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Abstract. We study positive bounded wave solutions u(t,z) = ¢(v - x + ct),
¢(—o0) = 0, of equation w;(t, x) = Au(t,z) —u(t,x) + g(u(t — h,x)), © € R™ (x).
It is supposed that Eq. (*) has exactly two non-negative equilibria: u; = 0 and
ug = k > 0. The birth function g € C(R,, R, ) satisfies a few mild conditions: it
is unimodal and differentiable at 0, k. Some results also require the positive feed-
back of g : [g(max g), max g] — R, with respect to . If additionally ¢(+o00) = &,
the above wave solution u(t,x) is called a travelling front. We prove that every
wave ¢(v - x + ct) is eventually monotone or slowly oscillating about x. Further-
more, we indicate ¢* € R, U {+oo} such that () does not have any travelling
front (neither monotone nor non-monotone) propagating at velocity ¢ > ¢*. Our
results are based on a detailed geometric description of the wave profile ¢. In
particular, the monotonicity of its leading edge is established. We also discuss
the uniqueness problem indicating a subclass G of “asymmetric’ tent maps such
that given g € G, there exists exactly one travelling front for each fixed admissible
speed.

Keyword: Time-delayed reaction-diffusion equation, slow oscillations, small so-
lution, semi-wavefront, travelling front, single species population model.
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1. Introduction and main results. We study travelling wave solutions of the
delayed reaction-diffusion equation

w(t,x) = Au(t,z) — u(t,z) + g(u(t — h,x)), u(t,x) >0, x € R™, (1)

which has exactly two non-negative equilibria vy = 0, us = k > 0. The nonlin-
earity g is called the birth function, therefore it is non-negative. Throughout all
the paper we assume that ¢ satisfies the following unimodality condition

(UM): g : Ry — R, is continuous and has only one positive local extremum
point x = x)s (global maximum point). Furthermore, g(0) = 0, g(k) = &
and there exist ¢'(0) > 1, ¢'(k).

It is clear that (UM) implies that ¢ is strictly monotone on [0,z,] and on
[p7, +00). For example, (UM) is satisfied for the diffusive Nicholson’s blowflies
equation. Since the biological interpretation of u is the size of an adult population,
we consider only positive bounded wave solutions u(z,t) = ¢(v-x + ct), ||v| = 1.

Before going further, let us fix some terminology. We say that wave solution
u(z,t) = p(v-x+ct), ||v|| =1, is a wavefront (or a travelling front), if the profile
function ¢ satisfies ¢(—o0) = 0 and ¢(+o0) = k. In fact, such a profile ¢ is a
positive heteroclinic solution of the delay differential equation

ex”(t) — a'(t) — x(t) + g(x(t — h)) =0, tER, (2)

where € = ¢ > 0. Notice that ¢ may not be monotone. Following [8], we

call positive bounded solutions ¢(v - x + ct) of (1) satisfying ¢(—o0) = 0 semi-
wavefronts. Slightly abusing the terminology we will also call ¢ the wavefront (or
semi-wavefront) for Eq. (2).

If we take h = 0in (1), we get a monostable reaction-diffusion equations without
delay. The problem of existence of travelling fronts for this equation is quite well
understood. In particular, for each such equation we can indicate a positive
real number ¢, such that, for every ¢ > c,, it has exactly one travelling front
u(z,t) = ¢(v - x + ct), see [8, Theorem 8.3 (ii) and Theorem 8.7]. To find
¢, we can use one of the variational principles for the front speeds, e.g., see
[4, 8, 10]. Furthermore, Eq. (1) does not have any travelling front propagating at
the velocity ¢ < ¢,. The profile ¢ is necessarily strictly increasing function, e.g.
see [8, Theorem 2.39].

However, the situation will change drastically if we take h > 0. In fact, at the
present moment, it seems that we are far from proving similar results concern-
ing the existence, uniqueness and geometric properties of wavefronts for delayed
equation (1). This despite that fact that the existence of travelling fronts in (1)
was recently intensively studied (e.g. see [6, 7, 12, 13, 18, 19, 20, 21, 22]) for some
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specific subclasses of birth functions. Certainly, so called monotone case (when g
is monotone on [0, |) is that one for which the most information is available. But
so far, even for equations with monotone birth functions nothing is known about
the number of wavefronts (modulo translation) for an arbitrary fixed ¢ > ¢,. In
fact, we don’t know how to determine ¢, for a monotone g which does not meet
the sublinearity condition g(z) < ¢’(0)z. The situation when ¢ is not monotone
on [0, x] is much more complicated. For example, it is not clear whether exists
Eq. (1) which does not have any travelling front.

The main results of this paper answer some questions raised above:

Theorem 1.1 (Monotonicity of the leading edge of semi-wavefronts).

Consider semi-wavefront u(z,t) = ¢p(v-x+ct), ||v|]| =1, to Eq. (1). Then we can
indicate some T3 > 175 > 11 € RU{+00} such that ¢'(s) > 0 on (—oo, 1)U (72, 73)
and ¢'(s) < 0 on (11,72). Furthermore, Ty is finite if and only if ¢(11) > k.
Similarly, T is finite if and only if ¢(m2) < K.

It is worth to mention that liminf, ., . ¢(s) > d > 0, where d does not depend
on ¢, ¢. See [21] where the uniform permanence of semi-wavefronts was proved.

To state other theorems, we will need the concept of slowly oscillating solutions
to Eq. (2). In Definition 1, we follow closely [16].

Definition 1.1. Assume that the restriction g : [g(max g), max g] — R has the
positive feedback with respect to the equilibrium r (i.e. (g(x) — Kk)(x — k) <0,
r# k). Set K= [—h,00U{l}. For any ¢ € C(K)\ {0} we define the number of
sign changes by  sc(¢) =
sup{k > 1: there exist t, < --- <ty such that ¢(¢t;_1)¢(t;) <0 for j > 1}.

We set sc(¢) =0 if ¢(s) >0 or ¢(s) <0 for s € K. Being x : [a — h,+o0) — R
a non-monotone solution of Eq. (2), we set (T;)(s) = z(t +s) — k if s € [—h, 0],
and (Z;)(1) = 2'(t). We will say that z(t) is slowly oscillating about k if, for each
t > a, we have either sc(x;) =1 or sc(z;) = 2.

The critical speeds c,, c* are defined below:

Definition 1.2. (a) ¢* > 0 is the biggest real number such that equation
()22 — 2 — 1+ ¢ (k) exp(—2zh) =0

has only one root in the half plane {Rz > 0}.
(b) ¢« > 0 is the smallest real number such that equation

(c.) 222 — 2 — 1+ ¢'(0)exp(—zh) =0
has at least one real Toot in the half plane {Rz > 0}.



4 Trofimchuk, Tkachenko and Trofimchuk

Theorem 1.2 (Semi-wavefronts are either monotone or slowly oscillating).
Assume that g : [g(max g), max g] — R has the positive feedback with respect to
kand g (k) <0, ¢'(0) > 1. Ifu(z,t) = ¢p(v-xz+ct), ||v|| =1, is a semi-wavefront
to Eq. (1), then ¢ is eventually either monotone or slowly oscillating around
k. Furthermore, if ¢ > ¢* then the profile ¢ has to develop non-decaying slow
oscillations around k.

It follows from [17] that these non-decaying slow oscillations are asymptotically
periodic if g : [g(max g), max g] — R, is decreasing.

Corollary 1.1 (Admissible wavefront speeds and non-existence of fronts).

If all the conditions of Theorem 1.2 are satisfied then Eq. (1) does not have any
travelling front (neither monotone nor non-monotone) propagating at velocity
¢ > c* orc < c.. In consequence, if c¢* is less than c., then Eq. (1) does not
possess any travelling front.

The above result gives a strong argument supporting the conjecture from [21]
that if the Schwarz derivative of sublinear ¢ is negative and ¢, < c¢*, then the
set of all admissible wavefront speeds coincides with the interval [c., ¢*]. Observe
that ¢, is the minimal speed of propagation of semi-wavefronts if g(z) < ¢’(0)x,
x>0, e.g. see [21].

Finally, we discuss the uniqueness (up to translations) of positive wavefront for
a given admissible speed c. There exist a very few theoretical studies devoted to
this problem. To the best of our knowledge, the uniqueness was established only
in two limit cases: for small delays in [1] and for large speeds in [2]. Here, we
indicate a family G of unimodal and piece-wise linear g for which the problem of
the existence of travelling fronts can be solved in the closed form. The elements
of G are defined as follows:

Let d > 1, 6 >0, a € [—1,1) be given and satisfy af + b = df, ax + b = k for
some b, k. Then b > 0, k > 6 and the piece-wise linear function

du, for z € ]0,0];
g(x) = g(z,a,d,0) = { [0, 6]

ar + b, if x € [/, max{k,dd}],
is continuous and ¢(0) = 0, g(k) = k. Set G = {g(z,a,d,0) : a € [-1,1),d >
1,0 > 0}. It is clear that G is sufficiently representative since ‘asymmetric’ tent
maps mimic the main features of general unimodal birth functions. Thus we hope
that Theorem 1.3 below can be extended for all unimodal smooth nonlinearity g,
in this way the above mentioned uniqueness result from [8, Theorem 8.7] could
be proved for equations with delay.

Theorem 1.3 (On the uniqueness of the travelling front). For g € G, there exists
exactly one wavefront for each fized admissible speed.
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The structure of this paper is as follows: in the next section, we prove the
monotonicity of the leading edge of semi-wavefronts. This monotonicity will imply
that the initial segment of the semi-wavefronts considered within positive feedback
invariant domain is monotone or slowly oscillating. In the third section, we study
the dependence of roots to the characteristic equation in the positive steady state
of (2) on the parameter ¢ = ¢ 2. In Section 4, under the positive feedback
condition, we establish that semi-wavefronts are (eventually) either monotone
or slowly oscillating. This section also contains the hardest part of the proof
of Theorem 1.2: if ¢ > ¢* then the profile ¢ has to develop non-decaying slow
oscillations around k. Finally, in Section 5 we show how the problem of travelling
wavefronts can be solved in the closed form for the birth functions in G. This
will imply that, given g € G, there exists exactly one wavefront for each fixed
admissible speed.

2. Monotonicity of the leading edge of semi-wavefronts. For given ¢ > 0
we will denote by A < 0 < u the roots of €22 —z—1 = 0. Also, we set € := e(u—2N\).
In this section, always assuming (UM), we study the monotonicity properties of
semi-wavefronts to the equation

ex'(t) —2'(t) —x(t) + glx(t —h)) =0, teR. (3)

Lemma 2.1. Let x be a semi-wavefront to Eq. (3). Then /'(t) > 0 on some
mazximal interval (—oo, o).

Proof. Looking for a contradiction, we admit that there exists a sequence
t, — —oo such that 2/(¢,) = 0 for every n. Set &(t) = g(x(t — h))/x(t — h),
yn(t) = x(t + t,)/x(t,). Since x(—o0) = 0, without the loss of generality we can
suppose that z(t) < z(t,), {(s+1t,) < 2¢'(0) for all t <t,, s <O0. It is clear that
yn(0) = 1 = maxy<o yn(t), v, (0) =0, and that y,(t) > 0 satisfies

e/ (8) — 1/ (8) — y() + E(t + ta)ylt — ) = 0. ()
A partial integration of (4) yields
/ L sy
lt) = 1 | ) = 65+ tahans = W) o)

from which we deduce the uniform boundedness of the sequence {y/ (t)}:
Y ()] < 1+24'(0), <0, neN. (6)

Together with 0 < y,,(t) < 1, t <0, inequality (6) implies the pre-compactness
of {y,(t), n € N} in the compact open topology of C'(R_,R,). Therefore, by
the Arzela-Ascoli theorem, there is a subsequence y,, (t) converging uniformly on
bounded subsets of R_ to a continuous function y(¢). Integrating (5) between
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t and 0 and then taking the limit as n; — oo in the obtained expression, we
establish that y(t), t <0, satisfies

ey (t) =/ (t) —y(t) + g'(0)y(t — h) = 0. (7)

Additionally, 3'(0) = 0 and 0 < y(t) < 1 =y(0), t < 0. Since (3) possesses a
semi-wavefront x, equation (7) has exactly two real positive eigenvalues (counting
multiplicity) 0 < Az(€) < A(€) while other eigenvalues satisfy R\;(€) < Az(€), see
[20, 21]. Therefore, for every b > A;(€), it holds that

y(t) = w(t) + exp(bt)o(1), t — —o0,

where w(t) is a finite sum of eigensolutions of (7) associated to the eigenvalues
Aj with ®A; > 0. Moreover, the positivity of y implies that

(1) = { Az exp(Aa(€)t) + Arexp(Ai(e)t) + C(2), if Aa(e) < Ai(e);
4 exp(\(e)t)(Az + Ayt) + ((t), if Aa(e€) = Ai(e),

where ( is a small solution of (7) at —oo in the sense that tlir_n C(t)exp(bt) =0

for every b € R.

We claim that ((¢) = 0 for all ¢ < 0. Indeed, suppose that ((gq) # 0 for some
g < 0 and consider another small solution u(t) = ((¢+t),t < 0,u(0) # 0, of (7).
Multiplying this equation by exp(—zt) and then integrating obtained expression
on (—o0, 0], we get that

0
u(z) = ®(2)/A(z), where 4(z) = / e #u(s)ds, A(z) = ez —z—1+g'(0)e ",
O (2) = e(zu(0) + u'(0)) — u(0) — ¢'(0) foh e *u(s — h)ds.

Since u is a small solution, we find that @ is an entire function. Furthermore,
since ¢'(0)u(0) # 0 the entire functions ®(z), A(z) are of the same exponential
type h (see [5, Theorem 2.1, p. 137]). On the other hand, ®(z), A(z) are polyno-
mially bounded in the closed right half-plane. Thus, by [5, Corollary 2.3, p.138],
we get that 4(z) is an entire function of exponential type 0. It is easy to see that
2(z) is uniformly bounded in 8z > 0. Hence, an application of the Paley-Wiener
theorem (see [5, Theorem 2.1]) yields @ = 0. Therefore u(t) = 0 for all t < 0
contradicting to u(0) # 0.

In consequence, y,,(t) converges to

y(t) = { Ay exp(Aa(€)t) + A exp(Ai(e)t), if Aa(e) < Ai(e); (8)
exp(Ai(€)t) (A + At), if Aa(€) = Aq(e).
Next, observe that y,;(t), yn,(0) = 1, y;lj(O) = 0, satisfy, for all t € R,

peMt — et 1

t
Yn, (t) = ﬁ + Z/ (e,\(t—s) — 6u(t—s)) £(s + tnj)ynj(s — h)ds. (9)
0
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Taking limit, as j — oo, in (9) on [0, h], we see that y, (t) converges to y(t)
uniformly on [0, h]. Repeating the above procedure consecutively on the intervals
[0,2h], [0,3R],..., we establish that, in fact, y,,(t) converges to y(t) uniformly
on every bounded subset of R. Therefore y(t), t € R, given by (8) must take only
the non-negative values. It is easy to see that this requirement is incompatible
with y(0) = 1,4/(0) = 0. O

Fix some semi-wavefront x of (3) and set I'(t) := g(z(t — h)). Applying the
variation of constants formula to (3), we obtain that

z(t) = AeM + Bl + = {/ A0 (5)ds + / e“(t_s)F(s)ds} : (10)
€ a t

Suppose for a moment that I' is of bounded variation on [a, b]. Differentiating
(10) and then integrating by parts Riemann-Stiltjes integrals [3, Theorem 7.6],
we find that, for some A, B € R, the derivative z(t) = 2/(t), t € [a, b], satisfies

t b
2(t) = AeM + Bet + l/ {/ =940 (s) + / e“(ts)dF(s)} : (11)
a t

€

Lemma 2.2. If z meets the boundary conditions z(a) = zy, z2(0) =0, then

A pnit 1 rt - -
z(t) = W{ZO+§/ (e)‘(a u) _ onla “))dF(u)}

(&

w(t—a) _ A(t—a) 0 —pu _ ,—Xu
— I (w): (12)
€ ¢

e—ha _ e—)\a

>‘_ﬂ’ 1 0 a—u a—u
Z(0) = m{z@%—;l(@’“ ) — M ))dI‘(u)};

, e — et = A /0 e HU _ p—Au
Z'(a)

= Z _|_
e)\a — eHa 0 € e—Ha _ ean

dl'(u).

Proof. Formula (12) follows from (11) after taking into consideration the bound-
ary conditions. The representations for 2’(0), 2’(a) can be obtained in the follow-
ing way: first, we integrate by parts the both Riemann-Stiltjes integrals in (12).
Then we find 2/(t) differentiating the obtained expression with respect to ¢t. To
get the above formulae for 2/(0), z’(a), we need once more to integrate by parts.
Observe that, in general, we cannot differentiate Riemann-Stiltjes integrals in
(12). O

Remark 2.1 (Critical points of x(t) are isolated). Lemma 2.1 does not allow
to have T'(t) = 0 on any interval (p,q) since otherwise x'(t) = 0 for all t €
Uj>1(p—jh,q—jh). Other consequence of Lemmas 2.1, 2.2 is that the closed set
K = {s: 2'(s) = 0} does not have finite limit points. Indeed, let si be the first
limit point of K. Since function g(xz(t — h)) is strictly monotone in both small
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one-sided neighborhoods Oy, O, of s1, we see that I'(t) is of bounded variation on
O,UO,. In consequence, Lemma 2.2 can be used near sy to find that x"(s1) # 0.
Therefore s1 must be isolated in K. Notice that, under additional conditions of
C?-smoothness of g at 0 and the hyperbolicity of Eq. (7), Lemma 2.1 was proved
in [21, Remark 5.5].

Remark 2.2 implies that, for a semi-wavefront x(t), function I'(t) = g(x(t — h))
is piece-wise monotone, with finite number of local extrema on every compact
subinterval of R. In this way, I' is locally of bounded variation, that is why we
don’t require this condition explicitly in Lemmas 2.2, 2.3.

Lemma 2.3. If z(t) = 2/(t) satisfies z(—o0) =0, z(0) =0 then

) = S{e—en [ emag e [ - o)

= {e-en / : ears) + | (9 - ) | (3

Proof. Formula (13) follows from (11) after taking into consideration the bound-
ary conditions. To justify the convergence of the improper Riemann-Stiltjes in-
tegrals, it suffices to integrate them by parts. O

Theorem 2.1. Let x be a semi-wavefront to Eq. (3). If T € R is the leftmost
point where x(1) = Kk then 2/(t) > 0, t € (—o0, T].

Proof. Take o as in Lemma 2.1. Since 0 = 400 implies that z(4+00) = k and
z(t) < K, t € R, we may assume that ¢ = 0 and z(0) = 2/(0) = 0. Thus
z(t) = 2/(t) > 0 for all £ < 0. Next, arguing as in (5), (6), we find that 2/(¢) <
z(0)(1+2¢'(0)). Due to (3), this yields the uniform boundedness of |z”(¢)| on R_.
Therefore 2'(¢) is uniformly continuous on R_. An application of the Barbalat
lemma (e.g. see [22, Lemma 2.3]) gives 2'(—00) = 0.

First, we consider the case when x(0) < zj. Then I'(t) = g(xz(t — h)) is
strictly increasing on (—oo, h). Since z(t) = '(t) satisfies boundary conditions
z(—o0) = 0, 2(0) = 0, we get from (13) that z(¢) < 0 for all ¢ € (0,h]. Thus
z(t) < 0 on some maximal interval (0,07). Notice that o; must be a finite real
number since otherwise 2/(¢) < 0 on (0, +00) implying z(+o00) = 0. However, this
contradicts the uniform persistence of semi-wavefronts established in Lemma 4.3
of [21]. In consequence, oy > h is finite so that 2'(01) = z(01) = 0, 2"(01) > 0
and z(o1) < (o1 — h). On the other hand, we see that (3) implies

ex"(01) — x(oy) + g(x(oy — h)) =0,

from which we obtain z(oy — h) > x(01) > g(z(o1 — h)), a contradiction.
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Let us suppose now that x(0) € (xps, k]. Then z(t.) = ) for a unique ¢, < 0.

Case I. If t, + h > 0, then we can again use Lemma 2.3 to find that z(¢) < 0,
t € (0,t. + h]. Moreover, z”(0) = 2/(0) < 0 in view of Lemma 2.2. Therefore, if
z(0) < k and if o > 0 denotes the leftmost positive point where 2’(02) = 0, then
o9 >t +h, 2"(03) >0 and z(0y) < k.

Case II. Now, assume that ¢, +h < 0. Then 2”(0) < 0, since 2”(0) = 0 implies
k> x(0) = g(z(—h)) > K, what of course is not true. Suppose that 2'(a) = 0
for some a € (0, h]. Since I'(t) = g(z(t — h)), t € [0, a] is strictly decreasing, an
application of Lemma 2.2 yields 2'(t) = z(t) < 0, t € (0,a) and 2”(a) = 2'(a) > 0.
Hence, we can find at most one critical point a € (0, h]. In any case, we see that
if t. +h <0 then 2/(t) < 0 on (0,a).

The above considerations show that if oo > 0 denotes the leftmost positive
point where z'(02) = 0, then oy > t. + h and 2”(02) > 0, z(03) < k.

Finally, let us suppose for a moment that z(o2) < zp;. Then o9 > t,+h implies
that z(o9) < x(02 — h) < K, a contradiction in view of x(oy) > g(z(o2 — h)) >
x(oy — h). Therefore we have to suppose that x(oy) > xp. But then o9 > t, +h
implies that k > x(09 — h) > xps so that x(o2) > g(x(0 — h)) > k. This is again
a contradiction.

The above said shows that z(t) is strictly increasing with 2/(¢) > 0, at least
until its first intersection with the positive equilibrium x. O

Arguments used in the proof of Theorem 2.1 allows us to establish the strict
monotonicity of all semi-wavefronts of Eq. (3) once g is monotone on [0, &]:

Corollary 2.1. Assume that continuous g : R, — R, is strictly increasing on
0, K], there ezists ¢'(0) > 1 and equation g(x) —x = 0 has only two roots: 0 and
k. Then every semi-wavefront x of Eq. (3) in fact is a travelling front. Moreover,
2'(t) > 0 for allt € R.

Proof. Since we can set formally z); = +00, we find from the proof of Theorem
2.1 that 2/(t) > 0 on some maximal semi-infinite interval (—oo,0). If o = 400,
Corollary 2.1 is proved. If o is finite, then x(o) > k, 2'(0) = 0 and therefore,
by Lemma 2.2, z”(0) < 0. This leads to the following contradiction: z(o) <
g(x(o — h)) < max{k,z(c — h)}. O

Lemma 2.4. Let © be a non-monotone semi-wavefront to Eq. (3). Then there
exist 1 > T such that 2'(t) > 0 on (—oo,7), (1) > Kk, &'(11) = 0 and 2/(t) <0
on (1,7). If 7y is finite then x(1) < K, 2"(m) > 0. Finally, if 1 € (7,7 + h]
then 2"(11) > 0 and 2'(t) > 0 on (7,7 + h].

Observe that if 73 = 400, then wavefront = can have only one extremum (global

maximum) at 7. However, we don’t know whether this can happen under our
assumption (UM).
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Proof. Set 7 = sup{t : 2/(s) > 0, s € (—o0o,t)}. This number is finite since z
is not monotone and Theorem 2.1 implies that z(7) > &, 2/(7) = 0. Next, let ¢,
be the unique point on (—oo,7) where z(t.) = x);. We will consider two cases
depending on possible mutual positions of the points ¢, + h and 7.

Case A First, suppose that t,+h < 7. j;From Case II of the proof of Theorem
2.1, we find out immediately that either the inequality 2'(t) < 0 on (7, 7+h| or the
existence of a critical point a € (7,7 + h] of x imply all conclusions of Lemma 2.4
(with 71 = a) but the inequality x(7) < k. Now, to see that the latter inequality
holds, let us consider b := sup{t : 2/(s) > 0, s € (7,¢t)}. If z(m) > K then b is
finite, b—7 > h and 2/(b) = 0, z”(b) < 0. This gives k < x(b) < g(x(b—h)) < &,
a contradiction. Finally, if we consider the third possibility that z/(t) > 0 on
(1,7 + h] and set ¢ :=sup{t: 2'(s) > 0, s € (7,t)}, then we find that c is finite,
2'(¢) = 0 and I'(t) = g(x(t — h)) strictly decreases on (7,¢). Applying Lemma
2.2, we get a contradiction: x”(c) = 2/(¢) > 0.

Case B So we have only to study the case when t,+h > 7. As we already have
established in Case [ of the proof of Theorem 2.1, z/(t) < 0 on (7,t. + h]. Let us
suppose for a moment that there exists a € (t. + h, 7 + h] such that 2'(a) = 0.
Then applying Lemma 2.2 on [t. + h, a|, we obtain that z”/(a) > 0 (and thus we
may set 77 = a). This means that there is at most one critical point of = on
(t« + h,7 + h] (and, in consequence, on [7,7 + h|). The proof of the inequality
z(a) = z(m) < k is as above.

Now, if ¢, + h > 7 and 2/(t) < 0 on (7,7 + h|, we can set 7y = sup{t : 2/(s) <
0, s € (r,t)} > 7+ h. When 7 is finite, it holds 2/(7) = 0, 2”(r) > 0.
Furthermore, we claim that z/(¢f) > 0 in some right neighborhood of 7, € R.
Indeed, otherwise 2”(71) = 0 and therefore () = g(x(m —h)). This implies that
z(m) < k < xz(my —h). In consequence, if 2/(t) < 0 on (71, 72) and z’(73) = 0 then
Ty — 71 < h. Moreover, since k < x(m2 —h) we find that I'(t) = g(x(t — h)) strictly
increases on (71, 72). Applying Lemma 2.2, we get a contradiction: z”(7) > 0.

Finally, since 2/(t) > 0 in some right neighborhood of 7, € R, we finalize our
studies of Case B proving the inequality x(7m) < k as it was done above. Il

Corollary 2.2. Let = be a non-monotone semi-wavefront to Eq. (3). Let T
be the leftmost critical point of x(t). Then sc(T;ip) = 1 or se(Tr4p) = 2 and
9(g(zn)) < z(t) < g(ry) = max,~o g(z) for allt > T.

Proof. We need only to prove that z(t) > g(g(zas)). Let 7 be as in Lemma 2.4.
First, we see that x(m) > g(x(m1—h)) > g(g(xa)) because of x(my —h) > k. Now,
suppose that 7 is the first critical point where z(7) < g(g(xp)) < k. We have
2 (7) =0, 2"(7) >0, (7 — h) > kK > z(7) and therefore z(7) > g(z(7 — h)) >
g(g(a)). O
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Remark 2.2 (Monotonicity without assuming the unimodality). Some of the
proofs given above don’t use the full force of condition (UM). For example, as it
can be easily checked, Lemma 2.1 holds true for all positive (including unbounded)
solutions x, x(—o0) = 0, if continuous g satisfies g’'(0) > 0 and g(xz) > 0,z € R.
One can consider also the following assumption proposed in [21]:

(B): g: R, — Ry is continuous and such that, for some 0 < (; < (s,

1. g([G1, G2]) € [G1, €] and ([0, Gi]) € [0, Gl

2 Minge(, i) 9(5) = 9(Cr);
3. g(x) > x for x € (0,(1] and there exists ¢'(0) > 1;

4. In[0,(s], the equation g(x) = x has ezxactly two fized points 0 and k.
We can repeat the first part of the proof of Theorem 2.1 to establish

Proposition 2.1. Assume (B) with sup,og(s) < (2, and suppose that g in-
creases on [0, zr], xar € [C1,C2]. Let ¢ be a positive semi-wavefront to Eq. (3).
Then there ezists a unique T such that ¢(1) = xpr and ¢'(s) > 0 for all s < 7.

3. Variational equation at the positive equilibrium. In this section, we
study the zeros of the characteristic function

Y(z,€) i=e2> — 2z — 1+ aexp(—zh), a =g (k) <0,
associated with the variational equation
ex”(t) — a'(t) — z(t) + ax(t —h) =0 (14)

along the equilibrium x of Eq. (3). It is easy to check (e.g., see [21]) that all
complex zeros of 1) are simple and that, for some ¢y > 0, equation 1(z,¢y) = 0
has a negative real root zo of the multiplicity 2. In fact, (29, €g) is a bifurcation
point where two real roots merge and disappear as € — €p+.

Lemma 3.1. Fiza <0, h >0, p € [0,1], and suppose that ¢ > max{2, —2ae"}.
Then function
Up(2,€) =€z — p(z + 1) + aexp(—zh)
1) has exactly two roots Ao, A1, in the half-plane R\ > —1. Furthermore, these
roots are real and A\ < 0 < Ag;
2) does not have any root in the semi-infinite horizontal strips (—oo, 0] x (7(1+
2k)/h, (2 +2k)/h), (—00,0] x (—=7(242k)/h, —m(1+2k)/h), k € NU{0};
3) has at most two roots (counting multiplicity) on the vertical line Rz = «,
for every fixed a € R.

Proof. 1). Let u = pu(e,p) <0, v =wv(e,p) > 0, be the roots of €22 —pz —p = 0.
Since pu(e,p) > —1/2 for € > 2, we have that

le2* — pz —pl = elz — pllz — v] > €/2 > |a]e™™"
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for all z from the boundary of sufficiently large rectangles [—1, A] x [-B, B] C C.
An application of the Rouché theorem ends the proof of 1).
2). Indeed, if we take z = x + iy, * <0, yh € (7 + 27k, 27 + 27k), then

Sy (2,€) = 2exy — py — ae” " sin(yh) < 0.
3). Suppose that z; = a +iv # 20 = o+ iu, |u| # |v| satisfy ¥,(z;,€¢) = 0.
Then
ezt — pz1 — pf* = |a|* exp(—2ah) = |ez; — pz — pl*,
that implies
2 (u? + v?) 4 2(ea — 0.5p)? + 2ep + p*/2 = 0,
a contradiction. U

As it was observed in [21, Lemma 2.1 and Remark 2.2|, if for fixed a < 0, h,
€1 > 0, the equation ¥(\, €;) = 0 has a unique root in the half plane {Rz > 0},
then this property will be maintained for all € > ¢;. In consequence, from Lemma
3.1 (with p = 1) we can deduce the following

Corollary 3.1. Fiza < 0,h > 0. Then there is a unique ¢* € [0, max{2, —2ae"}]
such that ¥ (z,€) has only one zero in the half plane {Rz > 0} if and only if
€ > €*.

Remarks 3.1, 3.2 below are motivated by [14, Section 6.

Remark 3.1. Fiza <0, h >0, p €[0,1], and suppose that € > max{2, —2ae"}.
Then Lemma 3.1 implies that each zero A\, I\ > 0, of 1,(A, €) belongs to the set
{0} Uk>o Sk, where

So = (—00,0] x [0,7/h], Sk = (—00,0] x [72k/h,m(1+ 2k)/h], k € N.

Neat, it is straightforward to see that |a] < (€|z|? + |z| +1)e®*" for every zero z of
Yp(A,€). In consequence, for each j we can indicate x;(|al, e, h) < —1 such that
every root z € S; satisfies Rz € [x;(|al, €, h),—1]. Hence, equations 1 (z,e) =0
and

22 = pexp(—zh), p=|a|/e >0, (15)

have the same number of roots in each Sj;.

Remark 3.2. Consider (15) for p > 0. All complex roots of (15) are simple, and
the unique multiple (double) real root is z = —2/h, it appears when p = py :=
4/(he)?. If p is sufficiently small then all roots z, Sz > 0, (excepting one positive)
of this equation belong to Ug>oSk. Now, fix some j and take z = z;(p) € S;. If we
let p increase, then exp(Rz;(p)h)|z;(p)|? = p yields that Rz;(p) > 0 for sufficiently
large p. If z;(p;) = iv;, then we have

vih =m(2j + 1), pj =1 = (x/h)*(2] +1)%, po > py.
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In consequence, every strip S;, j > 0 possesses a unique root z;(p) for all p < p;.
When p increases trough p;, this root crosses the imaginary azis from left to right.
Hence, S; does not contain any root of (15) for p > p;. The same for the strip
So, with the unique exception that Sy contains two real roots zg1 < zga < 0 for
p < ps. Furthermore, Lemma 3.1 (8) implies that Rz;(p) < Rzi(p), p > 0, if and
only if j > 1. If p < py, then

s < Rzo(p) < Rz1(p) < 201 < 202
Remarks 3.1, 3.2 imply the following
Lemma 3.2. Take a <0, h > 0, and € > €*. Then the set

A = {)\j}j>0 U {)\07 )\017 /\02}

of all zeros \j, I\; > 0,5 > 0, of ¢ can be enumerated in such a way that either
)\0>0>)\012)\02>§R)\1>§R)\2>...

or

)\0>02%/\01:§R>\02>§R)\1 >§R>\2>...
Furthermore, \; € S; and Ao, € Sp.

The next result is key to the proof of Theorem 1.2 :

Theorem 3.1. If € > 0 is as in Corollary 3.1, then 1(z,€) does not have any
zero in the strip Sy := (—00,0] X [=27/h, 271 /h] for every e < €*.

Proof. By Lemma 3.2, Theorem 3.1 holds if € — e > 0 is close to 0. Therefore, if
Soo contains zero \;(€) of ¢ for some € < €*, it should enter the strip Spy crossing
the interval J := [—2mi/h, 2mi/h| from right to left as € is decreasing. This means
that \;(e) crosses J from left to right as e increases from € to €*.

Now, the root A\; := X;(€) € R of ¢(2,6) = 0 determines a unique smooth
function A;(-) : (a4, 5;) — C defined on some maximal open interval (a;, 3;) C
[0, +00) containing € and such that \;(€) = A;,¥()\j(€),e) = 0. We claim that
the path X;(+) : (o, 8;) — C can not cross the imaginary axis from left to right.
Indeed, we have that

22

C2ez—1+h(ez2—z—1)

)\;-(e) =
so that, at the moment € of the eventual intersection we have \;(€) = iw and
N2 2 2 2 2 2
RN, (€) = —w*(1 + h + ehw?) /(1 4 h(ew” 4 1))* + w*(2¢ — h)*) < 0,

a contradiction. Theorem 3.1 is completely proved. U
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4. Proof of Theorem 1.2. Let x be a non-monotone semi-wavefront solution of
Eq. (3). By Remark 2.2, all critical points of x are isolated so that z(t) # const
on every open subinterval of R. Let 7 be as in Lemma 2.4. Then Corollary 2.2
implies that z(t) € [g(max g), max g| for every ¢ > 7 and that sc(Z,1,) = 1 or
sc(ZTr4n) = 2. Applying [16, Theorem 2.1], we find that sc(z;) € {0, 1,2} for
every t > 7 + h. It is immediate to check that sc(Zs) > 0 for all s > 7 + h.
Now, sc(z;) = 1 for all large ¢ if and only if z(¢) is eventually monotone. If
sc(Zy) : (T+h,00) — {1,2} is not constant, then z is a slowly oscillating solution.

It is easy to see that = can not be monotone if ¢ > ¢*. Indeed, if x is monotone
then necessarily z(+00) = k. However, if ¢ > ¢* then the characteristic function
has not negative real roots (and therefore ¢’'(k) < 0). This means that x should
oscillate around k, see [7], [20, Remark 3.2], [21, Remark 5.2]. Hence, if ¢ > ¢,
then z is slowly oscillating around the positive steady state. In the remaining
part of this section, we show that these oscillations are non-decaying.

Arguing by contradiction, assume that x(+o00) = k for some ¢ > ¢*. Then
w(t) = z(t) — K, w(4+o00) = 0, solves

ew”(t) — w'(t) — wt) + g1 (w(t — h)) =0, t € R, (16)

/

where g;(u) := g(u + k) — K, ¢1(0) = 0,91(0) = ¢'(k), satisfies the positive
feedback condition with respect to 0.

Since w(+00) = 0, there exists a sequence t, — +oo such that |w(t,)| =
maxs>¢, |w(s)|. It is evident that w(t,) # 0. Additionally, we can suppose that
w attains its local extremum at ¢, so that w'(t,) = 0, w”(t,)w(t,) < 0. Due to
the positive feedback condition, this implies immediately that w(t,)w(t, —h) < 0
and therefore sc(wy,) = 1 (observe that sc(wy,) must be an odd integer). In
fact, there are a unique z, € (t, — h,t,) and a finite set F,, such that w(s) <0
for s € [t, — h,z,) \ F,, and w(s) > 0 for s € [z,,t,]. Without restricting the
generality, we can suppose that |w(t,)| = max{|w(s)| : s € [z,,t,]}, and that
{rn}, mm :=1tn — 2z, € (0, h), is monotonically converging to 7, € [0, .

Now, y,(t) = w(t + z,)/w(t,), t € R, satisfies

ey"(t) = y'(t) — y(t) + palt = h)y(t — h) =0, (17)

where
G(w(t + 2,))/w(t + z,), if w(t+ z,) #0;

Palt) = { J (), if w(t+ z,) = 0.
It is clear that y,(0) = 0 and |y,(t)] < 1, t > 0, and that lim, .. p,(t) = ¢'(k)
uniformly in ¢ € R,. As a consequence, we may suppose that p,(t)/¢'(k) €
[0.9,1.1] for all n and ¢ > 0. We have also that y,(r,) =1, y,(r, —h) < 0.
Next, we need to estimate |y, (t)|. Let {s,}, lim(s, — z,) = +00 be such that
w'(s,) = 0. Since v,(t) = y,(t) solves the initial value problem v,(s, — z,) =0
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for
GU/(t) - U(t) - yn<t) +pn(t - h)yn(t - h) = 07 t e R)
we obtain that

0 =n® = ¢ [ I (s) = pals — (s — W)

€

n—2n

For all t € [h, s, — 2,), we have

1 [t _s)/e gxr) — K
) <) / ey ($)] + sup |2y (s — ) )ds]| <
€ s >0 r — K

n—2n

) — K 1 [onn x)—K
< (sup |&\ + 1)—/ elt=9)/eds < (sup ]L\ +1) :=p.
x>0 X — K € Jt z>0 T —K

n (O] < € lyn @] + 19O + 1palt = W)lyalt — h)[] < 2¢7p.
Hence, the sequences y,,(t), v, (t) have subsequences which converges on [h, +00),
in the compact-open topology, to continuous function y,(t),y.(¢). Recalling the
properties of y,,, we find that max{|y.(s)|,s > h} < 1. Next, for all ¢ € [2h, +0),
it holds that

gn(t) := pu(t = h)yn(t —h) — g.(t) := g'(K)y.(t — h).

We have 0 < |g.(t)| < |¢'(k)]| for t > 2h.
In order to establish some further properties of y.(t), we find the family of all
solutions to (17) which are bounded at +oc:

t +oco
1
y(t) = AeM + PN /e’\(t_s)gn(s)ds + / M=) g (s)ds 3, t > 2h. (18)
e(p —
2h ¢

Replacing y(t) with y,(t) in (18) and taking limit as n — +oo (through passing
to a subsequence if necessary) we find that y.(t), t > 2h, satisfies

t +oo
1
Y. (t) = AeM + =N /e’\(t_s)g*(s)ds + / =g (s)ds ¢, (19)
2h t

with some finite A. Next, (19) implies that y. () satisfies the linear equation
ey (t) = y'(t) —y(t) + ¢'(w)y(t — h) = 0, t > 2h. (20)

We claim that y,(t) is not a small solution, the proof of this claim, given below,
is motivated by [14, Section 10].

Indeed, on the contrary, let us suppose that y.(t) has superexponential decay.
Then [11, Theorem 3.1] assures that y.(t) = 0 for all £ > 3h. But then Eq. (20)
implies that y.(t) = 0,y.(t) = 0 for all ¢ > 2h and, in consequence, y.(t) = 0,
y.(t)=0allt > h.
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Next, by the Banach-Alaoglu theorem, we can suppose that ¥, , = ¢ in *-weak
topology of L>*[—h,0]. Since y,(h) — y.(h) = 0, then integrating (17) between
h and t > h, we get

t

€06) = € (1) = (n®) = 5 (0) = [ (0a(5) + pas = Wyl — b)ds = 0. (21
h
After taking limit as n — oo, we find that f,f g (k)p(s — 2h)ds = 0, t € [h,2h].
Hence, ¢ = 0 and therefore
lim inf |y,(t)] =0 (22)

n—o0 t€|a,b
for every subinterval [a,b] C [0, h]. (Indeed, otherwise there exists g > 0 and a
subsequence {y,, } such that either y,, (t) > € or y,, (t) < —eo for all ¢t € [a, b].
This means that fab Un, (8)ds # 0, contradicting to y, , — 0).

We claim that there exists a sequence {s,;}, s,; € (74;,h), such that s, —
re and y, (sn;) < 2¢'(k) — 1, yp (sp;) = 0. Below, we prove this statement
considering three different situations (1), (i), (iii).

(7) If r, = h, then we can define s,, by

" (5,) = min . (s).
Yn(sn) = min g (s)

Recall that y,(h), v/, (h) — 0, so that, in fact, s, € (r,,, h). Thus y”(s,) = 0.
(1) Next, suppose that r, < h, and that {r,} is increasing. For an arbitrary j
satisfying —(27 — 277) < 2¢'(k) — 1, we will fix two intervals
I =[rere+2797Y, L=[r,+27 r,+3-27971.

In view of (22), we can find dj, € I; and integer n; such that r, —r,, < 27771
|y, (di)| < 477. But then 1—477 <y, (rn,) — Y, (d1) = Yn, (On;)(ry; —di) so that

Y. (6n) < -4 < —(20—-279) < 2¢(k) — 1.
A Tn, — dy
Similarly,
—477 =47 <y (do) — Y, (dr) = ?/;Lj (&n;)(d2 — du),
so that

—9.477 —92.477 o
y;zj- (gnj) Z dg _ dl Z 9—j—1 = -2 Jt Z y’:zj(enj)7 an < Snj.

Accordingly, if we set

/ _ . /
ynj <Snj) N se[rnj 71{?-}-2‘2*3'*1] ynj <8)’

then
y;«ij (Snj) = 07 y;Lj (Snj) < 29/<I€) - 17 STL]' - rnj < 2_j+1'
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(73i) Finally, if r, < h, and {r,} is decreasing, a similar argument works, if we
take [y = [r 427772 r 427771, Iy = [ 4270, r43-2777 1 ry, € [, +27772).
Hence, the above claim and (17) imply that

y;L'(Snj) + Un, <Snj> 2
Yo (50, — 1) = 2 > >9/1.1> 1,
( ) pnj (Snj - h) pnj (Snj - h’)/g/</€) /

a contradiction, since —h <r,, —h <s,, —h <r,, and

ynj(s) S 07 s € [Tnj - h70>7 O S ynj(s) < 17 s € [Ournj)'

Therefore y,(t) is not a small solution.
Hence, by [15, Proposition 7.2|, for every sufficiently large v < 0, we have that

Y(t) = u(t) + O(exp(vt)), t — +oo,
where w is a non empty finite sum of eigensolutions of (20) associated to the
eigenvalues \; € F' = {v < ®\; < 0}. Now, Theorem 3.1 says that, for every
e € (0, €,
FN(—00,0] x [-27/h,27/h] = 0.
In consequence, there exist A > 0, 3 > 27/h, a >0, ¢ € R, such that
yi(t) = (Acos(Bt + @) + o(1))e~*, t > 0.

This implies the existence of an interval (a,a+h), a > 3h, such that y.(¢) changes
its sign on (a, a+h) exactly three times. Since yn, (1), y,, (t) — y«(t) uniformly on
la, a+h], we can conclude that sc(¥n, o) > 3 for all large j, a contradiction since
Yn, (t) is a slowly oscillating function. In consequence, the equality z(+o00) = &
can not hold for ¢ > ¢*.

5. Uniqueness in the case of piece-wise linear birth functions. Let d > 1,
0 >0, k, b,and a € [—1, 1) satisfy the relations af + b = df, ax + b = k. Then
0 < Kk, b> 0, and the piece-wise linear function

(2) = dz, for x € 10, 6];
T = az + b, if x € [0, max{k,db}],

is continuous and it holds that ¢g(0) = 0 and g(k) = k. Moreover, if a € [—1,0)
then g : [g(maxg),maxg] — R, is decreasing so that the positive feedback
condition is satisfied automatically.

In this section, given a € [—1,1), 8 > 0, d > 1, we show how all the heteroclinic
solutions of the equation

ex"'(t) — 2'(t) — x(t) + g(x(t — h)) =0 (23)

can be found in the closed form. It should be noticed here that Eq. (23) has at
least one heteroclinic solution (say ¢) for every € € (0, (c.(a, h))~?] independently
on the value of delay h, see [13, 21].
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Now, Lemma 2.4 (or Corollary 2.1) assures the existence of ¢y such that ¢'(t) > 0,
t <ty—h,and ¢(ty —h) = 0. Set to = 0. Then, for all ¢ < 0, such ¢ is a positive
solution of the linear equation

ex” (t) — 2'(t) — x(t) + dz(t — h) = 0. (24)
The characteristic equation for (24) is
A2 —A—1+de "™ =0, (25)

and it has two positive real roots 0 < Ay < Ay which dominate each complex root
A; of (25) in the sense that R\; < Ay, e.g. see [21, Lemma 2.3].

Case of the simple positive roots. At first we assume that A\; < Ay. Then we
get, for some p > 0, p+ g > 0, that

¢<t> — pe)\l(t-‘rh) + qe)\z(t-‘rh)7 t S 0. (26)

From (26) we get ¢(—h) =p+q =0, so that p =6 — q.
By Corollary 2.2, we have that ¢(¢) > 6 for all t > —h. Hence, if £ > 0, then

€@"(t) = ¢/'(t) — o(t) + ag(t — h) + b =0.
The change of variables ¢ = y 4 k transforms this equation into
ey’ (t) —y'(t) — y(t) + ay(t — h) = 0. (27)
Set ¥(s) = ¢(s) — Kk, s > —h. Then
P(s) = (0 — q)eM ") 4 qe2 ) — s € [—h, 0],
Y(0) = (0 — @)eM" + ge" — K, ¥ (0) = A\ (0 — q)eM" 4 ghoe™".

Applying the Laplace transform (Ly)(z) = [ e *y(s)ds to Eq. (27), we get

X(2)(Ly)(2) = e(¥'(0) + 2(0)) — ¥(0) — ae™™" /_h b(s)e™ds. (28)

Here x(z) = €22 — 2 — 1 + ae™"*. Since |a| < 1, characteristic function x has a
unique positive root v while other characteristic values have negative real parts,
see [21]. Therefore limy(t) = 0, t — oo, only if (Ly)(r) = 0. The last equation
has the form P(v, A1, A2)q + Q(v, A1, A2) = 0, where P(v, A\, A2) =

0
6/\2€A2h i 6)\16)\1h + (6)\2h . e>\1h)<€V . 1) . ae—hu/e—l/s<€)\2(h+s) . 6)\1(h+s))d8,
—h

0
Q(v, A\, A2) = €(OA M +1v0eM —vk) + Kk — Ot —ae™ / e (0 (M) — k) ds.
“h
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Next, we establish that P(v, A1, A2) > 0, proving that the partial derivative
Py, (v, A1, A2) > 0. Observe here that Ay > A; and P(v,\,A;) = 0. Since
a < 1,\ >0, we have

0
Py, (v, A1, A2) = ¥ (e + edah + h(ev — 1)) — a/ e Vst Ae(hts) (h 4 g)ds >
—h

0
> M (e + edgh + h(ev — 1)) — he’\2h/ eVt s =

—h

—vh __ 1
= eMh (e + eXph + h(ev — 1) + he—) > (e + edgh) > 0.
v
Notice that , ,
—v _ 1 _
nE > =Y et h

v %
due to relations 0 = ev? —v —14+ae " <ea? —v—1+e "

Hence ¢ = —Q(v)/P(v) is determined uniquely and we can find y(t) from (28)
using the inverse Laplace transform:

e(y’ z — —ae= (O (s)e " ds
ot = ¢ (WO RON T Z0e TEVETT Ry

We observe here that [21, Lemma 3.1] says that p > 0 and ¢ < 0 in (26).
Case of the multiple positive roots. Now, let us consider the case when A\; = As.

Then, for some p > 0, p+ q > 0, we have
o(t) = MV (p +q(t + 1)), t <0 (30)

From (30) we get ¢(—h) = p =6, so that p = 0.
Therefore ¥(s) = ¢(s) — k, s € [—h, 0], satisfies :

U(s) = MO 4 g(s+h)) -k, (31)
$(0) = M0+ qh) — K, ¥(0) = MM+ Migh+q).

We next apply Laplace transform to Eq. (27) considered together with initial
conditions (31). Considering relation (Ly)(r) = 0 (which is necessary to have
y(+00) = 0), we find that it can be written as P(v, \1)q + Q(v, A1) = 0, where
Q(v, A1) is as above (but with A\; = \y) and

0
P(v,\) = M (eAih + € + evh — h) — ae™™ / e7VstME) (4 g)ds.
“h

Since a < 1, A\; > 0, we have
0

P(v, \) > eMh (6)\1h +e+ (ev — 1)h — h/

e”(h+s)ds) =
“h
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0.8F A

0.6f A

F1GURE 1. Non-monotone wavefront for Eq. (32).

h
= Ml (EAlh +e+ (ev—1)h+ ;(e_uh - 1)) > M (e +€) > 0.

Hence ¢ = —Q(v)/P(v) is determined uniquely and y(t) is given by (29).

Example. Partially, the above technique works even when a < —1. Consider

2 (t) — 2 (t) — x(t) + g(z(t — 1)) = 0, (32)
with continuous
2z, for x € [0, 1];
g(x) = ¢ —4x+6, if x € [1,1.4];

is positive decreasing when z > 1.4.

Eq. (32) has two non-negative equilibria ;1 = 0 and z = 1.2.

It is easy to see that the characteristic equation z? — 2 — 1+ ¢/(0) exp(—z) = 0
has two positive real roots, and that the roots A = (1—+/5)/2 and p = (1++/5)/2
of the equation 22 — z — 1 = 0 satisfy the condition

pw— A ?+rT

— =0.715...
pe=r — e T +1

= 0.705..., where I' := ¢'(r) = —4.

Therefore, the existence of non-monotone travelling front in (32) is guaranteed
by [21, Theorem 1.1]. Then we use the Laplace transform to find and picture the
non-monotone wavefront, see Fig. 1.
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