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Locaidocyemoves 3a0ava onmumMasbrHo2o OUIHIOBAHHA NMHITHUT GYHKUIOHAAIE 610 HEGIJOMUT 3Ha-
YeHb CMAUIOHAPHO020 CINOTACTUYHO020 POUECY 30 CTLOCTNEPEHCEHHAMU TPOUECY Y CNEUTANLHUT MHONCU-
HAT MOU0K. SHatideni Gopmysu OAf 0OYUCAEHHA ZHAUEHHA CEPEIHLOKBAPAMUYNHOT NOTUOKY Ma cne-
KMPAALHOT TAPAKMEPUCTIUKY ONMUMAALHOL NMHITHOT OUIHKY OYHKYIONAAIE 3G YMOBU CNEKMPANLHOL
BUSHAMEHOCTNE, KOAU CNEKMPANLHA ULALHICTID NPOUECY MOUHO 810oMa. Y 8UNAOKY, KOAU CNEKMPALLHA
WINADHICTND NPOUECY TMOYHO HEBI00MA, 6 360GI0MBCA AUWE 0CAKT KAACY ONMYCTMUMUL CNEKMPALOHUL
wiavHoCmeEtl, 3aCMOCOBYEMBCA MIHIMAKCHO-pobacmHuti memod. 3natideni Gopmyat Oas UIHAMEHHA
HAUMEHUL CHPUATNAUBUL CNEKMPANLHUT WIADHOCMET MG MIHIMAKCHUL CNEKMPANOHUL TAPAKMEPU-
CUK 0AA ONMUMAABHO20 AIHITHO020 OUTHIOBAHHA PYHKUIOHAAIE OAA KOHKDEMHUTL KAWCIE CNEKMPAAL-
HUT ULLADHOCTET.

Kmovoei crosa: cmayionapHuti cmoracmuyHutl NPpouec, MiHiMaKCHO-pobacmHa OUiHKa, HatMeHU, CNpU-
AMAUBA CNEKMPAALHA WINDHICND, MIHIMAKCHO-DOOACMHT CNEKMPAALHT TAPAKMEPUCTNUK.

The problem of the mean-square optimal estimation of the linear functionals which depend on
the unknown values of a stochastic stationary process from observations of the process with missings
1s considered. Formulas for calculating the mean-square error and the spectral characteristic of the
optimal linear estimate of the functionals are derived under the condition of spectral certainty, where
the spectral density of the process is exactly known. The minimazx (robust) method of estimation is
applied in the case where the spectral density of the process is not known exactly while some sets of
admissible spectral densities are given. Formulas that determine the least favourable spectral densities
and the minimaz spectral characteristics are derived for some special sets of admissible densities.

Key Words: stationary stochastic process, minimaz-robust estimate, least favorable spectral density,
minimaz-robust spectral characteristics.

Introduction on of the problems of interpolation, extrapolation

and filtering of stationary sequences and processes

Investigation of the properties of stationary
stochastic processes plays an important role both
in the theory of stochastic processes and appli-
cation it to the practice. A great number of sci-
entific papers deals with the problem of estimati-
on of unknown values of a stationary process.
The formulation and effective methods of soluti-

belong to A. N. Kolmogorov [16|. Further analysis
can be found in the works by Yu. A. Rozanov [37]
and E. J. Hannan [11]. A significant contribution
to the theory of forecasting was made by H. Wold
[41, 42], T. Nakazi [33]. Constructive methods
of solution of estimation problems for stationary
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stochastic sequences and processes were developed
by N. Wiener [40] and A. M. Yaglom [43].

The basic assumption of most of the methods
of estimation of the unobserved values of
stochastic processes is that the spectral densities
of the considered stochastic processes are exactly
known. However, in practice, these methods are
not applicable since the complete information
on the spectral densities is impossible in most
cases. In order to solve the problem parametric or
nonparametric estimates of the unknown spectral
densities are found. Then, one of traditional esti-
mation methods is applied, provided that the
selected densities are the true ones. This procedure
can result in significant increasing of the value of
error as K. S. Vastola and H. V. Poor [39] have
demonstrated with the help of some examples.
To avoid this effect one can search the estimates
which are optimal for all densities from a certain
class of admissible spectral densities. These esti-
mates are called minimax since they minimize
the maximum value of the error. The paper by
Ulf Grenander [10] should be marked as the first
one where this approach to extrapolation problem
for stationary processes was proposed.

Several models of spectral uncertainty and
minimax-robust methods of data processing can
be found in the survey paper by S. A. Kassam and
H. V. Poor [15]. J. Franke [5], J. Franke and H. V.
Poor [6] investigated the minimax extrapolation
and filtering problems for stationary sequences wi-
th the help of convex optimization methods. This
approach makes it possible to find equations that
determine the least favorable spectral densities for
different classes of densities.

A great amount of papers by M. Moklyachuk
[22] — [25] is dedicated to the investigation of
problems of the optimal linear estimation of
functionals which depend on unknown values of
stationary sequences and processes. In papers
by M. Moklyachuk and A. Masyutka a mi-
nimax technique of the estimation for vector-
valued stationary stochastic processes is proposed
[21], |26]-[28]. Methods of solution of problems of
interpolation, extrapolation and filtering problems
for periodically correlated stochastic processes
were developed by M. Moklyachuk and 1.
Dubovetska [4, 8]. Estimation problems for functi-
onals which depend on unknown values of
stochastic processes with stationary increments
were investigated by M. Luz and M. Moklyachuk
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[17]-[20]. The problem of interpolation of a stati-
onary sequence with missing values was investi-
gated by M. Moklyachuk and M. Sidei [29] - [32].

Prediction of stationary processes with mi-
ssing observations was investigated in papers by
P. Bondon [1, 2|, Y. Kasahara, M. Pourahmadi
and A. Inoue [14, 34|, R. Cheng, A. G. Miamee,
M. Pourahmadi [3]. The problem of interpolati-
on of stationary sequences was considered in the
paper of H. Salehi [38].

In this paper we deal with the problem of
the mean-square optimal linear estimation of the
functionals

—-M T
g = [ aede+ [aeat
—00 0

T
st = [ateae+ [ ateo
0

T+N

—M T [e')
g = [ agorars [ameies [ awe,
—00 0 T+N
—M T
At = / a(t)E(t)dt + / a(t)E(t)dt,
—M—DM- 0
T TH+N+N;
As¢ = [aeaes [ ae
0 T+N
-M
Agé = a(t)E () dt+
— M — M,
T T+N+Ny
+ / a(DEb)dt + / a(B)E(H)dt,
0 T+N

which depend on the unknown values of a
stochastic stationary process £(t) from observati-
ons of the process £(t) + n(t) at points t € R\ Sk,
respectively, where

Sy = [—o0; =M U[0; T], Se = [0; T|U[T + N; 0],
S3=51US, S4 = [—M—Ml;—M] U[O;T],
S5 = [O;T]U[T+N;T+N+N1], Se = S4 U Ss.

The case of spectral certainty as well as the case
of spectral uncertainty are considered. Formulas
for calculating the spectral characteristic and the
mean square error of the optimal linear estimate
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of the functionals are derived under the condi-
tion that spectral densities of the processes are
exactly known. In the case of spectral uncertainty,
where the spectral densities are not exactly known
but a set of admissible spectral densities is gi-
ven, the minimax method is applied. Formulas for
determination the least favorable spectral densi-
ties and the minimax-robust spectral characteri-
stics of the optimal estimates of the functionals
are proposed for some specific classes of admissi-
ble spectral densities.

1 Classical interpolation problem for stati-
onary processes

Let £(t),t € R, and n(t),t € R, be uncorrelated
stationary stochastic processes with zero first

moments F¢(t) = 0, En(t) = 0. Correlation
functions
Re(t) = E¢(t + 5)€(s), Ry(t) = En(t + s)n(s)

of stationary processes £(t),t € R and n(t),t € R,
respectively, admit the spectral decomposition [7]

o0 [e.9]

Re(t) = / EAF(dN), Ry(t) = / "G (dN),

—00 —0o0

where F(d)\) and G(d\) are spectral measures
of processes £(t) and n(t), respectively. Consider
stationary stochastic processes £(t),t € R and
n(t),t € R with absolutely continuous spectral
measures F'(d\), G(d)\) and correlation functions
of the form

(e} [e.e]

Re(t) = / NN, Ry (t) = / e g(\)dA,
where f(A) and g(\) are spectral densities of

processes £(t) and 7(t), respectively, and the mi-
nimality condition holds true

© (W2
| oy s <o W

where
—M T
’yl()\):/ mclthr/oq )l Adt
—00 0
T
s (A) —/a (B)eithdt + / an(t)e™dt,
0 T+N
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o (t) e dt+
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T T+N+N;
+ / o (t) et dt + g (t)e™dt
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T+N

are nontrivial functions of the exponential type.
Under this condition the error-free estimation is
impossible (see, for example, [37]).

Processes £(t) and 7(t) admit the spectral
decomposition [13]

o0 o0

() = / NZ(dN), () = / ¢ 7, (dN),

—0o0 —0o0
(2)
where Z¢(d\) and Z,(d\) are the orthogonal
stochastic measures that correspond to spectral
F(d\) and G(dX\). The following
properties hold true

functions

EZ&(A1>Z§(A2) = F(Al ﬁAQ) = A N f(A)d)\,

BZ,(0) 7,0 = GAnA) = [ g(ax

Consider the problem of the mean-square opti-
mal linear estimation of the functionals

—M T
Ay = / a(t)E(t)dt + / a(E(t)dt,
—00 0

o0

#)dt + / a(t)E(t)dt,

T+N

A2l = /
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T %) —-M
A3 = / t)dt+ / a(t)E(t)dt+ / a(t)E(t)dt,  Ag(\) = / a(t)e™ di+
—c0 0 T+N —M—M,
M T T T+N+N;
Al = / (t)&( )dt+/ (H)E(t)dt, +/a(t)e”)‘dt+ a(t)e™dt.
~M—M; 0 0 T+N
A TH+N+N Denote by Akf the optimal linear estimate
As€ = (t)&(t)dt + / a(t)&(t)dt, of the functional A,¢ from observations of the
0 TIN process &(t) + n(t) at points ¢t € R\Sy and
.2
by Ax(F,G) = E ‘Akf — Akf’ the mean-square
M error of the estimate flkf . Since spectral densities
Al = a(t)&(t)di+ of stationary processes £(t) and n(t) are known,
—~M—M; we can use the method of orthogonal projections
T T+N+Ny in Hilbert spaces [16] to find the estimate Ag&.
+ /a(t)f(t)dt—i— / a(t)€(t)dt, Consider values £(t) and 7(t) as elements of
; N the Hilbert space H = Lo(2, F, P) generated by

which depend on the unknown values of a
stochastic stationary process £(t) from observati-
ons of the process £(t) + n(t) at points t € R\Sy,
respectively, where

S1 = [—o0; =MJU0; T], S2 = [0;T]U
S3=51US, S4 = [—M — My; —M] U [0; T],

S5 =[0;T1U [T+ N;T + N+ Ny, S¢ = S4USs.

[T+ N; o0,

Making use of spectral decomposition (2)
of stationary process £(t) we can write the
functionals Ag¢ in the following form Ag&

o0

| Ar(N)Ze(dX\) where
-M T
A\ = / a(t)edt + / t)etAdt,
—o0 0

T
AQ()\):/a(t)eitAdt—F / a(t)e™dt,

0 T+N
-M

T
a eit)\
/ (£)etdt+ 0/

—00

[e.o]

Az(A) =
T+N

T

a(t)eit)‘dt—}—/a(t)eit’\dt,

0

M
Ag(N)

—M—DM;y
T

/ a(t)e™dt +

0

T+N+N1
a(t)e™dt,

As(X)
TIN
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a(t)eit)‘dt—i—/ a(t)edt,

random variables £ with 0 mathematical expectati-
ons, B¢ = 0, finite variations, E|¢|? < oo, and
inner product (£,7n) = E£7. Denote by H* (¢ 4 1)
the closed linear subspace generated by elements
{&(t) +n(t) : t € R\Sk} in the Hilbert space
H = Ly(Q,F,P). Denote by La(f + g) the Hi-
Ibert space of functions a(\) such that

(o]

|

Denote by L5(f + g) the subspace of La(f + g)
generated by functions {e™*,t € R\S}}.

The mean-square optimal linear estimate Ag&

of the functional Ai£ can be represented in the
form

[a(N)P(F(N) + g(N)dA < oo.

o0

Ay = / hie(A)(Ze (dX) + Z,(dN)),

—0o0

where hi(\) € LE(f +g) is the spectral characteri-
stic of the estimate.

The mean-square error A(hy; f, g) of the esti-
mate A€ is given by the formula

/L%

According to the Hilbert space projection
method proposed by A. N. Kolmogorov [16], the
optimal estimation of the functional Ap¢ is a
projection of the element Ai¢ of the space H on

R 2
— B |4 - Aye| =

e (VPFO w+/v% ) 2g(A)dA
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the space H*(¢ + 7). It can be found from the
following conditions:

1)Ap¢ € HE (& + ),
2) A& — A LH* (€ + ).

It follows from the second condition that the
spectral characteristic hy(A) of the optimal linear
estimate Ai¢ for any ¢t € R\ Sy satisfies equations

o

[ (AN ) = ) + g dr =0,

- 3)

Define the function Cx(A) = Ag(N))f(N\) —
hi(A)(f(A) + ¢g(N\)) and its Fourier transformati-
on

ex(t) = / Cre(Ne ™dX, teR.

It follows from the condition (3) that the
function cg(t) is nonzero only on the set Si. Hence,

—-M T
Ci1(\) = / c1(t)edt + / c1(t)e™dt,
—00 0
T 00
Ca(N) = /CQ(t)eit)‘dt—i— / co(t)e™dt,
0 T+N
—-M
Cy(0) = / ea(t)e dt+
” T [e'9)
+/Cg(t)€it>\dt+ / c3(t)etdt,
0 T+N
—-M T
Ci(\) = / ca(t)edt + / ca(t)edt,
—M—NM;y 0
T T+N+Np
Cs5(\) = /65(t)e’t>‘dt+ / cs(t)etdt,
0 T+N
-M
Cs(\) = ce(t) e dt+
—M—M;
T T+N+N;
- / ce(t)e™dt + / co(t)e™dt
0 T+N
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and the spectral characteristic of the estimate Akf
is of the form

hi(A) = Ax (N F)(F V) +9(N) 7' =
— N (F) +g()) 7 (4)

It follows from the first condition, Az¢ €
H*(¢4-n), which determine the optimal linear esti-
mate of the functional A&, that for some function

vi(t) € LE(f +9)

) = [ onlei,

R\ Sk

therefore for any t € Sj, the following relation
holds true

o0

/ [Aku)fm(fw o)

—0o0

C G + g(A)Vﬂ NN = 0. (5)

The last relation can be represented in terms
of linear operators in the space L5(f + g). Let us
define operators

(Bia)(t) = / / a(u)(f (V) +g(A) LA D dadu,

Sk —0o0

(Rya)(t) =

/ / a(u) FON(F(N) + g(0) e Ddrdu,
Sk —

(Qua)(t) =
- / / a(u) FV)(F ) +9 () Tg(N) e Ddrdu,

Sk —00

a(t) € L’Q“(f—i—g), t e Syg.

The relation (5) can be rewritten in the form
(Rya)(t) = (Byek)(t), t € Sk (6)

Consider the operator By is invertible. Then
the function ¢k (t) can be calculated by the formula

(B, 'Ria)(t),

cr(t) t e Sg.
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Consequently, the spectral characteristic and the spectral characteristic of the estimate Ap&

hi(\) of the estimate Ap¢ is calculated by the
formula

he(A) = = A (NSO +g()) =

= G (F) +g()) 7 (7)

Cr(N\) = / (B, 'Ria)(t)eat.
Sk

The mean-square error of the estimate Akﬁ
can be calculated by the formula

o

/‘Ak(A)Q()‘)‘}'Ck()‘)F((f()‘)+9()‘)>2)_1f(>‘)d)‘

+/L%OMQ)

= ((Rga)(t), (By 'Rpa) (1)) +

~CMP((FN)+9(N))*) " g(A)dA

((Qra)(t), a(t)),
(8)
where (a(t),b(t)) is the inner product in the space
LE(f +9).
Let us summarize results and present them in
the form of a theorem.

Theorem 1.1. Let £(t) and n(t) be uncorrelated
stationary processes with spectral densities f(\)
and g(\) which satisfy the minimality condition
(1). The spectral characteristics hi(\) and the
mean-square error Ag(F,G) of the optimal linear
estimate of the functional Ar& which depends on
the unknown values of the process £(t) based on
observations of the process &(t) + n(t), t € R\ Sk
can be calculated by formulas (7), (8).

Consider the case when the stationary process
&(t) is observed without noise. Then the spectral
characteristic of the estimate Ax¢ is of the form

hie(A) = Ak(A) — Ch) ()
@mz/%@#w,

Sk

(9)

the relation(6) is of the form
a(t) = (Brey) (1),

If the operator Bj is invertible then the
unknown function ¢k (t) can be calculated by the
formula

t € Sg. (10)

cr(t) = (B 'a)(t),

t € Sk,

is of the form
hi(A) = he(f) CeN)(FO))
C()) = / (B a) (1) \dt.

Sk

= Ar(\) —
(11)

The mean-square error of the estimate can be
calculated by the formula
=< B 'a,a(t) > .

Ax(f) (12)

The following theorem holds true.

Theorem 1.2. Let £(t) be a stationary stochastic
process with the spectral density f(X), which sati-
sfies the minimality condition

SN
/w Try e

for some nonzero function of the exponential type.
The spectral characteristic hi(\) and the mean-
square error Ag(f) of the optimal linear esti-
mate of the functional Ap€ which depends on
the unknown values of the process £(t) based on
observations of the process £(t) at time points
t € R\ Sy where

(13)

S = [—o0; —M]U[0;T], S2 = [0;T|U[T + N; 0],
S3=51USy, Sy= [—M—Ml;—M] U [O;T],
S5 =[0;T|U [T+ N;T+ N + Ni], S¢ =S4 U S5

can be calculated by formulas (11),(12).

2 Minimax method of interpolation

Derived Theorem 1.1 and Theorem 1.2 can be
used only in the case of spectral certainty, when
spectral densities of processes are exactly known.
However, in practice, this case is not common, we
do not have the exact values of spectral densiti-
es. If there is given a class of admissible spectral
densities where spectral densities of the processes
belong to, minimax method can be used to esti-
mate the functionals. This method allows us to
find estimates that minimize the maximum values
of the mean-square errors of the estimates for all
spectral densities from the given class of admissi-
ble spectral densities.
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Definition 2.1. For a given class of spectral densi-
ties D = Dy x D, the spectral densities fP()\) €
Dy, g2%(\) € Dy, are called least favorable in the
class D for the optimal linear interpolation of the
functional A€ if the following relation holds true

A(F o) = A (b (12, 00) s FRaR) =

max
(fyg)eDf XDQ

Definition 2.2. For a given class of spectral densi-
ties D = Dy x Dy the spectral characteristic h(\)
of the optimal linear interpolation of the functi-
onal A€ is called minimax-robust if there are sati-
sfied conditions

he(N) € Hp) = LE(f +9),

N

(f7g)€Df><Dg

min max A (h;f,g) = max A (h);f,g).
helth, (£.9)€D (f.9)€D (i f.9)
From the introduced definitions and formulas
derived in previous section we can obtain the
following statements.

Lemma 1. Spectral densities f)(\) € Dy, gi(\) €
D satisfying the minimality condition (1) are the
least favorable in the class D = Dy x Dy for the
optimal linear interpolation of the functional A&
if the Fourier coefficients of the functions

(e +2) ™ RN + g2 (\)

SRR + gh(N) RN

the operators Bg, R%, Q%, which
determine a solution to the constrain optimization
problem

determine

(Rya)(t), (By ' Rya)(t))+

+ ((Qra)(t), a(t)) =

{
= ((Rya)(t), (BR) ' Rya)(t)+((Qpa)(t), a(t)(>.4)
1

max
(f,9)€DsxDy

The minimazx spectral characteristic hg
hi(f2,90) is determined by the formula (7) if
h(fy.9p) € Hp.

Corollary 2.1. Let the spectral density f2(\) €
Dy satisfy the minimality condition (13). The
spectral density f(A) € Dy is the least favorable
in the class Dy for the optimal linear interpolation
of the functional Ai¢ from the observation of the
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process £(t) at time points ¢ € R\ Sy if the Fouri-
er coefficients of the function (f2()\))~! determine
the operator Bg which determines a solution to
the constrain optimization problem

e (B "a)(0). a(t) = (BY) ) (0)a(0).
(15)
The minimax spectral characteristic h) = hg(f7)
is determined by the formula (11) if hy(f?) € H]f)f.

The least favorable spectral densities f()),
g%(\) and the minimax spectral characteristic
B = hi(fP, gY) form a saddle point of the functi-
on A (h; f,g) on the set HY x D. The saddle point
inequalities

A (h f.9) <A (s e g0) < A (hs f2,91)
Vh € Hp,Vf € Dy, Vg € Dy,

hold true if hg = hk(flg,gg) and hk(flg,g,g) € HE,
where (f7, ) is a solution to the constrained opti-
mization problem

A (hi(fR,90); fr9) =
= A (h(f2> 90 R 9) > (16)

A (i (fR.90) 3 fr9) =

sup
(f7g)6Df><Dg

/\Ak(A)gg(AHC’S(A)|2((f;?(>\)+92(A))2)‘1f(h)dk+

/\Ak(h)fzg(h)CS(A)|2((f;?(AHg;?(A))z)‘lg(A)dA,

co) = [ (B Ria)(0)e .
Sk
The constrained optimization problem (16)

is equivalent to the unconstrained optimization
problem [35]:

AD(f’g) =

—A(hi(f,90): f,9)+6((f, 9) Dy x Dy) — in(ﬁ |
17

where 0((f, g)|Dsx D) is the indicator function of
the set D = Dy x Dy. Solution of the problem (17)
is characterized by the condition 0 € dAp (£, g),
where OAp(fP,gY) is the subdifferential of the
convex functional Ap(f,g) at point (f2,g?) [36].
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The form of the functional A(hk(f2,%); f,9)
admits finding the derivatives and differentials of
the functional in the space L x Lj. Therefore
the complexity of the optimization problem (17)
is determined by the complexity of calculati-
ng the subdifferential of the indicator functions
3((f,9)|Ds x Dgy) of the sets Dy x Dy [12].

Lemma 2. Let (f?, g%) be a solution to the optimi-
zation problem (17). The spectral densities fp(N),
gY(N) are the least favorable in the class D = Dy x
Dy and the spectral characteristic h = hy(f?, g9)
is the minimaz of the optimal linear estimate of
the functional A if hi(f2, g%) € HE,.

3 Least favorable spectral densities in the
class D = Dy x D,

Consider the problem of the mean-square opti-
mal interpolation of the functional Ai¢ in the case
when spectral densities of processes belong to the
class of admissible spectral densities D = Dy x Dy,

po={s0| [~ svar=» },

{gm\g(x) (1= (V) + (V).

/_Z g(A)dA = q},

where g1(A) is known and fixed spectral density,
w(A) is unknown spectral density.

From the condition 0 € dAp(f7, gY) we find
the following equations which determine the least
favourable spectral densities for these given sets of
admissible spectral densities

D. =

[ AR (NG + CRA)| = a®(FL(N) + g2 (V), (18)

(AL =CRN)] = (B2 (RN +92 (V)
(19)
where v(A) < 0 and y(A) = 0 if g?(\) > (1 —
€)g1(\), and o2, 3% are unknown Lagrange multi-
pliers.
Thus, the following statements hold true.

Theorem 3.1. Let the minimality condition (1)
hold true. The least favorable spectral densities
2N, g2(N\) in the class Dy x D, for the opti-
mal linear interpolation of the functional Ap&
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are determined by relations (18), (19), constrai-
ned optimization problem (14) and restrictions on
densities from the class Dy x D.. The minimaz-
robust spectral characteristic of the optimal esti-
mate of the functional Ap& is determined by the
formula (7).

Theorem 3.2. Let the spectral densities () €
Dg, gY(N\) € D§ where

| 1=y }

Df={a| [~ avar=a },

and the minimality condition (1) hold true. The
least favorable spectral densities f2(N), ge(\) in the

of = { s

class D(J; x DY for the optimal linear interpolation
of the functional A& are determined by relations

[ AR + CRN)| = (L (N) + g2 (V), (20)
[ ARV fE) = CRN)| = B2 + gl(V), (21)

constrained optimization problem (14) and restri-
ctions on densities from the class D{; x DJ. The
minimaz-robust spectral characteristic of the opti-

mal estimate of the functional A€ is determined
by the formula (7).

Corollary 3.1. Let the minimality condition (13)
hold true. The least favorable spectral densiti-
es f2(A) in the class D(J; for the optimal linear
interpolation of the functional Ax&, which depends
on the unknown values of the process £(t) based
on observations of the process {(t) at time points
t € R\ Sk, are determined by the following equati-
on

[CRN)] = a®(FE(N), (22)
constrained optimization problem (15) and restri-
ctions on densities from the class D(J; . The mini-
max spectral characteristic of the optimal estimate
of the functional A& is determined by the formula

(11).
Corollary 3.2. Let the minimality condition (13)

hold true. The least favorable spectral densities
f2(N) in the class

pf = {f(A)‘f(A) = (1- ) fu(N) + 2w,

| sovan :p}

for the optimal linear interpolation of the functi-
onal Ar&, which depends on the unknown values
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of the process £(t) based on observations of the
process £(t) at time points ¢ € R\S, are determi-
ned by the following equation

[CR)] = (% + () (L),

where y(\) < 0 and y(\) = 0 if f2(\) > (1 —
€)fi(A), constrained optimization problem (15)

(23)

and restrictions on densities from the class Dg i
The minimax spectral characteristic of the opti-
mal estimate of the functional Ap¢ is determined
by the formula (11).

4 Least favorable spectral densities in the
class D = D} x Dos

Consider the problem of mean square optimal
interpolation of the functional Ai€ in the case
when spectral densities of the processes belong
to the class of admissible spectral densities D =
DY x Das,

o o[- vtercs).

where spectral densities v(A),u(N), g1(N)
known and fixed. The class D} describes the
"strip” model of stochastic processes, Dss descri-
bes "é-district"in the space Lo of the given
bounded spectral density g1 ().

From the condition 0 € dAp(f7, g we find
the following equations which determine the least
favourable spectral densities for these given sets of
admissible spectral densities

are

| Ae(N)gp
(@ +71(A) + 72N (L) + gR(A),  (24)

RN = CR)? =

BN — (M) (RN + gp (V)% (25)

ISR

where 71(A) < 0 and y1(A) = 0 if f2(A) > v(\),
Y2(A) = 0 and y2(A) = 0 if f2(A) < u()), and
a?, 3% are unknown Lagrange multipliers.

The following theorem and corollaries hold
true.

|Ak(A) f

N|Fdxr =, (26)

28
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Theorem 4.1. Let the minimality condition (1)
hold true. The least favorable spectral densities
2N, g2(\) in the class D = D% x Dags for the
optimal linear interpolation of the functional A&
are determined by relations (24) — (26), constrai-
ned optimization problem (14) and restrictions
on densities from the corresponding classes D =
D! x Dys. The minimax-robust spectral characteri-
stic of the optimal estimate of the functional A&
is determined by the formula (7).

Corollary 4.1. Let the minimality condition (13)
hold true. The least favorable spectral densities
f2(\) in the classes DY for the optimal linear
estimation of the functional A&, which depends
on the unknown values of the process {(t) based
on observations of the process £(t) at time points
t € R\ Sy, are determined by the following equati-
on

ICRV] = (@ + 7 (V) + 92RO, (27)
constrained optimization problem (15) and restri-
ctions on densities from the class D}. The mini-
max spectral characteristic of the optimal estimate
of the functional Ax¢ is determined by the formula

(11).

Corollary 4.2. Let the minimality condition (13)
hold true. The least favorable spectral densities

f2(\) in the class
(A)]?dA < }

o

for the optimal linear estimation of the functional
A&, which depends on the unknown values of the
process &(t) based on observations of the process
&(t) at time points ¢ € R\Sj, are determined by
the following equations

CONE = B2 — AOD(FRONE  (28)
constrained optimization problem (15) and the
following restrictions on densities from the class

Dss
[ o -

The minimax spectral characteristic of the opti-
mal estimate of the functional A& is determined
by the formula (11).

N[Fdr = 6. (29)
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5 Conclusions 8.

In the article we propose the methods of the mean-
square optimal linear interpolation of the functi-
onals which depend on the unknown values of the
process based on observed data of the process
with noise and missing values. Under condition
of spectral certainty when the spectral densities
of the stationary processes are known we derive
formulas for calculating the spectral characteristi-
cs and the mean-square errors of the estimates of
the functionals. Analogous results are derived for
the case of observations of the process without noi-
se. In the case of spectral uncertainty when certain
sets of admissible densities are given we derive the
relations which the least spectral densities satisfy.
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