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Singularities in L'-supercritical Fokker—Planck equations:
A qualitative analysis
Katharina Hopf

ABSTRACT. A class of nonlinear Fokker—Planck equations with superlinear drift is investigated in the
Ll-supercritical regime, which exhibits a finite critical mass. The equations have a formal Wasserstein-
like gradient-flow structure with a convex mobility and a free energy functional whose minimising mea-
sure has a singular component if above the critical mass. Singularities and concentrations also arise
in the evolutionary problem and their finite-time appearance constitutes a primary technical difficulty.
This paper aims at a global-in-time qualitative analysis—the main focus being on isotropic solutions, in
which case the unique minimiser of the free energy will be shown to be the global attractor. A key step
in the analysis consists in properly controlling the singularity profiles during the evolution. Our study
covers the 3D Kaniadakis—Quarati model for Bose—Einstein particles, and thus provides a first rigorous
result on the continuation beyond blow-up and long-time asymptotic behaviour for this model.

1. INTRODUCTION

This manuscript is concerned with a class of Fokker—Planck equations with superlinear drift taking the
form

of =V - (Vf4+vh(f), t>0veR?
f(0,v) = fin(v) >0, v eR?,

where h(f) = f(1 + o|f]?) forsome~y > land o = 1. Fory = 1 and 0 € {41} this equation
has been introduced in the 1990s by Kandiadakis and Quarati [KaQ93| [KaQ94|] as a model for the
relaxation to equilibrium of quantum particles of Fermi-Dirac (¢ = —1) and Bose—Einstein (o0 = 1)
type. We refer to [CHWZ20, [Fra05|] and references therein for more background on the physical model.
The interest of the mathematics community in problems of the form mainly stems from their
variational structure: for densities f > 0 eq. can formally be written as a continuity equation

Of =V - (h(f)VIH(])) (1.1)
with 07 denoting the variational derivative of the convex integral functional

0]

i = [ (Yreem)

where ®(f) = %fof log (1755 ) ds and thus ®"(f) = 1/h(f). (if o = —1 one should restrict

to 0 < f < 1.) Thus, the free energy H(f) is formally dissipated along solutions %H(f) =
— Jpa h(f) IVOH(f)|” dv < 0. Let us note that for o = 1 the function ® is sublinear at infinity,
and the natural extension of 7 to finite, nonnegative measures (cf. [DeT84]) vanishes on Dirac deltas
centred at the origin. We further observe that for o = 1 the nonlinear mobility 4(f) = f(1 + o f7)
in is convex, while it is concave if 0 = —1.

(FP-)

The equation for fermions, where ¢ = —1 and v = 1, is mathematically well-understood. Here, in
any dimension, solutions emanating from suitably regular initial data 0 < f;, < 1 remain bounded
between zero and one, i.e. satisfy 0 < f < 1, consistent with the well-known Pauli exclusion principle.
In the long-time limit they converge to the unique minimiser of H of the given mass [CLR09, [CRS08],
namely to the corresponding (smooth) Fermi—Dirac distribution. The concavity of the mobility even
allows to give a rigorous meaning to the above gradient-flow structure with respect to generalised
Wasserstein distances [DNSQ9), ICL*10], which fails for the convex/non-concave mobilities associated
with o = 1.
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K. Hopf 2

The bosonic case, where 0 = 1 (and v = 1), is more challenging. Then, eq. becomes L'-
supercritical in dimension d > 2, in which case the large-data long-time analysis has remained open
for quite a while. In fact, a first global-in-time rigorous study of the L!-supercritical regime has only
recently been obtained in [CHR20] for a 1D analogue, that is for witho = 1,d = 1 and
v > 2, and is based on a Lagrangian approach and viscosity solution technigues. In the physically
most interesting case d = 3 and v = 1, which will be the main focus of this manuscript, no rigorous
long-time analysis exists when o = 1, except for the ref. [Tos12] showing finite-time blow-up for large
data by a virial-type contradiction argument. In the L!-critical case, in contrast, solutions are globally
regular [CnC*16]. For numerical studies on the singularity formation in the supercritical case, we refer
to [CHW20, |ISSCO06]. The qualitative properties obtained in the present manuscript are in agreement
with the simulations in [CHW20], although our approximation scheme is different and not restricted to
the isotropic case. Let us mention that the uniqueness and stability properties of the present scheme
in the isotropic setting may also be of interest numerically.

In this paper we perform a rigorous global-in-time existence and qualitative analysis of with
o = 1inthe L'-supercritical regime in higher dimensions d > 1 our main interest being the bosonic
3D Kaniadakis—Quarati model (c = 1 and d = 3,~ = 1); thus, hereafter o = 1. Preservation of
the variational structure beyond finite-time blow-up being a primary concern, we build our analysis
on a suitably chosen approximation scheme that respects the basic mass conservation and structural
properties of the continuity equation (1.7). To begin with, we note that the static mass-constrained
minimisation problem for H is well-understood. The minimisers of 7 for a given mass have been
characterised in [BAGT11] and are in fact explicit:

Theorem ([BAGT11], Theorem 3.1). Forevery m € (0, c0) the functional H has a unique minimiser

Hmin = ul(ﬁ)l on the manifold {yn € M (R?) : [du =m}.

This minimiser takes the form

= {foo,g L? ifm < m,, where § € Rxq obeys [ fog=m,
min —

1.2
fo LY+ (m —m,) 0y  ifm > me.. (1.2)

Here

_1
Joon(v) = (e’y(v2+9) — 1) ! , 0 € Ry, (1.3)
and we abbreviated f, := foo 0 as well asm, := fRd fe(v)dv € (0, 00].

For general v > 1, the L!-supercritical regime as determined by a dimensional analysis is given by
d— % > (. Observe that this is exactly the regime, where the critical mass m. appearing in the above
theorem is finite and where minimisers with singular parts concentrated at velocity zero emerge. Such
singular components are termed Bose—Einstein condensates in the physics literature (at least when
v = 1.

Let us now put the analysis of the present work into context with existing literature and discuss the
main new difficulties. Naturally, several aspects of our approach have their roots in the work [CHR20].
This is particularly true for the fact that our fundamental a priori bound consists in a space-uniform
temporal Lipschitz estimate (of an integral quantity) that is propagated in time. Both, in [CHR20] and
in the present paper, such estimates are derived by means of suitable comparison principles. However,
the approach in [CHR20] relies on a Lagrangian reformulation of the problem in terms of the pseudo-
inverse cumulative distribution function giving access to the powerful instrument of viscosity solution
theory [CIL92]. While in higher dimensions such a reformulation is, in principle, still possible [CHW20,
CRW16, [ESGO05], the structural properties of the resulting PDE (system) greatly deteriorate—even in
the isotropic case.
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Singularities in nonlinear Fokker—Planck equations 3

The new challenges we encounter in higher dimensions are thus mainly of a technical nature. Espe-
cially the derivation of the universal space profile at {v = 0} for unbounded densities in Section
(applying to isotropic flows) is significantly more delicate than in the 1D case and requires several in-
termediate steps. Determining the profile at the first blow-up time is still quite feasible and, as in the 1D
case, amounts to solving an ordinary differential equation—in higher dimensions to be combined with
a bootstrap argument. However, in eq. solutions may regularise after a first blow-up, and such
successions of ,blow-ups” and ,blow-downs* could in principle be highly oscillatory. Thus, for a global-
in-time analysis a particular challenge lies in gaining information at general points in time. We should
emphasize that the space profile, while of interest in its own right, encodes a certain time-uniform
continuity-at-infinity property that appears to be vital for proving relaxation to the minimiser fiyin in
the long-time limit. (Observe that when only looking at the equation from a PDE point of view,
other stationary ,solutions“ consisting of a smooth steady state fo ¢ for some # > 0 plus a suitably
weighted non-trivial Dirac measure at zero are conceivable, though unphysical.) Let us finally point out
that, in contrast to [CHR20] where the mass of the condensate component (i.e. of the singular part
of the measure solution, which turns out to be supported in {v = 0}) has only been shown to be a
continuous function of time, the present approach allows us to infer Lipschitz continuity in the isotropic
case and thus refines [CHR20] (cf. [Hop19]). Some of the basic ideas of this manuscript have been
sketched for the 1D model in the author’'s PhD Thesis [Hop19| Chapter 5]. As indicated in Chapter 5.3
of [Hop19], when d = 1, the solutions to be constructed below coincide with those obtained from the
viscosity solution approach in [CHR20].

1.1. Main results. In the subsequent analysis, unless specified otherwise, we assume the following
general hypotheses:

(H1) L'-supercriticality: %d > 1, where vy € [1,00), d € N, are fixed parameters.

(H2) Initial data: fi, € (LgT N L}Q)(]Rd), where (4 > d, ¢, > 2 and ¢, > max{d,2}; fi, > 0 a.e.
in R?;
if i, is not isotropic, assume the stronger decay property that f;,, € L}?;’(Rd) for some /3 > 2d.

The spaces L (R?) in|(H2)|are weighted L spaces, see def. (2.4).

Our results for the nonlinear Fokker—Planck equations rely on a careful analysis of the pro-
posed approximation scheme, which is devised in such a way as to preserve the Fokker—Planck-type
gradient-flow structure (1.1). Approximation schemes for continuation beyond blow-up have been em-
ployed in the literature for various other PDE problems. Closest to the present situation are perhaps
the constructions in [LSV12, [Vel04] for the 2D Patlak—Keller—Segel model.

Approximation scheme. Pick n € C%!(R)NC>(R\{0}) satisfying sign(s)n'(s) > 0,n(s) = |s|
for [s| < 1,7/(s) = 0for |s| > 2, and moreover 0 < 7(s) < |s|? forall s > 0.

For e € (0, 1] we then define n.(s) = e~ "n(es), let
he(s) :=s(1 4 n.(s))

1.4
=: s+ 3J.(s), where J.(s) := sn.(s), (1.4)
and consider the associated Cauchy problem
Ofe =V - (Vf.+vh(f.)), t>0,v€ R,
(FP+.reg)

f5(07v) = fin(v) Z 07 Vv E Rd.

For details on the variational structure of eq. we refer to Section[4] Since /.. has linear growth
at infinity, global existence of nonnegative mild solutions for suitably regular data is obtained from
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K. Hopf 4

standard arguments (cf. Prop. [2.2below). The relatively strong decay hypotheses in[(H2)| are needed
to establish estimates that are independent of € (cf. Prop.[2.6).

Proposition 1.1 (Limiting measure for (FP,)). Suppose [(HT), Then there exists a locally finite
nonnegative measure . on [0, 00) x R® with the following properties:

(i) Mass-conserving curve: we have dy = dyu,dt for a family of measures {ji;}i>0 C M, (R?)
with the property thatt — i, is a weakly-x continuous curve in M .. (Rd) that preserves mass,
and more precisely satisfies ji;(R?) = || fin||z1 =: m forallt > 0.

(i) Decomposition: there exists a measurable function a : [0,00) — [0, m] and a nonnegative
function f € L ([0,00) x RY) N C*2((0,00) x U), U := R4\ {0}, such that for allt > 0

loc
p = a(t)do + f(t, )L,

where 0y denotes the Dirac measure concentrated at the origin.
The function f is a classical solution of (FP,) in (0, 00) x U.

(iii) Approximation property: denote by f. € C([0, 00); L>°NL}) the unique mild solution' of
(cf. Sec. and let ;1) = f.L1T, where £} denotes the (1 + d)-dimensional Lebesgue
measure on [0, 00) x R
Then, along a subsequence ¢ |, 0

& 2 in M([0,T] x RY),  forall T < oo,
fe = fin G((0,00) x U),

loc
where U := R4\ {0}.
(iv) Unique limit: if f,, is isotropic, the convergence in is true along any sequence ¢ | 0.
(v) Lipschitz continuity of point mass: if i, is isotropic?, the map t — 11;({0}) is Lipschitz continu-
ous.

See Section[2.3]for the proof of Proposition[1.1] Later on we show for the isotropic case that the limiting
measure y satisfies is the sense of renormalised solutions. One of the technical difficulties of
problem is related to the fact that the function ¢ — 1,({0}) in general fails to be monotonic (cf.

Sec.[5.2).
Prop. implies that supp 15™¢ C {v = 0}. Hence, recalling the sublinearity of ®(s) as s — 0o,
we infer that for every ¢t > 0

H(p) = H(f(1))-

Since all relevant measures in this work will have singular parts supported at the origin, we (continue
to) denote by the symbol H both the functional acting on densities as well as the extended functional
acting on nonnegative finite measures.

The following result provides a sharp characterisation of the space profile of isotropic solutions, and
moreover it is a key ingredient for uniquely identifying the long-time asymptotic limit. It will be estab-
lished in Section Bl

Theorem 1.2 (Universal space profile). In addition to[(HT), suppose that
24+2-d>0. (1.5)
The approximate solutions f. enjoy further regularity properties, which will be needed in the analysis; see Sec. for

details.
2In the anisotropic case, we will see in Section that t — u:({0}) is at least continuous, see Cor.
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Singularities in nonlinear Fokker—Planck equations 5

Further assume that the initial value fi, is isotropic and let g(t, |v|) := f(t,v), where f denotes the
density of the regular part of the limiting measure obtained in Prop. There exists r* > 0 and a
bounded function A € Cy((0,00) x R) such that for eacht > 0 either g(t,-) € L= (R) or

g(f, r) = g.(r) + A(f, r)r2’d for r € (0,77), (1.6)

where g.(|v]|) = f.(v) = foo(v) (cf. eq. (T.3)). The upper bound ,<*in is true for all t €
(0, 00).

If 11;({0}) > 0, the second option, i.e. (1.6), must hold true.

The proof of Theorem|[1.2| (see Section combines a smoothing estimate for mild solutions with a
bootstrap argument based on the temporal Lipschitz continuity of the partial mass function. Observe
1

that g.(r) = (%);r_% + O ") for 0 < r < 1, 50 that the remainder O(r2~%) is indeed of
lower order under condition (1.5). Moreover, in the expansion for g one can replace the limiting steady
1

5 2
state g.(r) by the power law (%) "r7% since d > % In the present work, we focus on regime (1.5)
as it covers the most interesting case of the 3D Kaniadakis—Quarati model for bosons (v = 1, d = 3).
Owing to the strong nonlinearity in the drift one cannot expect the limiting density f to be a distribu-
tional solution of in (0,00) x RY. Our analysis leading to Theorem aIIows to show that the
limiting measure satisfies in the sense of renormalised solutions.

Definition 1.3 (Renormalised solution of ). Let 1 be a locally finite nonnegative measure on
[0,00) x R? and denote by ;1 = p°¢ + p™8 = f(t,v) LT + ps™ its Lebesgue decomposition
into regular part ;¢ with density f € Li_([0,00) x RY) and singular part ;5. We call ;1 a
renormalised solution of in (0,00) x R? with initial data f;, if du = dy,dt for some weakly-
+ continuous curve [0,00) 3 t — 1, in M(R?) with preserved mass [ du; = || finl 1 (ra), if
Te(f) = min{f, k} € L2 ([0, 00); HL_(R?)) for every k > 0, and if for all ¢ € C*°([0, o)) with

compactly supported derivative £, fora.a. T € (0,00) and all v € C>°([0, 7] x RY) :

aﬁ@»wm»m—/amwm»m—/ £(F)a dudt
- Re 0 JR (1.7)

T
—— [ [ @+ n) V)
0o Jr
As usual, the gradients of f on the RHS of are to be understood as V7 (f) for k = k() large
enough such that £'(s) = 0 for s > k (cf. [BB*95, DMM*99)).

Theorem 1.4 (The limit 1 is a renormalised solution). Assume the hypotheses of Theorem[1.2 Then
the limiting measure . constructed in Proposition[1.1] satisfies eq. in the renormalised sense as
specified in Definition

The proof of this theorem is given in Section and makes use, among others, of a local and trun-
cated version of the energy dissipation estimate. The following energy dissipation identity is crucial for
deducing the long-time asymptotic behaviour.

Proposition 1.5 (Energy dissipation (in)equality). Assume|(H1),[(HZ)and use the notations of Prop.[1.1]
Then for allt > 0

Hf(E) = H(fiw) < —/O/RdﬁwfnLh(f)devdT.
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When supposing in addition the hypotheses of Theorem the stronger balance law holds true: for
allt > s >0

HF(t) — / / IV h v 1.8)

See Section [4.3for the proof of Proposition

The long-time asymptotic behaviour and further transient dynamical properties can be seen as corol-
laries of the above results (cf. Section [5] for details). Let us here only highlight the long-time asymp-
totics.

Theorem 1.6 (Convergence to minimiser). Assume the hypotheses of Theorem and denote by
m = f fin > 0 the total mass of the initial data. Further let (i, = ufﬂ denote the unique
minimising measure of H for the given mass m (cf. eq. (1.2)). Then, ast — oo, H (i) — H(fmin),
and moreover

pe = pmin nM(RY)and i ({0}) = pin({03),
f@) = fuin  in G (RN {0}),
ft) = fam inLP(RY)  foranyp € [1, 7).

where fnin denotes the density of the regular part of ji..,;,, with respect to the Lebesgue measure. In
addition, lim; oo [ |0]* dpe = [ |0]? dptanin-

The proof of this result will be completed in Section

1.2. Outline. The remaining part of this paper is structured as follows. In Section[2]we establish global
existence and uniform estimates for the approximate problem . An important ingredient is the
uniform bound in Prop. which is obtained using a comparison technique. This allows us to pass to
the limite — 0 in Section[2.3] Section[3]lies at the heart of our analysis. lts main purpose is to establish
the universal profile asserted in Theorem[1.2](see Sec.[3.3). In Section[4]we introduce variational tools
and use the results from Section [3]to show, for the isotropic case, the renormalised solution property
of as well as the energy dissipation identity. Section [5| concludes with a characterisation of the
long-time asymptotics and some additional remarks.

1.3. Notations. Unless specified otherwise, the following notations will henceforth be adopted:

o M (G) : space of nonnegative finite measures on G C R".

o LP(R?) : weighted L space with norm HfHL*; = |(1+ ]v[e)fHLp(Rd), cf. (2.4).

o C12((0,00) x R?) : space of continuously differentiable functions f = f(t,v) that are twice continu-
ously differentiable with respectto v € R,

o L% d-dimensional Lebesgue measure.

o £ (1 4 d)-dimensional Lebesgue measure on [0, 00) x R%,

e 54 :=max{s,0} fors € R.

e B, :=B.(0):={veRe: [v] <r}.

e gc(r) = fe(v) forr = |v|, where f. = foo 0 as defined in (I-3).

2. APPROXIMATION SCHEME
As pointed out in the introduction, local-in-time classical solutions of emanating from initial data
that are large in a suitable sense may cease to exist in L“(Rd) after a finite time. The main purpose

of this section is to establish global existence for the approximation scheme in spaces of
suitable regularity as well as certain compactness and convergence properties for the corresponding
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Singularities in nonlinear Fokker—Planck equations 7

approximate solutions. In the isotropic case, our scheme obeys a monotonicity property and, as a
consequence, gives rise to a unique limiting measure. Note that this feature may also be of interest
from a numerics point of view. A key ingredient in the analysis is a uniform temporal Lipschitz bound
for the partial mass function of isotropic solutions (see Prop. [2.6).

2.1. Mild solutions. The local-in-time wellposedness of equations and in suitably
weighted spaces can conveniently be obtained in the framework of mild solutions using the Duhamel

integral formulation of resp. of given by

t
ftv)= [ Ft,v,w)fin(w)dw +/ F(t=s,v,w)(dive(w [ ) (5w dwds, — (@.1)
Rd 0 JRd

t
fe(t,v) = F(t,v,w) fin(w) dw + / F(t—s,v,w)(dive(wIe(fe)))|(sw) dwds,  (2.2)
R4 0 JRd

where F = F(t,v,w) denotes the fundamental solution of the linear Fokker—Planck equation, that
is

F(t,v,w) = edtG,,(t) (e'v — w)

with

lg|?

p(t)=e2 — 1,  GA(&) = (2mN) Ze 5.

In this subsection, we collect several auxiliary results for mild solutions, most of which can be obtained
as in [CLRO9]. The reasoning is therefore kept brief.

Using integration by parts, the last integral in (2.1) can formally be rewritten as

t
/ e_(t_S) d Vv]:(t—s, v, U)) " w |f|’yf|(57w) dw ds. (2:3)
0 R

Hereafter, eq. (2.1) will always be understood in this way, i.e. with the last integral replaced by (2.3).
Analogously, we rewrite the last term in (2.2). For estimating integrals of the form (2.3) we use the
semigroup estimates in [CLR09, Appendix A]. To state these estimates we define for p € [1, oo] and
(>0

Ly(RY) == {f € LPRY) : | fllz <00}, Nfllee = NA+[0[) fllir@ey  (24)
By [CLRO09, Proposition A.1] the linear operator
ZIf)(tv) = | F(t,v,w)f(w)dw
Rd
enjoys the following smoothing estimates for all t € (0, T

]
IVEZ )z < Crut) 3

O E| )
L? (2.5)
forany 1 < p < ¢ <o0,¢>0andk € Ny, where the constant Cr = Cp(d, ¢, k) is given by
Cr = C’exp((% +k)T)
with 5 + é = 1and C' < oo a universal constant.

We begin with a uniqueness result, which implies among others consistency of the approximation
scheme (cf. Corollary 2.5 below).

Lemma 2.1 (Uniqueness of mild solutions for (FP,) and (FP, .e,)). Letp > d. There exists at most one
mild solution f € C([0,T]; (LN LY)(R?)) of eq. (FP,). An analogous result holds for eq. (FP~reg)-
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Proof. Let f, f € C([0,T]; (L™ N L?)(R%)) both satisfy eq. for t € [0,T] — as always, with
the last term on the RHS replaced by (2.3). Then, given 7" € (0, 7' we estimate for t € [0, T"], using
the bound (2.5) and recalling that v/(t) = e* — 1,

1

1F () = f(O)l 2 < CT//O v(t=s)"2 2w (| f7 (s, w0) = [F F(s,w))l|1s ds

< @A+ I oz f — Fllewores

for some function x € C([0, T']) which only depends on p, d, y and satisfies x(0) = 0 (this uses hp.

p > d). Hence for T" € (0, T'] small enough such that <(T")||| f] + ]fH|C([0T rnpe) S %, we infer
that f(t) = f(t) for all ¢t € [0,7"]. Iterating this argument for a finite number of times, we conclude
that f(t) = f(t) forall t € [0, T]. O

For global existence of let us introduce the Banach space
X = (L®NLEn L)) (RY (2.6)
for parameters p, £, n obeying the conditions
€ (d, ), p =2,

(>n>2. 27

Proposition 2.2 (Global existence for eq. (FP,1eg))- Lete € (0,1]. Let X be as in (2.6) with (2.7)
being satisfied, and suppose that f;, € X is nonnegative. There exists a unique global-in-time mild
solution f. € C([0,00); X) of the Cauchy problem (FP- reg)-

Moreover, the following additional properties hold true:

(i
(ii
(iii

(iv

Positivity: f- > 0in (0, 00) x R%.

Smoothness: f. € CH?((0,00) x R?) and holds in the classical sense.
Mass conservation: || f-(t)|| 1 = || fin|| L1 for allt > 0.

Preservation of radial symmetry: if fi, is isotropic, so is f(t) for allt > 0.

—_— =

Given nonnegative initial data fi(lf) € X,1 = 1,2, denote by fg(i),z' = 1, 2, the solution emanating
from fi(rf). Then

(v) L'-Contractivity: || f£)(¢) - fa(z)(t)H < Hfm fid llus forailt > 0.
(viy Comparison: if f\ < £ then f < ) in (0, 00) x R

Proof. Uniqueness is a direct consequence of Lemmal2.1]and the embedding X < (LN LY)(RY).
Local existence (using the contraction mapping principle) and versions of the properties [[()H(vi) have
either been established in the literature or can be deduced from classical arguments. See [CLR09]
as well as [LSU68| |QuS19]. The local existence result is equally valid for . Since [CLR09, Sec-
tion 2.1] only considers the case n = 1, let us briefly indicate how to deal with the L}L part for n > 1.
Denoting by 7 [f](t) the RHS of (reformulated as in (2.3)), we have the bounds

t
1Ty < CTIIfmIILﬁCT/ v(t—s)72||[w]| f(s)"* £y ds
0
and

Il f

< / (1 + [w])™ PP duw + / (1 + [w])™ P duw
{If1>1} {IfI<1}

< /Rd(1+ w1 £17 dw - (1 (| flloe ) P+ N I,
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Singularities in nonlinear Fokker—Planck equations 9

where § € [0,1) is determined by 1 + (1 — #)~* = p and where we used the relations (2.7).
For one argues similarly.

For proving global existence it remains to show that || f(¢)|| x cannot blow up in finite time 7" < co. To
see this, we recall that p > 2 and p > d and estimate for some r € [£,p — 1] and t € [0, T"], where
0<T'<T < o0,

t
ez < Crll finllzp + CT/ v(t — )72 207 lw feno(f2) |y ds
0

< Crll finllz + (2) k(T foll e o)

for suitable k€ C([0,T"]) with k7 (0) = 0 only depending on fixed parameters. In the second step
we used the factthat v > 1, p{ > r{ 4+ 1 and 2r > p > r to find that

Jaofon ey < (27 [ (0 ol A min 1) d
<@ [ 0 ol de

Since the RHS of (2.8) has at most linear growth in F'(T") := HfaHC([o,T/];Lg), one easily finds that
SUPye (o) F'(t) < oo. With this in hand, the L>*-bound on [0, T), T' < oo, is obtained as follows:
using the bound 0 < 7. < (2)7 we estimate for0 < ¢t < 7' < T

(2.8)

t d
[fe@®)llzee < Crll finllzo + CT/ v(t —s) 2 2 flw fone(fo) | or ds
0

< Crll finllze + G) (T el cornn)
for suitable k1 € C([0, T']) with x1(0) = 0 only depending on fixed parameters.

For the L. (R?)-norm we even obtain a bound that is uniform in time, see Lemma 2.3 below. O

Lemma 2.3 (Uniform moment bound). Assume the hypotheses of Prop.[2.9and let f. € C([0,T); X)
denote the (local-in-time) mild solution from the proof of Prop.[2.2 Then, for allt € [0,T)

| Fe o+l do < Ol 29)
R
for a finite constant C' (|| fin|| 1) < oo that is independent of T and €.

Proof. This result follows from an estimate on the time derivative of the 72-th moment [, f-(t,v)[v|" dv
obtained first for n = 2, which thanks to mass conservation and interpolation implies a uniform bound
forall n’ € (0, 2] with a constant C'([[ fiu|| 13 )- A subsequent induction step from n' to n’ + 2 allows to
deduce ineq. (2.9). Similar arguments can be found in [CHR20, Lemma 4.11] (in different coordinates)
and in [CLR09, Lemma 2.9]. Observe that in the bosonic case the nonlinear drift occurs along a vector
field pointing towards the origin. Thus, moment bounds are more easily available than in the fermionic
case treated in [CLRQ9]. O

For technical reasons, we further need a local-in-time existence result for in a functional setting
that provides a uniform spatial decay property of the local mild solution on some short time interval.
For this purpose we introduce for £ > 1 the space

Y = (L N LYH(RY).
Note that by interpolation Y < LF(IR%) for any p € (1,00). Local existence (and uniqueness)

of (FP,) and (FP, .¢) in Y together with a gradient control can be shown as in [CLR09, Section 2]
using the contraction mapping principle.
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Lemma 2.4 (Local existence for (FP-) and (FP, o) in Y). Let¢ > 1. Forany L € (0, co) there exists
T = T(L) > 0 such that for every fi, € Y with || fun|lly < L there exists a unique mild solution
f € C([0,T];Y) of eq. (FP-). Moreover, one has the additional regularity t v(t)z|Vf(t)| €
Co((0, T); (L OV Ly) (RT)).

An analogous result holds for €q. (FP-.reg)-

Assume for the moment the hypotheses of Prop.[2.2and L.[2.4 and let f(X)(t) € X and f¥)(t) € Y
denote the local solutions emanating from some fi, € X MY, as obtained in the proof of Prop.
and in L. [2.4l Then, since both spaces X and Y embed into (1> N L¥)(RY) for some p > d, we can
invoke Lemma|2.1]to infer that () and fX) coincide as long as they exist.

The following remark is another application of the uniqueness property in L.

Corollary 2.5 (Short-time consistency). Let f € C([0,T]; (L>° N L})(RY)) be a local-in-time mild
solution of (FP-), let 0 < e, < (|| fllc(o,ry;2)) " and € € (0, ,]. Then, since h.(s) = h(s) for s <
e~1, the function f is also the unique mild solution f = f. € C([0, T]; (L*>° N LY)(RY)) of
in [0, T']. In particular, as long as a suitably regular mild solution of the original problem exists,
the scheme trivially converges to this solution.

Suppose now that fi, € Y N X and let f, f. € C([0,T];Y N X) denote the local-in-time mild

solutions of resp. obtained as a consequence of L. and Prop. Further pick
0 < & < ([flleqoayz=)) " Then, arguing as in Corollary R.5 f = f. in [0,T] x R? for all
e € (0,¢,]. Since f € C12((0,T) x R?), we may henceforth assume without loss of generality the
additional regularity f;, € C*(R%) and f € C*2([0,T) x R?) (otherwise, we consider the solution
emanating from f(to) for some small ty € (0,7")). Thus, from now on we assume the following

stronger version of hp.

fin € (LN L) (RY), where ¢4 >d, ¢, >2 and {, > max{d, 2},

fin > 0a.e.in R%

(H2) if fin is not isotropic, assume in addition f;, € L;;’(Rd) for some /5 > 2d.

Without loss of generality, we further suppose that f € C12([0, 7] x R?),
where f denotes the local regular solution of with f(0) = fin.

\

In the following subsection it will become clear that some extra decay hypothesis on the initial data as
compared to the space X used in Prop. is needed. The specific choice in hp. [(H2)| (resp. [(H2))
has been made for convenience, and we have not attempted to optimise the regularity conditions.

We henceforth denote by f. the global mild solution of the regularised equation as obtained
in Prop. In view of Lemma [2.4] and the subsequent remarks, this solution enjoys some additional
decay properties on a short time interval. Besides, the family { f.} has an (e, t)-uniformly bounded
moment of order min{¢1, £} > 2 (cf. Lemma [2.3).

2.2. Uniform bounds.

2.2.1. Isotropic solutions. In this subsection we assume fi, to be isotropic and write gi, (1) = fin(v),

|v| = r. By Prop. the global mild solution f. of is isotropic, allowing us to write

ge(t,r) := f-(t,v) for r = |v| > 0. Observe that ¢. satisfies the equation
dyg. = r~4 19, <7“d_107~g‘E + rdha(g£)> inR, x R,

- d—1 d
0= }11_% <r 0rge + 1 hs(g€)>7

where the limit in the last line holds locally uniformly in t € [0, 00).

(2.10)
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Singularities in nonlinear Fokker—Planck equations 11

Our fundamental a priori bound for relies on the fact that in the isotropic case, equation
can be expressed as an evolution equation for the partial mass function

M.(t,r) := / g:(t, p)p*tdp =zt | fo(t,0) dv, (2.11)
0 B’l‘

where ¢, denotes the area of the unit sphere 0B, in RY. The equation for M. is obtained by multiply-
ing (2.70) by 7! and integrating in 7

M. =110, gc + r'h.(g:). (2.12)
Using the relations
0, M. =" g,
M. = r’ 10,9, + =9, M.,

r

one arrives at
M. = ?M. — LI M. + 10 (r' 799, M.),  t>0, r € Ry,
M_.(t,0) =0, t >0, (2.13)
M (0,7) = Miu(r), reR,.

As a consequence of Corollary[2.5, there exists 7, > 0 and €, > 0 such that
M. = Min[0,7,] x [0,00) foralle € (0, €], (2.14)

where M(t,r) = ¢ [5, f(t,v)dvwith f € C([0,7.]; LY (R4) N X) denoting the Iocal in-time
mild solutlon of eq. (FP-). Hence thanks to the regularity established in Prop. [2.2/and L.[2.4, we can
ensure that after a small time shift (replacing the initial time £ = 0 by a small positive time t = to > 0,

cf. hp.[(H2))

M € CH([0,7.] x [0,00)) with  sup [|0:M (T, ")l| (0,00 < K < 00, (2.19)
T€[0,7]

where the last estimate follows from and the regularity f € C([0,7.]; LP(RY)), Vf €
C([0, 7.]; L (RY)) and the hypothesis that {1 > d.

Proposition 2.6 (Lipschitz regularity in time). Suppose that f;, is isotropic and satisfies the hypothe-
ses in Denote by M. the partial mass function of the global solution f. of ob-
tained in Prop. In particular, M. is a classical solution of eq. satisfying (2.14), and is
such that f. enjoys the uniform moment bound (2.9) for n := min{/¢y, s} > 2. Then

sup sup |0, M (t,r)| < K, (2.16)
€€(0,e4] t,r>0

where

K, :=max{K, 2} < oo (2.17)
with K, 7. as in @15) and m := c;'m = Cgl”finHLl(Rd).

Proof. Let K, be as in (2.17). We will show by contradiction that
sup (M.(t,r) — M.(s,r)) < K.Jt —

£€(0,€ex]
forallt,s,r > 0.
Suppose the last inequality is false for some £ > 0. Then there exist ¢, s, r such that
M.(t,r) — M.(s,r) — K.|t — s| > 0.
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Pick some T > max{t, s}. Without loss of generality we further assume that 7' > T, with 7, being
asin (2.74), (2.75). Then, for 6 > 0 small enough, we have

M.(t,r) — Té—t — T(is — M.(s,r) — K|t —s| >0
and hence
sup (Ma(t,r) — M.(s,r) — K|t — s| — o 0 ) > 0,
(t,s,7)EQ T—-t T-—s
where @ = (0,7") x (0,7 x (0, 00).
We assert that the function
0 )

U(t,s,r):= MAt,r) — M(s,r) — K|t — s| — T T

attains its (positive) supremum in the interior of (). This can be seen as follows: by the uniform conti-
nuity of M. on [0, 7] x [0, 1] and the fact that M. (-,0) = 0, there exists ' > 0 such that U < 0in
[0,T] x [0,T] x [0, r']. Moreover, by and one has U < 0in [0, 7.] x [0, 7.] x [0, 00).
The bound M. < m further shows that U < 0in [0, 7] x [T —¢,T] x [0,00) and in [T" — ¢, T] X
[0,7] x [0,00) for some € = ¢(d,m) > 0. Next, for all s € [7*,T] and r € [0,00), we have
U,s,r) <m— K,r. — 275 < 0 thanks to the choice of K. Likewise, U(t,0,7) < —% for all
t € [t*,T]) and r € [0,00). Hence, it remains to rule out the existence of a maximising sequence
(tn, Sn, rn) with r,, — oo. To this end, we take advantage of mass conservation and the moment
bound (for n = 1) to estimate

20
Ults,r) < ¢’ / f-(s,v) dv —
RI\B, T
1 20
ca(1+7) e\S, 1 dv — 22
~a(l+r) /Rd\BTf (s,0) (14 |v|)dv =
! 20
: MWEHC([&T};L}) -7

Observe that the right-hand side is negative whenever r > R, for a finite radius R, = R.(| fiull3, T’ 9)
large enough. Hence, the same is true for U (¢, s, ).

Thus, the supremum of U must be attained at some interior point p* = (¢, s,7) € Q. At the point p*
we have the optimality conditions

t—s 0
atMs(tar) _K*lt—8| - (T_t)27
t—s )

—(95M5 s K* = )
(sor) + K = T =

and hence
) )
OpMc(t,r) — O Me(s, 1) = (T —t)? " (T — )%
Moreover,
ang(t, ’I") = 87~Ma(3a ’I“)
and thus

he(r' 40, M. (t, 7)) — he(r' =0, M.(s,7)) = 0. (2.18)
Further note that 0 > 02U (t, s, 1) = 0> M_(t,r) — O*M_(s, ).
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Singularities in nonlinear Fokker—Planck equations 13

In combination with equation we deduce at the point (¢, s,7) = p* :
0= O M(t,r) — OsM.(s,7) — (O>*M.(t,7) — O>M_(s,7))

S J N J
S (=t (T —s)?

which is a contradiction. This completes the proof of Proposition 2.6 O

> 0,

The comparison principle underlying the proof of Prop. [2.6]can further be used to deduce monotonicity
in e of M.(t,r).

Proposition 2.7 (Monotonicity of the scheme). Let the hypotheses of Prop. hold. For any 0 <
g <e<e,

M (t,r) > M.(t,r), t,r > 0.

Proof. The reasoning is similar to the proof of Prop. By contradiction, one assumes that M. (¢, 7)—
M. (t, r) has a positive supremum on (0, T") x (0, oc) for some T' < 00, and then considers for 6 > 0
small enough the function

U(t,r) = M.(t,r) — Mo (t,r) — %.
At an interior maximum point, one uses elementary calculus as before, where the main difference is
that instead of line (2.18), we have now an inequality

he(r' =00, M. (t, 7)) — her (1740, M. (t, 1)) < 0,
since by definition h. < h... The conclusion is then obtained by conceptually following the proof of
Prop.[2.6] O
The bound in Proposition [2.6| combined with the conservation of mass allows us to infer a uniform

pointwise bound of the family { f. }. away from the origin.

Lemma 2.8 (Bound away from origin: isotropic case). Assume the hypotheses of Proposition|2.6 and
let K, be as in (2.16). Then for alle € (0, €,]

g9:(t,r) < max {2K,,2dm}ry? forallt > 0,r > ry, (2.19)

where as before we let g(t, |v|) := f.(t,v) for f.(t,-) isotropic.

Proof. Recall that in the isotropic case (cf. (2.12))
atMe - Td_larga + Tdha(gs)a

where, by Prop. |0, M.| < K, for some finite constant /&, > 0 that is independent of . In the
following, we let 79 > 0 be fixed but arbitrary. Thenforallt > Oandr > ro > 0
Orge(t,r)

K,
hE € t) S - - -
(0c(t,7)) < T ==

If 9,9-(t,r) > 0, the bound s < h.(s) immediately yields

K,
ge(t,r) < —. (2.20)
To

It remains to consider the case 0,.g-(t,7) < 0. An elementary argument based on monotonicity and
the bound obtained in (2.20) (with 7 replaced by p € [ro, 7)) shows that

g€(t7 T) < max {K*T(]_d7 gs(tv TO)}‘

DOI 10.20347/WIAS.PREPRINT.2860 Berlin 2021



K. Hopf 14

In order to estimate g.(t,79) we rely on mass conservation. We assert that unless g.(t,79) <
2dinry?, there exists A € [274,1) such that 0,g.(t, Arg) > 0. Indeed, if g.(t,ro) > 2dinry
and 9,¢.(t, p) < Oforall p € [27arg, 7o), then g.(t, p) > g.(t, 7o) and hence
0
m > / L9t p)p?~tdp > 2dmrg® - érf)l(l —27Y =m,
27 drg

a contradiction. Taking the largest such A\ and using again (2.20) (with r replaced by Arg), we find
g(t,re) < 2K,ry".
In conclusion, we obtain the bound (2.19). O

2.2.2. Anisotropic case. For general anisotropic initial data f;,, satisfying|(H2')|we consider as in [CnC*16]
an isotropic envelope fi,(v) > fin(v) given by

; | finll g2
P = ey

The hypothesis that /3 > 2d ensures that fin satisfies hp.|(H2’)|and thus in particular the hypotheses
of Prop. Invoking Prop. we obtain global-in-time (mild) solutions f. and f. of ema-

nating from f;, resp. fi,, where by the comparison property, Prop. fe < f; in [0,00) x R4
Thus, the uniform bound away from zero in the isotropic case (cf. Lemma[2.8) implies a similar result
for anisotropic solutions:

Corollary 2.9 (Bound away from origin: anisotropic case). Assume There exists a finite (non-
explicit) constant K, only depending on || fix || zs= and ¢3 such that for all 7o > 0 and all [v| > rg
3

fo(t,v) < max {2[@, 2dim}ry®  forallt >0,

where 1 = ¢ || finll 1
2.3. Passage to the limit.

Proof of Proposition[1.1l For e € (0, €] let f. be the global-in-time mild solution of emanat-
ing from f;,, as constructed in Prop. In the rest of this proof we abbreviate U := R\ {0}.

- Approximation property. We first assert that for every G CC (0,00) x U, we have an e-uniform
bound of the form

[ fell g 2a iy < Co (2.21)
H (@)

for some v € (0, 1), where H'*22%%((3) denotes the parabolic Hélder space with £-Halder contin-
uous first order temporal and «-Holder continuous second order spatial derivatives. Ineq. can
be shown using standard results on parabolic regularity [LSU6E8, [Lie96]. To sketch the main points, we
first observe that each f. is strictly positive and smooth in (0, c0) X R?. Moreover, as a consequence
of L. [2.8|resp. Cor.[2.9] the family { /. }. is e-uniformly bounded in L>((&). Hence, rewriting
as Oif- = Afo+hl(f-)v-V f. +dh.(f.), Theorem 1.11 in [LSU68, Chapter IlI] on linear parabolic
equations provides us with an e-uniform gradient bound ||V f.||co(a) < Cg. For higher-order spa-
tial derivatives, ¢-uniform bounds on (G are obtained by applying a similar reasoning to the equation
satisfied by 0,, f- etc., and time regularity follows from the equation itself.

Hence, there exists f € C1%((0,00) x U) such that, upon passing to a subsequence ¢ — 0 (not
relabelled),

f-— f in CY*(G) forevery G cC (0,00) x U, (2.22)
and f is a classical solution of in (0, 00) x U.
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Singularities in nonlinear Fokker—Planck equations 15

The uniform moment bound in Lemma [2.3]further yields
llg% [ f=(t) = fFOl 1 @avB,0)) = 0
for all p > 0 and locally uniformly in ¢ € [0, c0).
The family of measures {u®}., ul® = f.£17 is tight on any finite time horizon as ensured by

Lemma Hence, there exists a locally finite measure y on [0, 00) X R? such that after passing to
another subsequence ¢ | 0

pl 2 pin M([0,T] x RY)
forany T' < oc.
- Mass-conserving curve and decomposition. Combining the above convergence results we infer the

existence of a family of finite measures y; € M, (R?) of mass y;(R?) = m for all t > 0 satisfying
dp = dp,dt and taking the form

e = a(t)oo + f(t,)L% t>0,

with a measurable function a : [0, 00) — [0,m] given by a(t) = m — || f(t, )|/ L1 (ra)-
We further note that 11" := f-(t,-)L? satisfies

1 B in M(RY). (2.23)

To prove the asserted weak-+ continuity of the mapping [0, 00) 3 t — 1, it suffices (by the Portman-
teau theorem) to show for every open subset O C R the estimate

/d,ugglimir}f/d,utj. (2.24)
O ti—=t JO

If 0 € O, then B,(0) C O for p > 0 small enough, and holds with an equality. If 0 ¢ O,
ineq. is equivalent to [, f({,v)dv < lim inf, _; Jo f(tj,v)dv, and this bound is a conse-
quence of Fatou’s lemma. This establishes (2.24).

- Unique limit. We now prove((iv)] In the isotropic case, Proposition[2.7|ensures that the limit M (¢, 1) :=
lim. o Mc(t,7) = ¢;' lim. uf)(Br) is well-defined for all ¢, > 0. Thus, in this case, the limit-
ing density f in and hence j can be uniquely recovered from M, which is independent of the

choice of the sequence ¢ | 0. In view of the above compactness properties, this implies the asserted
uniqueness of the limit.

- Lipschitz continuity of point mass. Restricting to isotropic data, we have for r > 0,
caM(t,r) = 1\ (B,) = (B,) ase — 0,
wi(B,) — a(t) asr — 0,

where the first line follows from (2:23) and the fact that supp i C {0}. Thus, the Lipschitz
bound (2:16) implies that |a(t) — a(s)| < K.|t — s|, hence part[(v)] O

3. UNIVERSAL SPACE PROFILE

Equipped with the uniform control (2.16), we will now combine ODE and bootstrap arguments with
localised semigroup estimates to study the regularity and the space profile of the density f near
the origin. A rigorous analysis is achieved by working with the family of approximate solutions f.
constructed in Section We will show that for isotropic data the solution at any fixed positive time
is either regular and smooth, or the density of the regular part follows, up to a lower order term, a
universal profile at the origin that is uniquely determined by the limiting steady state f.. This even
slightly improves the profile obtained in [CHR20] for d = 1.
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Throughout this section, the constant i, denotes the least upper bound such that inequality (2.16)
holds true, that is

K,:= sup sup |0, M.(t,r)|. (3.1)

e€(0,e4] t>0,r>0

For initial data only satisfying[(H2)} but not[(H2")} this bound holds with the supremum being taken over
t > t, for some small ¢y > 0 chosen such that f = f. in [0, 2¢,] for all ¢ € (0, €.].

3.1. Lower and upper bounds. The analysis in this subsection mostly concerns isotropic solutions,
for which the uniform bound is available. As introduced in Section [2.2.1] in the isotropic case
we write g-(t,r) := f.(t,v) whenever r = |v| > 0, and likewise g(t,7) := f(t, v) for the pointwise
limit obtained upon sending ¢ | 0.

Proposition 3.1 (Lower bound). Abbreviate o, = % In addition tosuppose that
a.+2—d>0.
Further assume that the initial value fi, is isotropic. Pick any o € ((d — 2)4, cv.). For v € [a, o] let
g(r) = c,r™°, where c,, = (2/7)1/7. Fore € (0, €] define
Te = 7=(t) = sup{r > 0: g-(t,p) < g(p) forallp € (0,7)}.

There exists a constant B < oo and a radius r* > 0 only depending on K, (cf. (3.1)) andon~, d,
(but not on «v ort) such that for every € € (0, €, ] the following holds: whenever 7. (t) € (0,r*), then

ge(t,r) > g(r) — Br?—d for r € (Te, 7).

Proof of Proposition[3.1l To begin with, we note that for any o € [, av
—a< —a<2—d<4—d—any. (3.2)
Defining b.(t, ) := 0, M.(t, r), we have (cf. (2.12))
be = 197 0rgc + 7he(ge) = 10y 9. + 109 (1 4 ne(g2)).-

Letting k. = g_” this can be rewritten as

1 - .1
_;8;;/: +10:(ge) + 7 = bor! L7
i.e.
O k. + (vbarl_dk‘! — 'yr> ke = yrn-(ge)ke. (3.3)

Observe that, in order to prove the assertion, it suffices to consider the case 7.(t) < % which will
henceforth be assumed.

Since k.(t,7.) = (g(7.)) ", we may define, by continuity, a radius 7 . > 7. via

T1:(t) :=sup{r € (7=(t),1) : k(t,p) <2(g(p)) " forall p € (7=(t),7)}.
Defining

1
a(t,r) = vbgrl_dkg — A,

q:-(t,r) = exp (/Tr a-(t, s) ds> :

(ks(t, Te) + 7/7" 5q:(t, s)w.(t, s) ds) , (3.4)

we infer from eq. (3.3)

ke(t,r) =

q-(t,r)
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Singularities in nonlinear Fokker—Planck equations 17

where we abbreviated w. := 7.(g: )k < 1.

For all € [F, T1 ], we can estimate for some constant C;, = C(a) < oo

/ ac(t, s)ds

where we used the hypothesis that &« > o > d—2 as well as the factthat o+ 2 —d < %—i—Z—d < 2.

Next, we let 7, = rx,(a) > 0 be such that C; K,r®+?~¢ < 271 forall r € (0, rg,] and define
Toe :=min{r ., 7k, }. Thenforr € [F., 7o ]

|ge(t, ) — 1] < CoKre 274, (3.5)
We now estimate for r € |7, 72 .|, using the last inequality, identity (3.4) and the bound 0 < w. < 1,

tltor) < — i (ke 0 [ st )

S CIK*TQ+2_d7

qE(i’ " (3.6)
-t G o)
To estimate the last line, we let 3 := % € (0, 1]. Then, by concavity,
Bri=tr —p) <P —pP forall 0 < p<r<l1.
Hence, since 7 + p < 7% + pP, we infer that
BriTtr? —p?) <r?P — p*  forall 0 < p<r< 1. (3.7)

It is elementary to see that there exists 7, = r,(a,7) € (0,e7!] such that Sr®~1 > 1 for all

= -

1
B e[, 1]andallr € (0,7r]. (For instance, note that BrB8=1 > 1is equivalent to r < ST-3, where

6ﬁ 1 e las 1 1.) Thus, after possibly decreasing rx, = 7, (o, d,7) > 0, ineq. (3.7) and (3.5)
allow us to further estimate the RHS of (3.6) to obtain for all € [F., 7 ]

zra'y T O(ra+4fd>)

e (3

< 21 (L4 0= (14 0 7)

k(t,r) <

< (g(r) 7 (1 + 0@ =)
< )71+ 3) <2(3() 7,
where we used the inequalies ) < a+2 —d < a+2—-d < a—ay+4 —d(cf. 3.2).
This implies that 7, . < 71 . and hence 71 . > 7k, (o, d,y) =: r* > 0 for all € and all ¢.
In conclusion, the above estimates show that for all € (7.(t), 7]
g:(t,r) > g(r) + O(r*™7).
O

Proposition 3.2 (Upper bound). Use the notations and assume the hypotheses of Proposition (3.1
There exists a finite constant B and a radius r* only depending on K., y, d such that for allt > 0
and allr € (0,7*)

g(t,7) < gelr) + Blr~.

Proof. We adopt the notations of Prop. and its proof, where here it will suffice to consider the
choice o = % Thus, we let §(r) = ¢, 7 and set

re =1:(t) =sup{r > 0: g.(t,p) < g(p) foral p € (0,7)}.
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Then, by definition and continuity, the function k. = ¢_7 satisfies k.(¢,r.(t)) = 2r2(t) (if ro(t) <
o) and

ke(t,r) > 2% forallr € (0,r-(t)). (3.8)
Let * be the radius obtained in Prop. Observing that g.(r) = g(r) + O(rz_%) and recalling

d > % it remains to consider the interval (r.(t),r*) assuming hereafter that r.(¢) < r*. As in the
proof of Prop. 3.1]we have the formula

ke(t,r) = PR (kg(t,ra) + 7/: sq-(t, s)w.(t, s) ds) .

Our task amounts to obtaining a suitable lower bound on k.. For this purpose, we define the set

J= 20 = {p € ((0.17) : g.(t.0) 2 7).
On (re,r*) \ J. we have w. = 1, while on J. we only know that 0 < w. < 1. Hence, we estimate
2
for r € (re, r*), using also the fact that ¢.(t,7) = 1 + O(r> T*~%) (cf. @5)),

/ sq(s)w.(s)ds :/ swe(s) ds+0(r4+%_d)
> / sds+ 0@ %
(re,r)\Je

> Loy e o,

where the (fixed) time argument ¢ has been omitted.

Insertion into the formula for k. yields for r € (7., 7*)

ke(t,r) 2 _— (17"2 — LN J)yr* + O(r4+%—d))

T oge(t,r) \2
= (%T‘Q O A O(r4+%—d)> (1+ O(r2+%_d)),

while for r € (0, 7] we recall the bound (3:8). Mass conservation, i.e. [p. fe(t) = [pa fin, implies
that lim._,q £'(J.(t)) = 0. Hence, using also the pointwise convergence of ¢. to g for r # 0, we
obtain in the limite — 0

k(t,r) 2 22+ 005 = 221+ 00 7), e (0.
Thus, g(t,7) < ey 7+ O(r ™) = ge(r) + O(r* 7). .

For anisotropic data, the approximate solutions {f.} are dominated by an isotropic scheme {f.}
(cf. Section [2.2.2). Hence, the density f(,v) of the regular part of the limiting measure in Prop.
inherits the upper bound obtained above for the isotropic case.

Corollary 3.3 (Upper bound on space profile: anisotropic case). In addition to[(HT)} [H2) suppose that
% + 2 —d > 0. There exists a finite constant B and a radius 7* only depending on f;, (non-explicitly)
and on vy, d such that for all £ > 0 and all v with |v| € (0, 7#*)

f(t.0) < folv) + Blof~.

In particular, the point mass at the origin ¢ — /,({0}) = m — [ f(t,) is continuous (as a conse-
quence of Lebesgue’s dominated convergence theorem).
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3.2. Instantaneous regularisation. For the nonlinear problem the Lebesgue space LP¢ (Rd),
Pe = %1 is critical (as regards high values of the density). Thus, for p > p. one would expect eq.
to enjoy a smoothing property in LP. The following result formalises these heuristics.

Proposition 3.4 (Smoothing out subcritical singularities). Let { f<} be a family of (suitably regular)
nonnegative mild solutions of the -regularised problems (F 3 with uniformly bounded mass
If-(B)]lr S 1. Letp > pe. == 2, letty > 0 and assume that there exists L < oo such that
foralle € (0, €,

er(t07 ')”Lp(Rd) S L.

Further suppose that there exists 1, € (to, to + 1], a constant L < oo and a radius r* € (0, 1] such
that for allt € (to, 1], allv € R? with |v| < r* and alle € (0, ¢,]

Qtw

fo(t,0) < Llv|”

Finally, assume that f.(t,v) < 1 on{|v| > r*} uniformly ine and't.
Then there exists T = T'(L, L, p, d,~) € (0, 1] such that for all (small) T > 0

sup  sup ||fe(t, )|z~ < 00 wheret; = min{ty + T,t,}. (3.9)
e€(0,e4] te[to+7,61]

Proof. We proceed in two steps. In a first step, we derive smoothing estimates based on the mild
formulation (2.2) satisfied by f., where as in Section [2] we rewrite the nonlinear term analogously

to (2.3).
Step 1: localised smoothing estimate Let g > 0 and let p, ¢ be exponents satisfying p. + ¢g < p <
q < oo. Let further a := 21 ;tzandb:= (s —1)(3+1),and assume that 0 < a < ap < 1 and

0<b<by <1 We assert that there exists a function x € C([0, 1]) only depending on €q, ag, bo
and d with £(0) = 0, and a finite constant C' = C'(d) such that for all 7" € (0, 1]

X tot<ry FE N 2 < Coll fo(tos oy + D2 (1N, + 1), (3.10)

where fg(tO)(T, ) := fo(to + 7,-) and

~ 4
1Fllz == sup v(s)="
s€(0,T)

1 l
poa ||f( )HL‘?(Rd)-

Proof of Step 1. Let ¢ € C°(R?) with0 < ¢ <1, = 1on {|v| < r*}, supp C By, (0).
By the mild solution property of f., we have (cf. Sec.
fi(r0) = [ F(rv,w)f(to,w) dw
R4

_ / o [ VL F(r=s,0,w) - (w0 (fI))[ (5. dwds.
0

R4

(3.11)

3The family { f.} does not have to take the same initial data.
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Using the bound |0-(s)| < |s[7*! (cf. def. (T-4)), the fact that [w| £ 2 (s, w) < C(L,~)*for |w| < r*,
and the uniform control | f- (¢, w)| < 1 for |w| > r*, we now estimate for 0 < s <7 < T

‘ Vo F(r=s,v,w) - (w ﬁg(fétO)(s,w))ﬂdw
R4

< C(L)/ Vo F (=5, v,w)|(f8) ! (s, w) duw
{jwl<r)

woer [ W Frs v wl (o] + e = o) £ (s, w) du
{lw[>r*}

The integrals on the RHS will be handled similarly as in the proof of [CLRQ9, Prop. A.1]. For estimating
the Lq(Rd)-norm, Young’s convolution inequality is employed. For the first term on the RHS we simply
invoke ineq. (2.5) and estimate

Li(R4)

~

< evtr— ) 0 e

F) ot b

— —a _ 1+1
= Cu(r—s)"v(s) |12, -

Here and below, C' denotes a constant that only depends on 7" and other fixed parameters, but which
may change from line to line.

We next estimate

Q(v)/ |Vv]-"(7'—s,v,w)||v|fe(to)(s,w) dw
{lw[>r*}

L(Rd)

sc‘

19 F s w195, 0)
Rd

Li(R9)
— d
< Ov(r—s) 2w(s) 2670 1) 4y,
where the second step makes directly use of the bound (2.5).

Finally, the rapid decay of the Fokker—Planck kernel further allows us to estimate

1

see Lemma[Adlfor details.
Inserting the above estimates into (3.17), we infer for 7 € (0,7, T' € (0, 1],

11
v(r)26 q)er(tO)(T)CHL‘f(Rd) < O f(to)l Lo (rey

1

_ ar_1y [T e A 7
T Cu(r)iGD / y(r—s)"u(s) " ds| |z, (1N, +1),
0

where we used once more ineq. (2.5) as well as the fact that a > 3 and b > g(% — %)

/ IV F(1—s,v,w)||le”"Dw — v| £ (s, w) dw
Rd

Li(R4)
< Cu(r—s)"2u(s) 2 G=9| f4 4,

d
2

4Any dependence on y will henceforth not be explicitly indicated.

DOI 10.20347/WIAS.PREPRINT.2860 Berlin 2021



Singularities in nonlinear Fokker—Planck equations 21

Hence,
I8 (T)C N 2 < (o)l pagay + CR(DLLE N 2, (1FSN 2, + 1),

where

k(T) :== sup U(T)g(:?_éli)/OTu(T—s)“l/(s)bds

7€(0,T)

1
< oTRGm Pt / v(1-3)""v(3) " d3
0

and g(% — %) +1—a—0b2>c(g0) > 0as aconsequence of the condition p > p. + £¢. This proves
Step 1.

Step 2. We are now ready to complete the proof of Proposition using estimate combined
with the uniform bound on {|v| > 7*}. The idea is to perform a finite number of iterations in the
integrability exponents to eventually upgrade the e-uniform L” bound on f.(t¢) to an e-uniform L>
bound on f.(ty + 7) for given 7 > 0 small. As this is a rather standard procedure in regularity theory,
we only indicate the main points.

First, fix some A > 1 such that

-4 <

Sy (3+1)

It is elementary to verify that for any p > p > p. and for ¢ := Ap the couple (p, §) satisfies the
hypotheses of Step 1 with parameters ¢, ag, by only depending on A and p. Next, choose N € N,
large enough such that ANp > d and let 7y = ﬁT. In the present situation, the function x &
C'(]0,1]) in Step 1 only depends A and p and satisfies x(0) = 0. Hence, for any L; € [1,00) there
exists a time span 1" = T(Ll, C1,Cs, A, p,v) € (0, 1] such that every continuous, non-decreasing

function F'(t) obeying the estimate
F(t) < Li+ Cie(t)F(t)'"2 + Cy,  t€[0,1],

satisfies F/(T') < 2L,. Letting p = p and F(t) := IIX{|U|9*}f5(tO)I|zt and invoking estimate (3.10),
the uniform bound of f. on {|v| > r*} as well as the global L' (IR%)-control yields F'(T) < 2CyL,
which implies that

_d_1
X (o)< f-(to + Tn) || par S w(mwy) 27220, L.

lterating this argument N times provides an e-uniform bound on || f-(to + NLH

cantake p := AVp > max{d, p.} in Step 1, in which case the choice § = oo is admissible. We thus
infer (3.9).

7)||  an,. Hence, we

O

3.3. Space profile. Finally, we are in a position to prove Theorem|1.2

Proof of Theorem[1.2. Fix some a < a. = % as in Prop.[3.1/and let 7* > 0 denote the associated

radius obtained in Prop. Let > 0. We assert that the behaviour of g(Z, -) near zero is determined
by the fact of whether or not the hypotheses of Case 71 are fulfilled, where Case 1 is determined as
follows:

DOI 10.20347/WIAS.PREPRINT.2860 Berlin 2021



K. Hopf 22

Case 1: there exists a € [a, @), atime to < {, aradius 79 € (0,7%), and &y € (0, ¢,] such that for
alle € (0,e0],all 7 € (0,70] and all ¢ € [to, ]

g-(t,r) < G (r) == c,r™®, wherec, := (2)

2=

(3.12)

Here, {g.} denotes the family of isotropic approximate solutions in radial coordinates.

If Case 1 is fulfilled, Proposition easily yields g(£,-) € L=(R,). Indeed, since o < c, we can
choose p > p. suchthat f(®)(v) := c,|v|~® € LP(B,), where B := {v : |v| < 1}. Combined with
the moment control in Lemma|2.3]and the uniform bound away from the origin, the upper bound
on g. then ensures that

sup | fe(t,-)l[r < L
e€(0,e0]

forallt € [to,ﬂ and some finite constant L. Invoking Propositionwe infer that f(f, -) is bounded.

Case 2: it remains to consider the situation where the hypotheses of Case 1 are not satisfied. In this
case, we can find sequences

a; T o, t 1 t, ri 40, €; 40,
with a < a; and r; < r* forall j, in such a way that
9e,(tj,r;) > g (r;)  forallj € N.
Thus, invoking Prop. [3.1] we infer
e, (tj, 1) > G (r) — Cr¥d forallr € (rj,r"). (3.13)

By construction, limj_>Oo e, (tj, r) = g(f, 7’) for every r > 0. Hence, sending 7 — oo in ineq.
yields
g(t,r) > G (r) — Cr* forallr € (0,7%),
which implies that
g(t,r) > ge(r) — Cr*=*  forallr € (0,7%).
In view of the upper bound in Prop.[3.2] this completes the proof of the main assertion in Theorem|[{.2

Let now a = «v, in Prop. [3.1/and define 7. correspondingly. If £ is such that z;({0}) > 0, we must
have lim._,o 7-(t) = 0. Prop. (combined with Prop. thus implies the assertion concerning
this case. O

4. RENORMALISED FORM

4.1. Variational structure. Our subsequent analysis relies on the following gradient-flow structure of
the regularised Fokker—Planck equation (FP-..c¢). Such a structure has previously been used in [CHR20,
Section 3.3] for the proof of an energy dissipation identity.

Define the approximate free energy functional by

[o]*

wih) = [ (B edn)an

where . € C([0,00)) N C*((0, 00)) satisfies
P (s) = ®(s)fors € [0, (4.1)
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and
" 1
=, D >0 (4.2)
he
The function ®. with the above properties is obtained by setting ®.(s) = [, ®.(c) do, where ®_(s)
is given by

with the constant B, > 1 being such that

Be 1 e 1
o= [ ——do
[ ho(o) [im)g

Identity is a consequence of the fact that h.(s) = h(s) in [0,!], while the second property
in (4.2) follows from the inequality h. < h.

Observe that 0 H.(f) = |v|* + ®L(f), allowing us to rewrite eq. as
Ouf- = div (he(f-) VOH<(F.)).

Lemma 4.1 (Energy dissipation balance for (FP, ). The approximate solutions f- satisfy for all
0<s<t<

ML)+ [ [ s V1 el fPdodr = el £.05). 43

Proof. Recallthat f. € C2((0,00) x R?) is a classical solution of (FP.cs). Hence, the only task in
deriving equation (4.3) lies in appropriately controlling the tails as |v| — oo. This is a consequence of
the moment control of the bounded function f. and follows from classical arguments, see e.g. [CLR09].

O

Lemma 4.2. Foranyt > 0
lim inf M. (/+()) > H(/ ().

Proof. Since ®.(s) > ®(s) (cf. (4:2)), we can estimate

/ O.(f.(t,0)) dv > / O(f.(t,v)) dv.

Given 6 > 0, let L = L(J) > 0 be large enough such that |®(s)| < ds for s > L. Then
Jote = o omnen ot [0 xpon o

> / (. (t,0))x(so<ry dv — bm,

where m = f fin. Sending first ¢ — 0 (using dominated convergence) and then L — oo, we infer

ligiglf/q)a(fg(t,v))dv > /@(f(t,v))dv—cSm

and hence

limnf @@@mwz/mﬂmwm

DOI 10.20347/WIAS.PREPRINT.2860 Berlin 2021



K. Hopf 24

For the kinetic part, we let A, r := {p < |v| < R} for 0 < p < R < 00. Then

lim |v\2f€(t,v)dv:/ W2 (t,v) dv.
p,R

e—0
PR

h

Next, by mass conservation [, ) [v]2(f + f.) dv < 2p*m, while the uniform n'"-moment bound
P

for some n > 2 (cf. L. is used to handle the tails
/ [w(f + f-)dv = O(R~"?).
R4\ BR(0)

We hence conclude that lim. o [ |0]* fe(t,v) dv = [g. [v]* f (¢, v) dv. O

4.2. The limiting measure is a renormalised solution. The proof of the renormalised formula-
tion (1.7) relies on the following main ingredients: an energy estimate (true for general anisotropic
solutions) and the uniform bound (2.16) for isotropic solution, including its implications on the singu-
larity profile.

Proof of Theorem[1.4. It suffices to verify eq. (1.7) as the remaining part of the assertion has been
shown in Prop.[1.1]

Recall that 75 (f) = min{f, k} for k > 0. We start by showing that 7( /) has a distributional deriv-
ative VT (f) € L2.([0,00) x R?). For this purpose, we choose s = 0 and t = T in estimate (#.3)
and, letting €, > 0 be small enough so that, by L. —H(f(T)) < —H(f(T)) + 1 for all
e € (0, €], we infer the e-uniform bound

/ / L VF 4+ oh (£ Pdvdr < H(fu) — HOF(T)) + 1. @4)
0 JRA hs(fa)

To deduce a bound on V7( f-), we note that

IVTe(f)I? < ATV fe +vhe(£)]I7 + 2T (f)vhe (o).

Hence, using the fact that |7/| < 1 and 7/(s) = 0 for s > k, we deduce from (.4) for any
R € (0,00)

/0 /{| <R) IVTi(fo)|? dvdt < C(k)(H(fiw) — H(f(T)) +1) + C(k, R)T.  (45)

Thanks to the convergence (2.22),

Ti(fo) = Te(f) ae.in]0,00) x RY,
Te(fe) = Te(f) in L{,.([0,00) x RY), forallp € [1,00),
andthus, by @5),  VTi(f) = VTi(f) in L. ([0,00) x RY).

As a consequence,
T
/ / VTP dvdt < CR)H(fu) = H(F(T) + 1)+ C(k, YT, (46)
0 J{v|[<R}

Let now £ € C*°([0,00)) have a compactly supported derivative &', let ' < oo and let ¢ €
C>([0,T] x R%). Further let o € C°°([0, 00); [0, 1]) satisfy ¢(r) = 0 forr € [0,1] and p(r) = 1
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for > 2, and abbreviate ,(r) = ¢(r/p). Then, since f is a classical solution of in
(0,00) x (R?\ {0}), a direct calculation gives

[ @ e han= [ ehu0eido— [ [ ename o) dui
_‘/0 (V14 R()0) - €DV Fppllvl) + € Vep(o])] dvdt - (47)

_/0 Rd(vf+h(f>v)-[£( Yo ([v]) - 1] dvd.

By the dominated convergence theorem and since gop(r) p—u>] 1 for all > 0, the LHS of (4.7) con-
verges, as p — 0, to

EST DT Yo~ | E(fv(0, ) dv— / £(£)0b dvdt.
R4 Rd

Likewise, thanks to the bound (4.6) and the compact support of £”, ¢ and of v, the dominated con-
vergence theorem allows to pass to the limit in the first integral on the RHS of (4.7) giving the term

- /o | (VF+h(f)) - [ (VI + € (VY] dudt.

We are left to show that the last integral in (4.7) vanishes in the limit p | 0. First since |h( )5’( )| <
C(supp§’) < oo and ), (|v]) = 0 for v > 2p as well as [vy),(Jv])] = [p~ v/ (]p~v])] < 1, the
dominated convergence theorem yields

‘/ /Rd (e, (o)) - 7] dvdt

// IWCH)E )]l o ([o])] dudt —s 0as p— 0.

The remaining part of the integral is more delicate. We estimate using the radial symmetry of f (¢, v) (=:

g(t, [v]))
‘//Vf Do) - ] dvdt

2,0
<C// 9)3rglp~ ' (p~ ) [r*Hdrdt
:C'/ Al(t, p)dt
0

2p
Alt, p) = / €(9)rglo 1 (0 )P ar

As a consequence of the bound (2.16), we have |£'(g)r?10,.g| < CK, + C(supp &')r?. We hence
infer the following (¢, p)-uniform bound on | A(t, p)| :

2p 2
Alt,p)| < C / o () dr = C / ()] 7.
0 0

Thus, to show that lim,,_,o fOT A(t, p) dt = 0 it suffices to prove the pointwise convergence lim,_,o A(t, p) =
0 for (almost) all t € (0, 7).

where we abbreviated

Thanks to Theorem only the following two cases may occur.
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Case 1: g(t,0+) = +o0. In this case, there exists 7* > 0 such that £'(g(¢,7)) = 0 for all r €
(0,7*). Hence, we trivially have lim,_,o A(t, p) = 0.

Case 2: g(t,-) € L. In this case, there exists a neighbourhood J of ¢ such that the approximate

sequence { f.} is uniformly bounded on .J x R?. Hence, arguing as in the first step of the proof of
Proposition (see page , the limiting density f must be smooth in a neighbourhood of {t} x R<.
If d > 1, the conclusion lim, .o A(t, p) = 0 then directly follows from the definition of A(t, p), while
for d = 1 we resort to the fact that sup, (g ) |9,9(t,7)| — 0as p — 0. O

4.3. Energy dissipation identity. An argument similar to that in the proof of Theorem shows
that isotropic solutions satisfy the energy dissipation balance. In the anisotropic case, we obtain an
inequality.

Proof of Proposition[1.5. Combining L. [4.1]and L. [4.2 with the convergence properties of 1<) to 1 in
Proposition|1.1], we readily infer for all £ > 0 the inequality

/ D(f()) dr < H(fm),
where
D(f) = / IV Rl .

It remains to prove that in the isotropic case the above inequality holds with an equality. Then, the
asserted identity (1.8) foIIows by subtracting on both sides the quantity #( f(s)), which is then known
to equal H( fin) — f )) d7. Thus, in the remainder, we assume that f;,, is isotropic. As in the
proof of Theorem (cf Sectlon [4.2), we pick a nondecreasing function » € C*°([0, 00);[0,1])
satisfying o(r) = 0 for r € [0,1] and ¢(r) = 1 for r > 2, and abbreviate ¢,(r) = ¢(r/p). Then,
defining

HO(f) = / TRl + 2Dy (v]) do

HO0) = HO ) = [ [ 13+ (7)1 495 + 1ol duds
/ /Rd IV S+ h(f)v|290p(‘1”) dvdr
B / /RJ Lo? + @(F)] (V£ + h(F)v) - Zy(o]) dudr.

We note that
lim H) (f(t)) = H(f(t)) forallt > 0.

p—0

Furthermore, monotone convergence gives

,HO//W—Ith( Jo*0,([v]) dvdr—//Rd_|vf+h( Fol? dvdr.

Hence, it remains to prove that the quantity

B(r,p) = /Rd[%\vl2 + NIV +h()v) - grep(lvl) dv
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satisfies
t

lim [ B(r,p)dr =0. (4.8)
p—0 0

Using the isotropy of f(7, -) we write

B(r.p) = e / 1102 1 ()] (Bg + hlg)r)l () 4,

where ¢4 denotes the area of the unit sphere. We can now argue similarly as in the proof of The-
orem see page [25l The function |B(T, p)| is uniformly bounded, and hence identity fol-
lows from the dominated convergence theorem provided we can prove the pointwise convergence
lim, ,o B(,p) = 0fora.e. 7 > 0.

Case 1: g(7,0+4) = +o0. In this case, we recall the bound |(9,g + h(g)r) r%~| < K, and estimate

2p
|B(T, p)] SCK*/O |0, (r)|dr - sup [5r% 4+ @' (g(T,7))].

r€(0,p)
The integral fOQp |, (r)|dr = f02 |’ (7)|d7 is independent of p, while thanks to the sublinearity of ®
at infinity

sup [3r? 4+ @' (g(,7))| =0 asp—0
r€(0,p)

Hence, lim, .o | B(7, p)| = 0.

Case 2: ¢(7,-) € L*. Here, the assertion lim,_,o | B(7, p)| = 0 is obtained similarly as in Case 2 of
the proof of Theorem 1.4} using parabolic regularity. O

5. LONG-TIME BEHAVIOUR

5.1. Relaxation to equilibrium.

Proof of Theorem[1.6. The proof takes advantage of the energy dissipation balance, the singularity
profile and the compactness properties established above. Equipped with these observations, the
general reasoning is quite standard (see e.g. [CnC™16]).

Let

D)= [ iV + R = [ VK Pan

Proposition [1.5{implies that [ D(f(¢)) dt < H(fin) — infar, H < oo, and hence there exists a
sequence t; — 0o such that

lim D(f(ty)) = 0. (5.1)

k—00

Since {1, } is bounded in M, (R%) and has a bounded moment of order n := min{¢;, lo} > 2,
there exists a subsequence (not relabelled) and a limiting measure i, € M+(Rd) with fRd dpteo =
m and [ |v|"dpe < oo such that

fit, = oo i M(RY),

/ jo[2dps, — / (o2 dpins.
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At the same time we know that yi;, = a(t;.)d + f(tx)L%, and revoking parabolic regularity as in the
proof of Prop.[T.1]and possibly passing to another subsequence, we infer

F(te) = foo  in Cio(RT {0}).

Hence, h(f (1)) |[VOH(f(tx)]? = h(foo)|VIH(foo)|? locally uniformly in R% \ {0} as k& — oo.
Since means that h(f(t))|VOH(f(tx))|*> — 0 in L'(R?) and hence a.e. along a subse-
quence, we deduce

W foo)[VOH(foo)|* = 0. (5.2)

The smoothness of the densities away from the origin allows us to apply a strong minimum princi-
ple giving that f, is strictly positive. Hence, as a consequence of eq. (5.2), foo = fx¢ for some
6 > 0 (cf. (1-3) for the definition of fu g). If || foc.0l|z1 < M, then uo({0}) > 0, and invoking Theo-

rem[1.2we conclude( th)at ¢ = 0. In any case, we infer that the measure i, coincides with the unique
m

min

minimiser i, = W,.:, of mass m.

In view of the convergence properties established above, we infer limy oo H (g, ) = H(fimin)- Since
t — H (1) is nonincreasing, this immediately yields

tliglo %(Mt) = H(:umin)'

Combining this result with the above compactness properties, mass conservation, and the unique-
ness of the minimiser uiﬂ)l one can easily deduce the remaining convergence properties along any

sequence t — 0o as asserted in Theorem|[1.6] O

5.2. Long-time and transient properties. For the reader less acquainted with this kind of problem,
let us point out some implications of the above analysis on further qualitative dynamical properties,
restricting for consistency to the isotropic case. If m < m,, Theorem[1.6]implies the eventual regularity
of u; after some sufficiently large time 7' > 1. However, using a contradiction argument, finite-time
blow-up and the formation of a condensate (that is 14;({0}) > 0 for some ¢ > 0) can be shown to
occur for any size of the mass m > 0 by choosing the smooth initial data sufficiently concentrated
near the origin (cf. [CHR20, Tos12]). Hence, there exist flows exhibiting transient condensates with
singular parts compactly supported in time. On the other hand, whenever m > m,., the above theory
implies the eventual formation of a condensate: 37" > 1 such that 1,({0}) > O forall ¢t > T.
This is a consequence of the convergence lim; o £1:({0}) = fimin({0}). It is also possible to infer
information on the spatio-temporal features of singularity formation and regularisation using rescaling
methods. We refer to [Hop19, Chapter 5.2], where such dynamics have been shown to be of ,type II*
for the 1D case.

5.3. Concluding remark. The comparison principle structure provides us with a priori bounds that
allow for a detailed characterisation of the singularities which isotropic flows starting from regular data
may exhibit (and even gives uniqueness in the 1D case [CHR20, [Hop19] resp. convergence of the
scheme to a unique limit in higher dimensions). However, one may not expect such a structure to
persist in more complex situations. Particularly with regard to the study of uniqueness and stability
properties in the presence of singularities, it would be interesting to see whether variational problems
like allow for more robust approaches.
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APPENDIX A.

2
Recall that F (¢, v, w) = ™G, (e'v — w), v(t) = e — 1, G)\(§) = (27r>\)_%e_%.

Lemma A.1. LetT < oo and let§ € [1,00|. There exists Cr = Cr(d,d) < oo such that for all
te (0,7
< Crl|fllpara
Li(R4) (A.1)
_1
< Crv(t) 2| fll Lagwa)-

H /Rd |V F(t,v,w)|le " w —v||f(w)] dw

Proof. The second bound in is trivial.
To verify the first inequality, we compute for ¢ € (0, 7]

/Rd |V, F(t,v,w)|le” w — v||f(w)| dw

|ctv—w\2
— @mt))Rette! (2u(t)) / pletvul — T oty || ()| duw
R4

t a7 |et('u*1z))‘2
[ A D et aa
Rd

[NIES

= (2mv(t)) " 2e2e (2u(t)) ™

2u(t)
. et(v — )2 _lete-ni2
= (2mv(t 2e2dt/ 2|—e ) el)| dab.
ru(t) et | 2= f(e)]
Now, the asserted inequality follows upon an application of Young’s convolution inequality, ||a*b|| s <
lall L |[o]] pa- O
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