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Flavour always matters in scalar triplet leptogenesis

Stéphane Lavignac and Benôıt Schmauch

Institut de Physique Théorique, CEA-Saclay, 91191 Gif-sur-Yvette Cedex, France 1

Abstract

We present a flavour-covariant formalism for scalar triplet leptogenesis, which takes
into account the effects of the different lepton flavours in a consistent way. Our main
finding is that flavour effects can never be neglected in scalar triplet leptogenesis, even in
the temperature regime where all charged lepton Yukawa interactions are out of equilib-
rium. This is at variance with the standard leptogenesis scenario with heavy Majorana
neutrinos. In particular, the so-called single flavour approximation leads to predictions
for the baryon asymmetry of the universe that can differ by a large amount from the
flavour-covariant computation in all temperature regimes. We investigate numerically the
impact of flavour effects and spectator processes on the generated baryon asymmetry,
and find that the region of triplet parameter space allowed by successsful leptogenesis is
significantly enlarged.

1Laboratoire de la Direction des Sciences de la Matière du Commissariat à l’Energie Atomique et Unité de
Recherche Associée au CNRS (URA 2306).
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1 Introduction

Leptogenesis [1], i.e. the generation of a lepton asymmetry through the out-of-equilibrium
decays of heavy particles before sphaleron freeze-out, is one of the most appealing expla-
nations for the origin of the observed baryon asymmetry of the universe. As such, it
has been the subject of a large number of studies, especially in its minimal version in-
volving heavy right-handed neutrinos (for a comprehensive review, see Ref. [2]). Over
the years, many refinements have been added to the computation of the generated baryon
asymmetry: spectator processes [3, 4], finite temperature corrections [5], lepton flavour ef-
fects [6, 7, 8, 9, 10] and finally attempts to provide a full quantum mechanical formulation
of thermal leptogenesis [11, 12, 13, 14, 15, 16, 17, 18].

By constrast, much less work has been devoted to the leptogenesis scenarios involving
fermionic [19, 20, 21, 22, 23] or scalar [24, 25, 26, 27, 28, 29, 30, 31] electroweak triplets
(for a recent review of these scenarios and additional references, see Refs. [32]). The
CP asymmetry in scalar triplet/antitriplet decays was computed for various models in
Refs [24, 25]. A detailed quantitative study of scalar triplet leptogenesis was performed
in the single flavour approximation in Ref. [26], and was extended to the supersymmetric
case in Ref. [27]. Flavour effects were addressed in flavour non-covariant approaches in
Refs. [30, 31], and spectator processes were also included in Ref. [31]. In this paper,
we extend and improve previous works on flavour-dependent scalar triplet leptogenesis
by providing a complete set of flavour-covariant Boltzmann equations using the density
matrix formalism [33, 6]. We find that flavour covariance is a crucial ingredient of the
computation of the generated baryon asymmetry, and that flavour effects also matter in
the temperature regime where charged lepton Yukawa interactions are out of equilibrium.
We show in particular that, as opposed to the standard leptogenesis scenario with right-
handed neutrinos, the single flavour calculation does not provide a good approximation
to the full flavoured computation, even when charged lepton Yukawa couplings can be
neglected.

The paper is organized as follows. The framework and the basic ingredients of flavour-
dependent scalar triplet leptogenesis are presented in Section 2. In Section 3, we justify
the use of a flavour-covariant formalism and derive the Boltzmann equation for the density
matrix in the closed time path formalism. Spectator processes and chemical equilibrium
are discussed in Section 4. Section 5 provides the set of Boltzmann equations relevant to
the different temperature regimes, both in the flavour-covariant approach with spectator
processes included, and in various approximations neglecting flavour covariance and/or
spectator processes. In Section 6, we study numerically the impact of flavour effects and
spectator processes on scalar triplet leptogenesis, and we compare the flavour-covariant
with the flavour non-covariant computations. We find that the generated baryon asym-
metry can be significantly enhanced (up to several orders of magnitude) by the proper
inclusion of flavour effects and spectator processes, thus enlarging the region of triplet
parameter space allowed by successsful leptogenesis. Finally, we present our conclusions
in Section 7. The formulae for the space-time densities of reactions used in the paper can
be found in Appendix A.
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2 Basic ingredients of scalar triplet leptogenesis

2.1 The framework

We work in the framework of the type II seesaw model [34], i.e. the Standard Model
augmented with a massive scalar electroweak triplet which couples to left-handed leptons
and to the Higgs boson as follows:

L = −1

2

(

fαβℓ
T
αCiσ

2∆ℓβ + µHT iσ2∆†H + h.c.
)

−M2
∆ tr(∆†∆) , (2.1)

where C is the charge conjugation matrix defined by CγTµC
−1 = −γµ, and

∆ =

(

∆+/
√
2 ∆++

∆0 −∆+/
√
2

)

, ∆† =

(

∆−/
√
2 ∆0∗

∆−− −∆−/
√
2

)

. (2.2)

When decomposed on the components of each electroweak multiplet, this Lagrangian
becomes

L = −1

2

{

fαβ

(

νTαCνβ ∆
0 −
√
2 νTαCeβ ∆

+ − eTαCeβ ∆++
)

+ µ
(

−H0H0∆0∗ −
√
2H0H+∆− +H+H+∆−−

)

+ h.c.
}

−M2
∆

(

∆0∗∆0 +∆−∆+ +∆−−∆++
)

. (2.3)

The triplet gives a contribution to the neutrino mass matrix:

(m∆)αβ =
1

2
µfαβ

v2

M2
∆

, (2.4)

where v = 〈H0〉 = 174GeV is the Higgs boson vacuum expectation value. In addition to
generating small neutrino masses, the heavy scalar triplet can also create a lepton asym-
metry through its decays, like the right-handed neutrinos of the type I seesaw mechanism.
There are however important differences between the standard leptogenesis scenario in-
volving heavy Majorana neutrinos and scalar triplet leptogenesis. First ∆ has 2 types of
decays, into Higgs bosons and into antileptons, with tree-level decay rates

Γ(∆→ ℓ̄ℓ̄) =
1

32π
tr(ff †)M∆ , Γ(∆→ HH) =

1

32π

|µ|2
M∆

. (2.5)

It will prove convenient in the following to introduce the quantities:

λℓ ≡
√

tr(ff †) , λH ≡
|µ|
M∆

, (2.6)

which control the tree-level decay width and branching ratios of the scalar triplet:

Γ∆ =
1

32π

(

λ2ℓ + λ2H
)

M∆ , (2.7)

Bℓ ≡ BR(∆→ ℓ̄ℓ̄) =
λ2ℓ

λ2ℓ + λ2H
, BH ≡ BR(∆→ HH) =

λ2H
λ2ℓ + λ2H

. (2.8)
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Second, in contrast to the heavy Majorana neutrinos of standard leptogenesis, the scalar
triplet is not a self-conjugate state. Hence, an asymmetry between the triplet and an-
titriplet abundances will arise and affect the dynamics of leptogenesis. Third, being
charged under SU(2)L ×U(1)Y , the triplets and antitriplets can annihilate before decay-
ing. In order to generate a large enough lepton asymmetry, decays have to happen with a
rate higher or similar to gauge annihilations, which are typically in thermal equilibrium.
This requirement seems to conflict with Sakharov’s third condition [35], but the fact that
the triplet has several decay channels makes it possible for some of them to occur out of
equilibrium and resolves the contradiction [26].

Finally, another important feature of scalar triplet leptogenesis, whose significance
has been missed so far, lies in the fact that the scalar triplet couples to pairs of leptons
from different generations rather than to a coherent superposition of lepton flavours2 (as
opposed to a right-handed neutrino). As a consequence, its dynamics cannot be described
by Boltzmann equations involving a single lepton asymmetry. This is at variance with
the standard leptogenesis scenario, in which neglecting the effects of the different lepton
flavours is a good approximation at high temperature. For scalar triplet leptogenesis, a
flavour-covariant formalism must be employed, as will be discussed in Section 3.

In order for leptogenesis to account for the observed baryon asymmetry of the universe,
a large enough asymmetry between the leptonic decay rates of triplets and antitriplets is
needed. It is a well-known fact [36, 37] that this condition is not satisfied with the minimal
particle content of the type II seesaw mechanism, since there is no CP asymmetry in ∆/∆̄
decays at the one-loop level3. For this to happen, another heavy state (or possibly several
heavy states) with couplings to the lepton and Higgs doublets must be added to the
model. If this additional particle is significantly heavier than ∆, it will not be present
in the thermal bath at the time of leptogenesis and its effect can be parametrized by the
effective dimension-5 operator [26]

∆Leff =
1

4

καβ
Λ

(ℓTα iσ
2H)C (HT iσ2ℓβ) + h.c. , (2.9)

suppressed by Λ ≫M∆, where Λ = M2
∆′/µ′ = M∆′/λ′H if the heavier particle is a scalar

triplet ∆′, and Λ =M if it is a right-handed neutrino or a fermionic triplet with mass M .
The operator (2.9) also gives a contribution to the neutrino mass matrix:

(mH)αβ =
1

2
καβ

v2

Λ
. (2.10)

In full generality one should also add an effective dimension-6 operator (which arises at
tree level if the heavier particle is a scalar triplet [30], but only at the one-loop level if it
is a right-handed neutrino or a fermionic triplet):

∆′Leff = −1

4

ηαβγδ
Λ2

(

ℓTαCiσ
2~σℓβ

)

·
(

ℓ̄γ~σiσ
2Cℓ̄Tδ

)

, (2.11)

2Indeed, except for very specific flavour structures of the parameters fαβ , it is not possible to find a superpo-
sition of lepton doublet flavours ℓ∆ =

∑

α cαℓα such that the scalar triplet couplings to leptons fαβ∆ℓαℓβ can
be rewritten as f∆ℓ∆ℓ∆. By contrast, the couplings of a right-handed neutrino Y1αN1ℓαH can be rewritten
yN1ℓN1

H , with y =
√
∑

α |Y1α|2 and ℓN1
=
∑

α Y1αℓα/y.
3We found a non-vanishing CP asymmetry only at the 3-loop level, and only in the flavoured regime.
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∆ ∆

ℓα
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fαβ
καβ

Λ

Figure 1: Diagrams responsible for the flavour-dependent CP asymmetries ǫαβ .

where ηαβγδ is symmetric under the exchanges α↔ β and γ ↔ δ. This operator induces
a contribution to the flavour-dependent CP asymmetries in ∆/∆̄ decays that vanishes
when summed over lepton flavours, hence it only affects leptogenesis when the dynamics
of the different flavours is taken into account. However, it generally plays a subdomi-
nant role because it is suppressed by an additional power of Λ (and possibly also by a
loop factor) with respect to the operator (2.9). A notable exception arises when (2.9)
and (2.11) are generated by a heavier scalar triplet ∆′ with couplings to lepton and Higgs
doublets such that λHλ

′
H ≪ λℓλ

′
ℓM∆/M∆′ . In this case, the operator (2.11) gives the

dominant contribution to the flavour-dependent CP asymmetries in ∆ decays, while the
total CP asymmetry (to which only (2.9) contributes) is small. This scenario, dubbed
purely flavoured leptogenesis (PFL) in the literature, has been studied4 in Refs. [30, 31].
In this paper we shall stick to the less specific case of dominance of the operator (2.9) and
omit the operator (2.11).

2.2 CP Asymmetries in ∆/∆̄ decays

The CP asymmetries in the decays of the triplets and antitriplets are defined by

ǫH ≡ 2
Γ(∆→ HH)− Γ(∆̄→ H̄H̄)

Γ∆ + Γ∆̄

, (2.12)

ǫαβ ≡
Γ(∆̄→ ℓαℓβ)− Γ(∆→ ℓ̄αℓ̄β)

Γ∆ + Γ∆̄

(1 + δαβ) , (2.13)

where we included a factor 2 in the definitions of ǫH and ǫαα for later convenience. The
flavour-dependent CP asymmetries ǫαβ come from the interference between the diagrams
shown in Fig. 1. With the definition (2.13), they can be expressed in terms of m∆ and
mH as

ǫαβ =
1

4π

M∆

v2

√

BℓBH
Im [(m∗

∆)αβ(mH)αβ ]

m̄∆
, (2.14)

4We disagree with the claim [30] of a strong enhancement of the generated lepton asymmetry in PFL for low
triplet masses, which can be traced back to an erroneous term in the Boltzmann equations of Ref. [30]. Indeed,
the second term in Eq. (23) of Ref. [30] generates a lepton asymmetry in thermal equilibrium, thus violating
the third Sakharov condition [35].
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where we have introduced

m̄∆ ≡
√

tr(m†
∆m∆) . (2.15)

The total CP asymmetry is given by [26]

ǫ∆ ≡
∑

α,β

ǫαβ =
1

4π

M∆

v2

√

BℓBH

Im
[

tr(m†
∆mH)

]

m̄∆
= ǫH , (2.16)

where the last equality follows from CPT invariance.

2.3 Washout processes

The lepton asymmetry generated in triplet and antitriplet decays is partially washed out
by lepton number violating processes. These include the inverse decays ℓαℓβ → ∆̄ and
ℓ̄αℓ̄β → ∆, and the ∆L = 2 scatterings ℓαℓβ ↔ H̄H̄ and ℓαH ↔ ℓ̄βH̄, mediated by s- and
t-channel triplet exchange, respectively, as well as by the higher order operator (2.9). In
addition, some processes that preserve total lepton number redistribute the asymmetries
between the different lepton flavours, namely the 2 lepton–2 lepton scatterings ℓαℓβ ↔ ℓγℓδ
and ℓαℓ̄γ ↔ ℓ̄βℓδ (mediated by s- and t-channel triplet exchange, respectively), and the
2–2 scatterings involving leptons and triplets ℓα∆ ↔ ℓβ∆, ℓα∆̄ ↔ ℓβ∆̄ and ℓαℓ̄β ↔ ∆∆̄
(mediated by s-, t- and u-channel lepton exchange). Since the asymmetries stored in
different lepton flavours are subject to different washout rates, these flavour violating
processes have an impact on the erasure of the total lepton number, and we will refer to
them as washout processes, too.

We define for later reference the space-time density of triplet and antitriplet decays:

γD =
∑

α,β

[

γ(∆↔ ℓ̄αℓ̄β) + γ(∆̄↔ ℓαℓβ)
]

+ γ(∆↔ HH) + γ(∆̄↔ H̄H̄) , (2.17)

as well as the following combinations of flavour-dependent scattering densities:

γℓH =
∑

α,β

[

2γ(ℓαℓβ ↔ H̄H̄) + γ(ℓαH ↔ ℓ̄βH̄)
]

, (2.18)

γ4ℓ =
∑

α,β,γ,δ

[

2γ(ℓαℓβ ↔ ℓγℓδ) + γ(ℓαℓ̄γ ↔ ℓ̄βℓδ)
]

, (2.19)

γℓ∆ =
∑

α,β

[

γ(ℓα∆↔ ℓβ∆) + γ(ℓα∆̄↔ ℓβ∆̄) + γ(ℓαℓ̄β ↔ ∆∆̄)
]

. (2.20)

3 Flavour-covariant formalism

3.1 The need for a flavour-covariant formalism

Leptogenesis computations are often performed in the so-called single flavour approxima-
tion, in which a single direction in flavour space is considered. This is a rather accurate
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approximation in scenarios in which a heavy Majorana neutrino N1 decaying at high tem-
perature is responsible for the whole lepton asymmetry. Indeed, the couplings of N1 can
be rewritten as (with the contraction of SU(2)L indices omitted)

−
∑

α

Y1αN̄1ℓαH + h.c. = −yN̄1ℓN1
H + h.c. , (3.1)

where y ≡
√
∑

α |Y1α|2 and ℓN1
≡∑α Y1αℓα/y. When processes mediated by the charged

lepton Yukawa couplings are out of equilibrium, i.e. when N1 decays in the high tem-
perature regime (T > 1012 GeV), the coherence of ℓN1

is effectively preserved by all
interactions5 in the thermal plasma and leptogenesis can safely be described in terms of a
single lepton flavour. When the lepton asymmetry is generated at lower temperature, on
the other hand, charged lepton Yukawa interactions enter equilibrium and destroy the co-
herence of ℓN1

. The single flavour approximation is no longer appropriate, and the proper
treatment involves a 3× 3 matrix in lepton flavour space [6], the density matrix (∆ℓ)αβ ,
whose diagonal entries are the asymmetries stored in each lepton doublet ℓα, while the
off-diagonal entries encode the quantum correlations between the different flavours. This
matrix transforms as ∆ℓ → U∗∆ℓ U

T under flavour rotations ℓ→ Uℓ, and its evolution is
governed by a flavour-covariant Boltzmann equation6.

However, in the case of leptogenesis with right-handed neutrinos discussed above, the
density matrix formalism is only really needed at the transition between two temperature
regimes [42], or in the case where several heavy Majorana neutrinos contribute to the
generation and washout of the lepton asymmetry as in Refs. [6, 43, 44, 38], or in resonant
leptogenesis [45, 39]. Otherwise there is always a natural choice of basis in which the
Boltzmann equation for (∆ℓ)αβ can be substituted for a set of Boltzmann equations for
1, 2 or 3 flavour asymmetries. Above T = 1012 GeV, where all charged lepton Yukawa
couplings are out of equilibrium, the appropriate flavour basis is (ℓN1

, ℓ⊥1, ℓ⊥2), where ℓ⊥1

and ℓ⊥2 are two directions in flavour space perpendicular to ℓN1
. In this basis, leptogenesis

is well described in terms of the sole lepton asymmetry ∆ℓN1
. Below T = 1012 GeV, tau

Yukawa-induced processes like q3ℓτ → tRτR are in equilibrium and destroy the coherence
between ℓτ and the other two lepton flavours. However, as long as the muon Yukawa
coupling is out of equilibrium (which is the case if T > 109 GeV), the coherence of ℓ0 ≡
(Y1eℓe + Y1µℓµ)/

√

|Y1e|2 + |Y1µ|2 is preserved, and the dynamics of leptogenesis can be
described in a 2-flavour approximation, in terms of the asymmetries ∆ℓ0 and ∆ℓτ . Finally,
below T = 109 GeV, the muon Yukawa interactions are in equilibrium as well, and flavour
coherence is completely broken. Leptogenesis is then governed by Boltzmann equations
for the three asymmetries ∆ℓe , ∆ℓµ and ∆ℓτ .

The case of scalar triplet leptogenesis is significantly different, because the scalar triplet
does not couple to a single combination of lepton flavours in general. This makes the use

5Except for the ∆L = 2 scatterings ℓαH ↔ ℓ̄βH̄ and ℓαℓβ ↔ H̄H̄ mediated by the heavier Majorana
neutrinos N2 and N3, which are neglected in this discussion.

6This formalism has been extended to the case where several heavy Majorana neutrinos with hierarchical
masses play a role in leptogenesis in Ref. [38], and a fully flavour-covariant formalism in which the quantum
correlations between the heavy and light neutrino flavours are taken into account has been developed in Ref. [39]
(see also Refs. [40, 41] for an earlier use of a density matrix for the heavy neutrino flavours, in the scenario
where the baryon asymmetry is generated through CP-violating oscillations of the “heavy” neutrinos below the
electroweak scale).
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Figure 2: The B − L asymmetry generated in scalar triplet leptogenesis as a function of z =
m∆/T , computed following three different prescriptions: density matrix computation using the
Boltzmann equations (5.1)–(5.3), yielding ∆B−L = tr(∆αβ) (red solid curve); naive computation
using the Boltzmann equations (5.8)–(5.10) written in the charged lepton mass eigenstate basis,
yielding (∆B−L)

1 = ∆e + ∆µ + ∆τ (black dashed curve); naive computation performed in the
neutrino mass eigenstate basis, yielding (∆B−L)

2 = ∆1 + ∆2 + ∆3 (black dotted curve). The
parameters are M∆ = 1013GeV, λH = 0.01 and, in the notation of Eqs. (6.3) and (6.4),
φ12 = φ13 = π/4, φ23 = 0, β1 = π/4 and β2 = π/6, all other phases being zero.

of a flavour-covariant formalism unavoidable as long as the quantum correlations between
lepton flavours are not destroyed by charged lepton Yukawa interactions. One can still
define formally a single flavour approximation by making the substitutions (∆ℓ)αβ → ∆ℓ,

fαβ → λℓ, καβ → λκ ≡
√

tr(κκ†) and Eαβ → ǫ∆ (where Eαβ are the flavour-covariant
CP asymmetries, to be defined later), but the resulting Boltzmann equations cannot be
derived from the flavour-covariant ones by taking the limit of vanishing Yukawa couplings.
Hence, even if the scalar triplets decay above T = 1012 GeV, there is no guarantee that the
single flavour calculation will give a good approximation to the flavour-covariant result.

A less naive approach is to neglect flavour covariance but keep track of the differ-
ent lepton flavours, and write classical Boltzmann equations for the three asymmetries
∆ℓα . When the lepton asymmetry is generated below T = 109 GeV, this is fully justified
because quantum correlations between the different lepton flavours are destroyed by fast
interactions induced by the muon and tau Yukawa couplings. In this case, the appropriate
flavour basis is the charged lepton mass eigenstate basis: ∆ℓα = {∆ℓe ,∆ℓµ ,∆ℓτ }. When
all charged lepton Yukawa interactions are out of equilibrium, however, the choice of the
flavour basis becomes a delicate issue. In fact, it turns out that Boltzmann equations
written in different bases cannot be transformed into one another by a flavour rotation
ℓ→ Uℓ, and give different numerical results for the baryon asymmetry. This is illustrated
in Fig. 2, which compares the B−L asymmetry computed in the flavour-covariant forma-
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lism using the density matrix with the naive computation involving Boltzmann equations
for the flavour asymmetries ∆ℓα , written either in the charged lepton or in the neutrino
mass eigenstate basis. Since physics should not depend on a choice of basis, we are led
to conclude that the density matrix formalism is the only valid approach when charged
lepton Yukawa interactions are out of equilibrium7.

In the intermediate temperature range where the tau Yukawa coupling is in equilibrium
but the muon and electron Yukawa couplings are not, the quantum correlations between
the tau and the other flavours are destroyed. In practice, this means that the off-diagonal
entries in the third line and the third column of the density matrix are driven to zero by
the fast tau Yukawa interactions. Thus, the relevant dynamical variables in this regime are
the 2× 2 density matrix (∆0

ℓ )αβ describing the asymmetries stored in the lepton doublets
ℓe, ℓµ and their quantum correlations, and the asymmetry ∆ℓτ stored in ℓτ .

3.2 The Boltzmann equation for the density matrix

The derivation of the evolution equation for the density matrix is not straightforward. In
this paper, we shall use the closed time path (CTP) formalism [46], which has been used
to obtain flavoured quantum Boltzmann equations for the standard leptogenesis scenario
with heavy Majorana neutrinos [11, 12, 13, 14, 15, 16, 17, 18] (for other approaches,
also in the framework of the standard leptogenesis scenario, see e.g. Refs. [8, 42] or
the review [2]). In this formalism, which is well adapted to describe non-equilibrium
phenomena in quantum field theory, particle densities are replaced by Green’s functions
defined on a closed path C in the complex time plane going from an initial instant t = 0
to t = +∞ and back. When applied to leptogenesis, this formalism leads to quantum
Boltzmann equations involving memory effects and off-shell corrections [11]; in particular,
the CP asymmetries are functions of time and their values depend on the history of the
system. Such effects can be important for resonant leptogenesis and soft leptogenesis [12,
47], but they are not expected to play a significant role in the scenario studied in this
paper, which does not involve degenerate states. We shall therefore ignore them and
make several simplifying assumptions in order to obtain a (classical) flavour-covariant
Boltzmann equation for the density matrix. In particular, we shall ignore plasma/thermal
effects and apply the CTP formalism to quantum field theory at zero temperature. This
procedure is going to provide us with an equation of the form:

sHz
d(∆ℓ)αβ
dz

=

(

Σ∆

Σeq
∆

− 1

)

γD Eαβ −WD
αβ −WℓH

αβ −W4ℓ
αβ −Wℓ∆

αβ , (3.2)

where the right-hand side contains a source term proportional to the flavour-covariant CP-
asymmetry matrix Eαβ and washout terms associated with inverse triplet and antitriplet
decays (WD

αβ), 2 → 2 scatterings involving leptons and Higgs bosons (WℓH
αβ ), 2 lepton–2

7In the limit where scatterings involving lepton and Higgs doublets can also be neglected, there is however
a privileged basis in which scalar triplet leptogenesis can be described in terms of the three “diagonal” flavour
asymmetries (∆ℓ)αα = ∆ℓα . Indeed, in the basis where the triplet couplings to leptons fαβ are flavour diagonal,
the evolution of the diagonal entries of the density matrix becomes independent of its off-diagonal entries, as
can be checked using Eqs. (3.2), (3.48), (3.53) and (3.54). This “3-flavour approximation”, which is valid in the
temperature regime where all charged lepton Yukawa interactions are out of equilibrium, is the analog of the
single flavour approximation in the leptogenesis scenario with right-handed neutrinos.
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lepton scatterings (W4ℓ
αβ) and 2→ 2 scatterings involving leptons and triplets (Wℓ∆

αβ ). By
construction, Eq. (3.2) is covariant under flavour rotations ℓ → Uℓ, which means that
each of the matrices E , WD, WℓH , W4ℓ, Wℓ∆ transforms in the same way as the density
matrix ∆ℓ, namely asM→ U∗MUT .

Before proceeding with the derivation of Eq. (3.2), let us specify our notations. For any
species X = ℓα,H,∆, we define the comoving number density YX ≡ nX/s, where s is the
entropy density, and the asymmetry stored in X by ∆X ≡ YX − YX̄ = (nX − nX̄)/s. We
also define the comoving number density of triplets and antitriplets Σ∆ ≡ (n∆ + n∆̄)/s.
The evolution of these quantities as a function of z ≡ M∆/T is governed by a set of
Boltzmann equations. Finally, a superscript eq denotes an equilibrium density.

3.2.1 Derivation of the Boltzmann equation in the CTP formalism

The relevant degrees of freedom in scalar triplet leptogenesis are lepton doublets, Higgs
doublets and scalar triplets. We will therefore need the following Green’s functions, core-
sponding to all possible orderings of the fields along the closed time path C (for a review
of the CTP formalism, see Ref. [48]):

G>
αβ(x, y) = −i〈ℓα(x)ℓ̄β(y)〉 , (3.3)

G<
αβ(x, y) = i〈ℓ̄β(y)ℓα(x)〉 , (3.4)

Gt
αβ(x, y) = θ(x0 − y0)G>

αβ(x, y) + θ(y0 − x0)G<
αβ(x, y) , (3.5)

Gt̄
αβ(x, y) = θ(y0 − x0)G>

αβ(x, y) + θ(x0 − y0)G<
αβ(x, y) , (3.6)

where α, β are lepton flavour indices, and the ℓ’s refer to left-handed lepton doublets,
whereas for a scalar field φ(x) (representing a Higgs doublet or a scalar triplet):

G>
φ (x, y) = −i〈φ(x)φ†(y)〉 , (3.7)

G<
φ (x, y) = −i〈φ†(y)φ(x)〉 , (3.8)

Gt
φ(x, y) = θ(x0 − y0)G>

φ (x, y) + θ(y0 − x0)G<
φ (x, y) , (3.9)

Gt̄
φ(x, y) = θ(y0 − x0)G>

φ (x, y) + θ(x0 − y0)G<
φ (x, y) . (3.10)

The brackets 〈...〉 mean that we take the average over all available states of the system.
One can write these Green’s functions as a single 2× 2 matrix:

G̃B
F

=

(

Gt ±G<

G> −Gt̄

)

, (3.11)

where the plus sign refers to bosons and the minus sign to fermions. This matrix satisfies
the following Schwinger-Dyson equation:

G̃(x, y) = G̃0(x, y) +

∫

C

d4w1

∫

C

d4w2 G̃
0(x,w1)Σ̃(w1, w2)G̃(w2, y) , (3.12)

where Σ̃ is a 2×2 matrix containing the self-energy functions Σ>, Σ<, Σt and Σt̄, defined
in an analogous way to the Green’s functions G>, G<, Gt and Gt̄:

Σ̃B
F

=

(

Σt ±Σ<

Σ> −Σt̄

)

, (3.13)
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and G̃0 is the free 2-point correlation function. The Schwinger-Dyson equation can also
be written as

G̃(x, y) = G̃0(x, y) +

∫

C

d4w1

∫

C

d4w2 G̃(x,w1)Σ̃(w1, w2)G̃
0(w2, y) . (3.14)

In the fermionic case, we note for later use that acting on Eqs. (3.12) and (3.14) with the

operators i
−→
/∂ x and i

←−
/∂ y, respectively, gives the following equations of motion:

i
−→
/∂ xG̃αβ(x, y) = δ(4)(x− y) δαβ Ĩ +

∑

γ

∫

C

d4w Σ̃αγ(x,w)G̃γβ(w, y) , (3.15)

G̃αβ(x, y) i
←−
/∂ y = − δ(4)(x− y) δαβ Ĩ +

∑

γ

∫

C

d4w G̃αγ(x,w)Σ̃γβ(w, y) , (3.16)

where we have restored the flavour indices and used the fact that the free Green’s function
for massless fermions satisfies i/∂xG̃

0
αβ(x, y) = δ(4)(x− y) δαβ Ĩ, with Ĩ the identity matrix

in both spinor and CTP spaces.
Writing the free Dirac field as

ψ(x) =

∫

d3~p

(2π)3
√

2ω~p

∑

s

(

u(p, s)b(~p, s)e−ip·x + v(p, s)d†(~p, s)eip·x
)

, (3.17)

where ω~p =
√

~p 2 +m2, we define the phase-space distribution functions of lepton and
antilepton doublets ραβ(~p) and ρ̄αβ(~p) as matrices in flavour space by

〈b†α(~p)bβ(~p′)〉 = (2π)3δ(3)(~p− ~p′)ραβ(~p) , (3.18)

〈d†β(~p)dα(~p′)〉 = (2π)3δ(3)(~p− ~p′)ρ̄αβ(~p) . (3.19)

The reversed order of the flavour indices α and β in the definition of ρ̄αβ(~p) ensures that
the distribution functions of lepton and antilepton doublets transform in the same way
under a rotation in flavour space, ℓ→ Uℓ :

ρ → U∗ρUT , (3.20)

ρ̄ → U∗ρ̄ UT . (3.21)

Similarly, the phase-space distribution functions of a charged scalar φ and of its antipar-
ticle are defined by

〈a†φ(~p)aφ(~p′)〉 = (2π)3δ(3)(~p − ~p′)ρφ(~p) , (3.22)

〈b†φ(~p)bφ(~p′)〉 = (2π)3δ(3)(~p − ~p′)ρ̄φ(~p) , (3.23)

where aφ(~p) and b
†
φ(~p) are the annihilation and creation operators appearing in the defi-

nition of the free charged scalar field:

φ(x) =

∫

d3~p

(2π)3
√

2ω~p

(

aφ(~p)e
−ip·x + b†φ(~p)e

ip·x
)

. (3.24)
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With these definitions, the Green’s functions for left-handed lepton doublets can be
written as (neglecting lepton masses)

iG>
αβ(x, y) = PL

∫

d3p

(2π)32ω~p
/p
{

[δαβ − ρβα(~p)] e−ip·(x−y) + ρ̄βα(~p) e
ip·(x−y)

}

PR , (3.25)

iG<
αβ(x, y) = −PL

∫

d3p

(2π)32ω~p
/p
{

ρβα(~p) e
−ip·(x−y) + [δαβ − ρ̄βα(~p)] eip·(x−y)

}

PR ,

(3.26)

whereas for scalars one obtains

iG>
φ (x, y) =

∫

d3p

(2π)32ω~p

{

[1 + ρφ(~p)] e
−ip·(x−y) + ρ̄φ(~p) e

ip·(x−y)
}

, (3.27)

iG<
φ (x, y) =

∫

d3p

(2π)32ω~p

{

ρφ(~p) e
−ip·(x−y) + [1 + ρ̄φ(~p)] e

ip·(x−y)
}

. (3.28)

Strictly speaking, these expressions are valid for free Green’s functions only, but they will
be sufficient for our purpose. Notice that, under charge conjugation,

CG>
αβC−1(x, y) = CG<T

βα (y, x)C−1 ≡ −G<
βαR

(y, x) , (3.29)

CG>
φ C−1(x, y) = G<

φ (y, x) , (3.30)

where C, not to be confused with the charge conjugation operator C, is the charge conju-
gation matrix defined by CγTµC

−1 = −γµ, and the quantity G<
βαR

in Eq. (3.29) is defined

as G<
βα in Eq. (3.26) with PL interchanged with PR.

The comoving number densities of scalars and left-handed leptons, and of their an-
tiparticles, are given by

Yφ ≡
nφ
s

=
gφ
s

∫

d3p

(2π)3
ρφ(~p) , Yαβ ≡

nαβ
s

=
2

s

∫

d3p

(2π)3
ραβ(~p) , (3.31)

Yφ̄ ≡
nφ̄
s

=
gφ
s

∫

d3p

(2π)3
ρ̄φ(~p) , Ȳαβ ≡

n̄αβ
s

=
2

s

∫

d3p

(2π)3
ρ̄αβ(~p) , (3.32)

where Yαβ and Ȳαβ, similarly to the phase-space distribution functions ραβ(~p) and ρ̄αβ(~p),
are matrices in flavour space, and gφ = 2 (resp. gφ = 3) for Higgs bosons (resp. scalar
triplets). One also defines the matrix of lepton asymmetries (hereafter called “density
matrix”):

(∆ℓ)αβ ≡
∆nαβ
s

= Yαβ − Ȳαβ . (3.33)

The diagonal entries of (∆ℓ)αβ correspond to the flavour asymmetries stored in lepton
doublets, while the off-diagonal entries encode the quantum correlations between the
different flavour asymmetries. From the definition (3.33) and from Eqs. (3.20) and (3.21)
one can see that ∆ℓ transforms under a rotation in flavour space ℓ→ Uℓ as

∆ℓ → U∗∆ℓ U
T . (3.34)
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One can show that ∆nαβ is the zeroth component of the current Jµ
αβ = : ℓ̄αγ

µℓβ : (or

more precisely of its average 〈Jµ
αβ〉):

∆nαβ = 〈J0
αβ〉 = 〈 :ℓ†αℓβ : 〉 . (3.35)

We will use this fact to derive an evolution equation for ∆nαβ. Noticing that

〈∂µJµ
αβ〉 = − tr

[

(i
−→
/∂ x + i

←−
/∂ y)G

>
βα(x, y)

]

y= x
, (3.36)

where the trace is taken over spinorial and SU(2)L indices, and using the Schwinger-Dyson
equations (3.15) and (3.16) to express the right-hand side of Eq. (3.36) in terms of the
self-energy functions Σ> and Σ<, one obtains

〈∂µJµ
αβ〉 = −

∫

C

d4w tr
[

Σ>
βγ(x,w)G

t
γα(w, x) − Σt̄

βγ(x,w)G
>
γα(w, x)

−G>
βγ(x,w)Σ

t
γα(w, x) +Gt̄

βγ(x,w)Σ
>
γα(w, x)

]

= −
∫

d3w

∫ t

0
dtw tr

[

Σ>
βγ(x,w)G

<
γα(w, x) − Σ<

βγ(x,w)G
>
γα(w, x)

−G>
βγ(x,w)Σ

<
γα(w, x) +G<

βγ(x,w)Σ
>
γα(w, x)

]

. (3.37)

Since we consider a homogeneous and isotropic medium, the divergence of the current
reduces to d∆nαβ/dt. Finally, we incorporate the expansion of the universe by making
the following replacement in the above equation:

〈∂µJµ
αβ〉 →

d∆nαβ
dt

+ 3H∆nαβ = sHz
d(∆ℓ)αβ
dz

. (3.38)

We thus obtain the quantum Boltzmann equation for the density matrix (∆ℓ)αβ :

sHz
d(∆ℓ)αβ
dz

= −
∫

d3w

∫ t

0
dtw tr

[

Σ>
βγ(x,w)G

<
γα(w, x) − Σ<

βγ(x,w)G
>
γα(w, x)

−G>
βγ(x,w)Σ

<
γα(w, x) +G<

βγ(x,w)Σ
>
γα(w, x)

]

. (3.39)

This equation is both quantum and flavour-covariant, but we are only interested in flavour
effects. We shall therefore take the classical limit by keeping only the contributions to Σ
involving an on-shell intermediate part. This procedure will provide us with a flavour-
covariant Boltzmann equation of the form8 (3.2).

8Strictly speaking, the Boltzmann equation for the 3 × 3 density matrix (∆ℓ)αβ is valid only in the regime
where the quantum correlations between the different lepton flavours are not affected by the charged lepton
Yukawa interactions, i.e. at T > 1012GeV. When this condition is not satisfied, one must either add a term
accounting for the effects of the Yukawa-induced processes on the right-hand side of Eq. (3.2), or impose that
the appropriate entries of the density matrix ∆ℓ vanish (see discussion later in this section and Section 5 for the
relevant Boltzmann equations). Furthermore, the effect of spectator processes such as sphalerons and Yukawa
interactions, which impose relations among the various particle asymmetries in the plasma, is not included at
this stage (it will be discussed in Section 4).
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CGρσC−1(x, y)

CG∆C−1(x, y)

f ∗
βρ

x y
fασ

Figure 3: 1-loop contribution to the lepton doublet self-energy Σβα(x, y).

3.2.2 Washout terms: decays and inverse decays

Let us first compute the flavour-covariant washout termWD
αβ associated with triplet/anti-

triplet decays and inverse decays. In the CTP formalism, this term arises from the 1-loop
contribution to the lepton doublet self-energy shown in Fig. 3. For the first term of the
integrand on the right-hand side of Eq. (3.39), this gives

tr
[

Σ>
βγ(x,w)G

<
γα(w, x)

]

= (−if∗βρ)(−ifγσ) tr
[

iG<
∆(w, x)(−i)G<

σρR (w, x)iG
<
γα(w, x)

]

= 3

∫

d3p

(2π)32ω~p

∫

d3k

(2π)32ω~k

∫

d3l

(2π)32ω~ℓ

f∗βρfγσ 2(k.l)

×
{

ρ∆(~p) e
−ip·(w−x) + [1 + ρ̄∆(~p)] e

ip·(w−x)
}

×
{

ρρσ(~k) e
−ik·(w−x) + [δρσ − ρ̄ρσ(~k)] eik·(w−x)

}

×
{

ραγ(~l) e
−il·(w−x) + [δαγ − ρ̄αγ(~l)] eil·(w−x)

}

, (3.40)

where the factor 3 comes from the trace over SU(2)L indices. The integration over the
spatial coordinates of w gives a momentum-conserving delta function. In the integral
over tw, we take the classical limit by making the usual assumption that t is much smaller
than the relaxation time of particle distributions, which can therefore be factorized out
of the integral, but much larger than the typical duration of a collision, so that the time
integral can be extended to infinity. This amounts to replacing the integral of oscillating
exponentials by energy-conserving delta functions, plus terms proportional to the principal
values of 1/(ω~p±ω~k±ω~l), where p, k and l are the momenta of the scalar triplet and of the
two leptons, respectively. The latter terms, however, can be neglected because they arise
at second order in the CP asymmetry. Indeed, all terms involving a principal value are
proportional to ηρσ(~k) + η̄ρσ(~k), where ηρσ(~k) (resp. η̄ρσ(~k)) parametrizes the departure

of the phase-space density ρρσ(~k) (resp. ρ̄ρσ(~k)) from its equilibrium value:

ρρσ(~k) = ρeqℓ (~k)
[

δρσ + ηρσ(~k)
]

, ρ̄ρσ(~k) = ρeqℓ (~k)
[

δρσ + η̄ρσ(~k)
]

. (3.41)

Since the unbalance between the lepton and antilepton densities is generated by the asym-
metries in triplet decays, which are small numbers of order ǫ, while the lepton and an-
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tilepton populations are maintained close to equilibrium by fast electroweak interactions,
one has9

ηρσ(~k)− η̄σρ(~k) = O(ǫ) , (3.42)

ηρσ(~k) + η̄σρ(~k) = O(ǫ2) . (3.43)

Therefore, the terms proportional to ηρσ(~k) + η̄ρσ(~k) on the right-hand side of the Boltz-
mann equation (3.39) are of order ǫ2 and can safely be neglected. By doing so one keeps
only the terms that are kinematically allowed for on-shell particles. Dropping Bose en-
hancement and Pauli blocking factors, we obtain

−
∫

d3w

∫ ∞

0
dtw tr

[

Σ>
βγ(x,w)G

<
γα(w, x)

]

=−
∫

d3p

(2π)32ω~p

∫

d3k

(2π)32ω~k

∫

d3l

(2π)32ω~ℓ

3f∗βρfγσ(k.l) (2π)
4δ(4)(p− k − l)

×
{

ρρσ(~k)ραγ(~ℓ) + ρ∆(~p)δρσδαγ

}

. (3.44)

Proceeding in the same way to compute the other contributions from Fig. 3 to the right-
hand side of the Boltwmann equation (3.39), and introducing the space-time density of
triplet and antitriplet decays:

γD =

∫

d3p

(2π)32ω~p

∫

d3k

(2π)32ω~k

∫

d3l

(2π)32ω~ℓ

3
(

λ2ℓ + λ2H
)

(k.l)

× (2π)4δ(4)(p− k − l)
{

ρeq∆ (~p) + ρ̄eq∆ (~p)
}

, (3.45)

we obtain the washout term WD
αβ associated with decays and inverse decays:

WD
αβ =

2Bℓ

λ2ℓ

[

(ff †)αβ
∆∆

Σeq
∆

+
1

4(Y eq
ℓ )2

(

Y fY T f † + fY T f †Y − Y ↔ Ȳ
)

αβ

]

γD , (3.46)

where we remind the reader that ∆∆ ≡ (n∆ − n∆̄)/s and Σ∆ ≡ (n∆ + n∆̄)/s. One can
linearize this expression using again the fact that flavour-blind gauge interactions keep
the lepton densities close to their equilibrium values:

Yαβ − Ȳαβ = (∆ℓ)αβ ,

Yαβ + Ȳαβ = 2Y eq
ℓ

[

δαβ +O(ǫ2)
]

, (3.47)

which finally gives

WD
αβ =

2Bℓ

λ2ℓ

[

(ff †)αβ
∆∆

Σeq
∆

+
1

4Y eq
ℓ

(

2f∆T
ℓ f

† + ff †∆ℓ +∆ℓff
†
)

αβ

]

γD . (3.48)

Note that the washout term (3.48) contains a piece proportional to ∆∆, which is due
to decays. This term appears on the right-hand side of the Boltzmann equation for

9Eqs. (3.42) and (3.43) generalize the relations between equilibrium number densities nℓα − nℓ̄α
≃ 1

3
µℓαT

2

and nℓα +nℓ̄α
= 2neq

ℓ (µℓ = 0)
[

1 +O (µℓα/T )
2
]

, where µℓα is the chemical potential of the lepton flavour α and
µℓα/T = O (ǫ).
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the 3 × 3 density matrix (∆ℓ)αβ , Eq. (3.2). One can easily check that it transforms as
WD → U∗WDUT under flavour rotations ℓ → Uℓ, as required by flavour covariance.
Below T = 1012 GeV, however, the tau Yukawa coupling is in equilibrium and drives the
(e, τ), (µ, τ), (τ, e) and (τ, µ) entries of the density matrix to zero. The relevant dynamical
variables in this regime (or more precisely in the temperature range 109 GeV < T <
1012 GeV, before the muon Yukawa coupling enters equilibrium) are ∆ℓτ , the asymmetry
stored in ℓτ , and a 2×2 matrix ∆0

ℓ describing the flavour asymmetries stored in the lepton
doublets ℓe, ℓµ and their quantum correlations. The corresponding washout terms W̃D

αβ

(where α and β label any two orthogonal directions in the (ℓe, ℓµ) flavour subspace) and
W̃D

τ are simply obtained by setting (∆ℓ)ατ = (∆∗
ℓ)τα = ∆ℓτ δατ in Eq. (3.48), yielding

W̃D
αβ =

2Bℓ

λ2ℓ

[

(ff †)αβ
∆∆

Σeq
∆

+
1

4Y eq
ℓ

(

2f(∆0
ℓ)

T f † + ff †∆0
ℓ +∆0

ℓff
†
)

αβ
+

1

2Y eq
ℓ

fατf
∗
βτ∆ℓτ

]

γD , (3.49)

and

W̃D
τ =

2Bℓ

λ2ℓ

[

(ff †)ττ
∆∆

Σeq
∆

+
1

2Y eq
ℓ

(

(f(∆0
ℓ )

T f †)ττ + ((ff †)ττ + |fττ |2)∆ℓτ

)

]

γD . (3.50)

The resulting Boltzmann equation for (∆0
ℓ)αβ is covariant under flavour rotations in the

(ℓe, ℓµ) subspace. Finally, below T = 109 GeV, the muon Yukawa coupling enters equilib-
rium and drives the (e, µ) and (µ, e) entries of the density matrix to zero. The Boltzmann
equation (3.2) then reduces to three equations for the flavour asymmetries ∆ℓα ≡ (∆ℓ)αα
(α = e, µ, τ), with a washout term WD

α given by

WD
α =

2Bℓ

λ2ℓ

∑

β

|fαβ|2
[

∆∆

Σeq
∆

+
∆ℓα +∆ℓβ

2Y eq
ℓ

]

γD . (3.51)

3.2.3 Other washout terms: 2→ 2 scatterings

The other washout terms in the Boltzmann equation (3.2) correspond to 2→ 2 scatterings
and arise from 2-loop contributions to the lepton doublet self-energy Σβα. The termWℓH

αβ

accounts for the washout of the flavour asymmetries by the ∆L = 2 scatterings ℓγℓδ ↔ H̄H̄
and ℓγH ↔ ℓ̄δH̄ and is given by

WℓH
αβ = 2

{

1

λ2ℓ

[(

2f∆T
ℓ f

† + ff †∆ℓ +∆ℓff
†
)

αβ

4Y eq
ℓ

+
∆H

Y eq
H

(ff †)αβ

]

γ∆ℓH

+
1

Re [tr(fκ†)]

[(

2f∆T
ℓ κ

† + fκ†∆ℓ +∆ℓfκ
†
)

αβ

4Y eq
ℓ

+
∆H

Y eq
H

(fκ†)αβ

]

γIℓH

+
1

Re [tr(fκ†)]

[(

2κ∆T
ℓ f

† + κf †∆ℓ +∆ℓκf
†
)

αβ

4Y eq
ℓ

+
∆H

Y eq
H

(κf †)αβ

]

γIℓH

+
1

λ2κ

[(

2κ∆T
ℓ κ

† + κκ†∆ℓ +∆ℓκκ
†
)

αβ

4Y eq
ℓ

+
∆H

Y eq
H

(κκ†)αβ

]

γHℓH

}

, (3.52)
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where ∆H ≡ (nH − nH̄)/s is the asymmetry stored in the Higgs doublet, λκ ≡
√

tr(κκ†)
and γ∆ℓH , γHℓH and γIℓH are the contributions (summed over lepton flavours) of different
self-energy diagrams to the space-time density of ∆L = 2 scatterings γℓH . Namely, one
has γℓH = γ∆ℓH + 2γIℓH + γHℓH , in which γ∆ℓH is the contribution of scalar triplet exchange,
γHℓH is the contribution of the D = 5 operator (2.9) responsible for mH, and 2γIℓH is the
interference term. Explicit expressions for the reduced cross-sections that are needed to
compute numerically these reaction densities10 (as well as the ones appearing in Eqs. (3.53)
and (3.54) below) can be found in Appendix A.

The washout term due to the 2 lepton–2 lepton scatterings ℓγℓδ ↔ ℓρℓσ and ℓγ ℓ̄ρ ↔ ℓ̄δℓσ
reads

W4ℓ
αβ =

2

λ4ℓ

[

λ2ℓ

(

2f∆T
ℓ f

† + ff †∆ℓ +∆ℓff
†
)

αβ

4Y eq
ℓ

− tr(∆ℓff
†)

Y eq
ℓ

(ff †)αβ

]

γ4ℓ , (3.53)

whereas the washout term associated with the lepton-triplet scatterings ℓγ∆ ↔ ℓδ∆,
ℓγ∆̄↔ ℓδ∆̄ and ℓγ ℓ̄δ ↔ ∆∆̄ is

Wℓ∆
αβ =

1

tr(ff †ff †)

[

1

2Y eq
ℓ

(

ff †ff †∆ℓ − 2ff †∆ℓff
† +∆ℓff

†ff †
)

αβ

]

γℓ∆ . (3.54)

This completes the derivation of the washout terms appearing on the right-hand side of
Eq. (3.2). The expressions of WℓH

αβ , W4ℓ
αβ and Wℓ∆

αβ relevant in the temperature ranges

109 GeV < T < 1012 GeV and T < 109 GeV can be obtained from Eqs. (3.52), (3.53)
and (3.54) following the same procedure as the one used forWD

αβ , see the discussion above

Eqs. (3.49) and (3.51). Note thatW4ℓ
αβ andWℓ∆

αβ vanish in the single flavour approximation
where α and β take a single value; this is consistent with the fact that the 2 lepton–2
lepton and lepton-triplet scatterings affect leptogenesis only when lepton flavour effects
are taken into account.

3.2.4 Source term

Finally, let us derive the source term of the Boltzmann equation (3.2). In the CTP
formalism, the 2-loop self-energy diagrams shown in Fig. 4, when inserted in the right-
hand side of Eq. (3.39), give rise to the flavour-covariant source term

Sαβ =

(

Σ∆

Σeq
∆

− 1

)

γD Eαβ , (3.55)

where Eαβ is a Hermitian matrix transforming as E → U∗EUT under a flavour rotation
ℓ → Uℓ. The explicit form of Eαβ can be obtained without going through the full CTP
computation by noticing that, in the temperature regime T < 109 GeV where the quantum
correlations among lepton flavours are destroyed by fast interactions induced by the muon

10For some reactions the contribution of real intermediate states must be subtracted in order to avoid double
counting in the Boltzmann equations. Although this subtraction procedure is embedded in the CTP formalism
iself [13, 15], in practice we first take the classical limit in the quantum Boltzmann equation in order to obtain
Eqs. (3.52), (3.53) and (3.54), and then insert the subtracted reaction densities computed in Appendix A into
these expressions.
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f ∗
βρ κασ κ∗

βρ fασ

µ∗ µ

ℓ

∆ H

H

ℓ

∆H

H

Figure 4: 2-loop contributions to the lepton doublet self-energy Σβα giving rise to the CP
asymmetry Eαβ .

and tau Yukawa couplings, the source term for the flavour asymmetry ∆ℓα ≡ (∆ℓ)αα
(α = e, µ, τ) reads

Sαα =

(

Σ∆

Σeq
∆

− 1

)

γD
∑

γ

ǫαγ , (3.56)

where ǫαγ , not to be confused with Eαγ , is the CP asymmetry in the decay ∆ → ℓ̄αℓ̄γ
defined in Eq. (2.13). Comparing Eq. (3.55) with Eq. (3.56) and using Eq. (2.14), one
obtains the diagonal entries of E :

Eαα =
∑

γ

ǫαγ =
1

4π

M∆

v2

√

BℓBH

Im
[

(mHm
†
∆)αα

]

m̄∆
. (3.57)

It is then easy to derive the full flavour-covariant CP-asymmetry matrix E by reading its
dependence on the couplings fαβ and καβ from Fig. 4, and by using its hermiticity and
covariance properties together with Eq. (3.57):

Eαβ =
1

8πi

M∆

v2

√

BℓBH
(mHm

†
∆ −m∆m

†
H)αβ

m̄∆
. (3.58)

The first equality in Eq. (3.57) implies that the trace of this matrix is equal to the total
CP asymmetry in triplet decays:

tr E =
∑

α,β

ǫαβ = ǫ∆ . (3.59)

This completes the derivation of the right-hand side of the flavour-covariant Boltzmann
equation (3.2).

3.3 Full set of Boltzmann equations

Finally, Eq. (3.2) must be supplemented with the Boltzmann equations for Σ∆ and ∆∆

(an equation for ∆H is not needed since, as we are going to see in Section 4, ∆H can be
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expressed as a function of the other asymmetries):

sHz
dΣ∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD − 2

(

(

Σ∆

Σeq
∆

)2

− 1

)

γA , (3.60)

sHz
d(∆ℓ)αβ
dz

=

(

Σ∆

Σeq
∆

− 1

)

γD Eαβ −WD
αβ −WℓH

αβ −W4ℓ
αβ −Wℓ∆

αβ , (3.61)

sHz
d∆∆

dz
= −1

2

(

tr(WD)−WD
H

)

, (3.62)

where the first and second terms in Eq. (3.60) come from (anti)triplet decays and triplet-
antitriplet annihilations, respectively, and WD

H in Eq. (3.62) is the washout term due to
the inverse decays HH → ∆ and H̄H̄ → ∆̄:

WD
H = 2BH

(

∆H

Y eq
H

− ∆∆

Σeq
∆

)

γD . (3.63)

Using Eqs. (3.48) and (3.63), the Boltzmann equation for ∆∆ can be rewritten as

sHz
d∆∆

dz
= −

(

∆∆

Σeq
∆

+Bℓ
tr(ff †∆ℓ)

λ2ℓY
eq
ℓ

−BH
∆H

Y eq
H

)

γD . (3.64)

Eqs. (3.60) and (3.62) take the same form as in the single flavour case [26], except for the
term associated with the decays ∆↔ ℓ̄γ ℓ̄δ, ∆̄↔ ℓγℓδ in the Boltzmann equation for ∆∆,
which involves a trace with the density matrix rather than the total lepton asymmetry.

4 Spectator processes

Various Standard Model (SM) reactions (strong and electroweak sphalerons, Yukawa cou-
plings) that contribute indirectly to the washout of the lepton flavour asymmetries have
to be included in the computation. Indeed, while these processes cannot create or erase a
lepton asymmetry by themselves (for this reason, they are usually dubbed spectator pro-
cesses), they modify the densities of the species on which the washout rates depend, thus
affecting the final baryon asymmetry. For instance, ∆ℓτ can be turned into ∆H and ∆τR

by yτ -induced interactions, and into ∆q3 by electroweak sphalerons (where, as previously
defined, we denote the asymmetry stored in the species X by ∆X ≡ (nX − nX̄)/s).

In this paper, we follow the standard approach by assuming that each spectator process
is either negligible or strongly in equilibrium, in which case it imposes a relation among
the chemical potentials (hence among the asymmetries) of the species involved. The set
of relations valid in a given temperature range is then used to express the asymmetries
appearing in the Boltzmann equations in terms of asymmetries that are conserved by all
active SM processes. This was first done in the standard leptogenesis scenario with heavy
Majorana neutrinos in Refs. [3, 4], and in scalar triplet leptogenesis in Ref. [31]. In the
following, we generalize the analysis of Ref. [31] to the density matrix formalism.

The asymmetries appearing in the Boltzmann equations (3.60)–(3.62) are ∆∆, ∆H and
the density matrix (∆ℓ)αβ (which reduces to ∆ℓτ and the 2×2 matrix (∆0

ℓ)αβ in the range
109 GeV < T < 1012 GeV, and to the flavour asymmetries ∆ℓe,µ,τ below T = 109 GeV).
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Out of these, only ∆∆ is conserved by all SM interactions, while (∆ℓ)αβ is affected by
electroweak sphalerons and charged lepton Yukawa couplings. It is therefore convenient
to introduce the following flavour-covariant matrix:

∆αβ =
1

3
∆B δαβ − (∆ℓ)αβ , (4.1)

which is conserved by all SM processes except the charged lepton Yukawa interactions11,
and the asymmetries:

∆α ≡ ∆B/3−Lα
=

1

3
∆B −∆ℓα −∆eRα

(α = e, µ, τ) , (4.2)

which are preserved by all SM interactions. Above T > 1012 GeV, where electroweak
sphalerons and charged lepton Yukawa couplings are out of equilibrium, ∆αβ is conserved
and reduces to −(∆ℓ)αβ . Below T = 109 GeV, the tau Yukawa coupling is in equilibrium
and ∆ℓτ is partially converted into ∆τR . The conserved asymmetries in the temperature
range 109 GeV < T < 1012 GeV are therefore

∆0
αβ ≡

1

3
∆B δαβ − (∆0

ℓ)αβ , ∆τ and ∆∆ , (4.3)

where α and β label any two orthogonal directions in the (ℓe, ℓµ) flavour subspace. Finally,
below T = 109 GeV, the muon Yukawa coupling is also in equilibrium and ∆0

αβ must be
replaced by ∆e and ∆µ.

Using chemical equilibrium, one can express the Higgs and lepton flavour asymmetries
as functions of the conserved asymmetries in each temperature range. Thus, above T =
1012 GeV:

(∆ℓ)αβ = −∆αβ , ∆H = gH(∆ρσ,∆∆) , (4.4)

while between T = 109 GeV and T = 1012 GeV:

(∆0
ℓ)αβ = gℓαβ(∆

0
ρσ,∆τ ,∆∆) , ∆ℓτ = gℓτ (∆

0
ρσ,∆τ ,∆∆) , ∆H = gH(∆0

ρσ,∆τ ,∆∆) , (4.5)

and below T = 109 GeV:

∆ℓα = gℓα(∆ρ,∆∆) , ∆H = gH(∆ρ,∆∆) , (4.6)

where the functions gℓ and gH and their arguments depend on the temperature.
The relations among chemical potentials associated with the various spectator pro-

11The diagonal entries of ∆αβ reduce to 1
3
∆B − ∆ℓα , which is conserved by electroweak sphalerons. Its

off-diagonal entries are conserved by electroweak sphalerons as well since there is no flavour off-diagonal lepton
anomaly (∂µ(J

µ
L)αβ = 0 for α 6= β).
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cesses are (we assume gauge interactions to be in equilibrium)

∑

i=1,2,3

(µqi + 2µui
− µdi) −

∑

α=e,µ,τ

(µℓα + µeα) + 2µH + 6µ∆ = 0 (∆Y = 0) (4.7)

∑

i=1,2,3

(2µqi + µui
+ µdi) = 0 (∆B = 0) (4.8)

∑

i=1,2,3

(2µqi − µui
− µdi) = 0 (QCD sphalerons) (4.9)

∑

i=1,2,3

3µqi +
∑

α=e,µ,τ

µℓα = 0 (EW sphalerons) (4.10)

µqi − µui
+ µH = 0 (up-type quark Yukawa) (4.11)

µqi − µdi − µH = 0 (down-type quark Yukawa) (4.12)

µℓα − µeα − µH = 0 (charged lepton Yukawa) (4.13)

in which we have also included the constraint due to the hypercharge neutrality of the
universe, as well as ∆B = 0, which holds as long as the electroweak sphalerons remain out
of equilibrium. These constraints on chemical potentials can be translated into relations
among particle asymmetries using the formulae, valid at leading order in µ/T :

∆b =
gb
3s
µbT

2, ∆f =
gf
6s
µfT

2, (4.14)

for a bosonic or fermionic species, respectively, with gb (gf ) the number of internal degrees
of freedom.

Taking into account the processes that are in equilibrium in a given temperature
range12, one arrives at the following expressions for the functions gℓ and gH :

(i) T > 1015 GeV. In this temperature range all spectator processes are out of equilib-
rium (but equality of the chemical potentials within the same gauge multiplet is still
assumed), so one simply has, from ∆Y = ∆B = 0:

(∆ℓ)αβ = −∆αβ , (4.15)

∆H = −tr(∆αβ)− 2∆∆ . (4.16)

(ii) 1013 GeV < T < 1015 GeV. Only the top quark Yukawa coupling and gauge inter-
actions are in equilibrium. Asymmetries in q3 and tR can now develop, but baryon
number is still conserved. The constraints (4.7), (4.8) and (4.11) give

(∆ℓ)αβ = −∆αβ , (4.17)

∆H = −2

3
tr(∆αβ)−

4

3
∆∆ . (4.18)

12Using the reaction rates available in the literature [49, 50, 51, 52], one finds that the top Yukawa coupling
comes into equilibrium around T = 1015GeV, the QCD sphalerons around T = 1013 GeV, the bottom and
tau Yukawa couplings as well as the electroweak sphalerons a little beneath T = 1012 GeV, the charm Yukawa
coupling around T = 1011GeV, the strange and muon Yukawa couplings around T = 109GeV, and the electron
Yukawa coupling around T = 105GeV.
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(iii) 1012 GeV < T < 1013 GeV. In this range, the QCD sphalerons are also in equilib-
rium. Asymmetries in all quark species can develop, but neither baryon number nor
quark flavour are violated, hence ∆B1

= ∆B2
= ∆B3

= 0. Moreover, the first two
generations of quarks and bR are created only through QCD sphalerons, implying
∆q1 = ∆q2 = −2∆u = −2∆d = −2∆s = −2∆c = −2∆b. This together with the
constraints (4.7)–(4.9) and (4.11) yields

(∆ℓ)αβ = −∆αβ , (4.19)

∆H = −14

23
tr(∆αβ)−

28

23
∆∆ . (4.20)

(iv) 109 GeV < T < 1012 GeV. In addition to the previous processes, the electroweak
sphalerons and the bottom, tau and charm Yukawa couplings are also in equilibrium
(we neglect the difference between the charm and bottom quark equilibrium tem-
peratures). Quantum correlation between ℓτ and the other lepton doublet flavours
disappear, and the relevant asymmetries in the lepton sector are ∆0

αβ and ∆τ . Due
to electroweak sphalerons, equal asymmetries develop in each quark generation:
∆B1

= ∆B2
= ∆B3

(6= 0). Moreover, since the right-handed quarks uR, dR and
sR are created only through QCD sphalerons, one has ∆u = ∆d = ∆s. Together
with Eqs. (4.7) and (4.9)–(4.13), this constraint gives

(∆0
ℓ )αβ =

(

86

589
tr(∆0

αβ) +
60

589
∆τ +

8

589
∆∆

)

δαβ −∆0
αβ , (4.21)

∆ℓτ =
30

589
tr(∆0

αβ)−
390

589
∆τ −

52

589
∆∆ , (4.22)

∆H = −164

589
tr(∆0

αβ)−
224

589
∆τ −

344

589
∆∆ . (4.23)

(v) 105 GeV < T < 109 GeV. In this range, the second generation Yukawa couplings
are also in equilibrium. All three lepton flavours are now distinguishable and the
relevant asymmetries in the lepton sector are the ∆α. The QCD sphalerons lead to
∆u = ∆d. Together with this constraint, Eqs. (4.7) and (4.9)–(4.13) yield

∆ℓe = −151

179
∆e +

20

179
∆µ +

20

179
∆τ +

4

179
∆∆ , (4.24)

∆ℓµ =
25

358
∆e −

344

537
∆µ +

14

537
∆τ −

11

179
∆∆ , (4.25)

∆ℓτ =
25

358
∆e +

14

537
∆µ −

344

537
∆τ −

11

179
∆∆ , (4.26)

∆H = − 37

179
∆e −

52

179
∆µ −

52

179
∆τ −

82

179
∆∆ . (4.27)

(vi) T < 105 GeV. All spectator processes are now in equilibrium. Eqs. (4.7) and (4.9)–
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(4.13) then give

∆ℓe = −442

711
∆e +

32

711
∆µ +

32

711
∆τ −

3

79
∆∆ , (4.28)

∆ℓµ =
32

711
∆e −

442

711
∆µ +

32

711
∆τ −

3

79
∆∆ , (4.29)

∆ℓτ =
32

711
∆e +

32

711
∆µ −

442

711
∆τ −

3

79
∆∆ , (4.30)

∆H = −16

79
∆e −

16

79
∆µ −

16

79
∆τ −

26

79
∆∆ . (4.31)

5 Boltzmann equations

Using the results of Sections 3 and 4, one can write the full set of Boltzmann equations
for scalar triplet leptogenesis including all relevant spectator processes in a covariant way.
The dynamical variables are Σ∆ ≡ (n∆ + n∆̄)/s, ∆∆ ≡ (n∆ − n∆̄)/s and, depending on
the temperature regime, the 3× 3 density matrix ∆αβ, the 2× 2 density matrix ∆0

αβ and
the asymmetry ∆τ , or the three asymmetries ∆e, ∆µ and ∆τ .

At temperatures higher than 1012 GeV, the system of Boltzmann equations is13

sHz
dΣ∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD − 2

(

(

Σ∆

Σeq
∆

)2

− 1

)

γA , (5.1)

sHz
d∆αβ

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD Eαβ +WD
αβ +WℓH

αβ +W4ℓ
αβ +Wℓ∆

αβ , (5.2)

sHz
d∆∆

dz
= −1

2

(

tr(WD)−WD
H

)

, (5.3)

with the flavour-covariant CP-asymmetry matrix Eαβ given by Eq. (3.58), and the washout
terms WD

αβ, WℓH
αβ , W4ℓ

αβ, Wℓ∆
αβ and WD

H given by Eqs. (3.48), (3.52), (3.53), (3.54) and
(3.63), respectively. In the expressions for the washout terms, the asymmetries (∆ℓ)αβ and
∆H should be substituted for −∆αβ and gH(∆ρσ ,∆∆), respectively, where the function
gH depends on the temperature and can be found in Section 4, Cases (i) to (iii). Once
this is done, the system of equations (5.1)–(5.3) has a closed form and can be solved
numerically.

When the temperature drops below 1012 GeV, the system of Boltzmann equations

13One could write the Boltzmann equations in terms of the density matrix (∆ℓ)αβ rather than ∆αβ , since
(∆ℓ)αβ is conserved by all SM processes above T = 1012GeV. However, it is more convenient to use ∆αβ as
a dynamical variable, as (∆ℓ)αβ is no longer preserved by electroweak sphalerons when the temperature drops
below 1012GeV.
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becomes

sHz
dΣ∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD − 2

(

(

Σ∆

Σeq
∆

)2

− 1

)

γA , (5.4)

sHz
d∆0

αβ

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD Eαβ + W̃D
αβ + W̃ℓH

αβ + W̃4ℓ
αβ + W̃ℓ∆

αβ (α, β = e, µ) , (5.5)

sHz
d∆τ

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD Eττ + W̃D
τ + W̃ℓH

τ + W̃4ℓ
τ + W̃ℓ∆

τ , (5.6)

sHz
d∆∆

dz
= −1

2

(

tr(W̃D) + W̃D
τ −WD

H

)

, (5.7)

where the washout terms W̃ ···
αβ (α, β = e, µ) and W̃ ···

τ can be obtained by setting (∆ℓ)ατ =
(∆∗

ℓ)τα = ∆ℓτ δατ in the expressions of the corresponding W ···
αβ (α, β = e, µ, τ), and the

asymmetries (∆0
ℓ )αβ , ∆ℓτ and ∆H appearing in the washout terms should be replaced by

the functions gℓαβ(∆
0
ρσ,∆τ ,∆∆), g

ℓ
τ (∆

0
ρσ,∆τ ,∆∆) and g

H(∆0
ρσ,∆τ ,∆∆) given in Section 4,

Case (iv). Finally, below T = 109 GeV:

sHz
dΣ∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD − 2

(

(

Σ∆

Σeq
∆

)2

− 1

)

γA , (5.8)

sHz
d∆α

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γDǫα +WD
α +WℓH

α +W4ℓ
α +Wℓ∆

α (α = e, µ, τ) , (5.9)

sHz
d∆∆

dz
= −1

2

(

∑

α

WD
α −WD

H

)

, (5.10)

where ǫα ≡ Eαα =
∑

γ ǫαγ , the washout terms W̃ ···
α can be obtained by setting (∆ℓ)αβ =

∆ℓαδαβ in the expressions of the corresponding W ···
αβ, and the asymmetries ∆ℓα and ∆H

appearing in the washout terms should be substituted for the functions gℓα(∆ρ,∆∆) and
gH(∆ρ,∆∆) defined in Section 4, Cases (v) and (vi).

In Section 6, we will compare the results obtained with the above system of covariant
Boltzmann equations (hereafter referred to as the full computation) to various approxi-
mations in which flavour effects and/or spectator processes are neglected. We give below
the equations corresponding to these approximations.

Flavoured computation, no spectator processes In this approximation, all
SM Yukawa interactions as well as the QCD and electroweak sphalerons are neglected
(rigorously, this is legitimate only above T = 1015 GeV, but here it is assumed for arbitrary
temperatures). The relevant Boltzmann equations are Eqs. (5.1)–(5.3) with (∆ℓ)αβ and
∆H in the washout terms replaced by (Case (i) of Section 4)

(∆ℓ)αβ = −∆αβ , ∆H = −tr(∆αβ)− 2∆∆ . (5.11)

Single flavour approximation, no spectator processes In this approximation,
both flavour effects and spectator processes are neglected. To derive the relevant Boltz-
mann equations, we start from Eqs. (3.60)–(3.62) and we implement the single flavour
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approximation by substituting

(∆ℓ)αβ → ∆ℓ , fαβ → λℓ , καβ → λκ , Eαβ → tr E = ǫ∆ . (5.12)

This gives:

sHz
dΣ∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD − 2

(

(

Σ∆

Σeq
∆

)2

− 1

)

γA , (5.13)

sHz
d∆ℓ

dz
=

(

Σ∆

Σeq
∆

− 1

)

γDǫ∆ +WD
ℓ +W ℓH , (5.14)

sHz
d∆∆

dz
=

1

2

(

WD
ℓ −WD

H

)

, (5.15)

where WD
H and WD

ℓ are the washout terms due to inverse triplet and antitriplet decays:

WD
ℓ = −2Bℓ

(

∆ℓ

Y eq
ℓ

+
∆∆

Σeq
∆

)

γD , WD
H = −2BH

(

∆H

Y eq
H

− ∆∆

Σeq
∆

)

γD , (5.16)

while W ℓH represents the 2→ 2 scatterings involving two leptons and two Higgs bosons:

W ℓH = −2
(

∆ℓ

Y eq
ℓ

+
∆H

Y eq
H

)

γℓH . (5.17)

Then we impose the single flavour version of the relations (5.11):

∆ℓ = −∆ , ∆H = −∆− 2∆∆ , (5.18)

where ∆ ≡ ∆B−L. This gives

sHz
dΣ∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD − 2

(

(

Σ∆

Σeq
∆

)2

− 1

)

γA , (5.19)

sHz
d∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γDǫ∆ − 2Bℓ

(

∆

Y eq
ℓ

− ∆∆

Σeq
∆

)

γD

− 2

(

∆

Y eq
ℓ

+
∆+ 2∆∆

Y eq
H

)

γℓH , (5.20)

sHz
d∆∆

dz
= −

(

∆∆

Σeq
∆

−Bℓ
∆

Y eq
ℓ

+BH
∆+ 2∆∆

Y eq
H

)

γD . (5.21)

This case has been studied in detail in Ref. [26].
We stress again that the single flavour approximation is not a limiting case of the

flavoured computation, in the sense that it does not become exact when the charged lepton
Yukawa couplings are sent to zero. This is why, in some regions of the parameter space, the
single flavour approximation is actually a very bad approximation to the flavour-dependent
computation, even though charged lepton Yukawa interactions are out of equilibrium. This
behaviour, which contrasts with the standard leptogenesis scenario involving hierarchical
heavy Majorana neutrinos, will be demonstrated numerically in Section 6.
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Flavour non-covariant approach, spectator processes included In this case,
we take into account spectator processes but do not require flavour-covariance of the Boltz-
mann equations. We assume instead that, in each temperature regime, a basis for the ℓα’s
can be chosen in which scalar triplet leptogenesis is described by the evolution of “diago-
nal” lepton flavour asymmetries. This is the approach that has been followed so far in the
literature [30, 31] (however without taking into account spectator processes in Ref. [30]),
and it is known to be a good approximation in the standard leptogenesis scenario with
heavy Majorana neutrinos [8], except at the transition between two temperature regimes.
In practice, one works within the single flavour approximation above T = 1012 GeV, and
in a two-flavour approximation in the temperature range 109 GeV < T < 1012 GeV, where
the fast tau-Yukawa interactions destroy the coherence between the tau and the other two
flavours. Finally, below T = 109 GeV, all three lepton flavours are distinguishable and
the relevant dynamical variables are the flavour asymmetries ∆α, α = e, µ, τ ; in this case
the Boltzmann equations are given by Eqs. (5.8)–(5.10).

Thus, for T > 1012 GeV, the Boltzmann equations are

sHz
dΣ∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD − 2

(

(

Σ∆

Σeq
∆

)2

− 1

)

γA , (5.22)

sHz
d∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γDǫ∆ − 2Bℓ

(

∆

Y eq
ℓ

− ∆∆

Σeq
∆

)

γD ,

− 2

(

∆

Y eq
ℓ

− gH(∆,∆∆)

Y eq
H

)

γℓH , (5.23)

sHz
d∆∆

dz
= −

(

∆∆

Σeq
∆

−Bℓ
∆

Y eq
ℓ

−BH
gH(∆,∆∆)

Y eq
H

)

γD , (5.24)

where gH(∆,∆∆) = −(∆ + 2∆∆), −2(∆ + 2∆∆)/3 and −14(∆ + 2∆∆)/23 for T >
1015 GeV, 1013 GeV < T < 1015 GeV and 1012 GeV < T < 1013 GeV, respectively. For
109 GeV < T < 1012 GeV we work in a 2-flavour approximation, as was done in Ref. [31].
Namely, we consider only the asymmetry stored in ℓτ and the overall asymmetry stored
in the ℓe, ℓµ doublets, i.e. we perform the single-flavour approximation in the (ℓe, ℓµ)
subspace by substituting

(∆0
ℓ )αβ → ∆ℓ0 , ∆0

αβ → ∆0 , E0αβ → tr E0 ≡ ǫ0 ,

fαβ →
√

tr(f̃ f̃ †) ≡ f00 , fατ →
√

|feτ |2 + |fµτ |2 ≡ f0τ , (5.25)

καβ →
√

tr(κ̃κ̃†) ≡ κ00 , κατ →
√

|κeτ |2 + |κµτ |2 ≡ κ0τ ,

where α, β = e, µ and

E0 ≡
(

Eee Eeµ
Eµe Eµµ

)

, f̃ ≡
(

fee feµ
fµe fµµ

)

, κ̃ ≡
(

κee κeµ
κµe κµµ

)

. (5.26)
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We thus obtain the following system of Boltzmann equations (in which α, γ = 0, τ):

sHz
dΣ∆

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γD − 2

(

(

Σ∆

Σeq
∆

)2

− 1

)

γA , (5.27)

sHz
d∆α

dz
= −

(

Σ∆

Σeq
∆

− 1

)

γDǫα + 2Bℓ

∑

γ

CD
αγ

(

gℓα(∆ρ,∆∆) + gℓγ(∆ρ,∆∆)

2Y eq
ℓ

+
∆∆

Σeq
∆

)

γD

+ 2
∑

γ

(

gℓα(∆ρ,∆∆) + gℓγ(∆ρ,∆∆)

2Y eq
ℓ

+
gH(∆ρ,∆∆)

Y eq
H

)

(

C∆
αγγ

∆
ℓH +CI

αγγ
I
ℓH +CH

αγγ
H
ℓH

)

+
∑

γ

(

gℓα(∆ρ,∆∆)− gℓγ(∆ρ,∆∆)

Y eq
ℓ

)

(

C4ℓ
αγγ4ℓ + Cℓ∆

αγ γℓ∆

)

, (5.28)

sHz
d∆∆

dz
= −

(

∆∆

Σeq
∆

+Bℓ

∑

α, γ

CD
αγ

gℓα(∆ρ,∆∆) + gℓγ(∆ρ,∆∆)

2Y eq
ℓ

−BH
gH(∆ρ,∆∆)

Y eq
H

)

γD ,

(5.29)

where ǫτ ≡ Eττ ,

gℓ0(∆ρ,∆∆) = −503

589
∆0 +

60

589
∆τ +

8

589
∆∆ ,

gℓτ (∆ρ,∆∆) =
30

589
∆0 −

390

589
∆τ −

52

589
∆∆ , (5.30)

gH(∆ρ,∆∆) = −164

589
∆0 −

224

589
∆τ −

344

589
∆∆ ,

and the coefficients CX
αγ are given by (α, γ = 0, τ)

CD
00 =

f200
λ2ℓ

, CD
0τ = CD

τ0 =
f20τ
λ2ℓ

, CD
ττ =

|fττ |2
λ2ℓ

,

C∆
αγ = CD

αγ , CI
αγ = 2

fαγκαγ
Re [tr(f †κ)]

, CH
αγ =

καγ
λ2κ

, (5.31)

C4ℓ
0τ = C4ℓ

τ0 = CD
0τ , Cℓ∆

0τ = Cℓ∆
τ0 =

|f00f0τ + f0τfττ |2
tr(ff †ff †)

.

6 Numerical study

In this section, we investigate numerically the impact of lepton flavour effects on scalar
triplet leptogenesis using the flavour-covariant formalism introduced previously. In order
to assess quantitatively the relevance of lepton flavour covariance, we compare the results
of the density matrix computation with the ones obtained in flavour non-covariant ap-
proximations. We also compare the relative impacts of spectator processes and of lepton
flavour covariance on the generated baryon asymmetry. More specifically:

• in the temperature regime T > 1012 GeV, where all charged lepton Yukawa couplings
are out of equilibrium, the flavour-covariant computation involves the 3× 3 density
matrix ∆αβ, whose evolution is governed by the Boltzmann equation (5.2). The
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result of this computation is compared with the one obtained in the single flavour
approximation, for which the relevant Boltzmann equations are Eqs. (5.22)–(5.24) or
Eqs. (5.19)–(5.21), depending on whether spectator processes are taken into account
or not. The relevance of flavour effects above T = 1012 GeV is a novel effect specific
to scalar triplet leptogenesis, which has been overlooked in previous works.

• in the regime 109 GeV < T < 1012 GeV, where the tau Yukawa coupling is in equi-
librium while the muon and electron Yukawa couplings are not, the flavour-covariant
computation involves the 2× 2 density matrix ∆0

αβ (α, β = e, µ) and the asymmetry
∆τ , whose evolutions are governed by the Boltzmann equations (5.5) and (5.6). This
computation is compared with the 2-flavour approximation in which the 2×2 density
matrix ∆0

αβ is replaced by ∆0 (the overall asymmetry in the charges B/3− Le and
B/3−Lµ) and the Boltzmann equations are given by Eqs. (5.27)–(5.29). Again, the
relevance of flavour effects in the (ℓe, ℓµ) subspace in the temperature range where
the electron and muon Yukawa coupligs are out of equilibrium is a new effect specific
to scalar triplet leptogenesis.

Below T = 109 GeV, flavour covariance is completely broken by fast processes induced by
the tau and muon Yukawa couplings and the relevant dynamical parameters are ∆e, ∆µ

and ∆τ , whose evolution is governed by the Boltzmann equations (5.8)–(5.10).

6.1 Parameters

The parameters of scalar triplet leptogenesis are the triplet mass M∆ and its couplings
to Higgs (µ or λH ≡ |µ|/M∆) and lepton doublets (fαβ), as well as the coefficients of
the effective dimension-5 operators (2.9), καβ . These parameters are not all independent,
however, as they are related to the neutrino mass matrix by

m∆ +mH = mν , (6.1)

where m∆ and mH are defined by Eqs. (2.4) and (2.10), respectively, and mν = U∗DνU
†

in the charged lepton mass eigenstate basis, with Dν = Diag(m1,m2,m3), mi (i = 1, 2, 3)
the neutrino masses and U the PMNS matrix. Thus, for given neutrino parameters, the
καβ ’s are fully determined once M∆, λH and the fαβ’s are fixed. It is then convenient to
write the triplet contribution to the neutrino mass matrix as

m∆ = U∗V ∗D∆V
†U †, (6.2)

where D∆ is a diagonal matrix with real positive entries and V is the unitary matrix that
relates the lepton doublet basis in which mν is diagonal to the one in which m∆ = D∆.
We adopt the following parametrization for V :

V =





e−iβ1 0 0
0 e−iβ2 0
0 0 e−iβ3



U ′(φ23, φ13, φ12, γ)





eiα1 0 0
0 1 0
0 0 eiα2



 , (6.3)

U ′ =





c12c13 s12c13 s13
−s12c23 − c12s13s23 eiγ c12c23 − s12s13s23 eiγ c13s23e

iγ

s12s23 − c12s13c23 eiγ −c12s23 − s12s13c23 eiγ c13c23e
iγ



 , (6.4)
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in which cij ≡ cosφij and sij ≡ sinφij . Note that the phases β1,2,3 are physical and
cannot be removed by rephasing the lepton doublets, since this freedom has already been
used to write the neutrino mass matrix in Eq. (6.1) in the standard phase convention.

The flavour structure of the couplings fαβ (or equivalently, of the matrix m∆) plays
a crucial role in leptogenesis as it determines the flavour-dependent CP asymmetries and
washout rates. Given the large number of parameters involved, we shall consider suitably
chosen ansätze for m∆ in the following. Before presenting them, let us first discuss on a
qualitative basis how flavour effects depend on the triplet couplings.

6.2 Qualitative discussion of flavour effects

In the flavour-covariant formalism used in this paper, the violation of CP in triplet decays
is described by an hermitian CP-asymmetry matrix Eαβ given by Eq. (3.58). Using the
fact that mν = m∆ +mH, one can rewrite it as

Eαβ =
1

8πi

M∆

v2

√

BℓBH
(mνm

†
∆ −m∆m

†
ν)αβ

m̄∆
, (6.5)

where m̄∆ has been defined previously as m̄∆ ≡
√

tr(m†
∆m∆) . Using the Cauchy-Schwarz

theorem, one can derive an upper bound on the total CP asymmetry ǫ∆ = tr E [26]:

|ǫ∆| ≤
1

4π

M∆

v2

√

BℓBH m̄ν , (6.6)

where m̄ν ≡
√

tr(m†
νmν) . This bound is saturated for m∆ = iCmν with C real: the total

CP asymmetry in triplet decays is maximal when the fαβ couplings and the neutrino mass
matrix entries have the same flavour structure and an overall phase difference ±π/2. For
C > 0, this gives

Eαβ = − 1

4π

M∆

v2

√

BℓBH
(mνm

†
ν)αβ

m̄ν
, ǫ∆ = − 1

4π

M∆

v2

√

BℓBH m̄ν . (6.7)

In addition to a large enough CP asymmetry, successful scalar triplet leptogenesis
requires that decays dominate over annihilations around z ∼ 1 (T ∼ M∆), hence the
triplet decays are typically fast. In spite of this, a large lepton asymmetry can develop
when some decay channels are slower than the expansion of the universe. For instance,
in the single flavour approximation, it was shown in Ref. [26] that a large efficiency is
obtained when one of the two decay modes ∆ → HH or ∆ → ℓ̄ℓ̄ is out of equilibrium,
i.e. when λH ≪ λℓ or λℓ ≪ λH . As we are going to see, when lepton flavour effects are
taken into account, it is also possible to reach an order one efficiency in the case λℓ ∼ λH ,
provided that some flavoured decay channel ∆ → ℓ̄αℓ̄β is slower than the expansion of
the universe. By contrast, when λℓ ≫ λH , all decay channels into antileptons are fast
and only the decays into Higgs bosons can occur out of equilibrium (barring a strong
hierarchy among the couplings fαβ). In this case, asymmetric triplet and antitriplet
decays generate an asymmetry in the Higgs sector in the first place, which is accompanied
by a B − L asymmetry of comparable size when the triplet abundance drops [26] (see
e.g. Eq. (4.16), which holds above T = 1015 GeV, and analogous relations valid in other
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temperature regimes in Section 4). Lepton flavour does not play a prominent role in this
mechanism, hence no significant difference between the single flavour approximation and
the flavoured computation is expected in this case14. A similar conclusion can be reached
in the opposite case λℓ ≪ λH . Indeed, for λℓ small enough, the washout of the flavoured
lepton asymmetries can be neglected and the Boltzmann equation for ∆αβ simplifies to

sHz
d∆αβ

dz
≃ −

(

Σ∆

Σeq
∆

− 1

)

γD Eαβ . (6.8)

Taking the trace of this equation, one recovers the single flavour approximation (with
∆ ≡ tr(∆αβ) = ∆B−L):

sHz
d∆

dz
≃ −

(

Σ∆

Σeq
∆

− 1

)

γD ǫ∆ . (6.9)

Hence, in the case λℓ ≪ λH too, no significant effect of lepton flavour is expected.

6.3 Ansätze and inputs

The above discussion suggests that lepton flavour effects will not play a prominent role
when the scalar triplet gives a subdominant contribution to neutrino masses (i.e. m̄∆ ≪
m̄ν), because in this case either Γ(∆→ HH) or Γ(∆→ ℓ̄ℓ̄) is smaller than the expansion
rate of the universe15, so that a large efficiency is already reached in the single flavour
approximation. For this reason, we will only consider ansätze satisfying the condition
m̄∆ = m̄ν . Specifically, we will study the following ansätze (explicit expressions for m∆

are given in the charged lepton mass eigenstate basis):

• ansatz 1: m∆ = imν

• ansatz 2: m∆ = im̄ν U
∗





√
1− x2 y 0 0

0 xy 0

0 0
√

1− y2



U † ,

where x and y can vary between 0 and 1. Ansatz 1 is a particular case of Ansatz 2
corresponding to x0 = m2/

√

m2
1 +m2

2 and y0 =
√

m2
1 +m2

2/m̄ν .

• ansatz 3: m∆ = U∗V ∗D∆V
†U † with φ23 = φ13 = 0 and α1 = α2 + γ = β3 = 0, i.e.

V =





e−iβ1 0 0
0 e−iβ2 0
0 0 1









c12 s12 0
−s12 c12 0
0 0 1



 , (6.10)

with two different options for D∆ and the phases β1, β2:

14An obvious exception to this general statement is when the total CP asymmetry in triplet decays vanishes,
while the flavour-dependent CP asymmetries Eαβ do not (or more generally when ǫ∆ is small due to strong
cancellations between the diagonal entries of E). In particular, it does not apply to the scenario of purely
flavoured leptogenesis discussed in Refs. [30, 31], which includes traceless contributions to Eαβ that are not
considered in this paper (see the comment in Section 2).

15One can see this by noting that KℓKH ≈ 550 (m̄∆/0.05 eV)
2
, where Ka ≡ Γ(∆ → aa)/H(M∆) and the

Hubble rate is given by H(T ) = 1.66
√
g∗ T

2/MP with g∗ = gSM
∗

= 106.75. The case in which both Kℓ < 1 and
KH < 1 is not interesting for leptogenesis, because triplets and antitriplets would annihilate before decaying.
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– ansatz 3-a: D∆ = Dν =





m1 0 0
0 m2 0
0 0 m3



, β2 = 0 , while β1 and φ12 can

vary;

– ansatz 3-b: D∆ =





xm0 0 0

0
√
1− x2m0 0

0 0 m3



, β1 = β2 = π/4 ,

with m0 ≡
√

m2
1 +m2

2 , while x and φ12 can vary (0 ≤ x ≤ 1). Note that
D∆ = Dν for x = m1/

√

m2
1 +m2

2 .

Ansatz 1 depends only on 2 parameters, which can be chosen to be M∆ and λH . The
other ansätze involve 2 additional parameters that control the flavour structure of the
couplings fαβ: x and y for Ansatz 2, φ12 and β1 for Ansatz 3-a, φ12 and x for Ansatz 3-b.

We also need to specify the neutrino mass parameters, which serve as inputs in the
above ansätze and determine the couplings καβ through Eq. (6.1). For definiteness, we
assume a normal hierarchy. The running of the neutrino mass matrix up to the triplet
mass scaleM∆ is performed using the Mathematica package REAP [53]. For a hierarchical
neutrino spectrum, the only effect of running is to multiply the eigenvalues of the neutrino
mass matrix by a common factor r [54], which for M∆ around 109–1012 GeV lies between
1.2 and 1.4. We therefore define the squared mass differences as ∆m2

21 = r2∆m2
sun and

∆m2
31 = r2∆m2

atm, where ∆m
2
sun and ∆m2

atm are the parameters extracted from oscillation
experiments, and set the lightest eigenvalue m1 = 10−3 eV at the scale M∆ (which corre-
sponds to a lightest neutrino mass in the range (0.7 – 0.8)× 10−3 eV). For the oscillations
parameters, we take ∆m2

sun = 7.59× 10−5 eV2, ∆m2
atm = 2.47× 10−3 eV2, sin2 θ12 = 0.30,

sin2 θ23 = 0.42 and sin2 θ13 = 0.023, within 1σ of the most recent fit [55]. Finally, we set
all CP-violating phases of the PMNS matrix to zero.

Let us discuss these ansätze in turn. Ansatz 1 maximizes the total CP asymmetry in
triplet decays, but due to the hierarchy among the couplings fαβ implied by the relation
m∆ = imν , it is not expected to lead to very strong flavour effects. Indeed, taking into
account the hierarchy m1,m2 ≪ m3, one can write, in the neutrino mass eigenstate basis,

f = iλℓ





m1

m̄ν
0 0

0 m2

m̄ν
0

0 0 m3

m̄ν



 ≈ iλℓ





0 0 0
0 0 0
0 0 1



 , E ≈





0 0 0
0 0 0
0 0 ǫ∆



 . (6.11)

Therefore, as a first approximation, leptogenesis can be described in terms of a single
flavour (the tau flavour). But since the hierarchy between neutrino masses is not very
strong, the difference between the single flavour approximation and the result of the
flavoured computation can still be significant, as we are going to see.

In Ansatz 2, the couplings fαβ are diagonal in the neutrino mass eigenstate basis as in
Ansatz 1, but the diagonal entries fαα are no longer proportional to neutrino masses. As
a result ǫ∆ is not maximal, but since fαβ and Eαβ do not necessarily have the hierarchical
structure of Eq. (6.11), flavour effects can be more important than in Ansatz 1 and
eventually lead to a larger baryon asymmetry.

Ansatz 3 allows to investigate the effect of a misalignment between the neutrino
mass matrix mν and the triplet couplings to leptons fαβ, i.e. of a relative rotation be-
tween the lepton doublet basis in which mν = Dν and the one in wich the fαβ’s are
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Figure 5: Comoving number density of triplets and antitriplets Σ∆ and asymmetries ∆∆, ∆H

and ∆B−L = Tr (∆αβ) as a function of z = M∆/T , for M∆ = 5 × 1012GeV, λH = 0.1 and
m∆ = imν . Also shown is the departure of Σ∆ from its equilibrium value. Asymmetries are
plotted in units of the total CP asymmetry in triplet decays ǫ∆.

diagonal. We consider two subcases, D∆ = Dν = Diag(m1,m2,m3) (Ansatz 3-a) and
D∆ = Diag(xm0,

√
1− x2m0,m3), with m0 ≡

√

m2
1 +m2

2 (Ansatz 3-b). The source
terms are concentrated in the (ℓ1, ℓ2) subspace (i.e. E13 = E23 = E33 = 0 in the neutrino
mass eigenstate basis), in which the washout is weaker since |fαβ| ≪ |f33| for α, β = 1, 2
and f13 = f23 = 0. In this case, the unflavoured computation (in which the washout is
controlled by λℓ ≃ |f33|) is likely to be a very bad approximation to the full, flavoured
computation.

6.4 Numerical results

After solving numerically the appropriate Boltzmann equations with initial equilibrium
abundances for the triplets16, leptons and Higgs bosons, one is left with the final value of
the asymmetries ∆α = ∆B/3−Lα

. The baryon asymmetry is then given by [56]

∆B =
12

37
∆B−L =

12

37

∑

α

∆α , (6.12)

where we have assumed that sphalerons go out of equilibrium below the electroweak
phase transition, as suggested by recent lattice computations [57]. One can also express
the baryon asymmetry of the universe in terms of the more familiar baryon-to-photon
ratio ηB ≡ nB/nγ = 7.04∆B , whose observed value from recent Planck data is [58]

ηobs.B = (6.10 ± 0.06) × 10−10 (68%C.L.) . (6.13)

16This assumption is justified by the fact that gauge interactions bring the population of triplets and an-
titriplets into equilibrium very quickly, except for very large triplet masses.
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Figure 6: Isocurves of the baryon-to-photon ratio nB/nγ in the (x, y) plane for Ansatz 2. Left
panel: M∆ = 5× 1012GeV, λH = 0.4. Right panel: M∆ = 1011GeV, λH = 0.025.

As can be seen from Fig. 5, theB−L asymmetry is already stabilized around T ∼M∆/100.
We are now ready to present our numerical results. To reduce the number of free

parameters, we concentrate on the ansätze defined in the previous subsection and fix
the neutrino parameters as specifed there. Let us first consider Ansatz 2, which unlike
Ansatz 1 does not maximize ǫ∆, but allows for larger flavour effects. Since this ansatz
gives same-sign source terms in the Boltzmann equations, flavour effects are more likely to
be relevant when Bℓ ∼ BH ; hence, for a given triplet mass, we choose the parameter λH
such that λℓ ∼ λH . Then we study the dependence of the baryon-to-photon ratio nB/nγ
on x and y, the parameters that control the relative sizes of the couplings fαβ. The result
of the full computation (i.e. the computation involving the flavour-covariant Boltzmann
equations with spectator processes included) is shown in Fig. 6 for two different values
of the triplet mass, M∆ = 5 × 1012 GeV and M∆ = 1011 GeV. For M∆ = 5 × 1012 GeV,
nB/nγ exceeds the observed value everywhere, but this can by cured by choosing a smaller
overall phase in m∆. We can see that the final baryon asymmetry is maximal for x
small and y close to 1, more precisely around (x, y) = (0.05, 0.95), corresponding to
D∆ = Diag (0.949, 0.0475, 0.312) m̄ν . The baryon-to-photon ratio in this region is typically
enhanced by a factor 2 or 3 with respect to Ansatz 1, although the total CP asymmetry
is smaller. These conclusions are relatively stable under variations of the triplet mass as
long as Bℓ ∼ BH .

We now proceed to study Ansatz 3, in which the CP asymmetry is concentrated in
the (ℓ1, ℓ2) subspace (i.e. E13 = E23 = E33 = 0 in the neutrino mass eigenstate basis).
Let us first consider Ansatz 3-a, in which D∆ = Dν while β1 and φ12 can vary, all other
phases and mixing angles in the unitary matrix V being zero. We choose a triplet mass
in the range [109 GeV, 1012 GeV], and compare the result of the full computation with
the one of the 2-flavour approximation, as described at the beginning of this section.
As can be seen from Fig. 7, the baryon-to-photon ratio computed in a flavour-covariant
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Figure 7: Left panel: the baryon-to-photon ratio nB/nγ predicted by the full computation (red
dashed lines) and by the 2-flavour approximation (blue dotted lines) as a function of β1 and
φ12 for Ansatz 3-a. The coloured areas indicate where the observed baryon asymmetry can be
reproduced. Right panel: ratio of the full computation over the 2-flavour calculation of the
baryon asymmetry. Along the solid curve, nB/nγ vanishes in the 2-flavour approximation. In
both panels, M∆ = 5× 1011GeV and λH = 0.1.

way can be enhanced by up to a factor of several hundreds with respect to the 2-flavour
approximation. Indeed, important flavour effects in the e–µ sector are missed in this
approximation. This can be understood by examining a specific point of the parameter
space, for instance φ12 = π/6 and β1 = π/2. In the full computation, the sources terms
in the Boltzmann equations (5.5) and (5.6) are proportional to

E0 =

(

−10.36 −2.496
−2.496 6.846

)

× 10−8 , Eττ = 3.513 × 10−8 , (6.14)

where for definiteness we have written E0 in the (ℓe, ℓµ) basis, while the flavour dependence
of the washout is controlled by the triplet couplings to leptons:





|fee| |feµ| |feτ |
|fµe| |fµµ| |fµτ |
|fτe| |fτµ| |fττ |



 =





1.428 3.477 1.373
3.477 9.288 9.394
1.373 9.394 13.36



× 10−3 . (6.15)

Thus we have a large source term for a flavour asymmetry (namely in the e flavour) that
is only weakly washed out by inverse decays. As a result, a large baryon asymmetry is
generated (nB/nγ = 7.277×10−10) even though the total CP asymmetry vanishes (indeed,
for the particular point considered ǫ∆ = tr E0 + Eττ = 0). By contrast, in the 2-flavour
approximation, the CP asymmetries appearing in the Boltzmann equations (5.28) are

ǫ0 = −3.513 × 10−8 = −ǫτ , (6.16)
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Figure 8: Left panel: the baryon-to-photon ratio nB/nγ predicted by the full computation (red
dashed lines) and by the 2-flavour approximation (blue dotted lines) as a function of x and
φ12 for Ansatz 3-b. The coloured areas indicate where the observed baryon asymmetry can be
reproduced. Right panel: ratio of the full computation over the 2-flavour calculation of the
baryon asymmetry. In both panels, M∆ = 5× 1011GeV and λH = 0.1.

and the washout is controlled by
(

f00 f0τ
f0τ |fττ |

)

=

(

10.69 9.567
9.567 13.36

)

× 10−3 . (6.17)

Therefore, the asymmetries stored in the two flavours are washed out with a comparable
strength, and the resulting baryon asymmetry (nB/nγ = 1.617 × 10−12) is much smaller
than in the full flavoured computation.

A similar (but numerically not as strong) enhancement of the full computation result
with respect to the 2-flavour approximation can be observed for Ansatz 3-b, in which
D∆ = Diag(xm0,

√
1− x2m0,m3) with m0 =

√

m2
1 +m2

2 and the phases β1 and β2 are
set to π/4. This is shown in Fig. 8.

In Figs. 9 and 10, we compare the relative impacts of spectator processes and flavour
covariance on the generated baryon asymmetry in the temperature regimes T > 1012 GeV
and 109 GeV < T < 1012 GeV, respectively. We consider two ansätze designed to produce
a large baryon asymmetry (even exceeding the observed value when the CP-violating
phases are chosen to be large, as is the case here), namely Ansatz 1, which maximizes the
total CP asymmetry, and Ansatz 2 with (x, y) = (0.05, 0.95), a parameter choice that has
been shown to maximize the final baryon asymmetry in Fig. 6. In Fig. 9, the triplet mass
has been chosen to beM∆ = 5×1012 GeV, so that most of theB−L asymmetry is produced
at T > 1012 GeV. For Ansatz 1 (i.e. m∆ = imν), flavour effects and spectator processes
have a quantitatively similar impact on the baryon-to-photon ratio, while for Ansatz 2
flavour effects strongly dominate over spectator processes such as QCD sphalerons or top
quark Yukawa interactions (especially for 10−2 . λℓ . 0.5). In this case, neglecting
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Figure 9: Baryon-to-photon ratio nB/nγ as a function of λℓ for M∆ = 5× 1012GeV, assuming
Ansatz 1 (left panel) or Ansatz 2 with (x, y) = (0.05, 0.95) (right panel). The red lines indicate
the result of the flavour-covariant computation involving the 3 × 3 density matrix ∆αβ , with
(solid red line) or without (dashed-dotted red line) spectator processes taken into account,
whereas the blue lines indicate the result of the single flavour approximation, taking spectator
processes into account (blue dashed line) or not (blue dotted line). The equality of branching
ratios Bℓ = BH is realized for λℓ ≃ 0.15.

Figure 10: Baryon-to-photon ratio nB/nγ as a function of λℓ for M∆ = 1011GeV, assuming
Ansatz 1 (left panel) or Ansatz 2 with (x, y) = (0.05, 0.95) (right panel). The red lines indicate
the result of the flavour-covariant computation involving the 2 × 2 density matrix ∆0

αβ , with
(solid red line) or without (dashed-dotted red line) spectator processes taken into account,
whereas the blue lines indicate the result of the 2-flavour approximation, taking spectator
processes into account (blue dashed line) or not (blue dotted line). The equality of branching
ratios Bℓ = BH is realized for λℓ ≃ 0.021.
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Figure 11: Isocurves of the baryon-to-photon ratio nB/nγ in the (λℓ,M∆) plane obtained
performing the full computation, assuming Ansatz 1 (left panel) or Ansatz 2 with (x, y) =
(0.05, 0.95) (right panel). The coloured regions indicate where the observed baryon asymmetry
can be reproduced in the full computation (light red shading) or in the single flavour approxi-
mation with spectator processes neglected (dark blue shading). The solid black line corresponds
to Bℓ = BH . Also shown are the regions where λH is greater than 1 or 4π.

spectator processes and including flavour effects gives a much more accurate result than
doing the opposite. In Fig. 10, the triplet mass is M∆ = 1011 GeV, hence the B − L
asymmetry is essentially generated in the temperature regime 109 GeV < T < 1012 GeV
where the tau Yukawa coupling is in equilibrium, but the muon Yukawa coupling is not.
For Ansatz 1, the 2-flavour calculation turns out to be a rather good approximation to
the flavour-covariant computation, while neglecting spectator processes gives a very bad
estimate, except for small or large values of λℓ. For Ansatz 2, on the contrary, both flavour
covariance and spectator processes have a significant impact on the baryon-to-photon ratio
(except again for extreme values of λℓ), and neglecting one of them underestimates the
result by up to a factor 2. The 2-flavour approximation without spectator processes
actually gives a much larger disagreement with the full computation.

Finally, we study in Fig. 11 the dependence of the generated baryon asymmetry on λℓ
and M∆, both for Ansatz 1 and for Ansatz 2 with (x, y) = (0.05, 0.95). The computation
is performed assuming that the third generation Yukawa couplings as well as the charm
Yukawa coupling are in equilibrium, which strictly speaking is true only in the temperature
range 109 GeV < T < 1012 GeV. From Fig. 11 one can conclude that successful scalar
triplet leptogenesis is possible for a triplet mass as low as 4.4× 1010 GeV, to be compared
with 1.2 × 1011 GeV in the approximation where flavour effects and spectator processes
are neglected. Other assumptions about the flavour structure of the triplet couplings
to leptons may allow for a lighter scalar triplet. For comparison, we quote the lower
bounds found by Ref. [26] in the single flavour approximation with spectator processes
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neglected: M∆ > 1.3 × 1011 GeV in the case m̄∆ = 0.05 eV (≈ m̄ν for a hierarchical
neutrino mass spectrum), in agreement with our result, and M∆ > 2.8× 1010 GeV in the
case m̄∆ = 0.001 eV ≪ m̄ν . Although we did not consider ansätze satisfying m̄∆ ≪ m̄ν ,
because flavour effects are comparatively smaller in this case, we also expect the latter
bound to be lowered by the inclusion of flavour and spectator processes.

7 Conclusions

In this paper, we have shown how to consistently include the effects of the different
lepton flavours in scalar triplet leptogenesis. When charged lepton Yukawa interactions
are out of equilibrium at the time of leptogenesis, i.e. when the lepton asymmetry is
generated at high temperature, the proper treatment of flavour effects involves a 3 × 3
density matrix, whose evolution is governed by flavour-covariant Boltzmann equations.
The often-used single flavour approximation, which gives rather accurate results in the
standard leptogenesis scenario with right-handed neutrinos, leads to predictions for the
generated baryon asymmetry that can depart by a large amount from the flavour-covariant
computation. In the intermediate temperature regime where the tau Yukawa coupling is
in equilibrium but the muon and the electron ones are not, the 3× 3 density matrix can
be replaced by the asymmetry stored in the tau lepton doublet and by a 2 × 2 density
matrix describing the flavour asymmetries in the (ℓe, ℓµ) subspace and their quantum
correlations. In this case too, the 2-flavour calculation in which the (ℓe, ℓµ) subspace is
described by a single flavour ℓ0 does not in general give a good approximation of the
flavour-covariant computation. Finally, when the tau and muon Yukawa couplings are in
equilibrium, flavour covariance is completely broken and the dynamics of leptogenesis is
described in terms of the asymmetries stored in the three lepton doublets ℓe, ℓµ and ℓτ .

We performed a numerical study of the impact of flavour effects and spectator pro-
cesses on the generated baryon asymmetry for judiciously chosen ansätze, and compared
the flavour-covariant computation with flavour non-covariant approximations used in the
literature, with or without spectator processes included. We found discrepancies in the
predictions for the baryon asymmetry ranging from an order one factor to two orders of
magnitude. In particular, we showed that successful leptogenesis can easily be achieved
when the decays of the triplet into leptons and Higgs bosons occur at a similar rate, while
it would require a significantly heavier triplet in the single flavour approximation. As
a result, the minimal triplet mass allowed by successful leptogenesis is lowered by the
inclusion of flavour effects, from 1.2 × 1011 GeV to 4.4 × 1010 GeV in the case where the
scalar triplet and the additional heavy states give comparable contributions to neutrino
masses.

Throughout this paper, we worked in a framework in which the contribution of the
additional heavy states to the CP asymmetries is parametrized by an effective dimension-5
operator, but the procedure we used to derive the flavour-covariant Boltzmann equations
can also be applied to explicit models with e.g. several scalar triplets, or with a scalar
triplet and right-handed neutrinos. The formalism employed in this paper can also be
used to study the scenario of purely flavoured leptogenesis [30, 31] in a flavour-covariant
way. In the framework used in this paper, this would require the addition of the effective
four-lepton operator (2.11).
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A Reaction densities

We summarize in this appendix some useful formulae for the reaction densities used in this
paper. Let us first recall the general expression for the (thermally averaged) space-time
density of a general reaction a+ b+ . . .→ i+ j + . . . . Neglecting Bose enhancement and
Pauli blocking factors:

γ(a+ b+ . . .→ i+ j + . . .) =

∫

d3pa
(2π)32ω~pa

ρeqa
d3pb

2ω~pb(2π)
3
ρeqb . . .

d3pi
2ω~pi(2π)

3

d3pj
2ω~pj (2π)

3
. . .

|M|2 (2π)4δ(4)(pa + pb + . . .− pi − pj − . . .) , (A.1)

where |M|2 is the squared matrix element summed over the internal degrees of freedom
of the initial and final states, and ρeqX (~p) is the phase-space distribution function of the
particle X at kinetic and chemical equilibrium, which only depends on the bosonic or
fermionic nature of X:

ρeqB
F

(~p) =
1

eβ(E−µ) ∓ 1
. (A.2)

In the following all computations are done using the Maxwell-Boltzmann statistics, i.e.
neglecting the difference between bosons and fermions:

ρeqF (~p) = ρeqB (~p) = e−β(E−µ) ≡ ρeqMB(~p) . (A.3)

With this approximation, the space-time density of triplet and antitriplet decays can be
written as

γD = sΣeq
∆

K1(z)

K2(z)
Γ∆ , (A.4)

where Σ∆ ≡ (n∆ + n∆̄)/s is the comoving number density of triplets and antitriplets,
K1,2(z) are modified Bessel functions of the second kind, z ≡M∆/T and Γ∆ is the triplet
decay width. For 2→ 2 scatterings, one has

γ(a+ b→ i+ j) =
T

64π4

∫ ∞

smin

ds s1/2σ̂(s)K1

(√
s

T

)

, (A.5)

where σ̂(s) = 2s λ(1,m2
a/s,m

2
b/s)σ(s) is the reduced cross-section summed over the in-

ternal degrees of freedom of initial and final particles.
When computing the space-time density of a 2 → 2 scattering, one must take care

to properly subtract the contribution of on-shell intermediate particles, which is already
taken into account in decays and inverse decays [59]. When the resonance occurs in the
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s-channel, one can compute the subtracted reaction density by taking away the resonant
part from the squared propagator in the narrow-width approximation [50, 5]:

|D|2 → |D|2 − π

MΓ
δ
(

s−M2
)

, (A.6)

where M and Γ are the mass and width of the intermediate particle, and D is the propa-
gator of the intermediate state in the Breit-Wigner form:

D =
1

s−M2 + iMΓ
. (A.7)

We have to do this for the computation of γ(ℓℓ → H̄H̄) and γ(ℓℓ → ℓℓ), which receive
a contribution from s-channel triplet exchange. Similarly, when computing γ(ℓ∆̄→ ℓ∆̄),
one has to subtract the contribution of real intermediate leptons in the u-channel, corre-
sponding to the two processes ∆̄ → ℓℓ and ℓℓ → ∆̄. Following Ref. [5], we perform the
subtraction in the following way:

|D|2 → |D|2 − π

EΓth
δ (u) , (A.8)

whereE is the energy of the intermediate lepton, Γth its thermal width, and the propagator
of the intermediate lepton is

D =
1

u+ iEΓth
. (A.9)

As in Ref. [5], we use the following representation of δ(x) in numerical computations:

δ(x) =
2

π

ǫ3

(x2 + ǫ2)2
, (A.10)

where ǫ is a small number. In the limit of small width, which we assume to be valid, one
can simply set ǫ = Γ/M for a resonance in the s-channel with an intermediate particle of
mass M and width Γ, and EΓth = ǫM2

∆ for a resonance in the u-channel, with any small
value for ǫ. With this choice, one can compute the subtracted space-time densities for the
various 2→ 2 scatterings.

In what follows, we note x ≡ s/M2
∆. The reduced cross-sections for the scatterings

involving 2 leptons and 2 Higgs bosons are, after subtracting the contribution of the
on-shell intermediate triplet,

(σ̂ℓℓH̄H̄)∆ =
3xM2

∆

8πv4
m̄2

∆

(1− x)2 − ǫ2
[(1− x)2 + ǫ2]2

,

(σ̂ℓℓH̄H̄)I =
3xM2

∆

8πv4
Re
[

tr(m∆m
†
H)
] 1− x
(1− x)2 + ǫ2

, (A.11)

(σ̂ℓℓH̄H̄)H =
3xM2

∆

8πv4
m̄2

H ,

for ℓℓ→ H̄H̄, and

(σ̂ℓHℓ̄H̄ )∆ =
3M2

∆

2πv4
m̄2

∆

(

− 1

1 + x
+

ln(1 + x)

x

)

,

(σ̂ℓHℓ̄H̄ )I =
3M2

∆

2πv4
Re
[

tr(m∆m
†
H)
]

(

1− ln(1 + x)

x

)

, (A.12)

(σ̂ℓHℓ̄H̄ )H =
3xM2

∆

4πv4
m̄2

H ,
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for ℓH → l̄H̄, where the superscripts ∆, H and I refer to the contributions of the scalar
triplet, of the D = 5 operator (2.9) responsible for mH and to the interference between
the two contributions, respectively. For the 2 lepton–2 lepton scatterings ℓℓ → ℓℓ and
ℓℓ̄→ ℓℓ̄, we obtain

σ̂ℓℓℓℓ =
3

32π
λ4ℓ x

2 (1− x)2 − ǫ2
[(1− x)2 + ǫ2]2

, (A.13)

and

σ̂ℓℓ̄ℓℓ̄ =
3

16π
λ4ℓ

(

2 +
2

1 + x
− 4

x
ln(1 + x)

)

. (A.14)

We did not include the gauge contributions since they do not violate flavour, hence they
drop from the Boltzmann equations. Finally, the reduced cross-sections for the scatterings
ℓ∆→ ℓ∆, ℓ∆̄→ ℓ∆̄ and ℓℓ̄→ ∆∆̄ are given by, after subtracting the contribution of the
on-shell intermediate lepton in the u-channel,

σ̂ℓ∆ℓ∆ =
9

32π
tr[ff †ff †]

(x− 1)4

x4
, (A.15)

σ̂ℓ∆̄ℓ∆̄ =
9

32π
tr[ff †ff †]

[

ln

(

x2
(

(x− 2)2 + ǫ2
)

x2ǫ2 + 1

)

+
(x− 1)2

x

4− 2x

(x− 2)2 + ǫ2

]

, (A.16)

σ̂∆∆̄
ℓℓ̄ =

9

32π
tr[ff †ff †]

√

1− 4

x

[

(x− 2)
√

(x− 4)x
ln

(

x− 2 +
√

x(x− 4)

x− 2−
√

x(x− 4)

)

− 2

]

. (A.17)

With the above expressions, one can compute numerically the reaction densities γℓH ,
γ4ℓ and γℓ∆ that appear in the washout termsWℓH

αβ ,W4ℓ
αβ andWℓ∆

αβ , respectively (see Sub-
section 2.3 for the definition of these reaction densities and Eqs. (3.52), (3.53) and (3.54)
for the washout terms). We also need the space-time density of triplet-antitriplet annihi-
lations into Standard Model particles, γA, which enters the Boltzmann equation for Σ∆,
Eq. (3.60). The contribution of gauge scatterings to γA has been computed in Ref. [26].
There are also subleading contributions proportional to λ4ℓ , λ

4
H , λ2ℓg

2
a and λ2Hg

2
a, which we

do not include in our computation.
Fig. 12 shows the typical magnitude of the various reaction densities and their evolution

as a function of z = M∆/T (here for M∆ = 5 × 1012 GeV, m∆ = imν and λH = 0.2).
A ratio γR/Hnγ smaller than 1 indicates that the reaction R is slow on a cosmological
time scale. In this example, most scatterings are negligible, except for the ones involving
Higgs bosons; however, the latter become slower than the expansion of the universe at the
time where decays start to dominate over annihilations, a necesary condition for a large
lepton asymmetry to develop [26, 32]. For the present choice of parameters, however, the
third Sakharov condition would not be satisfied in the single flavour case, as both decays
into Higgs bosons and into leptons are in equilibrium at the time of leptogenesis (i.e. at
z . 10, before the triplet abundance becomes strongly Boltzmann-suppressed). Taking
into account flavour effects leads to an enhanced efficiency because some “flavoured” decay
channels ∆→ ℓ̄αℓ̄β are significantly slower than others.
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Figure 12: Space-time densities of decays (BℓγD, BHγD) and scatterings (γA, γℓH , γ4ℓ and γℓ∆)
in units of Hnγ, as a function of z = M∆/T , for the values of the parameters indicated in the
text.
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