WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

On existence and uniqueness of the equilibrium state for an

improved Nernst-Planck-Poisson system

Paul Gajewski

submitted: December 18, 2014

! Weierstrass-Institute
Mohrenstr. 39
10117 Berlin
Germany
E-Mail: paul.gajewski@wias-berlin.de

No. 2059
Berlin 2014

U\

A\l

-

2010 Mathematics Subject Classification. 35D30, 35491, 76 T30, 78A35.

Key words and phrases. Equilibrium, Nernst-Planck-Poisson equations, Nonlinear Poisson equation.



Edited by

WeierstraB3-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

Mohrenstraf3e 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias-berlin.de

World Wide Web: http://www.wias-berlin.de/



This work deals with a model for a mixture of charged constituents introduced in [W.
Dreyer et al. Overcoming the shortcomings of the Nernst-Planck model. Phys. Chem.
Chem. Phys., 15:7075-7086, 2013]. The aim of this paper is to give a first existence
and uniqueness result for the equilibrium situation. A main difference to earlier works
is @ momentum balance involving the gradient of pressure and the Lorenz force which
persists in the stationary situation and gives rise to the dependence of the chemical
potentials on the particle densities of every species.

1 A model for a mixture of charged constituents

The following model was introduced in [9] by W. Dreyer et al. The reader may consult this work for a
detailed account on the modeling.

Let €2 be the domain occupied by the mixture. The following system of equations describes the evolu-
tion of the mixture:

dp+V - (pv) =0, (1a)

Oh(mmn;) +V-(mmov+J;) =0, ie{l,...,N—1}, (1b)
Oi(pv) + V- (pv @ v) + Vp = —nf Vo, (1c)
—c0Ap =nt. (1d)

There are N — 1 diffusion fluxes given by constitutive equations:

N-1
Hi — UN L[z ZN .
i = — M;; —_— - ——— , 1,...,N—1}. 2
! Z J(v( T )+T<mj mN)VSO) ZG{ } @

i=1

The continuity equation (1a) assures the preservation of the total mass. The N — 1 equations (1b)
are mass balance equations for N — 1 species. Equation (1c) is the momentum balance from which
the barycentric velocity v is calculated. Finally, (1d) is the Poisson equation, which determines the
electrostatic potential .

Here,

n;, i € {1,..., N} represent the particle number densities for each constituent,
v represents the barycentric velocity,

 represents the electrostatic potential,

n = Zfil n; is the total particle number density of the mixture,

p= vazl m;n; is the mass density of the mixture,

€o is the dielectric permittivity,



m; represents the mass of a particle of species i € {1,..., N},

z; is the electric charge of one particle of the species i € {1,..., N},
nt = ZZ]\LI z;n; represents the total electric charge density,

T denotes the absolute temperature,

p is the elastic pressure,

{; is the chemical potential of the species i € {1,..., N},

M;; is a positive definite kinetic matrix.

The corresponding constitutive equations for p and the p; are given via a free energy density p,
which depends on the partial mass densities p; = m;n;:

opy c
fi = 8p,’l€{1:--'aN}; p=—pY+ Y pitt )

=1

We will consider the specific free energy density

N
pv = D pif + (K = p)(1 = =) + K In( +nkTZ—1 (%) @
=1
which describes a so called ideal mixture. This leads to specific chemical potentials

K kT
Mz':giR—i- ln<n>+—ln<nz>
m;nt

R
i n m; n

with g% = ot + pft/(m;n®), and to the equation for the pressure

=p"+ K (— - 1> (5)
Here,
k is the Boltzmann constant,
K is the bulk modulus,
nft, pf and gF, R fori € {1,..., N} are constant reference values.

As equations of the above type describe electrolytes, there are a lot of important applications. Due to
this, many (recent) publications on the analysis of similar systems can be found. We can only mention
a few. In [5] a Navier-Stockes-Nernst-Planck-Poisson (NSNPP) system is derived from the Maxwell-
Stefan equations and by the assumption of a dilute mixture a more classical Nernst-Planck part is
achieved. The authors prove local well-posedness, global well-posedness in two dimensions and
asymptotic decay to the equilibrium state for the evolution system. Another treatment of the NSNPP-
system can be found in [20]. In some papers the Poisson equation is replaced by an electroneutrality
condition, see e.g. [2]. The Nernst-Planck-Poisson (NPP) system without an momentum balance re-
ceived much attention as well, in particular as a model for semiconductors. See e.g. [11,12,14,16—19]
as well as [6, 7]. These papers include well-posedness results for two space dimensions and results
for three space dimensions in the case of Fermi-Dirac statistics. The recent work [4] establishes an ex-
istence result for the NPP system with Boltzmann statistics in three space dimensions. The paper [19]
is of particular importance for the present work, as it deals with the stationary case of NPP. In [10] a



numerical analysis and numerical experiments for the discussed model are presented. Finally, in [8]
the discussed model was modified to take solvation effects into account.

The analysis of the evolution system is ongoing work and will be dealt with in future publications. In the
present paper we consider the simple case of thermodynamic equilibrium, that is, the corresponding
stationary system with no fluxes over the boundary. The paper is organized as follows: In the next
chapter we derive the equations which describe equilibrium states of the evolution system introduced
above. Then we state the main result of this work. In chapter 3 we prove the existence part of the main
theorem by means of an application of Schauder’'s Fixed Point Theorem to prove a corresponding
result for an approximate problem and suitable a-priori estimates. In the fourth chapter the uniqueness
part of the main result is proved with the help of the free energy functional for the system.

2 The thermodynamic equilibrium

The aim of this work is to analyse the equations, which describe equilibrium states in the presented
model. Equilibria are characterised by vanishing barycentric velocity of the mixture and vanishing
diffusion fluxes:

v=0 and J; =0.

To determine the unknown fields ¢ and n; fori = 1,..., N in (), we use the Poisson equation, the
stationary momentum balance, and N — 1 equations, which guarantee vanishing diffusion fluxes.

—g9Ap =nt,
Vp = —nf'Vo,
p ¥ (6)
Zi ZN .
V(M—MN-F(———)@):0,for@:1,...,N—1.
m; My

We remind of the definition of the pressure (5) and the relation n = Zf\il n;. The Poisson equation
has to be supplemented by boundary conditions. We assume that the boundary 0f2 is the union of
two disjoint parts I'p and I'y and that

(jp:gpronFD, V@-VZOOHFN. (7)

Here v denotes the outer unit normal at a point of I'y. The additional side conditions of prescribed
masses

\/pid{L‘:M“ Z:]_,,N, (8)
Q
complete the system.

Our next step is to transform the system (6) into a system consisting of the Poisson equation and NV
state equations. We use the definition of the chemical potentials (3); and the Gibbs-Duhem equation
(3)5 to obtain the relation

N N
Vp =Y pVu =Y pV (i — px) + pVpn. (9)
=1

i=1



Next we substitute the momentum balance (6); for Vp. Moreover we insert the N — 1 equations from
(6)3 on the left hand side of (9). This yields

v (MN + Z—NSO) = 0.
mpy

We conclude that solutions of the the system (6),(7) also solve the system
—g0Ap =n"in Q,

p=¢" onTp,
Vp-v=0onTy, (10)
,uz-—kﬁgo:minﬁ, 1=1,...,N,

m;

where k = (k1,...,xy) € RV is chosen in such a way, that (8) is satisfied. In fact the two systems
are equivalent, as we see easily by using the Gibbs-Duhem equation (3), again.

By substituting the explicit chemical potentials (3); for an ideal mixture into (10)4, we get the following
state equations

kT i i :
1n<n)+—1n<n)+z—go—m|n9 t=1,..., N,
n

R
9; +
nt m; m;

mm
or, equivalently,

K — nBkT

K
migf—n—Rln(nR)—i— R In(n) + kT In (n;) + zip = mykr; in§2, i=1,...,N.

We introduce some abbreviations to improve the readability for the analysis of the system (10). We
redenote for simplicity M; = M;/m; and

1 ry . K R
/\i:ﬁ <mZ (ki — gi") —i—n—Rln(n ))

fori = 1,...,N. We also introduce Z; := 2;/kT and 3 = kTn®/K > 0. The state equations
using the new notation are

(%—1) In(n) +1In(n;) + Zip =X\ inQ, i=1,..., N. (11)

Solving these equations for n; yields

B—1
n;(A, ) =exp (N, — Zip <Zexp (A —z]g0)> i=1,...,N.
For o € L®(Q2), A € RY, we define

Gi(X: o) ::/Qni()\,w(x))d;c i=1,... N

Now we state the precise problem and our main result. Let V' := {u € W(Q) : u|r, = 0}. With
respect to the data of the problem we assume that



(A1) © C R",is abounded Lipschitzian domain with dimensionn < 3,00 = I'pUl'y, I'pNI'y =
@, I'p is of positive surface measure;

(A2) @' € Wh2(Q) N L>(Q) with [, Vo' Vh = 0forall h € V, (V as defined below);

(A3) g > 0,1 >3 >0, M = (My,...,My) € Rﬁ, zi/kT = Z; € R are constants for
i=1,...,N.

In (A2) we assume that the boundary datum gpr can be extended to a WLQ(Q) function which
solves the Laplace equation (compare [13]). We are looking for a function ¢ and numbers A =
(A1, ..., Ay) € RY, such that

0 — " €V NLXQ), (12a)
50/ VoVhdr = / szn] ©)hdz, foralh eV, (12b)
G\ ) = M. (12¢)

Theorem 2.1. If the assumptions (A1)-(A3) are satisfied, then there exists an unique solution to prob-
lem (12). Moreover, there is a constant C' only depending on the data of the problem, such that

Our aim is to prove the existence part by introducing a truncated version of problem (12). This approx-
imate system is solved using Schauder’s Fixed Point Theorem. To this end we need some preliminary
results on the solvability of G(\; p) = M and some a-priori estimates.

3 Existence

In the following assume that (A1)-(A3) are fulfilled. We start with a statement about the solution oper-
ator to the problem G(\; ¢) = M.

Lemma 3.1. Letp € L>=(2) and M € RY. Then there is a unique A = \(¢, M) € R" such that
G(X; ) = M. Moreover, for all C > 0 and M € RY there is a continuous function f such that

sup  |[A(e, M)| <f(C max M;, min_ M;). (13)

el oo () <C =L...,.N

Proof. We prove two preliminaries. First, we abbreviate S(x) := Zjvzl exp(A; — Zj¢(x)), and we
compute fore, k € 1,..., N

0G,; e(Ai—Zip) e(Ae—Zkp)
a_)\k()\v v)= | —i (5k,i —(1- 5)T) dz.

Q

It follows for k =1, ..., N that

§B8—1cM=20) < ().
Z 8>\k / e >




0G; (Y. : 0G; (. ;
ax-(A; ) are all negative. 5¥(A; ) is
thus strictly diagonal dominant, positive definite and regular for all A\ € R”. Hence, the solution to

G(\; ) = M is unique if it exists.

Second, we prove that there is a continuous function f such that

sup{[ A, M)| = [[¢llre(@) < O G(A ) = M} < f(C, max M;, min M;).  (14)

In particular, all solutions to G'(\; ¢) = M are in a bounded set of R”. For given )\, consider numbers
9,21 € 1,..., N such that

max A\ = A

. 109
i=1,....,IN

min )\z = )‘il'
i=1,...,N

It holds

B—1
ni, (A, o(x)) = exp(Ni, — Zigp(x (Z exp(A; — Zjp( )))

8—1
= e exp(—Ziyp(x (Zexp —%sf)(x))) :

Owing to the choice of 9, A\; — \;; < 0 for j # 4o, and it follows that

N
Zexp()\j — Xip — Zip(x)) < Zexp 1Z;1C).
j=1
Thus -
nig (@) > o SPEERIO) ),
N ~
(S exp(110)
Thus, since G, (\; @) = Nj,, it follows that
M; M;
ePio < 0 o <In (—0) . 15
=g ~ M=t o) 1o
Consider now
N p-1
ni, (A, p(x)) = exp(Ai, — Zi,0(2)) (Z exp(A; — %90(96))) :
j=1
Analogously to above we find
ni @) < e — PO o

(T, (- 1510))



and thus M
M;, = G, (N @) < b (O)Q = BN, >1n (—> 16

The estimates (15) and (16) together imply (14).

We next prove the existence by means of the implicit function theorem (see e.g. [21]). For 7 € [0, 1],
and A € RY, we define a function H : RY x [0,1] — R via

H\T) =G\ p) —T7M — (1 —7)G(0; p).

Owing to (14) all solutions to H (A, 7) = 0 are in a bounded set of R x [0, 1]. Moreover, (0,0) is
a solution to the problem H (A, 7) = 0, and the derivative H, = G is regular. The implicit function

theorem yields the existence of a neighbourhood [0, €] and of a C! function A : [0,&] — R" with
A(0) = 0, such that H(A(7),7) = 0for 7 € [0, ¢].

To finish the proof we define 7* as the supremum over all 7 € [0, 1], such that the problem H (A, 7) =
0 possesses a solution. Now assume 7 < 1. We choose a sequence 7, — 7 from below and by
our assumption we have \(7;,) € RY such that H(\(7}), 7) = 0. Since all solutions to the equation
are in a bounded set of R, \(7;,) — \* for a subsequence, and thus H (\*, 7*) = 0. But owing
to the regularity of the derivative H(\*, 7%) and the implicit function theorem, we can continue the
solution in an intervall [0, 7* + ], showing that 7* was not the supremum. O

In the next Lemma, we establish an abstract bound for the positive part of the solutions to the equation
G(Aip) =M.
Lemma 3.2. Let M € RY. For ¢ € L>(Q), denote A(¢, M) € RY the unique solution to
G(X\; ) = M. Then, forallC > 0

sup max_|\;(p, M)| < oo.

©EL(Q) i=1,...,N
H‘PHWI 1(Q)<C

Proof. We show that the \; are bounded from above. To get the full assertion of the Lemma the bound-
edness from below can be proved analogously. We argue assuming that the claim is not true. Then, we
can construct a sequence of functions {,,, } € L>(Q)NW1(Q) such that ||, ||wi1 ) < C, and
such that the solutions A\ to G(A™; p,,,) = M satisfy max;—; _n A" — +o0. Since {1,..., N}
is a discrete set, there is also a subsequence of m — oo (still denoted by m) andan iy € {1,..., N}
such that max;—;,_n A" = )\Z} for all m. For this sequence holds

N

B—1
Nio (A", om (2)) = exp (N = Zigom(2)) (Z exp (A]' — %som(x)))

J=1

B—1
— M exp (~Zi (e (Zexp SEC >)) ~

Observe that A" — Ai™ < 0 for all j # 4. Thus,

N N
Zexp (AT = X — Zjom(z Zexp —Zjom(T)) .

Jj=1 Jj=1



We now exploit that {¢,,, } is bounded in T 1:1(€2). Due to the Rellich theorem (see e.g. [13]), {0 }
is compact in L!(£2), and therefore, the subsequence can be chosen so that ,,,(z) — (z) almost
everywhere in §2. The limes ¢ € L'((Q) is almost everywhere finite. Using Fatou’s Lemma, 8 < 1
and the calculations above, we show

M;, = liminf G;,(\™; ¢,,) = lim inf/ Nig (A", om(x)) > / lim inf n;, (A™, @ ()
> Q

m— m—0o0 0] m—r0o0

N p-1
> / lim inf €0 lim inf e~ %o #m(*) Z e Zi#m(@) )

Since the first factor under the integral converges to oo, the second factor has to converge to 0. This
implies that |¢,,| — oo almost everywhere in €, which contradicts ¢, — @ in L*(Q). O

These two Lemmas will help to establish an existence result for a truncated system. For m € N and
¢ € L'(), define a truncation operator at level m via

m for o(x) > m
[p]"™) () = ¢ p(z) for —m < p(z) <m

—m  for p(z) < m.

For each m € N, we prove the solvability of the problem

N
—eolp =Y zm;(A [p]"™) in Q,
j=1

o=¢" onTp, Ve-v=0o0nTy,
G(X; [¢]"™) = M.

The solvability of (17) follows from a fixed point procedure. Consider given 7, . . ., iy € L?*(2) such
that n; > 0 and fﬂ n; = M;fori =1,..., N.Itis possible (compare e.g. [13]) to find a unique weak
solution to the problem

N
—50A<,0:szﬁjin§2, o=¢" onlp, Vep-v=0o0nTy. (18)
=1
We obtain that ¢ € W2(£2). Using Lemma 3.1, there is a unique A € R" such that

G(X; []™) = M.

We define an image element T'(n) € [L*(Q)]Y via

N B-1
T(R); = ni(\, [0)"™) = exp (A — Zi[p]™) (Z exp (A — 2]-[90](7"))) ,



The mapping 7" from [L?(Q)]Y into itself is well defined. Moreover, T' maps the following closed
convex set M into itself

M::{ne[Lz(Q)]N;nzo,/Qn:M}.

We next show that 1" is compact. Suppose that {7} is a bounded sequence in M C [L2(Q)]".
Then, the corresponding solutions ¢y, to (18) are bounded in WLQ(Q), and there is a subsequence
of {¢1} converging to a o almost everywhere in (2. Owing to the Lemma 3.1, the solutions \* to
G(N\¥; [p]™) = M are in a bounded set of RY. This is due to the truncation that ensures that
[r](™) is in a bounded set of L>(12). Thus, A\, — A for a subsequence. Hence, |n¥| < C and
n¥ — n; almost everywhere in ) as k — oo, where

N p-1
n; = exp (N — éi[cp](m)) (Zexp (A — éj[@](m))> ,i=1,...,N.
j=1

This ensures the convergence T'(7;,); — n; in L?(Q) fori = 1,..., N and thus the compactness
of T as a mapping from [L?()]" into itself. The continuity of 7" is proved analogously. Hence, T’
possesses due to the Schauder theorem (see e.g. [21]) a fixed point in M, that solves (17).

It remains to carry over the passage to the limit for m — 4-0c0 in (17). This relies on two last estimates.

Lemma 3.3. If o € W1%(Q) is a weak solution to the problem (18), then forall1 < p < d/(d — 1)
(d = space dimension)

N
IVl < el llwram 1Y 2l e)
j=1
= c(||¢" [lwr2@), Mi, ..., My).
Proof. Theory of elliptic equations with right-hand side in L' (see e.g. [3]). O
Lemma 3.3 ensures that the solution ¢ = ¢y, to (17) is such that sup,,,cy ||@m||lw1.1(0) < C. In par-

ticular, it follows from Lemma 3.2 for the solutions to G/(A™; [¢,,,] ™)) = M that sup,,,cy SUp;—1 . N
|AI"| < 4-00. With these informations, it follows at last that

Lemma 3.4. The solution v, to the problem

Pm — QOF € V
N
o [ VonVh= [ 3 mm(slen) b VheV
Q Q5

satisfies | ||| Lo ) < C.



Proof. We begin by defining the numbers

Ao = sup sup | Ai(yp, M)
peLl>®(Q) i=1,..,.N
H‘PHWI 1(Q)<C

and ¢y € R as solution of the equation

0= f(go), where f(p sz exp(A\; — Zjp). (20)

j=1
Note that f'(¢) < 0, i.e. f is strictly decreasing and lim,,_, +, f(¢) = F00. Thus, there is a unique
o, which is bounded from above and below by constants depending on ).

Now choose in (19) a test function of the form k. = (¢ — )™ with v > max{ g, suppo ' }. Then
hy € Vand VoVh, = (Vh,)? (see e.g. [15, Lemma 7.6.]). Therefore testing (19) with /1, and
using (20) yields

N

o [0 = [ 3"zl
Q Qi3
N N p-1
/Zz] exp(\; — Z[¢]™) (Zexp K — 2k gp](m))> hy
Q

k=1
N -
<Y zexp(h; - %@0)/ (Z exp(A, — 5k[90](m))> hy
j=1 Q \ k=1
=0.

Hence, hy = 0, i.e. ¢ < max {o, ||¢"]|1(q)}. A bound from below is obtained in an analogous
way. O

We thus have established that the sequence ¢, is uniformly bounded in W12(Q) N L>(£2). For m
sufficiently large, the truncation operator ceases to work, and the solution to (17) is in fact a solution
of (12).

4 Uniqueness

In this section we prove the uniqueness part of Theorem 2.1. To this end we introduce a functional
F', which is related to the free energy (4) of the system (1). It turns out, that the state equations (11)
are the Euler-Lagrange equations for F'. We proceed by showing that F' is strongly convex. Thus, a
solution of problem (12) is also a minimum of F' and we can show that there is at most one minimum
of F..

As we know that the solution of (12) is bounded from above and away from O by the data of the
problem, we study F' on the set

Mp ={(ny,...,ny) € [LP(Q)V: R <n; < Rfori =1,...,N}

10



for R big enough. Consider the functional F' : Mz — R given by

F(ny,...,ny) = /Q —B7'n + an In(n;) + (87" = )nln(n)

(21)

N

€ 1

— (V) + k—T”FSOF + > A(M; = ny) da.
=1

The side condition of prescribed masses (8) are incorporated into /" by Lagrange multipliers \;. For the
following computations ¢ is treated as a function of (ny, . .., ny) given by ¢ = 1/50A5  (nf) + '
The inverse Laplace operator Ay : L2(Q2) — V is defined for f € L?(€) by

AG'(f) := u, where u € V satisfies / Vu-Vh= / fh, forallh € V
Q Q

(This is well defined, compare [1] and [13]). Now we write the part of the functional F' involving the
electro static potential ¢ as

1 2
®(ny,...,ny) = 22—0T ) (Vg0)2 dr — o (V (_Aal [nF] i QOF)> A

28T QO €0
Foru = (uy,...,uy), v = (v1,...,vN) € Mg a strait forward calculation yields
N
DF(ny,...,ny)u] = / Z (In(ny) + (87" = 1) In(n) + Zjo — \j) u; da (22)
and

D*F(ny,...,ny)[u,v] :/QZ“;—?ﬂﬁ-l —1)% (Zu]> (Zvj>

N N
1
+ EokTv <A51 ( E zjuj>> -V <A51 ( E zjvj>> dx.
i=1 j=1

By (22) we see that the state equations (11) are the Euler-Lagrange equations of F', as claimed.

(23)

Lemmad4.1. Let F' : My — R be given as in (21). Then it holds
1
D*F(ny,...,nx)[u,u] > §||u||ig(ﬂ)
forall (ny,...,ny) € Mg and allu € Mg.

Proof. Using B < 1 equation (23) implies

N
2 UjUj 1
DF(nl,...,nN)[u,u]Z/QZ 0 Zﬁ/




Lemma 4.2. The functional F' given by (21) has at most one minimum in M.

Proof. From Lemma 4.1 we infer that for all u, v € My it holds

)+F()_2F(u+v>
[ (r (S damn) +r (S ) as
/0 (DF< ;U+§(“—“>>—DF(“;”+§<u—u))>[u—v]dS
/0 /;%(DF <u+v+§(v—u>+ts(u—v))) [u — v]dt ds

/03/0 D2F<U;U+g(v—u)+ts(u—v)) [u —v,u —v]|dtds

/ / —Hu—vHdetds— Hu V|72

Now let u, v € M i be two minima of £'. Then

1
0> F(u) + F(v) — 2F (“;“) > —||u— v|[%.

Thus, u = v almost everywhere in €). O

This completes the proof of Theorem 2.1.
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