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Self-Adjoint Differential-Algebraic Equations *

Peter Kunkelt Volker Mehrmann? Lena Scholz?

July 28, 2011

Abstract

Motivated from linear-quadratic optimal control problems for differential-algebraic
equations (DAEs), we study the functional analytic properties of the operator associated
with the necessary optimality boundary value problem and show that it is associated
with a self-conjugate operator and a self-adjoint pair of matrix functions. We then study
general self-adjoint pairs of matrix valued functions and derive condensed forms under
orthogonal congruence transformations that preserve the self-adjointness. We analyze the
relationship between self-adjoint DAEs and Hamiltonian systems with symplectic flows.
We also show how to extract self-adjoint and Hamiltonian reduced systems from derivative
arrays.

Keywords: Differential-algebraic equation, self-conjugate operator, self-adjoint pair, opti-
mal control, necessary optimality condition, strangeness index, condensed form, congruence
transformation, Hamiltonian system, symplectic flow.

AMS(MOS) subject classification: 93C10, 93C15, 93B52, 65180, 49K15, 34H05.

1 Introduction

In this paper we study a class of structured systems of differential-algebraic equations (DAES).
The main motivation arises from the linear-quadratic optimal control problem of minimizing
a cost functional

1 1t
J(z,u) = ix(t)TMex(t) + 2/ (:L‘TWx + 2T Su+ulSTx + uTRu) dt, (1.1)
t

subject to the constraint
Ei=Az+ Bu+ f, z(t)=z¢€R", 1.2)

(
with E,A € CO(L,LR™), W ¢ CYIL,R™"), B ¢ COL,R™), S ¢ CY,R"™), R €
coU(I,R™™), f € C%I,R") and M, € R™" where R = RT, W = WT and M, = MT.
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Furthermore, I = [£,] is a real time-interval and C*(I, R™™) denotes the {-times continuously
differentiable functions from the interval I to the real n x m matrices. Note that for simplicity
we omit the argument ¢ in all matrix and vector valued functions.

Typically in applications, the matrix function

w S
e
and the weight matrix M, for the final state are pointwise positive semidefinite, but problems
where these are indefinite also arise in applications from robust control [4, 24].
If the differential-algebraic equation (1.2) has some further properties, (i. e., if it is
strangeness-free as a behavior system and if the coefficients are sufficiently smooth), then

it has been shown in [20] that the necessary optimality condition is given by the boundary
value problem

0 E 0], [ 0 A B A f
—ET 0 0 T ]= AT+ 4T w S x| +1]0], (1.3)
0 0 0 BT ST R u 0

with boundary conditions z(t) = z, E(£)T \(f) — M.x(f) = 0. Note that compared to [20] here
A is replaced by —A. Since (1.3) is again a differential-algebraic equation, these boundary
conditions may not be consistent, which means that there may be restrictions to the value x
and the weighting matrix M, that need to be satisfied to guarantee the existence of solutions
[20].

If we denote the associated differential-algebraic equation (1.3) as £2 = Az + f, then
it is an easy calculation to show that the pair (£,.4) of matrix functions has the property
that €7 = —€ and AT = A + £. We call pairs of matrix functions with this property self-
adjoint pairs, since, as we will show below, this is a property that is associated with a linear
self-conjugate differential-algebraic operator.

Formal adjoint equations (or dual systems) and their role for the solvability of optimal
control problems have also been considered in [21], and observability as well as controllability
of linear descriptor systems has been previously studied in [9]. Furthermore, self-adjoint
differential-algebraic systems and the underlying Hamiltonian subsystem have been studied
in [3].

In this paper we will first introduce some preliminary results in Section 2, and then in
Section 3 discuss self-conjugate differential-algebraic operators arising in optimal control in
an abstract setting. In Section 4 we analyze the structure of the resulting self-adjoint pairs of
matrix functions and the associated boundary value problems via condensed forms under con-
gruence transformations using certain constant rank assumptions. Based on these condensed
forms we can characterize the consistency of boundary values, as well as the consistency and
smoothness requirements for the inhomogeneities, and thus derive altogether the conditions
for unique solvability of the system. In Section 5 we then show that the underlying ordinary
differential equation of the differential-algebraic equation associated with a self-adjoint pair
of matrix functions is a Hamiltonian system and generates a symplectic flow. A global con-
densed form for self-adjoint DAEs with symplectic flow is derived in Section 6. In Section 7
we then discuss the structure preserving construction of the symplectic flow from derivative
arrays. Finally, in Section 8 we show that these results also hold locally for nonlinear optimal
control problems and close with some conclusions in Section 9.



2 Preliminaries

In order to treat general linear DAEs and the constraint equation (1.2) in the same framework
we introduce the so-called behavior formulation (see [28]) by setting

E=[E 0], A=[A B], z:[“ﬂ, (2.1)

u
such that equations (1.2) can be written as
Ei=Az+ f. (2.2)

with sufficiently smooth &, A € C°(I, R®»"*™) and f € C°(I, R"). It is well known [5, 11, 19]
that the solution of the general differential-algebraic equation (2.2) may depend on derivatives
of the coefficient functions £, .4 and the inhomogeneity f.

Since it is generally difficult or even impossible to differentiate data that are numerically
computed, an idea due to [8] is to differentiate (2.2) and consider the equation together with
its derivatives. In this way, we get so-called deritvative arrays

Myze = Nezg + ge, (2.3)
where the coefficient functions form an inflated pair of block matrix functions

(My)ij = (5)€09) = (;4,) A=Y, 4,5 =0,....,
_[AOD) fori=0,...,¢, j =0,
(Ne)ij = {0 otherwise, (2.4)
(20); =20, j=0,...,¢,

(90)i =fD, i=0,...,0

Here we have used the convention that (;) =0fori<0,j<0orj>q.
It is then known, [17, 19], that the following hypothesis is sufficient to characterize the
solution behavior.

Hypothesis 2.1 Consider the system of differential-algebraic equations (2.3). There exist
integers i, a, d, v such that the following properties hold.

1. For all t € I we have rank M,,(t) = (u+ 1)n —a —v. This implies the existence of a
smooth matriz function Z with orthonormal columns and size ((u+1)n,a+v) satisfying
ZTM, = 0.

2. For all t € T we have rank Z(t)T N, (t)[In4m 0 - -+ 0] = a and without loss of generality
Z can be partitioned as [Za, Z3|, with Zy of size ((n+1)n,a) and Z3 of size ((u+1)n,v),
such that Ay = Z;‘FN#[ITHm 0 --- 0|7 has full row rank a and Z;;FNH[I,Hm 0---0/7=0.
Furthermore, there exists a smooth matriz function Ts with orthonormal columns and
size (n +m,d), d =n+m — a satisfying ATy = 0.

3. For all t € 1T we have that rank £(t)T5(t) = d. This implies the existence of a smooth
matriz function Zy with orthonormal columns and size (n,d) so that & = Z1'& has
constant rank d.



If the hypothesis holds, then system (2.2) has the same solution set as the so-called reduced
system

ga A i
0 [z2=| A |2+ | f2 |, (2.5)
0 0 fs

where & = 276, Ay = ZT A, Ay = ZI N[ Liim 0 --- 017, f1 = ZTf, and fi = ZTg, for
1 = 2,3. The block rows have dimensions d, a and v, respectively.

If v >0 and fg # 0 then the system has no solution and if v = 0 and m = 0 (i. e., there
are as many equations as unknowns), then every consistent initial condition fixes a unique
solution. In the latter case we call the system regular. If the system is regular, then from
(2.5) we see that an initial condition z(t) = z for (2.2) is consistent if and only if

As(t)z + fo(t) =0

holds or the second block is void.

The quantity p in Hypothesis 2.1 is called the strangeness index of the DAE system and
it is well known [19] that a system with m = 0 that satisfies Hypothesis 2.1 with v = 0 has a
well-defined differentiation index, [5]. The differentiation index is commonly used to classify
regular DAEs, except for the case of ordinary differential equations it is one less than the
strangeness index. Note that the reduced system (2.5) is strangeness-free in the sense that it
satisfies Hypothesis 2.1 with p = 0.

For the DAE (1.2) of the optimal control problem, we require that it satisfies Hypothe-
sis 2.1 with v = 0 such that the corresponding reduced system is given by

Ei = Az + Bu + f, (2.6)
where
E,=7TE, A =ZTA, B, = zI'B, fi=277,
. I R 0 .
AQZZQTNMV[ 6“ ] Bgzngﬂv[Im } fo=2%qg,,
with V = [In+m 0o ... O]T. Due to construction it satisfies the condition that

Ey 0
Ay By

has (pointwise) full row rank.

3 Self-conjugate differential-algebraic operators

In this section, we present an abstract setting that allows us to interpret the operator behind
the boundary value problem as a self-conjugate Banach space operator. We refer to [14] for
the general functional framework and the proofs of the following results.

The most general definition of a conjugate operator appears in the context of bilinear
systems.

Definition 3.1 A pair (X, X*) of (real) vector spaces equipped with a bilinear form (-,-) is
called a bilinear system.



Definition 3.2 Let (X,X*) and (Y,Y*) be two bilinear systems and let D : X — Y be a
homomorphism. A homomorphism D* : Y* — X* is called conjugate to D if and only if

(Dzx,y*) = (x, D*y*) for all x € X, y* € Y*. (3.1)

In general, we cannot guarantee that a given homomorphism possesses a conjugate nor that it
is unique, if it exists. In order to have at least uniqueness for the conjugate, we need bilinear
systems with stronger properties.

Definition 3.3 A bilinear system (X,X*) is called a dual system if and only if the bilinear
form satisfies
(x,2*) =0 forallz eX <= z*=0,

(x,2*) =0 forallz* e X* <— x=0. (3:2)

Theorem 3.4 Let (X,X*) and (Y,Y*) be two bilinear systems and let D : X — Y be a
homomorphism. If (X, X*) is a dual system, then D possesses at most one conjugate.

Since we mainly deal with Banach spaces of continuous functions, the main tool to show
that a given bilinear system is a dual system is given by the following well-known result called
du Bois-Reymond Lemma, see, e. g., [12, Lemma 3.2], where C§°(I,R™) denotes the set of
functions in C*°(I, R™) with compact support.

Theorem 3.5 Let f € C(I,R™) with

(f,9) = /Hng dt =0 for all g € C3°(I,R™). (3.3)

Then f =0.
With these preparations, following [20], we now write the optimal control problem con-

sisting of (1.1) and (2.6), omitting hats for simplicity, as

%Q(z,z):min! s.t. L(z) =c, z—[z] C_[E(t)JrfE(t)x}’ (3.4)

where Q : Z x Z — R is a (symmetric) quadratic form and £ : Z — Y is a linear submersion
(i. e., it is Fréchet differentiable with a surjective Fréchet derivative that has a kernel that is
continuously projectable), defined by

Q(v,z):v(t)T[Me O]Z(t)+/HvT[S”§ S}zdt,

0 O R (3.5)
L(z) = (BEg(E*Bx) - (A+ Eg(EYE))z — Bu, E(t)*E(t)z(t))
with the Banach spaces Z = X x U and
X=0Cr, ,(LR") = {z € C(ILR"), EYEx € C'(I,R")}, U=C(I,R™), (3.6)

Y = C(I,R") x range E(t)T.

It should be noted that in contrast to usual convention Z is not the set of integers. Here ET
denotes the Moore-Penrose pseudo-inverse of the matrix function E, see [20] for details on



the representation of the DAE operator and the choice of the spaces. In view of the results
in [20], we define bilinear systems (Z,Z*) and (Y, Y*) by introducing the Banach spaces

7* = C(I,R") x C(I,R™) x range E(t)T x range E(t)7,

Y* = Cppy (ILR") x range E(t)7 (3.7)
and corresponding bilinear forms
(2, (0,9,6,)) = / (0w + 07 u) dt + 67 2(t) + T (D),
(3.8)

((g:m), (A7) = /]i)‘ngt‘i"YTT.

Theorem 3.6 The bilinear systems (Z,7*) and (Y,Y*) are dual systems.

Proof. Consider the bilinear system (Y, Y*) with its bilinear form given in (3.8).
Let y* = (\,7) € Y* be fixed and assume that (y,y*) =0 for all y € Y, i. e.,

/)\Tg dt +~Tr =0 for all (¢,7) € Y.
I

Choosing (g,7) = (0,7) gives v/y = 0, hence = 0. Therefore,
//\Tg dt =0 for all g € C°(I,R™) C CO(I,R"),
I

where A € Cp . (I, R") C C(I,R™). Thus, by Theorem 3.5 we have A = 0.

Let y = (g,7) € Y be fixed and assume that (y,y*) = 0 for all y* € Y*, i. e,

/)\ngt +~Tr =0 for all (\,7) € Y*.
I

T

Choosing (A,7v) = (0,r) gives r* r = 0, and hence r = 0. Therefore,

/)\Tg dt =0 for all A € Cg°(ILR") C CL . (LR™),
I

where g € C'(I, R™). Thus, again by Theorem 3.5 we have g = 0.
The proof for (Z,7*) follows the same lines and is therefore omitted. [

In order to bring the necessary conditions (1.3) into this abstract setting, we define the
operator L* : Y* — Z* by

L£5(\7) = (—ETL(BE*) - (A+ EE*E)TA, —BTA v — EQTA®), EOTAD),  (3.9)
compare again [20]. We can then show that £* is conjugate to L.

Theorem 3.7 The operator L* : Y* — 7Z* defined by (3.9) is the (unique) conjugate of
L:7Z —Y defined by (3.5).



Proof. Let z = (z,u) € Z and A = (\,7) € Y*. Using that E(¢)TE(t)y = v and
E=FETE, EETE=FEEYEEYE+ E4L(EYE)
we have

(L(2),4) = [{(\T [E4(EYEx) — (A+ E4(ETE))z — Bu)) dt + 7 (ETEx)(t)
= /\TEx]t + (-4 ATEE+E)E+E:): — )\T [(A+ EL(E*E))x — Bu]) dt +~7(E*Ex)(t)
= (\'Ex)(7) - (ATE&:)( )+ x(t)
+ f; (~L(\TEE*)Ex — \TEETEEYEx —\T [(A+ EL(ETE))x — Bu)) dt
= (\'Ez)(t) — (AT Ex)(t) + 9" (t)
+ [ (-4 \TEEY)Ex — \T(A+ EEYE)z —\TBu)) dt = (z, L*(A)).

Finally, defining
T:Y'XZ—=YXZ*, T(Az) = (L(2),L(A)—R(2)), (3.10)
with R : Z — Z* given by
R(z) = Wz + Su, STz + Ru,0, M z(%))
for z = (x,u) € Z and A = (\,v) € Y*, we have that

T(4,2) = (EG(EYEx) — (A+ EG(ETE))z — Bu, E(t)* E()x(t),
— ET4(EE*A) — (A+ EETE)'A — Wz — Su,
—BTA— 8Tz — Ru,y — EQ)A®), E@)TA({) — M.z (7))

and the necessary conditions given by (1.3) and the stated boundary conditions can be written
as

T(A, z) = (c,0). (3.11)

We now show that the operator T is self-conjugate with respect to suitably chosen dual
systems. For this purpose, we introduce the abbreviations

V=Y'%x2Z W=YxZ",

set
VE=W, W'=V

and introduce the so-called canonical bilinear forms
<(y*7 Z), <y7 Z*)> = <y7 y*> + <Z7 Z*> - <(y7 Z*)7 (y*? z)>

Obviously, the pairs (V,V*) and (W, W*) become dual systems. By construction, we then
not only have 7 : V. — W but also 7 : W* — V*.

Theorem 3.8 The operator T as defined in (3.10) is self-conjugate, i. e., we have

(T (v),0) = (v, T(0)) for all v,v € V. (3.12)



Proof. Let v = (A,2) € Vand & = (A, %) € V. Then

<T(A7 2)7 (/L 5)> = <(£(Z)7 E*(A) - R(Z))v (A7 2)> = <‘C(Z)7 /I> - <27 ,R(Z» + <27 ‘C*(A»
as well as
((4,2), T(4,2)) = ((4,2), (L(Z), L5(A) = R(2))) = (L(2), A) — (2, R(2)) + (2, L*(A)).
The claim then follows because of
<2,'R(Z)> = Q(Z, 2) = Q(%,z) = <27R(2)>’
using the symmetry of Q. 0O

Note that the boundary value problem (3.11) coincides with (1.3) together with the stated
boundary conditions if we assume sufficient smoothness of the data, see again [20]. In partic-
ular, we get the DAE for the Lagrange multiplier A as

—ETA=-L(ET\)+ E"\ = —4(ETEE*)\) + ET\
= -ET4(EE*)\) — ETEETA + ETA
= AT\ + ETEEt A+ Wz + Su— ETEET X + ET)
= (A+ E)"A+ Wz + Su.

In view of the observations from the abstract analysis, we introduce the following defini-
tion.

Definition 3.9 A pair (£,.A) of matriz functions, A € C°(I,R™"), £ € CY(I,R™"), is called
self-adjoint if and only if the following conditions are satisfied

1. ET = —¢,
2. AT = A+ €.

Consider now a self-adjoint pair of sufficiently smooth matrix functions &£, 4 € C°(I, R™")
and an associated DAE
Ei=Az+f, (3.13)

cf. (2.2), with an inhomogeneity f € CO(I, R") that is also assumed to be sufficiently smooth.
Then we can scale the equation with a pointwise nonsingular matrix function P € C°(I, R™")

and perform a change of variables z = @y with a pointwise nonsingular matrix function
Q € CH(I,R™") which gives

PEQy = PAQy — PEQy + Pf. (3.14)

We want to discuss transformations that preserve the self-adjointness of the pair. For this,
we have to preserve the skew-symmetry of £ and hence we have to require that P = Q7 i. e.,
that the transformation is a congruence transformation. We then have the following lemma.

Lemma 3.10 Consider a self-adjoint pair (£, A) of sufficiently smooth matriz functions
E,A € CUILLR™) and apply a congruence transformation with a pointwise nonsingular
Q € CYI,R™"), leading to the pair

(£,4) = (QT€Q,QTAQ — QT£Q).
Then the pair (5,/1) s again self-adjoint.



Proof. The condition for € is trivially satisfied and for A we get

A+E=QTAQ-QTEQ + QTEQ+ QTEQ + QT = QTAQ + QTEQ + QTEQ
and

AT = (QTAQ — QTeQ)T = QTATQ — QTETQ = QTAQ + QTEQ + QT €Q.

4 Condensed forms for self-adjoint pairs of matrix functions

For matrix pairs (&,.4), with £, A € R*", £ = —€7 and A = AT, the canonical form under
congruence, i. e., (QT€Q,QTAQ) is well known, see e. g. [29, 30]. If the transformation
matrices are restricted to be real orthogonal matrices, then the resulting staircase form has
been developed in [7], modifying the staircase form of [31].

We will now extend these results to self-adjoint pairs of matrix functions. To achieve a
staircase form, we always have to assume that certain matrix functions have constant rank
in the given interval I. If this is not the case, then one can restrict the problem to a smaller
interval where this condition holds, and consider the problem piecewise. In the following, we
therefore assume that the desired ranks are constant in the complete interval I. Then we can
make use of the following theorem which is an extended real version of Theorem 3.9 in [19]
originating to [10].

Theorem 4.1 Let E € CY(I,R™"), ¢ € Ng U {oc}, with rank E(t) = r for all t € I. Then
there exist pointwise real orthogonal matriz functions U € CHI,R™™) and V € C*(I,R™"),
such that

(4.1)

UTEV:[Z 0}

0 0
with pointwise nonsingular X € C’K(H, R™").

If E € CYI,R™") is symmetric (skew-symmetric), with rank E(t) = r for all t € I, then
there exists a pointwise real orthogonal matriz function U € CY(I,R™™) such that

(4.2)

A0
T —
UEU—[O O]

with pointwise nonsingular and symmetric (skew-symmetric) A € CH(I, R"™").

Based on sequences of factorizations as in Theorem 4.1 we then have the following staircase
form.

Theorem 4.2 Consider a self-adjoint pair (€, A) of sufficiently smooth matriz functions
E,A € CO°,R™™). Then, under appropriate constant rank conditions, there exists a con-



gruence transformation with a pointwise orthogonal U € C1(I, R™"),

leading to the pair

UTeu =
[ &n Eim Elmt1 E1mt2 Erom 07 m
: : Em—1,m+2
_ngm gm,m gm,m-i—l 0 N,
_51Tm+1 _5m m+1 €m+1,m+1 l
_8]Tm+2 - gfl,erQ 0 dm
_g,iZjZm q2
L 0 1 @
UTAU —UTEU =
I Air A Ai 1 At o Aiomy1 ] M
Am,l Am,,m Am,m+1 Am,m+2 Ny
-Am-i-l,l -Am—i-l,m -Am-‘rl,m—i-l l )
Am+2_,1 Am+2,m dm
Aomi11 1 @
(4.3)
where q1 > N1 > @2 > N2 > ... > @m > N,
Eiomir—; € COLRWYGH)  1<j<m-—1,
A0
Emtimt1 = [ 0 0 } , A=-AT¢ CO(H,R2P’27’),
g]v] = 5]7:], J = 17 , M,
Ajomir—j = Agpyoj;=[1; 0]€COULRYY), IjeCULRY™), 1<j<m,
2 2o i
Amtime1 = T , Y= 21T1 + AT ¢ CO(H’RQP,QP),
Sy = X € COIRITPITP),
and the blocks Yoy and A and I';, j = 1,...,m are pointwise nonsingular. Furthermore, each

of the first m block columns (block rows) of the matriz UTEU has full column rank (full row

rank).

Proof. The proof is an extension of the proof for the matrix case given in [7]. It is described
by an explicit, but recursive procedure. Note that some blocks may be void, i. e., they may
have zero rows or zero columns or both.
Let (£, .A) be self-adjoint. If £ = A = 0, or if £ is nonsingular, then the pair is trivially

in staircase form.

10



If £ is singular and of constant rank, then determine via Theorem 4.1 a factorization

A0

T _

Ul gUl — |: 0 0 :| 3

with U; pointwise orthogonal and A = —A”T pointwise nonsingular. Perform a congruence

transformation with Uy to form

A0

. (4.4)

J{lll A12 :| )

uleu, = >
Lert [ Az Az

], UL AU, — UL EU, = [

If Ags is pointwise nonsingular, then the staircase form is complete.
If Agy is globally singular and has constant rank, then determine via Theorem 4.1 a
factorization

- X0
Uy AgoUs = 0 0]

with Us orthogonal and Y’ pointwise nonsingular. This leads to the congruence transformation

{1 or[A oHI o]_ ?88
0 Us 0 0|0 s 0 0 0
I 01 [Au A [T 07 [T o] [ao0][0 0 (45)
0 U Ao Ags 0 Uz | 0 U 0 0 0 U '
411 AIQ A13
=| A ¥ 0 |,
A1 0 0

with Agl = AITQ and flgl = flr{?) Under a constant rank assumption for .,2113, we determine a
factorization

~ I 0
U;:;FA13V3—{ ]

0 0

with Us and V3 pointwise orthogonal and I" pointwise nonsingular, and perform a congruence

11



transformation

] o En &2 &3 00
U3 0 0 A 00 U3 0 0 &L &2 0 0 0
0 I 0 0 0 0 0 I 0 |=|-& 0o 0 00
L0 0 W] [0 00 0 0 V3 0 0 0 00
0 0 0 00
TUs 0 0 ][ An A A Us 0 0
0 I 0 Ay X 0 0 I 0 (4.6)
L 0 O V3 ./Zlgl 0 0 0 0 VS
Us 0 01°'TAO0O0][U; 0 0
— 0 I 0 0 0 0 0 0 O
0 0 V3 0 00 0 0 V3
A A Az I' 0
A1 Az Az 0 0
= A1 Az X 0 0 |,
rm o o 00
0 0 0O 0 O
T . 511 512 . . . .
where Us AU3 = [ _51T2 Eny ] is skew-symmetric and &3 = 0. The block &3 may fill with

nonzero entries later in the process, so we do not distinguish it from other blocks that may
be nonzero.
We then recursively apply the same reduction to the central self-adjoint pair

<[ & 0 } [ Aza Aas })

0 0] A X '

This corresponds to performing another congruence transformation to (4.6) that modifies
block rows and columns 2 and 3, typically changing &2, &13, A12, Ao1, Ai3, and As; along
with the central pair. After a finite number of steps of congruence transformations then the
pair is still self-adjoint and in the desired staircase form.

The property that each of the first m block columns (block rows) has full rank follows by
our construction. 0

The orthogonal staircase form allows to characterize many of the properties of the self-
adjoint pair and associated differential-algebraic systems. With nonsingular congruence trans-
formations it is possible to reduce the system even further.

Corollary 4.3 Consider a self-adjoint pair (€,A) of sufficiently smooth matriz functions
E,Ac COULR™) . Then, under appropriate constant rank conditions, there exists a congru-
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ence transformation with a pointwise nonsingular T € C1(I,R™"), leading to the pair

TTET =

B 511 N N Sl,m 51,m+1 51,m+2 e 51,2m 0 T n1
gmfl,m+2
_Eifm c e gm,m gm,erl 0 N,
_ngm-i-l s s —5£_m+1 gm-‘rl,'rn+1 l
_517:m+2 e —5;3;,1)m+2 0 dm
_517:2m q2
L 0 1 @
TTAT —TTET =
[ A . T Atmsr | Atmae oo on Ao ™
-Am,l cee e Am,m Am,m—i—l Am,m+2 Tm
Am+1,1 cee cee Aerl,m Am+1,m+1 ! ’
0 e 0 Am+27/nrl qm
0 S
-’42m+1,1 i a1
(4.7)
where(h ZTLlZQQanZZQman,
Eiomp1—j € COLR™UH)  1<j<m—1,
_ Jp 0 o 0 Ip
Emtim+1 = [ 0 0 ] S [ -1, 0|’
Ajomiz—j = A2Tm+2_j7j =[I, 0]c¢ CO(I,R™%), 1<j<m,
Aij = =& , i=1,...om—1,j=m+2,....2m+1—i,
Y 0 Copl—
Amt+1,m+1 [ 0 S ] , T =31 € COLRPP), X9y = X3, € CO(LRIT2PA2P),

and the block Yoo is pointwise nonsingular. Furthermore, each of the first m block columns
(block rows) of the matriz TTET has full column rank (full row rank).

Proof. Starting from the staircase form (4.3) we can first perform a congruence transforma-
tion
(€ A) = (TfUTeun, TTUTAUT, — TIUTEL (UTY))

with T{ = diag(I7Y, ..., [ L, 1, ..., I,) where

m?J "

Ly —X1255)

I =
0 I,

Then, with block-Gauss congruence transformations, we can eliminate all elements above the
block anti-diagonal of A in block-columns 1,...,m.
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Finally, we perform a congruence transformation to the nonsingular first diagonal block
Ain (c;m+17m+1. Let

A A
T _ 11 12
TAQ; = [ a4 }

be a block anti-triangular decomposition of A, where Ajo, Aoy are invertible. This can be
constructed just as in the constant coeflicient case, see [6]. Then let

of=[g e |
0 —Ay;

be partitioned analogously, such that
0 I
G- 5 T l=u

0

Note that neither the orthogonal staircase form (4.3) nor the condensed form (4.7) is a normal
from in the algebraic sense, since there is still further refinement possible using congruence
transformations. For the purpose of analyzing systems of differential-algebraic equations,
however, these condensed forms are sufficient.

Corollary 4.4 Consider a self-adjoint pair (€£,A) of sufficiently smooth matriz functions
£, A€ CI,R™") and suppose that appropriate constant rank assumptions hold so that there
exists a congruence transformation with a pointwise orthogonal U € C*(I,R™") to the stair-

case form (4.3).

i) The differential-algebraic equation (3.13) is regular if and only if in the staircase form
n; =gq; forallj=1,...,m.

it) If m = 0 then the DAE is regular and strangeness-free.

iit) If m > 0 then p < 2m — 1 differentiations will be necessary to solve the system if 2p = ¢
and p < 2m differentiations will be necessary otherwise. If the system is regular, then
the inequalities become equalities.

Proof. i) If ¢ > n; then it is clear that the DAE is nonregular, because then it has
a zero row and hence the problem is not solvable for every smooth right hand side. If
n; =q; fort=1,...,£ —1 but g0 > ny, then we can successively solve the equation from
the bottom up in a unique way, until we reach the remaining system with a nonsquare block
Aomio—p = A22m+2_€ = [ I, 0 ]T. Then again, the last go — ny equations associated with
this block are not solvable for every smooth right hand side and hence the problem is not
regular.

ii) If m = 0, then the associated staircase form has the form (4.4) with Ay pointwise
nonsingular and it is well known already from the unstructured case, see [17, 19], that the
associated DAE is regular and strangeness-free.

iii) Using the condensed form (4.7), we can apply backward substitution starting with the
last block row. Then we have to differentiate the right hand side at most m times until we
reach the middle block. If after backward substitution the middle block contains an algebraic
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part, then we continue with at most m further differentiations. If the middle block has no
algebraic part, then at most m — 1 further differentiations are necessary.

In the regular case, using the fact that the first m block columns (block rows) have full
rank makes sure that all derivatives actually occur. 0O

Example 4.5 Consider the DAE

0 (0 1 (1|0 i1 00 0|01 x1 fi

0|0 —1]010 T 01 0|00 x9 fa

—1{1 0 (0O 3 | =1]10]0 100 3 |+ | f3 |,

—1{0 0 (0O T4 0[{0 0|00 x4 fa

00 0100 5 1]0 0]0]0 5 e
which is in the condensed form (4.7) withm =2, g =n1 =1, ¢2=1,n2=0,1=2,p= 1.
Since ga # mgo the system is non-regular. To solve the system we first get 1 = —f5, and by
substituting ©; = — f5 the solution for 29, 23 can be determined from the Hamiltonian system

1 0 jf‘3 €3 f3 J5 ‘
Flnally we can SOIVG ‘he differenl lal System

Ty =x2+x5+ f1+ fo

to obtain a solution for z4. Thus, 4 =1 < 3 differentiations are necessary to solve the system.
The component z5 is undetermined and we have the consistency condition f4 — fs = 0 for the
inhomogeneity.

Example 4.6 Consider the DAE

0l=1 0 =1107 [ 4 0l0 0 0[17T a f
110 1 010 To 0/0 0 0|0 T2 fo
0j—-1 0 010 z3 | =1 0[]0 1 0]0 xs | + | f3 |,
110 0 010 Ty 0/0 0 1|0 Ty fa
00 0 010 o5 110 0 00 5 I5

which again is in the condensed form (4.7) with m =1, ¢ =n; = 1,1 =3, p = 1. For the
solution we get x1 = —f5, and by substituting 1 = — f5 we get x4 = —f4 — f5. The solution
for z9,x3 can be determined from the Hamiltonian system

0 L][ad2]_[0 O][a2], fo+ f5
1 0|43 | |0 1]|]|as f3 '
and by substituting &4 = — f4 — fg) we get
x5 =13 — fi + f3+ fa+ f5.

Here, i = 2 = 2m differentiations are necessary to solve the system.
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When the pair (€,.A) is in the condensed form (4.7) and the associated DAE (3.13) is
regular, then we can permute and re-arrange the condensed form to the form

i &2 &1z Eu Al A —E1n Az —Ei3 I, —Ewn

_5~1T2 822 0 0 A?Q ./2(22 0 0 (4 8)
~&3 00 0 7] AL 0 Ass 0 ’ '
&L, 0 0 0 I, 0 0 0

where 522 = Jp and ./2(33 are invertible, and 5'14 is block upper-triangular with square diagonal
blocks, which are zero matrices. Performing some further block-Gauss elimination congruence
transformation we can eliminate all blocks above Ass and above and to the left of g = Ip
and obtain the form

éll 0 513 (‘314 ./2111 A12 — 512 —5‘13 Ir — 514

0 J, 0 0 AT, Ao 0 0

5 ) ~ . 4.9
_(?‘17;’ 0 0 0 0 0 .A33 0 ( )
&L, 0 0 0 I, 0 0 0

One further block permutation (exchanging the first two block rows and columns), partitioning
the blocks further, and renaming the blocks, we finally obtain the form

0 I 0 0 0 A A Az 0 0
-, 0 0 0 0 AL, Ay Az O 0
0 0 833 534 535 5 .Aripg .A%io, ./433 —534 Ir — 535 s (4.10)
0 0 =&, 0o o 0 0 0 Ay 0
0 0 €& o0 o0 0o 0 I, 0 0

with Ay invertible, and €35 block upper-triangular with square diagonal blocks, which are
zero matrices.
If we consider the DAE corresponding to the pair (4.10), then we obtain the following
equations.
2o = Anz+ Az + Aiszs + fi,
21 = Afyz1 + Axze + Asszs + fo,
Esziy + Esaiy + Essiy = ALz 4+ ALyzo + Aszzs — Esaza + (I, — E35)zs + f3,  (4.11)
&ty = Awza+ fu,
—Efis = a3+ f.
From (4.11) we can directly obtain the algebraic constraints that are included in the system

which are in the third to fifth equation. These equations determine the consistency conditions
for initial or boundary conditions and the smoothness requirements for the inhomogeneities.

5 Self-adjoint DAEs and Hamiltonian systems

It is well known that for the optimal control of ordinary differential equations, i. e., F = I,,
with an invertible weight function R, the optimality boundary value problem is associated
with a Hamiltonian system of differential equations

[ i } = [ ?R_—i*];__lﬁ; _(A__BE;EET)T ] [ N } + [ g } : (5.1)
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that is obtained by inserting v = —R~'(BTX + STx) and multiplying with J; ! from the left
see [1, 13, 15, 25].

This Hamiltonian system generates a symplectic flow, i. e., the fundamental solution &
satisfies 7 J,® = J,,, see [13].

On the other hand, even in the case of ordinary differential equations, when R is singular,
this reduction to a Hamiltonian system is not possible and one typically uses the theory of
singular perturbations [26].

In the following, we will analyze whether there is nevertheless a symplectic flow describing
the dynamic part of a differential-algebraic equation of the form (3.13).

Lemma 5.1 Consider a self-adjoint pair (€, A) of sufficiently smooth matriz functions £, A €
CO(I,R™") and the associated DAE (3.13), where

0 I, 0 A A Asg
E=|-1, 0 0], A= Ay Az Az |. (5.2)
0 0 0 Azr Azx Ass

Suppose that there exists a symmetric matriv M, = ML € RPP such that the Riccati differ-

ential equation .
P+ PAyP — AP — P.A?z +A11 =0, P(t) = M,

has a symmetric solution P € C'(I,RPP). Then there exists a congruence transformation
with a pointwise nonsingular @ € C*(I, R™"), leading to a pair

(€,A) = (QT£Q,QTAQ - QTEQ),

with ~ ~
- 0 I, 0 0 A A
(&,A) = —I, 0 0|, Ax Az A : (5.3)
0 00 Azr Aszp Asz
Proof. With
I, —P 0
RT=10 1, 0
0 0o I
we obtain
0 I, O ) /111 «4:112 413
QTeQ=1| -1, 0 0|, QTAQ-QTEQ= A Az Az
0 0 0 Azi Azp Asz

with ./Ztn =P + PAy P — A19P — P.A{Z +A411=0. O

If the self-adjoint pair is in the form (5.3), then it has exactly the structure of the self-
adjoint pair arising from the linear quadratic optimal control problem. If £ has constant rank
r = 2p (r has to be even since £ is skew-symmetric), then the form (5.2) is easily achieved
as we have seen in the first step of the construction of the condensed form (4.3) which yields
the form (4.4). Since in this form the matrix A is nonsingular and skew-symmetric, it is
congruent to J, as we have seen in the proof of Corollary 4.3. But in the form (5.3), we
cannot decide whether the flow is symplectic, since the matrix Ass may be singular.

Based on the condensed form this decision is possible.
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Theorem 5.2 Consider a self-adjoint pair (€,A) of sufficiently smooth matriz functions
E,Ac CUI,R™), and an associated DAE system of the form (3.13). If the constant rank
conditions that allow the construction of the condensed form (4.3) hold, and the DAE (3.13)
1s regular then the underlying flow is symplectic.

Proof. We may assume w.l.o.g. that the pair is in the condensed form (4.10) with the
equations (4.11). Then the equations for zs, z4, 25 are the algebraic constraints which can be
solved by backward substitution (including differentiation).

The resulting ordinary differential equation can be rewritten as a linear Hamiltonian

system
|:731:|:J [An A12][z1]+[f1]
Z9 Pl An Ax Z2 fa ]’
that clearly generates a symplectic flow since the coefficient matrix on the right hand side is
Hamiltonian. 0O

Applying Theorem 5.2 to the boundary value problem associated with the linear-quadratic
optimal control problem, we thus immediately obtain that the underlying flow (if there is
such a flow) is symplectic.

Example 5.3 [7] Consider the optimal control problem to minimize % fol x(t)? dt subject to
# = u, x(0) = 1. Then the necessary optimality condition is given by the boundary value
problem

0 1 0][A 0 0 17[A
1 00| |&|=]0-10]]|=x]|,z0=1 A1)=0, (5.4)
0 00]|a 1 0 0] [u

which is a boundary value problem with a self-adjoint pair associated with a differentiation
index 3 DAE which is already in the condensed form (4.8), where the second equation for xs
is missing and hence there is no flow at all.

Example 5.4 [2] Consider the linear-quadratic control problem (1.1),(1.2) on I = [0, 1] with

coefficients
1 00 0 0 O [0 7] 0
FE=]010}, A=|00 —-1|, B=|1|, f=1]0],
0 00 01 0 | 0 0
1 00 00O [0 ]
M.=10 0 0], W[O o0, S=]0|, R=0,
0 0 O 0 0 1 | 0

and the initial condition z1(0) = a, z2(0) = 0.
A simple Calculatior} yields that u = 9 = Ay = x3 = A3 = 0 combined with the Hamilto-
nian system #; =0, —A\; =0, z1(0) = a, —A1(1) = z1(1).

6 A global condensed form for self-adjoint DAESs

The staircase forms for self-adjoint pairs of matrix function as developed in Section 4 are
based on series of constant rank assumptions. Similar to [19, Corollary 3.26], these results
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are local in the sense that we may have restricted the interval I. In the following we develop
a global condensed form for self-adjoint pairs similar to that of [8] in the unstructured case.
To derive this we need the following lemma.

Lemma 6.1 Let & € R?2P with € = —ET. Then there exists an orthogonal symplectic matrix
U € R*2P such that
0 &2 }
Uteu =
[ —&L Ex

with E19 € RPP, Ey9 € RPP,

Proof. The proof is an immediate consequence of a corresponding factorization for skew-
Hamiltonian matrices in [27]. D

Theorem 6.2 Consider a self-adjoint pair (€, A) of sufficiently smooth matriz functions
E,A € COI,R™), and an associated DAE system of the form (3.13). Suppose that (3.13)
has a well-defined differentiation index, and that the underlying flow associated with 2p dif-
ferential equations is symplectic. Then there exists a matriz function L € C1(I,R™") such
that

i 0 &a 0 i ' 0 &2 0
E=LT€L=| -€, &y 0 |, A=LT€L-LTAL=|0 Ayp A |, (6.1)
0 0 533 0 A32 A33

with 12 pointwise nonsingular, so that zo is uniquely determined from

d
%(EHZQ) = f1,

and, furthermore,
E33i3 = Asazo + Aszz3 + f3

has a unique solution z3 for every sufficiently smooth inhomogeneity fs and given zs.
Proof. The proof partly follows the lines of the proof of the corresponding result for unstruc-

tured pairs of matrix functions given in [8].
If the homogeneous equation

Ei=Az
has only the trivial solution, then the first two blocks are missing and the claim holds trivially
by assumption. In any case, the solution space is finite dimensional. Let {&1,..., Py} be a
basis of the solution space and @ = [ b1 - Do, ] Then

rank @(t) =2p forallt el

Hence, there exists a smooth, pointwise nonsingular matrix function U with

Ulep = [ ISP ] for all t € .
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Defining

/o 0
o[ 1]

with @ = n — 2p yields a pointwise nonsingular matrix function @ = [ o ] Since
ED = AP, we obtain
(£, A4) = (Q7£Q,Q"AQ - Q"€Q)
with
i [ oTeD  DTED } _ [ Eu & ]
(NTED (P)TEY &L Exn |’
i [ T (AD - ED)  DT(AP — £F) ] _ [ 0 A ]
(D) (AD — D) (¥)T (AP — ED) 0 A |’

&
_51T2
suppose that rank & (£) < 2p for some £ € I. In this case, there would exist a vector w # 0
with & (f)w = 0. Defining then

and &1 = —SlTl € C’(H,RZP’QP). Here, & := [ } has full column rank 2p. To see this,

f(t) = {;Eé’l(t)w for t # 1,

% (E1(H)w)  for t =1,
we have a smooth inhomogeneity f. The function z given by

2(t) = [ 1Og(lto— i }

then solves .

Et)z=A(t)z+ f(t)
on I\{#} in contradiction to the assumption of a well-defined differentiation index, which
implies that local solutions can always be extended to a global solution on the entire interval I.

Since € and A are obtained by a congruence transformation, the self-adjoint structure of
the pair (€,.A) is preserved which directly yields the conditions

E1=0 and A= —512,

i. e., the block &7; is constant. Hence, by Lemma 6.1, applied to £11, there exists an orthogonal
symplectic U € R?P?P such that

. [O0T 0]:[U o QT bz 13
E=1 0 1% 0 1|7 | %2 &2 &
B - —517;) —gé‘% 533
-~ - ~ 0 0 /i13
A T ~ A
A=Y OA[UO}Z 0 0 Ay |,
0 I 0 I .
- - 0 0 Ass

with the conditions

Az = €13, A=, E12=0, En=0,
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and [ E1a &g } has full row rank d. By Theorem 4.1 there exists a smooth, pointwise
nonsingular matrix function V such that

[5’12 513]‘/:[512 0]

and thus _
I 0 Jas[T 0 0 b2 0
o v |Elo v ] T| e f2 os
0 &L &s3

as well as

0 A Az
[I O}A[I 0]_[[ 0]3[0 0}: 0 Ay Ao

0o v” 0V o vt 0V 22 A
0 Asx Ass
where the block [ gT ?2 ] is invertible. ;From the self-adjoint structure we have the
12 22
condition
00 0 0 A A 0 & 0
v‘_l% “‘_%2 f_tgz =10 Ap Am |+ | &, En &
Az Azg Az 0 Az Ass 0 _g£ Esz

yielding that )
./4112 = —512 and A13 = 0.
Finally, defining the matrix

I 0 0
wh=1 0 10
ELELY 0 T
we get .
q (?12 _0 q 4212 0
wt | —€&L Eap Ea3 | W= —&L, &9 0 1,
0 —527;) Es3 0 0 &s3
and
0 —_512 _0 Q 5:12 _O . 0 —Ném 0
WT 0 422 423 W — WT _51112 522 ?23 W - O ./4.22 A23
0 Az Ass 0 _52125 E33 0 Asx Ass
Thus, with
U 0 I 0
e=e§ 1]o v ]w

we have the form (6.1).
The associated differential-algebraic system can be written as

- k3 d -~ ~
E1229 + E1222 = @(51222) = f1,
—EL 2 + Exnzo = Agpzo + Agzzz + fo,

Eszi3 = Azgzo + Aszzz + fs.
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If the claim for the third equation does not hold then there exists a sufficiently smooth fg
and zo such that the third equation possesses more than one solution. Consequently, the
corresponding homogeneous equation 53323 = ./Zl332:3 possesses a non-trivial solution space.
Together with the 2p degrees of freedom for the other two equations which are equivalent to
ODEs due to the pointwise nonsingularity of 15 gives a solution space for the homogeneous
DAE of dimension at least 2p + 1. But this contradicts the assumption on the dimension of
the flow. O

7 Self-adjoint DAEs and derivative arrays

So far we have used global staircase forms to analyze DAE boundary value problems, but
this is merely a theoretical result that is used for the analysis. In practice, to avoid the
differentiation of numerically computed quantities, one applies a derivative array approach,
see [8, 19], and determines a strangeness-free system of equations with the same solution set,
where the equations describing the algebraic equations and those describing the dynamical
system are separated.

But if one does this for a self-adjoint pair of matrix functions, then unfortunately the
self-adjoint structure is destroyed, since the transformations are only applied from the left.
It is the purpose of this section to discuss necessary modifications and their numerical costs
if we want to retrieve self-adjointness.

Ignoring the structure, from the derivative array of the system (3.13) using Hypothesis 2.1
we obtain matrix functions Z7, Zs and 15 such that

Ay =2ZIN, [T 0 --- 0]F
has full row rank a and AQTQ = 0. We now consider the overdetermined system

E: = Az+ f,
0 = AQZ"i_an

where fg =77 gu- Choosing Ty such that the matrix T = [ T, Ty ] is orthogonal we get

TTeT: = TTAT: —TTETZ+T7 Y,
0 = TTAT2+T7f,,

with z = Tz, which yields

. &2 B A Agg 5 fi
—&L & [ o } = Aoy 422 [ 21 } + Ji2 )
0 0 2 0 Ay 2 /3
with
TTeT — En &2 TT AT — TTET — A Agg 7T fl_ ;1
T &L & |7 | A Ax |7 fol f;
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and &1 and Agz nonsingular. Removing the second block row and eliminating the entries
belonging to Z yields

KB NI F R

[ h ] _ [ fi —«412A§21f3~+ E12 L (A5 f3) }
f2 f3 '
Note that the values of f;, Z» can be obtained pointwise by solving the corresponding algebraic
equations. To obtain the derivatives of Z5, we can differentiate the third equation and solve
for Zo pointwise. Further, note that flgg can be computed in such a way that the matrix
function is smooth, see [16].

The first equation, which has the form

TF 4 (ETo%) = T ATo % + fi

where

then gives the subsystem which can be reformulated as a Hamiltonian system and which
has a symplectic flow. All quantities can be obtained from the derivative array and by
differentiation. Note that the formulation of f; requires the computation of the derivative T'
of the transformation matrix 7', for example by means according to [19, Corollary 3.10].

8 Nonlinear DAEs with self-adjoint linearization

In this section we consider the optimality system arising in nonlinear optimal control problems

J(z,u) = M(z(t)) + /t K(t, z(t),u(t)) dt = min! (8.1)
subject to a constraint
F(t,z,u,2) =0 (8.2)
and
z(t) =z. (8.3)

We assume that F' € CO(I x D, x D, x Dz, RY) is sufficiently smooth, that I = [t,f] C R is a
(compact) interval, and that D,,D; C R™ D, C R™ are open sets.

We will analyze, whether some of the self-adjointness properties can be found in this case
as well. We briefly recall the structure of the necessary optimality conditions from [20]. We
again use derivative arrays, which take the form

Fyt,z,%,..., 2Dy =0, (8.4)

with z = [27,uT]T, which stacks the original equation and all its derivatives up to level ¢ in
one large system.

Here, partial derivatives of F; with respect to selected variables p from (t, 2, 2, .. ., z(“l))
are denoted by Fy.,. The solution set of the nonlinear algebraic equation associated with the
derivative array F), for some integer i is denoted by

L, ={z, e I xR x R"™ x .. x R"™™ | F,(z,) = 0} (8.5)

and the hypothesis takes the following form, see [19].
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Hypothesis 8.1 Consider the general system of nonlinear differential-algebraic equations
(8.2). There exist integers p, v, a, d, and v such that L, is not empty and such that for every
z2 = (to, 20, 20, - - - ,z[()”H)) € L, there exists a (sufficiently small) neighborhood in which the

following properties hold:

1. The set L, C RUFDOAMHL forms o manifold of dimension (u+ 2)(n +m) +1—r.

2. We have rank I

iz 2zt =T 0n Ly

3. We have corank Fs st — corank Fy s 2w =vonly, where the corank is the

dimension of the corange and the convention is used that corank F_;., = 0.

4. We have rank F) .. 41y =1 —a on Ly, such that there exist smooth full rank matriz
functions Zs and Ty of size (u+1)l x a and (n4+m) x (n+m—a), respectively, satisfying

Z3 Fs iy =0, rankZy Fu. =a, Z3 Fu. Ty =0 (8.6)
onIL,.

5. We have rank F;T5 = d = | — a — v on L, such that there exists a smooth full rank
matriz function Zy of size (n +m) x d satisfying rank Z{ F;Ty = d.

Again, the smallest possible p for which Hypothesis 8.1 is valid is called the strangeness
index of (8.2). It has been shown in [18] that Hypothesis 8.1 implies locally (via the implicit
function theorem) the existence of a reduced system given by

(a) Fl(t,zl,z%, 23,2':1,2':2,2':3> = 0, (8 7)
(b) Fg(t, 21,22,Z3> = 0, '
with Fy = ZI'F, where (z1,22,23) € R? x R*tm=a=d » Re i5 a suitable splitting of the
unknown z. Part 4 of Hypothesis 8.1 guarantees that equation (8.7b) can be solved for z3
according to z3 = R(t, 21, 22). Eliminating z3 and 23 in (8.7a) with the help of this relation
and its derivative then leads to

Fi(t, 21,22, R(t, 21, 22), 21, 22, Re(t, 21, 22) + R, (L, 21, 22) 21 + Ry (t, 21, 22) 22) = 0.

By part 5 of Hypothesis 8.1 we may assume without loss of generality that this system can
(locally) be solved for Z; leading to the system

21:£(t,21,22,2’2), (88)

zZ3 = R(t, 21, 22).
Obviously, in this system, interpreted as a DAE, zo € C*(I, R"*™~%~4) can be chosen arbi-
trarily (at least when staying in the domain of definition of R and £), while the resulting
system has locally a unique solution for z; and z3, provided a consistent initial condition is
given. This means that zo can be interpreted as a control. The quantity v, which has not
been addressed yet, measures the number of equations in the original system that give rise to
trivial equations 0 = 0, i. e., it counts the number of redundancies in the system. Together
with a and d it gives a complete classification of the [ equations into d differential equations,
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a algebraic equations and v trivial equations. Of course, trivial equations can be simply
removed without altering the solution set.

If the variable z is a combined vector of states and controls, then, since (8.7) consists of
original variables, these can again be split into parts stemming from = and from u. It has
been shown in [18, 22], see also [19], how this system then can be treated.

With this preliminaries, it has then been shown in [20] that the necessary optimality
conditions are given by the following boundary value problem

(a) 31 :‘C(ta IL‘1,U), 1131@) =y,
(b) xo = R(t,x1,u),
(c) A= Ko, (6,21, 20,u)T — Loy (8,21, 20, u) T A — Ry (8,21, u) T A,
Mi(t) = =My, (z1(8), z2(F))", (8.9)
To (t, I1,x2, U)T + )\2,
Wt ze,u) — Lotz u) T A — Ru(t, w1, u)T Ag,
= A\ (2).

d 0
() 0
v
Note that the necessary equations are linear with respect to A. This follows from the general
result of Ljusternik [23] where the Lagrangian is a linear form appearing additively in the
necessary conditions. Linearizing with respect to the other unknowns yields a linear DAE of
the form (1.3) with the replacements

=K
=K

[0
E = | 0 0 ]’
A = [ Lo (t,x1,u) 0 B L(t,x1,u)
| Rey(t,z,u) —1 |7 Ruy(t,x1,u)
W = [ ,Cxl’xl(t,fl,.IQ,u) le,aig(taxlax27u) :| S = |: K11,u(t7xlyx27u)
| Koo (G x1,22,u) Koy o (B, 21, 2,0) |7 Kaoult,z1,z2,u) |’

R = Kyu(t,z1,z2,u).

Hence, linearization gives a self-adjoint DAE possessing a Hamiltonian subsystem as in the
linear time-varying case.

9 Conclusion

We have studied the properties of the necessary optimality systems arising from optimal
control problems for differential-algebraic systems. We have shown that the system is self-
conjugate with the coefficients forming a self-adjoint pair of matrix functions. We have derived
(under some constant rank assumptions) condensed forms under congruence transformations
with orthogonal matrix functions and also shown that then there always exists a Hamiltonian
subsystem with a symplectic flow. We have discussed that the Hamiltonian subsystem also
can be obtained from the derivative array and that similar structures can be achieved locally
in the nonlinear case.
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