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1. Introduction 

The size and shape of the implant microrelief are known to affect the process of osseointegration in bone tissue 

[1]. An effective tool for altering surface topography is the femtosecond laser treatment, which has already been shown 

in various studies An effective tool for altering surface topography is the femtosecond laser treatment, which has 

already been shown in various studies [2, 3].  Particular attention is paid to optimizing the surface properties, increasing 

the specific surface area of the implant that comes into contact with bone tissue [4, 5]. This increases the rate of 

osseointegration, reduces stresses in the bone sections around the implant, and creates preconditions for optimizing the 

microgeometry of their surface. Such optimization is possible when conditions are created for its complete and accurate 

mathematical description [6, 7]. 

Mathematical models of implant surfaces allow making a quantitative comparison of the laser treatment 

efficiency, evaluating the geometric features of the relief, calculating the contact stresses in the zone of 

osseointegration, etc. A significant number of surface models are known, which take into account surface 

microgeometry. However, it should be borne in mind that a complete description of the properties of surface 

microgeometry requires from 3 to 25 parameters, which significantly complicates the process of optimizing surface 

properties [8-10]. Another important aspect is the ability to estimate the stress concentration in the surface microrelief 

and to conduct a rapid assessment of the impact of laser treatment on the residual cyclic durability. 

Contemporary methods of profilometry make it possible to conduct functional diagnostics of the surface condition 

and reveal the ordered structural formations. However, it remains important to create effective computer diagnostic 

systems that perform automated processing of the profilometry signals obtained, which would allow for the analysis of 

surface microgeometry, followed by a preliminary diagnostic conclusion about its condition. The development of 

approaches to modeling the material surface condition is the basis for creating a new method of strengthening structural 

materials, modifying their surface [11-13]. 

Abstract: A method of mathematical modeling of the ordered surface relief of titanium alloy Ti6Al4V after 

femtosecond laser treatment is proposed, which allowed obtaining the informative signs of the self-organized 

surface irregularities, taking into account the stochastic and cyclic nature of this process. An algorithm has been 

developed, and a package of computer programs has been created based on the proposed mathematical model. 

These methods make it possible to analyze the zone-spatial two-dimensional structure of the cyclic relief of the 

modified surface. They are also the basis for creating the specialized software for the automated profilometric 

diagnostic systems. 
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The objective of this research is to use a mathematical model of a cyclic random process for the surface relief 

morphology of titanium alloy Ti6Al4V exposed to femtosecond laser pulses, taking into account its stochastic and 

cyclic nature. 

2. Research technique 

A model for creating relief formations on the surface of titanium alloy Ti6Al4V, which were polished to a 

roughness s = 0.065 ± 0.003 μm and treated with a laser, is considered in this article. A 300 fs 

UFFL_60_200_1030_SHG fiber laser (Active Fiber Systems GmbH, Jena, Germany) featuring an amorphous glass Yb-

doped core was used for laser structuring. The laser system is integrated into a Microgantry GU4 five-axis 

micromachining center (Kugler GmbH, Salem, Germany). The pulse repetition rate of the laser system can be varied 

from 50.3 kHz to 18.6 MHz, with an average power of up to 60W. The laser emits linear polarized light with a 

wavelength of 1030 nm. An f-theta lens with a focal length of 163 mm leads to a circular focus diameter of df = 36 

microns at 1/e2 intensity (Gaussian laser beam profile). This spot diameter is used for all laser parameter calculations. 

The findings presented in article [14], in which pulse treatment was performed by overlapping the areas of laser 

treatment (LO), were the experimental basis of this research. High values of the parameters considered caused phase 

transformations and heat accumulation, which led to a reduced ablation threshold and increased roughness. In this 

paper, the surface relief properties of titanium alloy Ti6Al4V were modeled by LO 40% at a laser fluence of q = 4.91 

J/cm² to verify the method efficiency. A generalized theoretical and methodological approach, which consists in 

identifying the segmental structure of cyclic signals with a variable rhythm, was applied to the analysis of the surface 

relief, allowing us to process experimental data as part of the stochastic approach. 

2.1. Mathematical model of the surface microrelief structure of the titanium alloy exposed to femtosecond laser 

pulses.  

The profile diagram of the surface microrelief of titanium alloy Ti6Al4V after exposure to femtosecond laser 

pulses was considered as a stochastic cyclic signal. In [15], a cyclic random process is defined as a separable random 

process ( )  )L,0l,,l, Ω , which is called a cyclic random process of a continuous argument in the presence of 

function ( )n,lT  that satisfies the conditions of the rhythm function [15]. In particular, finite-dimensional vectors 

( )l,( 1 , )l,( 2 ,…, )l,( k ) and ( ( ))n,lTl,( 11 + , ( )))n,lTl,( 22 + ,..., ( )n,lTl,( kk + ), Zn , де 

 k21 l,...,l,l  is the set of the process separability ( )  )L,0l,,l, Ω  for all integers Nk  ), are stochastically 

equivalent in a broad sense. Parameter ( )n,lT  is the rhythm function of the cyclic process, which reflects the variation 

of temporal (spatial, in our case) intervals between its single-phase values. The main properties of this function are 

described in [15]. 

Since the rhythm function ( )nlT ,  is taken into account in the model, it must meet the following requirements: 

1. Function ( )nlT ,  is set throughout the whole real axis Rl  and the whole set of integers, and is equal to zero when 

0=n . In other cases, it is either positive or negative, that is:  

          а) ( ) 0, nlT , if 0n ; 

         b) ( ) 0, =nlT , if 0=n ; 

c) ( ) 0, nlT , if 0n .                                                          (1) 

2. Under any R
1
l  or R

2
l , for which 

12
ll  , the following inequation is fulfilled for function ( )nlT , : 

( ) ( ) Z++ nnlTlnlTl ,,,
2211

.                                                (2) 

If the rhythm function’s conditions are fulfilled for the cyclic process investigated, which is repeated while 

unfolding in space (its statistical characteristics are repeated), then it is appropriate to apply the proposed mathematical 

model in the form of a cyclic random process. 

This mathematical model has advantages, because the process stochasticity and cyclicity (as well as periodicity 

as a partial case) are taken into account, along with the variable rhythm of its deployment (or stable (constant) rhythm 

as a partial case (periodic rhythm)). 

According to this mathematical model, the processing of cyclic microrelief was possible in the presence of its 

rhythm function, or subject to its finding. To do this, the segmental cyclic structure of the microrelief was taken into 

account as follows: 

( ) W=
=

l,lf)l(
C

1i

i                                               (3) 

where C is the number of segments-cycles of the cyclic microrelief. W is the definition area of cyclic microrelief, while 

the definition area of its values in case of the stochastic approach is the Hilbert space of random variables given on one 

probabilistic space ( )( )),(l 2 PΩLΨ = . Within structure (3), the segments-cycles of the cyclic microrelief process 

were determined through indicator functions, that is 
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( ) ( ) ( ) WW == l,C,1i,tIllf
ii  .                                                   (4) 

The indicator functions, which allocate segments-cycles, were defined as: 

( )







=

.l,0

,l,1
lI

i

i

i W

W
W

,                                                                    (5) 

where 
iW  is the definition area of the indicator function, which in the case of a discrete signal ( DW = ) is equal to a 

discrete set of signal sections 

  ,C,1i,J,1j,l j,ii ===W                                                             (6) 

The segmental cyclic structure is taken into account as a set of spatial sections 

}l{ i  or  j,il , C,1i = , J,1j =                                                                             (7) 

Such expression of mathematical model (1) takes into account the rhythm of the cyclic microrelief through the 

continuous rhythm function ( )nlT , , namely,  

( ) ( ))n,l(TlIlI
nii

+=
+WW

, WZ = l,n,C,1i .                                        (8) 

To evaluate rhythm function ( )n,lT , the segmental structure of microrelief (in our case, the segmental cyclic 

structure) was determined first as }C,1i,l{ˆ
ic ==D , which is a set of spatial moments that correspond to the 

boundaries of segments-cycles of the microrelief. 

2.2. Defining segmental cyclic structure of microrelief (evaluating segmental structure) 

Given the well-founded mathematical model, the problem of segmenting cyclic microrelief with a segmental 

cyclic structure consisted in finding an unknown set of spatial moments of the boundaries of  -th segments-cycles 

}C,1i,l{ˆ
ic ==D , which is similar to finding the division  C,1i,i

c == WWW
 of the cyclic microrelief definition area. 

In this case, it is necessary that for a certain set of spatial moments },1,{ˆ Cilic ==D , the bijection conditions of the 

microrelief cycles are met, and their strict ordering is observed, that is, isomorphism with respect to the order of 

microrelief sections (7), which correspond to segments-cycles with equal attributes (8), therefore: 

,C,1i,l,ll;,ll i1i1ii = ++ W                                                    (9) 

C,1i,l,))l(f(p))l(f(p 1ii =→= + WА .                                                (10) 

where А  is the set of possible values of attributes. 

Similar problems in digital cyclic data processing systems are solved in the analysis of ordered signals, in 

particular, cardio signals, cyclic signals of relief formations [16, 17], economic cycles, solar activity cycles, etc., whose 

mathematical models are represented by cyclic random processes. To do this, different methods can be used to solve 

the segmentation problem [18-22], but they must be, above all, consistent with the mathematical model that describes 

the self-organization of the process (physical phenomenon) in the relevant subject area. In this paper, the segmentation 

method presented in [23] is used. It allowed us to determine the segmental cyclic structure }C,1i,l{ˆ
ic ==D  and its 

parameter. The structural diagram of the developed segmentation method is shown in Fig. 1. The results of applying the 

developed method of segmentation to the analyzed microrelief are shown in Fig. 2. Having obtained a segmental cyclic 

structure for estimating the continuous rhythm function of the microrelief, we determined its rhythmic structure 

(discrete rhythm function). Using this approach makes it possible to evaluate the properties of microrelief, which is 

important in technical diagnostics. In particular, it allows taking into account the geometry of protrusions on the self-

organized surface, establishing their relationship with osseointegration. 

2.3. Determining rhythmic cyclic structure of the microrelief (evaluating the rhythmicity of the structure) 

A discrete rhythmic structure in case of a segmental cyclic structure of microrelief (see Fig. 3), with DW = , was 

determined as follows 

Z=−= + n,C,1i,ll)n,l(T̂ inii .                                                      (11) 

Having obtained a rhythmic structure, we evaluated it taking into account the recommendations developed in 

[16, 24]. The evaluation of continuous rhythm function is described in [14]. An interpolation function 

ZW  n,l),n,l(T̂  was determined that would pass through discrete values of the rhythmic structure (discrete 

rhythm function) ZW = n,C,1i,l),n,l(T̂ ii  and satisfy the conditions of the rhythm function ( )nlT , . In 

particular, its derivative by argument  (in our case), if any, should not be less than minus one [16]. 
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Fig. 1 - Algorithmic support for the method of segmentation of stochastic cyclic signals 
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a)                                                                    b) 

Fig. 2 - Description of the surface morphology of titanium alloy Ti6Al4V after exposure to femtosecond laser 

pulses as a cyclic process and its defined rhythmic structure: a) microrelief with LO 40%; b) discrete rhythmic 

cyclic structure of the microrelief section that corresponds to the boundaries of segments-cycles (determined by 

the segmentation method), calculated by formula (11) 

 

In the practical application of diagnostic systems, they take into account the fact that the cyclic signal can only 

be processed when the rhythmic structure is determined, provided that 0n . More precisely, they assume that 1=n  

and perform statistical signal processing by means of sequential processing of cycles (the first, third, fifth cycle, and so 

on), but not individual cycles with a certain step, which is the case when 2=n . Therefore, we analyzed the rhythmic 

structures assuming that 1n = . 
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Continuous rhythm functions are evaluated using various approaches, including piecewise-linear interpolation, 

quadratic or cubic spline interpolation. In this work, we used the well-known method of piecewise linear interpolation 

[16]. The structural diagram of the method for estimating the rhythm function is shown in Fig. 3. 

DETERMINATION OF 
DISCRETE RHYTHMIC 

STRUCTURE

DETERMINATION OF 
LINEAR 

INTERPOLATION 
COEFFICIENTS

DETERMINATION OF 
CONTINUOUS 

RHYTHM FUNCTION

PIECEWISE-LINEAR 
INTERPOLATION

 
Fig. 3 - Structural diagram of the method for estimating the rhythm function of the cyclic microrelief of the 

surface of titanium alloy Ti6Al4V after exposure to femtosecond laser pulses by the method of piecewise linear 

interpolation 

 

Piecewise linear interpolation was used to estimate the continuous rhythm function 

( ) W=+= l,C,1i,mlk1,lT̂ iii .                                       (12) 

Interpolant coefficients were determined by the formulae: 

.l,C,1i,l
ll

)1,l(T̂)1,l(T̂
)1,l(T̂m

,l,C,1i,
ll

)1,l(T̂)1,l(T̂
k

i1i
i1i

i1i
ii

i
i1i

i1i
i

W

W

=
−

−
−=

=
−

−
=

+
+

+

+

+

                                (13) 

Rhythm function was estimated by the following formula 

W=
=

l,)1,l(T̂)1,l(T̂
C

1i

i
.                                                   (14) 

An example of the evaluation of the continuous rhythm function is given in Fig. 4. 
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Fig. 4 - Rhythm function based on piecewise linear interpolation  

3. Result and discussion. 

Taking into account the mathematical model, we apply the developed methods of statistical processing presented 

in [25-28]. Statistical evaluation of the probabilistic characteristics of the cyclic random process (microrelief process) 

was performed taking into account the obtained rhythm function as follows: 

- statistical evaluation of the mathematical expectation of the microrelief process was calculated as 

( )  )211j

1C

0j

jjj l
~

,l
~

l,)n,l(Tl
C

1
)l(m̂ =+= 

−

=

W  .                                    (15) 
 

- statistical assessment of the variance of the microrelief process  

( )( )  )211j

21C

0j

jjjjj l
~

,l
~

l,))n,l(Tl(m̂)n,l(Tl
1C

1
)l(d̂ =+−+

−
= 

−

=

W  .                       (16) 
 

where 21 l
~

,l
~

 are the boundaries of the first cycle of cyclic microrelief. 
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In [24], other probability characteristics are defined, in particular, the correlation and covariance functions. We 

limited ourselves to these two characteristics because they are necessary for the next steps of modeling the microrelief 

morphology. 

The results of the statistical estimates obtained are shown in Figure 5. 
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Fig. 5 - Statistical estimates of the microrelief cycles morphology of the surface of titanium alloy Ti6Al4V after 

exposure to femtosecond laser pulses: a) statistical evaluation of the mathematical expectation; b) statistical 

estimation of variance 

 

The results of applying computer simulation experiments are shown in Figure 7. From the obtained results it was 

revealed that the simulated elements of the surface microrelief are close to the experimental ones, which indicates 

sufficient accuracy of statistical processing of cyclic signals. The mathematical model of forming a self-organized relief 

on the metal surface under the action of laser pulses as a cyclic random process is used in this research, and the 

methods of its statistical processing are substantiated. 
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Fig. 6 - The results of computer modeling of the microrelief morphology of titanium alloy Ti6Al4V after 

exposure to femtosecond laser pulses: a) simulated realization of microrelief; b) experimental and computer 

simulated realization of microrelief geometry 

4.    Conclusions 

A system of new methods consistent with the mathematical model of methods for identifying the segmental and 

rhythmic structures of the surface microrelief of titanium alloy Ti6Al4V after exposure to femtosecond laser pulses as 

part of the stochastic approach is used. The rhythm functions of the studied microrelief are estimated by the method of 

piecewise linear interpolation. This was possible because single-phase values corresponding to the segments-cycles are 

considered in the method. The profile diagram of the system of microroughnesses is considered as a diagnostic signal 

of the surface condition and is described as a cyclic random process. To analyze the microgeometry of the surface relief 

of the analyzed titanium alloy Ti6Al4V, statistical methods were used and statistical estimates (mathematical 

expectation and variance) were calculated. This allowed us to expand the apparatus of morphology analysis and 

computer modeling of microrelief of laser-treated surfaces based on the stochastic approach. In further research, it is 

planned to modify the mathematical model, which will allow us to consider the features of amplitude values within the 

structure of the process of forming a laser microrelief for the problem of modeling the surface of metals. 
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