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Abstract: We investigate emission rate and ellipticity of high-order harmonics generated exposing a
homonuclear diatomic molecule, aligned in the laser-field polarization plane, to a strong orthogonally
polarized two-color (OTC) laser field. The linearly polarized OTC-field components have frequencies
rω and sω, where r and s are integers. Using the molecular strong-field approximation with dressed
initial state and undressed final state, we calculate the harmonic emission rate and harmonic ellipticity
for frequency ratios 1:2 and 1:3. The obtained quantities depend strongly on the relative phase
between the laser-field components. We show that with the OTC field it is possible to generate
elliptically polarized high-energy harmonics with high emission rate. To estimate the relative phase
for which the emission rate is maximal we use the simple man’s model. In the harmonic spectra
as a function of the molecular orientation there are two types of minima, one connected with the
symmetry of the molecular orbital and the other one due to destructive interference between different
contributions to the recombination matrix element, where we take into account that the electron
can be ionized and recombine at the same or different atomic centers. We derive a condition for the
interference minima. These minima are blurred in the OTC field except in the cases where the highest
occupied molecular orbital is modeled using only s or only p orbitals in the linear combination of
the atomic orbitals. This allows us to use the interference minima to assess which atomic orbitals are
dominant in a particular molecular orbital. Finally, we show that the harmonic ellipticity, presented
in false colors in the molecular-orientation angle vs. harmonic-order plane, can be large in particular
regions of this plane. These regions are bounded by the curves determined by the condition that
the harmonic ellipticity is approximately zero, which is determined by the minima of the T-matrix
contributions parallel and perpendicular to the fundamental component of the OTC field.

Keywords: strong-field physics; molecular strong-field approximation; high-order harmonic
generation; orthogonally polarized two-color laser field

1. Introduction

When atomic or molecular targets are exposed to a strong laser field many nonlinear processes
can happen. These processes can be divided into two groups: laser-assisted and laser-induced
processes. A laser-assisted process can also happen when the laser field is not present, but the
character of this process is different if the system is subjected to a strong laser field. Examples of these
processes are laser-assisted electron-ion recombination and laser-assisted electron-atom scattering.
In contrast, laser-induced processes can only take place if a strong laser field is present. Some of these
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processes are high-order harmonic generation (HHG), high-order above-threshold ionization (HATI)
and nonsequential double ionization (NSDI). To observe laser-induced processes, intensities of the
order 1012–1014 W/cm2 are required.

To get insight into the physics of a laser-induced process, we usually use the three-step model [1,2].
When the atomic or molecular system is exposed to a strong laser field, it can absorb more laser-field

photons than is necessary for ionization. If the Keldysh parameter γ =
√

Ip/(2Up)� 1, the tunneling
ionization is the dominant regime. Here, Ip is the ionization potential of the quantum-mechanical
system, and Up is the ponderomotive energy of a free electron in the laser field. The second step
describes the propagation of the liberated electron under the influence of the strong laser field. If the
laser field is strong enough, the influence of the parent ion on the electron motion during this step
can be neglected. This process, in which the liberated electron goes directly to the detector, is called
above-threshold ionization (ATI) [3]. Because of the oscillatory character of the laser field, the electron
can be driven back to the parent ion. Then, three scenarios can happen, and they correspond to the
three laser-induced processes mentioned earlier. First, the returning electron can rescatter elastically off
the parent ion. In this case, the electron can gain a much higher kinetic energy than in the ATI process,
and the process is denoted as HATI. Second, the electron can recombine with the parent ion emitting a
high-energy photon. These photons have frequencies that are integer multiples of the fundamental
laser frequency. This scenario is responsible for the HHG process [4]. Finally, the returning electron
can eject one more electron from the target, and this represents the third step of the NSDI process [5].

To study the ultrafast dynamics in circular dichroism of magnetic materials or chiral molecules,
we need elliptically polarized high-order harmonics. Using atomic targets and a linearly polarized laser
field, only linearly polarized harmonics can be obtained. However, if a so-called tailored laser field is
used, significantly different polarizations may be expected. A tailored laser field is a superposition of
several fields with different frequencies and polarizations. An example of such a field is the bicircular
field, which is a superposition of two circularly polarized fields. The harmonics generated by this
field are circularly polarized [6–10] and the efficiency is just slightly lower than that of the harmonics
generated with linearly polarized two-color fields [10,11]. The applications of circularly polarized
light are numerous. For example, using circularly polarized light, it is possible to distinguish different
chiral forms because the absorption of left and right circularly polarized light is not equal. Here, it is
important to mention that chirality can also be studied directly using HHG spectroscopy, as shown
in [12] using the bicircular field and in [13,14] using other tailored laser fields (including fields which
consist of two linearly polarized components with different frequencies and mutually orthogonal
polarizations). In addition, to produce elliptically polarized harmonics, many other techniques have
been developed [15–18]. Generally, the main problem is that the ellipticity is not high enough, or the
intensity of the harmonic emission is low. In other words, we need a technique to produce elliptically
polarized high-order harmonics having high intensity. In the context of the present paper, it should
be mentioned that elliptically polarized harmonics can be generated using molecular HHG [19,20].
The ellipticity may reach 40% in N2 molecules aligned at 60◦ from the polarization direction of linearly
polarized laser field [20].

In this paper, we analyze the HHG process using an orthogonally polarized two-color (OTC) laser
field. This field is a superposition of two linearly polarized laser fields with orthogonal polarizations
and different frequencies. The OTC field with frequency ratio 1:2 (ω–2ω) has been explored extensively
(see [21] and references therein). It was shown that the harmonics generated using helium atoms in
the ω–2ω OTC field are stronger than those obtained in the fundamenal field [22]. Both even and odd
harmonics are emitted [6] and, due to symmetry reasons, they are linearly polarized (odd harmonics
in the direction of the ω component and even harmonics in the direction of the 2ω component) [23].
Under the influence of a strong laser field, the orientation-averaged molecular medium behaves in the
same way as the atomic medium. Therefore, for the orientation-averaged molecular medium exposed
to the ω–2ω OTC laser field, the harmonics are linearly polarized due to the symmetry considerations.
This symmetry-based selection rule was analytically rigorously derived by Neufeld et al. [24] using a
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group theory approach in a general manner that includes the full symmetry of the laser-matter system.
This approach is general for all molecules and is applicable regardless of the method of calculation.
Elliptically polarized harmonics can be obtained in a nearly OTC field, i.e., the two linearly polarized
components intersect at an angle close to 90◦ [25]. In addition, we mention that the ω–2ω OTC laser
field was recently investigated in the context of molecular HHG spectroscopy for probing ring-currents
by Neufeld and Cohen [26] and correlations by Neufeld and Cohen [27]. The OTC field with frequency
ratio 1:3 (ω–3ω) has received almost no attention at all. Watanebe et al. [28] showed that the presence of
a component with frequency 3ω may significantly enhance the harmonic yield. The first theoretical
results can be found in [7], where the emission rates for HHG by a zero-range-potential model atom
are calculated. In addition, in [7], several other two-component driving fields are considered. For the
ω–3ω OTC field, only odd harmonics are emitted and they are elliptically polarized. More recently,
the ellipticity of the emitted harmonics obtained using the ω–2ω OTC laser field was experimentally
analyzed in atomic media by Bordo et al. [29] who showed that for small ellipticity of the OTC field
components the ellipticity of the emitted harmonic can be high (see also [30]).

For molecular targets there are additional degrees of freedom. More specifically, there are three
new degrees of freedom, which are represented by three angles. These angles establish the mutual
relationship between the laser and molecular coordinate systems. For a diatomic molecule aligned
in the laser-field polarization plane, there is only one additional degree of freedom, the angle θL
between the molecular axis and one component of the OTC field. Many interesting phenomena, such
as two-center interference [31–33], can be observed in HHG from diatomic molecules. In addition,
molecular HHG contains information about the molecular structure. Itatani et al. [34] demonstrated
that the three-dimensional structure of a single orbital can be imaged using high harmonics generated
with laser pulses focused on aligned molecules. HHG by an OTC field with wavelengths 800 and
400 nm was considered using molecules D2, N2 and CO2 [35] as well as ethane [36]. The time at
which the electron exits from the tunnelling barrier was estimated in HHG experiment with CO2

molecules exposed to a linearly polarized field of wavelength 800 nm and its second-harmonic field
which is weak and orthogonaly polarized [37]. A generalized two-center interference condition for
aligned diatomic molecules exposed to an ω–2ω OTC laser field, with emphasis on the component
ellipticities, was presented by Das et al. [38]. Selection rules for molecular HHG were investigated
for various field configuration, including the OTC field case in [39]. However, in [39], only numerical
investigations are carried out, while the origin of the selection rules is not analyzed. This was first done
analytically by Neufeld et al. [24]. HHG by OTC field and aligned H+

2 molecular ion and N2 molecule
was considered by Chen et al. [40]. Single-shot molecular orbital tomography with ω–2ω OTC field was
introduced by Zhai et al. [41]. The HHG from aligned H+

2 and oriented HeH2+ and HeH+ molecular
ions in an ω–2ω OTC laser field was analyzed by Zhang and Lein [42]. In [42], the electric-field
amplitude of the component with frequency 2ω is 10% of the fundamental-field amplitude. Finally,
particular symmetries, present for atomic targets, are violated for aligned molecules and the harmonics
are elliptically polarized. Therefore, using aligned molecular targets and a strong ω–2ω OTC laser
field, it is possible to generate elliptically polarized high harmonics. Elliptically polarized harmonics
can be generated using atomic (or unaligned molecular) targets and other frequency ratios r:s, but it
should be taken into account that it is difficult to obtain experimentally high laser intensity of the
s ≥ 3 component.

Since ab initio calculation of the high-harmonic spectra is demanding even for the simplest
molecules, sophisticated models and theories have to be developed. The theories most popular for
this purpose are based on the strong-field approximation (SFA), where the interaction of the ionized
electron with the parent ion between ionization and recombination is neglected [2], and the electron
is described by Volkov states. A limitation of the SFA is that the Coulomb effects on the electron
final continuum state are neglected. However, the SFA describes well high-order processes such as
HHG and HATI. In particular, SFA was successfully applied to simulate and explain molecular (H)ATI
experiments [43–51].
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This paper is devoted to the HHG process by neutral homonuclear diatomic molecules driven by
an ω–2ω or ω–3ω OTC field. In this case, the emitted harmonics are elliptically polarized. The ω–3ω

OTC field supports only odd harmonics, while, for the ω–2ω OTC field, both odd and even harmonics
are emitted. The main body of this paper is divided into four sections. In Section 2, we briefly
present the molecular strong-field approximation theory for homonuclear diatomic molecules in an
orthogonally polarized two-color laser field. In Section 3, the obtained numerical results are presented,
while our concluding remarks and some discussion are given in Section 4. We use the atomic system
of units (h̄ = e = me = 4πε0 = 1).

2. Theory

The theory of strong-field ionization of diatomic molecules is presented in [52]. The diatomic
molecule is modeled as a three-particle system which includes two atomic centers and one active
electron. Two forms of the molecular strong-field approximation (MSFA) have been introduced.
The first form uses a field-free initial bound state, while the second one uses a field-dressed initial
bound state. The MSFA formalism is applied to high-order harmonic generation in [32], where the
interference effects are analyzed extensively for HHG by a linearly polarized laser field. This theory is
generalized to the case of polyatomic molecules in [53,54].

2.1. Definition of the OTC Field, Diatomic Molecules and the Geometry of the HHG Process

In the present paper, we apply the MSFA theory to the OTC laser field described by

E(t) = E1 sin(rωt)êLz + E2 sin(sωt + ϕ)êLx, (1)

where E2
1 and E2

2 are the intensities of the field components, ω is the fundamental frequency, r and s
are integers and ϕ is the relative phase between the laser-field components. We suppose that the laser
field and the molecule are in the same plane (xz plane, i.e., the xLzL plane). In this case, the position of
the molecule, relative to the laser field, can be described by the angle θL, which is the angle between
the molecular axis and the zL component of the OTC laser field (see Figure 1).

z

x

zL

xL

êLz
êLx

θL

BA
Figure 1. The coordinate systems used in the paper. The homonuclear diatomic molecule is placed
along the z axis. The angle θL describes the position of the molecule relative to the laser field.
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Laser-field real unit vectors can be expressed in terms of the molecular coordinate system unit
vectors ẑ and x̂

êLz = cos θLẑ + sin θLx̂, êLx = − sin θLẑ + cos θLx̂. (2)

We present the molecular orbital as a linear combination of atomic orbitals (LCAO) [52,55],

∑s ∑a csaψ
(0)
a (r + sR0/2), where r is the relative electron coordinate and R0 is the equilibrium

internuclear distance. We use the Born–Oppenheimer approximation [55] and the electronic energy
and wave function are evaluated at the equilibrium nuclear position [52]. The Slater-type orbitals ψ

(0)
a

and the expansion coefficients csa are obtained using the Hartree–Fock–Roothan method. The sum
over s is the sum over the atomic centers, while the sum over a is the sum over the atomic orbitals.
The coefficients at the atomic centers A and B are equal, up to a sign, i.e., c−1a = sλc1a. Here,
sλ = (−1)mλ for g symmetry and sλ = (−1)mλ+1 for u symmetry [56], where mλ is the value of
the projection of the orbital angular momentum on the internuclear axis. To include the laser-field
dressing, the atomic orbitals have to be multiplied by a factor that comes from the potential energy
of the electron in the presence of the center A or the center B [52]. As examples, we use the N2 and
Ar2 molecules. For N2 (Ar2), the highest occupied molecular orbital (HOMO) is the 3σg (5σu) orbital.
The equilibrium internuclear distance and the ionization potential for N2 are R0 = 2.068 a.u. and
Ip = 15.58 eV, respectively, while for Ar2 these quantities are R0 = 7.2 a.u. and Ip = 16.074 eV. Twelve
atomic orbitals are taken into account for the N2 molecule: five s, three p, three d and one f orbital.
The HOMO of Ar2 is modeled using only p orbitals.

2.2. Harmonic Emission Rate

For a laser field with the period T = 2π/ω, the harmonic emission rate for the photon having
frequency ωK = nω, wave vector K and the polarization êK is given by [32,57,58]

wqq′
n =

1
2π

(nω

c

)3
|Tqq′

n |2, (3)

where the superscript q (q′) tells us if the laser-field dressing is taken into account or not for the final
(initial) state. The initial state and the final state may be dressed or undressed. However, Odžak
and Milošević [32] showed that, to get clear two-center interference minima, the final state should be
treated as undressed. On the other hand, the initial state should be treated as a dressed state, at least
for large internuclear distances [59]. The T-matrix element with the dressed initial and the undressed
final state is given by the following complex vector [32]

Tn = −i
(

2π

i

)3/2 ∫ T

0
einωt dt

T

∫ ∞

0

dτ

τ3/2 R(kst, t)eiS(kst;t,t−τ)I(kst, t− τ), (4)

where its recombination and ionization parts are

R(kst, t) = i ∑
s=±1

∑
a

csae−is[kst+A(t)]·R0/2ma(kst, t), (5)

I(kst, t′) = −i ∑
s′=±1

∑
a′

cs′a′ e
is′kst·R0/2m∗a′(kst, t′) · E(t′), (6)

respectively. Here, ma(kst, t) = 〈ψ(0)
a |r|kst + A(t)〉 is the dipole matrix element, S(kst; t, t′) =

−
∫ t

t′{[kst + A(t′′)]2/2 + Ip}dt′′ is the action, Ip is the ionization potential, time t′ (t) is the time of
ionization (recombination), while the time τ = t− t′ is the so-called travel time. The vector potential is
A(t) = −

∫ t E(t′′)dt′′ and the stationary momentum kst = −
∫ t

t′ A(t′′)dt′′/τ. We numerically calculate
the components of the complex vector Tn along the axes, which are determined by êLz and êLx. These
components are denoted as TLz

n and TLx
n , respectively.
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2.3. Harmonic Ellipticity

Using the components TLz
n and TLx

n , we calculate the quantity

Mn = 2(TLz
n )∗TLx

n , (7)

so that we can find the degree of circular polarization

ξn =
ImMn

|Tn|2
. (8)

the harmonic ellipticity can be written in the following form [30,60,61]:

εn = sgn(ξn)

(
1−

√
1− ξ2

n

1 +
√

1− ξ2
n

)1/2

. (9)

2.4. Interference Minima Conditions

Let us now analyze the two-center destructive interference condition for the OTC laser field. For a
linearly polarized laser field, interference minima are present in the harmonic spectra for specific values
of the molecular orientation angle θL. The corresponding interference condition is derived in [32]
for the component of the T-matrix element along the direction of the laser-field polarization. For the
component of the T-matrix element along the direction perpendicular to the laser-field polarization,
the interference condition is derived in [62]. The corresponding spectra can also exhibit minima which
are the consequences of the symmetry properties of the molecular orbital. In addition, Odžak and
Milošević [62] showed that in an elliptically polarized laser field the interference minima are blurred.
In this subsection, we derive analogous interference conditions for the OTC field.

To derive the destructive interference conditions, we use the recombination part of the
T-matrix element (Equation (5)). Using the connection c−1a = sλc1a and introducing the notation
2x = R0 · [kst + A(t)], we get

R(kst, t) = i ∑
a

c1a(e−ix + sλeix)ma(kst, t)

= 2i cos x ∑
a+

c1a+ma+(kst, t)− 2 sin x ∑
a−

c1a−ma−(kst, t), (10)

where we separate the contribution of even (sλ = +1) and odd (sλ = −1) orbitals and denote the
corresponding atomic orbital by a± ≡ a(sλ = ±1). The matrix element ma±(kst, t) is

ma±(kst, t) = mLz
a±(kst, t)êLz + mLx

a±(kst, t)êLx, (11)

where mLz
a±(kst, t) [mLx

a±(kst, t)] is the component of the matrix element along the unit vector êLz

(êLx). For our Slater-type orbitals, the dipole matrix element is equal to (see Appendix A in [32])
ma±(kst, t) = −i ∂

∂p ψ̃∗a±(p), p = kst +A(t), where ψ̃a±(p) are the momentum–space Slater-type orbitals,
which are real (imaginary) for sλ = +1 and g symmetry (u symmetry) or for sλ = −1 and u symmetry
(g symmetry). To separate the Lz and Lx components, we introduce the following notation

Cκ
± = 2 ∑

a±
c1a±

∂

∂p
ψ̃∗a±(p) · êκ , zκ = iCκ

+/Cκ
−, κ = Lz, Lx, (12)

and get the following expression for the Lz and Lx components of the vector R(kst, t)

Rκ(kst, t) = Cκ
+ cos x− iCκ

− sin x =
√
(Cκ

+)
2 − (Cκ

−)
2 sin(x + arctan zκ). (13)
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Then, the interference minima condition takes the form

x + arctan zκ = mκπ, mκ = 0,±1, . . . , κ = Lz, Lx. (14)

If this condition is satisfied, then the corresponding component of the T-matrix element Tκ
n is zero

and the harmonics are linearly polarized along the axis perpendicular to the κ axis. The stationary
momentum kst is two-dimensional. It can be calculated using the quantum-orbit theory and the
saddle-point method [23]. The saddle-point equations are: [kst + A(t)]2 = 2(nω − Ip) and [kst +

A(t′)]2 = −2Ip (see Appendix A). The first equation, together with the interference condition (14),
leads to a curve in the (θL, n) plane. The contributionsRκ(kst, t) are either real or purely imaginary.
If the contribution is purely imaginary, it can be redefined by adding the imaginary unit. This was
thoroughly examined by Odžak and Milošević [63] for the linearly polarized laser field.

2.5. Simple Man’s Model

An intuitive explanation of the HHG process can be gained using the solution of the Newton
equation of motion for the electron in a laser field. This model is formulated for a linearly polarized
laser field and one-dimensional trajectories in [64,65] and applied to three-step processes in [1,66].
The two-dimensional generalization of this model for atomic targets and the OTC laser field was
presented by Milošević and Becker [21]. In this paper, we apply this two-dimensional model to
molecular targets. The solution of the Newton equation of motion r̈ = −E(t) is

r(t) = r(t′) + v(t′)(t− t′)−A(t′)(t− t′) +
∫ t

t′
A(t′′)dt′′, (15)

where v(t′) is the initial electron velocity. The position of the electron at the moment of ionization is
r(t′) = s R0

2 ẑ, where s = +1 (s = −1) corresponds to the situation where the electron is ionized at the
right (left) atomic center. The condition for the recombination is r(t) = s′ R0

2 z, where s′ = +1 (s′ = −1)
for the right (left) atomic center. The electron’s kinetic energy at the moment of recombination is

Ek =
[Kss′(t, t′) + A(t)]2

2
, Kss′(t, t′) = kst(t, t′) +

(s′ − s)R0

2(t− t′)
ẑ. (16)

The ionization probability is highest for zero initial velocity v(t′) = 0, so that the harmonic
intensity is optimal for the harmonic-photon energy

noptω = Ip +
1
2
[A(t)−A(t′)]2. (17)

An algorithm for the calculation of nopt is described in [21].
To calculate the maximal harmonic order, we do not require that the initial electron velocity

be zero. We require that the electron trajectory is extremal with respect to the kinetic energy, i.e.,
∂Ek(t, t′)/∂t′ = 0 and ∂Ek(t, t′)/∂t = 0. Then, using Equation (16), we obtain the following system
of equations [

Kss′(t, t′) + A(t)
]
·
[
Kss′(t, t′) + A(t′)

]
= 0, (18)

[
Kss′(t, t′) + A(t)

]
·
[
Kss′(t, t′) + A(t) + E(t)(t− t′)

]
= 0. (19)

Solving this system, we get t′m and tm. The maximal harmonic-photon energy is Ek,m + Ip, with

Ek,m =
1
2
[
Kss′(tm, t′m) + A(tm)

]2 . (20)
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3. Numerical Results

In this section, we present the high-order harmonic spectra of the N2 molecule, obtained using
an orthogonally polarized two-color laser field. The fundamental wavelength is λ = 2000 nm,
and the intensity of both field components is equal unless otherwise stated. We analyze the harmonic
emission rate and the ellipticity of the emitted harmonics as functions of the relative phase between the
laser-field components and the molecular orientation for the ω–2ω and ω–3ω OTC fields. To illustrate
the destructive interference minima, we also use the harmonic spectra of the Ar2 molecule.

3.1. Harmonic Emission Rate and Ellipticity as Functions of the Relative Phase ϕ

The high-order harmonic emission rate and ellipticity strongly depend on the relative phase ϕ

between the OTC laser field components. We analyze separately the cases of the ω–2ω and ω–3ω

OTC fields.

3.1.1. ω–2ω OTC Field

First, we analyze the high-order harmonic spectra for the ω–2ω OTC laser field. The time
transformation t → t + T/2 changes the sign of the Lz component of the laser field, while the Lx
component remains unchanged. As a consequence, both odd and even harmonics are emitted. The Lz
(Lx) component of the OTC laser field generates the odd (even) harmonics. In Figure 2, we present
the logarithm of the harmonic emission rate as a function of the harmonic order and the relative
phase ϕ between the laser-field components (left) and the logarithm of the emission rate for even
harmonics as a function of the harmonic order for the specified relative phases (right). The molecular
orientation angle is θL = 45◦. In the left panel of Figure 2, all high-harmonics are presented. It is clear
that for certain relative phases the harmonic emission rate is low. The shape of the harmonic yield
strongly depends on the relative phase. To illustrate this, we present the harmonic emission rate of
even harmonics as a function of the harmonic order for the relative phases ϕ = 0◦, 60◦ and 130◦. When
the relative phase is ϕ = 0◦, the shape of the spectra is unusual. Following a typical fast decrease
for the low-order harmonics, the spectrum exhibits an intensity increase with a maximum near the
harmonic n = 120. This is similar to the behavior of the harmonic spectra for the atomic targets [23].
For the relative phase ϕ = 60◦, the spectrum forms a typical plateau with a sharp cutoff. The emission
rate slightly increases in the cutoff region. Finally, the relative phase ϕ = 130◦ corresponds to the
region where the harmonic emission rate is low. The odd harmonics exhibit a similar behavior.

0 50 100 150 200
Harmonic order

-27

-24

-21

-18

-15

-12

lo
g 10

[H
ar

m
on

ic
 e

m
is

si
on

 ra
te

 (a
.u

.)]

ϕ = 0°
ϕ = 60°
ϕ = 130°I1 = I2 = 7 × 1013W/cm2, ω − 2ω, OTC

Even harmonics

Figure 2. Logarithm of the harmonic emission rate (displayed by a vertical colorbar to the right of
the panel) of the N2 molecule obtained using the ω–2ω OTC laser field as a function of the harmonic
order and the relative phase ϕ between the laser field components (left). The logarithm of the emission
rate for even harmonics as a function of the harmonic order for the specific relative phases (right).
Molecular orientation angle is θL = 45◦. The intensities of the laser-field components are equal,
I1 = I2 = 7× 1013 W/cm2. The fundamental wavelength is λ = 2000 nm.
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To analyze the ellipticity of the emitted harmonics, it is illustrative to present it as a function of
the relative phase and the harmonic order separately for odd and even harmonics. The left (right)
panel of Figure 3 shows the harmonic ellipticity as a function of the harmonic order and the relative
phase for odd (even) harmonics. There are regions where both the harmonic emission rate and the
ellipticity are large. These regions are important for applications, as explained in the Introduction.

Figure 3. Harmonic ellipticity (displayed by a vertical colorbar to the right of the figure) as a function
of the harmonic order and the relative phase ϕ for HHG by N2 molecule obtained using the ω–2ω OTC
laser field. The left (right) panel shows the ellipticity of odd (even) harmonics. Molecular orientation
angle is θL = 45◦. Other parameters are the same as in Figure 2.

3.1.2. ω–3ω OTC Field

Now, we analyze the high-order harmonic spectra for the ω–3ω OTC laser field with equal
intensities of the laser-field components. In this case, the time transformation t → t + T/2 leads to
the electric field transformation E(t) → −E(t), which is the same as for a monochromatic linearly
polarized laser field. As a consequence, only odd harmonics are emitted. For the ω–3ω OTC field,
they are elliptically polarized both for atomic and molecular targets. In Figure 4, we present the
logarithm of the harmonic emission rate (top) and the ellipticity of the emitted harmonics (bottom) as
a function of the harmonic order and the relative phase ϕ between the laser-field components. The left
column corresponds to the N2 molecule with the molecular orientation angle θL = 70◦. The right
column corresponds to the Ar atom, which has almost the same ionization potential as the N2 molecule.
For both targets, it is possible to find regions where the emission rate and the harmonic ellipticity are
large. For the Ar atom target, the regions with large ellipticity are narrow, while, for the N2 molecular
target, it is possible to choose the orientation angle in such a way that the regions with large ellipticity
are wider. An example is the region with the harmonic order around sixty-five and the relative phase
from zero to seventy degrees. For the N2 molecular target, the regions with large ellipticity also
exist just below the cutoff where the harmonic emission rate starts to decrease. Here, the relative
contribution of the components of the T-matrix element becomes small, so that, according to the
Equations (7)–(9), the harmonic ellipticity becomes large. This is analyzed in more detail below, when
we explain the results presented in Figure 12.
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Figure 4. Logarithm of the harmonic emission rate (top) and the ellipticity of the emitted harmonics
(bottom) obtained using the ω–3ω OTC laser field as a function of the harmonic order and the relative
phase ϕ between the laser-field components. The left (right) column corresponds to the N2 molecule
(Ar atom). The molecular orientation is θL = 70◦. Other parameters are the same as in Figure 2.

The simple man’s model can be used to estimate the optimal parameters for efficient HHG. In
addition, it can be used to estimate the maximal harmonic order. The classical model developed in
Section 2.5 accounts for the possibility that the electron can be ionized and recombine either at the
right or at the left atomic center. However, the contribution of the term which accounts for the scenario
where the electron is ionized and recombined at different atomic centers is small for internuclear
distances small in comparison with the electron excursion in the laser field. The electron excursion
increases with the increase of the laser intensity and wavelength. To illustrate how the simple man’s
model estimates the maximal harmonic order and the maximal emission rate, in Figure 5, we present
the logarithm of the harmonic emission rate of the N2 molecule, obtained using the ω–3ω OTC laser
field, as a function of the harmonic order and the relative phase. We include only the harmonics
near the cutoff region. The molecular orientation angle is θL = 0◦. For this molecular orientation,
the spectra are π periodic, so that we present only the results for the relative phase from zero to π.
In this figure, we add a curve (white line) which determines the maximal harmonic intensity and a
curve (yellow line) which corresponds to the maximal harmonic order. The curves for different values
of s and s′ in Equations (16) and (20) are practically the same for the N2 molecule. The white curve
nicely follows the region with the highest harmonic emission rate, while the yellow curve gives the
classical estimate of the maximal harmonic order. We see that for the relative phase around ϕ = 30◦

the classical model predicts the high-energy photons. However, the corresponding emission rate is low.
This behavior is also present for the atomic targets [21]. To conclude, it is possible to use the classical
model to approximately find the regions where the harmonic intensity is high, as well as estimate the
cutoff position.
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Figure 5. Logarithm of the harmonic emission rate of the N2 molecule, exposed to the ω–3ω OTC laser
field, as a function of the harmonic order and the relative phase ϕ between the laser-field components.
The molecular orientation angle is θL = 0◦. The white curve determines the maximal harmonic
intensity, while the yellow curve corresponds to the maximal harmonic order obtained using the simple
man’s model. The laser-field parameters are the same as in Figure 2.

3.2. Harmonic Emission Rate and Ellipticity as Functions of the Molecular Orientation Angle θL

Now, we analyze the harmonic emission rate and harmonic ellipticity as functions of the molecular
orientation and harmonic order.

3.2.1. ω–2ω OTC Field

For the ω–2ω OTC laser field, both even and odd harmonics are emitted. In Figure 6, we present
the harmonic emission rate of the N2 molecule for odd (top row) and even (bottom row) harmonics
calculated using only the TLz

n (first column) or the TLx
n (second column) contribution. The results in the

third column correspond to the sum of both contributions according to |Tn|2 = |TLz
n |2 + |TLx

n |2. The
relative phase is ϕ = 45◦, so that, according to Figure 2, we can expect high-energy photons.

Two types of minima can appear in the harmonic spectrum. The first type corresponds to the
minima which appear because of the molecular orbital symmetry, while the second type corresponds
to the minima due to the destructive interference. For odd (even) harmonics, the interference minima
in the spectrum calculated using only the TLz

n (TLx
n ) component, which are present for a linearly

polarized laser field, are blurred now. This is also the case for an elliptically polarized laser field (see
the top and middle panels of Figure 1 in [62]). However, the minima for the molecular orientations
θL = 0◦,±90◦ in the spectrum of odd harmonics calculated using only the TLx

n component are still
present. To explain these minima, we recall that the momentum-space Slater-type orbitals ψ̃a = ψ̃na lama

satisfy the relation [62]

∂ψ̃na lama

∂θp
∝ sinλ−1 θp

[(la−λ)/2]

∑
ν=0

ωlaλ
ν [λ + (2ν− la) sin2 θp] cosla−λ−2ν−1 θp. (21)

where λ = |mλ| = |ma|. The angle θp is the angle between the molecular axis and the Lz axis, because
the Lz component of the laser field generates the odd harmonics.

The contribution of the Lz laser-field component to the Lx component of the T-matrix element
is TLx

n ∝ ∂ψ̃a/∂θp, while the s orbitals do not contribute to the TLx
n because ∂ψ̃s/∂θp = 0. In addition,

for a = p, d, f , we have ∂ψ̃a/∂θp ∝ sin θp, so that these orbitals do not contribute to TLx
n for θp = 0◦.

For θp = ±90◦, we get ∂ψ̃d/∂θp ∝ cos θp = 0. Finally, analogously to Odžak et al [62], it is possible
to show that the p and f orbitals also do not contribute to TLx

n when θp = ±90◦. Summarizing all
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this, we conclude that the TLx
n component is zero for odd harmonics, and for θL = 0◦,±90◦, which is

in agreement with the results presented in the second top panel of Figure 6. The situation is similar
for even harmonics. These harmonics are generated by the Lx component of the laser field, so the
minima for the molecular orientations θL = 0◦,±90◦ are present in the spectrum calculated using the
TLz

n component alone (see the first bottom panel in Figure 6).

Figure 6. Logarithm of the harmonic emission rate of the N2 molecule obtained using the ω–2ω OTC
laser field as a function of the harmonic order and the molecular orientation angle θL for odd (top
row) and even (bottom row) harmonics. The results shown in the first (second) column are obtained
using only the TLz

n (TLx
n ) component. The results in the third column correspond to the sum of both

contributions according to |Tn|2 = |TLz
n |2 + |TLx

n |2. The relative phase is ϕ = 45◦. Other laser-field
parameters are the same as in Figure 2.

Let us now analyze how the ellipticity of the emitted harmonics depends on the molecular
orientation. We present the ellipticity of the emitted harmonics in Figure 7 as a function of the
harmonic order and the molecular orientation. The relative phase is ϕ = 45◦. The left (right) panel
corresponds to the odd (even) harmonics. We see that for some molecular orientations both the
harmonic ellipticity and the emission rate are large. One possible approach to find these regions is,
first, to determine the optimal relative phase, using the simple man’s model or the MSFA numerical
calculations, and then to change the molecular orientation to get the harmonics with desired ellipticity.

Analyzing Figures 6 and 7, we see that the presented harmonic emission rates are invariant with
respect to the transformation θL → −θL, while the corresponding harmonic ellipticities change the sign.
This symmetry is exact. This can be checked using relations (3)–(9): Lz or Lx component of the T-matrix
element changes the sign so that Mn, Equation (7), and, consequently, the ellipticity εn, Equation (9),
changes the sign, while |Tn|2 and, therefore, the harmonic emission rate, remains unchanged.
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Figure 7. Harmonic ellipticity as a function of the harmonic order and the molecular orientation angle
θL for HHG obtained using the N2 molecule and the ω–2ω OTC laser field. The left (right) panel shows
the ellipticity of odd (even) harmonics. The relative phase is ϕ = 45◦. Other laser-field parameters are
the same as in Figure 2.

3.2.2. ω–3ω OTC Field

A similar analysis can be done for the ω–3ω OTC laser field. In Figure 8, we present the harmonic
emission rate of the N2 molecule as a function of the harmonic order and the molecular orientation
angle θL. The relative phase is ϕ = 0◦. For this relative phase, according to the top left panel of Figure 4,
we expect harmonics of the order up to n = 180.

Figure 8. Logarithm of the harmonic emission rate as a function of the harmonic order and the
molecular orientation angle θL for HHG by N2 molecule obtained using the ω–3ω OTC laser field.
The relative phase is ϕ = 0◦. Other laser-field parameters are the same as in Figure 2.

Because of the form of the contributions (13), the interference minima in the total spectrum
are not clearly visible. The interference minima are also not visible if only the contribution to the
T-matrix element parallel or perpendicular to the polarization of the fundamental field is taken into
account. However, if only the orbitals with sλ = +1 contribute to the molecular orbital, we have
RLzêLz +RLxêLx = (CLz

+ êLz + CLx
+ êLx) cos x. Similarly, if only the orbitals with sλ = −1 contribute,

we getRLzêLz +RLxêLx = −i(CLz
− êLz + CLx

− êLx) sin x. In these case, both components (parallel and
perpendicular to the polarization of the fundamental field) are proportional to the same function, so
that we expect interference minima in the total spectrum. For the orbitals with sλ = +1, the interference
condition becomes

[kst + A(t)] ·R0 = (2j + 1)π, (22)
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while, for the orbitals with sλ = −1, we have

[kst + A(t)] ·R0 = 2jπ, (23)

where j is an integer.
To illustrate this, in Figure 9, we present the logarithm of the total harmonic emission rate

of the N2 molecule obtained using the ω–3ω OTC laser field with the relative phase ϕ = 0◦ as a
function of the harmonic order and the molecular orientation. The HOMO of N2 is modeled using
only s (p) orbitals in the left (right) panel. For high-energy photons, only one quantum orbit gives a
significant contribution to the harmonic intensity (black line in the left panel of Figure A1). For this
quantum orbit, we calculate the ionization and recombination times for different harmonic orders n,
which is a continuous parameter in the saddle-point method. This allows us to calculate the stationary
momentum. The curve (white line) which corresponds to the destructive interference condition (22)
with j = 0 is added in Figure 9. We see that the obtained curve nicely follows the minima in the
spectrum obtained using numerical integration. The minima are not visible in the harmonic spectrum
calculated using only p orbitals, so that, when both s and p orbitals are used to model the HOMO of
the N2 molecule, the minima are blurred.

Figure 9. Logarithm of the harmonic emission rate of the N2 molecule obtained using the ω–3ω OTC
laser field as a function of the harmonic order and the molecular orientation angle θL. The white curve
corresponds to the interference minima curve. The molecular orbital is modeled using only s (left) or
only p (right) orbitals. The relative phase is ϕ = 0◦. Other parameters are the same as in Figure 2.

For p orbitals, the interference minima appear for higher harmonic order, i.e., higher laser
intensities or longer wavelengths are needed to observe these minima. To illustrate this, in Figure 10,
we present the logarithm of the total harmonic emission rate of the N2 molecule obtained using the
ω–3ω OTC laser field with the fundamental wavelength λ = 2500 nm and the relative phase ϕ = 0◦ as
a function of the harmonic order and the molecular orientation. Only the p orbitals are included. Even
for this wavelength, the white curve, corresponding to the interference minima (23) with j = 1, is in
the cutoff region.

Next, we analyze the particularly interesting example of the Ar2 molecule for the equilibrium
internuclear distance R0 = 7.2 a.u. In this case, only p orbitals (having sλ = +1) contribute to the
HOMO of Ar2. Because of the longer internuclear distance in this example, the conditions for the
observation of the interference minima are favorable, i.e., we expect interference minima for lower
harmonic orders. This is clearly visible in Figure 11, where the harmonic emission rate of the Ar2

molecule is presented as a function of the harmonic order and the molecular orientation angle θL.
The fundamental wavelength and the relative phase are λ = 2000 nm and ϕ = 0◦, respectively. The
intensity of the fundamental laser-field component is I1 = 9× 1013 W/cm2, while the intensity of
the second component is I2 = 0.3I1. We use an example with I2 6= I1 to confirm that the interference
minima are present for an arbitrary intensity ratio of the laser-field components.
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Figure 10. Logarithm of the harmonic emission rate of the N2 molecule obtained using the ω–3ω OTC
laser field as a function of the harmonic order and the molecular orientation angle θL. The molecular
orbital is modeled using only p orbitals. The fundamental wavelength and the relative phase are
2500 nm and ϕ = 0◦, respectively. The white curve corresponds to the interference minima curve.
Other parameters are the same as in Figure 2.

Figure 11. Logarithm of the harmonic emission rate of the Ar2 molecule obtained using the ω–3ω OTC
laser field as a function of the harmonic order and the molecular orientation angle θL. The internuclear
distance is R0 = 7.2 a.u. The relative phase is ϕ = 0◦. The white curves corresponds to the interference
minima curve. The intensities of the OTC laser-field components are I1 = 9 × 1013 W/cm2 and
I2 = 0.3I1, while the fundamental wavelength is λ = 2000 nm.

Similar to the case of the N2 molecule, we take into account only the quantum orbit that
contributes significantly to the harmonic intensity for high-energy photons (black line in the right
panel of Figure A1) and calculate the ionization and recombination times for different harmonic
orders. The curves obtained using the interference minima condition (22) with j = 0, 1, 2 nicely follow
the minima obtained by numerical integration. This allows one to assess which atomic orbitals are
contained in the molecular orbital. If the interference minima are present in the calculated spectra, then
the molecular orbital contains predominantly only even or odd atomic orbitals. Using the interference
minima condition, it is possible to determine which orbitals (odd or even) are present in the given
molecular orbital. Finally, let us remark that the interference-minima curves poorly fit the minima
in the low-energy part of the spectrum. This happens because, besides the dominant quantum path,
some other paths have to be taken into account (see the right panel of Figure A1).
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Now, we analyze the ellipticity of the emitted harmonics. In Figure 12, we present the harmonic
ellipticity as a function of the harmonic order and the molecular orientation angle θL for HHG by
the N2 molecule exposed to the ω–3ω OTC field. For the lower-order harmonics, we see that the
ellipticity can be large for certain molecular orientations θL. The region around θL = 70◦ supports the
high-energy harmonics with the ellipticity close to one. However, in this region, the emission rate is
low. In Figure 12, we also add the curves that correspond to the solutions of the equations RLz = 0
andRLx = 0, whereRLz andRLx are given in (13). The black, blue and green curves are calculated
for the quantum orbits s = SP1, SP2 and SP0, respectively (see Appendix A). Solving the system of
equations (A1) for fixed n, we find the times t′s and ts and introduce their real parts into equation
Rκ = 0. For fixed n, this equation is solved over θL, which gives a curve in the (θL, n) plane (there
are two such curves which correspond to κ = Lx, Lz). In the cutoff region, only the contribution of
the quantum orbit SP1 is significant. In this region, for the molecular orientation close to θL = 70◦,
both contributions to the T-matrix element are small and, as a consequence, the emission rate is also
small. One contribution is smaller, which leads to the large degree of circular polarization and the large
ellipticity. One can try to overcome the drawback of small emission rate by choosing another relative
phase (for example, ϕ = 90◦ or 270◦) where the cutoff is higher, and then to analyze the ellipticity
as a function of the molecular orientation. For lower energies, the other quantum orbits also give
a significant contribution. For example, the quantum orbit SP0 is dominant for the harmonic order
around n = 60 (see the left panel of Figure A1). The green curves in Figure 12, which correspond
to this quantum orbit, enclose a wide region with large ellipticity for the angles −90◦ < θL < −15◦.
The black and blue curves, which correspond to the orbits SP1 and SP2, respectively, enclose another
region of large ellipticities for the angles 55◦ < θL < 90◦, and n ≈ 60. This allows us to assess the
regions with large ellipticity and large emission rate without calculating the whole spectrum.

Figure 12. The harmonic ellipticity as a function of the harmonic order and the molecular orientation
angle θL for HHG by N2 molecule obtained using the ω–3ω OTC laser field. The relative phase is
ϕ = 0◦. The black, blue and green curves are the curves which correspond to the solutions of the
equations RLz = 0 and RLx = 0, and they are calculated for the quantum orbits SP1, SP2 and SP0,
respectively (see Appendix A). Other laser-field parameters are the same as in Figure 2.

Finally, let us analyse the harmonic emission rate and the harmonic ellipticity as functions of the
ratio of the intensities of the laser-field components. In Figure 13 we present the harmonic emission
rate (left) and the harmonic ellipticity (right) as functions of the harmonic order and the ratio of the
intensities of the laser-field components. The spectrum is calculated using the N2 molecule exposed to
the ω–3ω OTC laser field with the relative phase ϕ = 0◦ and the fundamental wavelength λ = 2000 nm.
The molecular orientation angle is θL = −60◦. The intensity of the fundamental field component
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is I1 = 7× 1013 W/cm2, while the intensity of the second component is changed from zero to I1.
As the ratio I2/I1 increases, the emission rate and the cutoff position also increase. The cutoff energy
is proportional to the ponderomotive energy which consists of the contributions of both laser-field
components. These contributions are proportional to the intensity of the corresponding component and
inversely proportional to the square of the frequency of the corresponding laser-field component. For
the ω–3ω OTC laser field, the contribution of the second field component to the ponderomotive energy
is nine times smaller than the contribution of the fundamental field component. This is the reason the
cutoff position changes only slightly with the change of the ratio I2/I1. For the I2/I1 = 1, we find that
the ellipticity of the emitted harmonics is large for the harmonic order around n = 60 (see Figure 12).
In the right panel of Figure 13, we see that this is also valid in the case when the intensity of the
second component is lower than the intensity of the fundamental component. Generally, the harmonic
emission rate and the ellipticity depend on the ratio of the intensities of the laser field components, and
this parameter can also be used to control the emission rate and the ellipticity of the emitted harmonics.

Figure 13. Logarithm of the harmonic emission rate (left) and the harmonic ellipticity (right) of
the N2 molecule obtained using the ω–3ω OTC laser field as a function of the harmonic order
and the ratio I2/I1 of the intensities of the laser-field components. Molecular orientation angle is
θL = −60◦. The intensities of the fundamental laser-field component is I1 = 7× 1013 W/cm2, while
the fundamental wavelength and the relative phase are λ = 2000 nm and ϕ = 0◦, respectively.

To get a better understanding of how the harmonic ellipticity depends on the molecular orientation,
we present it for a few representative harmonics. Particularly, we choose the harmonics with n = 49, 99,
129 and 159. Figure 14 shows the harmonic ellipticity (top) as a function of the molecular orientation
angle θL. In addition, we present in the middle panel log10 |TLz

n |2 (solid line) and log10 |TLx
n |2 (dashed

line). The logarithm of the total emission rate is presented in the bottom panel. It is obvious that the
ellipticity of the emitted harmonics strongly depends on the molecular orientation. For some molecular
orientations the ellipticity is large (for example for θL = 25◦, n = 99). The contributions log10 |TLz

n |2
and log10 |TLx

n |2 generally exhibit minima for different molecular orientations. To illustrate this we can
use, as an example, the harmonic with n = 159. In this case, the contribution log10 |TLz

n |2 (log10 |TLx
n |2)

exhibits maxima (minima) for the orientation around θL = −45◦, so the contribution to the total
ionization rate from log10 |TLx

n |2 is negligible. A similar conclusion holds for the harmonic n = 49
and the molecular orientation θL = −30◦. However, for some harmonic orders and some molecular
orientations, both contributions to the T-matrix element behave in a similar way. An example is the
harmonic n = 49 for the orientation around θL = 20◦. For the orientations where the total ionization
rate exhibits minima, the harmonic ellipticity changes rapidly. A particularly illustrative example is
the harmonic n = 159 and the orientation θL = 75◦. For this orientation, the harmonic emission rate
exhibits minima, while the harmonic ellipticity changes rapidly around this θL. A similar analysis can
also be done for the ω–2ω OTC laser field.
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Figure 14. The harmonic ellipticity (top), log10 |TLz
n |2 (middle, solid lines), log10 |TLx

n |2 (middle, dashed
lines) and the total emission rate (bottom) as functions of the molecular orientation angle θL for HHG
by N2 molecule obtained using the ω–3ω OTC laser field. The relative phase is ϕ = 0◦. Other laser-field
parameters are the same as in Figure 2.

4. Conclusions

Using the molecular strong-field approximation, we investigate high-order harmonic generation
from aligned homonuclear diatomic molecule exposed to a strong orthogonally polarized two-color
laser field. The harmonic emission rate and the harmonic ellipticity are calculated for the ω–2ω and
ω–3ω OTC laser fields. These quantities can be controlled using the relative phase between the field
components and the molecular orientation angle as control parameters.

Using the example of the N2 molecule, we show that the shape and the cutoff of the spectrum
strongly depend on the relative phase. For a particular relative phase, the shape of the spectrum
is very different from the usual one which has the sharp cutoff. Following a fast decrease for the
low-order harmonics, the corresponding spectra exhibit an intensity increase, and then the emission
rate continuously decreases up to the harmonic order where the harmonic intensity is negligible.
The emitted harmonics are elliptically polarized, and it is possible to find regions in the relative
phase vs. harmonic-order plane where both the harmonic ellipticity and the emission rate are large.
These regions are particularly important for applications, as explained in the Introduction. For the
ω–2ω OTC laser field, both odd and even harmonics are emitted and the ellipticities of these harmonics
have opposite sign. Near the cutoff, there is a broad region where the ellipticity is large. For the ω–3ω

OTC laser field, only odd harmonics are generated and their ellipticities also strongly depend on the
relative phase.

We develop a classical two-dimensional simple man’s model for diatomic molecules. Using this
model, we estimate the harmonic order for which the harmonic intensity is maximal. We also show
how the maximal harmonic photon energy (i.e., the cutoff position) can be calculated using this model.

In addition, we examine the influence of the molecular orientation on the harmonic emission rate
and ellipticity. In the harmonic spectrum, two types of minima can appear. One type of minima is
a consequence of the molecular orbital symmetry (we call them structural minima), while the other
one appears due to the destructive interference in the recombination part of the T-matrix element
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(Equations (4) and (5)). For the ω–2ω OTC field, the structural minima in the spectrum calculated
using only the TLz

n (TLx
n ) contribution are blurred for odd (even) harmonics. However, the minima in

the spectrum of the N2 molecule calculated using the TLx
n (TLz

n ) contribution for odd (even) harmonics
are still present for the molecular orientations θL = 0◦,±90◦. These minima are explained using
the particular form of the Slater-type orbitals of which the HOMO consists. In the total spectrum,
the structural minima are not visible. The ellipticity of the emitted harmonics strongly depends on the
molecular orientation. For some molecular orientations and harmonic orders, both the ellipticity and
the emission rate are large. We also notice that, for the ω–2ω OTC field, the ellipticity of the emitted
harmonics changes sign for the molecular orientations θL → −θL (see Figure 7).

For the ω–3ω OTC laser field, similar conclusions can be derived. The interference minima are
blurred in the harmonic spectra calculated using only the partial contributions TLz

n or TLx
n and, as a

consequence, in the total harmonic spectrum. However, we show that the interference minima are
still visible in the total spectrum if we include only the odd or only the even orbitals. These minima
are explained using the destructive interference condition derived for the OTC laser field. If the
interference minima are present in the high-harmonic spectra, then the molecular orbital contains
predominantly only even or odd atomic orbitals. Thus, the molecular orbital structure is imprinted in
the HHG data and analyzing the HHG spectra we can assess which atomic orbitals are contained in
the molecular orbital.

The ellipticity of the emitted harmonics depends on the molecular orientation. We find that the
regions where the ellipticity and the emission rate are large can be assessed using the condition that
one component of the recombination part of the T-matrix element be approximately equal to zero.
This condition can be obtained using the quantum-orbit theory (see Appendix A). Thus, without
calculating the whole spectrum, one can find the above regions of large high-harmonic ellipticities.
In addition, we briefly analyze the harmonic yield and the harmonic ellipticity as functions of the ratio
of the intensities of the laser-field components, and we show that this ratio can be used as a control
parameter for the harmonic emission. Finally, we also calculate the harmonic ellipticity as a function of
the molecular orientation for a few representative harmonics and find that the harmonic ellipticity
changes rapidly for those orientations for which the total ionization rate exhibits minima.

To summarize, we show that, using the relative phase as a control parameter, it is possible
to generate high-energy elliptically polarized harmonics with large emission rate using aligned
homonuclear diatomic molecules as targets. We also show that the molecular orientation can be
used as an additional control parameter.
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Appendix A. Saddle-Point Method and Quantum-Orbit Theory

The harmonic emission rate and the harmonic ellipticity are expressed via the T-matrix element,
which is written in the form of the double integral over the ionization time t′ and the recombination
time t (Equation (4)). Since the action S in the exponent of this equation is large for the strong-field
processes, this two-dimensional integral can be solved using the saddle-point method, according to
which the two-dimensional integral over time can be expressed as the sum over the saddle-point
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solutions t′s and ts of the system of stationary equations ∂(S + nωt)/∂t′ = 0 and ∂(S + nωt)/∂t = 0.
For the HHG process, this system takes the form

1
2
[kst + A(t′)]2 = −Ip,

1
2
[kst + A(t)]2 + Ip = nω. (A1)

Physically, these two equations express, respectively, the energy-conserving condition at the
ionization time t′ and the energy-conserving condition at the recombination time t (the electron kinetic
energy at the time when it returns to the parent ion plus the ionization potential is equal to the energy
of the emitted harmonic photon). Since −Ip is negative, the first condition in (A1) can be satisfied only
for the complex times t′. The complex solutions of Equation (A1) are the same as in the atomic case. For
large internuclear distances, the R0-dependent term in the exponents of the T-matrix element (4) can
become large. In this case, an R0-dependent term should be added to the stationary momentum [67].
The T-matrix element is expressed as

Tn = ∑
s

asei(Ss+nωts) ∝ ∑
{t′s ,ts}

einωts
(
ts − t′s

)−3/2 R(kst, ts)eiS(kst;ts ,t′s)I(kst, t′s). (A2)

This result is interpreted in terms of Feynman’s path integral [68]. The probability amplitude
of the HHG process is represented as a coherent superposition of contributions of all possible paths
that connect the initial and the final state of the system. In our case, we are able to find all partial
contributions to this amplitude which come from the solutions {t′s, ts} of the system (A1). Quantum
orbits are obtained as the solution of the classical equation of motion for the electron in the laser

field, r̈(t′′) = −E(t′′). These solutions are rn(t′′) = (t′′ − t′s)kst +
∫ t′′

t′s
dτA(τ). Electron trajectories are

defined as real parts of rn(t′′) for real time t′′ ∈ [Re t′s, Re ts] [69–72]. These electron trajectories behave
in accordance with the three-step model, as mentioned in the Introduction. In the present paper, for
fixed laser parameters and fixed harmonic order, we find the solutions t′s and ts. We use the real parts
of these solutions in the destructive interference condition (14) and obtain curves in the (θL, n) plane,
which are depicted in Figures 9–12.

Using Equations (A1) and (A2), we are able to calculate the partial contributions of quantum
orbits to harmonic intensity. Each of these orbits has a particular physical meaning with an associated
electron trajectory and the maximum allowed harmonic photon energy (the cutoff). To illustrate
this, in Figure A1, we present the harmonic intensity calculated using the SFA and using the partial
contributions of quantum orbits to the harmonic intensity, as functions of the harmonic order obtained
using the ω–3ω OTC field. The left (right) panel corresponds to the N2 (Ar2) molecule and to the
intensities of the laser-field components I1 = I2 = 7× 1013 W/cm2 (I1 = 9× 1013 W/cm2, I2 = 0.3I1).
The relative phase is ϕ = 0◦.

In the cutoff region, only one quantum orbit gives a significant contribution (black line), which
explains the smooth and flat shape of the spectrum in this region. For the harmonics in the plateau
region, the contributions of other quantum orbits can become significant. For low-energy harmonics,
the shortest quantum orbit is dominant (green line). The contributions of the dotted lines, which
are divergent after the intersection with the corresponding solid lines, i.e., after the cutoff, should be
neglected [21,73]. For more details and classification of quantum orbits, see the work of Milošević and
Becker [73] for a linearly polarized laser field and that of Milošević [74] for bicircular field.
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Figure A1. Harmonic intensity obtained using numerical integration (SFA, circles) and using the
partial contributions of quantum orbits to the harmonic intensity, as functions of the harmonic order
obtained using ω–3ω OTC field. The left (right) panel corresponds to the N2 (Ar2) molecule and
the intensities of the laser-field components are I1 = I2 = 7× 1013 W/cm2 (I1 = 7× 1013 W/cm2,
I2 = 0.3I1). The relative phase and the fundamental wavelength are ϕ = 0◦ and λ = 2000 nm,
respectively. Contributions of four pairs of quantum orbits are denoted by s = SP1, SP2, SP3 and SP4.
The contribution of low-energy orbit (analog of L orbit from [73]) is denoted by SP0.
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32. Odžak, S.; Milošević, D.B. Interference effects in high-order harmonic generation by homonuclear diatomic
molecules. Phys. Rev. A 2009, 79, 023414. [10.1103/PhysRevA.79.023414. [CrossRef]
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71. Milošević, D.B.; Bauer, D.; Becker, W. Quantum-orbit theory of high-order atomic processes in intense laser
fields. J. Mod. Opt. 2006, 53, 125–134. [CrossRef]
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