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Àíîòàöiÿ. Íåðiâíiñòü Áåðíøòåíéíà

‖T ′n‖C(R) 6 n‖Tn‖C(R)

óìîæëèâèëà îòðèìàííÿ êîíñòðóêòèâíî¨ õàðàêòåðèñòèêè íàáëèæåííÿ ïåðiîäè÷íèõ ôóíêöié

òðèãîíîìåòðè÷íèìè ïîëiíîìàìè Tn ñòåïåíÿ n. Íàòîìiñòü, íàñëiäîê öi¹¨ íåðiâíîñòi äëÿ àëãå-

áðà¨÷íèõ ïîëiíîìiâ Pn ñòåïåíÿ n, à ñàìå, íåðiâíiñòü

‖ϕP ′n‖ 6 n‖Pn‖,

äå ‖ · ‖ := ‖ · ‖C([−1,1]) òà ϕ(x) :=
√
1− x2, íå ðîçâ'ÿçó¹ çàäà÷ó îòðèìàííÿ êîíñòðóêòèâíî¨

õàðàêòåðèñòèêè íàáëèæåííÿ íåïåðåðâíèõ íà âiäðiçêó ôóíêöié àëãåáðà¨÷íèìè ïîëiíîìàìè. Òàê

ñàìî íå ðîçâ'ÿçó¹ öþ çàäà÷ó i íåðiâíiñòü Ìàðêîâà

‖P ′n‖ 6 n2‖Pn‖.

Áiëüøå òîãî, íå äîñòàòíüî íàâiòü íàñëiäêó íåðiâíîñòåé Áåðíøòåéíà i Ìàðêîâà:

‖ϕnP
′
n‖ 6 2n‖Pn‖,

äå ϕn(x) :=

√
1− x2 + 1

n2
.

Âêàçàíó çàäà÷ó, ÿê i ðÿä iíøèõ òåîðåòè÷íèõ i ïðàêòè÷íèõ çàäà÷, ðîçâ'ÿçó¹ íåðiâíiñòü Äçÿäèêà

‖ϕ1−s
n P ′n‖ 6 c(s)n‖ϕ−sn Pn‖,

ñïðàâåäëèâà äëÿ êîæíîãî s ∈ R. Íà âiäìiíó âiä íåðiâíîñòåé Áåðíøòåéíà òà Ìàðêîâà, òî÷íà

ñòàëà â íåðiâíîñòi Äçÿäèêà íåâiäîìà äëÿ âñiõ s ∈ R, àëå âiäîìà àñèìòîòè÷íî òî÷íà ñòàëà äëÿ
íàòóðàëüíèõ s: c(s) = 1 + s+ s2; à äëÿ n > 2s, s ∈ N, âiäîìà íàâiòü òî÷íà ñòàëà

c(n, s) =

(
1 + s

√
1 + n2 − 1

n

)2

− s.

Â íàøié çàìiòöi öåé påçóëüòàò ïîøèðåíî íà âèïàäîê s 6 n < 2s.
Êëþ÷îâi ñëîâà: Òî÷íà ñòàëà, íåðiâíiñòü Äçÿäèêà, àëãåáðà¨÷íi ïîëiíîìè.

Abstract. Bernstein inequality

‖T ′n‖C(R) 6 n‖Tn‖C(R)

made it possible to obtain a constructive characterization of the approximation of periodic functions

by trigonometric polynomials Tn of degree n. Instead, the corollary of this inequality for algebraic

polynomials Pn of degree n, namely, the inequality

‖ϕP ′n‖ 6 n‖Pn‖,
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where ‖ · ‖ := ‖ · ‖[−1,1] and ϕ(x) :=
√
1− x2, does not solve the problem obtaining a constructive

characterization of the approximation of continuous functions on a segment by algebraic polynomials.

Markov inequality

‖P ′n‖ 6 n2‖Pn‖.

does not solve this problem as well. Moreover, even the corollary

‖ϕnP
′
n‖ 6 2n‖Pn‖,

where ϕn(x) :=

√
1− x2 + 1

n2

of Bernstein and Markov inequalities is not enough. This problem, like a number of other theoretical

and practical problems, is solved by Dzyadyk inequality

‖ϕ1−s
n P ′n‖ 6 c(s)n‖ϕ−sn Pn‖,

valid for each s ∈ R. In contrast to the Bernstein and Markov inequalities, the exact constant in the

Dzyadyk inequality is unknown for all s ∈ R, whereas the asymptotically exact constant for natural s
is known: c(s) = 1 + s+ s2; and for n > 2s, s ∈ N, even the exact constant is known:

c(n, s) =

(
1 + s

√
1 + n2 − 1

n

)2

− s.

In our note, this result is extended to the case s 6 n < 2s.
Key Words: Exact constant, Dzyadyk inequality, algebraic polynomials.

Ñòàòòþ ïðåäñòàâèâ ä.ô.-ì.í., ÷ë.-êîð. ÍÀÍ Óêðà¨íè, Øåâ÷óê I.Î.

1 Âñòóï

Íåõàé Pn � ïðîñòið àëãåáðà¨÷íèõ ïîëiíîìiâ ñòå-
ïåíÿ 6 n, ç äiéñíèìè êîåôiöi¹íòàìè, ‖f‖ :=
‖f‖C[−1,1] = maxx∈[−1,1] |f(x)| - ðiâíîìiðíà íîð-
ìà ôóíêöi¨ f ∈ C[−1, 1], k � íàòóðàëüíå ÷èñëî,

c(n, k) =

(
1 + k

√
1 + n2 − 1

n

)2

− k

òà

ϕn(x) :=

√
1− x2 + 1

n2

Äëÿ n > 2k â ðîáîòi [1] äîâåäåíà íàñòóïíà
òåîðåìà 1.1.

Â íàøié çàìiòöi ïîêàçàíî, ùî òåîðåìà 1.1
ñïðàâåäëèâà òàêîæ äëÿ n > k.

Òåîðåìà 1.1. Äëÿ êîæíèõ íàòóðàëüíèõ ÷èñåë

k i n > k òà êîæíîãî ïîëiíîìà Pn ∈ Pn âèêî-

íó¹òüñÿ íåðiâíiñòü

‖P ′nϕ1−k
n ‖ 6 c(n, k)n‖Pnϕ

−k
n ‖. (1)

Â íåðiâíîñòi Äçÿäèêà [2, 3] (ñ. 262) ñòàëà
c(n, k) ¹ òî÷íîþ, îñêiëüêè ñïðàâåäëèâà òåîðåìà
1.2. Òåîðåìà 1.2 äîâåäåíà ó [1], õî÷à ñôîðìóëüî-
âàíà òàì ëèøå äëÿ n > 2k.

Òåîðåìà 1.2 ([1]). Äëÿ êîæíèõ íàòóðàëüíèõ

÷èñåë k i n > k çíàéäåòüñÿ ïîëiíîì Pn ∈ P
òàêèé, ùî

‖P ′nϕ1−k
n ‖ = (n, k)n‖Pnϕ

−k
n ‖. (2)

Íàðåøòi çàóâàæèìî, ùî

c(n, k) 6 1 + k + k2 i ùî

c(n, k)→ 1 + k + k2 ïðè n→∞.

2 Îáãðóíòóâàííÿ ñïðàâåäëèâîñòi òåîðå-

ìè 1.1

Çàôiêñó¹ìî a ∈ (0, 1), k ∈ N òà n ∈ N, n > k. Ïî-
çíà÷èìî ÷åðåç Tn− ïðîñòið òðèãîíîìåòðè÷íèõ
ïîëiíîìiâ

Tn = a0 +
n∑

m=1

(am cosmt+ bm sinmt)

ñòåïåíÿ 6 n ç äiéñíèìè êîåôiöi¹íòàìè. Íåõàé
w = eit, t ∈ R.

Ñëiäóþ÷è [1], ïîçíà÷èìî

ρ(t) := |w2 − a| =
√

(1− a)2 + 4a sin2 t, (3)
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S(w) := wn−2k(w2 − a)k

òà

Q(t) := Re S
(
eit
)
,

- òðèãîíîìåòðè÷íèé ïîëiíîì ñòåïåíÿ n, òàêîæ

A(t) :=

∣∣∣∣e2it − (1− 2k

n

)
a

∣∣∣∣ =
√(

1−
(
1− 2k

n

)
a

)2

+ 4a

(
1− 2k

n

)
sin2 t.

Ñôîðìóëþ¹ìî íàñòóïíó ëåìó.

Ëåìà 2.1 ([1]). Äëÿ ïîëiíîìà Q ñïðàâäæóþ-

òüñÿ íåðiâíîñòi

|Q(t)| 6 |S(eit)| = ρk(t), t ∈ R, (4)

|Q′2n(t)| 6
∣∣∣∣ ddtSn(eit)

∣∣∣∣ = nρk−1(t)A(t), t ∈ R,

(5)

Áóäå ïîòðiáíe íàñòóïíe óòî÷íåííÿ òåîðåìè
Áåðíøòåéíà [1, ñòîð. 498]. Íåõàé Hl � àëãåáðà¨-
÷íèé ïîëiíîì ñòåïåíÿ l, ÿêèé íå ìà¹ íóëiâ çîâíi
îäèíè÷íîãî êðóãà.

Òåîðåìà 2.1. ßêùî òðèãîíîìåòðè÷íèé ïîëi-

íîì Tn ñòåïåíÿ n > l/2 çàäîâîëüíÿ¹ íåðiâíiñòü

|Tn(t)| 6 |Hl(e
it)|

äëÿ âñiõ äiéñíèõ çíà÷åíü t, òî

|T ′n(t)| 6 |(n− l)Hl(e
it) + eitH ′l(e

it)|.

C. H. Áåðíøòåéí [1, ñòîð. 498] îòðèìàâ öþ
òåîðåìó äëÿ âèïàäêó n > l, à äëÿ âñiõ n > l/2,
òåîðåìà 2.1 âèïëèâà¹ ç òåîðåìè 2.2.

Òåîðåìà 2.2 ([4]). Íåõàé R(z) - àëãåáðà¨÷íèé
ïîëiíîì ñòåïåíÿ n, ùî ìà¹ âñi íóëi ó |z| 6 1 òà
P (z) - àëãåáðà¨÷íèé ïîëiíîì ñòåïåíÿ íå âèùîãî

çà ñòåïiíü P (z). ßêùî

|P (z)| 6 |R(z)| (6)

äëÿ |z| = 1, òî äëÿ äîâiëüíîãî |β| 6 1 ìà¹ìî∣∣∣∣zP ′(z)n
+ β

P (z)

2

∣∣∣∣ 6 ∣∣∣∣zR′(z)n
+ β

R(z)

2

∣∣∣∣ , (7)

äëÿ |z| = 1.

Äîâåäåííÿ òåîðåìè 2.1. Ìè çàñòîñîâó¹ìî íà-
ñòóïíi àðãóìåíòè Tamas Erdely òà äÿêó¹ìî ïðî-
ôåñîðó Dany Leviatan çà òå, ùî âií çâåðíóâ íà
íèõ íàøó óâàãó. Îòæå, íåõàé P2n òà R2n � àëãå-
áðà¨÷íi ïîëiíîìè ñòåïåíÿ 2n, îçíà÷åíi âiäïîâiä-
íî ðiâíîñòÿìè

Tn(t) =
P2n(z)

zn
äëÿ z = eit, òà

R2n(z) := z2n−lHl(z).

Ïðè öüîìó çàóâàæèìî, ùî R2n ¹ àëãåáðà¨-
÷íèì ïîëiíîìîì, îñêiëüêè çà óìîâîþ n > l/2.
Çðîçóìiëî, |Tn(t)| ≡ |P2n(e

it)| òà |Hl(e
it)| ≡

|R2n(e
it)|, òîìó äëÿ ïîëíîìiâ P2n òà R2n âèêî-

íó¹òüñÿ óìîâà (6) òåîðåìè 2.2. Äàëi, îñêiëüêè,
ïðè z = eit

T ′n(t) = iz

(
P ′2n(z)

zn
− nP2n(z)

zn+1

)
òà

zR′2n(z)

2n
− R2n(z)

2
=

1

2n

(
H ′l(z)z

2n−l+1 + (n− l)Hl(z)z
2n−l

)
,

òî çà òåîðåìîþ 2.2 ç β = −1 îòðèìó¹ìî

|T ′n(t)| = 2n

∣∣∣∣zP ′2n(z)2n
− P2n(z)

2

∣∣∣∣ 6
2n

∣∣∣∣zR′2n(z)n
+ β

R2n(z)

2

∣∣∣∣ =
|(n− l)Hl(e

it) + eitH ′l(e
it)|.
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