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ABUNDANCE OF 3-PLANES ON
REAL PROJECTIVE HYPERSURFACES

S. FINASHIN, V. KHARLAMOV

ABSTRACT. We show that a generic real projective n-dimensional hypersurface of
odd degree d, such that 4(n — 2) = (dgLS), contains "many” real 3-planes, namely,
in the logarithmic scale their number has the same rate of growth, d®logd, as the
number of complex 3-planes. This estimate is based on the interpretation of a suitable
signed count of the 3-planes as the Euler number of an appropriate bundle.

Everything you can imagine is real.
Pablo Picasso

1. INTRODUCTION

1.1. Phenomenon of abundance. Up to our knowledge, the phenomenon of
abundance of real solutions in certain real enumerative problems was observed
for the first time in [[KS], where it was shown that the number of real rational
curves of degree d interpolating a generic collection of 3d — 1 real points in the real
projective plane grows, in the logarithmic scale, as fast as the number of complex
curves. Since then, similar abundance phenomena were observed in various other
real enumerative problems (cf., [[KS2], [GZ], [ER]). In particular, in our previous
paper [EK]| we proved that a generic real projective n-dimensional hypersurface of
degree 2n—1 contains at least (2n—1)!! real lines, which is approximately the square
root of the number of complex lines (the same bound was obtained by C. Okonek
and A. Teleman [OX]). This estimate was based on the signed counting of the real
lines by means of the Euler number of an appropriate vector bundle, and as a result
gave the following relations

R.mi 1
ng =nk >n; ™" > ns,  lognd ~ 3 log ng,

where ng and n]§ denote respectively the numbers of complex and real lines on
i is the minimum of n]ff taken over all generic
hypersurfaces of the given degree d and dimension %, and n§ stands for the
above mentioned signed count of real lines. (Here, the number n§ depends on the
choice of such a hypersurface, while n§, n?’min, and ng depend only on d.)

The aim of the present paper is to show that a similar abundance phenome-
non holds also as soon as we count the real 3-planes on generic real projective

n-dimensional hypersurfaces of odd degree d.

. R,m
a generic real hypersurface, n,
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2 S. FINASHIN, V. KHARLAMOV

To achieve this goal we follow the same approach as in [EKl|. Namely, the variety
of (complex or real) 3-planes on a hypersurface in P"*! defined by a homogeneous
polynomial f of degree d is viewed as the zero locus {s; = 0} in the Grassmannian
(G4(C™+2) or G4(R™"?), respectively), where sy is the determined by f section
of the symmetric power Sym?® T4 nte of the dual to the tautological (complex or
real) 4-dimensional vector bundle 74 5,42 on the corresponding Grassmannian. It is
well-known (see, for example, [DM, Theorem 1.2]) that the section sy is transversal
for a generic choice of f. Thus, if dim{s; = 0} = 4(n —2) — (d?;?’) is zero, then,
in the complex setting, the Chern number c4(;,,—2) (Sym? i ni2)[Ga(C"2)] is equal
to the number of complex 3-planes, while in the real setting, the Euler number of
Sym? i nao o0 G4(R™"2) counts the real 3-planes with signs.

The main feature of such a signed count is its invariance: dependence only on d
and not on the choice of a hypersurface (in particular, independence of the topology
of the hypersurface). It is well defined, if d is odd (see Proposition BT3), which is
the only interesting case for invariant counting and lower bounds, since in the case
of even d the real locus of the hypersurface can be empty. Note also that the count
of 3-planes makes sense only if n = 2 + i(d‘:’;?’) (in higher dimension the 3-planes
come in families, and in lower dimension their number is zero).

In order to state the results, let us introduce the following notation: denote by
NS NE and NV dR M the number of complex 3-planes, the number of real 3-planes,
and the minimum of MY taken over all generic hypersurfaces of a given degree d
and the dimension n = 2 + %(d‘g?’). To avoid cumbersome discussions of explicit
orientation conventions needed to fix the sign of the Euler number in question, we
take into account only its absolute value and denote the latter by N. Note that
these numbers are linked by the following trivial relations

(1.1.1) N§ = NF = NP™ > NS > 0.

1.1.2. Theorem. The invariants Nélc,./\/j are positive for each odd d and satisfy
the following asymptotic relations as (odd) d — co:

1 1
log N§ = EdS logd + O(d®) <log N§ < gd?’ logd + O(d?).

Our conjecture is that, in fact, log N/ [}C ~ 2log N¢ which would imply that
log NS ~ %d?’ logd. It seems to us that even the positivity of N'& (which follows
from NS # 0) was not acknowledged in the literature before.

Amazingly, the answers that we obtain in the real settings look more simple than
those in the complex setting. Similar phenomena are observed in other enumerative
problems, see [EK] and Section B.

1.1.3. Corollary. As odd degree d increases, the invariants NS and N}™™ have
equivalent rates of growth in the logarithmic scale. More precisely,

1 : 1. ,
EdS log d + O(d®) < log NJ™™ < log NE < gd3 logd + O(d%).
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1.2. Examples, applications, and related results. In the case of even d, we
still have NS > 0 (see, for example, [IM, Theorem 2.1]) as well as log N <
+d3logd + O(d®) (see Proposition E5l). By contrary, if d is even, then N ei-
ther vanishes or is defined only modulo 2, see the explanation in Remark 1 after
Proposition B13.

Note that the positivity N3 > N$ > 0 implies that a generic real projective n-
dimensional hypersurface of odd degree d with 4(n—2) > (d‘§3) contains an infinite
number of real 3-planes, and then due to [[IM, Theorem 2.1] the variety of these
real 3-planes is of (pure) dimension 4(n —2) — (d-gs) if n > 6. (In fact, O. Debarre
and L. Manivel have proved in [OMH] such positivity and pure dimension results
for the variety of real r-planes on odd degree real complete intersections, but only
under the assumption that the dimension of the ambient projective space is large
enough. Apparently, for hypersurfaces, due to this dimension assumption their
result applies only to d < 3.)

The approach that we develop in this paper can be applied to counting real
(2k — 1)-planes on real projective n-dimensional hypersurfaces of any odd degree
d, under an appropriate dimension condition, that is 2k(n — 2k + 2) = (d;ff;l).
(Counting of even dimensional planes gives a trivial result, since the dimension of
the corresponding vector bundle is odd, and the Euler count, whenever it gives an
integer rather than a modulo 2 residue, would give zero.) The result of such counting
still gives an invariant, and hence provides, like in the cases k = 1 (considered in
[EXK)) and k = 2 (considered in this paper), an effective universal lower bound for
the number of real (2k — 1)-planes on a hypersurface. We restricted ourselves here
to the case of 3-planes, since for the moment in the higher dimensional cases we
can not suggest an explicit answer, but only an upper bound in Subsection P23, an
implicit formula in the form of multivariate Cauchy integral (see Theorem BZX),
and Conjecture E4.

1.3. The content. In Section 2, we recall some facts from the complex Schubert
Calculus that are related to counting the number of projective subspaces in hy-
persurfaces. In Section 3, we discuss real Schur polynomials and the modifications
required to make similar counting in the real setting. The techniques developed in
these sections are applied in Section 4 to prove the main results. In Section 5 we
discuss a few other real enumerative problems that can be solved by using the same
methods.

1.4. Conventions. If in a homology or cohomology notation the coefficients are
not specified, then they are supposed to be integer. The notation p; for the Pon-
tryagin classes may refer to p;(Tk,00) € H*(Gx(R*)) as well as for their pull-backs
in H*(G(RF)), in H*(G4(R>)), and in H*(Gx(R*¥™)) (this ambiguity should
be resolved by the context). Our decision not to fix explicit orientations results in
a number of identities valid up to sign, and we write x = +y, which means that
x =y, or x = —y. The symbol 0 marks the end of a proof, or signifies that
the corresponding statement is either a citation or an immediate consequence of
previous claims.

1.5. Acknowledgements. We thank V. Fock, who helped us to derive the for-
mula for the Schur coefficients (see Lemma EZ3) that is crucial for our calcula-
tions. We thank David Eisenbud for showing how to use the program Macaulay?2
to calculate NS and N¢ for small values of d (see Example E224). We thank also
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S. Fomin, who suggested us some probabilistic heuristic arguments in the favor of
the asymptotics in the problem of counting complex 3-planes through given collec-
tion of 3-planes (see Proposition B22Z4), the asymptotics that we finally justified by
applying Laplace’s method.

This work was started during visits of the first author to Strasbourg university,
continued during visits of the both authors to the MPIM in Bonn and to the CIB
in Lausanne, and finished during their RIP stay at the MFO in Oberwolfach; we
thank all these institutions for providing excellent working conditions.

2. ELEMENTS OF COMPLEX SCHUBERT CALCULUS

2.1. Schubert basis. By a k-partition of n € Z>o we mean a decreasing integer

sequence « = (aq,..., k), a1 = -+ = a =20, |a| = a1 +- - -+ ap = n. Graphically
« is presented as a Young-Ferrers diagram of size n. For example, the constant
k-partition m = (m, ..., m) is presented by the k x m rectangle. In what follows we

assume that some k > 0 is fixed throughout the whole section, and omit sometimes
the vanishing components of a.

A filtration 0 C C' € C2 C ... of C*® yields a CW-decomposition of Grassman-
nian G (C*) into open Schubert cells C,, indexed with k-partitions, namely, a k-
subspace L C C* belongs to C,, if and only if ag41—s = min{j | dim(LNC'**) = s},
for each 1 < s < k.

With any k-partition a we associate a homology and cohomology classes of
Grassmannians as follows. The closure Cl(C,) is the so-called Schubert variety;
being equipped with the complex orientation it yields the Schubert class [Cy] €
Ho,(G(C>)), where n = |a|. The cohomology class o, € H?"(G}(C>)) associ-
ated to « is characterized by

1if a =8,
0if a # B.

In other words, the classes o, taken over all k-partitions of size n form an additive
basis in H?"(Gx(C>)) such that h =" (h([Ca])o, for any h € H*(G(C>)).

Note that the Schubert cell C,, C G (C>) is contained in a finite dimensional
Grassmannian Gy, (Ck+m) if and only if a; < m, that is if the Young-Ferrers diagram
of « lies inside the (k x m)-rectangle diagram. It follows that the additive bases
of H,(Gy(CF™)) and H*(G}(CF+™)) are given respectively by [C,] and o, such
that a1 < m (here and below, to simplify notation, we denote by ¢, not only the
class in H*(G(C>)) but also its pull-back in H*(Gj(Ckt™))).

We say that k-partitions o and 5 are m-complementary to each other if «; +
Br+1—i = m for i = 1,...,k (so that, in particular, a1, 5 < m). It is well-known
(and easy to check) that the Schubert cycles of m-complementary k-partitions are
Poincare-dual in Gj,(CK+™).

allcsh = {

2.1.1. Proposition. Schubert classes [Cy] and [Cg] have intersection index 1 in
Gr(CF*t™) if k-partitions o and 3 are m-complementary, and index 0 if not. [

2.2. Schur polynomials. Denote by Uy the unitary group and by U¥ its maximal
torus formed by the diagonal matrices. The inclusion map UF C U}, induces a map
of the classifying spaces

BUF = (CP®)* —2 & G(C®) = BU,
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and the induced cohomology map ¢*: H*(G(C®)) — H*(CP®)* = Z[z, ..., 2]
is independent of the choice of the maximal torus, since such tori form a single
conjugacy class.

For the unitary groups, the so called splitting principle can be expressed formally
as follows.

2.2.1. Theorem. [E.g., [BD|] The ring homomorphism ¢* is monomorphic and
its image coincides with the subring Z°[z] C Z[z] formed by the symmetric polyno-
mials. The Chern classes ¢, (1) € H*(G(C*>)), 1 < r < k, of the dual tautological
vector bundle 7} over G (C™) are sent to the elementary symmetric polynomials

o (cr) =er(z1,. .0y 28) = Z Ziq - - iy -
i1 <<,
These classes ¢, = ¢, (15) are multiplicative generators of the ring H*(G(C>)). O

We call z;, 1 < i < k, the Chern roots as they are the formal roots of t* —
cith=t 4 ... 4+ (=1)kcy. For each h € H*(G(C>)), we say that ¢*(h) € Z°[2] is
the root polynomial representing class h.

The root polynomials s, € Z°[z] that represent classes 0, € H?"(G)(C>)),
n = |a|, are called Schur polynomials. The relation h =3 (h([Cy])on implies

6" (h) = 3 Aa(h)sa,

where A, (h) = h|C,] € Z will be called the Schur coefficients for h (or for ¢*(h)).
Recall that the Schur polynomials can be calculated using the following gener-
alized Vandermonde polynomial

Vats(z) = Z Sign(T)zf(ll*)'k_lzfé‘;k_Q e zf(’“k)
TESK

where sign(7) is the sign of a permutation 7 € Sy, and 6 = (k— 1,k —2,...,1,0).
Recall that the usual Vandermonde polynomial is

Vs(z) = Z sign(T)zf(_izf(_ﬁ e Zr(ke1) = H (z: — 2j).

TESE 1<i<j<k
2.2.2. Proposition. [E.g., [, Theorem 7.15.1] For any k-partition « we have

s _Va+6
a = .
Vs

O

Ezxample.

(1) s1,..1 with r < k components “1” is the elementary symmetric polynomial
er(z1,. ., 26) = Z Ziy - 2i, = 9" (cr),
<<tk

it is the root polynomial of ¢, = o1, 1 (cf. Theorem EZZ).
(2) Sm,...,m with k components “m” equals (21 ... z,)™, it is the root polynomial
of ¢jf*.



6 S. FINASHIN, V. KHARLAMOV

2.3. Multivariate Cauchy integral formula for the coefficients \,.

2.3.1. Lemma. For any f € Z°[2], z = (21,...,2,), and any k-partition o, we
have
Mol = o | VT S
of) = ———+ 2)Sq(z z z) —,
kN 2md)* Jpx N
where T* = {z € CF | |2 = -+ = |21| = 1} andd—; = dz—?...%.
Proof. The monomials z® with « = (aq,...,ax), @; > 0, form an orthonormal

basis in C[z] with respect to the inner product
1 ——dz
(ot = e [ HEREI T
It follows that for each pair of k-partitions a and 8, (Viis, Vais) = kl(zoH0 28+9),

Thus, according to Proposition 223, the Schur polynomials s, form an orthonormal
basis in the vector space Z°[z] ® C, with respect to the modified inner product

(2.3.2) (f1, f2)sym = m » fﬂz)%\/};(z)%(z«)%,
namely,
Vats Vi 1 ——dz
(sas 88)sym = ( V:é’ %%ym = W /Tk Va+5(2)Va+5(z)7
1

= 7 (Vars, Vays) = (219, 27%7).

The claim of the Lemma follows now from A, (f) = (f, Sa)sym and (232). O

2.3.3. Corollary. For each h € H*™(G(C™®)) its value h([G(CFT™)]) on the
fundamental class [G(CFT™)] € Hopp (G1(C™)) is given by
RGN = A (6 () = o [ TRy w0)

""" El2mi)* Jpr 2™ z

where ¢*(h) € Z°[2] is the Toot polynomial of h and z™ in the denominator stands
for (z1...zk)™.
Proof. We apply Lemma EZX1 to o = (m, ..., m) and use Example ZZ2(2). O

2.4. Counting (k — 1)-planes on projective hypersurfaces. We denote by
Ctop € H*(G1(CkT™)) the top Chern class of the symmetric power Symd(T,j’m) of
the dual to the tautological bundle 77 on Gx(CF*™), and by fa(z) = ¢*(ciop) €

Z5[2] the root polynomial of cop. The number of (k — 1)-planes in a projective
hypersurface can be evaluated as the following Chern number.

2.4.1. Proposition. [E.g., [IM]] Assume that X C P™T*~! is a generic hy-
persurface of degree d > 1, and that mk = (d;i;l), Then, X contains a finite
number of projective (k — 1)-planes and this number is equal to ciop evaluated on

the fundamental class [G,(CF*™)]. O

Let us denote the above Chern number ciop([G(C*™)]) by NT,. Proposition
20 together with Corollary EZ33 provides the following integral formula.
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2.4.2. Corollary. thk = An...m(fa) = m ka fiff)v(g(z)v(;(z) dz—z. O

To estimate this integral, we need the following well-known root factorization
formula for fg.

2.4.3. Proposition. [E.g., [OM]] For any d > 1,
(2.4.4) faz)= [ Ga+ - +bz). O
L1+ +HLy=d

We call the factors in the right hand side of (EZ3) the root factors.

2.5. An upper bound. In this section we study the growth rate of the sequence
N§, in the logarithmic scale.

2.5.1. Proposition. For any k,d > 1, and m = %(d:ﬁzl), the invariant Ngk

defined in Subsection B has the following asymptotics as d — oco:

1
(k— 1)

log(Ng ) < d*logd + O(d*2logd).

Proof. Since |lyxq + -+ lpzr| < 1+ + € = d at each point of T*, the integral
formula given in Corollary B4 implies that there exists a constant C' such that

Ngk < Cd¥ D | where b(d) = (d:f?) — (kfll)ldk_l +O(d?). O

2.6. Conjecture. Some heuristic arguments make plausible to conjecture that
the sequence N f has the following logarithmic asymptotics:

1
k- 1)

log(Ng),) ~ d*logd.

3. ELEMENTS OF REAL SCHUBERT CALCULUS

3.1. Orientability and the Euler class for the symmetric powers. We de-
note the tangent bundle of a real Grassmannian Gy, (R’”m) by Tk m and the tau-
tological k-dimensional vector bundle over Gy (R¥T™) by 7 ,,.

3.1.1. Lemma. For any k,m > 0, we have
W1 (Them) = (k +m)wi(Te,m)-

In particular, Gy (R¥T™) is orientable if and only if k +m is even.

Proof. Note that Ty, ,, = Hom(7x 1, T]im), where T,im is the m-dimensional vector
bundle orthogonal to 7y, so that 7 ., + Tém is a trivial bundle and, in partic-
ular, wy(7gm) = wl(T,j:m). Following the splitting principle, we write wq(Tkm) =

S¥ L a; and w, (Tiom) = > i1 by, where a;,b; € HY(Gr(RF*+™:7,/2)), which gives

wi(Thom) = (@i +b;) = mwy (Tem) + kwi (175,) = (k+m)wi(Tem). O
]
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3.1.2. Lemma.
(1) The vector bundle Symd(r,j’m) is orientable if and only if (dﬂz*l) is even.
(2) wi(Sym®(7} ) = dmwi(Thm) if dimSym?(r; ) = dim GR(R*+™). In
particular, under the assumption that dim Symd(T;;m) = dim G (R**+™) the
bundle Symd(T,:,m) is orientable if and only if dm is even.

Proof. For proving (1), we use the splitting principle and obtain the following ex-
pression for the total Stiefel-Whitney class, W, of the symmetric power Sym? (The,m):

W (Sym? (k) = ey gy ie=a(l + Lra1 + - - + Lray)

with respect to wi(7k,m) = Zle a;. Hence,

wi(Sym(tem)) = Y (L 4+ Lrag) = na + -+ ax)
L1+ HLly=d
where
n—g d+k—-1\ [d+k—1
S kE\ k-1 B k ’

from where w1 (Sym®(74.,,)) = 0 if and only if n = ( ) is even.

To deduce (2), note that (d'}izl) = dim Sym®(7y, ) = dim G (R¥™) = km

d+k—1
k

implies n = %km =dm. O
As an immediate consequence we obtain the following result.

3.1.3. Proposition. Assume that the dimension of the vector bundle Symd(T;7m),
that is (d'}izl), is equal to the dimension km of the Grassmannian Gj(R¥t™). As-
sume also that k+m = dm mod 2. Then, the Euler number e(Symd(T,jym))[Gk (RF+m)]

with respect to the local coefficient system twisted by w1 (Gr(R¥T™)) is an integer
well-defined up to sign. O

Remarks.

(1) The first assumption of Proposition B3 is always satisfied in what follows,
since it simply signifies that the virtual dimension of the variety Fy_1(X)
of (k — 1)-planes contained in a hypersurface X C P¥*™~1 of degree d is
0. Note that for even d there exist real hypersurfaces X with X(R) = @,
for instance, the Fermat hypersurface, and thus, a signed count of the real
(k — 1)-planes on such hypersurfaces (if invariant) gives 0. Note also that if
km is odd, then even when the Euler number is well defined, it is equal to
zero, as it happens for any real odd dimensional vector bundle.

For odd d the second assumption just means that k is even, so, the case
of even k and odd d is the only one which makes sense to study. As the
case k = 2 was analyzed in [EK]|, we are concerned in what follows with the
case k = 4.

(2) Calculation of the Euler number e(Symd(T,’;’m))[Gk (RF*+™)] can (and will)

be done by passing to the Grassmannian ék (R¥+m™) of orientable k-planes
and its (orientable) dual tautological bundle Th ms because of the relation

(B14)  e(Sym(r)OKRS™) = = Je(Sym (77, [Ge(REF )]
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3.2. Pontryagin classes and the real root polynomials. Let égk(R‘”) be the
Grassmannian of oriented 2k-planes in R*, and Go;(R*) be that of non oriented
2k-planes. Denote by 9: Gaj,(R™) — G2;,(C>) the composition of the double
covering 7: Gor(R®) — G (R*®) and of the inclusion 9: Gap(R™®) C Gor(C™).
The following description of the integer cohomology ring H *(ézk(R"o)) /Tors is
classical.

3.2.1. Theorem. [E.g., Brown [BH]] (1) The ring H*(G2x(R>))/Tors is freely
generated by the Pontryagin classes p; = (—1)"0* (co;) € H¥(Gop(R™)), 1 < i < k.
(2) The ring H* (G2, (R>))/Tors is generated by the Pontryagin classes

Pi =7 (pi) = (*1)15*(021‘) € H4i(é2k(Roo)), 1<i<k

and the Euler class eqy, € H2k(égk(Roo)), the only defining relation in these gen-
erators is py = e3,. O

In the rest of the paper, we allow ambiguity and keep traditional notation p;
for the classes p;, and moreover, use the same notation for the Pontryagin classes
induced in the Grassmannians H*(Gar(R™))/Tors and H*(Gay(R™))/Tors.

The embedding SOIQC C SOgg given by 2 x 2 special orthogonal matrices along the
diagonal, gives a maximal torus in SOg; and induces a map between the classifying
spaces

(CP®)* = (BSOs)* —% 5 BSOuy = Gop(R™).

This map associates to a k-tuple (&1,...,&) of SOz-bundles their Whitney sum
&1 @ - @ E&. We denote by z1,...,z, the standard (Euler class) generators of
H*((BSO3)¥) and, for a given a class h € H* (G (R>)), by a real root polynomial
of h we mean the polynomial ¢%(h) € Z[z1,...,zx] = H*((BSO2)*).

3.2.2. Lemma. Consider any class h € H*(G2(C™®)) and let hg = 5*(h) €
H* (G2, (R>)) denote its pull-back. Then the real root polynomial ¢f(hr)(z) is
obtained from the complex one, ¢*(h)(2), by letling zop—1 = —zor = xk, that is

or(hr) (21, ..., 2) = " (h) (21, —21,. .., Tk, —Tk).

Proof. The tautological embedding SOy — SUs C Us is conjugate to the embedding
SO; — SUs C Uy defined as the composition of the antidiagonal homomorphism
SO; — SOz x SO2, g — (g,971), the isomorphism SO2 x SOp = U; x Uy and
the maximal torus inclusion U; x Uy C Us. This leads to a commutative up to
conjugation diagram

(SOQ)k —_— (U1)2k

! l

SOzk —_— ng

with the “vertical” block-diagonal inclusion maps, the k-th power of the antidiago-
nal homomorphism SOy — SO5 x SO, = Uy x Uy at the “top”, and the tautological
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homomorphism at the “bottom”. Passing to the corresponding classifying spaces
we obtain a commutative up to homotopy diagram

(BSO,)k = (CP=)b L0, (cpoey2h— (BU, )%

¢RJ Jcﬁc
BSOg;, = Goi(R™) LN G2 (C®) = BUy

where A, : CP>® — (CP*°)? is the antidiagonal map z — (2,z). The induced map
in cohomology yields a commutative diagram

*\k
H*(CP®) = Zjzy,...,ax] <2 Zlo,..., 2] = H*(CP®)%

M Lﬁ

H*(G2x(R®)) +—— H*(G24(C™))

/19*
where z9;, 1 — x;, 20— —x;,1=1,..., k. O
We consider two subrings of the ring Z[z], = (z1, ..., 2). The Pontryagin ring
ZP[x] = Z[23, ..., 23)NZ5[z] is formed by the symmetric polynomials in 22, 1 <4 <
k, and the Euler-Pontryagin ring ZEF[z] = Z[22,... 22,21 ... 2] N Z%[z], where
Zlz3, ..., x%, 21 ... 75 is generated by the squares 7 and the product 7 ... zy.

3.2.3. Proposition. For any k> 1 and x = (z1,...,2):

the map ¢x yields a monomorphism H* (Gor(R>))/Tors — Zlx);
the image of ¢ is ZEF [x];

1)
2)
3) the image of ¢f o U* is the image of ¢ o and is ZF [z];
4) ¢p(pi) = ei(23,...,23) and ¢} (ear) = T1 ... 2.

(
(
(
(

Proof. Follows immediately from Lemma B2, Theorem B2 and Theorem 2270. [

3.2.4. Corollary. The maps ¢pron* and ¢5 identify the rings H* (G2 (R*))/Tors
and H* (G (R*®))/Tors with ZF [x] and ZFF [z], respectively. The map

7 H*(Go(R™)) /Tors — H*(Gap(R™))/Tors
induced by the projection m: Gap(R™®) — Gap(R™) is identified then with the in-

clusion homomorphism ZF [x] — ZFF[z]. O

3.3. Integral Schubert cycles of infinite order in Gg;(R*°). As in the com-
plex case, the k-partitions « determine a CW-decomposition of G (R*°) into real
Schubert cells Co g = C, N Gx(R>®) with the property Cpr C Gi(RF™) if and
only if oy < m. The cells C, g lead in general only to Z/2-homology classes

[Carl2 € Hio|(Gu(RFY™);Z/2) — Hyo) (GL(R™);Z/2), a1 <m < o0

(here and further on, the same notation is used for the classes in Grassmannians
for different m, including m = o).
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For a k-partition 8 = (B1,...,5k), denote by 28 the k-partition (281, ...,25)
and by £(2) the 2k-partition (81,51, .- -, Bk, Br), where each of the §; is repeated
twice. We say that 2k-partition « is an even partition if it can be presented as
a = 26(2), and that « is an odd partition if it has form o = 26(2) + 1 = (261 +
1,...,28 + 1) for some k-partition 3.

If o is an even 2k-partition, then the real Schubert cell C, r defines an integral
homology class, which we denote

[Cor] € Hia|(Gar(R**F™))/Tors, a1 <m < oo

(concerning the sign of [Cy r], in what follows we do not need to make any specific
choice of the orientation).

3.3.1. Theorem. [Pontryagin [B]] Assume that m > 0 is even and r or 2km —r
is less than m. Then the Schubert classes [Cor] for all even 2k-partitions o of
dimension |a| = r form a basis in the group H,(Gar(R?**+™))/Tors. O

Remark. Pontryagin’s claim (see [H], Theorem 1) concerns the orientable Grass-
mannians, which is stronger than what we stated here. On the other hand, his
claim covers only the case of 2km — r < m. The case r < m can be derived from
that one via Poincare duality, since the Poincare-dual Schubert cycles are repre-
sented by m-complementary even 2k-partitions (for even m). Indeed, for even m
(in which case Grassmannian Gai(R?*+™) is orientable by Lemma BI), the in-
tersection index of Schubert cycles [Cor] 0 [Cpr] in Gor(R*FF™) is 41 if a and
are complementary even 2k-partitions, and otherwise that index is 0.

3.4. Real Schur polynomials. Letting m — oo in Theorem BZ31l, we can con-
clude that the classes [Cy ] for all even 2k-partitions « form an additive basis
in H,(Gk(R>))/Tors. Let us introduce the dual additive basis, {a R }even o) IR
H*(Gr(R>))/Tors; namely, let o, r be the integral cohomology class taking value
1 on [Cyur]| and vanishing on the other integral Schubert classes. Then, we take
the pull-back of o, r by the double covering =: égk(Roo) — G9i(R*>°), that is
Tar = T*(0aRr) € H*(GR(R>)), and define the real Schur polynomial of an even
2k-partition a as the root polynomial

SR = (z)]?(%(&oz,]R) € Zp[x] C ZEP[x]v
(cf., Corollary B=2A).
The relation between the real and the complex Schur polynomials can be de-
scribed as follows. Consider the ring isomorphism 7" between the Chern ring
ZS[Zl, R Zk] = H*(Gk((C‘)C))
and the Pontryagin ring

ZP[xy, ..., o5 = H*(Gox(R*))/Tors

sending z; to 2, in terms of polynomial rings, and equivalently, the Chern classes
¢; to the Pontryagin classes p;, i = 1,...,k, in terms of cohomology rings.
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3.4.1. Proposition. [E.g., Fuks [H], Section 2.3.E] Let 8 be a k-partition and o =
268(2). Then, ¢*...cl*[Cg]l = p* ... p}F[Car] for any Chern class ¢i* ...c)*, and
the isomorphism T': 75z, ..., zx] — ZF[x1,. .., x| sends the Schur polynomial sp
to the real Schur polynomial sqr. 0O

Now we extend the definition of the real root polynomials to odd 2k-partitions,
o’ = a+1 (where « is an even partition) by letting 7,/ g be the product of 5, g by
the Euler class ey € H2(Gop(R™)) and define similarly the real Schur polynomial
of o’ as the root polynomial

s/ = 03 (For r) € Z5F[2].

3.4.2. Corollary. For any even 2k-partition o = 2£(2), and the odd partition
o = a+ 1 we have

(1) ia,R(lea s k) = sg(xd, ..., 22);
(2) Swr(T1,. .. 2k) =sp(x?, ... 23)(z1 ... 28);
(3) if og € H*™(Gy(C™)) is expressed as a polynomial o = f(c1,...,ck), then

5&,R :f(pla se. 7pk)7

Oar g =f(P1s- -, Dk)e2K-

Proof. A straightforward consequence of Proposition B2 and Proposition B23. O

3.4.3. Corollary. Assume that o = B(2), 8 = 2y + r, where vy is any k-partition

andr = (r,...,r) s a k-partition with r equal to either 0 or 1. Then,
x?1+2(k71) xfﬁz(kﬂ) ... xf"
v Bita(k=1)  Bat2(k-2) B
Sar(T) = che g 2(k—1) xk2(k72) L
Vas ] ] o1
mi(k_l) xi(k_Q) |

Proof. 1t follows from Corollary BA2 and 222, since Vo, (z) = V., (2?) and Vay4r(z) =
V,(z%)(x1 ... xp)" for any k-partition . O

3.4.4. Lemma. The classes cor for all even and odd 2k-partitions o form an

additive basis of the group H*(ézk(R"O))/Tors. The corresponding real Schur poly-
nomials oo g form an additive basis in ZFF [z].

Proof. Classes o, g for all even 2k-partitions a, being dual to a basis in H, (Gay(R>),
give an additive basis in 7* (H* (Gap,(R>) /Tors)) C H* (G, (R>))/Tors). This sub-
group is generated by products of the Pontryagin classes p;, by Theorem B2. By
the same theorem, H* (égk(Roo))/TOI‘S is generated by 1 and the Euler class esy, as
a module over H* (G2, (R*)/Tors), so, the classes o, r for all odd 2k-partitions «,
together with o, g for even 2k-partitions o form a basis in H* (Gar(R>®))/Tors). O
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3.5. The duality between the classes [5Q,R] and 7, g in CNT'%(R"O). In Gap (R*°),

we have a pair of cells, C(iR, that form the pull-back of C,, r with respect to the dou-

ble covering 7 : CNv'zk(R(’o) — G2k (R*). The closure of the union 504711@ = C;;RUC;R
yields an integral class of infinite order [Cyg] € H|a‘(égk(R°°))/Tors if v is an
even or an odd 2k-partition. Here, the orientations of C’iR are chosen to be
respected by the covering m (and, therefore, by the deck transformation), and
for even 2k-partitions a we just take the sum of cells CiR, that is the pull-
back [Cor] = 7'([Car]), while for odd 2k-partitions o we take the difference
[C*QR} = [C;:R — C_ gl, where the sign “—" signifies reversion of the orientation
of ) -

Remark. These classes [5%]1@] form a basis in H,(Go;(R>); Q). Furthermore, they
are divisible by 2 in the integral homology, and their halves form an additive basis
in H,(Gor(R>))/Tors. This can be derived from Theorem 1 in [B], which treats
indeed a more subtle case of finite Grassmannians G} (RF+m),

3.5.1. Lemma. Consider a Schubert class [Cog] € H|a‘(égk(R°°))/Tors, where

a = (ai,...,az) is an even or an odd 2k-partition. Then the class [Cqr] Near €
H‘a|,2k(égk(R‘x’)) is represented, up to sign and torsion homology elements, by
the Schubert class éo/,]R; where o =a—1= (a1 —1,..., 00, — 1), if aop = 1. If
g, = 0, then [C~'Q7R] Negr = 0.

Proof. The Euler class esy, restricted to égk (R%er) is known to be dual to a fun-
damental class [Gay, (R2ET™=1)] of Gap, (RZ*+™~1). Therefore, the cap product with

eay is realized by the intersection of [Cy ] with [Gax(R2¥+™=1)] for m sufficiently
big with respect to ||, which corresponds to subtraction 1 from . O

3.5.2. Proposition. Assume that o and 8 are 2k-partitions, each one is either

even or odd, and |a| = |8] =n. Then [Cor] NogRr is equal to £2 if @ = B, and 0
if a # B.

Proof. For even «, both [Cy r] and o, r are in the invariant subspaces of the cov-
ering involution, acting in the integral homology and cohomology, respectively. For
odd «a these classes are both in the skew-invariant subspaces. This implies that
[CoarlNogr =0if @ and B have different pairity.

If both o and 3 are even, then [Cor] = 7'[Cop) and Gsz = m'ogr. Thus,
[Cor] NGsr = 2([Car] Nosr) =2, since o, g was defined as the dual to [Cy g].

If both v and 8 are odd, then o = o' +1, 8 = 8/ + 1, where o/ and 8 are even.
It follows that

[Car]Nogr = [Car] N(e2r UTp r) = ([Car] Neax) NTpr = Cor kN Tp R

where the last identity is due to Lemma BZXdl. So, this case is reduced to the
previous one. [

3.6. Calculation of the real Schur coefficients. By Lemma BZ3, each class
h € H*(G2x(R>))/Tors can be decomposed into an integer linear combination

h = Z )\aga,]R-

even and odd 2k-partitions a
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This gives the corresponding decomposition of the root polynomial f = ¢ph €
ZEP[2):

f(.]?) = Z )\as(x,]R~

even and odd 2k-partitions «

The coefficients A, = Aq(h) € Z will be called real Schur coefficients of h, and of
its root polynomial f. If h € H*(G2x(R>)), we put Ao (h) = A (h/Tors).

3.6.1. Lemma. Assume that « is an even or odd 2k-partition, and h € Hn(égk (R*®)).
Then Ao (h) = * 1[Cor] Nk (and in particular, Ao(h) =0 if |a| #n).

Proof. By Proposition B2, {7, r} and {%[GQR]} form dual, up to sign, basses in
H.(Gor(R*);Q). D

3.6.2. Corollary. For any class h € H*(Go,(R*®)), we have

1 ~
§h[G2k(Rm+2k)] €Z =%\,

where m is the constant 2k-partition (m, ... ,m).

Proof. We apply Lemma BT to the Grassmannian G (R™+2k) which is a Schu-
bert variety for 2k-partition m. O

Like in Lemma EZX, we can find the coefficients A, using a residue formula.

3.6.3. Lemma. For any f € ZFP[x], x = (z1,...,71), and an even or odd 2k-
partition o, we have

1 L

Aalf) =* 75— - f(@)5ar(2)Vas (2)Vas ()

kl(2mi)k x

where T* = {z € C*||z1| = -+ = |zx| = 1}.

Proof. The proof is the same as that of Lemma 23, except that we use an expres-
sion of the real Schur polynomials in Corollary B3 instead of the complex one,
which was given in Proposition EZ222. [

In the case of Ay, that we are interested in, we obtain a formula analogous to
the one in Corollary EZ33.

3.6.4. Corollary. For any class h € H%m(é% (R®°)) its value on the fundamen-
tal class [Gor(R™2%)] € Hopm (G (R™®)) is determined by the following integral
L

30 Gt (B2 = Am(@ () = e [ v et T

where ¢ (h) € ZEF ] is the real root polynomial of h. O

4. PROOF OF THEOREM T2

4.1. Multivariate integral formula for the number of real 3-planes on
hypersurfaces. Throughout this section d > 1 is odd, as it is in Theorem [T
We start with a real analogue of the root factorization formula (ZZ3) that takes
the following form, in which we call it the real root factorization formula.
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4.1.1. Proposition. Let fq(x) denote the real root polynomial of the Euler class

en = en(Sym® (7, o)) € HY (Gox(R®)), N = (*52]1). Then

fi(x) = 1T ((br = br)zr + - + (O — L) wk).
byHLi+ -+l +Lp=d,l; ,£; 20

The factors in the above product formula will be called real root factors.

Remark. Since we did not fix an orientation of Symd(?’;k’oo), the polynomial fy is
well-defined only up to sign. In what follows (see formula (E228)) we will determine
the sign so that the corresponding Euler number becomes positive.

Proof. The operation of taking d-th symmetric power defines the maps ¢ : G (R*®) —
Gn(R®) and ¢5: G (C®) — Gn(C>®) commuting (up to homotopy) with the
tautological embedding maps Y95 and ¥y

Gor(R®) —2 5 Gn(R™)

7| k2
Gap(C%) —2s Gu(C).

Then, the result follows from Lemma B2 and Proposition EZ3, since €3, = py =
o* (CQN). [l

Theorem T concerns the case k = 2, and in this case Proposition I reads
as follows

(4.1.2) filx) = 11 ((tr = by)xy + (b2 — l3)22).

Li+LyHLa+L3=d,l; ;20

4.1.3. Theorem. Assume that X C P™3 is a generic real hypersurface of odd
degree d, where (d?;g) = 4m. Then the number of real 3-planes in X is finite and
bounded from below by
1 x — dx
Np =+ JaE) o ) Vi) 2,

2(2m8)2 Jpo ™ x

where fq(x) is the polynomial determined by the formula (E12).
Proof. Tt follows from Corollary BG4 and Proposition 1. [
4.2. Factorization of f; in the case of 3-planes. The polynomial g4(z) =

fa(x)? € ZEP[x] can be written as

9d = 9d,09d,1 - --9q, 41,

where gq,, 0 < 4 < %, is the product of those real root factors that give |¢; —

07| + |l — €3] = d — 2i (or, equivalently, min(¢y, £1) + min(¢y, £5) = 7).
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4.2.1. Lemma. We have gq,; = gflflmyo, and thus gq = gd,093—2,093—4,o R

Proof. The real root factors in gq,; are the same as in gq_2; 0, but appear as many

times as there are partitions ¢ = s; + s, with s; = min{¢;,£;} >0, j =1,2. O

It is convenient to group the real root factors of g4 by letting

ha(z1,x2) = H (b1 + laxo)

01,02>21,01+02=d

and

ha(z1,29) = H (brx1 + lows) = d* 2129 hy(1, T2).
01,05>0,01+42=d

4.2.2. Lemma. The following identity holds for any odd d > 1

1 ~

ga0 = [d* x129 ha(21, 22)ha(w1, —22)]2 = | ha(z1, ©2)ha(xy, —x2)]?.

d? 1T

Proof. The real root factors of g4 o that are taken from hg(£x1, £22) go in groups of
four elements, respectively to the four combinations of signs before the coefficients,
if the both coefficients do not vanish (which corresponds in (EEI2) to the cases
when both |¢; — ¢1| and |2 — ¢3| are non-zero and ¢y + {7 + {5 + ¢5 = d). Their
product converts then to [hg(21,22)ha(r1, —12)]%. The additional term d? z;x is
involved because if just one of the coefficients I, 11,15, 15 is non-zero (and hence, is
equal to d), then only two combinations of the signs give root factors contributing
to gq0. U

4.2.3. Corollary. The polynomial gq is a complete square of the polynomial

fa(z) = = [d® 2129 ha(21, T2)ha(z1, —29)][(d — 2)® 2129 ha—2 (21, T2)ha—a(z1, —22)]? ...

d—1

—[d(d — 2. P(2122) T [ haci (@1, 22 hacsi(ar, —22)] T O
=0

4.2.4. Example If d =1, then hy = 1 (there are no suitable real root factors)
and g1 = g1,0 = 2323. In the first nontrivial case, d = 3, we have

=(2x1 & x2) (21 + 220) = (E5z120 + 2(2F + 23)),
93.0(x1,72) =[(9z122) (5122 + 2(2F + 3))(—Dz122 + 2(27 + 23))]°,

(.731,:|:.1‘2)
)

g3(z1,2) 93,091 o = 92525 (4(aF 4 23)* — 25z 723))?,
)

+ f3(x1, w0) =9x323 (4(2? + 23)? — 252%23).
Applying Theorem BT and using that VosVas = —%, we conclude that it
1 2

is the coefficient at (z122)7 in —31 f3(2? — 23)?, that is —1(9 x 42) = —189, that
gives us the signed count of real 3-planes on a generic real 7-dimensional cubic
hypersurface, that is N§ = 189. An alternative way to get this coefficient is to
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apply Corollary BZ3 to get the following expressions for the real Schur polynomials,
5(5,5,5,5),R = ($1$2)5 and

ay a}
‘/(7 3) 33‘9 .1‘3
,3)+(2,0) 2 2 3.4 2.2 4
S(T733)R = Ty =T = (z172)" (2] + 2723 + 73),
(2,0) zy 1
x5 1

which allows us to get the decomposition f3(x1,z2) = 9[45(7,7,3,3).r — 215(5,5,5,5).,r]
with A5 555 = —189 and gives us the same result N5 = 189.

Finally, we can write N& > AZ"™" > N¢ = 189, which implies that a real
7-dimensional cubic has generically at least 189 real 3-planes. (See also [EXK]]|, Sub-
section 6.2, for one more method to find ¥ = 189 by a direct calculation of the
characteristic number eo[G4(R?)], where ey = e3(4p? — 25¢2) is represented by
the root polynomial f3(z)). To compare with, one can find Ni¥ = 321489.

Further computations (using the program Macoley2) show that V¢ = 37655727525,
whereas NE = 64127725294951805931404297113125.

As in Lemma B2, the root factors ({121 +0axe)(lax1+0122) in hy_o;(x1, x2) can
be grouped together with the factors (€121 — foxo)(laxy — 1x2) In hg_o;(21, —22)
to give us the product

((1a3 — (323) (32} — (a3) =0G05(2F + 23)* — (63 + £3)* 272

— 2T1, T2yp L by
(4.2.5) —(€1€2$11‘2) [($2 + 1 (62 61) ]

This product enters in fy in the power (i 4+ 1). Therefore, we can write
(4.2.6)
(2f +23)* (2 +03)?

d2-1 .
d'(d — 2 5 6262 2,2 i+1
Ja(z) = [d!( M. P (@) ze|£|d[ 125 (— 2222 e )]
where Lq = {(¢1,02,9) | 1 +bo = d — 2i, 01,6, > 1,0 < i < 452},

Note that in the initial definition of f; it was defined only up to sign (see Remark
1), and from now on we eliminate this ambiguity by prescribing to fy the sign
given by formula (E220).

We can also summarize the above formulae as follows:

22 1 a2)2 (024 2)?
ha(z1, v2)ha(w1, —2) = * H (171952)2(6162)2[*( 13:23322) ( 1€2€22) s
bi4+Llo=d, by l2>1 142 1%2

(4.2.7)

fa@) = Caailay ]| (6l ]- (z%;rigy (G +65)" i1

2 )2
TiT 0450
(1,02,i)ELY 12 172

)

where Cy = [d!!(d —2)!!...]> and N = %(d‘g?’).

4.3. Positivity and the maximum.
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4.3.1. Proposition. The function Fy(z) = (z{dz(f))m, where m = %(‘%‘3) (¢f. The-
orem B13) takes positive real values (and, in particular, does not vanish) at each
point of T?. The maximal value of Fy(x) on T? is achieved along the two-component

curve o = iz, and this value equals

d-ld_1_,
(4.32) My=Cy H (€2 4 ¢2)26+) = H H (% + (d — 2i — £)?)26+D)
(61752,i)6£d =0 ¢=0

Proof. According to (E2Z3), the factors of (x129)?0 D hy(x1,x2)hg(w1, —x2) are
equal to

GOo[-t+t )+ (k+k1)?, where t= %, [t|] =1, and k = ﬁ—l, k> 0.
2 2

Since t + t~! is real for [t| = 1, these factors are real, and thus, Fj(z) is real for
all v € T?. Since 0 < (t+t1)2 <4 < (k+ k71)2, Fy(x) can only vanish for
kE+Ek~! = 2, that is £; = f, which is impossible under our assumption that d is
odd. The maximal value (k + k~1)2 of the factor £203] — (t +t~1)2 + (k +k~1)?| is
achieved as (t +t~1)? takes its minimal value (equal to 0), that is along the circles

== j:ll‘l

Since these circles are common for all the partitions (¢1,¢2) involved in the
formula for Fy, the product of all the factors achieves its maximum value along the
same circles, and this value is as indicated in the lemma. [

4.3.3. Proposition. The sequence My given by (E2332) has the following asymp-

totic grows in the log-scale:

1
log My = Ed3 logd + O(d?).

Proof. According to the first order Euler-Maclaurin formula, the following relations
hold for any function f € C'[0,d], r € N,

- /Orf(t)dt+ %[f(O) + f(r)] + pa(r),

where p1(r) = [ (x — [x] — )| f/(t)| dt and, hence,

i< [ 17Ol

We apply the latter bound to f(t) = log(t?+ (d—t)?) and r = %51, Since f’ < 0 on
[0, 7], this gives [p1(d)| < 2(f(0) — f(452)) < logd. The 1ogar1thm of the product

d—1
Jq =1log(I1,2, (¢* + (d — £)?)) can be written then in the form
d—1

Jg = flog(z2 +(d—0)?) :/ " log(f + (d — £)?) dt
=0 0

2

1 d
+logd + ilog( +

1)t pita)
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where

a1 d—1

a1 d—1 T 2t +2(t —d)
log(£2 4 (d — D) df = tlog(t2 + (d — )2 _/ —

/0 og(t? + (d — 1)) dt = tlog(t? + (d — 1)), . e @

d—1 d?+1
= —5— log(

By 7(d) we denoted here the integral that can be evaluated as follows:

L o 2(4t —2d °
7(d) :/ tw dt = / 2+ 2 )__ d ] dt
0 0

12+ (d—1t)? 22 —2dt +d?  2t2 — 2dt + d?
d a1 2t a1
=d-1)+ 3 log(t? + (d — t)?)]|,> — darctan(g =12
d. d*+1
=d-1)+ §[log( + ) — 2log d] — (arctan(d® —d — 1) + %)

This implies a uniform estimate |72(d)| < md + M with the constants m, M inde-
pendent of d. Thus, we can write J; = (d)log(d) + O(d), O(d) < md + M, and

estimate
Ja—2; = (d — 2i)log(d — 2i) + O(d — 2i), O(d —2i) < md+ M.

Then

d—1
2

2(i+1)Ja—zi =log( ] (€*+(d—2i—0)*)*0F1) = 2(i+1)(d—2i) log(d—2i)+(i+1)O(d),
{=0

—1

and a bound (i + 1)O(d) < O(d?) gives

log My =2 %[(i +1)(d — 2i) log(d — 2i) + O(d?)] = 2 /0d21(t +1)(d — 2t) log(d — 2t) dt
=0
+O(d%) = 2[—§t3 + %(d 2)t2 + dt] log(d — 20)]o7 + Ky +O(d®) = Kq + O(d®)
where
Ko [T d’fdti/f@ﬁ%%d(dz“mt
2d2 ‘”6 /7 s (d3)f—d2(d+6)log(d 20T
and finally

1
log My = Ed?’ logd + O(d®). O
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4.4. Asymptotics. Consider a sequence of functions

Fy(z) = H b0, (), ©€T? wheredc N.
(é,T‘)Gﬂd

Assume that ¢, (x) > 0 for all z € T2, d and (/,r), and that the maximum of
@¢ Over T2 is equal to M, and is achieved on a submanifold L C T2, which is
common for all d and ¢. This is the case in our setting, where ¢ = (¢, ¢5) and

1‘2 +$2 2
berler, ) =6 + ) — 2L 2 e
142

4203

_ 62 62 2(r+1) 1—

in2 (b]r-‘rl

and My, = (€3 + £3)"+1. Namely, if z; = €%, ¢; € [0,27], j = 1,2, then

2 4 x2)? z _ 4 .
% — (;: + ;;)2 - (ez(¢1—¢2) + 6—1(¢1—¢2))2 _ 4COS2(¢1 o) = Asin? é
142

where ¢ = Z — ¢1 + ¢2. Thus, (z1,22) = (e'**,€'*?) is a point of maximum if
and only if ¢ = 0 or ¢ = 7, so that in our case L consists of two disjoint circles
$1— P2 = +7.

We are concerned about the asymptotics, in the logarithmic scale, of the integral

I = ﬁ/T Fa(z)W (2) d?f”

for a certain function W (x) = 0 on T2, namely, for W (x) = Vas(2?)Vas5(2?)

I O b e B k) T O SV o S

= 2(1 — cos 2(¢1 — ¢s)) = 2(1 — sin 2¢), ¢:g—wﬁ+¢}

4.4.1. Proposition. Under the above choice of functions Fy the following log-
scale asymptotic development holds:

1
1%Q:ﬁ&bw+OW)

Proof. An upper bound
L o3 3
log 14 < Ed logd + O(d”)

follows from log My = 5 d*logd + O(d?) (see Proposition E=33).
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By the localization principle, the lower bound follows from positivity of Fy and
W. Indeed, let us consider the tubular neighborhood U of L defined by |sin 2¢| < %,
that is [¢| < ¢o = 5. Then 1 < W(z) < 3 for z € U, and

d
log Iy + log 87% > log/ Fy(z)W(x) s log[Area(U) mUin Fy(x) mUin W (x)]
U X

40203

4
> log(= %) + log( (02 + 0221 — —L2sin? ¢]")
3 II @+a (2 +3)? 0

(£1,€2,7)ELY

4
= log(§ﬂ2) +logMy+R

where

40302 -
logH €2 o sin? bo]”

Finally, note that

< 74@@ d| L
IR| < ¢ Z T(€2+£2) sin? ¢o < ed|Lq| = O(d®),
(b1,6a,)€Ly 1T 2

where |L4] = (d'Q"Q) = O(d?) is the cardinality of L4 and ¢ > 0 is a constant
independent of d. [J

4.5. Proof of Theorem ITA. The asymptotic upper bound for Néc is estab-
lished in Proposition EZZ5. The positivity of N follows from Theorem B3 and
the positivity of Fy (see Proposition EZX). The asymptotic expression for N
follows from Theorem T3 and Proposition EZ.

5. CONCLUDING REMARKS

5.1. Counting 3-planes in the complete intersections. The above approach
can be also applied to counting 3-planes in the complete intersections, except that
the formulas become more cumbersome and the asymptotics is difficult to disclose.
For simplicity, let us restrict ourselves to the intersections of cubic hypersurfaces.
Recall that for one cubic hypersurface (see Example EZ4) the Euler class is given
by B

€20 = e(Symg(ﬂ"o@)) == 963(2562 — 4p%) IS H20(G4(R°°)).

An intersection X of 7 generic real cubic hypersurfaces in P™+3 contains a finite
number of 3-planes if the dimension 20r of eh, is equal to 4m = dim G4(R™*4)
(see, for example, [OM3]), that is if m = 5r. The signed count of real 3-planes in
X gives a number N§ 5, which is the half of the corresponding count of oriented

3-planes that is €5, [G4(R™F4)], so we obtain
2N5 5 =+ 97" (25¢% — 4p7)"[Ga(R™)].
Due to the multiplicative structure of the FEuler-Pontryagin ring, the right-hand

side is equal to the result of substitution of the Catalan numbers C}, instead of t*
in the polynomial 9"(25 — 4¢)". Standard manipulation with generating functions
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and radii of convergence shows that the rate of growth of this sequence is linear in
the logarithmic scale:
log N5 3~ drlog3.

To count the number N5 5 of complex 3-planes on a generic intersection of cubic
hypersurfaces we can use the multivariate integral Cauchy formula (¢f., Corollary
ZZ32):

1 [l sope=s(lrzi + -+ lazg)" — . dz

Vs(2)Vs(2)

41(27)* Jpa zm z

Applying to this integral the saddle point version of the Laplace method, namely, by
deforming the integration cycle locally keeping the points of the maximal absolute
value of the product (this value is equal to 32°) but making the values of the product
real at each point of a small neighborhood of the locus of maxima, we obtain

log/\/'éc,wg ~ 20rlog3 ~ 510g/\/’§,m’3.

5.2. Another enumerative problem with the 3-planes. Note that the Schu-
bert cell Ca o C G4(C*F4) is formed by the projective 3-planes in P?"+3 which
intersect P?"~1 c P?"*+3 along a line. Therefore, if we choose a generic set S =
{S1,...,S2,} of projective (2n — 1)-dimensional subspaces S; C P?"*3, then the
number NE, of 3-planes L C P?"*3 such that the intersections LN S;, 1 < i < 2n,
are lines, can be found by evaluation of the power of the Schubert class o3 o:

NE» = 035[G4(C* ).

In the real setting, we define the number Né}én similarly, by counting the real
3-planes intersecting a generic set S of real subspaces S; C P?"*3 along lines.
This number depends on the choice of a generic set S, and we denote by A"
the minimum of NEDSn with respect to all generic choices of such S. The number
JSE7R[G4(R2"+4)] can be interpreted as the signed count of the real 3-planes, and

thus its absolute value, which we denote by Ng.,, provides an estimate
e <Nmin <NR <N(C
Hr X n o n n .

Here, 092 € H*(G4(R*")) is nothing but the Pontryagin class p;. The following
result shows that for this enumerative problem we get once more a fixed proportion
in the logarithmic scale between the number of real solutions and the number of
complex ones.

5.2.1. Theorem. Numbers J\fEEn and J\/'én have the logarithmic asymptotics

log NS, =2nlog 20 4 o(n),
log Ngn =2nlog2 + o(n).

In particular,

1
log Nifn ~ ———— log Nig..
og Nig og, 20 og Nz
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5.2.2. Proposition. The signed count of the real 3-planes intersecting each of the

given 2n generic (2n — 1)-planes in RP?" "3 along a line gives the following answer:
1 2n
2n (% 2n+4
G4(R = .
P (7'4,2n)[ a( )l nt 1 (n>

Proof. In the Pontryagin ring H*(G4(R?>"*4))/Tors we have (cf., Proposition BZ)

P (7500 [Ga(R* )] = 085 5 5 w[Ga(R*™ )] = 020202020 [Ga(R7"TH)] = 1.

3494y

Therefore, out statement would follow from p" = n%rl (2:) 5.
On the other hand, there is a similar well known identity ¢ = %ﬂ(?)cg

in H*(G2(C™*?)) which follows easily from the Pieri rule. So, it is left to refer to
Proposition BZ, or just to use the ring isomorphism between H*(G4(R?"+4))/Tors
and

H*(G2((Cn+2)) = Z[Cl,CQ,él, .. ,671}/{(1 +c1 + CQ)(]. + 51 + -+ 577,) = 1}

that puts in correspondence ¢; and p;, ¢ =1,2. 0O

5.2.3. Corollary. Given a generic set {S1,...,San} of (2n—1)-planes in RP?"+3,
there exist at least %4-1 (27:’) real 3-planes that intersect each of the S;’s along a line.

Now, let us look for the asymptotical behavior of the number of complex solutions
in the same Schubert problem as that in Proposition B22Z32.

5.2.4. Proposition. log o3 [G4(C*" )] = 2nlog 20 + o(n).
Proof. Applying corollary 33 to h = 0%3 we obtain

1 s3% V2(x) dz 1 dz
2n 2n+4\1 _ ﬁ D n -
22lGa(C] = g /T4 22 g%z 24(2mi)t /T4 f@)g" (@) =

where f(z) = Vi@ V(z)V(x) is real and non-negative, as well as

g(z) = = 592522 = |82

Thus, we deal with a kind of Laplace integrals and can use the following result,
which follows for instance from [MH]|, Theorem 2.1 (where the asymptotic is given
under the conditions much weaker than the analyticity that we require below).

5.2.5. Lemma. Assume that f and g are real analytic functions taking mon-
negative values on a compact domain R C R, Let M be the mazimal value of
g on R. Assume in addition that f and g do not vanish identically. Then,

F(n) = /R f(2)g"(z)dz

has the following logarithmic asymptotics

log F'
i o8 F'(n)

n—roo

= log M. O
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Passing to the polar coordinates, z = exp(if), we obtain

1
—_— 0 i0))" do
sz, Texp(io)a(esp(i)" as
where R = [0,27]*, and the maximal value of g(z) = |s22(z)|? is 20%, since the sum
of the coefficients of s9 o = x323 + -+ + 2fw324 + - - + 221 W27374 is 20. O

Proof of Theorem BZZ. It follows from Proposition B2 combined with Stirling
formula applied to Proposition 2232, [

5.3. Multivariate integral formula for the number of real (2k-1)-planes
on hypersurfaces. Theorem ET3 and its proof extends easily to the case of
counting 2k — 1-planes with any k € N.

5.3.1. Theorem. Assume that X C P™%3 is a generic real hypersurface of odd

degree d and that (d';fle) = 4m. Then the number, /\QR, of real (2k — 1)-subspaces

in X is finite and bounded from below by the number N§ > 0 that is given by the
multivariate integral formula

Ng=s— L Ji®) g, oy Vr(a) 2,

k\(2mi)k Jpx am™ x

where fq(x) is the polynomial satisfying the formula of Proposition EI.

Thus, we can conclude that the number NS is non zero for each odd d, and
certain heuristic arguments make plausible the following conjecture (cf. Conjecture
r4)

1
log N ~ 5 d*~11ogd.

2k —1)!
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