<m be two sequences. Then the sequence (x;); majorizes (y;);
if for every positive integer k it is true that >~;_;_, X; = "1 Y- In this summation x; and y; are taken to be zero if i > n
or j > m.

With this definition in place, Karamata’s inequality is as follows.

Theorem 2.2 (Karamata’s inequality). Suppose (X;)1<i<n and (y;)1<i<n are decreasing sequences of equal length, taking values in
some interval I, with (x;); majorizing (y;);. Let f : 1 — R be a convex function. If either of the following conditions are satisfied:

(1) ZL] Xi = Z?:] yi or

(ii) f is increasing on I,

then "I, f(x;) = 1 f(v;). Furthermore, provided f is strictly convex, we have equality only if the two sequences are iden-
tical.

The inequality under condition (i) is Karamata’s original formulation [11]; the sufficiency of the alternative condition (ii)
is well known and may be proved in the same way (see, for example, Pecaric et al. [17, Theorem 12.7]).
As a corollary, we obtain the following modified version for integer sequences.

Corollary 2.3. Let X = (X;)1<j<p and ¥ = (¥;)1<j<m be two sequences of nonnegative integers such that the former majorizes the
latter and let t = > ;x; — > ; ;- Let f be a function satisfying f(0) =0, f(1) =1 and f'(x), f"(x) > 0 for all x € R*. Then

Y Fe) = Y fo) +.

1

If the two sequences are not equal (which is certainly the case when t > 0) and f is strictly convex, the inequality is strict as
well.

Proof. We can extend the sequence y; with t values equal to 1 in the right spot (i.e. such that the sequence is still ordered)
and add zeros to one of the two sequences to produce sequences ¥,y of the same length. Suppose that y, is the last

positive term of y, so that the t extra terms become y;<+1’ ... ,y,’m. Note that ZL] Vi< ZL] x;, and for 1 <s <t, we have
Yy =5+ YKy af X, > 0 then we have YK > s+ Yk, X > :‘:fy; and if not we have Z:‘:fxf =YX = Yy
Consequently the updated sequence X' does majorize y’ and so Karamata’s inequality (i) says that

Zf(xi)ZZf(Vi)-i-t. a

2.2. A majorization relationship

As the reader may expect, the crucial fact we will need is the following majorization between the two sequences derived
from the graph. We will write m = |E(G)| and N = ('g') for the natural lengths of the two sequences; we will frequently
find it convenient to extend (ne).cg(c) to a sequence of length N by adding zero terms.

Proposition 2.4. For every graph G, the sequence (ny(v) - ny(U))yeg () Majorizes the sequence (d(u, v))y yey-

Proof. For every edge uv, let nyy = ny (v) - ny(u). Let (n;)1<j<,m (Where m = |E(G)|) be the ordered sequence (from largest to
smallest) of (n.). and let (d;); be the ordered sequence of the distances (d(u, v)), yev. The following claim essentially gives
the intuition behind the majorization of the sequences, the property that the n; are larger than d; in some structured way.

Claim 2.5. For every pair of vertices x and y and every edge e = uv on a shortest path between x and y, we have d(x,y) < n,.

Proof. Note that there are d(x,y) + 1 vertices on a shortest path from x and y, all of them belonging to N, (v) or N,(u).
Hence d(x,y) + 1 < ny(e) + ny(e), from which d(x,y) < n,(v) - n,(u) = ne follows. O

This implies that d(x,y) = >",.p Aefle, Where P is a shortest path (containing d(x,y) edges by definition) between x and
yand Ae = L < ﬁ (by Claim 2.5), S0 Y pcphe < 1.

e



S. Cambie and ]. Haslegrave Applied Mathematics and Computation 431 (2022) 127320

As a consequence, we have

k

k
> di=3 3 hene
i=1

i=1 eeP,

= ZAenm

ecE

where P is the chosen shortest path corresponding to the distance d;. Here every A, equals the number of shortest paths
P, through e (so at most n,) times Ae, which is bounded by 1. Also we know Y ,.; Ae =YK | > eep, Ae < k. This implies

k
Deck Nelle <3 M. O
As a consequence, we note that Conjecture 1.1 is true in a slightly stronger form.

Theorem 2.6. For every o > 1 and graph G which is not a complete graph, one has Sz*(G) — W% (G) > Sz(G) — W (G) > 0.

Proof. Since |E(G)| # (g) the sequences (n;); and (d;); are not equal. Let t =Y ;n;— ) ;d; > 0. Since f(x) =x* satisfies
f(0)=0and f(1) =1 and is a positive, strictly convex increasing function for x > 0 and « > 1, by applying Corollary 2.3 we
have Sz%(G) > W% (G) +t. O

3. Graphs which satisfy the strong conjecture

In Section 2, we noted that Conjecture 1.2 was essentially an inequality for majorizing sequences instead of an inequality
on graphs, once one observes Proposition 2.4 is true. This cannot be the case for Conjecture 1.1. One can take the sequences
X ={625,81, 81,16} and compare with y = {256, 256, 256, 1}, the first one majorizing the second, but Y x¥ ="y being
true for O, % and a number close to 0.88.

Fix a connected, non-complete graph G with n vertices and let h(a) = Sz%(G) — W*(G). Since h() is a continuous func-
tion with h(0) < 0 and h(1) > 0O, by the intermediate value theorem there is at least one value of « for which h(e) = 0 (and
at least one such value lies in (0,1]); the strong conjecture is therefore equivalent to o being unique. We therefore give a
sufficient condition, in terms of majorization, for this to be the case.

Theorem 3.1. Let o be a value such that Sz* (G) = W% (G) for a non-complete graph G. If the sequence (n"); does majorize the
sequence (d?);, then o is unique.

Proof. Assume § also satisfies SzP (G) =WPA(G). Let c = g; by [10, Proposition 8] we have «, 8 > 0 and so ¢ > 0. Then
() =3 @), 2)
i i

where we extend the former sum with zero terms to give sequences of equal length. For ¢ > 1 the function f(x) =x¢ is
strictly convex, while for ¢ < 1 it is strictly concave. By Theorem 2.2 (i), in both cases (2) would not be true, so this implies
c=1and hencea=48. O

Together with Proposition 2.4, this immediately gives the following.
Corollary 3.2. If G is a non-complete block graph then G satisfies Conjecture 1.1 with o¢ = 1.

As further examples for the applicability, let us note that either of the following conditions on G is sufficient (but not
necessary) to conclude that (n); majorizes (df¥);, where o satisfies h(a) = 0.

I There exists some index j such that n; > d; if i < j and n; < d; if i > j.
Il For every 1 < j <m, it holds that [T/, n; > [T._, d;.

To see that II is sufficient, note that it implies that (logn;) i, majorizes (logd;);j<p,, and hence (since f(x) = exp(ax)
is increasing and convex) that (nf);;.;, majorizes (df)qj<m. Since we also have ZL nd =Sz%(G) =W*(G) > Zﬁ‘zl dy for
each k > m, we have the required majorization property.

For graphs satisfying I, much more is true.

Theorem 3.3. If G satisfies condition I above, then for every value of @ > 0 satisfying h(«) > h(0) we have h’(«) > 0.

This implies the strong conjecture holds for G, since there is some smallest positive value gz < 1 for which h(ag) =0 >
h(0), and thereafter the function is strictly increasing so strictly positive. Note that Theorem 3.3 is best possible, in the
sense that we may have h’/(0) < 0 (and hence h’(¢) < 0 with h(e) arbitrarily close to h(0)). For example, this is the case for
stars with at least 8 vertices.

Proof. Set i; to be 1 if n; = 0 and n; otherwise. Since d; > 1 for each index i, condition I still applies with n; replaced by
fi;, and ensures that »~;_ (i¥ — d{*), considered as a function of k for any fixed « > 0, is increasing for k < j and decreasing

4
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thereafter. Consequently, (7if*) majorizes (df*) provided

N N
LB
i=1 i=1

i.e. whenever h(a) + N —e(G) > 0. Since h(0) = e(G) — N, this condition becomes h(c) > h(0). Now provided « > 0 we have

N
W () = (logn; - n¥ —logd; - d?)

i=1

N
= (logfi;- i¥ — logd; - df")
i1

—a (il:f(ﬁ?‘) - if(d?)),

where f(x) =xlogx for x > 1. Since this is a strictly convex, increasing function, and the two sequences are distinct (the
fact that 3 ;f; > ;d; implies there is some i with fi; > d;), Theorem 2.2 (ii) gives YN | f(fi;) > YN f(d;), as required. O

In particular this implies the strong conjecture holds for several classes of graphs.
Corollary 3.4. The graph G satisfies Conjecture 1.1 in any of the following cases:

o G is bipartite;

o G is edge-transitive;

e diam(G) = 2; or

e diam(G) = 3 and m < N/2.

Proof. If G is bipartite then for each edge uv, each vertex is strictly closer to either u or v, since equality would create an
odd cycle. Thus ny(v) - ny(u) > |G| — 1 > d(x,y), and I holds with j =m.

If G is edge-transitive then every edge is on a diameter, meaning n; > diam(G) > d; for 1 <i <m.

If diam(G) = 2 then d; € {1, 2} for each i. Take j maximal such that n; > 2. Then n; > d; for i < j, and n; < d; for all i > j,
as required. Finally, if diam(G) =3 and m < N/2 then we have d; € {2, 3} for each i <m, and taking j maximal such that
n; > 3 gives the required property. O

Another corollary of Theorem 3.1 is the case when the n; are “on average” at least equal to the diameter, which can be
stated more precisely as follows with the use of the notion u, for the power mean with exponent «, i.e. using N = (;) we
have

of Tiy A2
N
Corollary 3.5. Let « be a value such that Sz* (G) = W% (G) for a non-complete graph G. If

Mo (di,dy, ... .dy) =

1
m\e ..
Haldrdy. ... dy) = () diam(©).
then this value « is unique.
Proof. By Theorem 3.1 it is sufficient to prove that (n¥); majorizes (df*);, which is the case if for each k < m the first k terms
of the first sequence are on average at least equal to the largest term of the second, namely, diam(G)%. As the sequence is
ordered, it is sufficient to prove this for k = m, i.e.

m N
> nf > mdiam(G)* < ) d¥ > mdiam(G)“

i=1 i=1
o Ty defm
= N > Ndlam(G). O

Corollary 3.5 is sufficient to prove Conjecture 1.1 for all graphs lying in some sparse regime. Intuitively if N > m, the n;
are on average much larger than the d; and so the majorization property will hold.

Theorem 3.6. Conjecture 11 is true for graphs with m edges and n vertices whenever m < X (n*?3 —n!/3).
Proof. By Corollary 3.5 we only need to prove that the inequality

m

fhe = fa(dy, da, ... dy) < (N)“diam(c;)
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Fig. 1. The graph G, for k=8 and ¢ =5.

1
is impossible. So assume this is the case, i.e. we have diam(G) > (N)* ua > (2n2/3)@ pg. Note that for all edges in the
middle of a diameter, the n; are large. O

Claim 3.7. Let eje; ... egiam(c) be the path between two vertices x and y for which d(x,y) = diam(G). Then Ne; > f—Gdi.alm(G)2

when diar!ll(G) < ] < 3dia£rl(G) +1.

Proof. Let e; = uv with u=e;jne;_; and v=e;Nej, ;. Then Ny(e;) contains at least the j vertices on the path from x to u,
and similarly ny(e;) > diam(G) 4+ 1 — j. Hence ny(ej)ny(e;) = j(diam(G) +1 - j) = %diam(G)z.
Taking into account that & < 1 and p > 1, this implies

: o
3 one > La“z’(c) (%diam(G)z)
i

3 .. 3u
> ﬁdlam(G)

3
> 2 ug
> W%(G).
This is the desired contradiction, so in the sparse regime Corollary 3.5 does apply. O

As a consequence, Conjecture 1.1 is a.a.s. true for any random graph of the form Gy, or Gpm (conditional on the graph
being connected).

Corollary 3.8. For any value of m or p, Conjecture 1.1 is a.a.s. true for any random graph of the form Gy, p or Gy m (conditional
on the graph being connected).

Proof. By Theorem 3.6 the result is true in the sparse case, so we only have to consider the dense case where m > %(n“/3 -
n1/3). By a result of Klee and Larman [14], the diameter is a.a.s. at most 3, and when m > % it is a.a.s. equal to 2. Therefore

Corollary 3.4 applies in this regime. Finally, the result for G(n, p) follows by conditioning on the number of edges. O

4. Counterexamples to the strong conjecture

Let Gy, be a graph constructed as follows. Start with a clique K, and remove a k-cycle v;v,v5 ... (a Hamiltonian path)
from the clique. Next connect all its vertices with one endvertex u; of a path uju,...u,,; of length ¢ (i.e. of order ¢+ 1).
See Fig. 1 for a small example.

Now we compute W* (G, ,) and Sz%(Gy ;) (assuming k > 6).

4.1. Computation of W*(Gy,) and Sz*(Gy,)

The number of edges of the graph equals (’2‘) + ¢. There are k pairs of vertices which are at distance 2 in the clique. For
each i < ¢+ 1, there are k pairs with one vertex from the clique together with u; which are at distance i from each other.
There are also ¢+ 1 —i pairs of vertices, both belonging to the path, which are at distance i from each other; these are
(ujujyp) forl <j<e4+1-1i

This implies that

k i o
W (Gy,) = <2> FO+ 2k +2—1)2%+ ) (k4 £+ 1 - D).
i=3
Next, we compute Sz%(Gy ;).
For every pair of vertices in the clique of the form (v;,v;;,) (indices modulo k), we have Ny, (v;») = {v;, 14,3} and
Ny,,, (v;) = {vi_1, Vi42}. So the corresponding value for ny,,, = 4; there are k such edges.

6
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Fig. 2. The function h(c) plotted for Gsyg s2.

For every edge v;v; with [i — j| # 2 (mod k) we have Ny, (v;) = {v;,vj_1,vj;1} and Ny, (vy) = {vj, vi_1, vz}, so Myw; = 9.
There are (%) — 2k edges of this form.

For every edge uyv;, we have Ny, (u1)) = {1;} and Ny, (v;) contains all vertices from the path P, as well as v;_y and v; 4.
So we have k edges here for which Ny, =€+ 3.

For every edge of the form wu; y we have nyy,, , = (k+)(¢+1—1).

Taking everything into account, we get

Sz% (G o) = k4* + ((]2{) - 2/<>9"‘ +k(€+3)%+ Z((k +i)(e+1-1))%.

i=1

4.2. Some explicit counterexamples

There are multiple graphs of the form G, which are counterexamples. All we need is that k is reasonably large, and
then there are some corresponding ¢ giving three values of o for which Sz% (G, ,) —- W% (G, ;) = 0. One example is k = 520
and ¢ = 82; part of the function h(«) showing that the conjecture does not hold is plotted in Fig. 2.

We can actually prove that there are infinitely many counterexamples. Since our construction is not a block graph, we
know that h(0) < 0 and h(1) > 0. For k tending to infinity and 0 < € < 0.25 fixed, 0 <« < 1 and k9°>*€ < ¢ < k'€, we note

that
k 1 1 1l . a+1
weieo = (5)(1+0(3)) +(1+o()) S~ (5) +ips
i=3
o k 1 1 ¢ k po+1
S2% (Gyp) = (2) (1 + o(kT))ga ke (1 + o<k7>) i~ (2>9a e
i=1

This implies that h(e) ~ (’2‘) (9¢-1)>0 and h(1-¢€) ~ —k“;%; < 0. By applying the intermediate value theorem on
h(0) < 0,h(e) >0,h(1 -¢€) <0 and h(1) > 0 we conclude that there are at least 3 values « for which h(x) = 0.
It is not hard to see that the same analysis gives the same conclusion when a matching instead of a cycle (for k even)

was removed from the Kj, or any r-regular graph for fixed r (and k sufficiently large).

and

5. Conclusion

We have resolved both conjectures of Hrifldkova et al. [10]. We proved the weaker Conjecture 1.2 by showing majoriza-
tion of the sequence (n;); with respect to (d;);. The stronger Conjecture 1.1 is not true in general, as there are (infinitely
many) sporadic counterexamples such as Gsyg gy, as explained in Section 4.

Nevertheless, it is true in many important cases as proven in this note. The conjecture is true for example for the fol-
lowing families:

o block graphs;
o graphs with diameter 2;
e any n-vertex graph with at most 2n+/3(g) edges;



S. Cambie and J. Haslegrave Applied Mathematics and Computation 431 (2022) 127320

e bipartite graphs;
o edge-transitive graphs; and
o the random graphs G(n, p) and G(n, m) a.a.s. (for the entire range of p or m).

Data Availability

No data was used for the research described in the article.
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