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Although figures have always been the language of 
accountants, they have been derived only from the 
simplest mathematical methods in the past. Now, 
however, more sophisticated techniques are both 
available and essential in management services. Here 
is a review of —

SOME USES OF MATHEMATICAL 
TECHNIQUES IN ACCOUNTING

by H. G. Trentin

Arthur Andersen & Co.

There was a time when the use 
of mathematics in accounting 
was confined to computing inter­

est, discounts, annuities, returns on 
investments, partnership interests, 
sinking funds, and a few other ac­
counting applications requiring a 
bit more than simple addition, sub­
traction, multiplication, and divi­
sion. As a matter of fact, most ac-

This article has been adapted from a 
paper presented by the author at the 
9th International Congress of Account­
ants, held in Paris this fall. 

countants got along quite well on 
just these four basic arithmetical 
functions.

Now, however, the role of the 
accountant has broadened to meet 
the needs of business management. 
The new horizons of accounting 
make it necessary to deal with 
probability statistics, correlation 
analysis, network diagraming (in­
cluding PERT), linear programing, 
and other more advanced mathe­
matical methods.

In this article each of the meth­

ods mentioned will be described in 
general terms, and one of them 
(networking) will be illustrated 
by a case study.

Probability statistics
The accountant is often called 

upon to provide an analysis of past 
occurrences and to offer sugges­
tions regarding future trends. For 
example, based on forecasts of 
sales and analyses of alternative 
options, decisions are made regard­
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ing additions to plant, borrowing 
requirements, inventory commit­
ments, and other matters of sub­
stantial financial consequence. Sta­
tistical analysis of historical data 
often permits presentation of sales 
forecast information in terms of 
probabilities of achieving different 
levels of sales.

To take a highly simplified ex­
ample, consider the problem of a 
baker who decides how many 
loaves of bread to produce on a 
given day of the week, say, Friday, 
on the basis of the number sold 
on Fridays in the past. An analysis 
of historical sales may result in the 
probabilities shown in Exhibit 1 
on this page.

The average number of loaves 
sold on Fridays was 1,000. The 
baker also knows that it costs him 
32 cents to bake a loaf and that he 
can sell it for 40 cents as a fresh 
loaf on the same day but has to 
reduce the price to 20 cents if it is 
to be sold as one-day-old bread on 
the next day. With this informa­
tion, the baker can now determine 
what his best course of action 
would be.

Mathematical analysis would 
show that he would do best by 
baking about 975 loaves of bread. 
At this level he would have a 60 
per cent probability of making the 
sale of an additional loaf with a 
profit of 8 cents and a 40 per cent 
probability of finding himself left 
with one loaf to be sold the next 
day at a loss of 12 cents. The “ex­
pected value” of the gain (8¢ X 
60% = 4.8¢) would equal the ex­
pected value of the loss (120 X 
40% = 4.80).

Capital budgeting and invest­
ment decisions can also be im­
proved if similar probability alter­
natives are prepared to illustrate 
the financial consequences. Profits 
or savings and the present value of 
cash flows involved in the acquisi­
tion of plant and the recovery of 
costs are not certain figures. Most 
current financial analyses prepared 
for these decisions by accountants 
show the consequences if the 
assumptions are realized. Introduc­
ing the effect of various probabil­

ity variations from the assump­
tions and—perhaps most important 
—how likely they are to occur may 
change the decision.

Correlation analysis

One of the more difficult prob­
lems in cost accounting is to sepa­
rate variable elements of cost from 
those that are fixed and independ­
ent of production level. Several ap­
proaches are possible. The most 
conventional would be to classify 
individual elements of expense as 
either fixed or variable (for exam­
ple, maintenance labor as fixed 
and maintenance materials as vari­
able). This procedure, however, 
fails to reflect the fact that many 
elements of expense may be partly 
fixed and partly variable and can­
not be completely classified as one 
or the other.

Where historical data exist on 
both expenditures and units of pro­
duction for each of a number of 
periods, a scatter diagram can be 
prepared plotting, for example, 
labor dollars or hours against pro­
duction level. By drawing a line 
that seems best to fit the points in 
this graph, a relationship between 
fixed and variable portions is es­
tablished, the fixed being repre­
sented by the intercept of the line 
and the variable by its slope.

Such a line is referred to mathe­
matically as a regression line. It is 
possible to calculate the intercept 
and slope from the basic data with­
out actually plotting the line—by 
the “least squares” method.

Value increases with factors

This mathematical approach be­
comes increasingly useful when 
costs are to be analyzed or broken 
down into not just two elements, 
namely, fixed and variable, but 
three or more. For example, such 
an analysis may permit identifica­
tion of costs that are fixed and in­
dependent of both production level 
and the number of machine set­
ups; costs that are variable with 
production level but not with ma­
chine setups; and those that are

Probabilities of Achieving Various Levels 
of Sales

Probability Number of Fresh Loaves

1 out of 10 1,500 or more
5 out of 10 1,000 or more
8 out of 10 900 or more

10 out of 10 700 or more

EXHIBIT I

variable depending on the num­
ber of machine setups but not on 
the production level.

So far, however, such correlation 
methods have found only limited 
application both because they often 
require more historical data than 
are available and because the same 
information can usually be arrived 
at through engineering approxima­
tions.

Network diagraming

Network diagraming is the math­
ematical term applied to various 
techniques for planning, schedul­
ing, and control, of which critical 
path methods and PERT are per­
haps the most widely used in ac­
counting applications. These are 
means of analysis based on the di­
vision of a project into small steps 
of short duration in such a way 
that each step can be separately 
planned, scheduled, budgeted, and, 
upon completion, promptly ac­
counted for.

The approach basically consists 
of (1) the construction of a net­
work diagram representing the de­
pendencies and interrelationships 
of the steps comprising the total 
project, (2) the provision of addi­
tional data for project control, and

H. G. TRENTIN, CPA, is 
partner in charge of ad­
ministrative services in 
the New York office of 
Arthur Andersen & Co. 
Mr. Trentin served on the 
original board of con­
sulting editors for MAN­
AGEMENT SERVICES. He 
is a member of the Na­

tional Association of Accountants and serves 
on the management services committees of 
the American Institute of CPAs and the New 
York State Society of CPAs.
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Critical path analysis of a project requires that it...

(3) the introduction of time and 
cost variations. The last named 
permits an evaluation of the sched­
uling of steps to permit selection 
of a schedule that produces the 
least direct cost for each step and/ 
or the total project.

These methods are frequently 
used in production operations, re­
search and development, and con­
struction to schedule large and 
complex projects. They also have 
been used by accountants for sim­
pler but important operations like 

EXHIBIT 2

Sketch of Proposed Building

developing schedules for earlier 
closing of the books in multi-divi­
sional companies.

CPM in construction

The purposes of the construction 
industry accountant, for example, 
are well served by the specific ob­
jective of the critical path method: 
to set up an efficient information 
system that will operate continu­
ously throughout a construction 
job, producing early, detailed, and 

accurate estimates of the following:
(a) Variable costs
(b) Final completion date
(c) Potential bottlenecks
(d) Requirements dates for la­

bor, material, and subcontractors
(e) Cash flow.

Divide and conquer
To begin with, critical path anal­

ysis of a project requires that it be 
described in terms of a number of 
separate activities, or “steps.” 
Whenever possible a step should 
consist of some physically distin­
guishable part of the work, the 
completion of which can be deter­
mined by visual inspection. In a 
process plant, for example, the in­
stallation of a pump would be a 
typical step. In a concrete struc­
ture, each pour might be consid­
ered a step. The description should 
state which steps may be done 
concurrently and which steps must 
be done in sequence. Steps to be 
done in sequence must be care­
fully defined so as to indicate 
clearly why the completion of one 
affects the start date of the next.

Cost variances will be accounted 
for step by step. Therefore, each 
step should represent only a small 
percentage of total project cost. 
Schedule progress will also be 
measured step by step, so the work­
ing time for each step should be 
short, relative to total project time. 
As an example, the concrete work 
for an eight-story office building 
was analyzed in terms of 42 steps, 
with step costs ranging from $4,000 
to $22,000 and step durations from 
five to eighteen working days.

When the steps have been de­
scribed in this manner, two con­
trols may be established as follows:

Control of direct costs

Critical path permits extremely 
prompt and precise comparison of 
budgeted versus actual direct cost

28 Management Services
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.. . be described in terms of a number of activities or “steps.”

for each step as soon as it is com­
pleted. To set up this control, the 
accountant must first obtain an es­
timate of the direct cost for each 
step, broken down as desired into 
the usual cost classifications (labor 
of various trades, material of vari­
ous kinds, etc.). He must then ar­
range for the reporting of actual 
cost by step, and, when a step is 
complete, he should compare ac­
tual with budgeted cost. The re­
sults should immediately be passed 
back through management chan­
nels to the job site.

When this routine is performed 
separately for each step, variances 
are revealed early. In the office 
building mentioned an overrun was 
indicated in formwork labor after 
only six of the 42 concrete steps 
were completed. Without critical 
path this overrun would not have 
been discovered until much later 
in the project, probably too late for 
corrective action.

Schedule control is achieved by 
similar means. In the planning 
stage estimates of the working time 
for each step are obtained, and a 
schedule in the critical path for­
mat is prepared.

Critical “bottlenecks" isolated
The network calculation identi­

fies the potential bottlenecks, or 
"critical” steps. In most projects 
only a few steps are critical. For 
example, in a chemical plant main­
tenance project involving over 200 
steps, only 25 were found to be 
critical. Total project time was re­
duced 37 per cent by focusing 
management attention on these 25 
steps alone.

Furthermore, the network rou­
tine clearly points out which steps 
may be delayed, and how much, 
without prolonging the final com­
pletion date. This permits the 
scheduling of efficient crew sizes, 
convenient arrival dates for mate­
rial and subcontractors, and low 

interest on construction funds with 
no delay to the project.

Networking example

Here is a relatively simple ex­
ample of the use of the critical 
path method in the construction 
industry:

Suppose that you are managing 
an investment in rental property. 
You engage a contractor to build, 
at cost plus ten per cent, the five- 
story apartment building shown in 
Exhibit 2 on page 28.

Before beginning construction, 
he submits to you the following 
budget and schedule:

APARTMENT BUILDING 
$1,200,000
45 weeks required to complete

You believe that a more detailed 
analysis would yield greater preci­
sion. The contractor submits the 
schedule shown in Exhibit 3 on 
this page.

Bar chart scheduling
The contractor explains that 66, 

which seems to be the total num­
ber of weeks, has no meaning here 
since, for example, some of the con­
crete work can be started before 
the excavation is entirely finished. 
Also, the interior work can begin 
as soon as the service elevator can 
be manually operated to provide 
access for workmen. Reflecting

EXHIBIT 4

Apartment House—Schedule

Construction Budget and Schedule

Excavation $150,000 18 weeks
Concrete 260,000 21 weeks
Interior work 550,000 11 weeks
Elevator 320,000 16 weeks

Total $1,280,000

EXHIBIT 3

these facts, he submits a chart 
showing completion in 45 weeks 
(Exhibit 4 on this page).

This is an example of the tradi­
tional construction bar chart. Al­
though it is usually presented on a 
wide piece of paper, the informa­
tion it contains is sparse. It really 
shows only two numbers for each 
classification of work—a start date 
and a finish date. It gives no indi­
cation of what goes on between 
these two dates and does not tell 
why the activities cannot be started 
and/or finished earlier.

To obtain a better understand­
ing and closer control of the work, 
you decide to use critical path 
scheduling on the project. Your 
first step is to sit down with the 
contractor and discuss the details 
of his plan for construction. An af­
ternoon in his office reveals that 
the following facts appear to gov­
ern the sequencing of the work:

Governing sequence
1. It would be very costly to be­

gin the interior work before the
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4

Management Services: A Magazine of Planning, Systems, and Controls, Vol. 4 [1967], No. 6, Art. 5

https://egrove.olemiss.edu/mgmtservices/vol4/iss6/5



Consider “If these estimates are correct, what is the shortest.. .

service elevator is operating manu­
ally because of the expense of 
hoisting workmen and material.

2. After the service elevator is 
operating manually, interior work 
can proceed concurrently with the 
installation and testing of auto­
matic elevator controls.

3. The elevator work cannot be 
started until the reinforced con­
crete elevator tower is complete.

4. The concrete elevator tower 
cannot be started until the base­
ment area of the building lot is ex­
cavated and shored.

5. Certain concrete foundation 
work must be in place before the 
structural steel framework can be­
gin.

6. Structural steel supporting the 
main building concrete cannot be 
raised until the elevator tower is 
complete, for the steel depends on 
the tower for support.

7. Concrete for the parking deck 
cannot be started until the main 
building concrete work is complete 
since the parking deck area is 
needed for working space.

Nine main steps

After considering these facts, 
you decide to divide the project 

for scheduling purposes into nine 
steps as follows:

Excavation
Main building area 
Parking deck area

Concrete
Foundation (includes all concrete work 
in main building area and below street 
level)
Elevator tower
Main building (including supporting 
structural steel)
Parking deck (both above and below 
grade)

Interior work, all floors

Elevator
Manually operated, temporary equipment 
Fully automatic equipment

Instead of four bars on the chart, 
you now have nine. You indicate 
the necessary sequencing of the 
bars by arrows, making a critical 
path schedule diagram as shown in 
Exhibit 5 on this page.

Next you ask the contractor for 
his best estimate of the number of 
weeks that will be required for the 
completion of each step. These es­
timates are entered on the diagram 
(see Exhibit 6 on page 31).

Now consider the question: “If 
these estimates are correct, what is 
the shortest possible time in which 
the entire job can be completed?” 
This is answered by computing an 

earliest possible completion time 
(which is called “EPC”) for each 
of the steps.

The EPC can be computed for 
any step if, and only if, it already 
has been computed for all immedi­
ately preceding steps. Therefore, 
you must begin with a step which 
is not preceded by any other step 
(in this case, begin with “excavate 
basement”) and work forward 
through the schedule.

Calculating the EPC

The EPC for a step is the sum 
of (a) its duration and (b) the 
largest of the EPC’s for the im­
mediately preceding steps. In Ex­
hibit 7 on page 31 the EPC’s have 
been correctly computed for all 
steps. Note, for example, that the 
EPC for “Concrete park deck” is 
the sum of (a) the duration of six 
weeks and (b) the larger of the 
EPC’s for the “Excavate park deck” 
(18) and “Concrete main bldg” 
(23). This amounts to 6 + 23 = 
29. That is, “Concrete park deck” 
cannot be completed earlier than 
the 29th week.

The earliest possible completion 
time for the entire building is the 
largest of the EPC’s. In this case,

Apartment House—Critical Path Schedule Diagram, Sequencing

EXHIBIT 5
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... possible time in which the entire job can be completed?”

the conclusion is that, if the esti­
mates of step duration are correct, 
your building can be completed in 
36 weeks instead of 45. Since the 
36-week estimate is more detailed 
than the 45-week, it is likely to be 
more precise. You calculate your 
gain from earlier use of the build­
ing and find that, at the net rental 
value of $700 per day, the financial 
outlook is better. Without the care­
ful analysis required by critical 
path, this opportunity for earlier 
completion might have been over­
looked.

Last possible dates
As you study the new schedule, 

you notice an interesting difference 
between the step “Concrete Park 
Deck” and the step “Interior.” One 
can be delayed past its EPC with­
out affecting final completion date, 
while the other cannot. In this 
sense, “Concrete Park Deck” is 
seven weeks less “urgent” than “In­
terior.” It occurs to you that there 
may be a way to calculate the de­
gree of urgency for every step in 
the schedule.

As a matter of fact, there is. It 
is done by computing a latest pos­
sible completion time (called 
“LPC”) for every step. LPC repre­
sents the latest possible time the 
step can be completed without pro­
longing the entire project.

In general, the LPC can be cal­
culated for any step if, and only 
if, it already has been calculated 
for all immediately following steps. 
Therefore, you must begin with a 
step which has none following and 
work backward through the sched­
ule.

For any step with none follow­
ing, the LPC, of course, is equal to 
the largest EPC, that is, to the 
project duration. In the example, 
the LPC for “Interior” would be 
36, and so would the LPC’s for 
“Elevator automatic” and “Con­
crete park deck.”

Apartment House—Critical Path Schedule Diagram, Time Estimates

EXHIBIT 6

EXHIBIT 7

Apartment House—Critical Path Schedule Diagram, EPC's and LPC's

EXHIBIT 8
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Excavation 
Basement 
Park deck

Concrete 
Foundation 
Tower
Main building 
Park deck

Interior

Elevator
Manual 
Automatic

$ 60,000
90,000

50,000 
30,000

110,000 
70,000

550,000

80,000 
240,000

$1,280,000

Cost Breakdown by Critical Path Steps

EXHIBIT 9 

all steps have zero slacks. This 
path is called the “critical path.” 
If a step is on a critical path, any 
delay in that step will delay the 
entire project.

In this nine-step schedule four 
of the steps are critical. In appli­
cations involving hundreds or 
thousands of steps, it is often found 
that only 10 to 20 per cent of the 
steps are critical. Management can 
effectively expedite the entire pro­
ject by concentrating on these few 
bottleneck steps, which are pre­
cisely identified by critical path 
analysis.

The value of critical path 
analysis arises from treat­

ment of a large, complicated 

project in terms of its 

many smaller, simpler parts. 

Working days are now 

budgets, like dollars. The 

estimate of total construction 

time is the sum of the 

estimated construction times 
for certain steps—those on 

the critical path.

For any other step the LPC is 
calculated as follows: For each im­
mediately following step, subtract 
the duration from the LPC. The 
smallest of these differences is the 
required LPC.

This is shown in Exhibit 8 on 
page 31. The LPC’s have been cal­
culated correctly. For example, the 
LPC for “Concrete main bldg” is 
the smaller of the two numbers 
(36-6) and (36-11), that is, the 
smaller of 30 and 25, or 25. Stated 
in words, “Concrete main bldg” 
must be finished no later than the 
25th week, or the entire project 
will be delayed beyond the 36th 
week.

Bottleneck steps

The urgency of each step may 
now be measured by subtracting 
its EPC from its LPC. The result 
is called the “slack” for the step. 
It represents the number of weeks 
by which the completion of the 
step may be delayed beyond its 
EPC without prolonging the proj­
ect. For example, “Concrete park 
deck” has a slack of (36-29) or 
seven weeks.

Notice that the steps “Excavate 
basement,” “Concrete tower,” “Ele­
vator manual,” and “Interior” all 
have zero slacks. These four steps 
constitute a path, that is, a succes­
sion of steps from the beginning to 
the end of the project. In any criti­
cal path schedule diagram there is 
always at least one path on which

Cost control
Since your arrangement with the 

contractor is cost plus ten per cent, 
you will want to measure, at fre­
quent intervals, how much the ac­
tual cost is likely to differ from the 
estimate. This objective can be met 
by using the critical path steps as 
budget subdivisions. You ask the 
contractor to break down his esti­
mate of cost by critical path steps, 
and he replies as shown in Exhibit 
9 on this page.

The contractor reports that the 
interior and elevator steps have 
been subcontracted at the amounts 
shown, so that the uncertain ele­
ments of cost are excavation and 
concrete work, which the contrac­
tor is performing with his own men 
and equipment.

With the estimate broken down 
as shown, you are now in a posi­
tion to monitor the contractor’s 
costs immediately on completion 
of each step. As soon as he fin­
ishes, say, “Concrete foundation,” 
you will know exactly how much 
work has been done, how much 
money was budgeted for it, and 
what it actually cost. There will be 
no need for an “estimate of per­
centage complete.” This method of 
cost control contrasts with the tra­
ditional one, in which the account­
ant is required to obtain estimates 
of percentage completion for vari­
ous categories of work (concrete, 
plumbing, etc.) without being cer­
tain of how these categories are 
physically distributed in the struc­
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ture. (Note: In an actual situation, 
the estimate of cost would prob­
ably be broken down not only by 
step but also by the usual func­
tional classifications as well; for 
example, formwork, cement finish­
ing, etc.)

Suppose that at the end of the 
15th week the concrete tower is 
complete. A job progress report for 
your building would contain infor­
mation like that shown in Exhibit 
10 on this page.

Cost control precise

As this example illustrates, the 
value of critical path analysis arises 
from treatment of a large compli­
cated project in terms of its many 
smaller, simpler parts. Working 
days are now budgeted like dol­
lars. The estimate of total construc­
tion time is the sum of the esti­
mated construction times for cer­
tain steps—those on the critical 
path. Similarly, cost control is pre­
cise because the budget is broken 
down by time-oriented steps that 
are consistent with the physical 
progress of the work.

Linear programing

Linear programing is an analy­
tical or computational technique 
for solving a general class of opti­
mization problems involving many 
variables related in a complex way. 
The solution of these problems in­
volves the attainment of a measure 
of effectiveness, such as profits, 
costs, or quantities produced, for a 
given set of restraining conditions, 
e. g., material availability, produc­
tion capacity, government regula­
tions, etc.

Using the linear programing 
technique, an analyst can system­
atically search through unit cost 
and quantity tables of hundreds of 
alternatives for making products at 
various plants of a national com­
pany, shipping to and storing at 
various warehouses, and ultimately 
shipping to customers in order to 
arrive at an overall minimum cost 
solution. With five factories and 
one hundred depots or stores, you

Cost Completion Week

Date: November 18, 1967 
Working week: 15th

Original 
Estimate Actual

Original 
Estimate Actual

Steps completed:
Excavation, basement $ 60,000 $ 61,400 8th 6 th*
Concrete foundation 50,000 48,700 13 th 14th
Concrete tower 30,000 26,200 16th 15th*

Subtotals $ 140,000 $ 136,300

Current Current
Estimate Estimate

Steps not yet completed:
Excavation, park deck $ 90,000 18 th 19th
Concrete, main building 110,000 23 rd 22nd
Concrete, park deck 70,000 29th 28th
Elevator, manual 80,000 25th 24th*
Elevator, automatic 240,000 32nd 31st
Interior 550,000 36th 35th*

Subtotal $1,140,000 $1,140,000

Totals:
Per original estimates $1,280,000 36th

Adjusted for results to date $1,276,300 35th

Estimated Final Completion: 
35th week (April 6, 1968)

*Critical steps

Job Progress Report

EXHIBIT 10

would have to consider at least 
five hundred shipping routes to get 
the product to the customer at low­
est cost. If the pertinent data as to 
unit costs of manufacture and ship­
ping and capacities and demands 
are accurately arranged, the solu­
tion can be readily obtained in a 
rather routine—and mathematically 
quite simple—operation.

Another example
Another example of the applica­

tion of this mathematical method 
to the solution of a budgeting or 
cost control problem to which the 
answer is not intuitively evident is 
the mix problem. In oil refineries, 
where many choices as to end 
products are usually available, lin­
ear programing techniques will in­
dicate the best selection based on 
the demands for and prices of end 
products (gasoline, kerosene, mo­
tor oil, paraffin, etc.) and the cost 
and types of crude oil available. 
Comparable solutions are available 
to the mixer of animal feeds, where 

the requirements are specified in 
terms of vitamin content, bulk, 
and other general criteria that 
could be met by a variety of com­
binations of different ingredients 
such as corn, wheat, barley, cotton 
seed, fish meal, etc., selling at con­
stantly changing prices. The reali­
zation of budgeted profits very 
often depends on probing in a sci­
entific fashion all of the possible 
alternatives.

Conclusion

Actually, accountants have barely 
scratched the surface in applying 
appropriate mathematical methods. 
Every accountant should do more 
reading in this exciting and re­
warding field. Many excellent pub­
lications are readily available. Fur­
thermore, the universities are be­
ginning to provide appropriate 
mathematical courses for account­
ing students so that accountants of 
the future will start their careers 
fully equipped for the challenges 
of modern business.
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