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Abstract
Geophysical nuclear magnetic resonance (NMR) applications are used to estimate

pore size distributions (PSDs) of rocks and sediments. This is commonly realized

by empirical calibration using information about the surface-to-volume ratio of the

material. Recent research has developed joint inversion concepts for NMR relaxation

data that provides the PSD with a minimum of information. The application requires

the NMR signal of a sample at saturation and at least one at partial saturation and

at known suction. The new inversion concept physically simulates the desaturation

process as part of the forward operator. The cross-section of the model capillaries in

the underlying bundle can be either circular or triangular. Our study investigates the

performance of the NMR joint inversion to predict water retention function (WRF)

and capillary-based hydraulic conductivity (Kcap) as functions of saturation for dif-

ferent sands. The angularity of the pores has no significant impact on the estimated

WRF but affects the Kcap estimation significantly. Our study shows that the WRF is

predicted reliably for sand samples under fast diffusion conditions. The Kcap estima-

tions are also plausible but tend to systematic overestimation, for which we identified

the tortuosity being the main reason. Because NMR relaxation data generally do not

provide tortuosity information, a plausible tortuosity model remains an issue of clas-

sical calibration. Further development of the approach will thus consider tortuosity

measurements (e.g., by electrical resistivity measurements and/or gradient NMR) and

will consider the relaxation mechanisms outside fast diffusion conditions to enhance

its applicability for coarse soils.

1 INTRODUCTION

Quantifying the soil hydraulic functions is challenging.
The water retention function (WRF) of soil samples can be

Abbreviations: CS, coarse sand; FJI, fixed joint inversion; FS, fine sand;
LLS, linear least square; MS, medium sand; MSFS, medium and fine sand;
NMR, nuclear magnetic resonance; PSD, pore size distribution; RTD,
relaxation time distribution; VG, van Genuchten; VGM, van
Genuchten–Mualem; WR, water retention; WRF, water retention function.
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measured exactly by controlled drainage and/or imbibition
experiments, which is a time-consuming and effortful pro-
cedure (Bittelli & Flury, 2009; Warrick, 2003), whereas the
unsaturated hydraulic conductivity (KU) as a function of
water content or pore pressure has to be estimated empirically
from the data of such experiments. Using the evaporation
method, water retention (WR) measurements are performed
with much faster progress, and KU can be estimated from
the vertical pressure gradient and moisture flux inside the
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sample (Peters & Durner, 2008; Peters, Iden, & Durner,
2015). However, the corresponding KU values for a certain
soil sample are only available for a limited range of pore
pressures (above −2,000 hPa), and information on a possible
hysteresis of the WRF is in general not available. From
sample to technicum scale (e.g., column experiments),
multistep-outflow and/or inflow experiments in combination
with numerical hydraulic simulations allow the quantifica-
tion of WRF and KU by inverse modeling (Nasta, Huynh, &
Hopmans, 2011; Schaap, Shouse, & Meyer, 2003; Šimůnek &
van Genuchten, 1999), where unsuitable WRF and KU models
can cause systematic errors that cannot be identified easily.
Rapid measurement systems providing WR information
such as the dew point method (Campbell, Smith, & Teare,
2007) or psychrometers (Skierucha, 2005) are only available
in the dry range at capillary pressures below −10,000 and
−1,000 hPa, respectively. Regarding the general necessity in
soil physics to acquire and investigate huge sets of samples to
hydraulically characterize an area of interest, fast and conve-
nient methods for measuring or estimating WRF and KU are
desired.

Methods of nuclear magnetic resonance (NMR) are seldom
applied in soil sciences, although they have great potential
for soil hydraulic analyses regarding the challenges described
above. Nuclear magnetic resonance applications exhibit a fast
measurement progress and are available from sample to field
scale. Very well established for hydrocarbon and groundwater
exploration, they are used for measuring the volumetric water
content, as well as for estimating pore size distribution (PSD)
and hydraulic conductivity (Arns, 2004; Kenyon, 1997;
Knight et al., 2015; Mohnke & Yaramanci, 2008; Vouillamoz
et al., 2008). For the latter two, empirical approaches or
semiempirical models based on simple pore geometries are
used that have to be calibrated for a specific kind of rock
material or sediment. The feasibility of NMR relaxometry for
estimating soil hydraulic parameters was investigated, for
example, by Ioannidis, Chatzis, Lemaire, and Perunarkilli
(2006), Jaeger, Bowe, van As, and Schaumann (2009),
Stingaciu et al. (2010), and Costabel and Yaramanci (2011,
2013).

In rock and soil physics, pore model descriptions with
robust physical bases have been developed. In contrast with
pure empirical models, they have a more general applicabil-
ity and allow the prediction of the hydraulic properties inside
single pores, as well as whole pore systems over several mag-
nitudes of pore sizes (Hammecker, Barbiero, Boivin, Maeght,
& Diae, 2004; Or & Tuller, 2000; Øren, Bakke, & Arntzen,
1998; Tuller, Or, & Dudley, 1999). For instance, pore mod-
els based on capillaries with angular cross sections allow a
physical description of the WRF hysteresis and can provide
KU estimates for a large variety of soils with different texture
and structure (Mason & Morrow, 1991; Ransohoff & Radke,
1988; Tuller & Or, 2001). Nuclear magnetic resonance-related

Core Ideas
∙ Triangular capillaries can explain NMR data of

sand better than circular ones.
∙ NMR joint inversion combines data inversion and

hydraulic desaturation of the pore space.
∙ NMR joint inversion yields the pore size distribu-

tion without empirical calibration.
∙ The suggested approach can provide estimations of

WRF and Kcap for sandy soils in the fast diffusion
range.

research has shown that these kinds of pore models are also
capable to describe unsaturated NMR data (Costabel, 2011;
Mohnke, Jorand, Nordlund, & Klitzsch, 2015). They allow
the coupling of NMR and pore pressure measurements dur-
ing data inversion and interpretation (Hiller, 2020; Hiller &
Klitzsch, 2018) to estimate the PSD and correspondingly the
pore pressure curves of porous material. So far, the perfor-
mance of this kind of NMR data interpretation has not been
investigated and assessed for natural sediments and soils. As
a first step, we study in this work the impact of the consis-
tent implementation of circular and triangular capillaries on
the NMR-based estimation of WRF and KU. We use the joint
inversion approach suggested by Hiller and Klitzsch (2018)
to provide the PSD and the surface relaxivity of sand sam-
ples. Based on the estimated PSD, we compute the WRF
according to the formalism suggested by Peters (2013) and the
capillary-based KU (Kcap) according to the desaturation model
of Tuller and Or (2001) for circular and triangular capillary
pore bundles. To consider the entire distribution of measured
pore sizes, we suggest and investigate two different upscaling
approaches: the hydraulic parallel connection of all capillar-
ies in the bundle and the use of an effective apparent capillary.
Our analysis comprises numerical and real NMR data. For the
latter, we use sand samples of different grain sizes. The sam-
ple material has been used already by Costabel and Yaramanci
(2011), who combine NMR and drainage measurements in
column experiments. They show that the relative T2 time of
unsaturated sand is correlated with its relative hydraulic con-
ductivity Krel. The power–law relationship between these two
quantities can be used to provide Kcap estimates from NMR
relaxation measurement for partially saturated sand samples if
adequate calibration data are at hand: the T2 time of the sam-
ple at saturation and the saturated hydraulic conductivity. In
this study, we want to investigate the idea of predicting WRF
and Kcap from the relaxation time distribution (RTD) of the
saturated sample. In particular, we want to study the effect of
the angularity of the assumed capillary cross-section on the
estimation of WRF and Kcap.
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2 THEORETICAL BACKGROUND

2.1 NMR in porous media

The principle of the NMR method for water-saturated porous
material is based on the spin-related magnetic moment of
the 1H nuclei in the pore water molecules. An ensemble of
1H spins forms a macroscopic magnetization that is aligned
with the predominant external magnetic field. During the
NMR experiment, the spin magnetization is manipulated
by a series of electromagnetic pulses, and an exponential
response signal is measured that represents the relaxation of
the spin system back to the equilibrium state. In this study,
we focus solely on the so-called transverse (or T2) relaxation
(Behroozmand, Keating, & Auken, 2014; Dunn, Bergman, &
Latorraca, 2002). When observed in porous media, the relax-
ation process of the pore water is accelerated compared with
free water due to the fast energy exchange of the 1H spins with
the pore walls: the smaller the dimension of a single pore,
the smaller the individual relaxation time of this pore. When
observing materials with a significant distribution of different
characteristic pore sizes, the NMR signal E (in V) as function
of the measurement time t (in s) consequently exhibits a mul-
tiexponential relaxation behavior:

𝐸 (𝑡) =
∑
𝑖

𝐼𝑖exp
(
− 𝑡

𝑇2𝑖

)
(1)

where Ii (same unit as E) and T2i (in s) are the individual inten-
sity and relaxation time of the ith pore regime, usually associ-
ated with a certain pore size. The multiexponential character
described with Equation 1 is the key of NMR applications in
geo- and petrophysics: the reconstruction (i.e., inversion) of
the complete RTD from the measured signal of a rock or soil
sample (i.e., Ii as a function of T2i) leads to an estimation of its
PSD. Details can be found for instance in Dunn et al. (2002)
and Behroozmand et al. (2014). The sum over Ii is propor-
tional to the water content in the sample, and thus, the satura-
tion state of a sample can easily be determined from NMR by

𝑆 = 𝐸ps (𝑡 = 0)
𝐸s (𝑡 = 0)

=
∑

𝑖 𝐼
ps
𝑖∑

𝑖 𝐼
s
𝑖

(2)

with “s” and “ps” being the indices for the NMR measure-
ments for the saturated and the partially saturated sample,
respectively.

In general, the T2 relaxation rate inside porous media is
given by

1
𝑇2

= ρ2
𝑆w
𝑉w

+ 1
𝑇Bulk

+ 1
𝑇Diff

(3)

where Sw and Vw are the water-wetted pore surface (m2)
and the water-filled pore volume (m3), respectively, and ρ2

is the surface relaxivity (m s−1), a material-specific parame-
ter that describes how fast the energy between proton spins
and pore surface is exchanged on average throughout the
pore space. The rates 1/TBulk (bulk relaxation) and 1/TDiff
(diffusion relaxation) describe the relaxation inside the pore
water (i.e., without the influence of the pore surface) and the
relaxation component due to the self-diffusion of the water
molecules through a gradient magnetic field, given that the
predominant magnetic field is not homogeneous (Dunn et al.,
2002; Keating & Knight, 2008). Although these two relax-
ation components are independent of the pore geometry and
size relations and thus not relevant for estimating the hydraulic
properties of the pore space, they have to be considered for a
correct reconstruction of the PSD.

It is worth noting that Equation 3 is only valid if the inves-
tigated pore space is in the so-called fast diffusion regime.
This means that the diffusional exchange of proton spins dur-
ing the relaxation process is fast enough, so that the energy
exchange between all excited proton spins and the pore walls
can be considered to be the same on average. This is not
the case for material with large pores and/or high ρ2, where
additional relaxation modes appear at short times and the
relationship between NMR relaxation time and Sw/Vw is
becoming nonunique (Brownstein & Tarr, 1979; Costabel,
Weidner, Müller-Petke, & Houben, 2018; Müller-Petke, Dlu-
gosch, Lehmann-Horn, & Ronczka, 2015).

2.2 NMR responses of saturated and
nonsaturated circular and triangular
capillaries

In this study, we consider capillary pores with circular and
triangular cross sections (see Figure 1). Consequently, the
surface-to-volume ratio Sw/Vw (Equation 3) for a single sat-
urated capillary is determined to be the ratio of its perimeter
P0 and its cross-sectional area A0. It can be described as func-
tion of the pore dimension with P0/A0 = a/L, where a is the
geometry factor and the quantity L is a measure of the pore
size. In the simplest case of a circular capillary with L being
the pore radius rcirc, a = 2. For capillaries with noncircular
cross-sections, a suitable L has to be defined first (e.g., side
length of the equilateral triangle or length of hypotenuse for
the right-angled triangle), which determines the correspond-
ing a. Table 1 lists the resulting equations for Sw/Vw for all
pore geometries considered in this study.

The geometry factor of angular capillaries generally
increases with increasing angularity. To compare the NMR
responses of capillaries of different shape, Hiller and Klitzsch
(2018) reasonably suggested considering the equivalent pore
radius req: a pore with arbitrary shape is characterized by
the radius of a circle (req) with identical cross-sectional
area (Aeq). As an example, we consider three pores with
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(a) (b) (c) (d)

F I G U R E 1 Pore geometries (i.e., capillary cross-sections) considered in this study

T A B L E 1 Pore geometries considered in this study (see also Figure 1) and their corresponding equations regarding the nuclear magnetic
resonance (NMR)-relevant pore surface-to-volume-ratio Sw/Vw and permeability k = (1/κ)L2, where κ is the nondimensional flow resistance
parameter and L is the relevant pore dimension of the different capillary cross sections: radius rcirc of the circle, side length Letr of the equilateral
triangle, length of the hypotenuse Lrtr of the right-angled triangle, and radius rmenis of the interface arc meniscus in a corner

Pore
structure Circle

Equilateral
triangle

Right-angled
triangle Corner

L = rcirc Letr Lrtr rmenis
𝑆w
𝑉w

= 2
𝑟circ

12√
3𝐿etr

a 2+2 sin(γs)+2 cos(γs)
sin(γs) cos(γs)𝐿rtr

𝑃C
𝐴C

with 𝑃C = 2𝑟menis
tan( γ2 )

and

𝐴C = 𝑟2menis [
1

tan(γ∕2)
− π(180−γ)

360
]

k = 1
8
𝑟2circ

1
80
𝐿2

etr
3𝐺 sin(γs)cos(γs)

10
𝐿2

rtr
1
ε
𝑟2menis withb ε(γ) = exp( 𝑏+𝑑γ

1+𝑐γ
)

Note. γs, sharp angle; γ, corner angle; PC and AC, perimeter and cross-sectional area of the meniscus water; G, shape factor with 𝐺 = 𝐴0∕𝑃 20 (see, Patzek & Silin, 2001);
b, c, and d, empirical parameters.
aMohnke et al. (2015).
bParameterization of ε(γ) according to Tuller and Or (2001); see the text for details.

identical Aeq (= 314.2 μm2) and req (= 10 μm) but different
cross-sectional geometry (Figure 2, a–c). The sharp angle γs
of the right-angled triangle (Figure 2c) was set to 10˚. The
T2 times in case of full saturation, calculated for ρ2 = 10 μm
s−1 and depicted as dark blue spectral lines in Figure 2d–2f,
decrease with increasing angularity.

According to the desaturation model of Mason and Morrow
(1991), for each capillary with a certain shape and angularity,
an individual critical threshold pressure pcrit exists, at which
the gas phase enters the pore and spontaneously replaces most
of its pore water. In the simple circular case, pcrit is inversely
proportional to rcirc according to the Young–Laplace equation
(see, e.g., Hiller & Klitzsch, 2018; Tuller et al., 1999), mean-
ing if pcrit is reached, the pore water is completely removed by
the invading air. Tuller et al. (1999) and Tuller and Or (2001)
also consider adsorbed water films in their model that reside
on the pore walls after the air invasion. However, we do not
consider this kind of WR in our NMR modeling approach,
because the corresponding theoretical NMR response sig-
nals from adsorbed water films (according to the theory in
Equation 3) relax too fast to be captured by common low-field
NMR technology.

After air has invaded an angular pore, water is kept in
the corners and creates arc menisci due to the interaction of
the capillary forces at the pore wall and surface tension of
the water (light blue areas in Figures 2b and 2c). The radius

rmenis of the interface arc meniscus decreases with increas-
ing pore pressure while pore water keeps draining and air
continues filling the pore. For an angular pore, pcrit depends
on its angularity (see Hiller & Klitzsch, 2018; Tuller et al.,
1999; Tuller & Or, 2001) and corresponds to a certain crit-
ical radius rcrit, which equals rmenis in the very moment,
when the air starts entering the pore. The water remaining
in its corners produces NMR signals according to the indi-
vidual Sw/Vw in each corner—that is, the ratio of its wet-
ted perimeter (PC) and the residual cross-section filled with
water (AC). The NMR response of a single corner with angle
γ can be calculated according to the equations in Table 1. Fig-
ures 2d–2f depict and compare (light blue lines) the different
NMR responses of each example pore at its individual pcrit.
In contrast with angular pores, a NMR signal from the com-
pletely desaturated circular pore is not captured in this case
(Figure 2d),

In case of the equilateral triangle, the signals from each cor-
ner superpose in one single spectral line (Figure 2e), whereas
in the case of the right-angled triangle, three individual lines
appear in the relaxation spectrum (Figure 2f). However, the
signal contribution from the two corners with angles >45˚ is
more than tenfold smaller than that of the sharp angle (please
note the log scale on the y axes in Figure 2, d–f), and it is
expected that this contribution is most likely not measured
under realistic conditions.
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(a) (b) (c)

(d) (e) (f)

F I G U R E 2 Cross-sections of capillaries with identical equivalent radius (req = 10.0 μm): (a) circular, (b) equilateral triangle, (c) right-angled
triangle with sharp angle γs = 10˚. The dark blue color represents the saturated pore, and light blue represents the residual water after reaching the
critical pore pressure corresponding to the critical radius rcrit of the arc menisci in the corners. Subfigures d–f show the respective nuclear magnetic
resonance (NMR) relaxation times as spectral lines for surface relaxivity ρ2 = 10 μm s−1

2.3 NMR relaxation time distribution by
linear least square inversion

The inversion of multiexponential NMR signals (Equation 1)
to reconstruct their RTDs (i.e., the signal intensities of the
different pore clusters I as a function of their respective T2) is
usually realized by a linear least square (LLS) minimization
algorithm with smoothness constraints to stabilize the numer-
ical calculation (Costabel & Yaramanci, 2013; Dunn et al.,
2002). This is reasonable because a more or less continuous
PSD is expected for the very most sediments and soils.
However, the regularization of these smoothness constraints
is somewhat crucial regarding the physical interpretation
of the results. Determining the smoothness constraints too
tightly, the broadness of the RTD (and consequently that of
the corresponding PSD) is overestimated (see Costabel &
Yaramanci, 2013). Thus, an adequate criterion for adjusting
the smoothness of the RTD is mandatory as discussed in
detail below in Section 3.2.

We want to demonstrate how the LLS algorithm works in
principle for simulated partially saturated capillary bundles
with circular and triangular cross-section and modify our sin-
gle pore examples from Figure 2 to get a more realistic view

on the NMR responses. We consider a lognormal distribu-
tion of pores sizes for each observed cross section (circle,
equilateral triangle, right-angled triangle) with a mean value
of req = 10 μm and a standard deviation of σ = 0.2 at the
log scale. The area under the distribution equals one. As for
the calculations of the single pore responses, the desatura-
tion state is computed for the individual pcrit corresponding to
req = 10 μm (i.e., corresponding to the individual maximum
of the distributions). Consequently, all pore sizes smaller than
req = 10 μm are still completely filled with water, whereas the
larger ones are already invaded by air.

Figure 3 shows the resulting RTDs after applying a com-
mon smooth LLS inversion to the respective NMR response
signals for saturated and desaturated conditions (synthetic
noise level: 0.1%). Despite the fact that in each case the
residual water saturation is ∼0.3, the corresponding spectra
exhibit significant differences. In the case of a circular cross-
section, the T2 spectrum of the desaturated pore space lies
completely inside the RTD for the full saturation (Figure 3a).
In the case of an equilateral triangular cross-section, a bimodal
distribution develops with one mode almost completely inside
the RTD at saturation and the other one at a T2 range about
a magnitude smaller than the original RTD (Figure 3b). The
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F I G U R E 3 Relaxation time distributions (RTDs) of saturated and desaturated capillary bundles with different cross sections: (a) circle,
(b) equilateral triangle, and (c) right-angled triangle with sharp angle γs = 10˚. Each bundle is characterized by a lognormal distribution with a
mean equivalent pore radius req of 10 μm and a standard deviation of σ = 0.2 at the logarithmic scale. Nuclear magnetic resonance (NMR) signals
were computed for ρ2 = 10 μm s−1 with a noise level of 0.1% and inverted using the linear least square (LLS) approach

latter one represents the new relaxation regimes that are
developing in form of the meniscus water in the corners. In
the third case (right-angled triangular cross-section), a mono-
modal distribution similar to the circle case also appears after
desaturation. However, for the right-angled triangle, the desat-
urated spectrum lies partly outside the original saturated RTD
(Figure 3c). This is because the relaxation spectrum is formed
by an overlap of the signals from the pores that are still com-
pletely saturated and those from the meniscus water in the
sharp-angled corners of the desaturated pores. In addition, we
note that any signal from the other two angles have apparently
disappeared from the RTD, because their contribution is so
small that it is completely smeared to zero by the smoothness
regularization of the LLS algorithm.

It is worth noting that, for a bundle of triangular pores, the
NMR response of the remaining water in the corners is always
the same regardless of the original pore size. This is because
the response of a corner only depends on the ratio PC/AC,
which is related to the angle of the corner and the predom-
inating pore pressure that corresponds to rmenis (Table 1).

2.4 Hydraulic conductivity of single
capillaries and corners

The hydraulic conductivity of arbitrary ducts can be calcu-
lated, given that the geometry of their cross-sectional flow
area is constant in flow direction and can exactly be parame-
terized, by combining Darcy’s law with analytical or numer-
ical solutions determining the mean flow velocity through
the cross-section of the duct (see, e.g., Patzek & Silin, 2001;
Tuller & Or, 2001). The result is an expression with the fol-
lowing structure:

𝐾duct =
ρ𝑔
η0

𝑘 =
ρ𝑔
η0

1
κ
𝐿2 (4)

with g (in m s−2) being the gravitational acceleration, and ρ

(m3 kg−1) and η0 (kg m−1 s−1) being the density and dynamic
viscosity of the pore water, respectively. The permeability
term k is a function of the pore space characteristics (i.e.,
pore dimension L and the nondimensional flow resistance
parameter κ; Patzek & Silin, 2001; Ransohoff & Radke, 1988;
Tuller & Or, 2001), which depends on the individual cross-
sectional geometry of the capillary or duct. Table 1 lists the
corresponding k of the capillaries and corners used in this
study.

Patzek and Silin (2001) showed that the hydraulic conduc-
tivity of capillaries with arbitrary triangular cross-section can
be approximated using the relation

𝐾triangle ∼
ρ𝑔
η0

3𝐺
5

𝐴0 (5)

with the shape factor G being the ratio of the triangle area and
its squared perimeter (i.e., 𝐺 = 𝐴0∕𝑃 2

0 ). Our solution for the
right-angled triangle is based on this approximation.

The hydraulic conductivity of the remaining meniscus
water in a corner, after air has entered an angular capil-
lary, depends on rmenis and the angle γ of this corner. Ran-
sohoff and Radke (1988) have numerically calculated the
corresponding flow resistance for discrete angles. Based on
these values, Tuller and Or (2001) suggested an interpolating
parameterization

ε (γ) = exp
(
𝑏 + 𝑑γ
1 + 𝑐γ

)

with b = 2.124, c = −0.00415, and d = 0.00783 that is valid
for angles in the range γ ∈ [10◦, 150◦]. We set the sharp angle
γs of the right-angled triangle capillary to 10˚, which marks
an endmember regarding its angularity within the valid range
for calculating the corresponding conductivity.
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2.5 Parameterization of the WRF

The capillary pressure curve, a term that is frequently used
in reservoir rock physics, describes the relationship between
pore saturation and pore pressure. Equivalent soil physical
descriptions define the WRF and include, in general, not only
capillary forces but also the water that is kept by adsorptive
forces. Although these two terms are often treated as syn-
onyms in literature, we want to distinguish them carefully to
avoid misinterpretations. As mentioned above, the WRF con-
siders the total water saturation Stot consisting of two pro-
portions of water: Scap is the proportion captured by capil-
lary forces, and Sad is the other one captured by adsorptive
forces:

𝑆tot (ℎ) = 𝑤𝑆cap (ℎ) + (1 −𝑤)𝑆ad (ℎ) (6)

where w is an empirical weighting factor (𝑤 ∈ [0, 1]) and h
is the suction (in cm H2O), that is, the amplitude of the pore
pressure head normalised to values of heights.

In this study, we follow the suggestion of Peters (2013),
who, by introducing the two helping functions Γ(h) and X(h),
describes the total saturation Stot by

𝑆tot (ℎ) = 𝑤Γ (ℎ)𝑋 (ℎ) + (1 −𝑤)𝑋 (ℎ) (7)

Although Γ(h) can be any kind of either empirical or phys-
ical model parameterization of the capillary pressure curve,
the function X(h) describes the Sad part with

𝑋 (ℎ) =

{
𝑋m

[
1 − ln(1+ℎ∕ℎa)

ln(1+ℎ0∕ℎa)
]
, for ℎ > ℎa

1, for ℎ ≤ ℎa
(8)

𝑋m =

[
1 − ln (2)

ln
(
1 + ℎ0∕ℎa

)
]−1

The specific suctions h0 and ha are fix points: at h0, the
water content of the medium equals 0, and below ha, X(h)
equals 1. From a thermodynamic point of view, h0 can reliably
be fixed at 6.3 × 106 cm as demonstrated by Schneider and
Goss (2012). They have shown that this suction corresponds
to a dehydration at 105 ˚C, a temperature at which soil sam-
ples usually lose their pore water completely. ha is in principle
a pure empirical fitting parameter without physical meaning.
However, also for this value a natural threshold exists: it can-
not be smaller than the air entry value of the medium under
study. Peters (2013) suggests, for the sake of simplicity, to fix
ha at the suction corresponding to the median pore radius of
the capillary pressure curve (at the logarithmic scale).

One of the objectives of this study is the estimation of Γ(h)
from NMR relaxation data. However, we also use the empir-
ical model of van Genuchten (1980), referred to as the VG
model in the following, to parameterize Γ(h) for testing our
NMR-based estimates:

Γ (ℎ) =
[

1
1 + (αℎ)𝑛

]𝑚
(9)

The parameters α, n, and m are fitting parameters. We
use the so-called constraint form of the VG model with
m = 1 – 1/n. Originally, the VG model is defined using an
asymptotic residual water content as a proxy for the adsorbed
water content. However, following the argumentation of
Peters (2013), we substitute this asymptote by the function
X(h) according to Equations 7 and 8, which is more plausible
from a physical point of view.

Using the VG parameterization, we calculate the rela-
tive hydraulic conductivity Krel according to Mualem (1976),
referred to as VGM from now on:

𝐾rel =
𝐾U
𝐾S

=
√
Γ (ℎ)

{
1 −

[
1 − Γ(ℎ)1∕𝑚

]𝑚}2
(10)

where KS and KU are the saturated and unsaturated conduc-
tivities, respectively.

Reviewing Equation 7, we note that Scap(h) in the model is
actually the factor of the capillary pressure model Γ(h) and
X(h) = Sad(h). According to Peters (2013) this is a necessary
correction to guarantee that Scap decreases to 0 with increasing
h at the very dry range. At the wet range and near saturation,
the impact of this correction is negligible. Peters (2013) shows
for a broad range of examples that this model describes WR
data much more plausibly than models using the concept of
an asymptotic residual water content.

3 MATERIALS AND METHODS

3.1 Measurements of NMR and WR

We use the same materials as in a preceding study (Costabel
& Yaramanci, 2011) to test the performance of the estimation
approaches suggested in this paper (i.e., sands with varying
grain sizes from fine to coarse; see Table 2). Samples were
prepared in cylindrical plastic tubes (diameter: 3.6 cm, height:
5.5 cm) with microfiber filters at top and bottom, which
allow the connection to a self-constructed pipe system for per-
forming flow experiments. The samples were saturated using
deionized water (from bottom to top) and weighed. Their
(saturated) hydraulic conductivities KS were determined with
constant head experiments.
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T A B L E 2 Textural and soil hydraulic information of the investigated sample material

Parameter Fine sand (FS)
Medium, fine
sand (MSFS)

Medium
sand (MS)

Coarse sand
(CS)

Grain size, mm 0.06–0.2 0.15–0.4 0.25–0.5 1.00–2.00

Φa, cm3 cm−3 0.43 0.39 0.39 0.37

KS
a, cm d−1 713 ± 8 2,103 ± 70 6,212 ± 265 10,868 ± 144

na 5.30 ± 0.96 2.28 ± 0.79 2.09 ± 0.47 2.18 ± 0.60

αa, cm−1 0.02 ± 0.00 0.05 ± 0.03 0.14 ± 0.12 0.13 ± 0.12

wa 0.91 ± 0.02 0.84 ± 0.03 0.92 ± 0.02 0.88 ± 0.02

Φb, cm3 cm−3 0.42 ± 0.01 0.39 ± 0.01 0.39 ± 0.00 0.38 ±0.02

KS
b, cm d−1 268 ± 112 1,529 ± 104 6,713 ± 804 40,392 ± 2,428

nb 2.82 ± 1.39 3.60 ± 0.60 6.11 ± 1.02 6.60 ± 1.61

αb, cm−1 0.02 ± 0.01 0.02 ± 0.00 0.04 ± 0.00 0.18 ± 0.01

SR
b 0.21 ± 0.01 0.09 ± 0.00 0.09 ± 0.00 0.12 ± 0.01

Φc, cm3 cm−3 0.43–0.45 0.34–0.36 – 0.39–0.43

nc 12.4–14.7 4.6–7.6 – 9.8–13.3

αc , cm−1 ∼0.02 0.04–0.06 – 0.10–0.13

SR
c 0.10–0.11 0.05–0.07 – 0.07–0.12

Note. Φ, porosity; KS, saturated hydraulic conductivity; n and α, van Genuchten parameters, SR, residual saturation degree.
aMeasurements and estimations in this study, see text for details.
bData from Costabel and Yaramanci (2011): estimates from inverse modeling of drainage experiments.
cUnpublished data, results from evaporation experiments.

The samples were placed inside the NMR device (Maran
Ultra, Resonance Instruments) for the initial T2 experiments,
which were conducted using the Carr–Purcell–Meiboom–Gill
(CPMG) sequence (Dunn et al., 2002) with an echo spac-
ing of 150 μs. The number of scans (= measurement repeti-
tions) was set to 100, and the total recording time was indi-
vidually adjusted such that the measurement curve relaxes
to a level smaller than the noise (i.e., about 1–6 s). After-
wards, the samples were successively desaturated using a
pressure plate apparatus (Warrick, 2003). Different pressures
were applied according to the suction range from h = 63 to
1,995 cm. The corresponding Stot–h data pairs, where Stot
was determined by weight, were used as references for verify-
ing the NMR-based WRF estimations. The CPMG measure-
ments were conducted at the first (h = 63 cm) and at the last
(h = 1,995 cm) desaturation step. To account for the decreas-
ing signal strength with decreasing saturation, the number
of scans was increased to the maximum value of 900 at
h = 1,995 cm.

To obtain continuous reference curves for WRF and Kcap,
the measured Stot–h data pairs were fitted using Equation 7
with Γ(h) parameterized by the VGM model (Equations 9
and 10). Table 2 lists the specifications of our samples as mea-
sured in this study, the corresponding hydraulic parameteriza-
tions, and, in addition, results of hydraulic parameterizations
from other experiments using different specimen of the same
material for comparison.

3.2 NMR data processing and
interpretation

3.2.1 NMR data inversion

The flowchart in Figure 4 sketches the main processing steps
to obtain a sample’s PSD, WRF, and capillary-based hydraulic
conductivity Kcap. The main step in this procedure is the
determination of the PSD by a so-called joint inversion of
at least two NMR relaxation signals at different saturation
states with known h. All NMR data were processed using
the open-source software NUCLEUS (Hiller, 2020), which
includes the joint inversion approach of Hiller and Klitzsch
(2018) that is also used in this study. This approach uses pores
with either cylindrical or angular cross-sections and combines
two or more NMR relaxation measurements at different par-
tial saturations in one single inversion problem. By doing so
and given that the pressure head for each partial saturation step
is known, the surface relaxivity ρ2 (see Equation 3) is included
as a fitting parameter and is estimated without an additional
empirical calibration step. This procedure provides the benefit
that the PSD is automatically determined as inversion result.
However, this comes at the cost of a much more complex
(because nonlinear) inversion procedure (Hiller & Klitzsch,
2018; Mohnke, 2014). For the implementation details of the
joint inversion approach, we refer the reader to Hiller and
Klitzsch (2018).
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F I G U R E 4 Flowchart demonstrating the joint inversion of nuclear magnetic resonance (NMR) and saturation data to derive the sample’s pore
size distribution (PSD) from which the water retention function (WRF) and hydraulic conductivity are estimated. LLS, linear least square; ρ2, surface
relaxivity; FJI, fixed joint inversion; 𝑆cal

ad and hcal, calibration parameters; w, empirical weighting factor

We apply the joint inversion in its basic form and combine
the data of the saturated sample (at h1) and that of one partial
saturation state (h2) to estimate the PSD. However, depending
on the desired accuracy and the complexity of the pore space,
it might be beneficial to use more than one NMR dataset at
partial saturation (Hiller & Klitzsch, 2018; Mohnke, 2014),
i.e., to apply more desaturation steps hj with j> 2 using the so-
called free joint inversion protocol. Instead, we use the proto-
col of the fixed joint inversion (FJI; Hiller & Klitzsch, 2018),
for which one desaturation step is sufficient. For the FJI, ρ2
is the only fitting parameter. This implies that the geometry
of the capillary cross-section (i.e., circle, equilateral triangle,
or right-angled triangle with its corresponding sharp angle γs)
has to be defined beforehand and is constant throughout the
data inversion.

The first step within our inversion protocol is the determi-
nation of the RTD of the NMR signal at h1 = 0 cm (full satu-

ration) by means of a standard LLS inversion. Based on arbi-
trary starting values for ρ2, the RTD is transformed into a PSD
(i.e., the corresponding intensity distribution Ii [T2] is reinter-
preted as a function of the characteristic pore size L as defined
in Figure 1, a–c). Subsequently, the desaturation related to h2
is simulated for the PSD: all pores with hcrit > h2 remain sat-
urated, whereas for the pores with hcrit ≤ h2 the amount of
the remaining water in the menisci is calculated. The original
protocol according to Hiller and Klitzsch (2018) is slightly
modified here to implement X(h) for a realistic WRF recon-
struction (Equations 7 and 8). The inclusion of X(h) as part of
the iterative fitting process is necessary for the water balance
and results in the final determination of the weighting factor
w between X(h) and Γ(h). However, this aspect is independent
of the NMR forward operator, because we do not consider
the NMR relaxation of the corresponding water films. More
details on calibrating X(h) are given below in Section 3.2.2.
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After simulating the desaturation at h2, we model the theo-
retical NMR response of the still saturated pores plus the con-
tribution of the meniscus water and compare it to the actual
NMR relaxation signal at ℎ2. We use a χ2 criterion to evalu-
ate the quality of the inversion (Aster, Borchers, & Thurber,
2013), meaning we calculate the residual of measured and
modeled NMR data and relate it to the actual noise level. A
value of χ2 = 1 indicates a reliable inversion result within
the error bounds of the underlying data. If χ2 is larger than
1, then the model (PSD) is in general “too smooth” and the
data misfit is large. If χ2 is smaller than 1, the inversion mis-
interprets noise as data and yields a “rough” inversion model,
typically a rather unphysical multimodal PSD. If the χ2 crite-
rion is satisfied, the current PSD is accepted to be the optimum
solution. Otherwise, the procedure is iteratively repeated with
corresponding updates of ρ2 until the PSD result is accept-
able or the convergence criterion is reached. Finally, WRF and
hydraulic conductivity are calculated.

3.2.2 WRF reconstruction from
NMR-based PSD

The joint inversion described above provides the NMR-based
PSD (i.e., the intensities Ii; Equation 1) as a function of the
pore size defined in Figure 1 and Table 1. From a PSD with
M pore classes, Γ(h) (Equation 7) is determined by

Γ
(
ℎ𝑁

)
=

∑𝑁

𝑖=1 𝐼𝑖 +
∑𝑀

𝑖=𝑁+1
∑3

𝑐=1
𝐴𝑐,𝑖

𝐴0,𝑖
𝐼𝑖∑𝑀

𝑖=1 𝐼𝑖
(11)

where the index N refers to an arbitrary position of Γ on the h
axis and marks the largest capillary class in the bundle that is
still saturated at the corresponding hN, i is the running index,
and c refers to the number of the triangle corners. It is impor-
tant to note that Γ(hN) is the cumulative form of the PSD only
in the case of the circular pores, because only in this case all
pores with hcrit ≤ hN are empty and do not contribute to the
total saturation. In the case of the triangular pores, for each hi
also the meniscus water in the pores with hcrit ≤ hN has to be
considered.

In contrast to Γ(h), any information on X(h) (see Equa-
tions 7 and 8) is not available in the NMR data as long as
the sample is saturated. Adsorptive water is in a permanent
diffusional exchange with the interior of the pore and thus
cannot be distinguished from the rest of the pore water. In
order to reconstruct a reliable WRF, we have to include the
X(h) part by the semiempirical model introduced with Equa-
tions 7 and 8. Following the suggestion of Peters (2013) to
determine ha to be the median of the PSD model of Kosugi
(1996), we implement Equation 8 by choosing ha correspond-
ing to the maximum of the NMR-based PSD estimation [i.e.,
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F I G U R E 5 Synthetic data example demonstrating the estimation
of the water retention function (blue dashed line) from the nuclear mag-
netic resonance (NMR)-based capillary pressure curve Γ(h) (green solid
line) according to Peters (2013) with ha corresponding to the inflection
point of the pore size distribution (PSD). X(h) represents the adsorp-
tive water saturation (red solid line), which is reconstructed with the
help of two fixed points outside the capillary range: a special calibra-
tion point[𝑆cal

ad , ℎ
cal] and the thermodynamic limit [Sad = 0, h0 = 6.3

× 106 cm] for the adsorptive water proportion. Stot represents the total
saturation degree. For details, please see the text

to the inflection point of the corresponding Γ(h)]. In case of
a lognormal PSD, our approach and the one of Peters (2013)
lead to the very same result.

Figure 5 shows an example to demonstrate how the differ-
ent terms in Equation 7 are combined to form the final model
of Stot(h) and how we implement and calibrate the X(h) part.
In addition to the NMR measurement at partial saturation for
determining Γ(h) by the joint inversion as described above, a
calibration point (𝑆cal

ad , hcal) for X(h) is necessary. This point
and the fix point at h0 = 6.3 × 106 cm define the slope of X(h)
in the semilogarithmic S–h domain. During the joint inver-
sion, the iterative update of ρ2 causes a shift of Γ(h) along
the h axis. The consequence of linking the parameter ha to the
inflection point of Γ(h) is an implicit update of ha and thus
an update of the weighting factor w between X(h) and Γ(h) in
each iteration step. Hence, w is implicitly determined during
the NMR joint inversion.

The location of the calibration point (𝑆cal
ad , hcal) has to

be outside the capillary range. Otherwise, the residual satu-
ration is still dominated by capillary forces (see Figure 5).
In this study, the highest suction applied in the desatura-
tion experiment is used for this purpose (h = 1,995 cm). A
NMR measurement has been taken at this desaturation step,
and the calibration value for 𝑆cal

ad has been taken from it
(Equation 2). However, our approach does not necessarily
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require an additional NMR measurement in the dry range. A
simple weighing to determine the saturation would be suffi-
cient. The NMR data at h= 1,995 cm in this study are captured
solely for demonstrating how the RTDs develop with decreas-
ing saturation.

3.2.3 Kcap estimation by parallel connection
of capillaries

We observe the water flow through a bundle of parallel cap-
illaries. Let M be the total number of the involved capillary
size clusters and i the index for a certain capillary size in the
bundle. As described above for a single capillary with circular
or angular cross-section (Equation 4, Table 1), the hydraulic
conductivity of the ith saturated circular or angular capillary
(Ki) can be calculated using an equation of the form

𝐾𝑖 =
ρ𝑔
η0

1
κ
𝐿2
𝑖

(12)

where Li is the corresponding pore dimension as defined in
Figure 1. To calculate the saturated hydraulic conductivity
KS of the observed capillary bundle, the individual Ki are
weighted by Si, which is the proportion of all capillaries of
the ith size in the total pore volume:

𝐾S = Φ
τ

𝑀∑
𝑖=1

𝑆𝑖𝐾𝑖 (13)

with Φ and τ being the porosity and tortuosity, respectively,
and Si being the ratio of the cross-sectional area of all cap-
illaries of the ith cluster and the total cross-sectional area of
the entire capillary bundle. For the partially saturated case at a
certain suction hN, we consider N the index for the largest cap-
illary that remains saturated, whereas all capillaries >N have
already been invaded by air. The corresponding hydraulic con-
ductivity of all remaining saturated capillaries Kpc (hN) is
given by their parallel connection:

𝐾pc
(
ℎ𝑁

)
= Φ

τ

𝑁∑
𝑖=1

𝑆𝑖𝐾𝑖 (14)

In case of the circular capillaries, Equation 14 directly
yields the desired estimation of Kcap. However, pore water still
kept in the corners of the angular capillaries with sizes >N
also contributes to Kcap with its individual proportion on the
total volume. The hydraulic conductivity of the entire menis-
cus water (Kmenis) is given with

𝐾menis
(
ℎ𝑁

)
= Φ

τ

𝑀∑
𝑖=𝑁+1

𝑆𝑖

3∑
𝑐=1

𝐴𝑐,𝑖

𝐴0,𝑖
𝐾𝑐,𝑖 (15)

with c being the index for the corners inside the ith (triangular)
capillary. A0,I is the cross-sectional area of the ith capillary,
and Ac,i is that of the meniscus water in its cth corner. The
final prediction of Kcap is given by the sum

𝐾
pc
cap

(
ℎ𝑁

)
= 𝐾pc

(
ℎ𝑁

)
+𝐾menisc

(
ℎ𝑁

)
(16)

3.2.4 Kcap estimation by considering an
effective capillary

The definition of an effective pore radius is a well-established
soil physical and petrophysical concept (Boadu, 2000; Cha-
puis & Aubertin, 2003; Glover & Walker, 2009). Inside the
NMR community, the logarithmic mean of the RTD (Keating
& Knight, 2008; Kenyon, 1997; Mohnke & Yaramanci, 2008)
and the NMR-based PSD (Hiller & Klitzsch, 2018; Mohnke,
2014) is frequently used as an effective quantity to estimate
the saturated hydraulic conductivity or permeability. In this
study, we also want to test the performance of using the log
mean as effective hydraulic quantity to predict Kcap. Let Leff
be the log mean of the saturated part of the capillary bundle
at hN, calculated by

log10
(
𝐿eff

)
=

𝑁∑
𝑖=1

𝑆𝑖∑𝑁

𝑖=1 𝑆𝑖

log10
(
𝐿𝑖

)
(17)

We assume the hydraulic conductivity corresponding to
Leff, when computed with Equation 17, to be a reliable approx-
imation for the entire saturated capillary bundle:

𝐾eff
(
ℎ𝑁

)
= Φ

τ
ρ𝑔
η0

1
κ
𝐿2
eff

(
ℎ𝑁

)
. (18)

In the case of triangular capillaries, the water in the corners
of the desaturated part of the bundle is considered in the same
way as described above for the parallel connection approach:

𝐾eff
cap

(
ℎ𝑁

)
= 𝐾eff

(
ℎ𝑁

)
+𝐾menisc

(
ℎ𝑁

)
(19)

At the end of this section, it is worth noting that the set
of Equations 13–19 can provide exact estimates of hydraulic
conductivity only if Φ and τ are known. Regarding the NMR
method, providing reliable estimates of Φ is not a problem: it
can simply be determined from the amplitude of the NMR
signal of the saturated sample (Behroozmand et al., 2014;
Costabel et al., 2018). On the other hand, the NMR relaxation
method discussed in this study is not sensitive to τ. Thus, as
an objective approximation and without being dependent on
assumptions, we set τ = 1. Realistic values of τ for sandy
material are 2–3 (Costabel et al., 2018; Dlugosch, Günther,
Müller-Petke, & Yaramanci, 2013; Hiller & Klitzsch, 2018;
Mohnke, 2014) but can be much higher for finer material.
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F I G U R E 6 (a–c) Synthetic (equivalent) pore size distributions (PSDs) with varying broadness and (d–f) their corresponding capillary-based
hydraulic conductivity (Kcap) estimations for different capillary cross-sections (circle, equilateral triangle, and right-angled triangle). Two approaches
for the Kcap estimations were applied: the parallel connection (pc) of the capillary bundle and the consideration of an effective capillary (eff). req,
equivalent pore radius; Scap, capillary-based saturation degree

3.2.5 Dependency of Kcap estimation on
capillary geometry and PSD broadness

For the comparison of the different approaches for estimating
Kcap suggested in the section above, we consider three differ-
ent synthetic PSDs with varying width. The PSDs are gener-
ated using a lognormal distribution at the req scale (Figure 6,
a–c). The median value is set to req = 10 μm (= 1 × 10−5 m)
for each of the three models and the standard deviation σ at
the logarithmic scale is set to 0.2, 0.5, and 1. To demonstrate
the impact of the pore angularity on Kcap in Figures 6d–6f, we
investigate the same capillary geometries as in Figure 1: cir-
cular (green curve), equilateral triangle (orange curve), and
right-angled triangle with a sharp angle of 10˚ (red curve).
Porosity and tortuosity are set to 0.35 and 1, respectively.

As one would expect, an increasing angularity generally
causes a decrease in the hydraulic conductivity, which is true
for the three examples in Figure 6 and for the entire saturation
range. In each case, the difference between the Kcap curves of
the circle and the right-angled triangle is a bit more than half a
magnitude, whereas the Kcap functions related to the equilat-
eral triangle are relatively close to that of the circular geome-

try. To demonstrate the contribution of the corners, Kmenis is
depicted for the cases of the triangle capillaries (dotted lines).
These curves exhibit a local maximum at saturation states <1.
At the beginning of the desaturation process, only a few cor-
ners are available. With decreasing Scap, the amount of cor-
ners contributing to the flow increases up to a certain point, at
which the total loss of water in the flow cross-sections of the
menisci predominates the process. The position of the corre-
sponding maximum of Kmenis strongly depends on the width
of the PSD. For the narrow PSD, the maximum is reached at
a medium Scap. With increasing PSD width, the maximum is
shifted towards higher Scap.

The impact of whether handling the capillary bundle by the
parallel connection (solid lines) or by assuming an effective
capillary (dashed lines) for the estimation of Kcap is getting
more and more obvious with increasing broadness of the PSD.
For the narrow PSD in Figure 6d (σ = 0.2), there is no signif-
icant difference between the estimation of 𝐾eff

cap and 𝐾
pc
cap. For

broader PSDs and near full saturation, 𝐾eff
cap is smaller than

𝐾
pc
cap by a factor of two for σ = 0.5 (Figure 6e) and five for

σ = 1.0 (Figure 6f). The 𝐾eff
cap and 𝐾

pc
cap curves converge with

decreasing saturation.
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F I G U R E 7 (a–d) Nuclear magnetic resonance (NMR) relaxation measurements and (e–h) their T2 relaxation time distributions for the inves-
tigated samples and for different suctions h: fine sand (FS), medium and fine sand (MSFS), medium sand (MS), and coarse sand (CS). E(t), signal
voltage; t, measurement time; I(T2), signal intensity

4 RESULTS

4.1 NMR relaxation data

The measured NMR data for the four samples are depicted
in Figures 7a–7d along with their surface-related RTDs in
Figures 7e–7h (i.e., the influence of TBulk was corrected in
these RTDs). At saturation (dark blue), the two samples (fine
sand [FS] and medium and fine sand [MSFS]) exhibit a simple
mono-modal RTD with relaxation times symmetrically dis-
tributed around 1 s. The spectrum of the medium sand sam-
ple (MS) is also mono-modal with a maximum at about 0.4 s,
but asymmetric with significant amplitudes at short relax-
ation times. The RTD of the coarse sand (CS) has a slightly
bimodal character with a major maximum at 3 s and a minor
one at 0.1 s. With respect to the data at saturation, the RTDs at
h = 63 cm (medium blue) behave quite differently. Although
for MS and CS these RTDs completely lie inside the saturated
RTDs, for FS and MSFS, new relaxation regimes at T2 times
shorter than at full saturation appear during the desaturation.
Along with Figure 3, it was already discussed above that this
behavior can be explained by capillaries with angular cross-
sections. Similar observations are described and interpreted
by Costabel (2011), Mohnke (2014), and Hiller and Klitzsch
(2018). For the desaturation step at h = 1,995 cm (light blue),

the RTDs of FS and MSFS lie inside those of h = 63 cm (i.e.,
further relaxation regimes do not appear). In contrast, the res-
olution of the MS and CS data for h = 1,995 cm does not
allow a reconstruction of a distinct RTD. Instead, these RTDs
are smeared over three to four magnitudes at relaxation times
shorter than 0.1 s.

As a next step, we will inspect the performance of the joint
inversion as described in Section 3.2 in detail for our sam-
ples. On top of Figure 8, the NMR signals of our samples at
h = 63 cm are shown together with the FJI model responses
for the considered capillary geometries. For comparison, also
the response from the common LLS fit is shown as well. This
demonstrates how accurate the data can be approximated in
the best case (i.e., without the constraints due to the hydro-
logic desaturation model). The resulting PSDs of the samples
with respect to req are depicted on the bottom of Figure 8,
whereas the corresponding estimates of ρ2 and w are listed in
Table 3.

Inspecting the results in Figures 8a and 8b, we note that
the FJI approach using the triangle cross sections leads to the
best approximations for FS and MSFS with acceptable data
fits (χ2 < 2) except for the equilateral triangular geometry for
the MSFS sample. The circular capillary does not seem to be a
reliable pore space model for these two sands, because the cor-
responding χ2 values exceed the inacceptable tolerance of 2.
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F I G U R E 8 (a–d) Nuclear magnetic resonance (NMR) data for the investigated samples at partial saturation (suction [h] = 63 cm) and the
corresponding model responses after applying the joint inversion using different capillary cross-sections, and (e–h) resulting pore size distributions
(PSDs). The dashed lines within Subfigures e–h represent the diffusion regimes corresponding to the inverted surface relaxivities: fast diffusion (FD),
intermediate diffusion (ID), and slow diffusion (SD). FS, fine sand; MSFS, medium and fine sand; MS, medium sand; CS, coarse sand; LLS, linear
least square; FJI, fixed joint inversion; circ, circular model; etr, equilateral triangle model; rtr, right-angled triangle model; req, equivalent pore radius;
χ2, quality criterion of NMR data inversion

This is also true for the samples MS and CS, no matter what
cross-sectional geometry is used in the joint inversion. The
data fits for these samples are imperfect with best χ2 values
of 4.4 (MS) and 2.7 (CS) for the circular capillary.

For the samples MS and CS, we note that the joint inversion
approach does not work well, for neither circular nor angu-
lar cross-section, and the angularity has no significant impact
on the results. Most likely, this problem is caused by the fact
that at least some parts of the pore space are outside the fast
diffusion region. The subfigures on the bottom of Figure 8
show, in addition to the PSD estimation for the different pore
geometries, the thresholds for fast (FD), intermediate (ID),
and slow diffusion (SD) regimes in the gray vertical dashed
lines as computed according to Brownstein and Tarr (1979)
using the circular capillary. For the samples MS and CS, it
is obvious that large parts of their PSDs lie in the interme-
diate and/or slow diffusion region, where large pores exhibit
additional relaxation modes at short T2 times. These are mis-
interpreted as being small pores (Brownstein & Tarr, 1979;
Costabel et al., 2018; Müller-Petke et al., 2015). In this case,

the joint inversion automatically tries to include these appar-
ent “ghost pores” in the capillary bundle, and thus it cannot
reproduce the correct response for the NMR measurement at
h = 63 cm.

For the samples FS and MSFS, which are almost com-
pletely in the fast diffusion range, we observe that the data fit
using triangular capillaries leads to better results than using
the circular geometry as already described above.

4.2 NMR-based estimation of WRF

The results of the WRF estimations based on the joint inver-
sion results are depicted in Figures 9a–9d, together with the
reference data for each sample: the measured Stot–h data
pairs for the investigated desaturation steps (black bullets)
and their corresponding WRF parameterized according to
Peters (2013) and the VG model (dashed lines). The reference
data are in good agreement with the NMR-estimated curves,
and we observe that the joint inversion results based on the
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F I G U R E 9 Nuclear magnetic resonance (NMR)-based estimations of the water retention functions (WRF) for the investigated samples compared
to reference data: water retention (WR) measurements using a pressure plate (black bullets), and WRF reconstructed from their parameterizations using
the models of Peters (2013) and van Genuchten (1980) (dashed lines). FS, fine sand; MSFS, medium and fine sand; MS, medium sand; CS, coarse
sand; h, suction; Stot, total saturation degree; LLS, linear least square; FJI, fixed joint inversion; circ, circular mode; etr, equilateral triangle model; rtr,
right-angled triangle model; VG, van Genuchten

T A B L E 3 Comparison of the linear least square (LLS) and fixed
joint inversion (FJI) results for the investigated samples

Inversion method
Samplea Parameterb LLS FJI-circ FJI-etr FJI-rtr
FS χ2 (h = 0 cm) 0.99 0.99 0.99 0.99

χ2 (h = 63 cm) 1.04 2.68 1.32 1.37

ρ2, μm s−1 – 9.5 8.3 7.5

w – 0.96 0.96 0.96

MSFS χ2 (h = 0 cm) 0.99 0.99 0.99 0.99

χ2 (h = 63 cm) 1.07 2.98 2.31 1.55

ρ2, μm s−1 – 17.6 16.7 15.6

w – 0.87 0.87 0.87

MS χ2 (h = 0 cm) 1.00 1.00 1.00 1.00

χ2 (h = 63 cm) 1.00 4.24 4.62 5.00

ρ2, μm s−1 – 120.7 124.4 120.9

w – 0.95 0.95 0.95

CS χ2 (h = 0 cm) 1.02 1.02 1.02 1.02

χ2 (h = 63 cm) 1.04 2.52 3.11 3.52

ρ2, μm s−1 – 25.0 22.2 21.6

w – 0.96 0.96 0.95

Note. The abbreviations -circ, -etr, and -rtr refer to the underlying capillary cross-
sections circle, equilateral, and right-angled triangle, respectively.
aFS, fine sand; MSFS, medium and fine sand; MS, medium sand; CS, coarse sand.
bχ2, quality criterion of NMR inversion; h, suction; ρ2, surface relaxivity; w, empir-
ical weighting factor.

different pore geometries only slightly differ from one
another. Only the curves for the MSFS sample diverge from
the reference near saturation. It seems that the NMR curves
overestimate the saturation degree in this range. However,

because the reference WRF has only data in the dry range, its
correctness near saturation is not evident and a higher degree
of uncertainty must be expected here. The same can actu-
ally be anticipated for the reference curves of the samples MS
and CS. The absence of measurement points near saturation
might lead to a much smoother decrease of the saturation with
increasing h, when approximated using a WRF model. Inter-
estingly, the reference curves for MS and CS show, neverthe-
less, a higher degree of similarity to the corresponding NMR
estimations. However, considering the fact that these two sam-
ples are at least partly outside the fast diffusion regime, we
have to expect that the NMR curves might overestimate the
PSD (Costabel et al., 2018) and this bias would cause WRF
estimations with underestimated slope similar to the reference
curves. This problem will be discussed below in detail.

4.3 Estimation of Kcap

Figure 10 shows the NMR-based Kcap estimations as func-
tions of Scap and compares them with the reference curves
(i.e., VGM parameterizations; Equation 10) for Krel multiplied
by the measured KS. The main trend of the curves follows the
expectations discussed above along with the numerical sim-
ulations in Figure 6. The impact of the assumed pore angu-
larity on the Kcap prediction increases with decreasing Scap,
which is obvious, at least for the samples FS and MSFS. The
corresponding differences of MS and CS are much smaller.
Similar to the numerical simulations in Figure 6, we note a
shift between 𝐾

pc
cap and 𝐾eff

cap for all four samples. The shift is
about a factor of two and five for FS and MSFS, respectively,
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F I G U R E 1 0 Nuclear magnetic resonance (NMR)-based estimations of the capillary-based unsaturated hydraulic conductivity Kcap for the inves-
tigated samples compared to reference curves estimated according to the van-Genuchten–Mualem model (VGM, dashed lines), with different capillary
cross-sections (circle [circ], equilateral triangle [etr], and right-angled triangle [rtr]), and two different approaches for the Kcap estimations were applied:
the parallel connection (pc) of the capillary bundle and the consideration of an effective capillary (eff). FS, fine sand; MSFS, medium and fine sand;
MS, medium sand; CS, coarse sand; FJI, fixed joint inversion; Scap, capillary-based saturation degree

and about 10 for the other two samples. Compared with the
reference curves, the NMR-based 𝐾

pc
cap are larger with differ-

ences of a half to more than one magnitude over the entire
Scap range. The 𝐾eff

cap estimates lead to smaller values closer
to the references. Among the different investigated capillary
cross sections, the right-angled triangle leads to results sys-
tematically closest to references, whereas the circle leads to
the worst agreement. This is again most obvious for FS and
MSFS.

5 DISCUSSION

5.1 Potential of WRF estimation from NMR

As described in Section 3.2, we apply the joint inversion con-
cept of Hiller and Klitzsch (2018) to estimate the PSDs of our
samples. The employed FJI protocol uses the RTDs of the sat-
urated sample together with the NMR relaxation data at par-
tial saturation (h2 = 63 cm) for the same sample. During the
inversion, the data at h2 = 63 cm are approximated by link-
ing the NMR forward modeling with a hydraulic desaturation
modeling. This means we use exact physical concepts to esti-
mate the PSDs of our samples and do not rely on additional
calibration data on the surface-to-volume ratio. This is a great
benefit of the joint inversion approach, but at the same time, it
is also a certain limitation. The achievable accuracy of the data
approximation for the desaturated sample strongly depends on
the choice of the underlying capillary cross-sectional geome-
try, and the corresponding χ2 criterion will achieve acceptable

values only if the predetermined capillary model allows this.
Using an insufficient model, the algorithm will minimize χ2

by varying ρ2 as well but can never reach a reliable χ2 as can
be seen for the samples FS and MSFS in case of choosing
circular capillaries. In contrast, the capillaries with triangu-
lar cross sections are able to explain the measured NMR data
for these two samples much better than the circular geometry.
The right-angular shape with a sharp angle of 10˚ leads to the
best data fit among the tested geometries.

For the two samples with coarse material (MS and CS),
the χ2 exceeds 2, which means the measured NMR data of
the desaturated sample cannot fully be explained by the NMR
forward operator. It is evident that these samples are partly
outside the fast diffusion regime (Figure 8). This causes addi-
tional relaxation modes at short T2 times that pretend to be
related to smaller pores if not considered properly in the NMR
forward modeling. By using the full saturation RTD, the joint
inversion algorithm includes these “ghost” pores in the sim-
ulation of the desaturation and overestimates in this way the
relaxation rate of the actual NMR data at partial saturation
(Figures 8c and 8d). The anticipated consequence is an NMR-
based PSD with overestimated width, and thus a correspond-
ing WRF with overestimated slope. However, this systematic
erroneous estimation is not very obvious for our two samples
MS and CS, which are nevertheless in quite good agreement
with the reference WRF. We assume that the reference curves
for these samples also exhibit a bias to an overestimated slope
similar to the NMR data: the corresponding WR reference
data are only available in the dry range and allows too much
degree of freedom for the range near saturation. Table 2 lists
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VG parameters of other specimens of the same material that
supports this hypothesis. In particular, the VG parameter n
is much larger for these sample realizations, which indicates
a WRF showing a much faster decrease of saturation with
increasing h compared with our samples. An important task
for future research to improve the NMR joint inversion con-
cept and to enhance its applicability for coarse material is the
inclusion of the relaxation mechanisms under intermediate
and slow diffusion conditions (Brownstein & Tarr, 1979) in
the forward operator. We anticipate that the observed overes-
timation of the NMR-based PSD can be corrected in this way.
Apart from such improvements of the data inversion protocol,
the experimental setup for partially saturated coarse material
should be improved in future studies to account for the fact
that the water content in the desaturated sample might not be
homogeneously distributed. Because of its high depth resolu-
tion of about 100 to 200 μm (Costabel et al., 2018), the single-
sided NMR technology seems promising in this regard.

5.2 Considering adsorbed water in the
NMR data interpretation

Our approach to predict a reliable WRF combines the NMR-
based PSD estimation with the semiempirical approach of
Peters (2013). In this way, we account for a certain portion
of water X(h) (see Equations 7 and 8) that is kept in the desat-
urated pore space by adsorptive forces. To do this properly, a
calibration of the X(h) function is necessary, which is realized
by an additional Stot–h data pair in the dry range. In a strict
physical sense, if X(h) consisted only of homogeneous water
films adsorbed at the pore walls, it could easily be determined
from the NMR measurement at saturation: according to Equa-
tion 3 and by choosing a certain model geometry (Table 1),
the joint inversion provides an estimate of the pore surface-
to-volume ratio Sw/Vw of the investigated sample. The vol-
umetric portion of the adsorbed water films is given by the
product of the h-dependent film thickness (Tuller & Or, 2001)
and Sw/Vw. On the other hand, a water film of a certain thick-
ness dfilm produces an NMR signal with a relaxation rate of
1/T2 = ρ2(1/dfilm) and gives us the opportunity to test whether
or not the hypothesis of a homogeneous film is valid at a cer-
tain h. According to Tuller and Or (2001), an adsorbed water
film at h = 1,995 cm has a thickness of about 2.5 nm result-
ing in a relaxation time of T2 ≤ 0.3 ms, when assuming a γ2
of > 10 μm s−1. The simple fact that we actually measure
relaxation times of at least 10 ms (see Figure 7) for our sam-
ples at h = 1,995 cm leads to the conclusion that X(h) cannot
solely consist of film water. Peters (2013) also suggested con-
sidering w in Equation 7 to be a fitting parameter rather than
a volumetric weighting factor.

Furthermore, the discussion above demonstrates a serious
limitation of assuming a capillary bundle model in NMR

interpretation approaches. If X(h) still contains remaining
water kept by capillary forces that cannot be drained at a
certain h, the pore space can no longer be considered to be
consisting of straight capillary tubes with plain walls. A cer-
tain roughness (Müller-Petke et al., 2015; Or & Tuller, 2000)
or fractality (Müller-Petke et al., 2015) of the pore walls or
even dead-end pores need to be considered. Consequently,
if the dry range of sandy soil material or soils with signif-
icant amount of clay and silt are in the focus of the inves-
tigation, NMR relaxation data alone are of limited value as
long as a specific model description of higher complexity is
missing. Future approaches could use pore networks or frac-
tal pore surfaces (Xu & Torres-Verdín, 2013) and/or should be
combined with other petrophysical methods sensitive to pore
fluid–surface interactions.

5.3 Potential of NMR-based estimation of
Kcap as function of Scap

At least at saturation degrees where capillary forces dominate,
a strict physical interpretation of NMR relaxation data based
on capillary bundles with circular or angular cross-sections
and the corresponding prediction of the hydraulic behaviour
seems plausible. The general observation that the achievable
data approximation depends on the chosen model angularity
has consequences for the Kcap estimation. Although our study
suggests that the impact of the angularity on the WRF esti-
mation is almost negligible, choosing an insufficient capil-
lary cross-section might lead to a certain bias in the final Kcap
results as indicated by the synthetic study (Figure 6). Because
a decreasing angularity generally shifts the Kcap curve towards
higher values, a model with an angularity too low might over-
estimate the Kcap and vice versa. Hiller and Klitzsch (2018)
suggest and discuss the use of a particular variant of the joint
inversion, which allows the angularity of the capillary cross-
section to be treated as additional fitting parameter. Using
and developing this idea could overcome the problem of pos-
sible biases caused by insufficient predefinition of a certain
(tri-)angular pore model.

According to the findings of the synthetic parameter
study in Figure 6, a significant difference between our two
approaches for estimating the capillary-based unsaturated
hydraulic conductivity (𝐾pc

cap and 𝐾eff
cap) was expected only

for samples with broad PSD. However, all of our samples,
although expected to have a relatively narrow PSD, show sig-
nificant shifts between 𝐾

pc
cap and 𝐾eff

cap. The reason for this
observation are small local maxima appearing at short relax-
ation times for all samples, also for those completely in the
fast diffusion regime. These maxima, although coming with
no observable impact on the WRF estimations, yield a sig-
nificant impact on 𝐾eff

cap because of their contribution on the
calculation of the effective capillary (Equations 17–19).
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F I G U R E 1 1 Nuclear magnetic resonance (NMR)-based estimations of the relative hydraulic conductivity Krel for two investigated samples
compared with the reference data (dashed lines), different capillary cross-sections (circle [circ], equilateral triangle [etr], and right-angled triangle
[rtr]), and two different approaches for the capillary-based unsaturated hydraulic conductivity (Kcap) estimations were applied: the parallel connection
(pc) of the capillary bundle and the consideration of an effective capillary (eff). FS, fine sand; MSFS, medium and fine sand; FJI, fixed joint inversion;
VGM, van Genuchten–Mualem; Scap, capillary-based saturation degree

However, the comparison of the NMR-based Kcap curves
with the references illuminates another systematic effect,
which is much more relevant than the assumption on the capil-
lary cross-section. We observe in Figure 10 that both the 𝐾pc

cap
and 𝐾eff

cap predictions tend towards overestimation. The NMR-
based estimations are solely based on the flow along straight
capillaries, whereas the reference curves based on the VGM
model, like most of the other empirical flow models, include
a tortuosity term. The tortuosity takes into account that the
pore fluid flow path is not straight. It is frequently considered
as a pure empirical parameter (Chapuis & Aubertin, 2003;
Matyka, Khalili, & Koza, 2008; Mualem, 1976), which has
to be determined by calibration or which is simply predefined
by experience. Most often, the tortuosity is considered by a
power law of the effective saturation (Mualem, 1976).

Considering the actual difference of KS as measured and
𝐾

pc
cap at Scap = 1, we can estimate the tortuosity term τ accord-

ing to Equation 13. In this way, we get τ = 3.1 and 2.0
for FS and MSFS, respectively, which is plausible regarding
expected values for sandy material (see, e.g., Costabel et al.,
2018; Dlugosch et al., 2013; Müller-Petke et al., 2015). For
the other two samples, τ exceeds the plausible range by more
than a factor of 10. Obviously, the occurrence of the “ghost
pores” due to the relaxation outside the fast diffusion regime
as described above leads to a great overestimation of 𝐾

pc
cap,

which cannot be explained by a tortuosity effect.
For the samples FS and MSFS, the 𝐾eff

cap seems to be supe-

rior to the 𝐾
pc
cap approach. The concept of using an effec-

tive capillary as a proxy for the saturated part of the pore
space is able to compensate for the tortuosity effect to some
extent, which is evident because the 𝐾eff

cap curves are generally
closer to the reference curves. At saturation and at least for the
samples FS and MSFS, the effective capillary approach leads
to a KS estimate almost in agreement with the measured value.
With decreasing Scap, 𝐾eff

cap matches with the reference curve
only in case of FS, whereas for MSFS, the difference between
the two increases. A tortuosity term increasing with decreas-
ing saturation could correct this disagreement for the entire
Scap range.

To test this hypothesis, we finally investigate the corre-
sponding Krel estimations of the samples FS and MSFS in
Figure 11. The NMR-based Kcap curves are normalized with
respect to their individual KS estimates and compared with
the VGM references. We note that the angularity-induced dif-
ferences in Krel lie within half a magnitude no matter if using
𝐾

pc
cap or 𝐾eff

cap. Compared with 𝐾
pc
cap, the 𝐾eff

cap estimations leads
to a faster decrease of Krel with decreasing Scap, and in this
way, at least for FS and the right-angled triangle geometry, to
an excellent agreement with the reference curve. For MSFS,
the 𝐾eff

cap estimations are slightly closer to the reference. An
agreement between the curves can be achieved by multiply-
ing the NMR-based estimation of Krel with 𝑆2

cap(example in

Figure 11: the 𝐾eff
cap estimation using the right-angled trian-

gle geometry depicted by the gray dotted line), a saturation-
dependent tortuosity-like factor similar to known empirical
Krel models. Of course, the water flow through a partially
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saturated capillary bundle, no matter what specific geometry
is assumed, cannot explain this behavior. For a strict physical
explanation, pore models with a higher degree of complex-
ity (e.g., pore networks) must be considered (Xu & Torres-
Verdín, 2013).

6 CONCLUSIONS

We present an approach to predict WRF and 𝐾cap from NMR
relaxation data based on physical interpretation and without
the usual need of additional calibration data on the surface-
to-volume ratio of the material under study. The basis of
this approach is the combination of the NMR modeling with
the hydraulic desaturation modeling inside a capillary bundle
with either circular or triangular capillary cross-sections using
the joint inversion concept of Hiller and Klitzsch (2018). So
far, the model geometry has to be predetermined, which might
cause a bias of the result if the chosen model angularity is
insufficient. However, the usual smooth LLS inversion of the
involved NMR data provides significant indications for a pre-
dominantly angular pore space: if the RTD at partial satura-
tion lies outside the saturated RTD, a triangular model should
be considered. Future versions of the joint inversion protocol
should consider the angularity of the capillary cross-section
as a fitting parameter.

The angularity of the used pore model has a significant
impact on the predicted Kcap but not on the WRF estima-
tion. At least for our sand samples in the fast diffusion regime,
the NMR-based WRF estimation is reliable, whereas for sam-
ples with pores outside fast diffusion conditions, the width of
the corresponding PSD is likely overestimated. Including the
relaxation mechanisms for intermediate and slow diffusion in
the forward operator to enhance the applicability of the joint
inversion also for coarse material is an important objective for
future research.

The Kcap estimation based on the parallel connection of the
involved capillaries is reliable but leads to systematic over-
estimations as long as a plausible tortuosity model is not
considered. Simple NMR relaxation data are not sensitive
to the tortuosity. Consequently, involving a tortuosity term
in the procedure would necessitate an additional empirical
calibration or must be provided by additional measurements
(e.g., gradient-field NMR [Latour, Kleinberg, Mitra, & Sotak,
1995; Pape, Tillich, & Holz, 2006] or electric resistivity
[Archie, 1950; Shah & Singh, 2005]). The Kcap estimation
based on the assumption of an effective capillary as a proxy
for the saturated part of the bundle is able to circumvent the
tortuosity problem to some extent. However, in general, the
assumption of a tortuosity term and a corresponding calibra-
tion remains necessary if NMR relaxation data are the only
data source of the Kcap estimation.

Our future research in this field will include real soils
with certain contents of silt and clay and much more sam-
ples, which allows a statistical assessment of the approach. It
remains an open question, how well the idea of using the NMR
data at saturation for predicting WRF and Kcap performs in
general compared with other methods such as the evaporation
method, and whether or not NMR relaxometry can be consid-
ered a reliable method for supporting soil physical laboratory
work.

The numerical realization of the concepts to estimate WRF
and Kcap developed and investigated in this study will be made
available to the scientific community within the open source
software package NUCLEUS (Hiller, 2020).
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