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STEIN’S METHOD FOR DEPENDENT RANDOM VARIABLES
OCCURRING IN STATISTICAL MECHANICS

PETER EICHELSBACHER' AND MATTHIAS LOWE?

Abstract: We obtain rates of convergence in limit theorems of partial sums S,, for certain
sequences of dependent, identically distributed random variables, which arise naturally in sta-
tistical mechanics, in particular, in the context of the Curie-Weiss models. Under appropriate
assumptions there exists a real number «, a positive real number u, and a positive integer k such
that (S, — na)/n'~'/?¢ converges weakly to a random variable with density proportional to
exp(—p|x|?* /(2k)!). We develop Stein’s method for exchangeable pairs for a rich class of distri-
butional approximations including the Gaussian distributions as well as the non-Gaussian limit
distributions with density proportional to exp(—pu|z|?¥/(2k)!). Our results include the optimal
Berry-Esseen rate in the Central Limit Theorem for the total magnetization in the classical
Curie-Weiss model, for high temperatures as well as at the critical temperature 8, = 1, where
the Central Limit Theorem fails. Moreover, we analyze Berry-Esseen bounds as the temper-
ature 1/, converges to one and obtain a threshold for the speed of this convergence. Single
spin distributions satisfying the Griffiths-Hurst-Sherman (GHS) inequality like models of liquid

helium or continuous Curie-Weiss models are considered.

MSC 2000: Primary 60F05, secondary 60G09, 60K35, 82B20, 82D40

Keywords and phrases. Berry-Esseen bound, Stein’s method, exchangeable pairs, Curie-Weiss models,

critical temperature, GHS-inequality

This research was done partly at the Mathematisches Forschungsinstitut Oberwolfach during a stay
within the Research in Pairs Programme from August 24 - September 6, 2008.

'Ruhr-Universitit ~ Bochum, Fakultdat fir Mathematik, NA3/68, D-44780  Bochum, Germany,

Peich@math.ruhr-uni-bochum.de
2Universitat Miinster, Fachbereich Mathematik und Informatik, Institut fiir Mathematische Statistik, Einsteinstr. 62,

D-48149 Miinster, Germany maloewe@math.uni-muenster.de



2 PETER EICHELSBACHER AND MATTHIAS LOWE

1. INTRODUCTION AND MAIN RESULT

There is a long tradition in considering mean—field models in statistical mechanics. The Curie-Weiss
model is famous, since it exhibits a number of properties of real substances, such as multiple phases,
metastable states and others, explicitly. The aim of this paper is to prove Berry-Esseen bounds for the
sums of dependent random variables occurring in statistical mechanics under the name Curie-Weiss
models. To this end, we will develop Stein’s method for exchangeable pairs (see [22]) for a rich class
of distributional approximations. For an overview of results on the Curie-Weiss models and related
models, see [10], [12], [14].

For a fixed positive integer d and a finite subset A of Z¢, a ferromagnetic crystal is described by
random variables XZ-A which represent the spins of the atom at sites ¢ € A, where A describes the
macroscopic shape of the crystal. In Curie—Weiss models, the joint distribution at fixed temperature

T > 0 of the spin random variables is given by

1 B 2
Pral()) = Pral(X0)ien = @ien) = 7o (5 (o)) [T et (1)
Z7(8) 21A[ N ieA

Here 3 := T~! is the inverse temperature and Z, (3) is a normalizing constant known as the partition
function and |A| denotes the cardinality of A. Moreover p is the distribution of a single spin in the
limit § — 0. We define Sy = > ..\ XZ-A, the total magnetization inside A. We take without loss of
generality d = 1 and A = {1,...,n}, where n is a positive integer. We write n, Xz-(n), P, 5 and S,,
respectively, instead of |A|, XiA, Py 3, and Sy, respectively. In the case where 3 is fixed we may even

sometimes simply write P,.

We assume that ¢ is in the class B of non-degenerate symmetric Borel probability measures on R

which satisfy
b 2
/exp<%> do(x) < oo forall b>0. (1.2)

In the classical Curie-Weiss model, spins are distributed in {—1,+1} according to ¢ = 1(5_1 + d1).
More generally, the Curie-Weiss model carries an additional parameter h > 0 called external magnetic

field which leads to the modified measure, given by
g

2n

P pn(z) = exp(2—SZ + B NhS,) do®"(x), == ().

Znﬁﬁ
The measures P, g is completely determined by the value of the total magnetization. It is therefore
called an order parameter and its behaviour will be studied in this paper. The non-negative external
magnetic field strength may even depend on the site:

g

2n

1

Znﬁ,hl,-..,hn Z ) ( ) ( ) ( )

i=1

P g by () = exp(

In the general case (1.1), we will see (analogously to the treatment in [12, 14]) that the asymptotic

behaviour of S,, depends crucially on the extremal points of a function G' (which is a transform of the
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rate function in a corresponding large deviation principle): define

Go(s) = log/exp(s x) do(x)

and

82
ColB.5) == 22— 0y(55) (1.4)

We shall drop 3 in the notation for G whenever there is no danger of confusion, similarly we will
suppress o in the notation for ¢ and G. For any measure ¢ € B, G was proved to have global minima,
which can be only finite in number, see [12, Lemma 3.1]. Define C' = C,, to be the discrete, non-empty
set of minima (local or global) of G. If a € C, then there exists a positive integer k := k(«) and a
positive real number p := u(a) such that
_ N2k

G(s) = Gla) + % FO((s—a)*) as s a. (1.5)

The numbers k and pu are called the type and strength, respectively, of the extremal point ae. Moreover,

we define the maximal type k* of G by the formula
kE* = max{k(«a); « is a global minimum of G'}.
Note that the pu(a) can be calculated explicitly: one gets

pla)=B—p3¢"(Ba)  ifk=1 (1.6)
while

pla) = =% (Ba)  ifk>2 (1.7)
(see [14]).

An interesting point is, that the global minima of G of maximal type correspond to stable states,
meaning that multiple minima represent a mixed phase and a unique global minimum a pure phase.

For details see the discussions in [14].
The following is known about the fluctuation behaviour of S,, under P,. In the classical model (o
is the symmetric Bernoulli measure), for 0 < 8 < 1, in [12] the Central Limit Theorem is proved:

Z:TX . N(0,0%(8))

n

in distribution with respect to the Curie-Weiss finite volume Gibbs states with o2(8) = (1 — 3)~!.
Since for 8 = 1 the variance o?(3) diverges, the Central Limit Theorem fails at the critical point. In
[12] it is proved that for 5 = 1 there exists a random variable X with probability density proportional

to exp(—-52?) such that as n — oo
Z?:1 Xi
n3/4

in distribution with respect to the finite-volume Gibbs states. Asymptotic independence properties

— X

and propagation of chaos for blocks of size o(n) have been investigated in [2].
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In general, given o € B, let a be one of the global minima of maximal type & and strength p of G .

Then
S, — na
n1—1/2k - Xk’,u,ﬁ

in distribution, where X}, , g is a random variable with probability density fy , g, defined by
1

V2mro? exp(—x2/20—2) (1.8)

fl,uﬁ(ﬂf) =

and for £ > 2
B exp(—pz?* /(2k)")
Jipp(@) = [ exp(—pa?*/(2k)) dz’ (1.9)
Here, 0% = % — % so that for u = p(a) as in (1.6), 02 = ([¢"(Ba)] ™t — B)~! (see [12], [14]). Moderate

deviation principles have been investigated in [7].

In [11] and [14], a class of measures p is described exhibiting a behaviour similar to that of the
classical Curie-Weiss model. Assume that ¢ is any symmetric measure that satisfies the Griffiths-
Hurst-Sherman (GHS) inequality,

j—;¢g(s) <0 forall s>0, (1.10)
(see also [13, 16]). One can show that in this case G has the following properties: There exists a value
0¢, the inverse critical temperature, and G has a unique global minimum at the origin for 0 < 8 < 3.
and exactly two global minima, of equal type, for 8 > (.. For 3. the unique global minimum is of type
k > 2 whereas for 3 € (0, 5.) the unique global minimum is of type 1. At . the law of large numbers
still holds, but the fluctuations of S,, live on a smaller scale than y/n. This critical temperature can
be explicitly computed as . = 1/¢"(0) = 1/ Var,(X;). By rescaling the X; we may thus assume that
Be = 1.

Alternatively, the GHS-inequality can be formulated in the terms of Z, g p,, . h,, defined in (1.3):

3
> — 2 logZ,
0= Oh; Oh;jOhy, 08 Zm,B,h1,....hn
= B(X;X;Xy) — E(X)E(X; X)) — E(X;)E(X; Xk) (1.11)

—E(X,)E(X;X;) + 2E(X;)E(X;)E(X})
for all (not necessarily distinct) sites i,7,k € {1,...,n}. Here E denotes the expectation with respect
to Py g.hy,...hn- The GHS inequality has a number of interesting implications, see [11].

With GHS, we will denote the set of measures o € B such that the GHS-inequality (1.10) is valid

(for P g by, h, in the sense of (1.11)). We will give examples in Section 7.

Remark 1.1. In [12, Lemma 4.1], for p € B it is proved that G has a unique global minimum if and
only if

/exp(s x)do(z) < exp(s®/2), for s real,
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where the right hand side of this strict inequality is the moment generating function of a standard
normal random variable. Moreover, in the same Lemma it is proved that G has a local minimum at

the origin of type k£ and strength p if and only if

_ (0) = 0 for j=0,1,...,2k — 1,
Him =50 for j = 2k

Here p(0) and fi; define the j'th moment of ¢ and the j’th moment of a standard normal random

variables, respectively. Note that this in particular implies 111(9) = E,(X;1) = 0.

The aim of this paper is to prove the following theorems:

1.1 Results for the classical Curie-Weiss model

Theorem 1.2 (classical Curie-Weiss model, optimal Berry-Esseen bounds outside the critical tem-
perature). Let o = %5_1 + %(51 and 0 < B < 1. We have

P, (Sn/\/ﬁ < z) — By(z)

where ®g denotes the distribution function of the normal distribution with expectation zero and vari-

sup <Cn7V2 (1.12)

zeR

ance (1 — B)~Y, and C is an absolute constant, depending on 3, only.

Theorem 1.3 (classical Curie-Weiss model, optimal Berry-Esseen bounds at the critical temperature).
Let o = %5_1 + %51 and B =1. We have

sgﬂg P, <Sn/n3/4 < z> — F(z)| <Cn™Y2 (1.13)
where
F(z):= %/_; exp(—z*/12) dz, (1.14)
Z = [gexp(—2*/12)dz and C is an absolute constant.
Theorem 1.4 (Berry-Esseen bounds for size-dependent temperatures). Let o = %5_1 + %51 and

0 < Bn < o depend on n in such a way that B, — 1 monotonically as n — oo. Then the following

assertions hold:

(1) If 6, — 1= % for some v # 0, we have

sup | P, <Sn/n?’/4 < z> —Fy(2)] < Cn~1/? (1.15)
z€R
with . )
1 (7 x v
F’Y(Z) = E/_ooexp(—ﬁ T) dx

where Z := fR exp(—% + %) dx and C is an absolute constant.
(2) If |Bn — 1| < n=Y2, S, /n3/* converges in distribution to F, given in (1.14). Moreover, if
1B, — 1] = O(n™1Y), (1.13) holds true.
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(3) If |Bn — 1| > n~'/2, the Kolmogorov distance of the distribution of % Sor . Xi and the

normal distribution N(0,(1 — 8,)~") converges to zero. Moreover, if |3, — 1| > n~=Y*, we

obtain
V (1 B ﬁn)sn > -1/2
sup |Pp| V—————<z2 | —®3,(2)| <Cn
z€£ < \/H h ( )

with an absolute constant C'.

Remark 1.5. In [1], Barbour obtained distributional limit theorems, together with rates of conver-
gence, for the equilibrium distributions of a variety of one-dimensional Markov population processes.
In section 3 he mentioned, that his results can be interpreted in the framework of [12]. As far as we
understand, his result (3.9) can be interpreted as the statement (1.13), but with the rate n /4,

Remark 1.6. In the first assertion of Theorem 1.4, our method of proof allows to compare the

distribution of S,/ n3/* alternatively with the distribution with Lebesgue-density proportional to

31.4 ,Y:EQ
exp(——5~+ 5 ):

To be able to compare the distribution of interest with a distribution depending on n (on f,,), is one
of the advantages of Stein’s method. The proof of this statement follows immediately from the proof
of Theorem 1.4.

If in Theorem 1.4 (2) |3, — 1| > n~! the speed of convergence reduces to O(y/n|1 — 3,|). Likewise,
if in Theorem 1.4 (3) |8, — 1| < n~/%, the speed of convergence is O(ﬁ) This reduced speed of
convergence reflects the influence of two potential limiting measures. Next to the ”true” limit there
is also the limit measure from part (1) of Theorem 1.4, which in these cases is relatively close to our

measures of interest.

1.2 Results for a general class of Curie-Weiss models

More generally, we obtain Berry-Esseen bounds for sums of dependent random variables occurring
in the general Curie-Weiss models. We will be able to obtain Berry-Esseen-type results for g-a.s.

bounded single-spin variables X;:

Theorem 1.7. Given o € B in GHS, let a be the global minimum of type k and strength p of G,.

Assume that the single-spin random variables X; are bounded o-a.s. In the case k =1 we obtain

sup <conY?, (1.16)

z€R

(S <) - aule)

where W := S, /y/n and ®w denotes the distribution function of the normal distribution with mean

zero and variance E(W?2) and C is an absolute constant depending on 0 < 3 < 1. For k > 2 we obtain

sup < Cpn V/k (1.17)

z€R

S, — no ~
P, <W < Z> - FW,k(Z)




STEIN’S METHOD FOR DEPENDENT RANDOM VARIABLES OCCURRING IN STATISTICAL MECHANICS 7

where FWk =", fWk ) dx with fmk defined by

D (~ g

]?W,k(iﬂ) =
[ exp(~ gy da

with W := 5{1__1720,2 and Cy, is an absolute constant.

Theorem 1.8. Let o € B satisfy the GHS-inequality and assume that 3. = 1. Let « be the global
minimum of type k with k > 2 and strength py of G, and let the single-spin variable X; be bounded.
Let 0 < 3, < oo depend on n in such a way that 3, — 1 monotonically as n — oo. Then the following

assertions hold true:

(1) If B — 1= 11

+— for some v # 0, we have
k

< CpnVE (1.18)

Sn — na
Py (ﬁ < Z> — Fwn(2)

sup
z€R

I i K gl
Fywiq(2) = 7 /_Oo exp<—cw1 <(2]j)!a:2k - 5:1:2)) dx.

where Z = [ exp(—c;[}((gﬁ)!m% — 32%)) dz, with W := 5{1‘%,

with

B —EW)

cw =

and Cy, is an absolute constant.

(2) If |Bn — 1| < n=(=1/k) 5”7720,1 converges in distribution to ﬁW,k, defined as in Theorem 1.7.
Moreover, if |8, — 1| = O(n™1), (1.17) holds true.

(3) If |Bp — 1| > n~ =1k the Kolmogorov distance of the distribution of W := % Yo X
and the normal distribution N(0,E(W?2)) converges to zero. Moreover, if |3, — 1| >

n~(1/21/2K) e obtain
sup | P, < v ﬂn Sn > — By (2)| < Cn~1/?
z€R

with an absolute constant C'.

Remark 1.9. Since the symmetric Bernoulli law is GHS, Theorems 1.7 and 1.8 include Berry-Esseen
type results for this case. But these results differ from the results in Theorem 1.2, 1.3 and 1.4 with
respect to the limiting laws: the laws in 1.7 and 1.8 depend on moments of W. The bounds in Theorems
1.2-1.4 are easier to obtain; moreover their proofs apply Corollary 2.8 and part (2) of Theorem 4.6

which are less involved versions of Stein’s method for exchangeable pairs.

For arbitrary ¢ € GHS we are able to proof good bounds with respect to the Wasserstein-metric.

For any class of test functions H, a distance on probability measures on R can be defined by

sup‘/th /th
heH
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The class of test functions h for the Wasserstein distance d,, is just the Lipschitz functions Lip(1) with
constant no greater than 1. The total variation distance is given by the set H of indicators of Borel

sets, the Kolmogorov distance dx by the set of indicators of half lines.

Only for technical reasons, we consider now a modified model. Let

ﬁn,ﬁ,h(w)=2 exp< > wzw;+ﬁhz >d@®" ), © = (i)

n,B,h 1<i<j<n

Theorem 1.10. Given the Curie- Weiss model ﬁnﬁ and o € B in GHS, let a be the global minimum
of type k and strength p of G,. In the case k = 1, for any uniformly Lipschitz function h we obtain
for W =S, /\/n that
max (E|X; |3, E|X{?)

Vn '

Here C is a constant depending on 0 < § < 1 and Py (h fR 2)®y (dz). The random variable

|E(h(W)) — ®w(h)] < W] C

X! is drawn from the conditional distribution of the i’th coordmate X; given (X;)j2i (this choice will
be explained in Section 3). For k > 2 we obtain for any uniformly Lipschitz function h and for
W = Sp—no

“T pl-1/2k

= max 3 713
[E((W)) — Fwa(h)] < 1] <01% . ComexBL B >>.

Here C1,Cy are constants, and ﬁWk fR FWk (dz).

Remark 1.11. Assume that there exists a § such that for any uniformly Lipschitz function h,
|ER(W) — F(h)| < 6||h/||, where W is a random variable, F(h) := [ h( ) for some distri-
bution function F, then from the definition of the Wasserstein dlstance it follows 1mmediately that
Supperip(1) |ER(W) — F(h)| < 6. Moreover, the Kolmogorov distance sup, [P(W < z) — F(2)| can
be bounded by c¢p §'/2, where ¢ is some constant depending on F' (the proof follows the lines of [6,
Theorem 3.1]).

Remark 1.12. In [11], the distribution of the spins p are allowed to depend on the site. They define
a subclass G of B such that for g1,...,0, € G the GHS inequality holds. In Section 7 we present
a large class of measures which belong to G (see [11, Theorem 1.2]). The GHS inequality itself has
a number of interesting implications like the concavity of the average magnetization as a function
of the external field h or the monotonicity of correlation length in Ising models. These and other
implications can be found in [11] and references therein. Note that for o € GHS, ¢,(s) < %0'382 for
all real s, where ag = fR 22 o(dx). These measures are called sub-Gaussian. Very important for our
proofs of Berry-Esseen bounds will be the following correlation-inequality due to Lebowitz [18]: If

E denotes the expectation with respect to the measure P, g, .. n,, one observes easily that for any
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0 € B and sites 4, j, k,l € {1,...,n} the following identity holds:
83
—E(X 1.19
Oh; 8hj Ohy, ( l) all h;=0 ( )
= E(X:X;X,X)) — B(X;X))E(X, X)) — E(X;X)E(X; X)) — E(X; X))E(X; X).

Lebowitz [18] proved that if o € GHS, then (1.19) is non-positive (see [10, V.13.7.(b)] and [17]).
Stein’s method reduces to the computation of, or bounds on, low order moments, perhaps even only
on variances of certain quantities. Such variance computations can be very difficult. We will see in
the proof of Theorem 1.7 and Theorem 1.8 the use of Lebowitz’ inequality for bounding the variances

successfully.

In the situation of Theorem 1.7 and Theorem 1.8 we can bound higher order moments as follows:

Lemma 1.13. Given g9 € B, let a be one of the global minima of maximal type k for k > 1 and

strength p of Gy. For
S, — no
W= nl—1/2k
we obtain for any l € N

E|W|' < const. (1).

We prepare for the proof of Lemma 1.13. It considers a well known transformation — sometimes

called the Hubbard—Stratonovich transformation — of our measure of interest.

Lemma 1.14. Let m € R and 0 < v < 1 be real numbers. Consider the measure QQp g = (Pn o

(Sn—nm

— )_1) * N(0, ﬁng—lv,l) where N (0, ﬁng—lv,l) denotes a Gaussian random variable with mean zero

and variance Then for all n > 1 the measure Qg is absolutely continuous with density

1
Bn2=T"
exp (—nG(—= +m))
Jpexp (—nG(—== +m)) ds’
where G is defined in equation (1.4).

(1.20)

Remark 1.15. As shown in [12], Lemma 3.1, our condition (1.2) ensures that

/R exp (—nG (nf_7 + m)) ds

is finite, such that the above density is well defined.

Proof of Lemma 1.14. The proof of this lemma can be found at many places, e.g. in [12], Lemma
3.3. O

Proof of Lemma 1.13. We apply the Hubbard-Stratonovich transformation with v = 1 — 1/2k. It
is clear that this does not change the finiteness of any of the moments of W. Using the Taylor
expansion (1.5) of G, we see that the density of @, 3 with respect to Lebesgue measure is given by
Const. exp(—22¥) (up to negligible terms, see e.g. [12], [7]). A measure with this density, of course,

has moments of any finite order. O
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Remark 1.16. As we will see, we only have to bound E(W*) in the classical model, when 0 < 8 <
1. This can be obtained directly using the definition of P, and Taylor-expansion. But already for
the classical model, for § = 1, it is quite cumbersome to bound higher order moments via direct

calculations.

In Section 2, we develop in Theorem 2.5, Corollary 2.8 and Corollary 2.9 refinements of Stein’s
method for exchangeable pairs in the case of normal approximation. As a first application we prove
Theorem 1.2 in Section 3. In Section 4 we develop Stein’s method for exchangeable pairs for a rich class
of other distributional approximations. Obtaining good bounds for the solutions of the corresponding
Stein equations in the appendix, we prove Theorem 1.3 and Theorem 1.4 in Section 5, applying
Theorem 4.6. In Section 6, we proof Theorems 1.7, 1.8 and 1.10, applying Corollary 2.9 and Theorem
4.7. Section 7 contains a collection of examples including the Curie-Weiss model with three states,
studying liquid helium, and a continuous Curie-Weiss model, where the single spin distribution p is a

uniform distribution.

2. STEIN’S METHOD WITH EXCHANGEABLE PAIRS FOR NORMAL APPROXIMATION

Stein introduced in [22] the exchangeable pair approach. Given a random variable W, Stein’s method
is based on the construction of another variable W’ (some coupling) such that the pair (W, W’) is
exchangeable, i.e. their joint distribution is symmetric. The approach essentially uses the elementary
fact that if (W,W') is an exchangeable pair, then Eg(W,W’') = 0 for all antisymmetric measurable
functions g(z,y) such that the expectation exists. A theorem of Stein ([22, Theorem 1, Lecture III])
shows that a measure of proximity of W to normality may be provided in terms of the exchangeable

pair, requiring W’ — W to be sufficiently small. He assumed the linear regression property
EW|W)=(1-\W

for some 0 < A < 1. This approach has been successfully applied in many models, see [22] and for
example [23] and references therein. In [19], the range of application was extended by replacing the
linear regression property by a weaker condition, allowing to hold the regression property only approx-
imately. The exchangeable pair approach is also successful for other distributional approximations, as

will be shown in Section 4. We develop Stein’s method by replacing the linear regression property by
E(W'|W) =W + Xp(W) + R(W),

where 1 (x) will be depend on a continuous distribution under consideration. Before we consider in this
section the case of normal approximation, we mention that this is not the first paper to study other
distributional approximations via Stein’s method. For a rather large class of continuous distributions,
the Stein characterization was introduced in [23], following [22, Chapter 6]. In [23], the method of
exchangeable pairs was introduced for this class of distribution and used in a simulation context.
Recently, the exchangeable pair approach was introduced for exponential approximation in [4, Lemma
2.1].
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For measuring the distance of the distribution of W and the standard normal distribution (or any

other distribution), we would like to bound
[ER(W) — @(n)]

for a class of test functions h € H, where ®(h) := [*_h(z)®(dz) and ® is the standard normal
distribution function. Omne advantage of Stein’s method is that we are able to obtain bounds for
different distances like the Wasserstein distance d,, the total variation distance dpv or the Kolmogorov
distance dk. In [19], the exchangeable pair approach of Stein was developed for a broad class of non

smooth functions A, applying standard smoothing inequalities.

They proved the following;:

Theorem 2.1 (Rinott, Rotar: 1997). Consider a random variable W with E(W) = 0 and E(W?2) = 1.
Let (W,W') be an exchangeable pair (i.e., their joint distribution is symmetric). Define a random
variable R = R(W) by

EW'|W)=(1-X\W +R,
where A is a number satisfying 0 < A < 1. If moreover
W —w|< A

for a constant A. Then one obtains

A2
X

Remark 2.2. Rinott and Rotar also proved a bound in the case, where |W' — W| is not assumed to

sup |P(W < z) — ®(2)| < %\/var{E[(W’ —W)2[W]} + 377VE'§R2) + 48\/2/_7#473 +2/7 (2.1)

z€R

be bounded. In this case, the last two summands on the right hand side of (2.1) have to be replaced

by
la , 3
—)\E|W - W3

This estimation is crude, since even for a normalized sum of n independent variables W, it leads to a
bound of the order n=/4. The advantage of the results in [19] is, that these bounds do not only apply

to indicators on half lines, but also to a broad class of non smooth test functions, see [19, Section 1.2].

Chen and Shao introduced a concentration inequality approach. Here a concentration inequality is
proved using the Stein identity (see [5] and [6]). In the context of the construction of an exchangeable

pair, in [20] Shao and Su proved the following theorem:

Theorem 2.3 (Shao, Su: 2005). Let W be a random variable with E(W) = 0 and E(W?) < 1 and
(W, W'") be an exchangeable pair such that

E(W/'|W) = (1- )W
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with 0 < A < 1, then for any a > 0

1 > 0.41d° 1
sup |[P(W < 2)—®(z2)| < \/IE <1 - ﬁE((W — W’)2|W)> + 3 +1'5a+ﬁE((W_W,)lﬂl/V—W’\Za})'
z€R
(2.2)
If W — W'| < A, then the bound reduces to
1 > 04143
sup [P(W < z2) — ®(2)] <4 |E(1-— 5E((W W2 W) | + T 1.5A. (2.3)
z€R

Remark 2.4. When |[W — W’| is bounded, (2.3) improves (2.1) with respect to the constants.

Following the lines of the proofs in [19] and [20], we obtain the following refinement: Given two

random variables X and Y defined on a common probability space, we denote by

di(X,Y) i= sup|P(X < 2) — P(Y < 2)
z€R

the Kolmogorov distance of the distributions of X and Y.
Theorem 2.5. Let (W, W') be an exchangeable pair of real-valued random variables such that
EW|\W)=(1-ANW+R

for some random wvariable R = R(W) and with 0 < A\ < 1. Assume that E(W?) < 1. Let Z be a

random variable with standard normal distribution. Then for any A > 0,

a(W.2) < \/ (1 Bl - W)?\W])Q # (Y2 4 15) YEID

2\
0.41A3

1
+ 15A 4+ E(W = W)Lz ap)-

If (W —W'| < A for a constant A, we obtain the bound

2
dx (W, Z) < \/IEJ<1 - %E[(W’ - W)2|W]> + (@ + 1.5A> E§R2) + 0'4;43 + 154, (2.4)

Remark 2.6. When |W — W’| is bounded, (2.4) improves (2.1) with respect to the Berry-Esseen

constants.

Proof. We sketch the proof: For a function f with |f(x)| < C(1 + |x|) we obtain

0 = E(W-W)(fW)+ f(W))
= E((W-W)(f(W') = f(W))) + 2XE(W f(W)) — 2E(f(W) R). (2.5)

Let f = f. denote the solution of the Stein equation

fil@) —afa(z) = 1 (@) — 2(2). (2.6)
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We obtain
POV <= 8(:) = B('W) = W/OV)
= B(/W)) ~ BV~ W)(FW) ~ (V') ~ TE((7) R)
= E(f (W)(1—5(W w’) )) +E<f’(W)2)\(W w’) >
~ 55 B(O = W(FOW) = F0V) ~ E(F(7) R)
- E(f (V)1 507 = WP) ) = BRIV B

2\
= Th+Ty+1T;3. (27)

BV =W () = ) - (w - v

Using |f'(z)| <1 for all real x (see [6, Lemma 2.2]), we obtain the bound

ITy| < \/ <1 - ﬁE[(W )2‘W]>2.

Using 0 < f(z) < v27/4 (see [6, Lemma 2.2]), we have

2
) < Y205 R) < L2 /R,

Bounding T3 we apply the concentration technique, see [20]:

0
(CoNTy = E((W W wwn [0 f’(W))dt>

(W—W")
o B0V Wgwien [ OV - p@a). 2

The modulus of the first term can be bounded by E ((W — W')? Lyw—wr|>ay) using |f/(z) — f'(y)] <1
for all real x and y (see [6, Lemma 2.2]). Using the Stein identity (2.6), the second summand can be

represented as

B0 =Wt wieay [ (00507 0 - wg)ar)

(W—W")

—I—E<(W — W,)l{\W—W’\SA} / - (1{W+t§z} — 1{W§z})dt> =:U; + Us.

—W)
Next observe that |U;| < 0.8243, see [20]: by the mean value theorem one gets
(W ) f(W +1) = W (W) = W(F(W +1) = FW)) +LF (W +1) = / F(W + ut)tdu) + (W +1).

Hence

(W + ) f(W +8) = WHW)| < [W[t] + [t]vV2r/4 = [t|(V2r /4 + [W)).
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Using E|W| < /E(W?2) <1 gives the bound. The term U can be bounded by

E((W = W) Locw-wn<ay Liz<wezray)-

Under the assumptions of our Theorem we proceed as in [20] and obtain the following concentration

inequality:
E((W — W/)zl{OS(W—W’)Sa} 1{z§W§z+A}) <3AN+E(R)). (2.9)
To see this, we apply the estimate
E((W = W) Tocqw-wn<a leswezsa) SE(W = W)(F(W) = f(W)),

see [20]; here f is defined by f(z) := —1.5A4 for z < z — A, f(z) := 1.5A for x > z + 2A and
f(x): =2 —2z— A/2 in between. Now we apply (2.5) and get

E((W = W) Locv-wi<ay Lzcweatay) < 20E(W (W) +2E(f(W)R) < 3A(\ +E(|R])),
where we used E(|W|) < \/E(W2) < 1. Similarly, we obtain
Uy > —3A(N+ E(R)).
O

Remark 2.7. In Theorem 2.5, we assumed E(W?2) < 1. Alternatively, let us assume that E(W?) is
finite. Then the proof of Theorem 2.5 shows, that the third and the fourth summand of the bound
(2.4) change to

A 2m VETD, L sasqw).

In the following corollary, we discuss the Kolmogorov-distance of the distribution of a random
variable W to a random variable distributed according to N(0,02), the normal distribution with

mean zero and variance 0'2.

Corollary 2.8. Let 02 > 0 and (W, W') be an exchangeable pair of real-valued random variables such
that

A
EW'W)=(1- E)W+R (2.10)
for some random variable R = R(W) and with 0 < A\ < 1. Assume that E(W?) is finite. Let Z, be a
random variable distributed according to N(0,02). If |W — W'| < A for a constant A, we obtain the

bound

oV 2T

E(R?)
A

dx(W, Z5) < \/IEJ<1 -~ iE[(W' —~ VV)2|W]>2 + <

1.5A
2 +154)

3 o 2
n %(“216 ‘. \/EELW )> +15AVEWR). (2.11)
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Proof. Let us denote by f, := f5 . the solution of the Stein equation

J1 @) = S5 Fel@) = Lipay (@) = Fo(2) (2.12)

with F,(z) := ;m f_z exp( ) dy. It is easy to see that the identity f,.(z) = afz(g), where f,
is the solution of the correspondlng Stein equation of the standard normal distribution, holds true.
Using [6, Lemma 2.2] we obtain 0 < f,(z) < a@, |fi(x)] <1, and |fL(z) — fL(y)| < 1. With (2.10)
we arrive at

PW<z)=F,(z)=T1+To+ T3
with T;’s defined in (2.7). Using the bounds of f, and f/, the bound of T} is the same as in the proof
of Theorem 2.5, whereas the bound of T5 changes to

1Ty| < U_V%, /E(R?).

Since we consider the case |W — W'| < A, we have to bound

0
Ty = _iE<(W — W lgw-wi<ay /( (f' (W +1t) - f’(W))dt>-

Using the Stein identity (2.12), the mean value theorem as well as the concentration inequality-

argument along the lines of the proof of Theorem 2.5, we obtain

A3 VE(W?)  oV2r 5 E(R?)
T3] < A( T )+ 1.5A( E(W)-Fﬁ).
Hence the corollary is proved. Il

With (2.10) we obtain E(W — W')% = %\E(Wﬂ) — 2E(W R). Therefore
1 E(W?) E(WR)
E(1—- —E[(W —W)?2 =1- 2.1
(1= grElw = w2iw)) 77)  EWER) (2.13)
so that the bound in Corollary 2.8 is only useful when E(W?2) is close to o2 (and E(W R)/\ is small).
An alternative bound can be obtained comparing with a N (0, E(W2))-distribution.

Corollary 2.9. In the situation of Corollary 2.8, let Zy denote the N(0,E(W?)) distribution. We

obtain

dx (W, Zw) < ;(Var(E[(W W) |W]))l/2 < \/%—1_1514) E)(\R2)
ot 20 (VEUYor | VRN L 215 BT 4 o2 Y EOVETDD 5

16

Proof. With (2.13) we get E(W?2) = o2 (55 (E(W — W')? + 2E(W R))). With the definition of 75 and

T3 as in (2.7) we obtain

E(W — W')? 4+ 2E(W R)
2

(E(W ~ W)’ —;EA[(W - W’)QIW]>> N

BBV (V) - W) = o%5( FO7)) = BOV £V)

E
02(T2 +T3) + o2 (WR)

= o’E <f’(W) (2.15)
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Remark that now o2 in (2.10) is a parameter of the exchangeable-pair identity and no longer the
parameter of the limiting distribution. We apply (2.12) and exchange every o2 in (2.12) with E(W?2).
Applying Cauchy-Schwarz to the first summand and bounding the other terms as in the proof of
Corollary 2.8 leads to the result. U

3. BERRY-ESSEEN BOUNDS FOR THE CLASSICAL CURIE-WEISS MODEL

Let ¢ be the symmetric Bernoulli measure and 0 < § < 1. Then

1 n
W=W,:=—Y» X,
Vi
converges in distribution to a N(0,02) with o2 = (1 - 3)~%

Proof of Theorem 1.2. We consider the usual construction of an exchangeable pair. We produce a spin
collection X' = (X/);>1 via a Gibbs sampling procedure: select a coordinate, say i, at random and
replace X; by X, drawn from the conditional distribution of the i’th coordinate given (X);z;. Let
I be a random variable taking values 1,2,...,n with equal probability, and independent of all other
random variables. Consider

X1

W' =W A 1ZX+X}
«— - _— = ] el
R ey Vn

Hence (W, W) is an exchangeable pair and
wow = X=X
LD

Let F :=o(X4,...,X,). Now we obtain

n

11 1 11
— —NTE[X - XIF] = - W — ——= S E[X/|F).
\/5”;:1 [ iIFl =~ n,E [X|7]

The conditional distribution at site ¢ is given by

E[W — W'|F] =

exp(z; Bmi(z))
exp(Bmi(z)) + exp(—Bmi(z))

P (wil(2))j2:) =
with

1 .
m;(x) = Eij, i1=1,...,n.
J#i
It follows that
E[X|F] = E[X;[(X;);2i] = tanh(Bm;(X)).

Now —=+ 31" | tanh(8m;(X)) = —=+ Y1 (tanh(Bm;(X)) — tanh(Bm(X))) + —= tanh(Bm(X)) =:

Vnn Vnn vn
Ry + Ry with m(X) := 23" | X;. Taylor-expansion tanh(z) = z + O(z?) leads to
1 1 3 _ B w3
Ry = \/ﬁﬁm(X) + \/ﬁ(’)(m(X) )= nW+O( 3 ).
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Hence

E[W—W’|W]:¥W+R:%W+R (3.1)

Xr—

with A == 1, 02 := (1 - )~ and R := O(%) — Ry. Since |W — W'| = B X< L= 4, we
are able to apply Corollary 2.8. From Lemma 1.13 we know that for ¢ being the symmetrlc Bernoulli
distribution and for 0 < 8 < 1 we have E(W*) < const.. Applying this it follows that the fourth
term in (2.11) can be bounded by 1.54 \/— (1= 6 Joonst.

estimated as follows:

, and the third summand in (2.11) can be

A3 2m const. 1
— | —v (1 - 1-— < —/(1-— t..
(VTR + 5= 9) < =T Beons
Moreover we obtain E|R| < E|R;| + (’)(E‘W |). Since tanh(x) is 1-Lipschitz we obtain |Rq| <
%|mZ(X) —m(X)| < 3#/ Therefore, with Lemma 1.13, we get E|R| = O( 5/2) and thus, the
second summand in (2.11) can be bounded by

Vor 1y 1
const.(m—l—lf)ﬁ)ﬁ—(?(\/ﬁ).

2
To bound the first summand in (2.11), we obtain (W — W')2 = % 2XIX + 21, Hence

E[(W - W")?|F] = 2_ % > X; tanh(Bm,(X)),
=1

n

and therefore

1 ! P 1 - . .
1— ﬁE[(W -WHHF] = - ZXZ tanh(3m;(X))

= % )~ X (tanh(Bm;(X)) — tanh(Bm(X))) + m(X) tanh(Bm(X))
=1
=: R+ Rs.

By Taylor expansion we get Ry = %Wz + (’)(VX—;) and using Lemma 1.13 we obtain E|Ry| = O(n™!).
Since tanh(z) is 1-Lipschitz we obtain |[R1| < 1. Hence E|Ry + Ro| = O(n™!) and Theorem 1.2 is
proved. O
Now we discuss the critical case § = 1, when g is the symmetric Bernoulli distribution. For g =1,

using the Taylor expansion tanh(z) = z — 23/3 + O(z?), (3.1) would lead to
w31 -

for some R. Hence it is no longer possible to apply Corollary 2.8. Moreover the prefactor A\ := #

would give growing bounds. In other words, the criticality of the temperature value 1/3., = 1 can
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also be recognized by Stein’s method. We already know that at the critical value, the sum of the

spin-variables has to be rescaled. Let us now define

1 n
i=1
Constructing the exchangeable pair (W, W’) in the same manner as before we will obtain
1 w3

with A = # and a reminder R(W) presented later. Considering the density p(x) = C exp(—z*/12),
we have /()
p'(x
=Y(x).
p(z) )
This is the starting point for developing Stein’s method for limiting distributions with a regular

Lebesgue-density p(-) and an exchangeable pair (W, W') which satisfies the condition
Pw)

E[W — W/|W] = —Mp(W) + R(W) = —\ T

+ R(W)

with 0 < A < 1. To prove (3.3), observe that

1 11
E[W — W'|W] = W= > tanh(m;(X)).
=1

By Taylor expansion and the identity m;(X) = m(X) — % we obtain
11y 1 1w

with R(W) such that E|[R(W)| = O(n~2). The exact form of R(W) will be presented in Section 5.

4. THE EXCHANGEABLE PAIR APPROACH FOR DISTRIBUTIONAL APPROXIMATIONS

Motivated by the classical Curie-Weiss model at the critical temperature, we will develop Stein’s
method with the help of exchangeable pairs as follows. For a rather large class of continuous distri-
butions, the Stein characterization was introduced in [23], following the lines of [22, Chapter 6]. The
densities occurring as limit laws in models of statistical mechanics belong to this class. Let I be a real
interval, where —oo < a < b < co. A function is called regular if f is finite on I and, at any interior
point of I, f possesses a right-hand limit and a left-hand limit. Further, f possesses a right-hand limit
f(a+) at the point @ and a left-hand limit f(b—) at the point b.

Let us assume, that the regular density p satisfies the following condition:
Assumption (D) Let p be a regular, strictly positive density on an interval I = [a,b]. Suppose p

has a derivative p’ that is regular on I and has only countably many sign changes and being continuous

at the sign changes. Suppose moreover that [, p(z)|log(p(x))| dz < oo and assume that

(4.1)
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is regular.

In [23, Proposition] it is proved, that a random variable Z is distributed according to the density p
if and only if
E(f'(Z) +4(2) f(2)) = f(b-)p(b=) — f(a+) p(a+)
for a suitably chosen class F of functions f. The proof is integration by parts. The corresponding
Stein identity is
f'(@) +(2) f(z) = h(z) — P(h), (4.2)
where h is a measurable function for which [ [h(z)|p(z)dx < oo, P(z) := [*__p(y)dy and P(h) :=
J; h(y) p(y) dy. The solution f := f, of this differential equation is given by
Ja (hy) — Ph) p(y) dy
p(z) '
For the function h(w) := 1yy<.1(z) let f. be the corresponding solution of (4.2). We will make the

flz) =

(4.3)

following assumptions:

Assumption (B1) Let p be a density fulfilling Assumption (D). We assume that for any absolute

continuous function h, the solution f;, of (4.2) satisfies
Ifnll < edllBll, ISRl < c2ll Bl and ([ f7 ()] < es|I]],

where c1, co and c3 are constants.

Assumption (B2) Let p be a density fulfilling Assumption (D) We assume that the solution f, of

fi(@) + (@) fa(2) = Lpan (@) — P(2) (4.4)
satisfies
|f2(x)] <di, |fi(x)] <dg and  |[fl(x) — fl(y)] < ds
and
N p'(x) )Y
[(P(z) f2(2))| = |(p(x) fo(2))| < da (4.5)

for all real z and y, where dq, d2, d3 and d4 are constants.

At first glance, Condition (4.5) seem to be a rather strong or at least a rather technical condition.

Remark 4.1. In the case of the normal approximation, ¢(z) = —z, we have to bound (zf,(x))" for
the solution f, of the classical Stein equation. But it is easy to observe that |(zf.(x))'| < 2 by direct
calculation (see [6, Proof of Lemma 6.5]). However, in the normal approximation case, this bound
would lead to a worse Berry-Esseen constant (compare Theorem 2.5 with Theorem 4.6). Hence in this
case we only use dy = d3 = 1 and d; = v/27/4.

We will see, that for all distributions appearing as limit laws in our class of Curie-Weiss models,

Condition (4.5) can be proved:
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Lemma 4.2. The densities fj 3 in (1.8) and (1.9) and the densities in Theorem 1.4, Theorem 1.7
and Theorem 1.8 satisfy Assumptions (D), (B1) and (B2).

Proof. We defer the proofs to the appendix, since they only involve careful analysis. (|

Remark 4.3. With respect to all densities which appear as limiting distributions in our theorems,
we restrict ourselves to bound solutions (and its derivatives) of the corresponding Stein equation
characterizing distributions with probability densities p of the form by exp(—apx?*). Along the lines
of the proof of Lemma 4.2, one would be able to present good bounds (in the sense that Assumption

(B1) and (B2) are fulfilled) even for measures with a probability density of the form

p(x) = by exp(—a,V(x)), (4.6)
where V' is even, twice continuously differentiable, unbounded above at infinity, V'’ # 0 and V' and
1/V" are increasing on [0,00). Moreover one has to assume that % can be bounded by a constant

for > d with some d € R;. We sketch the proof in the appendix. It is remarkable, that this class of
measures is a subclass of measures which are GHS, see Section 7. A measure with density p in (4.6) is
usually called a Gibbs measure. Stein’s method for discrete Gibbs measures is developed in [8]. Our

remark might be of use applying Stein’s method for some continuous Gibbs measure approximation.

Remark 4.4. In the case of comparing with an exponential distribution with parameter u, it is easy
to see, that Assumption (D) and (B2) is fulfilled, see [23, Example 1.6] for (D) and [4, Lemma 2.1]
for (B2). We have ¢(r) = —p and ||f.|| < 1, [|fl]| < 1 and sup, ,>o|fi(z) — fi(y)] < 1. Thus
[((@) f2(2))'| = plfo(z)] < p.

Remark 4.5. From (4.3) we obtain

fo(x) = (@) for <z

e ()1 - P(a)
P(z)(1 — P(x

fa(x) = ) for z > z.

Hence )7/(@)
_P@p@ — P(z or <z
P() f2(x) = () (1-P(z) f <
and /
o) fo(x) = L ];2(2;‘” @) (p2)) for z3 2

Therefore one has to bound the derivative of

P()p'(z)
p*(z) P*(z) ’

respectively, to check Condition (4.5).

The following result is a refinement of Stein’s result [22] for exchangeable pairs.
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Theorem 4.6. Let p be a density fulfilling Assumption (D). Let (W, W') be an exchangeable pair of
real-valued random variables such that

EW'|W] =W + Ap(W) — R(W) (4.7)
for some random variable R = R(W), 0 < XA <1 and ¢ defined in (4.1). Then
E(W — W')? = —2XE[W(W)] + 2E[W R(W)]. (4.8)
We obtain the following assertions:

(1) Let Z be a random wvariable distributed according to p. Under Assumption (B1), for any

uniformly Lipschitz function h, we obtain

[BA(W) —EA(Z)| < 6|1

with
5= 0E|L— SE(W - WRW) |+ SEW - WP + L VEGRD.
2 4\ A
(2) Let Z be a random variable distributed according to p. Under Assumption (B2), we obtain for
any A >0
1 2 E(R2
d(W,Z) < dz\/E<1 — oy BV - W)2|W]> 4 (di+ %)#
1,d,A%,  3A ds
L@ B + BRW - W g a)- (49)
AN 4 2 2
With (4.8) we obtain
1 E
(1 50V - ww)) = 1+ B - 20,

2\ A

Therefore the bounds in Theorem 4.6 are unlikely to be useful unless —E[W(W)] is close to 1 and
w is small. Alternatively bounds can be obtained comparing not with a distribution given by
p but with a modification which involves E[W(W)]. Let py be a probability density such that a

random variable Z is distributed according to py if and only if

EEWy(W)] f(Z2) +4(2Z) f(Z)) =0
for a suitably chosen class of functions.

Theorem 4.7. Let p be a density fulfilling Assumption (D). Let (W, W') be an exchangeable pair of
real-valued random variables such that (4.7) holds. If Zw is a random variable distributed according
to pw, we obtain under (B1), for any uniformly Lipschitz function h that |ER(W) —Eh(Zw)| < & |||
with

7 o= 2 (Var (W~ W W) Y+ S w4 AV
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Under Assumption (B2) we obtain for any A > 0

Ak (W, Zy) < Z—i(Var(EKW — WHW)) Y2 + (dy + do/E(WE) + g A) E§R2>
3
bR SR + BE(W - WL s ). (4.10)

Proof of Theorem 4.6. Interestingly enough, the proof is a quite simple adaption of the results in [22]
and follows the lines of the proof of Theorem 2.5. For a function f with |f(z)| < C(1+ |z|) we obtain

0 = E((W—W)(fW)+ f(W)))

= E((W — W(F(W') — F(W))) — 2XB((W) f(W) + 2B(F(W) ROV)),  (411)
which is equivalent to
E(p(W) f(W)) = — g B(W — W)(F(W) ~ FF7) + SEGOV) ROV) (412

Proof of (1): Now let f = fj be the solution of the Stein equation (4.2), and define

K(t) := (W = W) (L—w-wn<t<oy — Ljo<t<—w-wry}) > 0.
By (4.12), following the calculations on page 21 in [6], we simply obtain

[ER(W) —ER(Z)| = [E(f'(W)+ (W) f(W))]
— [E(f(W) <1 7 - W’)2> + %E(/R(f’(W) — W) R (@) dt)
b SE(V)ROV)).
Using [ It|K(t)dt = TE[W — W'|3, the bounds in Assumption (B1) give:

EAY) ~ BA(Z)] < W] (a1 - 5

1- LE(w - W’)2|W)' + Z—imw WP+ % E(R2)>. (4.13)

Proof of (2): Now let f = f, be the solution of the Stein equation (4.4). As in (2.7), using (4.12),

we obtain
P(W <z)=P(z) = E(f'(W)+¢(W)f(W))
_ E(f’(W)(l (W - W’)2)> + o5 EQf(W) R)
=R E | = W(FV) = £V = (7 = W) 1)
= T1 + T2 + T3.

Now the bounds in Assumption (B2) give

2
‘Tl‘ < dg\/E<1 — %E[(W’ _ W)2|W]> .

and

|T| < %\/E(R )
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Using the decomposition (2.8) of (—2\) T3, the modulus of the first term can be bounded by d3 E((W —
W’)21{|W_W/‘ > A}). Using the Stein identity (4.4), the second summand can be represented as

E((W WLy / (- w<W+t>f<W+t>+w<W>f<W>)dt>

(W—-w')

‘HE <(W — W/)1{|W—W’<A}/(

1 a—1 A)dt | = Uy + Us.
_W_W/)( wt<zy — Lwesy) > 1+ Uz

With g(x) := (¢(x)f(z))" we obtain
— (W +8) (W + 1)+ 6(W) (W) = - /0 g(W + ) ds.

Since |g(z)| < d4 we obtain |U;| < %3d4-

Analogously to the steps in the proof of Theorem 2.5, Uy can be bounded by

E((W = W)(f(W) = f(W))) = 2E(f(W) R(W)) — 2AE(y(W

Y

where we applied (4.12), and where f is defined by f(x) := —1.54 for z < z — A, f(z) := 1.5A for
x> z+42A and f(z) ==z — z — A/2 in between. Thus U; < 3A(E(|R|) + AE(J»(W)|)). Similarly we
obtain Uy > —3A(E(|R|) + AE(|[o(W)])). O

Proof of Theorem 4.7. The main observation is the following identity:

—WNH2 —
BBV e v 0v) +snfon) = e ron (P EHEEEEY ) ewon) son)

~ (o (A RO = WO o 2 sy &) - ElvR) /0] ) + 74

2\ A
with T3 defined as in the proof of Theorem 4.6. Now we can apply the Cauchy-Schwarz inequality to

get

E[E[(W —W)%] — E[(W — W')|W]| < (Var(E[(W — W")°[W]))"/*.
Now the proof follows the lines of the proof of Theorem 4.6. O
Remark 4.8. We discuss an alternative bound in Theorem 4.6 in the case that (¢(z)f.(z))" cannot

be bounded uniformly. By the mean value theorem we obtain in general

1 1
LW S 4 8) + (W) F(W) = (W) (— /0 POV + stytds) + FOW + t)(— /0 W (W + stytds).

This gives

1
| =W+ 1) f(W +1) + (W) f(W)] < dafp(W)|[¢] + /0 [ (W + st)[t|ds.

Now we get the bound

d2A3 dl

E(lp(W)I) + 51 E(V)

1

—|U

2)\| 1| <
with

0 1
= (W =W [ [0 sniasar).
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Let us consider the example 1 (x) = —23/3. Now
(W + st)| = |[(W + st)?| = W2+ 2stW + s2t2|,

hence
(W + st)?l] < 2]+ 2210 ] + [1]]5°)

and integration over s gives
1
/ [ (W + st)[[t|ds < [t]|W?] + [£2]|W] + [£°] /3.
0

Integration over t leads to

A Al*

/ /|¢ W + st)tlds) < 122 4 1A ||W|+‘ |

W) 2 12
with A := (W — W'). Hence we get

A3 A* AP
E(V) < < E|W?| + E|W|+—>.

We will see in Section 5, that this bound is good enough for an alternative proof of Theorem 1.3.

5. BERRY-ESSEEN BOUND AT THE CRITICAL TEMPERATURE

Proof of Theorem 1.3. We start with (3.3), where W is given by (3.2). We will calculate the remainder
term R(W) more carefully: By Taylor expansion and the identities m;(X) = m(X) — X;/n and
m(X) = #W we obtain

1 1 w3 w w3
n3/4 Ztanh mi(X)) = nW n3/2 3 _O( )+O( 5/2)+0(S(W))
with
W5 w3 w? W
sS(w n3/4 Zmz - )+O( 7/2)+O( 21/4)+0(F)'

From Lemma 1.13 we know that for ¢ being the symmetric Bernoulli distribution and 8 = 1 we get
E[W|5 < const.. Using this we get the exchangeable pair identity (3.3) with R(W) = O(Z). With
Lemma 4.2, we can now apply Theorem 4.6, using |W —W'| < # =: A. We obtain 1.5AE(|yp(W)]) <
const. 3/4 and d4A = %4#. Using E|R(W)| < (:onst.n—l2 we get

~ . n.

3
(dl + EA)
Moreover we obtain

2 2 o
E[(W - W')?F] = —B " 3R ZXZ- tanh(m;(X)).
i=1
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Hence applying Theorem 4.6 we have to bound the expectation of

1 n
T:.=|— Xz tanh 7 X .
30X tanh o ()|
Again using Taylor and m;(X) = m(X) — nl and Lemma 1.13, the leading term of 7" is nl— Hence
E(T) = O(n~/?) and Theorem 1.3 is proved. O

Remark 5.1. In Remark 4.8, we presented an alternative bound via Stein’s method without proving
a uniform bound for (¢'(z)f.(z))’. As we can see, the additional terms in this bound are of smaller
order than O(n~1/?), using A = n=%/4,

Proof of Theorem 1.4. (1) Let 8, — 1 = % and W = S,,/n®/%. For the distribution function F, in
Theorem 1.4 we obtain 1(z) = vz — 32°. Moreover we have
E[W — W'|W] = L= Onyy n W R(Bn, W) (5.1)
[ - ] - n + 3/2 T + s .

with R(B,, W) = O(n=2). With 8, — 1 = % we obtain

1 ~
E[W — W'|W] = WW + @}2 5+ B(Bn, W) = =550 (W) + R(Bn, W)

with R(3,, W) = O(n~2). Now we only have to adapt the proof of Theorem 1.3 step by step, using,
that the sixth moment of W is bounded for varying (3,,, see Lemma 1.13. Hence by Lemma 4.2 and
Theorem 4.6, part (1) is proved.

(2): we consider the case |8, — 1| = O(n~!) and W = S,,/n?*. Now in (5.1), the term %W will

be a part of the remainder:

3 W3 - 2 .
E[W — W/|W] = 53/2 3 (B, W) + 5W— n€/2w(W)+R(ﬁn,W)

with ¢(z) := 23/3. Along the lines of the proof of Theorem 1.3, we have to bound %R‘ with A = n‘;?/g

But since by assumption

1 (1 _ﬁn) _ \/ﬁ(l _/Bn)

n—oo \ n a B?L

=0,

applying Theorem 4.6, we obtain the convergence in distribution for any (3, with |3, — 1| < n~1/2,
and we obtain the Berry-Esseen bound of order O(1/+/n) for any |3, — 1] = O(n™1).

(3) Finally we consider |3, — 1| > n~"/2 and W = MS Now we obtain
1—fBn W w3 .
E[W - W/|W] = nﬁ W+ BnQ + (15_ 3 )— + R(ﬁm ) = _)‘w(W) + R(ﬂm W)

with A = (1_n—ﬁ") and ¢¥(x) = —x. We apply Corollary 2.8: with A =
A14% =n~12(1 - 6,)Y/2 and

(1 — B,)"/2, one obtains

%I

E|R(B,, W) - __const
A ~n(l-3,)%
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Moreover
EWV—W@ﬂwyzﬂlg@J—2“;@”%§:&nmw@mmxn
i=1
Hence
1 N2 _ 571 2 571 52 W4 _ 571
1= gV W = [ = 2 S B e rG | =0 )

Hence with |3, — 1| > n~/2 we obtain convergence in distribution. Under the additional assumption

|3, — 1| > n~Y* we obtain the Berry-Esseen result. U
6. PROOF OF THE GENERAL CASE

Proof of Theorem 1.7. Given g which satisfies the GHS-inequality and let « be the global minimum
of type k and strength p(a) of G,. In case k =1 it is known that the random variable % converges
in distribution to a normal distribution N(0,0?) with 0% = pu(a)™* — 87! = (0,2 — )7, see for
example [10, V.13.15]. Hence in this case we will apply Corollary 2.9 (to obtain better constants for

our Berry-Esseen bound in comparison to Theorem 4.7).

Consider £ > 1. We just treat the case a = 0 and denote p = p(0). The more general case can

be done analogously. For k = 1, we consider ¢(z) = — 25 with 02 =y~ — Bt For any k > 2 we
consider
. H 2k—1
V@) =~ Gr o)
We define
1 n
W= Wiy = 1—1/(2k) ZXi

=1

and W', constructed as in Section 3, such that

X - X;

r_ I

w-w T opl-1/(2k)”

We obtain
EW W’}"—lVV 71 L nEX'}"
[ - ‘ ]_E _nl_l/(gk)E; ( z‘ )

Now we have to calculate the conditional distribution at site i in the general case:
Lemma 6.1. In the situation of Theorem 1.7, if X1 is p-a.s. bounded, we obtain

E(X/F) = (mi(X) — %G;w,mxxw) (1+0(1/n))
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Proof. We compute the conditional density gg(x1|(X;)i>2) of X1 = z1 given (X;);>2 under the Curie-
Weiss measure:
B2z 01 Xi+ 40 XiXjtad)

f 65/2"(21'22 xlXi+Zi#j22 Xin—HC%) Q(dwl)

95(21|(Xi)i>2) =

6,8/211(2222 z1X;+x2)

[ PPz w1 Xit o) oy )

Hence we can compute E[X{|F] as

fxleﬁ/%(zm z1X;s +m1) (dl‘l)

[Xl‘F] f B/2n(3; 50 w1X5 +2) (da:l) .
Now, if [X1] < ¢ g-as
E[X||F] < J @yl iz X0 o g )0/ 20
1 J Pzt D o gy e e 2n
and
EX]|F] > w2z X o (g et /2n
1 =

f 65/2”(222 $1Xi+$%)g(dxl)e,802/2n ’
By computation of the derivative of G, we see that
[ e X ()
= w1 Xit 1) o (day)

I — (1 (X) = G, (8, (X)) (1% 56 m).

0

Remark 6.2. If we consider the Curie-Weiss model with respect to ﬁnﬁ, the conditional density
98(21|(X;)i>2) under this measure becomes

B2 50 w1 X5)
feﬁ/%(zigz rlXi)Q(dJ;]_).

9p(@1|(Xi)i>2) =

Thus we obtain E(X/|F) = (m;(X) — %G’g(ﬂ, m;(X))) without the boundedness assumption for the
X;.

Applying Lemma 6.1 and the presentation (1.5) of G, it follows that

E[W — W|W] = %W _ m <% ;<mi(X) - mm“)%‘l + (’)(mi(X)2k)>>.

With m;(X) = m(X) — £ and m(X) = %W we obtain

n

1
ni— 1/ (2k) Zm’ - ﬁw

and
1 2k—1

1 2k —1
pEye) Zm (X = e Sak T Z( )mm% e ZX”
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For any k > 1 the first summand (I = 0) is
1 p 2%—1
w =—
2-% B(2k — 1)! n2 %
To see this, let k¥ = 1. Since we set ¢”(0) = 1, we obtain u(0) = 8 — 3% and therefore %M(O)W =
(1—pB)W. In the case k > 2 we know that # = 1. Hence in both cases, (6.1) is checked. Summarizing

we obtain for any k£ > 1

Y(W). (6.1)

E[W — W] = —n;_% GOW) + ROV) = —Mb(W) + R(W)
with
2k—
kW) = %WJF B(Zku—l e 1/ (2k) Z <2k_1> (X717 ! ZXZJFO %)

2k—1
1 2k — 1 1 op—1-1(=1)" 1)! . W2k
- s 2 () ) S et

2k
With Lemma 1.13 we know that E|W|?* < const. We will apply Corollary 2.9, if £ = 1 and Theorem
4.7 for k > 2. In both cases we apply Lemma 4.2. Since the spin variables are assumed to be bounded

o-a.s, we have
const.

W —w'l < =: A.

n ﬁ
Let k=1 Now A =1 4= const./n~1/2 E(W*) < const. The leading term of R is W/n?. Hence
the last four summands in (2.14) of Corollary 2.9 are O(n~/?).

For k£ > 2 we obtain %E(W(W)D = (’)(nﬁ_l) and § (d“fd) O(n% . Tl‘helleading term in 1the
second term of R(W) is the first summand (I = 1), which is of order O(n=3t%*2F). With A = n&¥ 2

we obtain

E(R) _ E(W]) Lo E(W]) 1k
\ < 2 +O(nz"") and S O(n / ).
Hence the last four summands in (4.10) of Theorem 4.7 are O(n~/*).

Finally we have to consider the variance of %E[(W—W’ )2|W]. Hence we have to bound the variance
of

e DX 5 SO EIXPIF + 1 3 (i) - SGLBm(X) ) (1+0(1/m). (62
=1 =1 =1

Since we assume that ¢ € GHS, we can apply the correlation-inequality due to Lebowitz (see Remark
1.12)

E(X; X; Xp X)) — B(X; X,)E(X, X)) — E(X; X0)E(X, X)) — E(X;X)E(X;X;) <O0.

The choice ¢ = k and j = [ leads to the bound

Cov(X7,X7) = E(X7X7) — E(X])E(X?) < 2(E(X; X))
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With Lemma 1.13 we know that (E(X;X;))? < const.n~?*. This gives

Var(% D XP) = 4—7112 > Var(X?) + 4—7112 Y Cov(X7,X7)=0(n"") +0(n ).
i=1

i=1 1<i<j<n

Using a conditional version of Jensen’s inequality we have

1< 1<
Var(E(%ZXf‘}")) < Var(%ZXf).
1=1 =1

Hence the variance of the second term in (6.2) is of the same order as the variance of the first term.
Applying (1.5) for G, the variance of the third term in (6.2) is of the order of the variance of W?2/n!/*.
Summarizing the variance of (6.2) can be bounded by 9 times the maximum of the variances of the

—2/k

three terms in (6.2), which is a constant times n , and therefore for £ > 1 we obtain

(w(% E[(W — W’)Q\W]>>l/2 — O(n- k),

Note that for k > 2
1[)(:E) _ 332k_1

~EWy(W)  E(W)
Hence we compare the distribution of W with a distribution with Lebesgue-probability density pro-

portional to exp(— Wﬁf{k/%)) - -

Proof of Theorem 1.8. Since « = 0 and k =1 for 5 # 1 while « =0 and k > 2 for § =1, G,(-) can

now be expanded as

G(s) = G(0) + Pl Fb gk O(s?*t1) as s —0.

2 (2k)!
Hence ﬁ% Gy(s) = Grs+ %s%_l + O(s%). With Lemma 6.1 and p; = (1 — /3,,)3,, we obtain
EIXGIF) = fmi(X) = 5=5pgsma (X (L 0(1/m))
We get
EW — W] = _nﬁ”w + %W + nz_ll/k ﬁn@Zk_ 0 W+ R(B,, W).

The remainder R(3,, W) is the remainder in the proof of Theorem 1.7 with p exchanged by py and g
exchanged by 3,.

Let B, — 1 = Iz and W = nt/CR=15™" X, We obtain

1 p
EW - W'|W| = —WQZJ(W) + n—;LW + R(Bn, W), (6.3)
where ¢(x) = yr— maj%_l. As in the proof of Theorem 1.7 we obtain that R(3,, W) = O(n~2).
Now we only have to adapt the proof of Theorem 1.7 step by step, applying Lemma 1.13, Lemma 4.2
and Theorem 4.7.
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Let |3, — 1| = O(1/n) and W = n/ZR=15°" X, Now in (6.3), the term %W will be a part of

the remainder:

1 ke 241 Bn — Bn
— / f—t
E[W — W'|W] n2—1/kﬂn(2k—1)!w + R(Bn, )+ W+ - W
1 .
=: —m¢(w)+3(57w)
with ¥(z) = —%m%_l. Following the lines of the proof of Theorem 1.7, we have to bound

w with A := Wl—uk Since by our assumption for (3, ), we have

— nﬁn) = Bn(1 - ﬁn)nl_l/k = 0.

Thus with Theorem 4.7 we obtain convergence in distribution for any 3, with |3, — 1| < n~(1=1/k),

Moreover we obtain the Berry-Esseen bound of order O(n~/*) for any |3, — 1| = O(n~1).
Finally we consider |8, — 1| > n~(171/2 and W = (=Bn) g = A little calculation gives

1—-75, Bn W Kk
n T TR S DA = AR5,

Corollary 2.9. With A := % we obtain

3 _B\1/2 2
A° < const.(1 — () and E|R(Bp, W)| < const .
A N A nk=1(1 — §,)k
Remark that the bound on the right hand side is good for any |3, — 1| > n~(=1/K) _ Finally we have
to bound the variance of 5 E[(W — W’)%|W]. The leading term is the variance of

%;x (1m:03) = 56408.m()) ).

which is of order (’)( (=3, )). Hence with |8, — 1| > n~(1~1/%) we get convergence in distribution.
Under the additional assumption that |3, — 1| > n~(1/2=1/(2k)) we obtain the Berry-Esseen bound. [

E[W—W'|W] = WL R(B, W) =1 =Mp(W)+R (B, W)

with ¢(z) = —z and A = =5

Proof of Theorem 1.10. We apply Theorem 4.7. For unbounded spin variables X; we consider ﬁn,@
and apply Lemma 6.1 to bound +/Var(E[(W — W’)2|W]) exactly as in the proof of Theorem 1.7. By
Theorem 4.7 it remains to bound +E|W — W’[3. With A = n~2+t1/k we have

1 1
nl—1/2k nl—1/2k

1
XE|W—W’|3 —E|X; - X} = ——=E|X; — X .

Now E|X; — X/ < E|X; 2+ 3E| X2 X/ | + 3E| X1 (X})?| + E|X}|?. Using Holder’s inequality we obtain
EIX2 X)) < (BIX, )Y (B1X]1?)? < max(E|X; 2, E|X] ).
Hence we have
1
X1E:|W —W'P <

8
m maX(E|X1|3, E|X{|3)

Thus the Theorem is proved. g
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7. EXAMPLES

It is known that the following distributions ¢ are GHS (see [11, Theorem 1.2]). The symmetric

Bernoulli measure is GHS, first noted in [9]. The family of measures

oa(dz) = ad, + ((1 — a)/2) ((55,;_1 + 5x+1)
for 0 < a < 2/3 is GHS, whereas the GHS-inequality fails for 2/3 < a < 1, see [21, p.153]. GHS
contains all measures of the form

oy (dx) := (/]R exp(—V(z)) d:r)_l exp(—V(z)) dz,

where V is even, continuously differentiable, and unbounded above at infinity, and V' is convex on
[0,00). GHS contains all absolutely continuous measures ¢ € B with support on [—a,a] for some
0 < a < oo provided g(x) = do/dz is continuously differentiable and strictly positive on (—a,a)
and ¢'(z)/g(z) is concave on [0,a). Measures like o(dz) = const.exp(—az* — ba?) dz or o(dz) =
const. exp(—a coshx — bx2) dx with a > 0 and b real are GHS. Both are of physical interest, see [11]

and references therein).

Example 7.1 (A Curie-Weiss model with three states). We will now consider the next simplest
example of the classical Curie-Weiss model: a model with three states. Observe, that this is not the
Curie-Weiss—Potts model [15], since the latter has a different Hamiltonian. Indeed the Hamiltonian
considered in [15] is of the form % > ; 0z,,2;- It favours states with many equal spins, whereas in our

case the spins also need to have large values. We choose p to be
2 1 1
0= géo—i-g(s_\/g-i-g(s\/g

This model seems to be of physical relevance. It is studied in [24]. In [3] it was used to analyze the
tri-critical point of liquid helium. A little computation shows that

d? sinh(z v/3) v/3 (cosh(z v/3) — 1)

453 0e(s) =6 2 5 g =

ds 12 cosh(z v/3) + 6 cosh(x v/3)2 + cosh(x v/3)3 + 8
for all s > 0. Hence the GHS-inequality (1.10) is fulfilled (see also [11, Theorem 1.2]), which implies

that there is one critical temperature . such that there is one minimum of G for § < (. and two

minima above (.. Since Var,(X;) = 2% -3 =1 we see that 5. = 1. For 8 < 3. the minimum of G is
located in zero while for 8 > 1 the two minima are symmetric and satisfy
V/3sinh(v/33s)
°T Y + cosh(v/33s)

Now Theorem 1.7 and 1.8 tell that

e For 3 < 1 the rescaled magnetization S,,/+/n satisfies a Central Limit Theorem and the limiting

variance is (1 — 3)~!. Indeed, %QSQ(O) = Var,(X1) = 1. Hence p; = 8 — % and o2 = ﬁ
Moreover we obtain
sup |Pa (22 < 2) — by ()| < =
z€R \/ﬁ n
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5/6

e For 3 = . = 1 the rescaled magnetization S,,/n°/® converges in distribution to X which has

the density f36,1. Indeed po is computed to be 6. Moreover we obtain

Sp =~ C
| Gare < 2) = 50| <

where the derivative of ﬁg is the rescaled density exp (—Wg/ﬁ-)).
e If 3, converges monotonically to 1 faster than n=2/3 then nss% converges in distribution to 133,

whereas if 3, converges monotonically to 1 slower than n~2/3 then 7&_\/%”&1 satisfies a Central

~2/3 S,
’ pb/6

variable which probability distribution has the mixed Lebesgue-density

P\ w120 " 72

with ey = 35 E(W6) — yE(W?). Moreover we have
P Sn < 1 [ 4 28 x? < C
"\w6=%) "7 —0 P\ w120 T2 ~ nl/3’

Example 7.2 (A continuous Curie-Weiss model). Last but not least we will treat an example of a

Limit Theorem. Eventually, if |1 — 3,| = yn converges in distribution to a random

sup
z€R

continuous Curie-~Weiss model. We choose as underlying distribution the uniform distribution on an
interval in R. To keep the critical temperature one we define

do(zi) _ 1
dz;  2a

]I[—a,a] (:Z:Z)

with @ = v/3. Then from a general result in [13, Theorem 2.4] (see also [11, Theorem 1.2]) it follows
that o(x;) obeys the GHS-inequality (1.10). Therefore there exists a critical temperature (3., such that
for 8 < [3. zero is the unique global minimum of G and is of type 1, while at 8. this minimum is of type
k > 2. This 3. is easily computed to be one. Indeed, u; = 8 — 5%¢"(0) = 8 — B2E,(X?) = B(1 — B),
since ¢ is centered and has variance one. Thus p; vanishes at 3 = 8. = 1. Eventually for § > 1 there

are again two minima which are solutions of

Vas_
tanh(v36z) be + z

Now again by Theorems 1.7 and 1.8

e For 3 < 1 the rescaled magnetization S, /v/n obeys a Central Limit Theorem and the limiting

variance is (1 — 3)~!. Indeed, since E,(X?) =1, u1 = 8 — 3% and 02 = 1

-8
7/8

e For 3 = . = 1 the rescaled magnetization S,,/n’/® converges in distribution to X which has

the density f46/5,1. Indeed ug is computed to be

6
By (X1) + 3B, (X}) = —2 +3 =
Moreover we obtain
~ C
"< - <
sup 2o <) - o) <
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where the derivative of ﬁ4 is the rescaled density exp(—ﬁs/s)).

e If 3, converges monotonically to 1 faster than n=3/% then n5778 converges in distribution to ﬁ4,

whereas if 3, converges monotonically to 1 slower than n =3/ then 7”_\/%5" satisfies a Central

Limit Theorem. Eventually, if |1 — §,| = 34, n€78 converges in distribution to the mixed
density
(628  2?
of-(t5-3)
with ey = %E(WS) — yE(W?2). Moreover we have
sup Pn<i < z> — l/z exp<—c_1 (ﬁx—ég —’yz—2>>' < L
eR| \nT/8 Z - Wissl 2 nl/4

Note that there is some interesting change in limiting behaviour of all of these models at criticality.
While for 8 < 1 all of the models have the same rate of convergence for the Central Limit Theorem
behaviour, in the limit at criticality the limiting distribution function as well as the distributions which
depend on some moments of W becomes characteristic of the underlying distribution p. Moreover the

rate of convergence differs at criticality (for k£ > 3).

8. APPENDIX

Proof of Lemma 4.2. Consider a probability density of the form

p(x) := pr(x) := by exp(—apz™) (8.1)

with b = fR exp(—akm%) dz. Clearly p satisfies Assumption (D). First we prove that the solutions f,
of the Stein equation, which characterizes the distribution with respect to the density (8.1), satisfies
Assumption (B2). Let f, be the solution of

fil@) + (@) f2(2) = Lz<ay () — P(2).
Here 9 (x) = —2k ap x2*~1. We have

fo(z) = { (1—P(2)) P(z) eXP(ak$2k)b;1 for z < z,

P(z) (1 — P(x)) exp(agz®*)b ' for x>z 8.2)

with P(z) := [*__p(x)dz. Note that f.(z) = f_.(—z), so we need only to consider the case z > 0.

For x > 0 we obtain

k 2k
whereas for x < 0 we have
by 2%
By partial integration we have
2k —1) o 2k 1 oy | > 2k
=y —apt??) = ———— exp(—ayt - —ait?*) dt.
| e ) = g e ()|~ [ e (a)
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Hence for any = > 0

X
b —apz?*) <1 - P(x). .
K <2k: apr?k + 2k — 1> exp(—apa™) < (z) (8:5)

With (8.3) we get for x > 0

o0

% (exp(akx%) / exp(—akt%) dt> =—-14+2k akx%_l exp(akaj%) / exp(—akt%) dt < 0.

So exp(akx%) fzoo exp(—akt%) dt attains its maximum at x = 0 and therefore

[e.e]

exp(akm%) bi / exp(—akt%) dt <

T

N =

Summarizing we obtain for x > 0
. 1 bk 2k
1-— P(IIZ’) < mln(i, W) exp(—akx ) (86)

With (8.4) we get for x < 0

T

i <exp(akaj2k) / exp(—akt%) dt> =142k akx%_l exp(akaj%) / exp(—akt%) dt > 0.

dx —00 —00
So exp(akx%) ffoo exp(—akt%) dt attains its maximum at z = 0 and therefore

r 1
exp(akx%) b / exp(—akt%) dt < 5
Summarizing we obtain for x < 0
1
P(z) < min<— b7k> exp(—akm%). (8.7)

27 2k ay, |z|?k—1

Applying (8.6) and (8.7) gives 0 < f.(z) < ﬁ for all . Note that for x < 0 we only have to
consider the first case of (8.2), since z > 0. The constant ﬁ is not optimal. Following the proof of
Lemma 2.2 in [6] or alternatively of Lemma 2 in [22, Lecture II] would lead to optimal constants. We
omit this. It follows from (8.2) that

f) (1 - P(z)) [1 + 22712k a;, P(z) exp(arpa®)b,t|  for z < z,
\T) =
P(z) [(1 — P(z)) 2k a, %71 exp(agz®)b, ! — 1| for x > z.
With (8.3) we obtain for 0 < z < z that

fi(z) < (1= P(2)) [z%—l 2k aj, P(2) exp(akz%)bgl} +1<2.

The same argument for > z leads to |f.(z)] < 2. For x < 0 we use the first half of (8.2) and

apply (8.4) to obtain |f.(x)| < 2. Actually this bound will be improved later. Next we calculate the
derivative of —(z) f.(x):

k

RV (l_bﬂ [P(w)e“km% <2k(2k — Dagz®2 + (2k)2aix4k_2> + 2kakm2k_1bk], x <z,
—(x)f.(x)) =
%:) [(1 - P(x))e“kr% <2k(2k — Dagz®2 + (2k)2aix4k_2> - 2kakm2k_1bk} , T >z

(8.9)
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With (8.5) we obtain (—¢(z)f.(x)) > 0, so —(x)f,(z) is an increasing function of x (remark that
for x < 0 we only have to consider the first half of (8.2)). Moreover with (8.3), (8.4) and (8.5) we
obtain that

lim 2ka,xz®*1f. () =P(z) —1 and lim 2kag 2?71 f.(z) = P(2). (8.10)

T——00 T—00

Hence we have |2kay 2?*7!f.(z)] < 1 and |2k ap(2® 7 f.(z) — w?*7 ! f.(u))| < 1 for any z and u.
From (8.3) it follows that f.(x) > 0 for all z < z and f.(z) < 0 for z > z. With Stein’s identity
fi(x) = —Y(2) fo(x) + L{z<zy — P(2) and (8.10) we have

0< fi(z) < —(2)f.(2)+1—P(z) <1 for z<z
and
1< —Y(2)f.(2) = P(z) < fl(z) <0 for z> 2.
Hence, for any = and y, we obtain
[fi(@)] <1 and |fi(z) — fL(y)| < max (1, —(2) fo(2) + 1 = P(2) = (=9(2)f2(2) — P(2))) = L.

Next we bound (—¢(z)f,(x)). We already know that (—(z)f,(x)) > 0. Again we apply (8.3) and
(8.4) to see that

forx > z > 0and all z < 0. For 0 < z < z this latter bound holds, as can be seen by applying
this bound (more precisely the bound for (—i(z)f.(z)) 2 for x > z) with —z for z to the formula

P(2)
for (¢(z)f.(x)) in z < z. For some constant ¢ we can bound (¢(x)f.(z))" by ¢ for all |z| > Lc_l
Moreover, on [—Lc_l, Lc_l] the continuous function (—(x)f.(z))" is bounded by some constant d,

hence we have proved
| — (¥ (@) f:(2))'] < max(c,d).

The problem of finding the optimal constant, depending on k, is omitted. Summarizing, Assumption
(B2) is fulfilled for p with do = d3 = 1 and some constants d; and dy.

Next we consider an absolutely continuous function b : R — R. Let f};, be the solution of the Stein
equation (4.2), that is

1 z 1
fila) = = / (h(e) = Ph)plt) dt =~

[o¢]
/ (h(t) — Ph) p(t) di.
xr
We adapt the proof of [6, Lemma 2.3]: without loss of generality we assume that ~(0) = 0 and put
eg := sup, |h(z) — Ph| and ey := sup,, |h/(z)|. Form the definition of f, it follows that |fp(z)| < eoﬁ.
An alternative bound is ¢ e; with some constant ¢; depending on E|Z|, where Z denotes a random

variable distributed according to p. With (4.2) and (8.5), for = > 0,

(@) < |h(z) — Ph| - g(x)e™™ / [h(t) — Phle™™ dt < 2.



36 PETER EICHELSBACHER AND MATTHIAS LOWE

An alternative bound is ¢z e; with some constant co depending on the (2k — 2)’th moment of p. This

is using Stein’s identity (4.2) to obtain
i) = —es= [Tt w0 s(0)e " e
The details are omit. To bound the second derivative f;’, we differentiate (4.2) and have
i (x) = (V¥ (@) =9 (2)) fu(2) — ¥ (@) (h(x) — Ph) + I (2).

Similarly to [6, (8.8), (8.9)] we obtain

h(z) — Ph = /

— 00

xT

B (t)P(t)dt — /OO B'(t)(1 — P(t))dt.
It follows that

ful@) = = e (1 - P(a)) /

bk —00

xT

1 o

R (t)P(t)dt — b—eakl’%P(:p) / R (t)(1 — P(t))dt.
k T

Now we apply the fact that the quantity in (8.9) is non-negative to obtain

(@) < [W(@)] + |(#*(2) — ¢'(2)) falz) = d(@) (h(z) — Ph)|

< W)+ \ (~v) -~ - (@)~ ) 1= p@)) [ rore dt'
H (00 - 5 (20) ~ w@)e ) ) [~ Poyar
< |W(@)|+el <1/1(x) + i(zp?(x) — () e (1 — P(x))) /_ OO P(t)dt

e (—wm 4o () - w’<x>)eakf2’“P<w>) / T P .

Moreover we know, that the quantity in (8.9) can be bounded by 2"“;‘1, hence
20, (2k — 1 £ o
|f,’1’(:p)|§el+el%</ P(t)dt—l—/ (1—P(t))dt>.

Now we bound

[e.e]

|/_w P(t)dt + /00(1 — P(t))dt| = |zP(z) — z(1 — P(z)) +2/ tp(t) dt| < 2|z| + 2E|Z|,

where Z is distributed according to p. Summarizing we have |f} ()| < cgsup, |h'(x)| for some constant
c3, using the fact that f; and therefore f; and f; are continuous. Hence f, satisfies Assumption
(B1). O

Sketch of the proof of Remark 4.3. Now let p(z) = by, exp(—akV(aj)) and V satisfies the assumptions
listed in Remark 4.3. To proof that f, (with respect to p) satisfies Assumption (B2), we adapt (8.5)
as well as (8.6) and (8.7), using the assumptions on V. We obtain for z > 0

V'(z)
g <V”(a:) +apV(z)

2> exp(—ay V(z)) <1— P(z).
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and for £ > 0

1
1—P(x) < min( i

2 m) exp(—ak V(m))

and for £ < 0

(1 b
P(z) < mln(i, m) exp(—ax V().

Estimating (—(x)f.(z))" gives

—P\x T ! cons m
(~0(a)f.(a)) < const. T

By our assumptions on V, the right hand side can be bounded for z > d with d € R and since

Y(x)f.(z) is continuous, it is bounded everywhere. O

Acknowledgement. During the preparation of our manusscript we became aware of a preprint of S.

Chatterjee ans Q.-M. Shao about Stein’s method with applications to the Curie-Weiss model. As far

as we understand, there the authors give an alternative proof of Theorem 1.2 and 1.3.
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