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Abstract

We investigate the regularity of the weak solution to elliptic transmission problems that
involve several materials intersecting at a closed interior line of contact. We prove that local
weak solutions possess second order generalized derivatives up to the contact line, mainly
exploiting their higher regularity in the direction tangential to the line. Moreover we are thus
able to characterize the higher regularity of the gradient and the H6lder exponent by means
of explicit estimates known in the literature for two dimensional problems. They show that
strong regularity properties, for instance the integrability of the gradient to a power larger
than the space dimension d = 3, are to expect if the oscillations of the diffusion coefficient
are moderate (that is for far larger a range than what a theory of small perturbations would
allow), or if the number of involved materials does not exceed three.

1 Introduction

The paper is concerned with the regularity of weak solutions to
—div(k Vu) = fin Q, (1)

[uls =0, [—/aVu-y]S:qonS:USi, (2)

i=1

where 2 C R3 is a bounded domain and S C () is a two-dimensional closed hypersurface

consisting of m € N finitely many pieces S, ..., Sy, of class C? intersecting at a closed
contact line K contained in the interior of the domain €). The surface S is assumed inducing a
partition of the domain €2 into m open subsets €21, ..., 2,,.

In the equation (1), the function f is the given right-hand, and the matrix-valued coefficient
function x is assumed to be material-dependent, that means

k(z) =k ifz e, (3)

with elliptic matrices ' € R3*3 for i = 1,...,m. The conditions (2) are the transmission
conditions: The symbol [-] s denotes the difference between the values of the enclosed quantity
from both sides of .S, 1 is a unit normal to the surface S, and ¢ is a given function.

We prove the existence up to /X of second weak derivatives for weak solutions to (1), (2). The
idea is to exploit that the problem is differentiable in the direction tangent to the line K. For
appropriate data, this property yields the higher regularity of the solution in this one direction,
a fact which allows to locally project the problem (1), (2) on a plane. This complexity reduction



yields estimates for « and Vu in L?—spaces weighted by some power of the distance to the
line K, which afterwards can be converted into regularity results for standard data norms.

This argumentation turns out not only able to deal with very general nonvanishing transmission
conditions, but it also leads to a characterization of the integrability of D?(u) and D(u) as
functions of a number 0 < «a,, < 1 which we could call the best possible interior Hélder
exponent for local weak solutions to transmission problems in two-space dimensions, for which
explicit estimates are known. In the general case, we can choose

(k) >4 /i f/\min(ﬁ) 4 ctan
Qopt = Qiopt(K) > ¢ [inf ———= — ar .
re 2 Amax(K) T SUPQ Amax ()

info Amin (k)

In the case of isotropic diffusion, we even can choose

4 infg K
Qopt(K) > max { — arctan 4 | ———, Qigo (5)
P T supg, K

where aje, is a constant depending on the number m of materials involved and of the angles of
contact of the surfaces 51, ..., .5,, at K. In order to estimate «s,, we shall rely on the results
attained in the paper [Mer03] for the cases m = 2, 3. For m = 3, we need to further introduce
for x € K the number v(x) defined as the opening of the region 2;, where the coefficient
takes its intermediate value, that is iy € {1,2, 3} is such that max x > k;, > min . Then

L. 1 ™ .
aiso>§|fm:2 aiso>mln{§, QmaxxeKy(x)} ifm=23. (6)

For further inequalities concerning the number ¢, in the case m > 4, we refer to the Theorem
16 of [Mer03].

In this way, we obtain explicit formula showing in particular that the higher integrability of Vu €
L? can degenerate only for one of the following two reasons:

(1) The ratio of the eigenvalues Apin () /Amax (k) is small for one of the materials i =
1,...,m (strong anisotropy: Example in [ERS07]);

(2) The overall ratio Apin(K)/Amax(k) is small (strong discontinuity: Examples in [Mey63],
[Mer03]);

Moreover, we obtain the desirable integrability of |V u/| to a power larger than the space dimen-
sion d = 3 for many a situation where the mentioned ratios are moderate or m = 2, 3. The
remainder of the Introduction is devoted to the precise formulation of these statements.

The main result Throughout the paper, €2 denote a bounded domain. There are disjoint sub-
domains Q; C Q,i = 1,...,m such that Q = [J", ;. The hypersurfaces d€2; N 9,
i,7=1,...,m, i # j are assumed to be of class C? and intersecting only at a curve K, the
triple contact line contained in the interior of the domain.



The surface S = ;" S; U K with unit normal v is the interface for the transmission problem.
With the superscripts %, we denote the restriction of v to .S;. We choose the orientation of
v* according to a counter clockwise circulation around the curve K. A unit (co-)normal to the
surface S; at the curve K is given by

T =71 x 1", (7)

where T is the unit directional vector of the curve K. The angle of contact v €]0, 27| between
the surfaces .S; and S; | at the curve K is fixed via the relations

cosy; = vt - pitt
sinvy; = vt - T

COS Yy = U™ -

sin vy, = v™-T" on K. ®

fori < m, {

Due to the fact that there is a common contact line /<, the angles must satisfy

> yi=2m. (©)
=1

We require from the geometrical setting that

inf sin o > 0. 10
_, inf  [sinay(y)] (10)
Otherwise, the surfaces 51, . . ., .S,, would be pairwise tangent at some point of &, thus merg-
ing to a smooth surface. Beside the geometry, the diffusion coefficient k is the essential param-
eter in the regularity discussion. We require for ¢ = 1,...,m that k" € Rfyfn?’ and that there
are constants 0 < Apin (k") < Apax(K") < 0o such that

N <KE-ESN  Eoralé € R®. (11)

For the given flux ¢ in the condition (2), we will need well-known trace spaces. We denote Rg,
the restriction operator from S onto S; forz = 1, ..., m, and we define

WY22(S\ K) = {q € L*(S) : ¢ := Rs,(q) € WY?%(S,)} (12)

Wos2(S\ K) == {qg € L*(S) : ¢; := Rs,(q) € Wog™*(Si)} . (13)

Theorem 1.1. Fori = 1,...,m, let k' € R2X3 satisfy (11). Assume that f € L*(Q0), and

sym

q € WY22(S\ K). For0 < o < 1, define

2
t(a) == 5o

s(@) :=2(1+a). (14)

Then, every local weak solution u € W,if(Q) for the problem (1), (2) belongs to the space
I/V,igt(a)(ﬂ \'S)N W',})f(a)(ﬂ) for all 0 < oo < v (cf. (4)). The continuity inequality

[ullwze sy + llullwis@) < el fllrz@) + lallwizes k) -

holds with a constant ¢ depending only on the maximal main curvatures of the surfaces S;.



The property Vu € L*(2) witha s > 3 is often desirable from the point of view of applications.

Corollary 1.2. Assumptions of Theorem 1.1. Assume that one of the following conditions is
valid:

e Amax("@i) f £ inf'izl ,,,,, m Amin("{i) 2 1/2 TN
(1) 7= SUDy o ooy Salisfies r < 4, and TSR — ey Rl (rt/2 %),

N

(2) The coefficient  is a scalar function, and m = 2 orm = 3 and the opening of the domain
in which k takes its intermediate value is everywhere strictly less than w at K ;

Then, Vu € L*(Q) foras > 3.

Our second statement puts the best Hélder exponent in three dimensions in relationship to the
two-dimensional Holder exponent v, of the formula (4).

Theorem 1.3. Assumptions of Theorem 1.1. Assume thatu € W52 () is a local weak solution

to (1), (2) with f = 0 = ¢. Then, u belongs to CL() for 3 := %O‘Zpt If in addition at least to

of the surfaces S1, . . ., S,, are of class C3, then u belongs to CgC(Q) forall B < cop.

2 A starting inequality

2.1 An a priori estimate in two dimensions

The main idea of the paper is to use a dimension reduction method. In this preliminary section,
we consider a bounded domain G C IR? and a one dimensional submanifold I" C G consisting
of m € N curves T';, of class C? that meet at an interior point x5 € G.Fori = 1,...,m a
uniformly elliptic matrix A* € R2x% is given. We denote A := A’ in G;. For x € G, we denote
dg(x) == |r — x|
Theorem 2.1. Foru € W2(G \ T') N W2(G) such thatu d' € W'2(G) the inequality
lullwzz ey < e (I div(AVa)z ) + AV - Vlrllazs o g,
+ [udi! wiz))

The constant ¢ depends only on the curvature of the curves ;.

Proof. Denote f(u) := —div(AVu) and q(u) := [-AVu - v]s. Then, forall ¢ € C}(G)

/GAVU-V(;SJF/qub:/qub. (15)

Forxz € T';, we call TZ(JJ) the tangential unit vector pointing in the outward direction at z x. We
claim that there is a vector field 7' € L>®(Q \ R?) such that T € W, (2 \ R?) and

T=TonS", |VT|<cdiinG\{rk}.



This claim is indeed readily verified, since the vector field T= dy T is Lipschitz continuous on
[, and thus possess an extension T € W1>°(G; R?). We can find a neighbourhood B, (k)
such that |T'(z)] > 0in B,(zx) \ {zx}. For z € B,(zx) \ {xx}, we define T'(z) :=
T(x)/|T(z)], which is a unit vector with the required property.

Our assumptions and the properties of 1" now clearly imply that the function ur := T - Vu
belongs to 1W1((), and that

lurllwizc) < ¢(Jullw2e@ry + ludg [lwize)) -

In the relation (15), we now insert a test function of the form ¢ = T - Vn with € C2(G). A
few integration by parts yield for uz = T' - Vu the relation

/AV“T'WZ/D(T)Vu-Vn+/qT-Vn—/fT-Vn, (16)
G el r G
Dij(T)=A Tjs+A; - T,p —rk;; divT.

Observe that || D(T)Vul|12(c) < ¢ || Vudg'||r2(c)- Moreover, we will next show in the Lemma
2.2 that

a7 91] < el oy e s o)

The relation (16) now turns out valid for all € W,*(G). Thus, we can insert a function of
the form n = (P ur, ¢ € C°(G), ( = 1 on B,(xk). After a few calculations, we obtain the
estimate

/GCQ |VUT’2 <c (HfHLQ(G') + ”qHW(}O/QQ(F\{J:K}) + HU d;{lquz(G))? .
The regularity theory near the interior of each curve I'; is well known. We thus obtain that

lurllwpzqy < e(lfllzze) + llallyyze e g + ludit wize) -

We next use the validity of the equation — div(AVu) = f almost everywhere in G\ T, and call
v the vector (—T3, T}) and u,, := v-Vu the part of the gradient orthogonal to w;. Orthonormal
decomposition yields in B,(xx) \ I the identity
—(Av-v)v-Vu, = f
+Vu-{T[(T-V)AT - T+ (v-V)AT -v|+v[(T-V)Av-T + (v-V)Av - ]}
+ (T -Vup) AT - T+ (T -Vu,) AT -v+ (v-Vur) AT - T .

We also note the formula 7" - Vu, = v - Vur + [(T - V)v — (v - V)T - V. It thus follows
that

1V - V|l 28, < ¢ (Ifll2@) + lurllwize) + udg lwize) -

The claim follows. O



Lemma 2.2. Assume that q € Wolo/”( L\ {zx}). Forv € WY(T \ {x}), define a linear
functional F'(v) := [;qT - Vv. Then, F' extends to an element of [W/22(I"\ {zx})]* and

IE @) 22 gaipe < € lallprzem o -

Proof. Fori := 1,2,3, and for ¢ € [C(T'\ {zx})]?, define (a’(q))(v) := [ ¢T" - V.
Then |(a’(q))(v)| < lw12(r,)- Since ¢ has a compact support in I' \ {zx},
integration by parts yields

a%qﬂv)::—l/)thQyT)v
I
. Since | divp T'| < cdj', the Hardy inequality implies that

|a*(g)(v)] < ¢ lallw 2,

22y
It follows that
a' € L(LA(Ly), WH(T)]), o' € LWy (Ty), [LX(TW)]).
We note the interpolation identities ([LM68], Ch. 1, Section 6.2)
[L2(T0), Wy (To)laje = Wog 7*(Ta), [(WH(T0)", (L3(T0) Tz = (WH3(T0))"

< ¢, proving the claim. O

Thus [|a'l] w22 ), w2y

2.2 Directional regularity

We now turn to the three-dimensional problem (1), (2). Observe at first that the vector fields 7,
v* and T" possess natural extensions.

Remark 2.3. Since fori =1, ..., m the surface S; is of class C2, there is an extension surface
S of class C? as well that contains the curve K in its interior. The unit normal to S can be
extended into ) using the ansatz v* = N d;, where d; is the signed distance funct/gn to Sz. The
extension V' is a continuously differentiable unit vector in a neighbourhood B,(S;) := {z €
Q : |d;(x)| < p} of S;. The size of p > 0 is determined by the maximal main curvatures of the
surface, that is the number || § V' | L<(5,)- From the neighbourhood B,,, an arbitrary extension

to the entire domain can be constructed so that v* € [C*(Q)]3.

We can construct an extension of the vector 7 into {2 by setting

© | Vdi(z) x Vd;()]

where (2, denotes the part of the domain bounded by the surfaces .5;, S;. Observe that

|Vd;(x) x Vd;(x)| = |Vi(x) x V(x)| = |sinak(x)|

forx € B,(K) Ny, (17)

on K. Thus, in view of the assumption (10), |Vd;(z) x Vd;(z)| > 0 on K, and owing to
Remark 2.3, also |Vd;(z) x Vd;(z)| > 0 in some neighbourhood B,(/) determined by the
curvatures of the surfaces. We commence with an auxiliary statement.



Lemma 2.4. Assume that( € W'/22(S\ K). Forv € W2(S\ K), define a linear functional
F(v) := [¢(T- V. Then, F extends to an element of [W'/**(S \ K)|* and

||F(U)||[W172(Q)]* <c ||C||W1/272(S\K) .
Proof. Fori := 1,2, 3, and for ¢ € C(S;), define a linear functional a’(() via

(@ (0))(v) ::/ Cr-Vu, ve WS\ K).

Si

Clearly, [(a’(¢))(v)| < [I¢|le2sy) llvllwrz(s,)- Using integration by parts, and the fact that 7 is
tangent across K, observe that a’(¢)(v) = — [ {divsg 7 (v + 7 - V( v}, entailing that

|a" (O )] < e(7) [I¢lwracs:)

where ¢ depends only on 7. Since C*(S;) is dense in L?(S;) as well as in W12(S;), the
operator a’ extends to an element of

ZL(LA(S:), WHA(S)]) N L (WH(S)), [LA(S)])

]| L2(s,) 5

with the inequalities

o'l zasy. ey <1, @'l zmres), p2esge < olr)-
Note that ([LM68], Ch. 1, Section 6.2)
[L2(S;), WY2(S)]12 = WY22(Sy),  [(WE2(S))*, (L2(S0) i/ = (WH2(S))*.

Thus [|a’|| gwi/22(s,), wi/22(s,))-) < €/ €(T) proving that

3
[F@)] = 1Y@ < cll¢lwmese ollwees e
i=1

The claim follows. O

In order to prove a basic result on directional regularity for the problem (1), (2), we next need a
technical description of how to locally flatten the curve K in order to reduce the problem to a
reference configuration where it is easier to separate variables. For xy € K and t,p> 0, we
define a curvilinear cylinder Z; ,(x9) C B,(K ), and for j = 1,2 also surfaces I'; ,(o) via
Zyi p(xo) :={z € Q : |(x —x0) - T(x0)| < t, dr(x) < p},
F%jp(xo) ={xeQ: |(xr—m) 7(x0)| <t, dx(z) = p},
Ffvp(xo) ={reQ:|(r—x) 1(xo)| =t, dx(x) < p}.
where d is the distance to the curve K. We define K ,(x) := Z; ,(x9) N K, the piece of
the curve K contained in this cylinder. We introduce a reference domain, surfaces and curve
via
A I:} -1, ]_[XBl,
[y =] —1,1[x0B,, Ti:={-1,1} x 0B,
Koy:={z2€Z : 20=0=2z}.



Here and in the remainder of the section, we use the notation B, only in connection with the two
dimensional ball of radius 7 centred at zero for the reference coordinates. Since K is a curve of
class C2, we claim that there is a diffeomorphism ® = &% of class C%(Z) mapping Z onto
Zy p(0), and moreover such that

O(T}) =T} (z0) forj = 1,2, ®(Ko) = K;,(z0), @(0)=1o.

Moreover, for ¢ + p sufficiently small, the piece of curve K ,(z() is almost flat. Thus, there
is an orthogonal matrix O mapping the standard unit vector e' onto 7(x0), and for z € Z a
transformation ®°(2) := Oz + z, such that

|5 — &l 7y — Ofort 4+ p — 0. (18)

In order to save space, we do not attempt to describe the detailed construction of the mapping
® here. We then define a surface Sy C Z via

_ g 00, _ (d9(2) v(2(2))
S0 =27(8), V) = 1 T @ )]

unit normal to Sy . (19)

Observe that the unit tangent vector of the line K| is the standard unit vector e, and that the
ansatz

_ dD(2)e!
T((I)(Z)) - |dq)(2)61’ )

provides an extension of class C! for the vector 7 into {2

Lemma 2.5. Letu € W.2(Q) be a local weak solution to (1), (2). Assume that f € L*(Q)

loc
and ¢ € W'/22(S \ K). Then, the function u, = 7 - Vu belongs to W (), and it satisfies
for allv € C}() the relation

/KVUT'VU:/{KD(T)VU'VU—fT}'VU—i-/QT'VU (20)
" D, (1) := XZ Tjp+ A Ty — ki divr. ’
Moreover, a continuity estimate is valid:
HUTHW,;Q(Q) < C(”f“LQ(Q) + HQHWUZ?(S\K))'

Proof. There are several ways to prove the claim. A possibility is to use the coordinate transfor-
mation ® € C?(Z) that maps a neighbourhood of the line K onto a reference configuration,
where the image of K is a line. In the reference coordinates, we obtain that

/Ava-v¢+/ (jgb:/fqb, ¢ € Wy?(2), (21)
Z So Z
where

A(2) = | det d®(2)| (d®(2)) o ko (d®(2))T € CHZ \ Sy; R3X3)

sym

G:=|detd®|go® e W/ (So\ Ko), f=|detd®|fod e L*(Z). (22



Here we can apply the method of finite differences. For h > 0 and ¢ € Wol’Q(Z) such that
supp(¢) C Zp :={z € Z : |z1| <1 — h, we can define the averaging

z1+h
dn(z) :=h* / o(t, z)dt,

21

and we choose in (21) the test function ¢ = 0,,¢, = h™' (#(21 + h, Z) — ¢(2)). Owing to
the assumptions, we obtain from Lemma 2.4 the estimate

/ qA 821 ¢h
So

Thus, the function @i, € Wii>(Z) satisfies for all ¢ € W,*(Z) such that supp(¢) C Zy

< cllqllwrr2z(so o) 19nllwrrz2somo) -

[ aVin - V| < el + 1) lonlhesc.
4

We choose ¢ of the form n? iy, n € C'°(Z),) arbitrary, and after a few standard estimates, we
obtain that

/ Van*n? < ¢y (IVall 2z + ldllweesom + 1 2)°
z

It follows that i, € W.;>(Z). Translated in the original coordinates, u, € Wi,>(Q2). Thus, we
can use in (15) a test function of the form ¢ = 7 - Vn with € C%(Q). The claim easily follows
(cp. (16)). O

3 Dimension reduction

Consider the local coordinate transformation ® in the previous section. Then, the transformed
1 = u o P for a local weak solution u to (1), (2) satisfies

. N 1,2
/ZAW V¢+/Soq¢—/zf¢ v oew(2), 9)

with A, ¢ and f according to (22). Observe that the unit tangent vector of the line K is the
standard unit vector !, and that 7(®(2)) = d®(z)e' /|dP(z)e?|.

Thus, we easily verify that 1?(2) = 0 forall z € Sy. For t €] — 1, 1], the intersection of the
surface Sy with the plane {2; = t} is a one-dimensional submanifold of class C?. We set

So(t):={z€ By : (t, 2) € So}.

The curve Sy(t) consists of the three smooth parts .Sy ;(¢) analogously defined and intersecting
at the point {¢,0,0}. Owing to 1/ = 0, the separation of variables formula

/SQSdS:/ll - o(t) ds dt



is valid. We further observe that

)

(dP(2)) " 7(®(2)) ur(®(2))
(@)

0(2) = (d2(=)) " Vu(®(2)) 105 TG N = [d8(2)

Therefore, the Lemma 2.5 yields 7., € TW'?(Z) together with the inequality

[tz [wrez) < collurllwiez, @) < o ([fll2@) + lallwrize@sg) - (24)

The theory of Bochner-measurable vector-valued functions implies the existence of linear isome-
tries

L*(Z2) = L*(—1,1; L*(B))) 25
Wht(Z2) = L*(—1,1; WH(By)) N Wy (—1,1; L*(By)).
We identify V4., with a function of the class L?(—1, 1; L*(By)), and
[Viz 2210 r20m0)) < ([f ) + lallwrirzesk) -
This regularity allows to further modify the integral relation (21). We denote
V:=(0, 8.y, 0.,), g:= [+ (AVa-e'),, + div(Ae' i,,)
h:=q+[Alse' - vu., . (26)
and a few integration by parts in (23) show that
/AW-%+/ h¢:/g¢ YV oeW,(Z).
z So Z
The function g belongs to L?(—1,1; L?*(B;)) and it satisfies the inequality
lgllr2-11; 2281y < e (I fllz2-11;22(80) + [, lwiz(z))
< c(Ifllzz@) + lallwirzsy k) - (27)
The function h satisfies for almost all z; € (—1, 1) the inequality
1R Cz10) w7225 =\ {21.,0.00)
< c([1qCz)llwrr22es0anf21.0,00) T 8 (20) [wrzsy)) -
Thus, due also to (24)
1
2
/1 ||h(21>H124/1/2,2(50(21)\{%0,0}) dz1 < c(([fllz2@) + lallwirzesnr))” - (28)

Now we choose ¢ of the form ¢(z) = ¥(z1) n(2), Z := (22, 23), where n(z) = 0 for |Z| = 1,
and 1(z1) = 0 for |z;| = 1. For almost all z; €] — 1, 1] we see that the function @(z;) €
W12(B,) satisfies

/ A=) Val) - Ty + / h(z1) 7 = / o(=)n, neWS(BY). (o)
B So(z1) B

10



For 1 < r < 2 arbitrary, the Sobolev theorem for two dimensional domains implies the following
inequalities:

/( )h(Zl)n < [[h(z0) [ rr2e—1 (8o () 17l L= (500
So(z1

< e [|h(20) | Lrr2e-1 (8o (1)) Il wr (1)

[ sz n] < ellgen) s Il s,
B
< ¢ lg(z)ll Lorssr—2 ) [Illwe sy -

As g(z1) € L*(B;) and h(z1) € L'(S), 1 < t < 400 arbitrary, we thus obtain that the
right-hand of (29) generates a linear continuous functional on W1 (B;) for all 7 > 1. Owing to
an inequality due originally to deGiorgi and Nash (see [Tro87], Section 2.4 or [GT01], Section
8.9 for more recent detailed proofs), we obtain first for a certain 0 < «(A) < 1 the interior
Holder regularity

il < gl g0+ 1D, g ) 0

Using (27) and (28), it follows that the function u satisfies the inequality

lall2-1a: gm0y < Ul + llallwrrzesix)) - (31)

[o]o]

These preliminary considerations allow to state the following result.

Lemma 3.1. Forall0 < o < agpy (cf. (4)) the function 1 satisfying (29) belongs to the space
L*(—1,1; C2.(By)) and it satisfies the continuity estimate

@]l 2100081 < Ca (I lle2@) + lallwrrzzsiky) -

Proof. We first consider the general case of a matrix valued diffusior) coefficient. The best
(actually the worst possible) Holder exponent for the problem (29) with f = 0 = § is estimated
by the formula (cf. [Ric08], Th. 1 and [PS72])

-1

1 f Av-v
2mp JBp(2) | /det(A)
Bp(z)CBl 4 t inpr(z) det(A)
—arctan | —————
™ supp,(z) y/ det(4)

Here B,(Z) denotes arbitrary a disk contained in the interior of the domain B;. For ¢ > 0
arbitrary, the property (18), implies that there are ¢, p > 0 such that || A — /-@||C(Z < e. Thus,
we can obtain the estimate (31) with @ = aoy — 0(€) (cf. (4)).

As second, we consider the case where the matrix x is isotropic. In this case, the property (18)
implies that ||A — K Id||C(7) < &, and therefore, the formula (32) directly implies that (31) is

valid for all & < 4 /7 arctan /inf k/ sup k.
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To proceed, we consider the method of proof for the Holder continuity of « in the paper [PS72].
It consists in showing the existence of constants ¢ > 0 (the Hoélder constant) and 0 < o < 1
(the Holder exponent) such that

/ IVa|*> < cp®, forall B,(2) C B, arbitrary . (33)
By(2)

In fact, in the precise geometrical situation here under investigation, it is not necessary to con-
sider every B,(Z) C By in (33) for the following reason: If a disk B,(Z) intersects several
different pieces among the curves Sp1(21), - .., So.m(21), then the distance |z — 2| is pro-
portional to p by a fixed factor v depending only on the openings of these curves at zx and on
their curvature. Thus, if (33) is valid for balls centred at zx, then also

/ Vap < / Tap < ¢ (29p)"2 < aph
By(2) Bayp(2K)

It is therefore possible to prove (33) considering only discs BP(Z) that intersect at most one of
the curves So,i(zl) fori = 1,...,m, ordiscs centred at the point zj that intersect every curve
among S 1(21), - - -, So.m(21).

We now prove (33) for such balls with & = a — 0(€) where ¢ is arbitrarily small. Since

~

satisfies (29) with f = 0 = ¢, the Gauss integral theorem yields

/ AV - Vi = / AVi-v (4 —c), c€ R arbitrary.
S, a5,

= -1 U i (] — = Y =
We choose ¢ := (fasp K) fasp K 1, which ensures that fasp Kk (i—c) = Oandthat u(y) = ¢
at some point y € 95,. Thus, denoting B := (k' A — 1d), it follows that

/ﬁ|vﬂ\2+/m37fr71}:/ linL-l/(fL—C)-F/ k BV -v(i—c).
Sp Sp a5, a5,

Since (18) ensures that || B||,, < &

y€eadsS,

ggf’f“p”/ Va-v| [ |64
lnf/ﬁ? BER as,

Scap/ Kk |Va)?.
a5,

/ BVi - v (i —c)
a5,

<esupk / Vi - v| max |a(y) — cf
a5,

Therefore, we easily obtain that

(1—ce) / x [Vl <
S

P

/ KV -v (i —c) —i—cap/ K |Vl (34)
a5, 05,

12



We now use the inequality (10) in Lemma 1 of [PS72], and obtain that

[\
VR
o

%
R~
O
=
<
>
T
~
2
[\
VR
Q\
)
R~
O
N
=
|
o
T
~
Z
[\

where A\ > ( is the smallest eigenvalue for the 1 — d transmission problem

{ (a()w') + Na(t)w =0, t€o, 2], )

w periodic of period 27 .

where the function a(t) is defined as (2 + p (cost, sint)). In the case that the the disk .S, is
centred at 2z, the function a takes m € N values, where m is the number of smooth pieces
So,1, - - - s So.m- Instead of using the estimate of the paper [PS72] for the number A, we use the
estimates obtained for the same problem in [Mer03], Th. 16. For the cases m = 2 and m = 3
mentionned in the condition (6), it follows that AY/2 > . If instead the disk S, crosses at
most one of the So1(21), ..., So.m(21), then, again according to the Theorem 16 of [Mer03],
we obtain that A\1/? > 1/2. From (34), we can conclude as in the proof of [PS72], Th. 1 that

= - P 1 2
1—ce / fiVu2§—(—+ca>/ Kk |Val”.
( ) $5(2) Val= 5 VA 95,(2) Vel

This implies for the function g(p) = fSp K | Vﬂ\Q a differential inequality
( ) < 1 1 ,( )
glp — | —=+ce | pglp),
- 2(1 — ce) \/X g

from which we can conclude in well-known manner to (33) with

1 1
o= —— <— + ca) , € > 0 arbitrary.

2(1 —ce) \WV)
The claim follows. O
On the footing of Lemma 3.1, we can introduce for z; €] — 1, 1] the auxiliary function w :=

u(z1) —u(z1,0,0) € WH2(By)NC%(By). Note that w = 0 at zx = {z1,0,0}. The following
statement on weighted regularity is now easily established.

Proposition 3.2. For all 0 < a < gy, the functions wdy'~® and |Vw|d;* belong to
L*(By), di(2) := |z — zk|), with the inequality

w? |Vwl|?
; {d?za e < e (lglz)llzzem) + 1RG0 lwrzagsyen )
1

13



Proof. We choose v < g < oy Note that

2
w 2 ]- — 2
/Bl dit?e < clw@)lee s, ) /31/2 |z |2 F2(e—a0) dz + clw(z)lizs, .
S C([w<zl)]éa0(31/2) + ”w(Zl)HLQ(Bl))2 .

At second, the function w satisfies for all ¢ € Wol’Q(Q) (cf. (29))

/131 AVw Vo = — /50(21) h(z1) ¢ + /31 g(z1) .

We fix a ( € C'2°(By) such that ( = 1 on By 2, and ¢ = 0 outside of By/3. Using elementary
truncature techniques arguments, we can insert ¢ = w d;fa C2 in the latter relation. We obtain
that

degfaAVw-vw—za/ AV - Vg 2 o

By B dy

b2 [ cqEwave Vo= [ hewd ¢ [ ge)wdic,
B So(z1) B

We note the inequality

1

‘2@/ AVw-VdKCQ%H < =
B dK 2 B
2 w?
+20[ / AVdKVdKWC
B K

CCd > AVw - Vw

1 —[2+2a
<5 Cd2* AVw - Vw + 2 a2 / w? dK[QJr2 3 (36)
2 B1 By

Moreover

1
2 / Cd;(QC“wAVw-VC‘SZ/ §2d;<2aAVw-Vw+c§/ w? d; 2.
By B1 By

It follows that
1

-/ CszzaAVw-ng/ ()| [w] d2e
4 B So(z1)

] l9(z0)| w] di®® + cllw di =25,
1

To further estimate the right-hand side, we note that

|l a ) < clulemg | [ ez
So(z1) So(z1)
< ¢ [wlewo s IM(20) lwirzason ey

lg(z0)l lw] di™ | < ¢ [wleeos,) l9(0)ll25)

By

The claim follows. O

14



We now turn our attention to the proof of the main Theorem 1.1. For n € N we can choose a
function 1, € C(]0, oo]) satisfying

—0 for0<t<1/n "y @,
n _CnXI/n 2/n]
n(t) <€ 0,1 forl/m<t<2/n, (37)
vnll) g €011 forl/ I O] < en® Xujm o (t)
=1 for2/n <t

For z € By, we denote di (z) := dist(z, zx).

Lemma 3.3. Let) < a < Q. Then, wdy® € W22(B; \ Sy(21)), and
i wllw22(zise) < e (g2 + 1) lwrzasyeon ) -

Proof. Since the function w is a modification of w(z1) by a constant, it satisfies (29) as well.

Classical results for transmission problems near smooth surfaces yield w € W= (By,\ {2k })

fori =1,...,m. Here, the domains B; ; are generated by a partition of B, due to Sp(z1).

We choose functions v,,, n € N according to (37), and implicitely assume for ease of writing
throughout the proof that these functions and their derivatives are evaluated at the point dx (z).
Define u,, := d} “ 1, w. Clearly, u,, € W22(B; \ Sy). Moreover, we can easily compute that

wn di lwrzsy < ¢ (|lwdg ™2 + Vo dg® | 2s)) -

For simplicity, we denote throughout the proof div and V instead of div and V the differential
operators with respect to the z— variable in the two-dimensional domain B;. We compute the
operator

—div(k V) = fo+ for  fo = —div(s V(wdi®) ¥,
Fo= =2V (wdlZ®) - Vip, — div(kVey,) wdio® .

The pointwise majoration fo < c(lw|d ™ + |Vw| di®) is easily shown to be valid. Thus,
fn — 0in L?(By). On the other hand

—div(k V(wdi®) = f(z1)di® —2(1 — ) Vw - Vdg di — div(kVdis®) w

and therefore |f,,| < ¢ (|g(21)| + |w| d' ™ + |Vw| dg?).

We also compute the operator

[_Hvun : V]So(zl) = (Qn + (.?na dn ‘= [_HVOU d}(_a) : V]So(zl) ¢n
qn = [—KJV% : V]So(21) w d}(ia

The functions (j;‘;b = Rsoﬂ(zl)(jn possess a natural extension into 3 (cf. the Remark 2.3). We
note that

0.,q, = [~k |V, wdis ™ + [—fii/ij]V@/}nw dir @ + [ IV, (wdi ), -

15



Thus, owing to the properties (37), the majoration
V@,| < c(jw|di' = + [Vw]d™) € L*(B)

is valid, and we easily show that g, — 0 in W1/22(Sy(z;) \ {zxk}). Moreover, choosing a
a < ap < Qopt, We can show that there is a sequence ¢,, — 0 such that

|Cjn|2 < 112 ]2 i
BE o [ o g
So(z1) “K So(z1)
1

< ¢ w]gno / < wlgro -
C1Ioc (Bl) So(zl)ﬂBQ/n(zK) d};-Z(OL—OéO) C’Ioc (Bl)

Thus, owing to a well-known characterisation of the W(}({Q’Q—norm ([LM68], Th. 11.7), we see

that ¢, — 0 evenin W010/2’2(So(21) \ {2k }). On the other hand

[—kV(w d}{"‘) V] So(21) Un = h(21) d};a U+ (1 = ) wdg™ [=kVdg - V]sy (1) ¥n -

We observe that h(z1) € W/22(Sy(21) \ {zk}). Thus, we can regard without loss of gener-
ality the funcitions h; := R, ,(-,)h(21) as elements of W'?(B;). Note that h; d.* belongs to
L*(By) for all a < 1. Therefore, it is readily shown that

||qn||W1/272(So(z1)\{z;(}) <c (Hh(zl)||W1/2’2(So(z1)\{zK}) + [Jw df_<a||wlv2(Bl)) .

On the other hand
2
/ ‘Zn‘ S C/ {h2(21)d}<_2a+ |w|2d;<1_2°‘}
So(zl) K So(zl)

<c (Hh(zl)||W1/2’2(So(zl)\{zK}) + [w]cl‘jCO(Bl)) )

showing even that g,, is uniformly bounded in WOIO/Q’Q(SO(zl) \ {2k }). We now apply the The-
orem 2.1 with G = By, T' := Sy(21) and xx := {21,0,0}. We obtain that According to the
Theorem 2.1, we obtain that

[tnllw22(m) < c(l9(z0)le2emy) + (D) lwrrze(so ey + [Wesosy)) + cn
< C(Hg(zl)HL?(Bl) + Hh(zl)HW1/2’2(50(21)\{ZK})) ’

with ¢,, — 0. The claim follows. O

Corollary 3.4. Assumptions of Lemma 3.3. The second derivatives of u belong to L) (),
the first derivatives belong to L*(®)(2) for all 0 < a < oy, Where the functions t, s are given
by Theorem 1.1. Moreover,

[ullwee@s) + lullwrs@) < e[l fllrz@) + lallwize s\ x)) -
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Proof. We choose v < crg < ropr. Then, in the reference coordinates

2—2ag

ID2(())| 75 < / (ID2(0(z2))] di )72 dpg 7

By

By

11—«
2 22 2« 2
< |ldi® DI (@(20)) 123, dg < clldi DZ(a(21))ll 72, -
(B1) 0 )

Thus, D2(a) € L¥2=%)(Z \ Sy), and

1DZ (i)

2
HLQ(—Ll;L%(BQ)

1
<c (|’9”%2(—1,1;L2(Bl)) + /1 Hh<21)”%/Vl/sz(So(Zl)\{ZLOvO}) dzl)

2
< c(lfllez@ + lallwrze )™
Since Vi, € L*(Z) (Proposition 2.5), the claim follows for the second derivatives.
In order to prove the higher-integrability of Vu, we again use to the reference coorindates in the

cylinder Z. Owing to Sobolev embedding theorem in two-dimesions

V=i ()] < c || DZ(a(=21))|

LT5a (B1\So (1))
< c(llg(z)ll L2y + 1RGO lwr22is0 e ) -

2
L1—« (Bl)

Thus, we obtain that

vaaHLZ(fl,l;Lﬁ(Bl)) S C(HfHL2(Q) + ||q||W1/2’2(S\K)) N

On the other hand, D? .4 € L*(Z), and therefore Vi belongs to Wy (—1,1; L*(By)).
Since Vii,, € L*(—1, 1; L*(B;)), we obtain that V' belongs to W, (—1, 1; L?(By)), which
altogether implies that

Vi e L2(—1, 1; LT (By)) N L®(—1,1; L*(B)). (38)
Using well-known interpolation formulas, we obtain that

Vie L*(Z), s=2(14+a).

4 The Hoelder exponent in three dimensions

In this last section, we want to determine the relationship between the Hélder exponent for local
weak solutions to

—div(k Vu) =0in Q, (39)
[uls =0, [-kVu-vjg=00nS, (40)
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and the number a,y. We shall here distinguish between the cases K € C? and K € CF,
k > 3. We define a number p > 2 as the largest 2 < p = p(x, §2) < 3 such that:

—div(k V) : WiP(Q) — [WI¥(Q)]* is continuously invertible . (41)
The existence of p > 2 was proved in [Mey63].

Lemma4.1. Letu € W2 (Q) satisfy (39), (40). Then, u, u, € WLP(Q) withp > 2 according
to (41). Assume in addition that the curve K is of class C3. Then, the function Urr =T - VU,
also belong to WiF ().

Proof. By the definition of p, we directly obtain that u € W,LP(2) and that ||u||WI1,p(Q) <
¢ [[ullyy1.2q)- Now observe that u, satisfies (20) with f = 0 = ¢. Since Vu € LF(), we
obtain in the same way that u, € W () and that [urllyr ) < e llullyrq)-

If K € C?, then 7 € C?(Q). We are allowed to differentiate in (20) once more in the direction
of 7, and we obtain that

/ kVu, .- Vo = /{/ﬁ D(T)Vu, + M(1)Vu}-Vo, (42)
Q Q
where the matrix M (7) satisfies || M || oo msxs) < ¢ || 7|2 (:ps)- ThUS, Uy, € Wi ().
O
Using the same localisation and flattening technique as above, we denote (cp. (26))
V:=(0, 0., 0.,), g:=r(AVi-e'),, G:=—ki., Ae', (43)

The function g belongs to LP(—1,1; L?(B;)). The vector field G belongs to the space
LP(—1,1; WbP(By)). Owing to the embedding W'?(B;) < L°(B;) continuously for p >
2, the field G therefore also belongs to LP(—1,1 L*°(B;)). Moreover, owing to (24)
lgllze 11 2o By + NG lleo11 pe (B < ez [lwiaz) - (44)
If K € C?, we see in addition that g belongs to W, (—1, 1; L?(B)). The vector field G belongs
to W, (—1,1; W"P(By)), with the estimates
lgllwy 11,2081y + 1 Gllwp 10 wies) < e(lta lwiez) + [z 2l lwrez) . (45)
For almost all z; €] — 1, 1[ we see that the function i(2;) € W?(B,) satisfies
/ A()Vi() -V = [ {g(z)n+G(=) -V}, neWy(Bi).  (46)
Bl Bl

The Sobolev theorem for two dimensional domains implies the following inequalities:

'sdmaumﬁummu&>

[ G ' Gl [l s -



Thus, the right-hand of (29) generates a linear continuous functional on W17 ( By ) for all r > 1.
Thus, we obtain an estimate

]

Lo(-108) < ¢llullyrz gy
with s = pfor K € C?, andeven s = +oo if K € C3.

Corollary 4.2. Assume that K € C3. Letu € W (Q) satisfy (39), (40). Then, u € C

loc(Q)
for all o« < gpy.

Proof. In the reference coordinates, the function i, belongs to W, (—1, 1; W'?(By)). Since
p > 2, this is embedded in the space C'~/?(—1,1; C'~%/?(B,)), and therefore ., is
bounded. Thus, fory, z € Z

a(y) —a(2)| _ walli=z) |21 = ol + [a(z0)]eesy |5 — 2|
ly — 2l — ly — z|*
< e (|Juzyl[zo(z) + (U] Loo(—1,1:00(B1))) -

The claim follows. O

If K is only of class C2, we have to work a little more. First, it is possible to obtain additional
regularity for the function ...

Lemma 4.3. The function w, belongs to /" (Q).
Proof. We recall that u satisfies the relation

/ kVu, - Vv = / k D(T)Vu- Vo, veCHQ). (47)
Q Q

In the reference coordinates, Vzu belongs to W, (—1,1; LP(By)). Choosing B,(z) C By
arbitrary, Hoélder’s inequality yields

/B (Tl < (a0 g, meas(B,)' .
(2

Fort €] — 1, 1] arbitrary, it follows that

t+p
/ / V() < el Vaulz) B rg iy 72
t—p By(2)

We can show that the V- (u) belongs to the Campanato space L?#(Z), i = 3—2/p. In curved
coordinates, observe that u, € Lgp/(?’*p)(Q), which embeds into L2#(Q) for p = 5 — 6/p

loc

Vu € LiC“(Q) u3 — 2/p. Applying standard results ([Tro87], Lemma 3.3), the function .
satisfying (47) is in CO_(2) with 6 = 1 — 2/p. O

loc
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We argue like in the preceding section. Without entering every detail, we obtain for the homo-
geneous problem ¢ = 0 = f a slightly improved version of the relation (38) in the form of

Vi € LP(—1, 1; L5 (By)) N L®(—1,1; LP(By)), (48)
for all @ < aopr. Applying interpolation, this yields
Vae LiZ), s=p(2— (1—a>§).

We now apply the embedding result of [KP11], Th. A.1 for the anisotropic Sobolev spaces.
Choosing o < ot Near enough, we obtain that

uec’lfca =1--=>
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