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CLUSTER STRUCTURES ON SIMPLE COMPLEX LIE GROUPS
AND BELAVIN-DRINFELD CLASSIFICATION

M. GEKHTMAN, M. SHAPIRO, AND A. VAINSHTEIN

ABSTRACT. We study natural cluster structures in the rings of regular func-
tions on simple complex Lie groups and Poisson-Lie structures compatible with
these cluster structures. According to our main conjecture, each class in the
Belavin-Drinfeld classification of Poisson-Lie structures on G corresponds to
a cluster structure in O(G). We prove a reduction theorem explaining how
different parts of the conjecture are related to each other. The conjecture is
established for SL,, n < 5, and for any G in the case of the standard Poisson-
Lie structure.

1. INTRODUCTION

Since the invention of cluster algebras in 2001, a large part of research in the
field has been devoted to uncovering cluster structures in rings of regular functions
on various algebraic varieties arising in algebraic geometry, representation theory,
and mathematical physics. Once the existence of such a structure was established,
abstract features of cluster algebras were used to study geometric properties of
underlying objects. Research in this direction led to many exciting results [SSVZ,
FoGol, FoGo2]. Tt also created an impression that, given an algebraic variety, there
is a unique (if at all) natural cluster structure associated with it.

The main goal of the current paper is to establish the following phenomenon: in
certain situations, the same ring may have multiple natural cluster structures. More
exactly, we engage into a systematic study of multiple cluster structures in the rings
of regular functions on simple Lie groups (in what follows we will shorten that to
cluster structures on simple Lie groups). Consistent with the philosophy advocated
in [GSV1, GSV2, GSV3, GSV4, GSV5, GSV6], we will focus on compatible Poisson
structures on the Lie groups, that is, on compatible Poisson-Lie structures.

The notion of a Poisson bracket compatible with a cluster structure was intro-
duced in [GSV1]. Tt was used there to interpret cluster transformations and matrix
mutations from a viewpoint of Poisson geometry. In addition, it was shown that if
a Poisson algebraic variety (M, {-,-}) possesses a coordinate chart that consists of
regular functions whose logarithms have pairwise constant Poisson brackets, then
one can use this chart to define a cluster structure Cpq compatible with {-,-}. Al-
gebraic structures corresponding to Cpq (the cluster algebra and the upper cluster
algebra) are closely related to the ring O(M) of regular functions on M. More pre-
cisely, under certain rather mild conditions, O(M) can be obtained by tensoring
one of these algebras by C.

2000 Mathematics Subject Classification. 53D17, 13F60.
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This construction was applied in [GSV6, Ch. 4.3] to double Bruhat cells in
semisimple Lie groups equipped with (the restriction of) the standard Poisson-
Lie structure. It was shown that the resulting cluster structure coincides with the
one built in [BFZ]. Recall that it was proved in [BFZ] that the corresponding upper
cluster algebra coincides with the ring of regular functions on the double Bruhat
cell. Since the open double Bruhat cell is dense in the corresponding Lie group, the
corresponding fields of rational functions coincide, thus allowing to equip the field
of rational functions on the Lie group with the same cluster structure. Moreover,
we show below that the upper cluster algebra coincides with the ring of regular
functions on the Lie group.

The standard Poisson-Lie structure is a particular case of Poisson-Lie structures
corresponding to quasi-triangular Lie bialgebras. Such structures are associated
with solutions to the classical Yang-Baxter equation (CYBE). Their complete clas-
sification was obtained by Belavin and Drinfeld in [BD]. We conjecture that any
such solution gives rise to a compatible cluster structure on the Lie group, and
that the properties of this structure are similar to those mentioned above. The
detailed formulation of our conjectures requires some preliminary work; it is given
in Section 3 below. In Section 4 we study interrelations between the different parts
of the conjecture. Currently, we have several examples supporting our conjecture:
it holds for the class of the standard Poisson-Lie structure in any simple complex
Lie group, and for the whole Belavin-Drinfeld classification in SL,, for n = 2,3, 4.
These results are described in Sections 5.1 and 5.2, respectively. In Section 6 we
discuss the case of Poisson-Lie structures beyond those associated with solutions to
CYBE.

2. CLUSTER STRUCTURES AND COMPATIBLE POISSON BRACKETS

2.1. We start with the basics on cluster algebras of geometric type. The definition
that we present below is not the most general one, see, e.g., [FZ2, BFZ] for a
detailed exposition. In what follows, we will use a notation [¢,j] for an interval
{i,i+1,...,5} in N and we will denote [1,n] by [n].

The coefficient group P is a free multiplicative abelian group of finite rank m
with generators gi,...,9m. An ambient field is the field F of rational functions
in n independent variables with coefficients in the field of fractions of the integer
group ring ZP = Z[gE!, ..., 9] (here we write z+! instead of 2, z71).

A seed (of geometric type) in F is a pair ¥ = (x, B), where x = (z1,...,2,) is a
transcendence basis of F over the field of fractions of ZP and B is an n x (n+m)
integer matrix whose principal part B = B([n],[n]) is skew-symmetrizable (here
and in what follows, we denote by A(I,J) a submatrix of a matrix A with a row
set I and a column set J). Matrices B and B are called the exchange matriz and
the extended exchange matriz, respectively. In this paper, we will only deal with
the case when the exchange matrix is skew-symmetric.

The n-tuple x is called a cluster, and its elements x1,...,x, are called cluster
variables. Denote x,; = g; for i € [m]. We say that X = (z1,...,Zp4m) is an
extended cluster, and Tpy1,...,Tptm are stable variables. It is convenient to think

of F as of the field of rational functions in n+m independent variables with rational
coefficients.
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Given a seed as above, the adjacent cluster in direction k € [n] is defined by

xp = (x\ {w}) U {ar ),

where the new cluster variable z}, is given by the exchange relation

(2.1) TpT) = H x?er H xi—bki;

1<i<n+m 1<i<n+m
b >0 b <0

here, as usual, the product over the empty set is assumed to be equal to 1.
We say that B’ is obtained from B by a matriz mutation in direction k and write
B = ,uk(B) if

. —bij,

bij = - |bik |brj + bik|b;|
ij B ;

It can be easily verified that p(u(B)) = B.

Given a seed & = (x, B), we say that a seed ¥ = (x/, B') is adjacent to % (in
direction k) if x’ is adjacent to x in direction k and B’ = u(B). Two seeds are
mutation equivalent if they can be connected by a sequence of pairwise adjacent
seeds. The set of all seeds mutation equivalent to ¥ is called the cluster structure
(of geometric type) in F associated with ¥ and denoted by C(X); in what follows,
we usually write C(B), or even just C instead.

Following [FZ2, BFZ], we associate with C(B) two algebras of rank n over the
ground ring A, Z C A C ZP: the cluster algebra A = A(C) = A(B), which is the
A-subalgebra of F generated by all cluster variables in all seeds in C(B), and the
upper cluster algebra A = A(C) = A(B), which is the intersection of the rings of
Laurent polynomials over A in cluster variables taken over all seeds in C(B). The
famous Laurent phenomenon [FZ3] claims the inclusion A(C) C A(C). The natural
choice of the ground ring for the geometric type is the polynomial ring in stable
variables A = ZP, = Z[xy11,. .., Tntm]; this choice is assumed unless explicitly
stated otherwise.

Let V be a quasi-affine variety over C, C(V') be the field of rational functions on
V, and O(V) be the ring of regular functions on V. Let C be a cluster structure in
F as above. Assume that {f1,..., fntm} is a transcendence basis of C(V). Then
the map ¢ : z; — f;, 1 < i < n+ m, can be extended to a field isomorphism
v : Fc — C(V), where F¢ = F ® C is obtained from F by extension of scalars.
The pair (C, ) is called a cluster structure in C(V') (or just a cluster structure
on V), {fi,--+, fntm} is called an extended cluster in (C,¢). Sometimes we omit
direct indication of ¢ and say that C is a cluster structure on V. A cluster structure
(C, ) is called regular if p(x) is a regular function for any cluster variable . The
two algebras defined above have their counterparts in F¢ obtained by extension of
scalars; they are denoted Ac and Ac. If, moreover, the field isomorphism ¢ can be
restricted to an isomorphism of Ac (or Ac) and O(V), we say that Ac (or Ag) is
naturally isomorphic to O(V).

The following statement is a weaker analog of Proposition 3.37 in [GSV6].

ifi==Fkorj=k;

otherwise.

Proposition 2.1. Let V be a Zariski open subset in C"t™ and (C = C(B),¢) be
a cluster structure in C(V') with n cluster and m stable variables such that
(i) rank B = n;
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(ii) there exists an extended cluster X = (1,...,Tptm) i C such that p(x;) is
reqular on 'V for i € [n 4+ m];

(iii) for any cluster variable )., k € [n], obtained via the exchange relation (2.1)
applied to X, p(x},) is regular on V.

(iv) for any stable variable Ty, i € [M], @(Tnt:) vanishes at some point of V;

(v) each regular function on V belongs to p(Ac(C)).

Then Ac(C) is naturally isomorphic to O(V).

2.2. Let {-,-} be a Poisson bracket on the ambient field F, and C be a cluster
structure in F. We say that the bracket and the cluster structure are compatible
if, for any extended cluster X = (z1, ..., Zntm), one has

(2.2) {xi,xj} = WijTiTj,

where w;; € Z are constants for all ¢, j € [n + m]. The matrix 0x = (wij) is called
the coefficient matriz of {-,-} (in the basis X); clearly, Q% is skew-symmetric.

A complete characterization of Poisson brackets compatible with a given cluster
structure C = C(B) in the case rank B = n is given in [GSV1], see also [GSVG,
Ch. 4]. In particular, the following statement is an immediate corollary of Theo-
rem 1.4 in [GSV1].

Proposition 2.2. Let rank B = n, then a Poisson bracket is compatible with C(E)
if and only if its coefficient matriz QX satisfies BQ* = (D 0), where D is a diagonal
matriz.

Clearly, the notion of compatibility and the result stated above extend to Poisson
brackets on F¢ without any changes. A different description of compatible Poisson
brackets on F¢ is based on the notion of a toric action. Fix an arbitrary extended
cluster X = (1,...,%ntm) and define a local toric action of rank r as the map
TV : Fc — Fc given on the generators of F¢ = C(z1,...,%pm) by the formula

r n+m
(2.3) 7 (X) = (;«i 11 dj;m) . d=(dy,...,d,) e (C*",
a=1 i=1

where W = (w;q) is an integer (n+m) x r weight matriz of full rank, and extended
naturally to the whole F¢.

Let X’ be another extended cluster, then the corresponding local toric action
defined by the weight matrix W’ is compatible with the local toric action (2.3) if
the following diagram is commutative for any fixed d € (C*)":

Fe=C(x) —— Fc=C)

wal leW’
Fec=CX) —— Fc=CX)

(here the horizontal arrows are induced by x; — ;C; for 1 <i < mn+m). If local toric
actions at all clusters are compatible, they define a global toric action Tq on F¢
called the extension of the local toric action (2.3). Lemma 2.3 in [GSV1] claims that
(2.3) extends to a unique global action of (C*)” if and only if BW = 0. Therefore,
if rank B = n, then the maximal possible rank of a global toric action equals m.
Any global toric action can be obtained from a toric action of the maximal rank by
setting some of d;’s equal to 1.
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A description of Poisson brackets on Fc¢ compatible with a cluster structure
C = C(B) based on the notion of the global toric action is suggested in [GSSV].
Given a Poisson bracket {-,-}, on F¢ compatible with C, one can obtain all other
compatible brackets as follows.

Assume that (C*)™ is equipped with a Poisson structure given by
(2.4) {disdj}v = vididy,

where V' = (v;;) is a skew-symmetric matrix.

Proposition 2.3. For any V, there exists a Poisson structure {-, }6 compatible
with C such that the map ((C*)™ x Fe,{-,-}y x {~-}g) — (}'@,{~,~}‘C/) extended
from the action (d,X) — 73(X) is Poisson. Moreover, every compatible Poisson
bracket on Fg is a scalar multiple of {-, }6 for some V.

3. POISSON-LIE GROUPS AND THE MAIN CONJECTURE

3.1. Let G be a Lie group equipped with a Poisson bracket {-,-}. G is called a
Poisson-Lie group if the multiplication map

GXxG3(z,y)—ayeg

is Poisson. Perhaps, the most important class of Poisson-Lie groups is the one
associated with classical R-matrices.

Let g be the Lie algebra of G equipped with a nondegenerate invariant bilinear
form (, ), t € g®g be the corresponding Casimir element. For an arbitrary element
r=>y,a; ®b; € g x g denote

[[T7 T]] = Z[ai7 aj] ®b; @b + Zai & [bz’7 aj} ® b + Zai Ra; @ [bi, bj]
,J ,J ]
and r*! =3, b; ® a;.

A classical R-matriz is an element r € g ® g that satisfies the classical Yang-
Bazter equation (CYBE)

(3.1) [[r,r]] =0
together with the condition
(3.2) r+rt =t

Given a solution r to (3.1), one can construct explicitly the Poisson-Lie bracket
on the Lie group G. Choose a basis {I;} in g, and let 8% and 9 be the right and
the left invariant vector fields on G whose values at the unit element equal I;. Write
rasr= Z” rij1; ® I;, then the Poisson-Lie bracket on G is given by

(3.3) {f1, fo} = rij (07 1107 f2 — OF 110] f) ,

i,
see [KoSo, Proposition 4.1.4]. This bracket is called the Sklyanin bracket corre-
sponding to 7.

The classification of classical R-matrices for simple complex Lie groups was given
by Belavin and Drinfeld in [BD]. Let G be a simple complex Lie group, g be
the corresponding Lie algebra, b be its Cartan subalgebra, ® be the root system
associated with g, ®T be the set of positive roots, and A C ®* be the set of positive
simple roots. A Belavin-Drinfeld triple T = (I'1,T'2, ) consists of two subsets I'1, '
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of A and an isometry v : I'y — I'y nilpotent in the following sense: for every a € T'y
there exists m € N such that 4/ (a) € Ty for j =0,...,m—1, but y™(a) ¢ T'y. The
isometry v extends in a natural way to a map between root systems generated by
I'y,Ty. This allows one to define a partial ordering on ®: o <7 3 if 3 = 47 («a) for
some j € N.

Select root vectors e, € g satisfying (e_o,eq) = 1. According to the Belavin-
Drinfeld classification, the following is true (see, e.g., [CP, Chap. 3]).

Proposition 3.1. (i) Fvery classical R-matriz is equivalent (up to an action of
o ® o, where o is an automorphism of g) to the one of the form

(3.4) r=r1r9+ Z e_a ey + Z e_o Neg.

acdt a=Tp
a,Bedt

(i) 7o € h @ b in (3.4) satisfies

(3.5) (o) @ Id)rg + (Id @ a)rg =0
for any a € 'y and
(36) o + 7“81 = to,
where tg is the h ® h-component of t.
(iil) Solutions g to (3.5), (3.6) form a linear space of dimension W, where
kr = |A\T1|; more precisely, define
(3.7) br ={heb : a(h)=p(h) if a <1 B},

then dimbr = kg, and if v, is a fixed solution of (3.5), (3.6), then every other
solution has a form ro = r{ + s, where s is an arbitrary element of b A bhr.

We say that two classical R-matrices that have a form (3.4) belong to the same
Belavin-Drinfeld class if they are associated with the same Belavin-Drinfeld triple.

3.2. Let G be a simple complex Lie group. Given a Belavin-Drinfeld triple T for
G, define the torus Hy =exphpr C G.

We conjecture that there exists a classification of regular cluster structures on G
that is completely parallel to the Belavin-Drinfeld classification.

Conjecture 3.2. Let G be a simple complex Lie group. For any Belavin-Drinfeld
triple T = (I'1,Ta,7) there exists a cluster structure (Cr,pr) on G such that

(i) the number of stable variables is 2kr, and the corresponding extended ex-
change matriz has a full rank;

(ii) (Cr,T) is reqular, and the corresponding upper cluster algebra Ac(Cr) is
naturally isomorphic to O(G);

(iii) the global toric action of (C*)?*7 on C(G) is generated by the action of
Hr X Hp on G given by (Hy, H2)(X) = Hi X Ho;

(iv) for any solution of CYBE that belongs to the Belavin-Drinfeld class specified
by T, the corresponding Sklyanin bracket is compatible with Cr;

(v) a Poisson-Lie bracket on G is compatible with Cr only if it is a scalar multiple
of the Sklyanin bracket associated with a solution of CYBE that belongs to the
Belavin-Drinfeld class specified by T .
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Remark 3.3. Let us explain the meaning of assertion (iii) of Conjecture 3.2 in more
detail. For any H € H and any weight w € b* put H* = ¢*(®) whenever H = exp h.
Let (X, B) be a seed in Cr, and y; = @(x;) for i € [n +m]. Then (iii) is equivalent
to the following:
1) for any Hy,Hs € Hyp and any X € G,
yi(H1 X Hy) = HY' Hy'y;(X)

for some weights n;, (; € b (i € [n+ m));

2) span{n; }i27 9 = span{G}27 9 = b;
3) for every i € [dim G — 2kr],

dim G dim g

> byng =Y bi¢;=0.
j=1 j=1

4. TOWARDS A PROOF OF THE MAIN CONJECTURE
The goal of this sections is to prove

Theorem 4.1. Let T = (I'1,T'9,v) be a Belavin-Drinfeld triple and (Cr,pr) be a
cluster structure on G. Suppose that assertions (i) and (iii) of Conjecture 3.2 are
valid and that assertion (iv) is valid for one particular R-matriz in the Belavin-
Drinfeld class specified by T. Then (iv) and (v) are valid for the whole Belavin-
Drinfeld class specified by T .

Proof. We start with the following auxiliary statement.

Lemma 4.2. Any R-matriz from the Belavin-Drinfeld class specified by T is in-
variant under the adjoint action of Hr & Hr.

Proof. Fix an arbitrary H € Hp. The term rg in (3.4) is clearly fixed by Ady ® Ady.
Furthermore,
Adg®@Adp(e—a ®ey) = H “e_q @ H%y = €_4 ® €q4.
Besides, for a <7 3,
Ady @ Adp(e_q Neg) = HP%e_, A eg =¢e_qNeg,

since # — a annihilates hp. (|

Our plan is to invoke the construction used in Proposition 2.3, so the first goal
is to define a Poisson structure on the torus Hy x Hyp satisfying (2.4). Let Vi, V5 :
h% — br be two linear skew-symmetric maps, that is (n, V;() = —(¢, Vin) for any

n,¢ € bk and i = 1,2, where (-, ) stands for the natural coupling between b, and
hr. Besides, let V12 be an arbitrary linear map b7 — hr. Put

_ Vi V12 LRk *
V_<_V1*2 %)-UT@hTHhTEBhT-
Then one can define a Poisson structure {-,-},, on Hr x Hy by the formula

(4.1) {1, 02ty = (VDo1, Do),
where the differential Dy is given by

(Dyp(Hy,Hz),n®C) = d

dt (gﬁ(@thl,ngtc)) .

t=0
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In particular, the Poisson bracket of “monomial” functions on Hp X Hr is given by
{H?1H5727H11H2Cz} _
1%

((Vim, ) + (Vama, Go) + (Viam, Co) + (Viam, C1)) HY" Hy? HS' Hs?.

By choosing appropriate 11, 12, (1, (2 in the above relation we make certain that
{-,-}y satisfies (2.4).

Fix an R-matrix r in the Belavin-Drinfeld class specified by 1" and denote by
{*,-},. the corresponding Sklyanin bracket. It will be convenient to rewrite formula
(3.3) for {-,-}, as

{f1, fo}r = (R(@" 1), d" fo) — (R(d" f1),d" fa),

where R : h* — b is given by (Rn, () = (r,n®(). We will view M = Hy x Hr x G as
a direct product of Poisson manifolds (Hr x Hr,{-,-},,) and (G,{-,-},). Consider
the map p: M > (Hy,He, X)— H1 XHy €G.

Lemma 4.3. (i) The map p induces a Poisson bracket {-,-}, \, on G given by

{f1, f2Yrv = {f1, folr + (V (" )0 @ (d" f1)o) , (A" f2)o ® (d" f2)o0)

where () stands for the projection onto b*.
(ii) The bracket {-,-}, \, is Poisson-Lie if and only if Vi2 =0 and Vo = V.

Proof. Let f be a function on G. For any fixed (Hi, Ha) € Hy X Hr define the
function f#1:H2 on G via fHvH2(X) = f o pu(Hy, Ha, X). Similarly, for any fixed
X € G define the function f* on Hr x Hp via fX(Hy, Hy) = f o u(Hy, Ha, X).
Given two functions fi, fo on G, let us compute the following Poisson bracket on

M:
(4.2) {f1op, foo u}p(Hy, Ha, X) = { {012 f70020 (X)) + { £, 55}y (Hy, Ha).

First observe that for a function f on G
db et (X)) = Adyy, dY f(HWX Hs),  dR et (X) = Adj, d f(H, X Hy).

Since, by Lemma 4.2, Ady oR o Ad}; = R for any H € Hry, this means that the
first term in the right-hand side of (4.2) is equal to {f1, fo}-(H1 X H3).
To compute the second term in (4.2), note that

Df¥(Hy, Hy) = (d"f(H1 X H,)), & (d" f(H1 X H)),, -
Then it follows from (4.1) and (4.2) that
{fiop, faoput = {fi.fo}r + (V(([d® f1)o ® (d" f1)0) , (@% f2)o @ (d" f2)0)) 0 p,

which proves the first claim of the lemma.
Conditions on V' that ensure that {-,-}, , is Poisson-Lie drop out immediately
from the fact that any Poisson-Lie structure is trivial at the identity of G. O

We can now proceed with the proof of the theorem. Assertion (i) guarantees
that the toric action mentioned in assertion (iii) has the maximal rank. Assume
that assertion (iii) of Conjecture 3.2 is valid. Then claims 1) and 2) of Remark 3.3,
together with Lemma 4.3(i) and Proposition 2.3 imply that if {-,-}, is compatible
with the cluster structure Cr, then every other compatible structure is of the form
{-,-},. for some choice of V. Since ¢7(x) defines a coordinate chart on G, we
conclude that any Poisson bracket on G compatible with Cp is, in fact, a scalar
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multiple of {-,-}, ;. Moreover, by Lemma 4.3(ii), {-, -}, , is Poisson-Lie if and only
if it can be written in the form (3.3) with r replaced by r+s, where s is an arbitrary
element of h A hp. But this is exactly the description of the Belavin-Drinfeld class
specified by T. The proof is complete. ([

5. EVIDENCE SUPPORTING THE CONJECTURE
Here we discuss several instances in which Conjecture 3.2 has been verified.

5.1. The trivial Belavin-Drinfeld data. The Belavin-Drinfeld data (triple,
class) is said to be trivial if I'1 = I's = @. In this case we use subscript 0 in-
stead of T, so kg = |A| is the rank of G and Hy = H is the Cartan subgroup in
g.

Theorem 5.1. Let G be a simple complex Lie group of rank n, then there exists a
cluster structure (Co, o) on G such that

(i) the number of stable variables is 2n, and the corresponding extended exchange
matriz has full rank;

(ii) (Co, o) is regular, and the corresponding upper cluster algebra Ac(Co) is
naturally isomorphic to O(G);

(iii) the global toric action of (C*)?™ on C(G) is generated by the action of H x H
on G given by (Hy,Ho)(X) = H1 X Hy;

(iv) for any solution of CYBE that belongs to the trivial Belavin-Drinfeld class,
the corresponding Sklyanin bracket is compatible with Coy;

(v) a Poisson-Lie bracket on G is compatible with Cy only if it is a scalar multiple
of the Sklyanin bracket associated with a solution of CYBE that belongs to the trivial
Belavin-Drinfeld class.

Proof. By Theorem 4.1, we have to prove assertions (i)—(iii) and exhibit one bracket
satisfying (iv). As we have mentioned in the Introduction, paper [BFZ] suggests a
construction of a cluster structure on the double Bruhat cell G*¥ for an arbitrary
pair of elements u,v in the Weyl group W of G. Let u = v = wg be the longest
element of W, then the corresponding double Bruhat cell is open and dense in G,
and hence the construction in [BFZ] gives rise to a cluster structure on G. We claim
that this cluster structure, which we denote by (Cp, o), satisfies all conditions of
the theorem.

We start with a brief review of the construction in [BFZ]. First, following [FZ1],
let us recall the definition of generalized minors in G. Let Ny and N_ be the upper
and the lower maximal unipotent subgroups of G. For every X in an open Zarisky
dense subset

gO == N_HN+
of G there exists a unique Gauss factorization
X=X_XoX;, XyeN, X eN_, Xo€eH.
For any X € GY and a fundamental weight w; € h* define
Ai(X) = Xg";
this function can be extended to a regular function on the whole group G. For any

pair u,v € W, the corresponding generalized minor is a regular function on G given
by

(5.1) Ay s (X) = Ay (u~" X0).
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These functions depend only on the weights uw; and vw;, and do not depend on
the particular choice of u and v.

The initial cluster for (Co, ¢o) can be chosen as a certain collection of generalized
minors, described as follows. Consider two reduced words for wg, one written in
the alphabet 1,...,n and another, in the alphabet —1,...,—n. Let i = (4;) be a
word of length 2i(wg) +n = dim G defined as a shuffle of the two reduced words
above appended with a string (—n, ..., —1) on the left. For k € [2l(wq)] denote

1—sign(ij) 1+sign(ip)
u<y = u<k(i) = H )i : ) vs = vs(i) = H )i :

I=1,...k 1=21(wo),...,k+1

Besides, for k € —[n] set u<y to be the identity and vs to be equal to wy. For
k € —[n] U [2l(wo)] put
Alk;i) = A

U<kW]ip | V>kW]ig |

where the right hand side is the generalized minor defined by (5.1). Then X =
(xgi = A(k;i) + k€ —[n]U[2l(wp)]) is an extended cluster in (Cy, o) with 2n =
2dim H stable variables given by A(k;i), k € —[n], and A(kj;1), j € [n], where
kj € [2l(wo)] is the largest index such that |iy,| = j. The matrix B = (by;) for the
seed associated with X can be described explicitly in terms of the word i, however
we will not need this description here. By Proposition 2.6 in [BFZ], it has full rank.

So, assertion (i) of the theorem is proved.

To prove assertion (ii), observe that O(G“°:*?) is obtained from O(G) via local-
ization at stable variables A(k;1i) and A(k;;1i) defined above. Besides, by Theorem
2.10 in [BFZ], O(G™eo-*°) is naturally isomorphic to the upper cluster algebra A(Cp)
over CP, where P is generated by Laurent monomials in these stable variables. The
latter is obtained via localization at the same stable variables from the upper cluster
algebra Ac(Cp), and hence (ii) follows.

To establish (iii), we need to check claims 1)-3) of Remark 3.3. Let Hy, Hs be two
clements in H. We want to compute the local toric action 73" _H, on X generated
by the action of H x H on G. Clearly, A;(H1 X Hs) = (H,XoH>)*, hence

Ayw; vw; (H1X Ho) = A ((u_lHlu)(u_le)(v_ngv))
= (UilHlu)wi (vilHW)wiAuwwwi (X) = H{*" Hy* Ay, jow; (X).
Thus,

Wz USKW]ig| pr¥>kWig|
Ty (X) = (xk’iHl H, )kef[n]u[lﬁl(wg)] '
where rows of W are given by components of weights u<yw;, |, v>krw;,| with respect
to some basis in §*, which amounts to claim 1). Claim 2) follows from the fact that,
for k € —[n], exponents of H; and Hs in the formula above are wy,...,w, and
Wow1, - - - , Wown, respectively, and each of these two collections spans h*. Finally
claim 3) that guarantees that 7, HVII/ _H, extends to a global toric action amounts to

equations
> biru<rwy;,| = > bikv>kwyi,| =0
ke—[n]U[1,2l(wo)] ke—[n]U[1,2l(wo)]

for I € [1,2l(wo)],l # k; (j = 1,...,n). But this is precisely the statement of
Lemma 4.22 in [GSV6], which proves (iii).
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It remains to exhibit a Poisson structure on G corresponding to the trivial
Belavin-Drinfeld data and compatible with Cy. An immediate modification of The-
orem 4.18 in [GSV6] shows that the standard Poisson-Lie structure on G satisfies
these requirements. ([l

5.2. The case of SL, for n = 2,3,4. In this Section we prove the following
result.

Theorem 5.2. Conjecture 3.2 holds for complex Lie groups SLo, SL3 and SLy.

Proof. The case of SLy is completely covered by Theorem 5.1, since in this case A
contains only one element, and hence the only Belavin-Drinfeld triple is the trivial
one.

Before we move on to the case of SLs, consider the following two isomorphisms
of the Belavin-Drinfeld data for SL,, (here n is arbitrary): the first one transposes
I'y and I's and reverses the direction of 7, while the second one takes each root o
to Quuy(j)- Clearly, these isomorphisms correspond to the automorphisms of SL,
given by X — —X! and X — woXwp. Since we consider R-matrices up to an
action of o ® o, in what follows we do not distinguish between Belavin-Drinfeld
triples obtained one from the other via the above isomorphisms.

In the case of SLs we have A = {«a1,as}, and hence, up to an isomorphism,
there is only one non-trivial Belavin-Drinfeld triple: T'= (T'y = {as}, T2 = {1}, 7 :
ag +— ay). In this case k7 = 1, and hence, by Proposition 3.1(iii), the corresponding
Belavin-Drinfeld class contains a unique R-matrix. It is called the Cremmer-Gervais
R-matriz, and the solution to (3.5), (3.6) is given by

1

1
ro — §f0 =5 (€11 A esg —e11 Aeaa — €22 A €33)

(see e.g. [GeGi]).

To prove Conjecture 3.2 in this case, we once again rely on Theorem 4.1. Let
us define the cluster structure (Cca, ¢cc) validating assertion (i) of the conjecture.
Since dimG = 8, the extended exchange matrix ECG should have 6 rows and 8
columns. Put

0 -1 -1 1 0 0 0 ©0
1 0 -1 -1 0 0 1 0
5o 1 1 0 0 1 -1 -1 0
c«G=1 -1 1 0o 0o 1 1 0 -1
0 0 -1 -1 0 1 0 1

0 0 1 -1 -1 0 0 ©0

It is easy to check that rank ECG = 6. So, to establish (i) it remains to define the
field isomorphism ¢cg.

Let X = (xi;)} ;—; be a matrix in SL3, X = (&;;)?,;-; be its adjugate matrix
given by X = X~1det X. Given the initial extended cluster (x1,...,28), denote
P; = pcc(w;) and put

Py =, Py =113, P3 =19,
(5.2) Py = —kg3, Ps = —&31, Ps = —i33,

P; = 213231 — 21723, Py = 13831 — Z21823.
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A direct computation shows that gradients of P;, 1 <14 < 8, are linearly independent
at a generic point of SLs, hence (P, ..., Ps) form a transcendence basis of C(SL3),
and assertion (i) is established.

The proof of assertion (ii) relies on Proposition 2.1. Since SL, (and, in par-
ticular, SL3) is not a Zariski open subset of C¥, we extend the cluster structure
(Cca,pca) to a cluster structure (Chg, ¢rg) on GL3 by appending the column
(0,0,0,0,—1,1)! on the right of the matrix Beg and adding the function Py = det X
to the initial cluster. Conditions (i), (ii) and (iv) of Proposition 2.1 for (C¢q, ¢oc)
are clearly true, and condition (iii) is verified by direct computation. The ring
of regular functions on GL3 is generated by the matrix entries z;;. By Theo-
rem 3.21 in [GSV6], condition (i) implies that the upper cluster algebra coincides
with the intersection of rings of Laurent polynomials in cluster variables taken over
the initial cluster and all its adjacent clusters. Therefore, to check condition (v)
of Proposition 2.1, it suffices to check that every matrix entry can be written as
a Laurent polynomial in each of the seven clusters mentioned above. This fact is
verified by direct computation with Maple: we solve system of equations (5.2), as
well as six similar systems, with respect to x;. Since GLs is Zariski open in C?,
Ac(Clg) is naturally isomorphic to O(GL3) by Proposition 2.1. Now assertion (ii)
for (Cca, pca) follows from the fact that both Ac(Ccg) and O(SLs) are obtained
from their G Lz-counterparts via restriction to det X = 1.

To prove assertion (iii), we parametrize the left and the right action of Heg by
diag(t,1,t7 1) and diag(z,1,271), respectively. Then

t 0 0 11 X122 T13 z 0 0
O 1 0 To1 T2 T23 0 1 O =
0 0 ¢! r31 I32 T33 0 0 27!
tzxq11 tr1s tZ_1.2313
ZT21 T22 2 lagg )

t*12131 tilfL'gg tilzilfﬂgg

and hence condition 1) of Remark 3.3 holds with 1-dimensional vectors 7;, (; given
by

m=1 m=1 m3=0 m=1 n=-1, n=1 nr=0, ng=0,
gl = 1’ CQ = _15 CB = 1a C4 = Oa <5 = 17 CG = 17 <7 = 07 CS = 0.

Conditions 2) and 3) are now verified via direct computation.

Finally, let us check that assertion (iv) holds for the Cremmer-Gervais bracket. A
direct computation shows that this bracket in the basis (P, ..., Ps) satisfies (2.2),
and that the corresponding coefficient matrix is given by

0 -2 -2 -1 -1 0 -3 -3
2 0 0 0 01 -2 -1
2 0 0 0 0 1 1 -1
1 0 0 0 02 -1 =2
30 = 1 0 0 0 0 2 -1 1
0 -1 -1 -2 -2 0 -3 -3
3 2 -1 1 13 0 0
3 1 1 2 -1 3 0 0
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A direct check shows that BagQ = (=1 0), hence the Cremmer-Gervais bracket is
compatible with Ccg by Proposition 2.2.

Remark 5.3. Although we started the presentation above by specifying B and X,
to construct the cluster structure (Coa, pcoc) we had to act the other way around.
We started with the extension of the Cremmer-Gervais bracket to GL3 and tried
to find a regular basis in C(GL3) in which this bracket is diagonal quadratic (that
is, satisfies (2.2)). Since det X is a Casimir function for the extended bracket, it
was included in the basis from the very beginning as a stable variable. Once such a
basis is built, the exchange matrix of the cluster structure C¢ on GL3 is restored
via Proposition 2.2. The cluster structure on SL3 is obtained via restriction to the
hypersurface det X = 1, which amounts to removal of the corresponding column of
the exchange matrix.

Let us proceed with the case of SLy. Here we have, up to isomorphisms, the
following possibilities:

Case 1: I'y =Ty = @ (standard R-matrices);

Case 2: T1 = {ag, a3}, Ty = {a1,02}, v(az) = a1, y(az) = as (Cremmer-
Gervais R-matrix);

Case 3: T'y = {an}, T's = {asz}, y(a1) = as;

Case 4: Fl = {061}7 F2 = {OLQ}7 ’)/(051) = Q9.

The first case is covered by Theorem 5.1. In the remaining cases we proceed in
accordance with Remark 5.3.

Case 2. Here kp = 1, and hence the corresponding Belavin-Drinfeld class con-
tains a unique R-matrix. It is called the Cremmer-Gervais R-matriz, and the
solution to (3.5), (3.6) is given by

1 1
o — §f0 =1 (11 A €sa —e11 A eag — €22 A €3z — €33 A eaa) .
The basis in C(SL4) that makes the Cremmer-Gervais bracket diagonal quadratic
is given by

Py = —x94, Py = 23, Py = x4y,
Py = 231, Py = %94, Ps = %34,
T11 T Top T
p—| T T | Py | T Tas
Ta1 o4 T31 T34
o1 T Top T
py—| T2t i | P = | T2 T2 |
31 T24 31 T32
Fa1  fog T21 T22 Ti14
Py = . . , Pip=—| w31 T32 24 |,
T41 T34

T41 T42 T34

3 Ty T4 3 T21  X2,i+1 T14
A~ 1 ~
Pz = E Tt | o o | Py =— E ia | T31 T341 Tos |,
i=1 ! 1=1 Tq1 L4441 T34

3 T21 X1 T4
Pis =~ E Tit1,1] T31 T Tos |,
1=1 T41 T35 T34
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where X = (z;)} ;_, is a matrix in SLy and X = (Zij)} j=1 1s its adjugate matrix.

The coefficient matrix of the Cremmer-Gervais bracket in this basis is given by

40 =
0 -3 -3 -1 -1060 -2 -3 0 -1 -2 -2 —4 —4
3 0 0 0 01 2 0 -1 2 1 -1 1 -2 =2
3 0 0 0 01 2 0 3 2 1 3 1 2 2
1 0 0 0 0 3 2 0 1 2 3 1 3 2 2
1 0 0 0 0 3 2 0 1 2 -1 1 -1 -2 -2
0 -1 -1 -3 -3 00 -2 -10 -3 -2 -2 —4 —4
o -2 -2 -2 -2 00 -4 -2 0 -2 0 -4 —4 -4
2 0 0 0 0 2 4 0 2 4 2 2 2 0 0
3 1 -3 -1 -1 1 2 =2 0 2 0 1 -1 -2 -2
o -2 -2 -2 -2 00 -4 -2 0 -2 -4 0 —4 —4
1 -1 -1 -3 1 3 2 =2 0 2 0 -1 1 -2 =2
2 1 -3 -1 -1 2 0 -2 -1 4 1 0 0 0 0
2 -1 -1 =3 1 2 4 =2 1 0 -1 0 0 0 0
4 2 -2 =2 2 4 4 0 2 4 2 0 0 0 0
4 2 -2 =2 2 4 4 0 2 4 2 0 0 0 0

A basis in C(GL4) is obtained by adding Pjg = det X to the above basis. Since
det X is a Casimir function, the corresponding coefficient matrix Q° is obtained
from € by adding a zero column on the right and a zero row at the bottom. By
assertion (i) of Conjecture 3.2, the cluster structure Cog we are looking for should
have 2 stable variables; their images under pcg are polynomials Pj4 and Pi5; recall
that Pj¢ is the image of the third stable variable that exists in C¢, but not in Ccq.
Therefore, the exchange matrix of Cg¢ is a 13 x 16 matrix. It is given by

Beg =
o 1 1 0 O O O-1 O O O O O O 0 O
-1 0-1. 0 0 0O 0O O1 0 O O O O 0 O
-1 1 0 0o 0 0O 1 O0-1 0 O O O O O O
o o o0 0 1-1 0 0 0 1 -1 0 O O O 1
o o 0-1 0-1 0 O O O 1 O O O 0 O
o o o0 1 1 0 O0-1 0 O O O O O O0-1
o 06-1. 0 0 0 0 1 0O 0-1 0 1 0 0 O
1 60 o o0 o0 1-1 0 0-1 0 O O O O O
0-r 1 0 0 0O O O O 1 0-1-1 0 1 O
o o 0-1 0 0 0O 1 -1 0 0 1 0 0 0 O
o o o0 1-1 0 1 0 0O O O0-1-1 1 0 O
o o o0 o0 o0 o0 o0 0 1-1 1 0 0-1 0 0
o o 0o o0 o 0-1 0 1 0 1 0O 0 O0-1 0

A direct check shows that ééGQC’ = (I 0), hence the Cremmer-Gervais bracket
is compatible with Cgg by Proposition 2.2. The exchange matrix Bgog for Cog

is obtained from Bg. by deletion of the rightmost column. The compatibility is
verified in the same way as before.
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Assertion (ii) is proved exactly as in the case of SLs, with the help of Proposi-
tion 2.1; a straightforward computation shows that all assumptions of this Propo-
sitions are valid.

To prove assertion (iii), we parametrize the left and the right action of Hcg
by diag(t3,¢,¢t71,¢73) and diag(z3, z, 271, 273), respectively. Then condition 1) of
Remark 3.3 holds with 1-dimensional vectors n;, (; given by

m=1 m=-1, m=1, m=-3, =3, ne=3, nr=4, ns=0,
=2 mo=0, m1=0, na=-1, mz=1, ma=2, ms=-2,
=3, (=3 G=-3 =1 =-1, =1 =0, (=0,
=0, CGo=4, (11=2 GC2=1, G3=-1, Cu=-2, G5=2.

Conditions 2) and 3) are now verified via direct computation.

Case 3. Here kr = 2, and hence the corresponding Belavin-Drinfeld class con-
tains a l-parameter family of R-matrices. It is convenient to take the solution
to (3.5), (3.6) given by

1 1
To — 5"0 =1 (e11 N eaa —eax Aesz — e33 A eas + 2e90 Aeaa — €11 Aeqa).
The basis in C(SL4) that makes the corresponding bracket diagonal quadratic is
given by

Pi=x1, Po=z13, Ps=24, Pi=—-x4, Ps=-%12, Fs=—%13,
A . T32 T33 T13 T14
Pr =24, PR=1%4p, P=- , Pio=
T42  T43 T43  Taq
Ti12 13 13 Ti14 31 T32
Py =— , Pio= , Piz=
T4o  T43 To3  To4 T4l T42
T13 T14 213 L1
Py = , Pis=| . A
T41 T42 T41 T42

The coefficient matrix of the bracket in this basis is given by

40 =
0 -1 0 -3 -2 -1 0 1 -2 -4 0 -2 -2 -4 0
1 0o -1 -2 -1 0 -3 -2 -4 0 -2 2 -2 -2 =2
0 1 0 -3 0 -3 -2 1 -2 0 -2 0 0 2 =2
3 2 3 0 1 -2 1 4 2 -2 2 -2 2 2 2
2 1 0 -1 0 1 0 3 0 -2 0 2 2 0 4
1 0 3 2 -1 0 1 2 0 0 2 =2 2 2 2
0 3 2 -1 0 -1 0 3 0 2 2 0 0 2 =2
-1 2 -1 -4 -3 -2 -3 0 -2 -2 =2 2 -2 -2 =2
2 4 2 -2 0 0 0 2 0 0 2 2 2 2 2
4 0 0 2 2 0 -2 2 0 0 2 2 2 2 2
0 2 2 =2 0 -2 -2 2 -2 -2 0 0 0 0 0
2 =2 0 2 =2 2 0 -2 -2 =2 0 0 0 0 0
2 2 0 -2 -2 =2 0 2 -2 =2 0 0 0 0 0
4 2 -2 =2 0 -2 -2 2 -2 =2 0 0 0 0 0
0 2 2 -2 —4 =2 2 2 -2 =2 0 0 0 0 0
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A basis in C(GL,) is obtained by adding Pjg = det X to the above basis. Since
det X is a Casimir function, the corresponding coefficient matrix 2° is obtained
from ) by adding a zero column on the right and a zero row at the bottom. By
assertion (i) of Conjecture 3.2, the cluster structure C1.3 we are looking for should
have 4 stable variables; their images under 1,3 are polynomials Ps, Pi3, P14 and
Pi5; recall that Pjg is the image of the fifth stable variable that exists in C7_, 5, but
not in Cy,3. Therefore, the exchange matrix of C7_,5 is a 11 x 16 matrix. It is given
by

=
L
|

O R 2P OO0 FFE O M =

I
OO OoOROROOOO
cCoOoOROROOOOO

SO RO OH,HOOOOo

PO ORrROO0O RO OO
[
[ e i e Y e Y e Y e e B =

(.
|
|
cCoOrRrocO0OoOoOR,ROOO
I
cCoOoOHHOOROOOO

ORH OO R OO OO

H R, OO OOoOOoO OO

—FO0O 00000 R OR~O
OO DD DODDODDODO OO
H O, OO0 OoOO RO
\

R OO R ORFrROOOOoOO
[N eNelNoNoNeNoNel S i)
\

DO OO R R OODODOOO

A direct check shows that Ef,_,P,QO = (—1I 0), hence the bracket defined above is
compatible with Cf,_,5; by Proposition 2.2. The exchange matrix Eng for C1~3
is obtained from Bng by deletion of the rightmost column. The compatibility is
verified in the same way as before.

Assertion (ii) is proved exactly as in the previous case.

To prove assertion (iii), we parametrize the left and the right action of Hy. 3
by diag(t,w,w™!,t71) and diag(z,u,u"t, 271), respectively. Then condition 1) of
Remark 3.3 holds with 2-dimensional vectors 7;, (; given by

m (150)7 N2 = (1a0)7 3 = (_1v0)7 N4 = (_170)7 s = ( 1)7
e = (Oﬂ 1)7 nr = (7170)7 18 = (Oa 71)7 o = (717 71)3 o = (Oa )
mi1=(0,0), ma2=(1,1), ms=(-1,-1), ma=(0,0), ms5=(0,0),

1

)7 4= (Oa 1)7 (s = (_ ’ )7
)’ 49 = (an)a CIO = (_17 _1)a
1 =1(0,0), C2=(-1,-1), G3=(1,1), Ca=1(0,0), ¢5=(0,0).

Conditions 2) and 3) are now verified via direct computation.

Case 4. Here kr = 2, and hence the corresponding Belavin-Drinfeld class con-
tains a l-parameter family of R-matrices. It is convenient to take the solution
o (3.5), (3.6) given by

1
To*ifoi 1(611/\622+€22/\633+633/\644*€11/\644)-
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The basis in C(SL4) that makes the corresponding bracket diagonal quadratic is
given by

P = —x19, Py = 249, Py = —x4,
Py = —21, Py = 249, Ps = -39,
T12 T13
Pr = 212740 — T13%41, Py =
T2  T43
11 Ti12 T12 13
Py = ) Py =
T4a1  T42 T32 X33
r13 Ti14 T2 Ti14
Py =24 -
T33 T34 T3z T34
N T2l X23
Piy = 114, Pi3 = %14, Py =
T31 T33
. r13 T14 Ti2 T14
Pis =241 | 201 — Z42 +
T2z X24 Tog X24
Fao | a1 L13  T14 | Tao T12 Ti4
r33 X34 T3z X34

The coefficient matrix of the bracket in this basis is given by

40 =
0 -3 o -2 -1 -2 -3 -2 0 -1 -3 =2 0 -2 -4
3 0 3 -1 0 -1 3 0 2 1 2 1 1 0 2
0 -3 0o -2 -1 -2 1 -2 0 -1 1 2 0 -2 0
2 1 2 0 3 0 3 2 4 1 1 0 -2 2 0
1 0 1 -3 0 -3 1 02 -1 -2 -1 -1 0 -2
2 1 2 0 3 0 3 2 4 1 1 0 2 2 4
3 -3 -1 -3 -1 =3 0 -2 2 0 -1 -1 1 -2 =2
2 0 2 -2 0 -2 2 0 4 2 0 -2 2 0 0
0 -2 0O 4 -2 -4 -2 -4 0 -2 =2 0 0 —4 —4
1 -1 1 -1 1 -1 0 -2 2 0 -3 -3 -1 2 =2
3 -2 -1 -1 2 —1 1 0 2 3 0 1 1 0 2
2 -1 =2 0 1 0 1 2 0 3 -1 0 2 =2 0
0 -1 0 2 1 -2 -1 -2 0 1 -1 -2 0 2 0
2 0 2 -2 0 -2 2 0 4 -2 0 2 0 0 0
4 -2 0 0 2 -4 2 0 4 2 -2 0 0 0 0

A basis in C(GL4) is obtained by adding Pj¢ = det X to the above basis. Since
det X is a Casimir function, the corresponding coefficient matrix Q° is obtained
from € by adding a zero column on the right and a zero row at the bottom. By
assertion (i) of Conjecture 3.2, the cluster structure Cy, .2 we are looking for should
have 4 stable variables; their images under 1,5 are polynomials Ps, Pi3, P14 and
Pi5; recall that Pig is the image of the fifth stable variable that exists in C7_, 5, but
not in Cy,2. Therefore, the exchange matrix of C{_,, is a 11 x 16 matrix. It is given



18 M. GEKHTMAN, M. SHAPIRO, AND A. VAINSHTEIN
by
Bi)r—>2_
0o 1-1r0 0O O 1-1 0O O OO O O O O
-1 0-10 0 0 O O 1 O 00 O 0 0 O
i1 1. o0 O O0O-1 0O O O OO O O O0 O
o 0o o00-1 0 O O O O-10 O O 1 O
o o 01 0o 1 O0-1 1 0O 00 O0O-1 0-1
o 0 o0-1 0 O O O 1T 0OO0-1 0 0 1
-1 0 10 0 O O O O 1 -11 0 0 0 O
1P 0o o0 1 0 0 0-1-1 00 O O O O
0O-1r 00-1 0 O 1 O O OO O 1 0 O
o o0 o0 0-1-1 1 0 O 10 O O 0 O
o o0 01 0 O 1 O O-1 00 1 0-1 0

A direct check shows that E‘fHQQO = (I 0), hence the bracket defined above is
compatible with C7,_ 5 by Proposition 2.2. The exchange matrix Eng for Ciso
is obtained from §1°H2 by deletion of the rightmost column. The compatibility is
verified in the same way as before.

Assertion (ii) is proved exactly as in the previous case.

To prove assertion (iii), we parametrize the left and the right action of Hi—o by

diag(t,w,t"*w?,w™3) and diag(z,u, 2z~ 'u?,u=3), respectively. Then condition 1)

of Remark 3.3 holds with 2-dimensional vectors 7;, (; given by
m=(1,0), n2=1(0,-3), m3=1(0,-3), m=(-1,0), ns=(0,-1),
ne = (0,=1), nr=(1,-3), ng=(1,-3), no=(1,-3), mo=(0,2),
m1=(0,-1), m2=(1,0), mz=1(0,3), mas=(-1,-1), ms=(0,-2),
G=(01), ¢=1(0,1), G=(1,0), ¢=1(0,3), ¢ =1(0,3),
G=(-10), ¢=(0,2), G=(-13), G=(1,1), Go=(-13),
C1=1(0,-1), C2=1(0,-3), C3=(-10), Ga=(1,1), G5=1(0,2).

Conditions 2) and 3) are now verified via direct computation. O

6. THE CASE OF TRIANGULAR LIE BIALGEBRAS

We conclude with an example that shows that Conjecture 3.2 is not valid in the
case of skew-symmetric R-matrices, that is, R-matrices r that satisfy (3.4) together
with the condition

r+r* =0.

Consider the simplest skew-symmetric R-matrix in sls:

1 0 0 1
(o )50 )
Let X = (xij)%jzl denote an element of SLy. Choose functions y; = x11, y2 = x21,
Y3 = 11 — Xo2 as coordinates on SLy. Then a direct calculation using (3.3) shows
that the Poisson-Lie bracket corresponding to r has the form

{y1,92} = v3, {y1,y3} = y2us, {y2,y3} = 0.
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Select a new coordinate system on the open dense set {xo1 # 0}: 21 = y1, 20 =
—1/ya, 23 = y3/y2, then the Poisson algebra above becomes:

{z1,22} =1, {z1, 23} = {22, 23} = 0.

It is easy to see that both collections z1, 29,23 and y1,yo,ys generate the set of
rational functions on SLs. However, we claim that there is no triple of independent
rational functions p;(z1, 22, z3) such that {p;,p;} = ¢;;p;p; for some constants c¢;;,
1,7 = 1,2,3. Indeed, the independence implies that at least one of the constants
cij, sy, Ci2, is nonzero. View p; and po as ratios of two polynomials in z; with
the difference of degrees of the numerator and denominator equal to §; and Js,
respectively. Then the difference of degrees of the numerator and denominator of
{p1,p2} viewed as a rational function of z; is at most d; + d2 — 1, and thus {p1,p2}
cannot be a nonzero multiple of p;ps. This means, in particular, that the Poisson
structure associated with the R-matrix above cannot be compatible with any cluster
structure in the field of rational functions on SLs.

ACKNOWLEDGMENTS

M. G. was supported in part by NSF Grant DMS #0801204. M. S. was supported
in part by NSF Grants DMS #0800671 and PHY #0555346. A. V. was supported
in part by ISF Grant #1032/08. This paper was partially written during the joint
stay of all authors at MFO Oberwolfach in August 2010 within the framework
of Research in Pairs programme and the visit of the third author to Institut des
Hautes Etudes Scientifiques in September—October 2010. We are grateful to these
institutions for warm hospitality and excellent working conditions.

REFERENCES

[BD] A. Belavin and V. Drinfeld, Solutions of the classical Yang-Bazter equation for simple Lie
algebras. Funktsional. Anal. i Prilozhen. 16 (1982), 1-29.

[BFZ] A. Berenstein, S. Fomin, and A. Zelevinsky, Cluster algebras. I1I. Upper bounds and double
Bruhat cells. Duke Math. J. 126 (2005), 1-52.

[CP] V. Chari, A. Pressley, A guide to quantum groups. Cambridge University Press, 1994.

[FoGol] V. Fock and A. Goncharov, Moduli spaces of local systems and higher Teichmdiiller theory.
Publ. Math. IHES 103 (2006), 1-211.

[FoGo2] V. Fock and A. Goncharov, Cluster ensembles, quantization and the dilogarithm. Ann.
Sci. ENS 42 (2009), 865-930.

[FZ1] S. Fomin and A. Zelevinsky, Double Bruhat cells and total positivity. J. Amer. Math. Soc.
12 (1999), 335-380.

[FZ2] S.Fomin and A. Zelevinsky, Cluster algebras.l. Foundations. J. Amer. Math. Soc. 15 (2002),
497-529.

[FZ3] S. Fomin and A. Zelevinsky, The Laurent phenomenon. Adv. in Appl. Math. 28 (2002),
119-144.

[GSV1] M. Gekhtman, M. Shapiro, and A. Vainshtein, Cluster algebras and Poisson geometry.
Mosc. Math. J. 3 (2003), 899-934.

[GSV2] M. Gekhtman, M. Shapiro, and A. Vainshtein, On the properties of the exchange graph
of a cluster algebra. Math. Res. Lett. 15 (2008), 321-330.

[GSV3] M. Gekhtman, M. Shapiro, and A. Vainshtein, Poisson geometry of directed networks in
a disk. Selecta Mathematica 15 (2009), 61-103.

[GSV4] M. Gekhtman, M. Shapiro, and A. Vainshtein, Poisson geometry of directed networks in
an annulus. J. Europ. Math. Soc. (to appear).

[GSV5] M. Gekhtman, M. Shapiro, and A. Vainshtein, Generalized Bdcklund-Darboux transfor-
mations of Cozeter-Toda flows from a cluster algebra perspective Acta Math. (to appear).



20 M. GEKHTMAN, M. SHAPIRO, AND A. VAINSHTEIN

[GSV6] M. Gekhtman, M. Shapiro, and A. Vainshtein, Cluster algebras and Poisson geometry.
Mathematical Surveys and Monographs, 167. American Mathematical Society, Providence,
RI, 2010.

[GSSV] M. Gekhtman, M. Shapiro, A. Stolin, and A. Vainshtein, Poisson structures compatible
with the cluster algebra structure in Grassmannians. arXiv:0909.0361

[GeGi] M. Gerstenhaber and A. Giaquinto, Boundary solutions of the classical Yang-Bazter equa-
tion, Lett. Math. Phys. 40 (1997), 337-353.

[KoSo] L. Korogodski and Y. Soibelman, Algebras of functions on quantum groups. Part I. Math-
ematical Surveys and Monographs, 56. American Mathematical Society, Providence, RI, 1998.

[SSVZ] B. Shapiro, M. Shapiro, A. Vainshtein, and A. Zelevinsky, Simply laced Coxeter groups
and groups generated by symplectic transvections. Michigan Math. J. 48 (2000), 531-551.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME, NOTRE DAME, IN 46556
E-mail address: mgekhtma®nd.edu

DEPARTMENT OF MATHEMATICS, MICHIGAN STATE UNIVERSITY, EAST LANSING, MI 48823
E-mail address: mshapiro@math.msu.edu

DEPARTMENT OF MATHEMATICS & DEPARTMENT OF COMPUTER SCIENCE, UNIVERSITY OF HAIFA,
HAI1FA, MOUNT CARMEL 31905, ISRAEL
E-mail address: alek@cs.haifa.ac.il



	OWP2011_10Deckblatt.pdf
	OWP 2011 - 10
	M. Gekhtman, M. Shapiro, and A. Vainshtein
	Cluster Structures on Simple Complex Lie Groups and the Belavin-Drinfeld Classification


