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Abstract : This paper provides an analysis method of a robust invariant set for discrete-time linear switched systems
with peak-bounded disturbances. In the case of a switched linear system, it is challenging to analyze the robust invariant
set accurately than that of the linear time-invariant system. We propose a novel method to estimate a robust invariant
set using a combination of a recursive state updating and an invariant ellipsoid for a common Lyapunov function. The
effectiveness of the estimation accuracy by the proposed method is illustrated using numerical examples.
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1. Introduction much larger than that of a time-invariant system. In addition,

Switched linear systems have been widely studied in the pasthe reachable set for the switched linear system is not always
few decades[1]-[6]. Typically, a switched linear system has aP€come a convex set.
number of subsystems, and there is a switching signal deter- On the other hand, there are methods for estimating a Lya-
mining which subsystem is active. They have been integrated®UNov function-based robust invariant set as an ellipsoid[9]. In
into many practical systems, such as automobiles, power Systhis method, a robust invariant set for the linear time-invariant
tems, and aircraft. system is estimated as an ellipsoid region. In addition, a robust

In this paper, we consider the problem of estimating a robustnvariant set is estimated as an ellipsoidal region using Lya-
invariant set for discrete-time switched linear systems. A setPunov function-based methods for the case with a switching
is called an invariant set if the state of a system always Stay§ystem[18]. Itis possible to compute a robust invariant set using
in the given region in state space. In general, the invariant sef Common-Lyapunov matrix for each subsystem of a switching
is defined for autonomous systems. Moreover, invariant sets ofystem. However, considering the existence of a size gap be-
state are considered for a system with a bounded disturbancéveen the reachable set and the invariant set estimated as an
and such cases are called "robust invariant set’[7]. Many stud-€llipsoid region and the use of a common-Lyapunov matrix, we
ies have been developed[8]-[14]. Here, we analyze the invari€XPect a highly conservative result. For improving the conser-
ant set for arbitrary switching signals and disturbances with avativeness of the estimated set, a method with multiple Lya-
constrained peak value. In the case of robust invariant sets iRUNOV strategies was proposed in [19].
linear systems, time-variant systems, and switching systems, 1NiS paper proposes a novel method for estimating a robust
the set of similarity expansion an invariant set is also an in-invariant set that combines a Lyapunov function-based ellipsoid
variant set, and there is a countless number of invariant set€stimation method with an updating the state equation. We ap-
To precisely estimate the impact of a disturbance on a state iRly the proposed method to the switched linear systems to es-
terms of the size of the invariant set, it is important to esti- timate the robust invariant set of the switched linear system for
mate a smaller invariant set. Estimating robust invariant set ca@@k-bounded disturbances accurately.
be used for power systems[15], constrained systems[16], quan- This paper is organized as follows: In Section 2, we first
tized control systems[17], for example. If the system is a linearintroduce methods for estimating reachable set by recursive
time-invariant system, a reachable set of the state is the smalle§@mputation using the discrete-time state equation and ro-
robust invariant set. The reachable set of states for a discretdust invariant ellipsoid by Lyapunov functions for linear time-
time linear time-invariant system is, in principle, obtained by invariant systems. In Section 3, we set up the problem of esti-
setting the initial value of the state to zero, updating the stateMating a robust invariant set for switched linear systems. Fur-
set with the state equation as the update rule, and then advanthermore, we estimate the robust invariant set of the switched
ing the update rule to time infinity. Of course, this is impracti- linear system based on previous studies and investigate the
cal, so methods for estimating the reachable set by finite step@nalytical performance accuracy. In Section 4, we present a
have been studied, such as [9],[10]. On the other hand, it ignethod for estimating robust invariant set using recursive state
complicated for a switched linear system to estimate the reacht/Pdating and robust invariant ellipsoid as the main result. The

able set because the number of parameters to be calculated $§€ctiveness of the proposed method is further verified by us-
ing numerical examples in Section 5.
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discussed. R Is also used to guarantee the safety of the system, and
) there are various studies on how to estimate this set. In this sec-
2. Preparation tion, we introduce two methods for approximatifig,. One is
2.1 Robustinvariant set and state reachable set to approximateR ., by a convex polyhedral set, which is ob-

reachable set for linear time-invariant systems. First, considefther is to approximat®., from the outside by a robust invari-

the following linear time-invariant systems ant set estimated as an ellipsoid region.
X1 = AX + Bwi (1) 2.2 Estimation of state reachable set by recursive state up-
dating

wherex, € R" is the state vector wy € ‘W is the disturbance
and the bounded s&t’ c {w € R™} is a convex polyhedron
with an origin. In addition, lelA € R™", B € R™™, and the

In this section, We explain how to caluculate the region
where statex(k) is reachable by timk and thereby approximate
! : X ’ the state reachable sBt,,. Specifically, we consider bounded
matrix pair (A, B) is a controllable andis a Schur stable ma- it rhances and calculate the state region (convex polyhedron

trix. set L) by recursively updating the state equation (1). First, we

For the control system (1), a robust invariant set of states is g up the set of disturbance#’, as a convex polyhedron as

defined as follows[9]. follows:

Definition 1 For a pair of di;crete-time linear 'time-invariant Wp=(WeR™: My, W < My, ) (6)
systems A, B) and bounded disturbanceg € ‘W, if
whereMqy, € RS¥*™, my, € RS are the matrices rep-
X €X — AX+Bwe X 2 resenting the linear constraint equations that charactetize
I and Oe ‘W, is assumed to hold. In this case, the convex poly-
hedron setfy at timek can be calculated as follows:

Although invariant set is generally defined for autonomous Lo =10},
systems, the invariant set defined here is the invariant set for
the application of a peak-constrained disturbawgewhich is
called a robust invariant set to indicate it. For a given robust in- we Wphk=>1

variant set, the control system guarantees that the state will nQ};nere L, denotes the region where the state of the linear time-
deviate from the set for any disturbance that satisfies the conyyariant system can be reached from the origirkisyeps and
straints. In addition, given a robust invariant set, the set CONan be used as a set to approxintite. This £x can be specif-
taining it is also a robust invariant set, and there are countlesg.q|ly constructed by using the Fourier-Motzkin algorithm[21]

such sets. _ _ o to remove the disturbance term and make it a linear constraint
Then, we consider the reachable set with the origin as thgy, the state term only.

initial state. The reachable set is a region that can be taken by a |, this case. the relationship betweggpandR ., is as follow:
statex, for a disturbancev and is defined as follows[10].

holds at any timé, the setX is a robust invariant set.

Li={xeR"|x=Az+Bw,ze L1, )

LoC--CLy1CLyC Ly C R (8)
Definition 2 For a pair of discrete-time linear time-invariant

systems A, B) and a bounded disturbance € W, the state  Also, theoretically, lim-. Lk = R« is valid by computing up

reachable seR., is given by to k = co. From the above/ becomes closer t&R., ask is
set larger, and setting the valueloppropriately gives a good
Re = (X € R" | X0 = 0, X satisfies(1), 3 approximation ofR,, for L. Thus, we can approximat.,
W € W,k >0}, 3) from the inside by recursive state updating.
] For example, Hirata[10] proposed a method to estimate the

set Ly, satisfyingR., c L. by expanding it in a ratio that
By Definition 2, R, can be re-written as the following term  depends on the accuracy of the estimateLpfobtained for a
in case of the linear time-invariant systems: linear time-invariant system. In this methdl,. is estimated

Reo = (X% €R"| X = 0, Inj € W, Tt > 0, from the outside.

1 , (4) 2.3 Estimation of state reachable set by robust invariant
X = Z AT Bw). ellipsoid
=0 In this section, we explain how to derive a robust invariant
The reachable s& ., represents the state region where the stateset of states in the form of an ellipsoid. First, we set up the set
vectorx(eo) is reachable fronx(0) = O with appropriate choice  of disturbances//; as follow:
of o(k). It can be considered the smallest robust invariant set.
In another viewX is the set coverin@R ., from the outside, and

the relation Then, consider the set of states of an ellipsoid using a positive-
R c X ) definite matrixP that satisfies the following:

We = {weR™|ww< 1} 9)

. L . E(P) = {(xeR"| x"Px< 1}. 10
holds. Therefore, to estimatR.,, it is important to estimate (P =1 | } (10)

how smallX is. In this case, if



SICE JCMSI, Vol.4, No.1, January 2011 3

(Ax+ BwW)"P(Ax+ Bw) < 1 (11) The state reachable sg{, indicates the state region from the
origin and can be considered as the set that gives the smallest
estimate among the robust invariant sets. In another \igis,

the set coverin®., from the outside, and the relation

holds for the disturbance € ‘W, the ellipsoid&(P) is one

of the robust invariant set from the Definition 1. In this con-
nection, the following theorem holds wher@) is the spectral
radius of the matriXA and represents the absolute value of the R.CY (17)
maximum eigenvalue.

holds. Therefore, in order to estimak,, it is important to

nxn nxm, H 1 1
Theorem 1l Let A € R™", B € R be given in a pair estimate how small .

of discrete-time linear time-invariant system B). Further-
more, we assume tha, € W, holds for anyk. The nec- 32 Estimation of reachable set from inside by recursive
essary and dficient condition for an ellipsoi&(P) = {x € state updating

R" | x"Px < 1} to be a robust invariant set of pai&,(B) is that

there exists an € [0, 1 — p(A)?] satisfying In this section, we apply Section 2.2 to approximate the

reachable seR., of the switched linear system from the inside.

ATPA— (1-0a)P ATPB <0 (12) As in Section 2.2, the region of states that can be reached from
BTPA B"PB—al |~ the origin by each time is calculated recursively. However, it
i should be noted that the switched linear system parameters are

time-varying. The region that the state can be reached by each
time for the switched systems may not be a convex polyhedron
set but a set of polyhedra with some concave parts. Therefore,
the treatment is dierent from that of the reachable set estima-
R C E(P). (13) tion method for linear time-invariant systems (Section 2.2).

Therefore, if we use robust invariant ellipsoid, we can esti- If the switching occurs at an arbitrary tinkethe polyhedral
mateR ., from the outside and thus guarantee the performanciset of the switched linear systefri can be calculated as fol-

of the analysis results. Besides, there are innumerable robu WS:
invariant ellipsoids since there are innumeraBl¢hat satisfy Vos = {0},
the Theorem 1.

By finding P that satisfies the condition of the Theorem 1, the
ellipsoid §(P) becomes a robust invariant set of systems in (1),
and from (5) we have the following relation:

VrN(jia-1+i = (X € R"|x=Az+Bw,ze Vi-Ljirs

3. Problem Formulation we Wp},
3.1 Discrete-time switched linear system iefl-- N}, jue{l,---,NY, (18)
In this paper, we discuss robust invariant set estimation for NK
switched linear systems by using linear time-invariant systems. Vi = U Vij» kK= 1.
Consider the following discrete-time switched linear system. ji=1
X1 = Ao Xk + BoggWk (14) Then,Vy, is determined by (18) for anj € {1,---, N}.

jk is the natural number that represents all combinations of
switches. Note that since we assume arbitrary switching at arbi-
trary times in this paper, the combination of switching becomes
exponentially larger whek becomes large. The specific flow
of the calculation is as follows. For all polyhedral sétg;,

at time k with the origin as the initial state set, calculate the
polyhedron sefVy ;, for all switch signals, respectively. Then
calculate the sum set of aj| for Vy;, at time k. By doing

S0, we can obtain the polyhedral sEf of the switched linear
system.

Definition 3 For a pair of discrete-time switched linear sys- <, ; can be constructed by removing the disturbance term
tems @k, By() with any switching signair(k) and bounded  using the Fourier-Motzkin algorithm[21] and making it a linear

wherex, € R" is the state vectorwy € ‘W, is the disturbance
The set of disturbance signalg’,, is given by (6). The switch-
ing signalo(k) € {1,---,N} is a piecewise constant function
of the timek. whereN > 1 is the total number of subsystems
and letA; e R™", B e R™™, je{1,---,N}. Inaddition, the
matrix pair @, B;) is a controllable andy; is Schur-stable for
all'i.

In the same way as in Definition 1, we define the following
for the switched linear system (14).

disturbancev, € ‘W), if the following equation: constraint of the state term only. Thig, indicates the region
X € Y, — AsgoX + BogoWe € Y (15) where the state c_)f the s_,W|tched linear system, where swltghlng
occurs at an arbitrary time, can be reached from the origin by
holds at any time, the setV is a robust invariant set. | thek step. Also, sinceV, assumes all the switches fky the

Moreover, In the same way as in Definition 2, we define the St&t€ région increases as follows:

following for the switched linear system (14). Vo C oo CVir € Vi © Vioy € R (19)
_ + oo

Definition 4 For a pair of discrete-time switched linear sys-

tems A, Brx) With any switching signad-(k) and bounded

disturbancev, € W), the state reachable sk, is given by

Also, theoretically, lim_,. Vk = R is valid by computing up
to k = co. Therefore, the largek is set forVy, the better the
estimation results foR.,. However, in practice, it is not pos-
Reo = (X € R"| X0 = 0, % satisfies(14) sible to computék = « due to the enormous computational
(16) . L . .
Wi € W, k> 0). complexity, and it is not possible to find a set thatig = Re.
i In addition, unlike linear time-invariant systems, when the total
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number of subsystem\ is large, for example, the computa- results. In addition, the estimation accuracy of the reachable set
tional complexity increases exponentially with tileas inthe  becomes worse when the order of the system and the total num-
case of the summation set operation in (18). In such a case, ier of subsystems are large. Therefore, recursive state updating
is complicated to calculat®y for a massivek, and we have to is not suficient for the estimation of the reachable set of state
stop the calculation for a lessler for switched linear systems.

We illustrate the results of estimatirgy, by recursive state
updating using numerical examples. We considered a switched-3 Estimation of state reachable set by robust invariant

linear system witiN = 2 subsystems and set up the matrix as ellipsoid
follows: We consider a method to approxim&g using a robust in-
variant set of an ellipsoid (robust invariant ellipsoid). For linear
0.375 -09 12 o ) . ) .
AL = ,B1 = , time-invariant systems, the method introduced in Section 2.3
03 045 0.4 S i
(20) has been proposed, and in this paper, we consider a set of sys-
A, = [ 0225 -0.75 ] B, = [ 01 ] tems that extend it to the switched linear system.
045 0225 | 0.4 In order to construct a robust invariant ellipsoid for a

switched linear system that occurs at any given time, we con-
sider a common Lyapunov function for all subsystems.

First, we extend the equation (9) and set the set of distur-
bancedV as follow:

‘ We={weR™ ww<W). (21)

whereW is the set containing¥’, given by Section 3.1 and
is set to satisfy ¥, ¢ ‘W¢). Then, consider the set of states of
an ellipsoid that satisfies

:
A b M P O BN W B
Ty
A b M P O BN W N

E(P) = {xeR"|x"Px< 1}. (22)

The ellipsoide(P) is a robust invariant set from Definition 3 if
it satisfies the following equation:

(Aix+ Bw)"TP(Ax+ Bw) <1 (23)

for the disturbance w and dll The following Theorem holds
by applying a previous study [9]. wherdA)) is the spectral
radius of the matri; and represents the absolute value of the
" > o > s s 2 o 2 . maximum eigenvalue.

T2
A b N B o B N ow &

Zy
A N B O B N oW s

Theorem 2 In the switched linear system (14) with arbitrary
(©) V7 (d)Vs switching signals, consider that € R™", B; € R™™Mis given
Fig. 1: State reachable sRt, estimation by polyhedral s&ty for all i with bounded disturbancex € W.. Then, A nec-
essary and dficient condition for an ellipsoi&(P) = {x €
R" | x"Px < 1} to be a robust invariant set of this system is that
there exists an; € [0, 1 — p(A)?] satisfying

Table 1: The computation tinmteof V

L Ve [ Vo[ Va] Vs | Vo | Vi | Vs | ATPA - (1-a)P  ATPB
[t(sec)[ 3.24] 9.89 | 25.73 [ 65.98 | 168.63 | 42538 | BTPA BTPB - &I <0 (24)
Given a disturbancey € ‘W, (whereMy, = [1 -1]T, my =  foralli. i

[1 1]7) and an arbitrary switching signal, Fig. 1 shows the cal-

culation results ofVy by recursive state updating. L ) .
fVi by P 9 orem 2, the ellipsoid(P) becomes a robust invariant set of

As we can see from these comparisoiig/s getting larger as systems in (14), assuming an arbitrary switching signal and a
kincreases, which corresponds to (19). Since the volume of theY ’ 9 y gsi9

V7, Vg is almost the same, we can estim&te with suficient disturbancay ¢ Wp' . . .

. L . If Theorem 2 is satisfied, the following relation holds from
accuracy for this system from the insidef®§. In addition, the ®):
elapsed time from the start of computation is shown in Table 1"

That is, By findingP that satisfies the condition of the The-

(Not including the drawing time ofi’). Comparing Table 1 R < E(P). (25)
and Fig. 1, we can see that the computation time increases with ) o .
the improvement of the estimation accuracy. In Theorem 2, there is an infinite number@that satisfy the

HereVy is the inner set oR., as indicated by (19), since it inequality condition, and it is essential to find the smallest pos-
stops at a finité. If we analyze the system using the inner set Sible robustinvariant ellipsoiéi(P) among them. Based on this,
of R.., the actual states may reach outside that set. ThereforéVe consider the following inequality conditions:
if the system is analyzed usirigx computed by recursive state 1

RO «  —xX'x<x"Px (26)
updating, it does not guarantee the performance of the analysis y =
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4 T T T 5 we can see that there is a large gap between each set. This is
3l . | due to the fact thaR., is a polyhedron with a massive number
of parameters, which is approximated using an ellipsoid with
few parameters.

Thus, if there is a large gap between the estimated robust
invariant set an®.,, the analysis using it will result in conser-
vative analysis results. If the analysis results are highly con-
servative in control system analysis, it is not onlyfidult to
2F 1 clarify the efects of disturbances in the actual system but also
difficult to use in the design of the control system. Therefore, it
is necessary to improve the gap wRh in the estimation of the
-4 : . : robust invariant set to reduce the conservatism of the analysis

-4 2 0 2 4
z results.

Fig. 2: Comparison ofVg and&(P)

T2
o

4, Main Result

Here, since the ellipsoid is given lpy € R" | X" Px < 1}, if (26) 4.1 Combining recursive state updating and robust invari-

is satisfied for all, then, the following inequality: ant ellipsoid
1 In this section, in order to guarantee the state reachable set
;xTx <1 (27) R of the switched linear system from the outside, and to im-

prove the conservativeness of the results of control system anal-
is satisfied. In other words, the ellipsoid fits within a sphere ysis, we describe a method for estimating robust invariant set
(circle) of radius+/y, which enables us to evaluate the ellipsoid ysing the method of our previous work [20], which combines
based on its major axis. Applying the Shur's complement to therecursive state updating and robust invariant ellipsi(i). In
inequality (26), we can convert it to a matrix inequality such this paper, we use a robust invariant ellipséigP) from the

that viewpoint of computational simplicity, but it should be noted
P 1 that any form of robust invariant set is acceptable. First, we
[ 1 9l 0. (28) discuss an idea for combining the two methods.

The conditional expressions (24) and (28) can be regarded a4.2 Basic idea

BMI with each element oP ande; andy as variables, or LMI In this section, we explain the basic idea of the method in this
with a; fixed in small increments. Thus, we can estim&®)  paper, which uses recursive state updating and robust invariant
based on the major axis of the smallest ellipsoid by finding theg||ipsoids(P) in combination to reduce conservativeness. First,
smallesty that satisfies the conditions of (24) and (28) foriall  jf there exists a robust invariant s&t the state at a given time

In this paper, we take the long axis of an ellipsoid as they exists in that set. Assuming that the value of the disturbance
evaluation function, but there are various ways to uniquely dey js zero after that time, the state will converge to the origin.
termine the ellipsoid, such as using the output as the evaluatiofnerefore, the robust invariant set also becomes smaller and
signal, depending on the purpose of the analysis. smaller. Therefore, by estimating the invariant&gtwhen ak

Note that the conservativeness may be higher than in the ””step has elapsed after applying a disturbamce 0 to X, the
ear time-invariant case [9], since the common Lyapunov matrixset is smaller than the original robust invariant &etin other

P should be found for ail. words, the following relation holds.
Then, in the switched linear system (14), we give a numeri-
cal example of (20) and illustrat®P) with a positive definite {Ofc- cX1CXkC X1 C--CXo=X  (29)

matrix P common to all subsystems. In order to compare the
accuracy with the method in Section 3.2, wewitv < W* = 1

as the disturbance. When analyzing the state reachable set & K= co. . .

a disturbancev € ‘W, it is necessary to determin/, w, We further consider that the state set is a vector space of

andw as small as possible from the point of view of conserva- states and that the state vector in a linear time-invariant sys-
tiveness tem is represented by the sum of zero input vector and zero

To solve the matrix inequality in (24), we computeas a state vector. Then, we compute the sum of the vector space of
fixed LMI with a total of 3% patterns in’ increments of @B states fork steps of disturbance and the vector space of state
from 1. As a result, the evaluation signal for determining thetransitions withk steps of disturbance as zero. This configura-

unique&(P) is y = 10,61, and the calculateg(P) is shown in tion cgrresponds to considering the direct sum of the set. The
Fig. 2. Here we also show the sum set of the polyhedralset following Theorem holds.
calculated in Section 3.2.

As shown in (25)E(P) is the outer set oR.,. Therefore, the
performance of the analysis results is guaranteed Wi{E)
is used for the analysis. Then, we discuss the accuracy ofthe X, @ £, c X, @ L, (30)
analysis using a robust invariant ellips@@P).

From Fig. 2, we can see that we approximatg a reason-  Proof 1 First, if X, & £, is a robust invariant set, the set of
able estimate oR.,, from the outside by using(P). However,  states that the states in the invariant set take after 1 steps is

Also, theoretically, lim_,., Xx = {0} is valid by computing up

Theorem 3 For any positive integef, X, & L, is a robust in-
variant set and the following relation holds.
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4 ] ] Y ) set&(P)y j, for zero disturbances for eagh we obtain the fol-
3t == lowing state sePyj,:
N (P)s.
2f | Piix = Vici EBS(P)k,jk' (35)
ir In addition, we obtain the robust invariant ggtof the switched
&8 0 linear system by finding the sum set of robust invarianfsgt
i at each timek for all jk as follows.
k
2t i Py = U?li:l Pk,jk (36)
3F . From the Theorem 3y is a robust invariant set, ail,1 C Pk
4 | | | is available at any tim&. To compute the se&®,, we combine
-4 -2 0 2 4 the set5(P)k, which becomes smaller at every step when a zero
) o1 disturbance is applied to a robust invariant ellipsoid as the initial
Fig. 3: &(P)ka(k = 1,2,3) set, and the seVy, which becomes larger at every step when a

o . disturbance is applied to the origin as the initial set. Therefore,
X1 ® Ler1. From this, it follows thatX,1 & L1 is a subset  from (19) and (29), the following relationship betwe2pand

of X, & L, and (30) holds. Here, for a disturbanges ‘W, R., holds.
XeX,d L, > AX+Bwe Xpp1® Lo (31) Po=EMP)D - DPx1 2Pk D Pri1 D Reo (37)
holds. Furthermore, since the relation (30) leads to Also, theoretically, if we calculate up tk = oo,

Iimk—)oo S(P)k,jk = {0}1 limk—»oo (vk = Rooa then |Irrk—>oo Pk = Roo
holds. Therefore, by computingy with a computationally
X1 ® Lo41 is a robust invariant set. Therefore, we can show large value ok, we can obtain a robust invariant set with low

by mathematical induction that, & £, is a robust invariant set conservativeness. Furthermore, it should be noted that for any
for any<¢. [ k > 0 the following relationship holds.

XE Xps1 ® Les1 — AX+ BWe Xy © Lov1, (32)

Since the direct sum of the set is a subset of the original set Vi Reo € P (38)

from Theorem 3, the following relation holds.
5. Numeral Examples
In this section, we give numerical examples of (20) for a

In the following, we will use this relationship to approximate Switched linear system given by (14), and illustrate a robust in-
a robust invariant set for the switched linear system from thevariant set using the proposed method. The set of disturbances
outside. We can expect to find a set clos®ioby generatinga ~ Wpis given byMy = [1 -1]", my = [1 1]". where the distur-
robust invariant set with a large valueloto the extent possible. bancewy € W, (W = 1) is used to computetl(P), W, c We.
The robust invariant se®,, P¢ andPg computed with the
4.3 Analysis of robustinvariant set for switched linear sys-  proposed method are shown in Fig. 4,5,6 respectively. In addi-
tems tion, we also show a robust invariant ellips@i(P) and a good
In this section, based on the ideas in the previous sectiongstimate of the reachable sEg.
we present a specific analysis procedure for the switched linear Fig. 4,5,6 shows that proposed robust invarianfsefs, Ps
system. First, consider applying a zero input to the robust in-by the proposed method approximates from the outside the
variant set for the switched linear system (14). Note that sincePolyhedral setVs, which seems to be a good estimate of the
the constraint equations of the switched linear system increasstate reachable s&., and is a better estimate than the robust
exponentially, the robust invariant set handled here is a robusinvariant ellipsoidS(P). Also, we can see théitg C P C P2 is
invariant ellipsoid&(P), which is relatively easy to calculate used, which corresponds to (37). From these results, it is con-
from the viewpoint of computational simplicity. When a zero firmed that the larger the value kfis taken, the more accurate
disturbance is applied to the initial s&(P), the invariant set  the robust invariant set is for the calculationff, which ap-

Xk LycXk1®@Ly1Cc--cXop=4X (33)

E(P)kj, is calculated as proximates the state reachable®et In addition, the drawing
time of the proposed robust invariant $& is 1162 sec (Not
&(P)o1 =&(P) = {x e R"| X Px< 1}, including the computation time o¥g; and&(P)g;, Vi). Note

E(P)N(ja-1+i = {X € R"x = AZ z€ E(P)i1j, . 1{(34) thatPy = R, does not hold since it is impossible to compute
i, ji, k satisfy (18). k = oo in practice. However, even if we terminate the calcula-

tion atk, P is the set that cover®., from the outside, and the

Then&(P)xj, is determined by (34) for anyk € {1,---,NK}. estimation accuracy is higher than the initial set.

Fig. 3 showsS(P)y j, fori = 1 (i.e. jx = 1 in (34)) for allk, In addition, we compare the method in [19]. The method

where we will use the numerical example in (20). From Fig. 3, for estimating the state-reachable set using Lyapunov function
we can confirm tha&(P), j, becomes smaller dsis increased.  based inequalities based on multiple Lyapunov strategies was
This corresponds to (29). provided in [19]. It is a method to approximate the state-
Also based on the ideas in the previous section, consideringeachable set from the outside by determining the optimal plural
the direct sum of the state s&f;, for zero states and the state ellipsoid using a genetic algorithm and obtaining their product
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6. Conclusion
4 | | | In this paper, we propose a method for estimating robust in-
3r ] variant set for switched linear systems by combining recursive
ol ] state updating and robust invariant ellipsoid. The direct sum of
the two sets is calculated to obtain a smaller robust invariant
T ] set. Through simulations, we confirmed that the robust invari-
g0 1 ant set obtained by the proposed method approakheshen
1l ] the number of steps is increased, and it is possible to provide a
smaller estimated invariant set.
2F 4
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