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Zero-temperature spinglass-ferromagnetic transition :
scaling analysis of the domain-wall energy

Cécile Monthus and Thomas Garel
Institut de Physique Théorique,
CNRS and CEA Saclay
91191 Gif-sur-Ywvette, France

For the Ising model with Gaussian random coupling of average Jo and unit variance, the zero-
temperature spinglass-ferromagnetic transition as a function of the control parameter Jo can
be studied via the size-L dependent renormalized coupling defined as the domain-wall energy
JE(L) = EéASF)(L) — Egs) (L) (i-e. the difference between the ground state energies correspond-
ing to AntiFerromagnetic and Ferromagnetic boundary conditions in one direction). We study
numerically the critical exponents of this zero-temperature transition within the Migdal-Kadanoff
approximation as a function of the dimension d = 2,3,4,5,6. We then compare with the mean-field
spherical model. Our main conclusion is that in low dimensions, the critical stiffness exponent 6°¢
is clearly bigger than the spin-glass stiffness exponent 6°¢, but that they turn out to coincide in
high enough dimension and in the mean-field spherical model. We also discuss the finite-size scaling
properties of the averaged value and of the width of the distribution of the renormalized couplings.

I. INTRODUCTION

Among the various phase transitions that occur in disordered systems, the case of zero-temperature critical points
is especially interesting since a new critical droplet exponent 6¢ is present with respect to thermal transitions and
modifies the standard hyperscaling relation. This phenomenon has been studied in detail for the random field Ising
model (see the review @] and references therein). For the random bond Ising model

H=- > J;8iS, (1)
<i,j>
where the random couplings J;; are drawn with a Gaussian distribution of average Jy and variance unity
1 (J35—J0)>
P(Jij) = —e 2 2
( 1]) \/% ( )
there also exists also a zero-temperature transition as a function of the control parameter Jy (see for instance E—IE]
and references therein). Of course, many other works on the random bond Ising model have been devoted to the
thermal phase transitions between the spin-glass phase and the paramagnetic phase, or between the ferromagnetic
phase and the paramagnetic phase, but these transitions at finite temperature will not be discussed in the following,
where we focus on zero temperature.

Within the droplet scaling theory ﬂﬂ@], this zero-temperature transition between the spin-glass order and the
ferromagnetic order can be studied via the properties of the size-dependent effective renormalized coupling Jf(L). For
a d-dimensional disordered sample of linear size L containing N = L¢ spins, it is defined by the following Domain-Wall
Energy

JR(L) = BSO (L) - EGJ(L) 3)

where Eg}gF) (N) and Eg;) (N) are the ground state energies corresponding to AntiFerromagnetic and and Ferro-
magnetic boundary conditions in the first direction respectively (the other (d — 1) directions keep periodic boundary
conditions). The two phases can be characterized via the scaling of the average value J? (L) and of the width AJ?(L)
of the probability distribution of the renormalized coupling J?(L) over the disordered samples :
(i) in the spin-glass phase Jy < J., the average value JI (L) becomes negligible with respect to the width AJZ(L)
Jav(L)
w5 4
AJE(L) L+ (4)
(ii) in the random ferromagnetic phase Jy > J., the width AJ?(L) becomes negligible with respect to the average
value JEZ (L)
Jav(L)

AJE(L) Lo T (5)
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(iii) at the critical point Jo = J., the averaged value JZ (L) and the width AJ®(L) remain in competition at all
scales
Jav(L)

AJR(LY 151w (6)

As emphasized by Bray and Moore on the example of the Random-Field Ising model [20], the presence of some
critical droplet exponent 6¢ is directly related to the zero-temperature nature of the fixed point : for a thermal
fixed point occurring at a finite T, the fixed point corresponds to a fixed ratio Jp /7. so that the renormalized
coupling Jy, has to be invariant under a change of scale L at criticality ; for zero-temperature fixed points however,
the competition is not between some renormalized coupling J; and the temperature 7', but between two types of
renormalized couplings, in our present case the average value JI? (L) and the width AJT(L). At the critical point,
even if the ratio of Eq. [l is fixed, both are actually expected to grow as LY with the scale L. Since the critical
droplet exponent is positive 8¢ > 0, the temperature T is irrelevant with respect to the growing renormalized couplings
JE(L) ~ AJE(L) ~ L%. So from the point of view of the renormalization flows, this zero-temperature critical point
is repulsive in the direction of the parameter Jy that controls the transition between the spin-glass phase and the
ferromagnetic phase, but is attractive in the temperature direction. As a consequence, it is expected to govern also
the critical behaviors between the spin-glass phase and the ferromagnetic phase in a finite temperature region around
T=0.

The aim of this paper is to study the critical exponents governing the averaged value JIt (L) and the width AJ®(L).
The paper is organized as follows. In Section [[I, we study numerically this zero-temperature transition within the
Migdal-Kadanoff approximation as a function of the dimension d = 2,3,4,5,6. In section [II, we analyze the mean-
field spherical spin-glass model. Our conclusions are summarized in section [Vl In Appendix [Al we also recall the
properties of this zero-temperature transition for Derrida’s Random Energy Model.

II. MIGDAL-KADANOFF RENORMALIZATION IN DIMENSIONS 2<d <6

A. Renormalization equation for the renormalized coupling

A A A
VAR v

B B B

n=0 —» n=1 - > n=2

FIG. 1: Hierarchical construction of the diamond lattice of branching ratio b.

Among real-space renormalization procedures [21], Migdal-Kadanoff block renormalizations |22] play a special role
because they can be considered in two ways, either as approximate renormalization procedures on hypercubic lattices,
or as exact renormalization procedures on certain hierarchical lattices [23, 24]. One of the most studied hierarchical
lattice is the diamond lattice which is constructed recursively from a single link called here generation n = 0 (see
Figure [Tl): generation n = 1 consists of b branches, each branch containing 2 bonds in series ; generation n = 2 is
obtained by applying the same transformation to each bond of the generation n = 1. At generation n, the length L,
between the two extreme sites A and B is L,, = 2", and the total number of bonds is

In(20)

Bn = (2b)" = L) with  deys(b) = (7)



where d.¢#(b) represents the fractal dimensionality. On this diamond lattice, various disordered spins models have been
studied, such as the diluted Ising model [25], ferromagnetic random Potts model [26-31] and spin-glasses |2, [18, 32-141].

Here we are only interested into the zero-temperature ground state energies given the two boundary spins, which
evolve according to the recursion

b
Sa,Sp __ . Sa,Si=+1 S;=+1,Sp. pSa,Si=-1 S;=—1,Sp
Ecs™” = E :mm [EGS + Ecs s Ecs + Ecs (8)
i=1

with the initial condition
E2A5P = —JapSaSp (9)

To take into account the invariance by a global flip of all the spins, it is more convenient to introduce the ground
state energies corresponding to Ferromagnetic and AntiFerromagnetic boundary conditions

F bt _ e
Egs =Egs = Egs

AF — = —+
Egs =Egs =Egs (10)
with the renormalization rules

b
Egs = Z min [Egs(iA) + Egs(iB)§ Eég(iA) + Eég(iB)]
=1
b
E4E = min [EEg(ia) + ESE (in); ESE (ia) + Efs(in)] (11)
=1

where the notations i4 and ip refers to the bonds of the branch i connected respectively to the boundary A and B
on the central lattice of Figure [l
The corresponding initial conditions (Eq. [) read

Efs = —Jap
EAE = Jap (12)
So the renormalized coupling of Eq. [
EAF _ EF

JR = ZaGs GS 13
. (13)

evolves according to the well known renormalization rule

b

TR = sign(Ji, i Jmin [ Ji, |; | i | (14)

i=1

B. Numerical pool method

The standard method to study numerically the renormalization Eq [I4] is the so-called 'pool method’. The idea
is to represent the probability distribution P,(J,) of the renormalized coupling J,, at generation n by a pool of M
(OR (N J1(1M))

realizations (Jp ’, . The pool at generation (n + 1) is then obtained as follows : each new realization

(szz)rl) is obtained by choosing (2b) realizations at random from the pool of generation n and by applying the
renormalization equations given in Eq. [[4l The initial condition at generation n = 0 corresponds to the Gaussian
distribution of Eq. Bl The numerical results presented below have been obtained with a pool of size M = 3.107 which
is iterated up to n = 60 or n = 80 generations. For each value of the fractal dimension d.s¢ of Eq. [7 this pool method
is applied for various values of the control parameter Jy of the initial condition in order to locate by dichotomy the
critical value J..
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FIG. 2: RG flows in log-log for the case dcjy = 2
(a) RG flow of the averaged value JZ (L) as a function of the length L for various initial values Jo :
for Jo > (J;ool)7L = 1.2164555, the asymptotic straight lines correspond to Eq. B8: In J&, ~ dsIn L + Ino(Jo),

whereas for Jo < (J5,01)” = 1.2164554, the averaged value JE flows towards zero.
(b) RG flow of the width AJ®(L) as a function of the length L for various initial values Jp :
for Jo > (J;ool)7L = 1.2164555, the asymptotic straight lines correspond to Eq. BT: In AJ® ~ 0%, In L + In p(Jo),

whereas for Jo < (Jp001) = 1.2164554, the asymptotic straight lines correspond to Eq. [3: In AJR ~05CInL +1InT(Jo).

C. Critical point Jy = J.

As an example on Fig. [2 concerning the case d.fs = 2, we show our data concerning the RG flows of the averaged
value J (L) and of the width AJ®(L) as a function of the length L for various initial values Jy : the pool critical
parameter J;, , is determined as the point where we see the bifurcations in both flows. Our numerical data yield the
following values

Tooo(dey =2) =~ 1.21643545

Teoot(dess = 3) =~ 0.66448034

TCooi(desy =4) =~ 0.419828938

JCoi(dess = 5) =~ 0.281555071

Jeoor(desr = 6) =~ 0.193923375 (15)

For length scales before the bifurcation, the RG flows concerning the nearest values of J7 , from above ( ;fool)+
and from below ( ;ool)’ coincide and represent the critical RG flows. As expected, and as as shown on Fig. [ for

the case d.fs = 2, the critical flows of the averaged value J (L) and the width AJf(L) are governed by the same
exponent 6¢ (so that they remain in competition at all scales (Eq[6]))

JE(L: Jy=J.) o LY
AJR(L; Jy=J.) o« LY (16)

Within the Migdal-Kadanoff renormalization, our numerical results yields the following value as a function of the
dimension dcss of Eq. [

0°(dejs =2) =~0.14
0°(dejs = 3) =~ 0.46
0°(desp =4) ~0.87
GC(deff 5) ~1.32
Gc(deff = 6) ~1.79 (17)
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FIG. 3: For d.js = 2, comparison of the RG flows of the averaged value JZ (L) and of the width AJT(L) at the critical
point Jg,,; [These critical RG flows are obtained by considering the RG flows for the values Jo = (J;m,l)+ = 1.2164555 and
(Jpoot)~ = 1.2164554 as long as they coincide before the bifurcations shown on Fig. B]. The common slope of the two RG flows

yields the critical droplet exponent 6. of Eq [I6l

Note that the value obtained here 6¢(d.sy = 2) =~ 0.143 is actually close to the values measured on the square lattice,
namely 6°(d = 2) = 0.19(2) and 6°(d = 2) = 0.16(4) in Ref. 6] as well as 0°(d = 2) = 0.12(5) and 0°(d = 2) = 0.13(5)
in Ref. [10]. Unfortunately for hypercubic lattices in dimension d = 3,4, 5, 6, we are not aware of numerical measures
of the exponent 6¢ to compare with the Migdal-Kadanoff values of Eq. {1

It is also interesting to note that the critical exponents 6°(dcs¢) of Eq. [Tl seem to be very close to the critical
exponents 0z(deyss) given in Table 1 of Ref. |31] concerning the disordered Potts model in the large-q limit on the
same diamond lattices where there is no spin-glass phase. It is not clear to us whether this is a coincidence or not.

D. Spin-Glass phase Jy < J.

In the Spin-Glass phase Jy < J., the average value JZ (L) becomes negligible with respect to the width AJ?(L)
(Eq. ). More precisely, the averaged coupling vanishes asymptotically (see Fig. 2 (a))

Ta(0 < Jo < Je) = 0 (18)
—4o0

whereas the width of the distribution grows with the stiffness exponent #°¢ (which coincides with the droplet exponent
within the droplet scaling theory |[17-19])

AJR(0 < Jo < J.) o T(Jo) L8 (19)

as shown on Fig. [2 (b) for the case deys = 2. Within the Migdal-Kadanoff approximation, our numerical results of
the pool method for the diamond lattice yield the following values as a function of the fractal dimension

05 (dess =2) =~ —0.27

05%(deyy =3) ~0.26

0% (desr =4) ~0.76

0°%(deyy =5) ~1.27

05 (desp = 6) =~ 1.77 (20)

that may be compared with the stiffness exponents measured on hypercubic lattices (see [42] and references therein)
005G (d =2) ~ —0.28; 099 (d = 3) ~ 0.24; 05%(d = 4) ~ 0.61; 65¢(d = 5) ~ 0.88; 05%(d = 6) ~ 1.1.



From the asymptotic straight lines of the RG flow of the width AJF for .Jy < Joor (see Fig. Bl (b)) we may extract
the stiffness modulus Y (Jy) and plot it as shown on Fig. @ to estimate the critical exponent y governing the divergence

near the transition

T(Jo<J) o (Jo—Jo)7¥ (21)
Jo—Jo

Our numerical data yield the following values for the critical exponent y as a function of the fractal dimension

y(deff = 2) ~ (.75

y(deff = 3) ~ (.27

y(deff :4) ~ (.12

y(defr =5) =~0.05

y(defr =6) =~0.02 (22)
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FIG. 4: Measure of the critical exponents concerning the stiffness modulus Y (Jo) o (J. — Jo) ¥ of the spin-glass phase Jo < J¢,
the surface tension o(Jy) o (Jo — J.)® and the amplitude p(Jo)  (Jo — Jc)" of the random ferromagnetic phase Jo > J :

(a) for the case defy = 2, the slopes yield y ~ 0.75 ,s ~ 1.55 and r ~ 0.28

(b) for the case dery = 3, the slopes yield y ~ 0.27 , s ~ 2.02 and r ~ 0.39.

Results for other dimensions d.s; are given in Eqs 22 BTl and H0] .

Let us now consider the following finite-size scaling form [6]

AJR(Jy < J) LY ®gq ( (23)

_L
o (Jo)
to define the spin-glass correlation length

SG(JO) x (Jo— JO)*VvSaGT (24)

var -~
Jo—Jc

esGiec

The matching with Eq 9 yields the following power-law behavior ®g¢(z) o< x at large x yielding the following

divergence for the stiffness modulus

sc 9c_pSG
T(JO < JC) X [ var(‘]o)] (25)
Jo—=Jo
or equivalently the following relation between critical exponents
Y = Viay (0° = 0°9) (26)



The previous numerical results given for ¢, #5¢ and y yield
0.75
s5G
deft =2) ~—————~138
Voar(derr =2) = 590027
0.27
5G
defr = ~— ~ 1,
Voar(dess =3) = Gag 596 = 135

0.12

~ 087 —ox6 1t (27)

Voar(degp = 4)

The two other cases d.sy = 5 and des; = 6 do not give precise estimations of v55 because the numerator and the
denominator are both small.

E. Random Ferromagnetic phase Jy > J.

In the random ferromagnetic phase Jo > J., the width AJ?(L) becomes negligible with respect to the average
value JE (L) (Eq. b)), but it is interesting to consider the behavior of both.

1. Averaged renormalized coupling

For Jy > J. (see Fig. B (a)), the averaged renormalized coupling J (Jy > J.) presents the same scaling as the
pure ferromagnet : for short-ranged models, the energy cost of an interface grows as the surface L% of a system-size
interface

JE(Jo > Je) o< o(Jo) L% (28)
where the interface dimension is simply
de =deyy — 1 (29)

Since the surface dimension is always bigger than the critical stiffness exponent 6¢ (Eq. [IT), the surface tension
o(Jp) of Eq. 28 vanishes at the transition

U(JQ > Jc) X (JO — JC)S (30)

Jo—JF

From the asymptotic straight lines of the RG flow for Jo > Jg,, (see Fig. 2 (a) ), we may extract the surface

tension o(Jy) and plot it as shown on Fig. [ to estimate the critical exponent s of Eq. B

S(deff = 2) ~ 1.55
S(deff = 3) ~ 2.02
S(deff = 4) ~ 24
S(deff = 5) ~ 2.85
S(deff = 6) ~ 3.28 (31)
The finite-size scaling form [6]
JE (> J) oL Wp L (32)
“ av(Jo)
allows to define the ferromagnetic correlation length
Em(o) o (Jo = Je) e (33)

J[)%Jz’
The matching with Eq. yields the following behavior for the surface tension

c—0F

o(Jo>Je) o [€5,(Jo)]



i.e. the following relation between critical exponents
s=vk (ds — 6°) (35)

Note the difference with the Widom relation s = vd, = v(d — 1) |43] for thermal transition characterized by 6. = 0.
The previous values given for 6. and s yield

vE (deyyr =2) :%:1.8
vE (deps = 3) :%21.3
vE (dejp=4) =~ 3_2%;87 ~1.13
vE (deyy =5) :%:1.06
vE (dejp =6) =~ % ~1.02 (36)

that coincide from the estimate of Eq. within the spin-glass phase.

2. Width of the probability distribution of the renormalized coupling

Let us now consider the width AJ®(Jy > J.) of the probability distribution of the renormalized coupling around
the averaged value of Eq. (see Fig. B (b)) : it grows with some exponent §f = representing the droplet exponent
of a directed interface of dimension d; = d — 1 in a space of dimension d

ATR(Jo > Jo) o p(Jo)L%ar (37)
This exponent 85 = takes the following values within the Migdal-Kadanoff approximation

efar(deff = 2) ~0.3

T

0F (desr =3) =~0.76
0F (depr =4) ~1.24
0F (dejr =5) =~1.73
Opar(desy = 6)  ~2.23 (38)

Note that the value 6% (d.;s = 2) ~ 0.3 corresponds to the droplet exponent of the Directed Polymer model on the
diamond lattice with deyy = 2 [29,144, l45] that may be compared with the exact value 0%, (d = 2) = % for the Directed
Polymer on the square lattice [46]. The values 6% (d.ss = 3) ~ 0.76 and 0%, (d.ss = 4) ~ 1.24 may be compared
with the corresponding droplet exponents 6 =3)~0.84 and 0% (d = 4) ~ 1.45 measured on hypercubic lattices
7).

It is also interesting to note that the critical exponents 6%, (des) of Eq. B8 coincide up to numerical errors with
the critical exponents 6(desr) of the disordered Potts model in the large-q limit on the same diamond lattices (see
Table 1 of Ref. [31]). More generally, the exponents 6% (d.;s) are expected to be the same for all values of the
parameter g of the Potts model (see also [29] where 6F (dess = 2) ~ 0.3 has also been measured for the Potts model
of parameter ¢ = 8).

Since the fluctuation exponent 0 in the ferromagnetic phase is bigger than the critical stiffness exponent ¢ (Eq
[[7), the amplitude p(Jy) of Eq. B7 vanishes at the transition

p(JO > Jc) X (JO —J ) (39)

Jo—Jd

var(

From the asymptotic straight lines of the RG flow for Jo > J7, (see Fig. 2 (b) ) we may extract the amplitude p(.Jo)
and plot it as shown on Fig. M to estimate the critical exponent r

’I”(deff = 2) ~ (.28

r(des; =3) ~0.39
r(desp =4) ~0.43
T‘(deff = 5) ~ (0.44
T‘(deff = 6) ~ (0.45 (40)



The finite-size scaling form 6]

. L
AJR(Jy > J.) o« L ®p (W) (41)

var

in terms of some correlation length

FoJo) o (Jo— Jo) Veer (42)

ver Jo—JF
yields the following behavior via the matching with Eq. B7

0°c—oF

p(Jo > Je) o [Ehn(Jo)] (43)
i.e. the following relation between critical exponents
r= 1/517‘ (efar - 96) (44)
The previous values given for ¢,  ~and r yields
0.28
F
derr =2 ~_—— " ~18
Voar (dess =2) = 553113
0.39
r
deft =3) ~———~13
Voar(dets =3) = 576016
0.43
F
defr=4) ~-———~1.1
Voar(depy =4) = 75 g7 = 110
0.44
r
derr =5 ~— ~1.07
Vear(dery =5) = 1755
0.45
r
derr = ~——— ~1.02 4
Vhildegs =6) & 5o 10 (45)
in agreement with Eq. 27 and Eq.
40 8
6 |- -
4+ il
30 8
2 |- |
or— = 8
20 | 8 Pl AN ]
\
-4 - \\\ 4
10 1 _: | AN |
-10 | \\\ g
or N\ | -12 ¢ N 1
\
\ -14 \ 4
-10 ‘ ‘ A ‘ ‘ -16 ‘ ‘ ! ‘ ‘ ‘
-30 -20 -10 0 10 20 30 40 -30 -20 -10 0 10 20 30 40

FIG. 5: Data collapse of the RG flows for the case defy = 2 (data of Figure 2]) via finite-size scaling with the exponents
0°=0.14 and v = 1.8 :

JE (L) . 1
(a) In ( S ) as a function of In <|Jo - JC|LV) (see Eq. B2)

(b) In (%) as a function of In (|J0 - JC|L%) (see Egs 23] and [HI)).
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F. Conclusion

Our conclusion is thus that the average JZ and the width AJ% of the distribution of renormalized coupling satisfy
finite-size scaling with a single correlation length exponent (Eqs [27] B6] and E3])

_ ., F _ _ F _ SG
V="Voy = Vyar = Vvar (46)

As an example, we show on Fig. [l the data collapse obtained from the data of Figure ) concerning the RG flows for
the case deyy = 2.
The role of the critical stiffness exponent 6¢ in the relations between critical exponents can be summarized as follows

(Eqs 26] B3l and [4)

y =v(°—6°9
s =voh, )
r =v(},, — 6 (47)

where 6, = ds; = d.;; — 1 in short-ranged models (Eq. 28).

III. MEAN-FIELD SPHERICAL SPIN-GLASS MODEL

A. Definition of the Model

In this section, we consider the fully connected Spherical Spin-Glass model introduced in [48] defined by the
Hamiltonian

1
H=-3 > JiiSiS; (48)
i#j
where the N spins are not Ising variables S; = 1 but are instead continuous variables S; €] — 0o, +00[ submitted to
the global constraint

N
Y sz=N (49)
i=1

Since each spin is connected to the other (N — 1) spins, the distribution of couplings of Eq. [ which was adapted to
finite-connectivity lattices, has to be replaced by the following rescaled random couplings

__ gFerro (0)
Jii = JEemo 4 S

Jo
J_F_'erro —
Y N -1
J .(Q) = _ S 50
) N —1 ( )
where €;; = €;; are drawn with the Gaussian distribution of zero mean and unit variance
1 e
Ple) = —e 7 (51)

and where Jy > 0 is the parameter controlling the ferromagnetic part of the coupling
Jo

r: J_F_'erro _
g N-1

(52)

B. Reminder on the ground state energy in each sample for Jy =0

For Jo = 0, the symmetric matrix J(® of random couplings belongs to the Gaussian Orthogonal Ensemble (GOE).
Let us introduce its diagonalization

N
JO = Zep|ep >< ey (53)

p=1
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in terms of the IV eigenvalues e, labeled in the order
€] > €3 > .. > €EN (54)

and of the N corresponding eigenvectors |e, >. It is convenient to write also the spin vector in this new basis

N N
1S >= "8ili >=)_ S, le, > (55)
i=1 p=1
The energy of Eq. 48 and the spherical constraint of Eq. then read
1
_ 2
H =- 9 Z epsep
p=1
N
_ 2
N =Y s (56)
p=1

The ground-state is then obvious : the minimal energy is obtained by putting the maximal possible weight in the
maximal eigenvalue e; (Eq. B4) and zero weight in all other eigenvalues e, with p =2,3,.., N

GS _
See, =0
(56°)? =N (57)
The corresponding ground-state energy
ECGS(N) = —N%l (58)

thus only involves the maximal eigenvalue e; of the GOE matrix. Its asymptotic distribution for large N is known to
be

e =2 (1 - ﬁ) (59)

where the value 2 corresponds to the boundary of the semi-circle law

ple) = = /I &2 (60)

2

that emerges in the thermodynamic limit N — +o00, and where u is a random variable of order O(1) distributed with
the Tracy-Widom distribution [49]. The ground-state energy of Eq. B8l thus reads [50, 51]

ECS(N) = -NT = -N+N# (61)

In summary for Jy = 0, the extensive term is non-random, and the next subleading term is of order N 3 and random,
distributed with the Tracy-Widom distribution. So the droplet exponent w®® characterizing the spin-glass phase
takes the simple value

1

when redefined in terms of the number N of spins (and not with respect to the length which does not exist in such
fully connected models).

C. Analysis for Jy >0
1. Reformulation as a localized impurity effect

As explained in Ref. [48], the case Jy > 0 can be analyzed by diagonalizing the ferromagnetic matrix (Eq. [B0)

erro J
Jherre = NE -(1=0) (63)
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The “ferromagnetic eigenvector”

N
1 .
=1

is the eigenstate of the matrix of Eq. with the maximal eigenvalue Jy
erTTO|CL0 >= J0|a0 > (65)

and the matrix of Eq. can be then decomposed using the projector onto the ferromagnetic eigenvector and the
projector onto the orthogonal space
Ji
JEerre = Jolag >< ag| — N—El(l_ lag >< ao) (66)
So the orthogonal space to the “ferromagnetic eigenvector” of Eq. is associated to the degenerate eigenvalue
(— Nle) that can be neglected in the following [48]. Using some basis |ar > with k =1,2,.., N — 1 in the orthogonal
space to |ag >, the random couplings of Eq. become

hoa =I5 o)

J,f,;”o = Jodk=0,g=0
Ek,
Ty == (67)

where the ¢, are Gaussian random variables of zero mean and variance unity as in Eq. BI} So J(® is a GOE random
matrix with its associated Green function

N

_ lep >< ep|
Gole) = T = L, (68)

where e, are the energy levels of the GOE matrix (Eq. B3) and |e, > the corresponding eigenvectors. Then the full
matrix Ji 4 of Eq. corresponds to the problem where a single impurity localized on the vector |ag—o > is added

to the GOE matrix J,g?(;. This problem is exactly soluble as follows [52] : the Green function in the presence of the
impurity

N
_ 1 |E, >< E,|
G(z) = = n§:1 -y (69)

where E,, are the energy levels in the presence of the impurity, and |E, > the corresponding eigenvectors, satisfies
the Dyson equation as an operator identity

G(2) = Go(2) 4+ Go(2)JFe°G(2) (70)

with the formal solution
1

G(Z) = 1— GO(Z)JFerro

Go(2) = Go(2) + Go(2)JF™Go (2) + Go(2)JF ™G (2)J TGl (2) + ... (71)

The simplification comes from the form of the perturbation operator

JFeTTO = J0|a0 > a0| (72)

that allows to resum the infinite series of Eq. [Tl into

Go(z)|a0 > GQ|G0(2)
1= Jo < ag|Go(2)]ao >

G(Z) = GQ(Z) + JO

It is thus convenient to introduce the local unperturbed Green function on the ferromagnetic eigenvector |ag > (Eq

[G8)

N 2
< >
90(2) =< ao|Go(2)|ap >= E | <aole, > |7 (74)
=i
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Since the ferromagnetic eigenvector |ag > is an arbitrary vector with respect to the unperturbed GOE matrix J ©)
that has only delocalized eigenvectors |e, >, one has | < agle, > |* = 1/N so that it can be approximated by

N

p() = 53— (75)

z—e
p=1 P

that contains only the GOE energies e,,.
The local perturbed Green function on the ferromagnetic eigenvector |ag >

Y| < aglE, > |2
9(2) =< a0l G(2)|ag >= 2231 —h (76)
can be now directly computed from go(z) of Eq. [[l using Eq. [73
2
95(2)
= Jo—2 7
9(2) = go(2) + Jog— Togo(2) (77)

D. Results in the thermodynamic limit N — +oo

In the thermodynamic limit N — +o00, Eq. can be explicitly computed from the semi-circle law of Eq.

oo 1 [T Va—e2 —V22—4
A O (79)
T ) o z—e 2
Then Eq. [ will have a pole at an energy z = EF > 2 above the semi-circle law if
oo Er —\/E% —4
0=1-Jog{N=NEp) =1 =LY P = (79)

2
leading to

2
ME%—ZL:EF—TO (80)

For Jy < 1, there is no solution, whereas for Jy > 1, the following solution exists [48]

1
EF(JO > 1) =Jo+ — (81)
Jo

and the corresponding residue reads using the explicit form of Eq.

2
95(Er) 1
<E0a0>2 =J07: - - 82
e e 77 <
In summary, the intensive energy of the ground state remains frozen to Eq. for Jp <1
EGS(Jo < 1
BNl <1) -1 (83)
N N —+oc0
whereas for Jy > 1, the intensive energy of the ground state is governed by the ferromagnetic pole of Eq. BT
BGS(Jo > 1 Jo+ 5 Jo—1)
N N—+o00 2 2Jg

So the singularity in (Jy — J.)2~% involves the standard mean-field exponent [48]

aspn, =0 (85)
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The corresponding intensive magnetization (Eq. B2])

V-1 (36)

mN(J0>1)Nj+>w| < Eplag > | = To

involves the singularity (Jy — J.)? with the standard mean-field exponent [48]

1

Bsph =3

: (57)

In summary, in the thermodynamic limit N — 400, the singularities of intensive observables are governed by the
standard mean-field exponents [48]. But it is interesting to discuss now the finite-size effects.

E. Finite-size effects in the two phases and at criticality

(i) In the spin-glass phase, we have already seen in Eq. that the subleading random term with respect to the
thermodynamic limit of Eq. is governed by the exponent w?G = 1/3

sph =
ESS(Jo<1) =-N+ wa,i%
1
Wiph =3 (88)

(ii) In the random ferromagnetic phase, Go(z) of Eq. displays fluctuations of order 1/N'/2 with respect to its
thermodynamic limit of Eq. [[8 so we expect that the pole Er of Eq. BT will inherit from these fluctuations. So for
the ground state energy, the leading finite-size correction with respect to the thermodynamic limit of Eq. [84] will be

Jo+ +
ESS(Jo>1) ~ —N% + Ny
1
why = 5 (89)

(iii) Near the critical point for finite NV, we need to discuss the equation for the pole Er when the GOE energy
levels e, are still discrete,

™) 1 N 1
N
— = Bp)=—3 —
90 (Br) = < Ep — e, (90)

When the pole Er is very close to the highest GOE energy e, the corresponding term will dominate the sum in Eq.
to yield the solution

Jl
Ep ~e + NO (91)

2/3

Using the Tracy-Widom scaling for the gap (e; — e2) o N™%/3_ one obtains that the biggest subleading term in Eq.

is then of order
1 1 1

= = N—1/3 92
N(Erp —e3) N(Ep—e1+e1—e3) JO+UN1/30< (92)

and can be indeed neglected. So we expect that at criticality, the finite-size behavior of the ground state energy

ES%(Jo =1) = —N + N¥hy (93)
is governed by the same exponent
. 1
wsph = § (94)

as in the SG phase of Eq.
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F. Scaling of the renormalized coupling J&

In fully connected models of N spins, the notion of renormalized coupling of Eq. Bl can be adapted as
AP P
IR =BG (N) - ESJ(N) (95)

where "Periodic’ and ’Antiperiodic’ are defined by the following prescription introduced for long-ranged spin-glasses
on a circle [53] : for each disordered sample (J;;) considered as "Periodic’, the ’Antiperiodic’ consists in changing the
sign J;; — —J;; for all pairs (i, j) where the shortest path on the circle goes through the bond (L, 1).

For the spherical spin-glass model at Jy = 0, and more generally in the whole spin-glass phase Jy < J. = 1, the
width AJE of the probability distribution of renormalized coupling JZ(N) grows as [51, 53]

ATR(Jy < J.)  ~Y(Jo)N“rh

1
because the leading non-random extensive term of Eq. cancels in the difference between Periodic and Antiperiodic
in Eq. @3 so that the subleading random term of Eq. B8 becomes the leading term in Eq.

In the ferromagnetic phase Jy > J. = 1, the averaged renormalized coupling JZ (Jy > J..) presents the same scaling
as the pure ferromagnet : for short-ranged models, the energy cost of an interface grows as the surface L% of a
system-size interface (Eqs 28 and 29). But in fully connected model, the surface dimension ds becomes equal to the
volume dimension d, so that the energy cost scales with the total number N = L% of spins

TR (Jo > J.) < o(Jo)N (97)

i.e. here the leading extensive term of Eq. does not vanish between Periodic and Antiperiodic which contains
antiferromagnetic components. As a consequence, the singularity of o(Jp) of Eq. is expected to involve the same
exponent as the exponent (2 — a,pp) = 2 of the intensive energy

Ssph = 2 (98)
The width of the distribution around this average is expected to scale with the fluctuation exponent of Eq.

AJE(Jy > J.) =~ p(Jo) N
1
whon =5 (99)
At criticality, both the averaged value and the width display the same scaling
JE (Jo = J.) o« N¥oh ox AJE(Jy = J.) (100)
with the critical exponent wg , = % of Eq.
The fact that wg, = % and wfpc,i = % coincide implies that the stiffness modulus Y (Jy) of Eq. is not singular at
the transition, so that the critical exponent of Eq. Il vanishes
Ysph = 0 (101)

This behavior seems to represent well what happens in finite dimension for large enough d (Eq. 22)).
On the ferromagnetic side, the finite-size scaling form with respect to the number N of spins for the averaged
coupling

TR (Jo > J.) = N¥my,, | (Jo — Jc)Nﬂ (102)
has to match Eq. @7 with Eq. 08 so that
p=3 (103)

in agreement with the finite-size scaling exponent found for the ferromagnetic/spin-glass transition on the Bethe
lattice [11]. Then the finite-size scaling form for the width of the distribution of the average coupling

qu%>LydWm@m“%—Lwﬂ (104)
has to match Eq. @9 so that the critical exponent of Eq. B9 reads
1
Tsph = 5 (105)

This value seems to describe well what happens in finite dimension for large enough d (Eq. HQ).



16
IV. CONCLUSION

For the Ising model with Gaussian random coupling of average Jy and unit variance, we have characterized the
zero-temperature spinglass-ferromagnetic transition as a function of the control parameter Jy via the size-L dependent
renormalized coupling defined as the domain-wall energy J¥(L) = Eggm (L) - EéFS) (L). In the first part of the paper,
we have studied numerically the critical exponents for the average and the width of the probability distribution of
this renormalized coupling within the Migdal-Kadanoff approximation as a function of the dimension d = 2, 3,4, 5, 6.
In the second part of the paper, we have compared with the corresponding mean-field exponents for spherical model.
Our main conclusions are the following :

(i) the critical stiffness exponent 8¢ > 0 is the main signature of the zero-temperature nature of the transition
(whereas thermal transitions towards the paramagnetic phase correspond to ¢ = 0) and appear in the finite size
scaling relations between exponent as summarized in Eq. @7

(ii) in low dimensions, the critical stiffness exponent ¢ is clearly bigger than the spin-glass stiffness exponent #°¢,
but they turn out to coincide in high enough dimension and in the mean-field spherical model.

We hope that in the future, the critical stiffness exponent 8¢ will be measured for hypercubic lattice in dimensions
d > 2 (see |6, 10] for measures in d = 2), and for the one-dimensional long ranged spin-glass in order to compare with
the values of §5¢ measured in [53].

Appendix A: Reminder on the Random Energy Model

The Random Energy Model is a mean-field spin-glass model that has been introduced and solved in [54]. In this
Appendix, we recall only its properties at zero-temperature (see [54] for full calculations at non-zero temperature).

1. Properties of the spin-glass phase for Jy =0

A realization of the Random Energy Model of N spins is defined by the set of 2V independent random energies
levels E; drawn with the Gaussian distribution

Gn(E) = e (A1)

The ground-state energy E$® is simply the minimal energy of these 2%V independent levels
ES® = min(E;, Ey, ., Eon) (A2)

This standard problem of extreme value statistics [55] can be solved by considering the following integral of its
probability distribution P(ES®)
+00 2V +oo 2"
/ dES P(ES®) = Prob(z < EJ®) =[] Prob(z < E;) = [ / dEGN(E)]

~ ezN In[1-[*  dEGN(E)] ~ esz 7. dEGN(E) (A3)
N—+4o00
Using the complementary error function and its asymptotic expansion at infinity
2 [t 1
erfe(z) = — dte™  ~ e (A4)
N z—F00 24/

one obtains in the regime of interest  — —oo

e T dE  _g Fdy _» 1 T 1 =2
dEGN(E :/ ——e N :/ —e Y = —erfc (——) ~ ¢ N A5
AR BV ¥ ) (45)

yielding

400 \/_e,ﬁ
/ AESSP(ESS) ~ o~ 72 Cove (A6)
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So the characteristic scale xy where the argument of the exponential is unity reads asymptotically for large N

_ InN  In(2y/7ln2) o
N\/_+4\/K+ i +0(1) (A7)

Making the change of variable
EGS =an +v (A8)

one obtains that the variable v is a O(1) random variable distributed asymptotically with the Gumbel distribution

g(v) [53]

+oo 2VIn 2u
/ dvg(v) =~ e~ ¢ vine (A9)

So in the Random Energy Model, the spin-glass phase is characterized by a logarithmic correction to extensivity for
the ground state energy (Eq. [AT), i.e. the droplet exponent vanishes

W% =0 (A10)

in contrast to Eq. concerning the spherical mean-field model.

2. Properties in the presence of an averaged coupling Jy > 0

In the presence of some averaged ferromagnetic coupling Jy, the Random Energy Model is generalized as follows
(see section VIII of Ref. [54]) :
(i) among the 2%V independent energy levels, (N+M) have magnetization M, where M = —N, .., +N.

(ii) the energy of a level with magnetization M is drawn with the magnetization-dependent distribution

GM,N(E) = \/%6_%(13-’_‘]0%) (A11)

So Eq. [A3] for the probability distribution of the ground state energy P(ES®) becomes

+00 peil +00 (Ngf‘”
/ dEGSP(ES®) = Prob(z < EG®) = ]] [ / dEGM,N(E)]
x M=—N x
~e ZMffN (N+Z\/I) [ Jm dEGM,N(E)] ZA{*—N (@)wa dEGju,N(E) (A12)

Using the complementary error function of Eq[A4] and the Stirling approximation for the binomial coefficient

N N! 1 N
— _ 2N efi[(qum) In(14+m)+(1—m) In(1—m)] A13
(230) - o (v~ 72w A

one obtains that the characteristic scale xn p=nm Where the argument of the exponential in Eq. [A12]is unity, reads
asymptotically for large N at fixed intensive magnetization m

m? In N
Thoaronm = ~NyVIn2 = ¢(m) - NJo " + n— +0(1) (A14)
In2 — ¢(m)

with

(1+m)n+m)+(1—m)hnl-m)] ~ 2+ 1+ ommb) (A15)

o(m) = 5

So the intensive energy e(m) = z¥ y;—nm/N as a function of the intensive magnetization m reads

/3= gm) — JO— (A16)
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with the following expansion near zero magnetization

1 m2 11
_—M+(——J)—+7 4 O(m® A7
e(m) . o/mz ") 2 T 102vme (m”) (AL7)

The critical value J. correspond to the value of Jy where the coefficient of the quadratic term of the magnetization
changes sign [54]

1
J. = A18
2v/1n 2 ( )

For Jy < J., the function e(m) is minimum at m = 0, so the ground-state has for intensive parameters [54]

mGS(JQ < Jc) =0
GGS(J() < Jc) =—VIn2 (Alg)
For Jy > J., the minimum of the function e(m) is not at m = 0 anymore, but at two symmetric values +mgg
where

11

0=¢e'(m =(J.— Jo)m+ ——m> + O0(m® A20
No near the transition one obtains the the standard thermodynamic mean-field exponents
1
mas(Jo > J.) o (Jo — Jo) "M with Brpar = B
egs(Jo > Jc) +vIn2 (Jc — Jo)ziaREM with aggy =0 (A21)

as in the mean-field spherical model (Eqs B3 and B7). Exactly at criticality, the leading finite-size correction for the
ground state energy is again logarithmic (Eq. [AT4)), so the the critical droplet exponent vanishes

Wrem =0 (A22)

and coincides with the droplet exponent of the spin-glass phase w}%% v = 0 (Eq. [ATI0). Finally, the finite-size scaling
near criticality (Jo — J.)N* is governed by the exponent

HREM = 2 (A23)

which differs from the value of Eq. found for the spherical mean-field model.
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