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A large-deviations principle for all the components in a sparse
inhomogeneous random graph

Luisa Andreis, Wolfgang Kbénig, Heide Langhammer, Robert I. A. Patterson

Abstract

We study an inhomogeneous sparse random graph, Gy, on [N] = {1,..., N} as intro-
duced in a seminal paper [BJRO7] by Bollobas, Janson and Riordan (2007): vertices have a type
(here in a compact metric space S), and edges between different vertices occur randomly and
independently over all vertex pairs, with a probability depending on the two vertex types. In the
limit N — oo, we consider the sparse regime, where the average degree is O(1). We prove a
large-deviations principle with explicit rate function for the statistics of the collection of all the con-
nected components, registered according to their vertex type sets, and distinguished according
to being microscopic (of finite size) or macroscopic (of size < V). In doing so, we derive explicit
logarithmic asymptotics for the probability that G is connected. We present a full analysis of the
rate function including its minimizers. From this analysis we deduce a number of limit laws, con-
ditional and unconditional, which provide comprehensive information about all the microscopic
and macroscopic components of G . In particular, we recover the criterion for the existence of
the phase transition given in [BJRO7].

1 Introduction

In this paper, we study the inhomogeneous random graph model as introduced in the seminal paper
[BJRQO7], that is, an Erdés—Rényi graph whose vertices have types. We consider the limit of a large
number of vertices and concentrate on the sparse setting, where each vertex has a number of edges
that is of order one. This setting is famous for the emergence of a giant cluster. This phase transition
was detected and characterized in [BJR0O7] with the help of a branching process. We consider the
case in which the type set is a compact metric space, but our analysis builds on the proof for the type
set being any finite set.

In the present paper, we analyze the model from the view point of large deviations in a detailed way.
We go beyond existing results by (1) considering the joint statistics of all the clusters, both microscopic
and macroscopic, (2) registering the types within the clusters (not only their sizes), and (3) giving
a joint large-deviations principle (LDP) for all this information. In particular, we recover the limiting
quantities and the resulting phase transition in great detail, giving a lot of additional information. Our
main results are Theorems [1]and 29| (the LDPs for the type set being a compact metric space and a
finite type set, respectively) and Theorems [9 and [7] where we deduce consequences for the phase
transition. A building block for our study is Theorem which gives explicit logarithmic asymptotics
for the probability of a macroscopic subgraph being connected and which is of independent interest.

The remainder of this section is organized as follows. In Section[1.1]we introduce the inhomogeneous
random graph, in Section [1.2 we present our first main result, the large-deviations principle, and in
Section [1.3 we give an interpretation of the result. Asymptotic results on the connectivity of graphs
are highlighted in Section
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L. Andreis, W. Kénig, H. Langhammer, R.l.A. Patterson 2

The structure of the rest of the paper is as follows. Our second main result concerns consequences of
the large-deviations principle for the limiting behaviour of the model, i.e., conditional and unconditional
laws of large numbers. This relies on explicit variational analysis of the rate function of Theorem|[f]and
it is explained in Section [2, together with the giant-cluster phase transition and a comparison to the
results of [BJRO7|]. Additionally, we explain the deep connection with an important inhomogeneous
coagulation process and derive a solution to a spatial version of the Flory equation. In Section [3| we
focus on the finite type setting and prove asymptotics for connection probabilities and derive results
on multivariate power series (and their link with branching processes). These will play a key role in
the remaining sections. The proof of our main result, the LDP, for a finite type set is in Section (4] In
Section[5, we derive the LDP for compact metric type spaces via a discrete approximation in the spirit
of the Dawson—Gartner theorem. In Section [6l we derive a full characterization of the minimizers of
the microscopic part of the rate function, and in Section [7]we analyze all the other parts of the rate
function.

Let us make some few remarks on the literature. In our earlier work [AKP19], we derived an LDP for
the sizes of all the cluster sizes of the Erdés—Rényi random graph with one type in the sparse setting.
In [AKP19, Section 1.4], we gave a broad survey on known results on such LDPs; summarizing,
there are indeed some results on particular statistics of the graph G, many of which are a posteriori
contained in [AKP19, Theorem 1.1] as special cases. However all these results concern only the
Erd6s—Rényi graph with one type. There is some recent literature on LDPs for various statistics of
different types of random graphs outside the sparse regime, which are by their nature so different
from the setting of the present paper that we do not go into this here. For inhomogeneous graphs
in the sparse regime, there are only a few results in the literature, starting with the seminal paper
[BJRQ7|, which introduced the model and investigated the giant-cluster phase transition in detail.
Furthermore, clusters of critical sizes of order N* with some o € (0, 1) around the phase transition
have been studied for some types of inhomogeneous random graphs in [BvdHvL10], [BvdHvL12]
and [vdH13] under certain moment assumptions on the (scalar) types. Let us finally mention some
results just outside the sparse setting: [CCH20] analyzes the eigenvalues of the adjacency matrix of
an inhomogeneous Erdés—Rényi random graph with vanishing edge probabilities of order > % and

[DE14] studies the probability of the graph to be connected when the edge probabilities are of order
log N
==

1.1 Inhomogeneous random graphs

We are going to define the random graph model that we study in this paper. It is called an inhomoge-
neous random graph in [BJR0O7], while at full length it is sometimes named inhomogeneous random
Erdés—Rényi graph.

Let N € N; we consider a random graph on the vertex set [N] = {1,..., N} and fix a non-void
set S, the type set. We take a type vector x = x™ = (zy,...,2x) € SV and interpret z; as
the type of <. The edges of this graph are undirected and randomly drawn; self and multiple edges
are excluded. The (];7) possible edges are sampled independently. The probability to draw an edge
between two vertices with types 7 and s, is called p, ,; this definesamap p: S x § — [0, 1]. The
resulting random graph is denoted G(/V, x, p) and is called the inhomogeneous random graph on
[IN'] with type vector x and function of probabilities p.

In this paper, we are interested in the limit as N — oo in the sparse case, i.e., in the case where the
number of edges per vertex is of finite order. This is the case if the probabilities p,. s are of order 1/IV.
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A large-deviations principle for all the components in a sparse inhomogeneous random graph 3

Actually, we now impose that they are given by
1
pr,szl/\ﬁﬁ(r,s), r,ses,

where k: S X § — [0, 00) is a symmetric non-negative bounded function, called a kernel. Without
loss of generality, we are from now on assuming that %/{ < 1, and hence (r, s)/N is a probability
forany N € Nand any r, s € S. We will study the graph Gy = G(IV, x, %Ii) in the limit N — oo.

We are interested in the structure of all the component{] of Gy, depending on the types, but not the
indices of the vertices. Hence it is sufficient to consider the empirical measure 1y = % Zfil 0y, of
the type vector x and N p(R) is the number of vertices with type in R C S. We will assume that,
as N — oo, jun converges weakly to a given probability measure 1 on S. One can conceive Gy as
a graph on S where in each point = € S there sit precisely Nux({z}) € N vertices, which are all
distinguished and labelled.

We denote by {Cj }j the collection of all the vertex sets of the connected components of G( N, x, %m)
This collection is a random decomposition of [NV]. Since we are only interested in the statistics of
these components, the labeling of the vertices in a component is irrelevant. Actually, we are even only
interested in the statistics of the types of all the vertices, counted with multiplicity. To this end, we
introduce the type-registering empirical-measure function

Mx P([N]) — MN()(S)? UX<A) = Z(Sﬂﬂz’ (1.1)

€A

where P([N]) is the set of subsets of [N], and My, (S) is the space of finite measures on S with
values in Ny. We call every element of My, (S) a type-configuration and will denote it by k. In words,
nx(A)(R) is, for any set R C S, the number of vertices in A C [N] with type in R. In particular,
nx([N]) = N . We write M () for the set of finite measures on a set X'; the measurable structure
on X will be clear from the context.

We will study the empirical measure of the collection (7x(C;));, i.e., the statistics of how many times
a given type-configuration appears as the type-configuration of a component of Gy. We will pay
particular attention to the scale of the size of the component, more precisely, whether it is finite or it has
a size < N. We will call the first scale microscopic and the second scale macroscopic (macroscopic
components are usually called giant components). Hence, the quantities of interest in our study are the
microscopic and the macroscopic empirical measures of the type-configurations of the components,
which we define as follows:

. . 1
Miy = Miy(x) = & Y Ope) and  May =May(x) =Y 01, ) (1.2)
J J

It is clear that both Miy and May only depend on x through its empirical measure 1. Both Miy
and May are random measures on M (S), i.e., they are elements of M (M (S)). More precisely,
Miy is a measure on the set My, (S) of measures on S with values in Ny, and May is a measure
on the set M(S) of measures on S with values in Ny. Both Mix and May contain precisely the
same information for fixed /V, but in the limit N — oo, Miy asymptotically registers only the micro-
scopic components and Ma, only the macroscopic ones. Indeed, the non-microscopic components
leave the state space My, (S) via the set of measures with unbounded total mass, and the non-
macroscopic ones (with prefactor 1/NV) leave M (S) via the measures with vanishing total mass, i.e.,
via {0}. The topologies that we will introduce below reflect this effect; it lies at the heart of the phase

TWe use “cluster” and “component” synonymously.
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L. Andreis, W. Kénig, H. Langhammer, R.l.A. Patterson 4

transition of the emergence of a giant cluster, which we are also interested here. On the other side,
they are very natural, as they reduce to the pointwise respectively to the usual vague topology for a
finite set S.

The effect of a diverging or vanishing total mass can also be observed in terms of integrated versions
of Miy respectively May. Indeed, observe that for any measurable R C S andany N € N

/ k(R) Miy(dk) = %Zj: /M

According to our assumption that 1y weakly converges towards i, the right-hand side of con-
verges to i(R), as N — oo, if R is a p-continuity set, i.e., if u(0R) = 0. However, the topology
on the state space for Miy will be chosen as the vague one, and in this topology any accumulation
point A of (Miy)nen satisfies a priori only [ k(R) A(dk) < u(R), since the map k — k(R) is
unbounded in general. The same holds for (May ) yen.

KO e (@) = DT (G = v (R). (19

To take into account the possibility of a loss of mass we introduce for any A € M (M, (S)) and any
a € My, (M(S) \ {0}) the measures on S

ex(R) = / k(R) A(dk), R C S measurable, (1.4)
Mi, ()

co(R) = / y(R)a(dy), R C S measurable. (1.5)
M(S)\{0}

We call ¢, and ¢, the integrated type-configurations of \, respectively of c. If one sees A as a (not
normalized) ‘distribution’ of finite subsets of S, then ¢, registers the ‘expected’ total mass of particles
in a given subset of S that appear in this distribution \; an analogous statement holds for «.. The total
masses of ¢, and ¢, are equal to the integrals of k¥ — k(S) under \ respectively under «; they are
< 1 for any accumulation point of (Mix ) yen respectively of (May ) yen, according to the above.

The natural state space containing Miy for any N € N, is the set
L={NE MMy, (S)): cx < porey < pyforsome N € N, A({0}) =0}.  (1.6)

The condition A({0}) = 0 is clearly satisfied by any empirical measure Miy, we could have identified
it indeed as an element of M (M, (S) \ {0}). However for later notational convenience we do not
exclude {0} but we add the constraint A\({0}) = 0. Notice that with this constraint and the conditions
on c(\) any A € L is a sub-probability measure. Any k in the support of \ is a finite and non-zero
point process k = Zz J., with z; € S (with possible repetitions) and stands for the empirical measure
of the types of a vertex set of a component, its type-configuration. Informally, the event {Miy = A}
is the event that, for every k € My, (S), Gn has NA({k}) components with type-configuration k.

The natural state space containing May for any N € N, is the set
A= {a € My, (M(S)\{0}): ca < porcy < py forsome N € N}. (1.7)

One can write o € A as a finite or at most countable point measure a = ¢, on measures ¥,
on S (with possible repetitions). The total masses y,,(S) of the measures y,, can accumulate only
at zero and every o € A is concentrated on the set of sub-probability measures. For each y,, we
interpret Ny, as the type-configuration of a giant component. Informally, the event {May = «a} is
the event that G has, for any n, a macroscopic component with type-configuration Ny,,.

We will be working only with two particular choices of the type set: S as a finite set (equipped with
the power set as topology and as sigma-field) and S equal to a compact metric space (equipped with
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A large-deviations principle for all the components in a sparse inhomogeneous random graph 5

the topology induced by the metric and the corresponding Borel sigma-field). We equip M (S) with
the weak topology that is generated by all the test integrals against continuous bounded functions
S — RR. However, on the sets £ and A, the appropriate topologies for our purposes are the vague
topologies, the ones that are induced by all the test integrals against compactly supported continuous
test functions My, (S) — R, respectively M(S) \ {0} — R. If |S| < oo, then My, (S) can be
identified with NS and vague convergence in M (M, (S)) is the same as pointwise convergence
on M(N5). On L x A we use the product topology. We will show in Lemmathat both £ and A
are compact, hence also £ x A is.

The convergence in this topology is the natural one that reflects the possible loss of mass that we are
interested in in view of the phase transition. The crucial point is that mass of Miy can leak out only
via the unboundedness of k — k(S), i.e., via having larger and larger connected components, while
mass of May can leak out due to the fact that y — y(S) is not bounded away from zero. With other
words, mass of May leaks out only via the zero measure, where every non-giant component leaves.
See Section [5 for details. By the definitions of L respectively .4, the integrated type-configurations c)
and ¢, for A € £ and o« € A are sub-probability measures, while for fixed N € N both Cmiy and
CMay are even probability measures. The total mass one of ¢y, can partially go lost and cyra,, may
not lose all its mass in the limit N — o0. This is precisely the phase transition that we are after.

1.2 The large-deviations principle for the cluster statistics

In this section we formulate the main result of this paper. We assume that S is a compact metric
space.

We need some notation. For any measure v on S and any function x: S X § — [0, 00), we write
kv(r) = [sk(r,s)v(ds). The total mass of a measure v on a measure space X is denoted by
lv| = v(X). The relative entropy of two (possibly non-normalized) finite measures v,V on X is
denoted by

(1.8)

H(v[?) | = |v] + [, v(dz) log %(z), if 4 exists,
v\ oy
+o00 otherwise.

We write (v, f) for the integral of a function f with respect to a measure v, and we write f v for the
measure that has the density f with respect to a measure v.

An important reference measure is the distribution QQ,, of a Poisson point process X on S with intensity
measure v € M(S), then Q, is a measure on My, (S). Note that we do not assume that v has a
density, hence X is not necessarily simple.

We define a function 7 by

k)= Y ] s@ix), ke My(S), (1.9)

TeT (k) {i,j}€E(T)

where (71, ..., 7)) € S/*lis any vector that is compatible with k, i.e., k = lek:ll 0z, and T (k) is
the set of spanning trees on [|k|]. Notice that 7 depends on (1, ...,z ) only through k. We use
the convention that 7(0) = 0, since the sum is empty. As we will see in Lemma up to a factor
of NIklI+1, 7(k) is equal to the large-N asymptotics of the probability that a random subgraph of
G(N,x™N), %n) with a given type-configuration k is connected.

Wesay that k: S x S — [0, 00) is irreducible with respect to a measure j1 € M(S) if
ACSandk =0ae.onAXx (S\A) = w(A)=0orpu(S\ A)=0. (1.10)
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Otherwise k is called reducible.

Here is the main result of this paper.

Theorem 1 (LDP for (Miy, May)). Fix a probability measure . on a compact metric space S and
a kernel k on S x S that is nonnegative, continuous and irreducible with respect to ji. Assume that
x = x™ € SV is such that its empirical measure [N converges weakly towards j1 as N — oc.
Assume that k y is a nonnegative and continuous kernel forany N € N such that Kk converges uni-
formly towards k as N — oo. Let Miy and May be, respectively, the microscopic and macroscopic

empirical measure of the connected components of Gy = G(N,x™, %FL ~), forany N € N, as

defined in (1.2).

Then (Miy, May) satisfies a large-deviations principle with speed N and rate function I defined by

Ia) = Ivi(A) + Tva (@) + Ive(pt — €3 — o)y ifex+ ca < iy
’ 400 otherwise,

where, for \ € L, € Aandv € M(S),
1
hai(A) = H(AQu) — 1 = (A logm) +fea] = [A[ + S en, kg, (1.11)
dy 1
[aa:/ a(d Jog ——m————— ) + = (y, k(e — , (1.12)
() = [ aldy) [(ulos Ty g ) + 3kl — )
1

>+§<V, KiL). (1.13)

Ive(v) = <7/, log i

As in the definition of H in (1.8), we define I\i,(ct) = oo if it is not true that a-almost everywhere
(17;—1% exists. Likewise we define I\.(v) = oo if m(,i_lé# does not exist. We use the convention

thatlog ) = —oo and 0log 0 = 0.

Let us recall the notion of an LDP: Theorem [1| says that (-) is lower semicontinuous and, for any
openset G C L x Aandanyclosedset FF C L X A,

o] : :
lljvrrigfﬁlogPN((MlN,MaN) €eG)> —1IG1fI(-), (1.14)
1
limsup — log Py ((Miy, May) € F') < —inf I(-), (1.15)
N—o0 N F

where we wrote [P for the probability measure under the random graph G . For the theory of large
deviations, see e.g. [DZ10].

An intuitive explanation of Theorem|1|is given in Section The proof of Theorem |]is in Section
It relies heavily on the special case of Theorem 1] for finite sets S, see Theorem [29) whose proof we
present first in Section [4] Our main strategy there is to identify the joint distribution of all the clusters
in G(N,x™ %fﬁv) in a combinatorial way and then to explicitly extract the exponential rates. The
proof of Theorem[1]in Section [5 carries out an approximation procedure of S with finite state spaces
in the spirit of the Dawson—Gaértner theorem.

Theorem [1]is an extension of [AKP19, Theorem 1.1] from the special case 1t = Jy and constant x
(that is, from the standard Erd6s—Rényi graph) to an inhomogeneous Erdés—Rényi graph. Note that
this LDP is also highly non-trivial, interesting, and new in the case of an arbitrary ;1 and constant k,
to the best of our knowledge.
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A large-deviations principle for all the components in a sparse inhomogeneous random graph 7

Remark 2. (Quenched and annealed LDPs) One possible application of Theorem(i]is to the situ-
ation where the vertex types x4, ..., x N are themselves random and independent with distribution
(1t each. Then Theorem(1| can be seen as a conditional LDP given x, sometimes called a quenched
LDP The rate function turns out to be not random and depending only on i.. One can then obtain an
annealed version of the LDP, i.e., when the probabilities are also taken with respect to the vertices
x1,...,TN. The annealing follows from a standard mixture argument when S is a finite set of points;
for general S the construction of a discretization suitable for use in our proof is a delicate matter
that we do not explore here. One possible formulation of the annealed result would be that the triple,
consisting of the empirical measures of the vertices, and Miy and May satisfies an LDP with rate
function equal to (v, \, &) — H(v|p) + 1, (A, «), where we now wrote 1, for the rate function I of
Theorem(1| with v the limiting empirical measure of the type vector (instead of 1).

Remark 3. (Detailedness) We decided to register any component of the graph Gy only through
its type-configuration, neglecting all the information about the internal connection structure. It is a
natural wish to have also a more detailed analysis, for example by distinguishing each component as
a subgraph instead of the type-configuration. From such a refined LDP, one could derive Theorem(T|
via the contraction principle.

For the microscopic components it is indeed not too difficult to derive a refined version of the LDP of
Theorem(1] since for each type-configuration k € My, (S), the statistics of the = N (k) compo-
nents with type-configuration k follow an explicit multinomial distribution. The form of the term T(k)
gives the hint that only spanning trees survive. The macroscopic components are much more involved
and it is not clear which type of structure give the decisive contribution in the limit.

Here is a standard corollary from the LDP in Theorem [1]about separate LDPs for Miy and May.

Corollary 4 (Separate LDPs for Miy and May). Under the assumptions of Theorem(i], the empir-
ical measures (Miy)yen and (May ) ven each satisfy an LDP on L, respectively on A, with rate
functions
i = inf [ =i .
Mi(A) inf (Aa)  and Iya(o) /1\r€1£ I\ «)

The LDP assertion directly follows from the contraction principle (see [DZ10]), since both projections
(A, @) — Aand (A, ) — « are continuous. The identification of the two contracted rate functions
is formulated in Theorem[9land discussed in Section

Remark 5. (LDP for the mesoscopic part) Analogously to the corresponding result in [AKP19], we
could formulate and prove also a corollary about the mesoscopic part of the configuration (Cj) j of
the components of Gy, i.e., about those components whose cardinalities satisfy R < |C;| < eN in
the limit N — oo, followed by R — oo and € | 0. It is clear that we cannot consider the empirical
measure of all these components anymore, but only the empirical measure of the total number of
vertices of a given type in any of the mesoscopic components. Qur conjecture is that (similarly to
[AKP19, Corollary 1.4]), this measure on S satisfies an LDP as N — oc for fixed R € N ande > 0
with a rate that converges towards Iy, defined in as R — oo and e | 0. We abstained from
writing out the details.

1.3 Interpretation of the LDP

Our main result, the LDP of Theorem [1} is highly compressed and contains a number of interesting
results as special cases, so let us comment on the impact and draw some conclusions from it. We

DOI 10.20347/WIAS.PREPRINT.2898 Berlin 2021



L. Andreis, W. Kénig, H. Langhammer, R.l.A. Patterson 8

will restrict here to the large-deviations issues; the limiting issues and the consequences for the giant-
cluster phase transition are deferred to Section

We are examining the probability of the event {Miy = A\, May = «}, asymptotically for large IV,
forany A\ € Land a = Zn dy, € A. Indeed, we want to heuristically argue that one has

PN<MiN = /\7 MaN = a) ~ e—NI()\,a). (1.16)

Recall from Section that this is the event that Gy has ~ N A(k) components with type-configuration
k, for any k € My, (S), and a macroscopic component with type-configuration ~ Ny, for any n.

We can clearly restrict to the case that c), + ¢, < p, since otherwise the number of vertices of some

type in all the microscopic or macroscopic components together would be larger than the number of

existing vertices of that type. However, it might be that the difference v = 1 — ¢\ — ¢, is a positive

measure; this means that there are ~ Nv(R) of the vertices with type in R in mesoscopic compo-

nents for any R C S, e.g., in components with N-dependent cardinalities like log N or N/3, or any

mixture.

Recall that the types of all the vertices of Gy are approximately distributed as % ZZN:1 Op; =
The probability of {Miy = A\, May = a} consists of a number of terms that are more or less
independent, i.e., lead to a sum of exponential rates. These terms are the following:

B a combinatorial term that expresses the number of decompositions of [/V] into the collection of
subsets as above (respecting all the types),

B the probability that each of these subsets are connected (this depends on the type-configurations
k of the microscopic components and on the type-configuration Ny,, of the n-th macroscopic
component, respectively),

B the probability that any two of all these vertex sets are not connected.

The above decomposition is the starting point of our combinatorial analysis in Lemma but the
large-deviations rate terms that we finally obtained are organized and interpreted in a slightly different
fashion as follows.

Let us first consider the microscopic part. The first two terms in Iy;(A), H(AQ,) — 1, describe
the number of labellings of N|c,| vertices into microscopic subsets, according to A and respecting
the type configurations. A priori, it is only notationally convenient to write this as an entropy, but this
interpretation allowed us to make the step from discrete to continuous setting. The next three terms,
— (A, log 7) + |ea| — |A|, describe the probability that all the considered subsets are connected, see
the comment below (1.9). The last term, %(ck, kL), collects the costs of isolating each microscopic
component from the rest of the system.

For the macroscopic part, given a macroscopic measure o = » 4, , the term > (y,,log %ﬂ
comes from the number of labellings of N |c,| vertices into macroscopic subsets, according to v and
to the type configurations. The term — > (y,,, log(1—e™"¥")) summarizes the connection probabili-
ties of all the macroscopic components, see Theorem([15] Finally, for each n, the term (y,,, £ (1t —yn))

is the cost of isolating the macroscopic component from the rest of the system.

In the mesoscopic part of the rate function, we see only the dependence on the measure v of all
the vertices of mesoscopic components, without any information about the components themselves.
Again, the term (v, log g-;) is a result of the relabelling of the N |v| vertices according to the type
configuration, and the integral of — log(xv) with respect to v describes in a summarizing way that
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each of the vertex sets is connected. The term %<I/, ki) represents the cost of isolating such vertices
from the rest of the graph.

1.4 Connectivity of inhomogeneous graphs

On our way to a proof of Theorem [1} we derive some interesting formulas for quantities that are of
general interest in the theory of multi-type Erdés—Rényi graphs. Indeed, in Lemma[31]we give a closed
formula for the joint distribution of the entire collection of the vertex sets of all the components of G .
One important ingredient there is the probability for a given subset of vertices C [/V] to be connected
in G . We give sharp estimates for this probability in Lemma[23]for a fixed type-configuration. Another
crucial ingredient is a sharp estimate on the logarithm of this probability for a type-configuration of
order N, which is given in Theorem In particular, for the connection probability of the entire graph
G, we obtain the following as a consequence of Theorem

Corollary 6 (Connectivity probability of Gy ). In the situation of Theorem[flwith S a finite set, then

1
Nlim Nlog]P’N(g(N, x™, LK) is connected ) = E pirlog (1 — e_(““)r) . (1.17)
— 00
res

Corollary E] holds true even in the case of a general compact metric space S as a consequence of
Theorem/[dl

The question about the connection probability of a random graph has attracted quite some interest.
Let us mention [DE14], which studies for the inhomogeneous random graph the regime where the
edge probability is of order lngVN and proves a phase transition: the probability of the graph to be
connected either converges to 1 or to 0, depending on the parameters ;1 and x (in our notation). In
our case, where the edge probability is of order % we are in the case in which the probability of the
graph being connected is always going to 0. Corollary [f| above identifies the exponential rate of its

decay, which we think is of independent interest.

2 Limiting consequences

In this section we present and discuss the second part of our main results, some consequences of
the LDP of Theorem [1] that imply detailed and comprehensive limiting assertions about the inhomo-
geneous random graph. These results rely on involved variational analysis, using recursive formulas
and elements of combinatorial power series analysis as methods to explicitly construct minimizers.

Like many large-deviations principles, also Theorem [1|implies a law of large numbers. This is par-
ticularly interesting here, since it implies and illustrates the well-known phase transition about the
emergence of a giant cluster that was established in [BJRQ7], and which we record and discuss in
Section There we also reveal our identification and interpretation of that phase transition in terms
of the minimizer(s) of the rate function of our LDP in Theorem [i] In Section we compare to the
description of this phase transition that was given in [BJRO7] in terms of a strongly related multi-type
branching process. Furthermore, in Section we comment on the irreducibility of x and explain
what the LDP looks like if this assumption is dropped. One of our main motivations for the present
work is explained in Section where we map the inhomogeneous Erd6s—Rényi graph on a par-
ticular particle process with a random coagulating mechanism and discuss the consequences of our
results for this process, in particular the phase transition of gelation type, i.e., the emergence of a gel,
a macroscopic particle.
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2.1 The phase transition

We give now comprehensive information about the well-known phase transition of the emergence of
a giant component for the inhomogeneous Erdés-Rényi graph using the LDP of Theorem [1} Indeed,
we derive a detailed picture of all the limiting microscopic and macroscopic clusters, according to their
type-configurations. In this way, we go substantially beyond the work [BJR07], to which we compare
in Section [2.2] below. Unlike [BJRO7], our point of departure is not a multitype branching process, but
the variational analysis of the rate function. This leads us in a natural way to deal with a transformed
Poisson point process, which indeed shows deep connections with the multitype branching process.

We introduce first the minimizing microcluster distribution. Let us fix a kernel k as in Theorem
Recall that, for any measure v on S, we denote by QQ,, the distribution of a Poisson point process on
S with intensity measure v. For ¢ € M(S), we introduce the measure A. on My, (S) by

Ae(dk) = %O r(k)Qy, (dE),  where 6,(dr) = e~ ¢(dr). (2.1)

In words, ). is obtained by transforming the Poisson point process with intensity measure e re() c(dr)
with the function 7. It will turn out in the subcritical case (and is implicit in the following theorem) that
this measure possesses the integrated type configuration ¢, that is, the choice of the measure 6,
implies the crucial property that ¢, = ¢, where we recall the notation ¢, (dr) = [ A(dk) k(dr).

We now introduce an important quantity (which was shown to be crucial in [BJRO7]) that we use for
separating the sub- and supercritical regimes. For any measure v on S, we denote by L2(1/) the
usual L2-space of functions S — R with respect to the measure v. We introduce the operator

Tos DX0) = PO), Taf (o) = [ n(o) ) vidy), 22)
and its operator norm

Yk, v) = Tewll2e) = sup | T fL2(0)- (2.3)
feL?(v): Hf”LQ(u):l

Informally (an argument will follow in Section [3.1), in the special case that the support of v is finite
(i.e., the case of a finite set S), then T}, , can be identified with the matrix (x(r, s)v(s)), ses, and
Y (k, v) is its spectral radius.

Recall the rate function I and the reference measure y from Theorem (1} now we describe its mini-
mizer.

Theorem 7 (Minimizers of the rate function). Suppose that x and ju are as in Theorem[1] then the
following hold.

(i) IfX(k, 1) < 1, then the unique minimizer of I is equal to (X, 0).

(i) If ©(k, ) > 1, then the unique minimizer of I is equal to (A+,d,_+), where the subproba-
bility measure c* is the unique solution to the characteristic equation

e M e(dr) = e pu(dr)  onS, (2.4)

satisfying ¢* < p and ¥(k, c*) < 1.
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In particular,

N—roo {()\M,O) if ¥k, ) <1, (2.5)

Miy, M —
(Miy, May) (Aew, Op—er)  iFE(R, ) > 1.

The proof of Theorem [7]is in Section [/, Most of it is original research, but take from [BJRO7] the
discussion of the solutions of the fixed point equation (2.4), see Lemma|[{6] where we summarize it.

The law of large numbers in (2.5) is a standard consequence of an LDP with a unique minimizer for
the rate function. This is a very precise and detailed formulation of the famous giant-cluster phase
transition in the graph G . Indeed, the following happens with probability tending to one exponentially
fast:

(i) In the subcritical phase X (x, i) < 1, all vertices (meaning all up to o(/N')) are in microscopic
components, more precisely in the unique optimal configuration encoded by \,. That is, for
any k € Mpy,(S), the number of components with vertex set given by k is asymptotically
NS (k) Qg, (dk), with 6,,(dr) = e~"(") ;y(dr). We have ¢y, = i, no giant component
appears, and the number of vertices in mesoscopic components is o( V).

(i) In the case X(k, ) > 1, a unique giant cluster appears with ~ N (1 — ¢*(S)) vertices
and type-configuration asymptotically equal to N (1 — ¢*) with ¢* characterized by (2.4), since
6, = 0.-. The microscopic components are distributed according to the optimal distribution
Ao+, and the number of vertices in mesoscopic components is o( V). Note that this microscopic
distribution is not saturated, that is 3(k, ¢*) < 1, as in the one-type setting [AKP19]. That is,
we encounter a phase transition of explosion type, rather than of saturation type, see Remark
[8land [AKP19, Section 1.6].

Remark 8. (Phase transition: saturation versus explosion) Here is an explanation of the phase
transition in terms of a dynamical process. Consider a process of Erd6s—Rényi graphs in increasing
connection probability, i.e., by adding more and more bonds between the vertices, such that compo-
nents grow. A suitable growth parameter is .(k, c), where ¢ stands for the rescaled type-configuration
of all the vertices; however, we consider >(k, ¢) as a growing function of k, the bond density. As we
explained in [AKP19, Section 1.6], the well-known giant-cluster phase transition (see also the discus-
sion below Theorem |1| below) is an explosion phase transition in the sense that, when crossing the
threshold one, a positive fraction of finite-size clusters merges rapidly into one giant cluster and, at
any time, every cluster keeps participating in merge events. In particular, the total microscopic mass
starts decreasing at the phase transition. In contrast, in condensation phase transitions like the famous
Bose—Einstein condensation first all microscopic components reach their maximal size (the saturated
state), before a macroscopic component, the condensate, appears, and then the microsocopic ones
do not change anymore, but all of the additional mass goes exclusively into the condensate.

Now we give the description of the two rate functions for the contracted LDPs of (Miy)yen and
(May ) ven, respectively, from Corollary 4]

Theorem 9 (Minimizers of the contracted rate function). Suppose that x and j. are as in Theorem|i|
Then the following hold for A € L and for o € A, respectively.

]Mi(/\) + ]Ma(éu—@) ifc)\ S Ly

, (2.6)
o0 otherwise,

Twi(A) = 3251(/\7@) = {
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and
] - La f « S )
Taia(a) = inf I(\,a) = { Ma(@) + (= ca) il < p 2.7)
AeL 00 otherwise,
where for c € M(S)
J(C) _ [Ml<)\0) = <C7 IOg g_;> + %(Cv H(M - C)) IfE(/ﬂv C) < 17 (2.8)
[Mi()\b*> —|—IMe(C— b*) I'fE(/i,C) > 1,
where b* = b*(c) € M(S) is the minimal non-trivial (i.e., not equal to c) solution to
k(c—0")(r)b"(dr) = (¢ = b")(dr), b" <cg, (2.9)

and it holds that ¥(k, b*) = 1.

The proof of Theorem@]is in Section E]for Ty andin SectionforIMa. The above theorem suggests
us a conditional law of large numbers. Informally, if we fix & € A and a sequence of ay € A such
that ay — «. Then, under the probability Py (-|May = ay) we have

N—o00 {)\#—CQ if E(Ra H—= CQ) S ]" (210)

Miy =
N A+ if X(k, 0 — cq) > 1.

Notice that when (K, ;1 — ¢,) > 1, then b* is not equal to pt — ¢, therefore b* + ¢, # 1 and the
missing mass is interpreted as being mesoscopic.

Remark 10. (Conditional limit with saturation phase transition) /n formula we encounter a
phase transition of saturation type in a conditional limit, in contrast to a transition of explosion type
of the unconditional one, see Remark|[8 We refer back to Section for the interpretation. Recall
that Tyia () is the negative exponential rate of the probability of the event {May = «a}. When
Yk —cq) <1, shows that Ty, () = Iva(@0) + Ivi(Au—c.,. ), implying that Py (May ~
a) = Py(Miy = A\, May =~ a)e®N). The interpretation of this is that, conditionally on the
event {May = «}, the non-macroscopic mass optimally organizes according to the microscopic
measure \,_., . In contrast, in the case X(k, |t — ¢o) > 1, from we see that Ty, (o) =
Iva(@) + Ini(Ap) + Ive(pt — co — b*). This means that, conditionally on the event {May =
a}, the non-macroscopic mass cannot be organized fully in microscopic clusters, but it is organized
microscopically according to A, and the remaining vertices, with type-configuration N(u — co —
b*), are put in mesoscopic components. The particular rescaled type-configuration b* is saturated
in the sense that >(k,b*) = 1. This means, given a fixed macroscopic type-configuration, if more
bonds are thrown into the graph, then first all microscopic clusters grow until they reach the saturated
state \y«, and then this is frozen and only mesoscopic clusters grow. The latter effect is present
in literature under the name of frozen percolation, see for example [CRY21, MN14, |\RT" 09, [Yeo18]
and the difference between the two phase transitions is reflected in substantial differences of the
hydrodynamic limit, as we summarize in Section[2.4,

2.2 Comparison to [BJR0O7]: branching-process interpretation

Our description of the limiting quantities that we presented in Section is based on and derived
from our analysis of the minimizer of /. Therefore we found it most suitable to present them in terms
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of transformed Poisson point processes. However, in the analysis of finite-size components of random
graphs, it is common and was often successful to employ well-adapted branching processes for the
description. The main idea is that a component can be efficiently (sampled and) analyzed by exploring
it via such a branching algorithm. This idea was also a cornerstone in the seminal paper [BJR07], and
it produced a description of the limiting macroscopic component in terms of the extinction probability
of a crucial branching process. In this section, we recall this description and compare it to our Poisson
point process description, also including the microscopic components.

The main tool that is utilized in [BJRO7] is a multitype branching process with type space S, in which
each particle of type r € S has offspring with distribution that is a Poisson process with intensity
measure x(r, s) (ds). We define p(r) € [0, 1] as the probability of non-extinction of the branching
process, if it starts with precisely one particle that has type » € S. We summarize the most important
facts from [BJRO7] that have relevance for our comparison as follows (see [BJRO7, Th. 3.1, Th. 3.12,
Th. 6.1, Th. 9.10]).

Theorem 11 (Existence of a giant component, [BJRO7]). Suppose the situation of Theorem(]is given.
Abbreviate Gy = G(N,x, ~ k), then the following hold.

() p: S — [0, 00) is the maximal solution of

p=1—e Trur, (2.11)

(i) 1fX(k, 1) < 1, then the largest component of Gy has size O(log N) as N — oo with high
probability.

(iii) If X(k, ) > 1, then the largest component Cy of Gy has size < N. More precisely, its
normalized empirical measure %nx(cl) (recall (1.1)) converges weakly towards the measure
p(r) p(dr), and p is positive ji-almost everywhere in S.

Part (iii) identifies the limiting type-configuration of the giant component as /N times the measure with
density p with respect to y, and part (i) characterizes p via the functional identity (2.17). It is easily
seen to be equivalent to the characteristic equation that we use via the substitution p(7) p(dr) =
p(dr) — ¢*(dr) or ¢*(dr) = (1 — p(r)) p(dr). In our analysis of the minimizer of 7, arose via
the Euler—Lagrange equations, while emerged in [BJRO7, Lemma 5.4] via a standard formula
for mixed moments of the offspring of the branching process (which itself uses standard Poisson point
process theory).

The statement in part (ii) about the order of the largest component is out of reach of our large-
deviations ansatz, which implies that all but o( V') vertices are in components of finite size.

About the distribution of the microscopic clusters of G, however, there is no explicit result contained
in [BJRO7]. However, we can give a description in terms of the above branching process as well. We
derive this description now from our form of the minimizer \,, defined in (2:3). Let =(dr) be the total
progeny of type 7 of the branching process; then = is a random measure on S. Then, if P,. denotes
the measure if the process starts from one individual of type 7 at time 0, we have

w(dr)P,(Z € dk) = A\, (dk) k(dr), k€ My, (S)\{0},r €S. (2.12)

In Remarkwe explain this relation in the setting where S is a finite set. In words, the empirical
statistics of the microscopic components in G in the subcritical case approximate the distribution of
the total offspring of the characteristic branching process.
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2.3 The reducible case

Let us briefly comment on the case where the kernel x is reducible with respect to 1, i.e., S is com-
posed of least two irreducible classes (maximal irreducible subsets). Then the graph G decomposes
into disconnected subgraphs with types in only one of these classes. Accordingly, the collection of all
the connected components can be decomposed into collections for each subgraph. In principle one
can apply the LDP of Theorem[{]to each of the micro/macro empirical measures of the subgraphs.
However, one might have the wish to have a joint LDP for the entire collection. Here one might ex-
pect that the same LDP holds true, and the decomposition into the subgraphs reappears in the rate
function in a natural way.

It turns out that this expectation is not disappointed, as it concerns the microscopic part, but is dis-
appointed for the macroscopic part. Actually, the formulation of the LDP slightly changes. The main
point is that two macroscopic components can very cheaply be connected to form a significantly
larger macroscopic component, just by throwing in one connecting edge, which cannot be seen on
the exponential scale. Hence, the macroscopic part is very unstable on the exponential scale under
adding edges. This argument fails for the microscopic part, since here we are talking now about < N
independent copies of a component of a finite size; if one wants to connect them such that the micro-
scopic statistics change, then one needs to change < N edges, whose probability is clearly seen on
an exponential scale.

As a consequence of this effect, we will see that the rate function is finite only if the macroscopic
measure o = Zn d,, is such that for each n the rescaled type-configuration y,, is supported in one
of the irreducible classes. To be precise, we say that a measure y € M(S) is connectable (with
respect to x and ) if its support is contained in an irreducible class. Furthermore, a measure o € A
is called connectable if each of its atoms is connectable.

For the microscopic configurations A connectability is implicitly ensured by the fact that the measure
A has to be absolutely continuous with respect to 7 Q,, in order to have a finite value of the rate
function; notice that 7(k) = 0 if supp(k) is not concentrated on a irreducible class of S. We also
have to restrain to a sequence of random graphs that are defined with respect to the same kernel x,
rather than an approximating sequence Ky, since each x might be irreducible.

Theorem 12 (LDP in the reducible case). Suppose the setting as in Theorem([1] with the only excep-
tion that the kernel k = Kk on S X § is now assumed to be reducible, and that S is equal to the
support of ;.. Then (Miy, May ) satisfies an LDP with rate function I defined by

T(A,a) _ {I()\,a), if v is connectable,

+0o0 otherwise,

where I is as in Theorem[l

The proof follows in a straightforward way from our results, see Remark [36| for the finite type case.
The intuitive reason is that, for « that is not connectable, on the event {May =~ «}, there is a
macroscopic component who has two non-trivial parts (i.e., each with < N types) in two different
irreducible classes, even though there cannot be any edge between these sets. Hence this event has
the probability zero.

We made the choice to state the theorem under the additional assumption that S corresponds to the
support of 1. If this was not the case, one could still approach a not connectable measure y € M(S)
with a finite exponential cost if, for each finite [V, the support of y is contained in an irreducible class
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of x with respect to 1", The proof would anyway be an extension of our finite type case results, but
it is out of our scope to cover this particular framework.

2.4 Motivation: an inhomogeneous coagulation process

With the present work, we actually continue our study of random particle models with coagulation in
the light of large-deviation arguments initiated in [AKP19]. Indeed, we make here the first step towards
a spatial model.

The model that we are interested in is the following. Fix /N atoms 1, ..., N atthe locations x1, ..., Tn
in a compact metric space S. We consider a Markov process in continuous time on the set of parti-
tions of [N] = {1, ..., N'}. Starting with the monodispersed configuration M (0) = ({i})c|n), at
any time any two subsets A, B in the current partition are replaced by their union A U B after an
exponentially distributed random time with parameter

1
N Z /ﬁ(i[}i,[Ej), (213)

i€A,jeB

where a symmetric k: S X § — [0,00) is given. All these random times are supposed to be
independent. If M (t) denotes the partition at time ¢, then M (s) is a refinement of M (t) for any
s < t. Hence, the number of elements of M (t) is a non-increasing (random) process starting at V.
The special case of a singleton S and x = 1 (the homogeneous case) is the case of the Marcus—
Lushnikov model that we studied in [AKP19]. There we also explained how the Erdés—Rényi model
can be mapped onto the Marcus—Lushnikov model, and this works also in the inhomogeneous setting.
Indeed, to any unordered pair {7, j} C [N] with i # j we associate an exponential random time
e(i, j) with parameter (2, ;). These random times are independent and we put a bond between
i and j as soon as ¢(i, j) elapses. At a fixed time t € (0, c0), this graph has the distribution of the
inhomogeneous random graph G; v = G([N], (x1, ..., xN), ]ivmt,N) with type space S and

ken(r, s) = N(l — e_%t”(r’s)), r,s€eS.

Notice that the random partition M (t) of the above coagulation model is equal in distribution to the
collection (C;); of the vertex sets of the components of G, n. The two main reasons for this fact are
the memorylessness of the exponential distribution and the property that the minimum of independent
exponential times is also exponential with a parameter that is the sum of all the parameters. The only
difference between the two models is that the graph model registers all the bonds that arrive within
each of the components (and do not change anything in the connectedness), while the coagulation
model just registers that a given set is connected.

We are interested in an LDP for the micro and the macro empirical measure of the partition sets of
M (t) in the limit N — 0o, assuming the initial locations of particles are such that +; SN O, = 1
for some measure 1 on S. Since K,y — tk, Theorem [1| applies also to the above inhomogeneous
coagulation process under the appropriate assumptions at a fixed time ¢. Furthermore, from Theorem
we obtain that the process (M (1))¢cjo,00) has a phase transition at the time

1
S(ky )’

and we have a limiting distribution of the empirical micro and macro measures. This phase transition
is of explosion type, as described in Remark |8, and in the coagulation literature is usually called

te =
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gelation. Further consequences for the limiting distribution of M (t) as N — oo follow in a natural
way, but we refrain from writing them down.

Interestingly, we can deduce that the minimizing process of microscopic cluster sizes satisfies the
multitype version of the Flory equation, which is a modification of the well-known Smoluchowski equa-
tion. This is formulated as follows. We think of an inhomogeneous deterministic coagulation process
(At)iejo,00), CONCeived as a process in L. Each particle & € My, (S) consists of k(S) atoms,

k({r}) of which have the type  for any r € S. Coagulation is nothing but addition of measures in
this formulation, i.e., two particles k and k coagulate to a particle k + k. The kernel of this process is
given as

K(k,k) = (k, kk) = / k(r,s) k(dr)k(ds),  k k€ My, (S).
S2
Then the weak formulation of the Flory equation is, for any test function f € C.(My,(S)),

d 1

dt Mg (5) f(k) N(dk) 25/ . f(k+ kK (k, k) \(dk)X\(dE)

— / FR)K (k, k) A(dk) M (dR) (2.14)
M, (S)

- / FOVE () A(dB) (Mo — A)(dlF),
M, (S)?

where \o(dk) = fs p(dr) ds, (dk) is the initial condition, which expresses that 1 is the atom type
distribution. In words, the time-evolution of ()\t)te[o ) is described by saying that any coagulation of
two particles k and k (i.e., replacement of k£ and k by k+ k) happens W|th rate K (k, k) In our model
the last term in the right-hand side can be rewritten as — fMNO(S) Yk, k(e — cn,)) Me(dk). It
captures the interaction between the microscopic particles and the gel (the macroscopic mass) once
it forms.

See [NZ11] Section 3] for a mathematical discussion of the (well-known) homogeneous version of
the Flory equation and [Nor00, Section 2] for an introduction of the inhomogeneous version of the
equation. We now identify a solution (A¢)sc[0,00) to 2-T4).

Lemma 13 (Solution to the Flory equation). Assume that S is a finite state space and r an irreducible
nonnegative symmetric matrix on S. Let \o(k) = >, s fir 05, (k) and fort € (0, 00), define \; to
be the first component of the minimizer appearing in Theorem[7 with  replaced by tk.

Thent — ) is a solution to the Flory equation (2.14) on [0, 00).
The proof of Lemma|13] as well as an explicit expression for (\;);>o, is given in Section [7.4] We are
confident that Lemma[3]is also true in the general setting of Theorem

The Flory equation is closely related to the Smoluchowski equation, which we write in its multitype
version:

d 1
= F(k) M(dk) ==
0 oo s (k) Ad(dk) =35

— / FR) K (k, k) A (dk) A (dE).
Mu, (S)

/ Flk + B)K (k, k) A\ (k)N (dE)
My, (8)?
(2.15)

The Smoluchowski equation only considers the microscopic clusters, that is, it excludes any interac-
tion with a possible gel, which we see in the third line of the Flory equation (2.14). The solutions of
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equations and coincide until the gelation time t. = 1/3(k, i), after which differences
appear. At the level of the underlying stochastic microscopic models this difference is seen in terms of
the type of the phase transitions, as cited in Remark|8] The microscopic models of frozen percolation-
type, as in [CRY21, MN14, |RT709, [Yeo18], correspond to (2.15), while models like ours correspond

to (2.14).

3 Connection probabilities and the characteristic equation

In this and the subsequent section we will exclusively deal with the finite type case, i.e., we assume
that S is a finite set. We assume that k = (k(r, s)), ses € [0, 00)°* is a nonnegative and symmet-
ric matrix. For any N € N, let k be another such matrix, and assume that x converges pointwise
to x as N — o0o. We write vectors y € R® as (y,), and (a, f) = >, a,f. for the integral of a
function f with respect to a measure a on S.

Let k € N§ and letx = (1, . .. ,Tik|) € SI¥ be a type vector which is compatible with &k, meaning

that Z‘Zk:‘l 0, = k. The aim of this section is to understand the asymptotic behavior of the connection
probability of the graph G(|k|, x, + ) given by

pn(k) =P(G(|k|,x, L rn) is connected). (3.1)

It will be crucial to distinguish between the following two cases. In the first case, we keep k € N‘g
fixed, whereas N — oo. We will refer to py (k) as the connection probability of a microscopic

cluster. In the second case we consider a sequence k™ € N§ and assume that for any s € S the
. (V) . . -
limit 1im o0 kT = y, exists and the vector y = (¥s)ses is non-trivial. In that case we refer to

pn (k™) as the connection probability of a macroscopic cluster.

It will be easy to see that the connection probability of a microscopic cluster is asymptotically close to
the cost of connecting the cluster via a spanning tree. Let us recall the combinatorial quantity 7 that
collects the weight of all spanning trees. For k € N‘g we defined

mey=Y_ ] sz, (3.2)

TeT (k) {i,j}eE(T)

where x € S!*I is compatible with k& and 7 (k) is the set of spanning trees on [|k|]. By 7y we
will denote the same quantity, but defined with respect to the kernel <. The following lemma is an
immediate consequence of Lemma[23|that we will prove in Section

Lemma 14. Fix k € N§. Then, as N — oo,

pn(k) = N~F=D70(B) (1 + o(1)). (3.3)

Understanding the asymptotics of the connection probability of a macroscopic cluster is much harder.
Most of this section is dedicated to the verification of the following result, which is the multi-type
version of a result from [Ste70], see [AKP19, Lemma 2.4].

Theorem 15 (Asymptotics of the connection probability of macroscopic clusters). Fixy € [0, 1]5 \

, (™)
{0}. Let {k™} yen be a sequence in N§ such that limy_,o. *—~ =y, forallr € S and assume
that {k{"™} N is bounded in N for all r ¢ supp(y). Further, assume that 7(k™)) > 0 for all but

finitely many N € N. Then

1 B
A}gnoo N log pn (K™)) = Zyr log (1 —e ") € [—00,0]. (3.4)

res
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We use the convention 0log 0 = 0 andlog 0 = —o0.

The assumptions that {k{" } s is bounded for all » ¢ supp(y) and 7(k™)) > 0 for aimostall N € N
are only needed for the lower bound in (3.4). If the right-hand side of is not equal to —oo, then
the assumption on 7 (k") is crucial for the lower bound, since it implies that p (k) > 0 for all but
finitely many N. Note that if y > 0 on S and « is irreducible with respect to y, then both assumptions
for the lower bound are satisfied.

Roughly, the idea of the proof is to construct a larger graph that contains with high probability a
macroscopic component k%) In order to choose the right parameters for the larger graph we have to
understand a certain characteristic equation that describes how a graph will split into several micro-
scopic clusters and a macroscopic one.In Section [3.1| we investigate the characteristic equation from
the point of view of the microscopic clusters, more precisely, from the point of view of weighted trees
and their generating function. In Section[3.2|we provide the asymptotics of the connection probabilities
for the two cases.

3.1 The characteristic equation and tree combinatorics

In this section we discuss a power series representation of the solution of fixed point equation (2.4) in
the finite type setting. This will be crucial both in the proof of Theorem [15|and in the analysis of the
minimizers of the rate function in Section

We rewrite the equation in the following way. Fix v = (v4)ses € [0,00)5. We say that v* = (V) ses
is a solution to the characteristic equation with respect to v if

vie s — pems e S (3.5)

S

Recall that this is equivalent to the characteristic equation that was studied in [BJRO7] via the
substitution v = pand p = 1 — %. However, we will need equation on different occasions
and for several choices of v. Note that any solution v* to is necessarily non-negative and for
any s € S we have that v} > 0 if and only if v, > 0. Also note that v itself is always a solution.
Whether there exists a non-trivial solution v* (i.e., v* # v) or not will turn out to depend on the

quantity >(k, ), introduced in (2.2) and (2:3):

S(5,0) = Tl = sup { T 1 f € 0,00), 1l =1}

2\ 1/2 (3.6)
= sup{(ZVT<ZI€(T,S)f(S)VS> ) . f€[0,00)%, Zz/rf(r)Q < 1},
res s€eS resS
where we write || - ||,, for the norm on L?(R®, v/) and also for the corresponding operator norm. We

note that X(k, /) is equal to the spectral radius of the matrix 7)., = (k(7, s)Vs),scs, as is seen
from an elementary analysis of (3.6), also using Frobenius eigenvalue theory. Indeed, the variational
equations for the maximizer f in (with >~ v, f(r)? = 1 instead of < 1) say that f is a positive
eigenvector of the matrix T,f,l,. Since also the (up to positive multiples, unique) positive eigenvector
of T}, is a positive eigenvector of T,f,y, we have that f is the Frobenius eigenvector of 7}, ,. The
corresponding Frobenius eigenvalue, i.e., the spectral radius, is equal to X (k, /).

Another elementary application of Frobenius eigenvalue theory yields that the map v — X(k, v) is
non-decreasing with respect to componentwise ordering.

Now we cite the results from [BJRO7] regarding the solutions of the characteristic equation.
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Lemma 16. Letv € [0, 00)°.

(i) If¥(k,v) < 1, then the only solution v* to the characteristic equation (3.5) satisfying v* < v
is given by v* = v.

(i) If X(k,v) > 1, then there exists a solution v* to (3.5) that satisfies v* < v and v* # v.
If additionally k is irreducible, then v* is the only solution to (3.5) that satisfies v* < v and
v* % v. Further, ¥(k, v*) < 1.

Proof. See Theorem 6.2 and Theorem 6.7 in [BJRO7] and substitute p = 1 — *. O

dv

Our aim is to verify the following.

Proposition 17. Letv € [0,00)°. Then foranyr € S

(kv) k:

S orkk [ (vee” = (3.7)

keNS seS

where v* is the smallest solution to (3.5).

The result of Proposition will be used in Section to derive the asymptotics of the probability
that a macroscopic set of vertices is connected. Further, it will be used in Section [g]to optimize the
microscopic part of the rate function. The left-hand side of equation (3.7), when divided by v, is
equal to the extinction probability of the branching process that we mentioned in Section This
observation, together with additional results from [BJROY]|, is already enough to prove Proposition
However, we will provide a different proof that mainly uses the structure of the power series and
additionally gives us a refined control of the convergence of the series, thanks to the estimates given
in Lemma[20] They will be used later to bound probabilistic terms that we derive from components of
mesoscopic sizes, but also in Section [] where we need uniform convergence for a certain family of
power series.

We now prepare for the proof of Proposition We define a function I' = (T',),cs: [0,00)° —
[0, 00)S by putting, for @ = (6,).es € [0,00)°,

Lo(0) = Y 7(k)k H 7€ €[0,00] forreS. (3.8)

keNS seS

The idea of the proof is to show that § — I'(6) is the inverse of the function v — 6(v) := ve™"" on
the domain {v[0,00)%: X(k,v) < 1}. It turns out that this is an easy example of a technique known
as Lagrange inversion, where directed trees are used to extract the variables of a power series, see
[JKT19| JKT21] for more general results on this topic. The relation of our combinatorial quantity 7 to
directed trees is given in the following lemma. The second statement will be useful to derive a criterion
for analyticity of the power series defined in (3.8).

Lemma 18. Letk € N§ andr € S. Then the following holds.

1 Let ?T(k) denote the set of directed trees with vertex set {1,...,|k|}, root of type r and

edges directed away from the root. Then

T(k)k, = Z I stz (3.9)

TeT- (k) (LI)EE(T)
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2 Write Sy := supp(k) C S and ?T(So) for the set of all directed trees with vertex set Sy, root
vertex given by v and edges directed away from the root. Then

7(k)k, = (H(ﬁk)’;s—l) x A (k) (3.10)

sESy

where

A (k) = Z H Kk(s, 8" )ks. (3.11)

AETH(Sp) (5:8")EE(A)

Proof. (1) Given some vertex i € [|k|] of type r, we can turn any undirected tree from 7 (k) uniquely
into a directed tree that has vertex ¢ as its root by giving to each edge the direction away from the
root. For each undirected tree 7" in T (k) there are k, ways to choose the root, hence the weight of
T appears k, times on the right-hand side of (3.9).

(2) We use the formula derived in [BM14}, Theorem 2] with =, := k(s,s’) = k(s', s). Note that
in [BM14] the edges of the trees are directed towards the root. Adapted to our notation their formula

reads as
ST sls,)#LO: mmem=t < <H(/<;k)’§sl> x A (k). (3.12)

TE?T(/‘J) s,8'€Sp s€So
By (3.9) we have that

k= S TI sea) = S0 T s s)H: mmsam,

TE?T-(k‘) (17J)€E(T) Te?r(k) S,SIESO

so together with (3:12) we have proven equation (3:10). Note that in the case r ¢ S, we have that
+(S0) = 0, so both sides of (3.12) are 0. O

Lemma 19. IfI" is analytic in @ (i.e., I, is analytic in 0 for allr € S), then forallr € S
['.(0) = 0, exp ((k1'(0))) - (3.13)

Proof. Using formula we can rewrite the power series using directed trees. Given a tree 1" in

(k) and some h € N we say that a vertex i € [|k|] is of parent-type (r,h) if i is of type
r and points to exactly h, vertices of type s for any s € S. In that case, its weight is defined by
w(i) = [Tacs #(r,s)* =: g, The weight of the tree T is defined by w(T) := [[*, w(4).
Defining g, (x) = ZheNg Grn [ ses ﬁl—hé, for z € RS, we can apply the multinomial theorem to see
that g, () = exp{ (k). }. Althogether, we have that

Loy =Y (3 wm) 1%

S
kENS T (k)

which is an exponential generating function, evaluated in € RS and shall be understood as a formal
power series. We now cite a fact from [Ges87] (see the proof of Theorem 1):

L) =0, > gen || M =0,9.(U(9)), r€S, (3.14)

hy
heNs seS
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where all equations denote equality of formal power series, i.e., we have equality of the coefficients
of 6. In particular, I',.(¢) might be infinite. However, by our assumption that I is analytic in 6,
equation holds in the usual sense, i.e., all series in converge absolutely. Recalling that
gr-(z) = exp{(kx),}, we have verified that holds.

The idea behind proving is to decompose the set of trees with root of type r into sets of trees
with root of parent-type (r, h) for each h € N5 For fixed h € N§, one then decomposes a tree with
root of parent-type (r, h) into a single vertex of type r and exactly i, many trees with root of type s
for each s € S. By studying how this decomposition affects the exponential generating function, one
obtains the formula. O

Next, we derive a criterion for analyticity of the map 6 +— I'(0), i.e., about the domain of convergence
of the corresponding power series. We need to introduce the quantity

X(k,0) = inf {<U, log

v

(kv)6

>:veM1(8),v<<0}, (3.15)

where M, (S) denotes the set of probability measures on S. One can easily see that § — x(x, 6)
is lower semi-continuous.

Lemma20. 1 Foranyf € [0,00)° andr € S,

ks :
Z 7(k)k, H k;s' = oMW nx(x0)—1] n — oo. (3.16)

keNS : |k|=n sES

2 Fix0 € [0,00)%. If x(k,0) > 1, then forany r € S the series T, defined in is analytic in
0. If on the other hand x(k, 0) < 1, thenT'.(0) diverges.

3 Forarbitrary v € (0,00)% and 0,(k, V) = vee™"™)s, s € S, we have that
X(k,0(k,v)) = X(k,v) —logX(k,v) > 1 (3.17)

with equality if and only if ¥(k,v) = 1.

Proof. (1) We will use the identity (3.70) from Lemma Let n € N. We write M{"(S) for the set
of all probability measures v on S satisfying nv € N5. For any k € NS with |k| = n we substitute
k = nv to get

ORI | ED SR (N | QRGN | | fmn

|
nv,)!
keN§ : |k|=n s€8 " ° vEMgn)(S) s€supp(v) seS ( S)
- Z eO(n)n_|SUPp(v)|en [1_25 vs log (K;})ﬁ] A'r’ (n’U)a
vem{(s)
where we used Stirlings formula N! = NVe Ne®N) as N — o0 and assumed throughout that

k < fand v < 6 respectively. Note that | M{”(S)| = €™ and that the terms n =¥l and A, (nv)
are only polynomial in 7, thus also of order e(". Collecting everything, we arrive at (3.16).

(2) As a consequence of (1) we get the following. If x(x,8) > 1, then the series I',.(0) converges
and since the mapping ¢ — x(k,0) is lower-semicontinuous, we get that I',. is analytic in 6. If
X(k,0) < 1, then I',.(0) diverges.
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(3) Put () = xlog x for x > 0. Inserting the definition 6, () = v,e™(")s, s € S, we can estimate
forany v € My(S)

<v, log (/W)Um> = <v, log ﬁ> + (v, k) = (v, KV) TEZS (<i?E;T¢((HS;TVr> + (v, kv)
> (v, HU>¢<<§T;:>) + (v, k) = —log(v, kv) + (v, Kv)

where the estimate is due to Jensen’s inequality applied to the convex function ¢. Further, we used
the fact that v is a probability measure and the symmetry of k. Since ¢ is even strictly convex, the
application of Jensen’s inequality gives an equality if and only if v is such that the map S > r +—
v, /((kv),1,) is constant, i.e., if there is some a € R such that (kv), = a®= forany r € S.
Clearly, a > 0. It follows that (1, sv) = a and that w = (v, /1;,),es is an eigenvector of the matrix
T = (K(r, s)vs),ses with eigenvalue a. Our assumption v > 0 and the irreducibility of x imply
that 7., is also irreducible. Hence the Perron—Frobenius theorem gives that, if @ would be smaller
than the spectal radius X(k, v/) of T, then w could not be non-negative, implying that v = (w1
would not be in M1 (S). Hence, a is necessarily equal to ¥(k, /) and equation holds. Since
x — 1 > log x holds for any x > 0 with equality if and only if z = 1, the rest of the statement in (3)
holds.

O
Now, we can give the proof of Proposition

Proof of Proposition[17} We will proceed in three steps and weaken the assumptions on v gradually.

(1) Assume that v € (0, oo)S and that « is irreducible with respect to v. Consider the case X(k, ) #
1, then by Lemma [20| we have that x(rx,6(v)) > 1 and thus for any r € S the power series I',.
defined as in (3:8) is analytic in §(/). Applying Lemmal[19|and using the definition of (/) we get that

vrexp(—(kv),) = 0,.(v) =1 (0(v)) exp(—(T'(0(v))),) (3.18)

forany € S. In other words, I'(6(v/) ) is a solution of (3.5). Now, Lemmal[i6]gives that v = T'(0(v)) if
Y (k,v) < 1 and the claim follows. If ¥(k, ) > 1, then by Lemmathere exists (a strictly positive)
v* < v, v* # v, solving equation and satisfying (s, v*) < 1. So, I'(8(v)) = I'(8(v*)) = v*
follows by applying the previous case.

Now, consider the case X(k, v) = 1, which is equivalent to x (#(v)) = 1. Let v™ 7 v, in particular
Y(k, ™) < 1 for all n. Then by Fatou’s lemma and the first case we get that for any r € S

ks (n) )ks
L0w) = > vk ][] 95{” ,) < lim inf > )k % = liminf 1" = v,
keN§ s keNg§ s

(3.19)
Put v* := T'(6(v)) and assume towards a contradiction that v* # v. Then there exists s € S
such that v¥ < v and by irreducibility of ~ there exists at least one s’ such that x(s’,s) > 0,
and thus k(s', s)v¥ < k(s', s)vs. Hence the Perron—Frobenius theorem implies that X(x, v*) < 1.
Therefore the power series is analytic in (1), so by Lemma [19| and the definition of §(r) we get
that v* exp(—kr*) = vexp(—kv). Applying Lemma [16] yields »* = v in contradiction to our
assumption.
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(2) Letv € (0, oo)s and an arbitrary <. Then we can decompose & into disjoint sets .S;, j € J, such
that k) = K’ijsj is irreducible with respect to v = y|5j forany j € J. Forany j € J we can
apply (1) to get that

Q) = Z k)k, H

keN; S s€S;

I/(J) _(H(J)V(J)) ) é)

=v res;, (3.20)

where /%) solves equation (3.5) on ;. Observe that if k& € N3 is such that supp(k) ¢ S; holds for
any j € J, then 7(k) = 0. Consequently for fixed  and j such that r € S; we get that

L (0(v)) = T2(0()) (3.21)

where we also used that (k) = (k?VvY), for s € S; holds by construction. Define v* = (V:)SES
by putting v/} := v{*? if s € S;. Then it is easy to verify that v* is the smallest solution to (3.5).

(3) Let v € [0,00)°. Observe that for ¢ supp(r) we have I',(6(v)) = 0. The rest follows by
restricting to supp(») and applying (2). O

Remark 21. Connection with branching processes. For the reader who is familiar with the results
and techniques used in [BJRO7], a natural question that arises is about the connection between the
power series that we study in Proposition[17] and the multi-type branching process that is used in
[BJRO7] to explore the clusters of the random graph, as we mention in Section Indeed, both
objects carry the same information, as is shown in the following lemma.

Lemma 22. Fix v € (0, oo)S . Let X be a multi-type branching process, where the individuals are
equipped with types from S and an individual of type r € S gives birth to a number of individuals of
type s € S that is Poisson distributed with parameter k(r, s)vs, independently for each s € S. Let =
be the vector in N‘g that counts the total progeny of the process X according to their types. Forr € S
let P,. be the probability measure under which X starts with one single individual of type r. Then

(Vsef(m/)s )ks

T ., keN;. (3.22)

seS
We omit the proof of the lemma, which comes from combinatorial manipulations and properties of the
Poisson distribution of the offspring.

As a consequence, the result of Proposition[17] can be reformulated in terms of the branching process
X. If p;. denotes the probability that the process X goes extinct under P,., then

s S

=> P(E=k VZ kHVS " . res. (3.23)

keN§ keN§ s€ES

Furthermore, by substituting p* := ”7 the statement of Proposition is equivalent to the fact that
the survival probability p = 1 — p* is the maximal non-negative solution to

p=1— ¢ )

as stated in Theorem[11l

Recall that, in the single-type case |S| = 1, the right-hand side of (3:22) is identical to the Borel
distribution on Ny. Hence, we call it also in the general case where S is a finite set the multi-type
Borel distribution and denote it by Bo,. ... It is a probability measure on N‘g if and only if p* = 1.
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3.2 Asymptotics for the connection probability

Using the results from Section we can now study the connection probabilities for microscopic and
macroscopic clusters, respectively. The first result for the microscopic clusters is elementary and uses
well-known arguments. The result formulated in Theorem [15] concerning the connection probabilities
of macroscopic clusters is, to the best of our knowledge, a new one and might be of independent
interest in the theory of random graphs.

Recall the definition of 7(k) from (3.2) and that x € [0, 00)5*% is the limiting matrix of the sequence
kn as N — oo. We define 7y (k) as in (3:2) with respect to « instead of k. We will assume that
kn(r,s) < N forany r, s € S, which holds in the finite type setting if N € N is large enough.

Lemma 23 (Bounds for the connection probability of microscopic clusters). For any N € N and

k € N?,
2
[ pn (k)
1— 0 < — 7 < 1. 24
( N = Ny () = (824

Proof. We start with the upper bound. For 7" € T (k) we denote by {21 the event that the edge set
E(T) of T is contained in the edge set of G(|k|,x, xn). Since G(|k|, x, ~ k) has to contain at
least one spanning tree in order to be connected, we have

Q) < iy (@ 25) (1 a 2
p-r( U o)s T ren- ¥ I el (1
TeT (k TeT (k TeT (k) {i,d}eE(T)

where we used the fact that each 7" € T (k) has exactly |k| — 1 edges.

Now we continue with the lower bound. For 7" € T (k) we denote by QT the event that the edge set
of G(|k|,x, wrn) is equal to E(T'). Note that the events Qr, T' € T (k), are disjoint and therefore

pn(k) > Y P(Qr) = Z( I1 W)X 11 (I_W)

TeT (k) TeT (k) MijreE(T) {6 ¢ B(T)

(1-1 ) “g%)“mw
(-5 ()

Now we turn to the proof of Theorem [15, which comes as a consequence of the following Lemmas
. l 28| The intuitive idea of the proof is to embed G(|k™|,x, 1) in a larger random graph with
vertex set given by some m™) € N§ such that the component k:(N) appears with high probability as
the typical giant component in this graph. We make heavy use of the expansion in Lemma [24] which
is a straight forward multi-type generalization of equation (4) from [Gil59].

v

Vv

O

Lemma 24. Fixm & N‘g andr € S such thatm, > 1. Then the following formula holds

= 2 MG I 0-252" e

hENg: e,<h<m SES s,8€S
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Proof. Consider the graph G(|m|, x, k) where x is a fixed vector compatible with m. Fix a vertex
i € {1,...,|m|} of type 7. For fixed h € NS with e, < h < m denote by Q2(h) the event that
the connected component containing 1 is given by some set C' C {1, ..., |m|} that contains exactly
hs vertices of type s for each s € S. We claim that the summand on the right-hand side of
is the probability of {2(h). Indeed, there are [] . ¢ (ZL:(?:S) possibilities to choose a set C' \ {i}
from {1,....|m|} \ {i}. The probability that C' is the connected component containing vertex i is
given as the product of px(h), i.e., the probability that it is connected, and the probability that no
edge exists between C' and its complement {1,...,|m|} \ C, which is easily seen to be equal
to [T, 5es(l — £vle:8) yha(ms—hs) - Equation follows by the observation that the events Q(h),
e, < h < m, form a decomposition of the underlying probability space. O

The idea is now to pick m = m™’ in such a way that the summand for h = k) is maximal, such
that, on the exponential scale, the right-hand side of can be replaced by just this summand. It
will turn out that the correct choice is m™) ~ Nv with v, = y, /(1 — e~ ")) for r € S. Intuitively,
this choice of v comes from inverting equation (2.11): indeed one can see that y = pv where p solves

p=1—eTxwr

Notice that the assumption y < ky is crucial for v to be well-defined. While in the upper bound of
Lemmathis is not important (in that case we see from (3.27) that the upper bound of px (k™)
converges to 0), we need it in order to get a non-trivial lower bound in Lemma

Lemma 25 (Upper bound in (84)). Letk € NS with k, > 1 forsomer € S. Letm € N§ such that
m < k. Then

@ <[IL(E 5 ILO-557) " e

seS s s,5€8

(N)

Fixy € [0,1]5 \ {0}. Let {k™}yen be a sequence in N§ such that limy_, *— = y, for all
r € S. Then

1
lim sup N log py(E™) < Z yrlog (1 — e*(”y)r), (3.27)

N—oo res

where the right-hand side takes the value —oo when y < Ky.

Proof. The inequality (3.26) is a direct consequence of (3.25), where from the right-hand side we pick
only the summand for h = k, which is present since m > k.

Let us focus now on [@27). Let m™ € NS be such that m®™: = [k (1 — =~ &x")r)=1| for
allr € S, therefore m™) > k™). Fix r € S such that £ > 1 and consider (3.26).

For brevity we will write & and m instead of k) and m®’. With the help of Stirling’s formula
nl = (n/e)"e°™ and the exponential limit theorem lim,, (1 + £)" = e and some elemen-
tary calculation, we get that, as N — oo,

I 1 (- ey

seS s,8€S

= exp ( - <k,log%> - <m — k,log mr; k>> X exp ( —(m —k, ﬁk)>e°(N)

=exp | — (k,log 1 — e nrk o)
(= (k. o )
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where in the last step we used that k/m = 1 — e~ nrk (by the definition of m). Now, we insert the
asymptotics in (3.26) and see that

k™ S Lk o
pr(E™) < exp (NZ i log (1 — o n(kk )r)>e (N)
res
Consequently, the claim in (3.27) follows, including the convention for y & ky. O

In order to prove the lower bound we need the following auxiliary lemma.

Lemma 26. For i/, h € NS with b’ < h we have, forany N € N,

pN(h/) < pn(h) H (1 _ e—%(nhr)r)f(hrfh;)_ (3.28)

res

Proof. Let I := [|h|] and let x = (z;);c; be compatible with &, i.e., >, ; 6,, = h. Consider the
graph G := G(|h|, x, %/{N) on the vertex set I. There exists I’ C [ such that ' = (z;);cp is com-
patible with 2'. The subgraph G’ of G that is induced by I’ can be identified with G(|h/|, 2, %R/N)
where «’ denotes the restriction of x to I’ x I'. If G is connected and for any @ € I \ I’ there is an
edge {i,7} € E(G) with j € I’, then also G is connected. Therefore, using that 1 — = < e~ for
any x € R, we have

pn(h) > pn(R) H (1 — H (1 _ WY;YLT—MT > pa(R) H (1- e_%(nh/)r)m—h;.

resS seS resS

O

In the following lemmas we give the lower bound for the connection probabilities in the macroscopic
setting. It is sufficient to restrict to the case y < Ky, since otherwise the limit is already ensured to
be —oo by Lemma[25]

Lemma 27 (Lower bound in (3-4) for irreducible ). Fixy € (0, 1]5 satisfying y < Ky and assume
. (V)
that k is irreducible with respect to y. Let {k(N ) } NeN be a sequence in N‘OS such that im n_, oo kTT =

y, forallr € S and assume that 7(k™?) > 0 holds for all N € N. Then

| .
hzvrglogf N log pn (K™) > z;yr log (1 —e ). (3.29)
re

Proof. For § > 0 satisfying 20 < inf{y,: s € S} define y* := y — 0 as well as

®)
@) . Ys

P m, fors € S. (3.30)

14

For purely technical reasons that will become apparent later, we cannot work directly with v := v,
Note that for all & > 0 our construction ensures that with respect to v’ the characteristic equation
has a non-trivial solution, which is equivalent to 3(, v®) > 1 by Lemmal16| Let m™¥? € NS
be such that m™ = | (k™ — N§)(1 — e~ =E=ND))=1| |n particular, limy_,o m(g’é) = v,
Clearly, we have that v — v as 6 — 0. Note that y < v. Moreover, there exist 0* > 0 and N,
such that m™? > k™ forall § < 6* and N > Ny, which we will assume from now on. For brevity

we will write £ and m® instead of k) and m ™9,
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Fix 7 € S with y. > 0 and note that by the assumption y < xy this implies (ky), > 0 and thus
Y < V. From here on, h will always denote an element in the set {h € N‘g: e, < h <m®}. For
such h abbreviate

8 _ ~ . m(ga)i .
v = [T (70 Yo I (=252 oo

SES

S,8€

Recall from Lemmathat the sum of aﬁ{?(h) over the mentioned h’s is equal to one. In the following,
we will split this sum into the three parts where |h| < R,and R < |h| < eN and |h| > &N for some
large R € N and some small ¢ > 0. We will show that the first part converges towards something
in (0, 1), the second part vanishes, and we will identify the exponential rate of the other one explicitly
via some Laplace approximation. Explicitly, we will prove the following three claims:

Claim 1: lim sup lim sup lim sup Z aV(h) <1-— r € [0,1). (8.32)
VT

460 R—o0 N—o0 h: [h|<R
Claim 2: If £ is small enough, for some sufficiently small §; > 0 and some sufficiently large Ny € N,

limsup sup sup Z aly (h) = 0. (3.33)
R=oo N2No 3€(000] 1, pojpi<en

Claim 3: For any 6 > 0,

S ) < NNy 1)+, o8
h: |h|>eN

for some sequence (ex)n = (en(0))y that converges to 0, where f(y,v) = (y,log(1l —e™"¥)),
and C'(9) is a constant only depending on ¢ and vanishing as § |, 0.

Let us first explain how the assertion of the lemma follows from these three claims. We start by using
Lemma[24]and Claim 3 to obtain, in the limit as N — oo,

1- Z a (h) — Z ay (h) < e"(N)eNC(‘S)e_Nﬂy’”)pN(k) +en.
h: |h|<R h: R<|h|<eN

By and (3:33), the left hand side is not smaller than y,./v,., when taking the limits as N — oo,
followed by R — oo and ¢ | 0, if ¢ is small enough. In particular, the left-hand side is bounded away
from zero when taking these limits. Hence, the exponential rate of the right-hand side as N — o
is nonnegative. This implies that lim inf y_ % log p,(k) > f(y,v), which is the assertion of the
lemma. It remains to prove the three claims.

Proof of Claim 3: As we explained in the proof of Lemma 25| the exponential rate of the two products
in the definition of aﬁf,) (h) can easily be identified with the help of Stirling’s formula and the exponential
limit theorem lim,, (1 + £)™ = e and elementary calculations. Indeed, for any sequence h")

% = zexists and x € [0,1]° \ {0}, and for any § > 0,

a9 (B) = Mg NIEr ) () N s oo, (3.35)
where we introduce f(z, %) = (z,log £) + (Z — x,log x;—x> +(& — , k) forz, 7 € [0,1]%\ {0}
and z < z. We can write

such that lim y_, o

Ts Ts
s

N [ 5 4 -3 (ke
flz,2) = sz [Tlogm + (1 — 35_) log e_(m)s] +sz log(1 — e~ (ro)s)

T
T 1—e
s sES

= (2, H(x;Z)) + (2,log(1 — ™)),

(3.36)
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where we write H = (Hg)ses and for s € S we write Hy(z; %) for the entropy of the Bernoulli
distribution with parameter x5/ with respect to the one with parameter 1 — e~ (k2)s

The second term in the second line of will be handled jointly with the exponential rate of
pn (™), so let us discuss here the minimum of the first. Since every component of H is an en-
tropy between probability measures, we have that H(x, ) > 0 pointwise for all z < v with
equality if and only if - = 1 — e™"*. As & is irreducible with respect to v/ the latter condition is
true if and only if z = ¥ or x = 0, see Lemma Hence, we have seen that, for ¢ sufficiently
small, min,. > (v, H(z;v®)) = (v, H(y®;v)).

Let us now prove (3.34). The work we still have to do is to combine with estimates for the
pn-term from Lemmas |25/ and and we have to distinguish the cases that h is left of k but close
to k (then Lemma [26] applies), or bounded away from k (then Lemma [25| suffices). Let 1™ be such
that |h")| > N and assume that x := limy_, % exists. Note that z € [0,1] \ {0}. We first
examine the case where h™) € [k — 2N ¢, k] for large N and hence |z — y| < 24. With the help of
and using the estimate from Lemma[26|we get that

0 (R < 2NN W) ~T )~ {y=wlog(1=e~") o =NS w1
< cO(N) NC(8) =N f(y.w )pN(k) (8.37)

where
C)= sup |f(y,v)— flz,v?) = ({y —2,log(1 — ™)) (3.38)

z: |z—y|<2

and it can be easily verified that C'(6) — 0 as 6 — 0. Now, let us examine the case h™ ¢
[k — 2N, k] for large N, i.e., y@| > §. We start with (3:35) and use the estimate (3.27) from

Lemma[25/to get ~
aﬁf,)(h(m) < eo(N)e—N<u(5),H(m,u(5))> < c0(N)o—NC(9) (3.39)
where the number _
C(0) := inf (v, H(z, ")) (3.40)

x: |z|>e,|z—y(O|>8

is strictly positive since the function  — H(x, ') is continuous and its only zeros are at x = 0
and z = y®. Now, it is not hard to see that #{h € N5 : h < m©®} < (vN)ISl = e°™)_ hence

a simple Laplace approximation argument implies that (3.34) holds with ey := e e?N)e~ NC(© ), which
vanishes as N — oo since C'(4) > 0.
Proof of Claim 1: Applying Lemma[23]to py () we get,for any N, R € Nand d > 0,
> ay(h)
h: |h|<R
O m®_1 o _pe1 8 ym®—ns )
< N Z h Hm N e N + <H§€S(1_HN]$S)) s h.s)
= % |
mr= . |h|<R s€S hs!
N me® n®ny \"
N K ( )s
Smg>ZTN hH[hl(NeN ’ ) ]’ (3.41)

h: |h|<R s€S

where we used that 1 — x < e™* for any x € R in the second line. Hence,

1 )\
lim sup Z Y(h) < G Z h)h, H [h i ( )> } =: Ag) (3.42)

v
N=oo 1 h<R " h:|h|<R seS
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Observe that by Proposition|[17]and by the definition of v®’ given in 3:30), we have that lim g, A =
(5)_, (&)
= @%’T € [0,1) and clearly lims o limp o AR = 222 € (0,1).

Proof of Claim 2: For the sum on h satisfying R < |h| < &N, we can use basically the same
estimates as in (3.41), but we modify the second line by now estimating

H (1_ HN](\‘;,g))(mé‘s)fhg)hs S <He N(HNm(E)) >eN||f{NH ‘hP (343)

$,5€S8 seS

since we do not have that m® > h on this sum. This gives

Z <5> 5 Z enellen o Z (W), H[%(m(;) _(JIVHNm(é))S>hS]

h: R<|h|<eN Mr  Th R |h|=n s€S

(3.44)
This is the main part of a power series with coefficients 7, which we studied in Lemma [20] Note that
the term in round brackets converges to v,e~ ") as N — o0, followed by § 4 0. Furthermore,
this vector 0(k,v) = ve " satisfies x(k,0(k,v)) > 1, since ¥(k,v) > 1 by construction (see
Lemma [20(3)). It will turn out that this is sufficient to estimate the sum on 7 against some convergent
geometric series.

We pick a small threshold &’ > 0. We may pick dy so small and then IV € N so large that

m<5) ’
N e (wivm s < o=’ 5 € (0,80], N > Ny, s € S.
Additionally, we can also assume that N/m/!? < 1+ 1/u, for these § and N. By 7 we denote the
function defined as in (3.2) for the matrix «, then, since limy_., Kny = kK, we may also pick /Ny so
large that additionally
m~(h) < 7(h)efM h e N§ N> N,.

We also may and will assume that ||k ||cc < 1 + |||l for N > Ny. Therefore, we can now
estimate, for & € (0, dp] and N > Ny, and any R € N,

S dpm s (e d) 3 e 3 s [T [ )]

h: R<|h|<eN n=R+1 h: |h|=n s€eS

Now we can apply (3.16) in Lemma [20]to estimate the sum on h against e?(eX(50(5))=1] g
recall that x (k, 0(k, 1)) — 1 > 0 and pick now ¢ and ¢’ so small that the sum on n can be estimated
against a convergent geometric series. Hence, the entire sum vanishes as R — 0o, which ends the
proof. O

In the following we want to verify the statement of Lemma[27]without assuming that « is irreducible with
respect to y but still under the assumption that 7(k™¥’) > 0. What we have in mind are components
k™) where for a certain set of types ScsS only o(N) vertices of those types are available, i.e.,
kN € o(N) for all s € S. However, these types might be necessary in order to connect the
vertices with types in S\ S. For that case we prove in the following that on the exponential scale the
asymptotics of the connection probability p (k™) are the same as in the previous lemma.

Lemma 28 (Lower bound in (3:4) under generalized assumptions). Fixy € [0, 1] \ {0} satisfying

(V)
y < ky. Let {k™}nen be a sequence in NS such that limy .. kN y, forallr € S and
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assume that {k") } v is bounded for all s ¢ supp(y). Assume further that (k™) > 0 holds for all
but finitely many N € N. Then

1
- (N> _ A" RYr
hNHmeNIngN (k Esyr log 1 e Y ) (3.45)
S

Proof. Throughout the proof we will assume without loss of generality that S = (), supp(k™"). If
y > 0 on S and x is irreducible with respect to y, then we are in the setting of Lemma which
yields the claim. In the other case, it always holds that S := S \ supp(y) # 0. We decompose
supp(y) into disjoint sets .S;, j € .J, satisfying that the restriction of x to S; x .S; is irreducible with
respect to ¥ restricted to .S;.

We will start with the special case where k(") = 1 forall s € Sand N € N. Itis easily seen that the
assumption 7(k£™) > 0 for all but finitely many NV € N implies that there exists a tree 7" on the type
set S such that [ [y, .y cpr) (1, 8) > 0. Define

E:={{r,sy € E(T):rc Sorse S} (3.46)

For every r € S we now fix a vertex i, € [|k™|] that is of type r. Note that {i,: r € S} already
contains all the vertices with types in S. We will abbreviate Gy = G(|k"|, z, & k). Note that the
event {{i,,is} € E(Gy): {r,s} € E} isindependent of the existence of edges {i, '}, if the types
of  and ¢’ are in S; for any j € J. Therefore,

p(k) 2 | [Towk™1s)| x TT B({iri} € B(Gy)

jedJ {rs}cE
> [szv(k'(mlls } 11 —/iN r,s)
JjedJ {rs}EE

Clearly the second product is > e°™), since k is bounded away from zero, uniformly in all large V.
Applying Lemmato k"1, for every j € J, we get that

1
_logp (k(N) + Z Z Yy log K(yls, ))r)) — 0(1) + Zyr 10g(1 o ef(ny)r)’

N
jeJ res; res
(3.47)

where in the last equation we used that with fixed j € J, forany r € S; and s € S\ S; we have
either (7, s) = 0 or y, = 0. Thus, for r € S; we get

(/{(yﬂSj))r = Z Ii(?”, S>ys = Z ’{(T’ S)ys = (Ky)r- (3.48)
s€ES; s€ES

This implies that equation (3.45) holds in the special case.
Now, consider the general case, where {k{"} x is bounded in NV for all s € S. Then by Lemma

pr (k™) > py (k™16 5 + Tg) X H(l _ e—(ny)r)kﬁm—l‘

res

Observe that the last product is eoN) by assumption, hence the claim is implied by the treatment of
the first case.

O
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4 The large-deviations principle for a finite type set

In this section we still assume that S is a finite set and derive the large-deviations principle (LDP) of
Theorem [1] for this case, Theorem This is not only an important special case that is worth being
formulated and studied on its own, but it will also serve as an important input in the proof of Theorem
in Section[5] The formulation in the discrete case is notationally pretty different from the formulation
in the general setting and many objects simplify because of the finiteness of S. Therefore we are
going to formulate the setting and the LDP from scratch in Section

The proof will rely on the study of the connection probabilities that was done in Section The
organization of this section is as follows. In Section [4.2] we identify the distribution of Mix. We will
decompose this distribution into a micro—, meso— and macroscopic part whose exponential rates we
derive in Section The proof of the LDP of Theorem [29]is finally finished in Section

4.1 Formulation of the LDP

Fix a probability measure p on S, which we will denote as a vector 1 = (pus)ses- Forany N € N
let x™ = (z{V,...,2§") € S be a type vector such that the normalized empirical measure,

Ny 1 N
pN =3 5I§N)’ converges to 1 as N — oo.

We denote by {C;}; the collection of the vertex sets of all the connected components of Gy =
G(N,x™), %/{N). We want to study empirical measures depending on the random collection {C, } ;.
For this we introduce the type-registring mapping n: P([N]) — N§ that gives the (type) composition
of an arbitrary vertex set A C [N], i.e., n(A) = (n5(A))ses, and ns(A) = #{i € A: iV = s}
is the number of vertices in A with type s. Note that the mapping 7 depends on the entire type vector
x™ not only on its normalized empirical measure, p') = % Zf\il 0 (V)

We identify My, (S) with NS and will work in [0, 1] instead of M (S). Now we recall the definition
of the main objects, the empirical measures of the connected components of G, in microscopic,
respectively macroscopic, registration. The microscopic empirical measure Mi y is defined as a mea-
sure on NS via

Miy (dF) Z(s ) (dk). (4.1)

Since N3 is a discrete space, we will abbreviate MlN(k:) = Miy({k}) for any k € N§. The
macroscopic empirical measure is defined as a measure on [0, 1]° \ {0} via

May (dy) : Z 01 1) dy (4.2)

Therefore our state spaces for Miy and Ma are now

L= {X = (M)gens € [0,00) ¢ [e(N)] < 1} (4.3)
and
A= {a € My, ([0,1)°\ {0}): |e(a)| < 1}, (4.4)
respectively, where
= Z Ak, and  c(a) = / ady)y, res (4.5)
]fENg [0 1}5\{0}
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and |c| = ), ¢ for any (c;)ses. One can easily verify that for any fixed [N we have ¢, (Miy) = pV

as well as ¢,.(May) = p!™ forany r € S, soindeed Miy € £ and May € A. However, the idea
is that due to the topologies that we choose, some of the (rescaled) vertex mass specified by 1™ will
get lost when we take the limit for N — oo.

We equip £ and A with the vague topologies that we introduced in Section On L, this is identical
with the topology of pointwise convergence (i.e., limy_o, A®) = X if and only if limy_,o, A" = Ay,
forany k € NS). The vague topology on A is formulated by saying that limy_,, ™ = « if and only
if imy e [ @™ (dy) f(y) = [ a(dy)f(y) for any continuous and compactly supported function
f:0,1)5\ {0} — R; note that for every such function f there is an € > 0 such that f = 0 on
{x €]0,1]%: |z| < e}.

Recall the definition of 7 given in (3.2). Here is the main result of Section [4}

Theorem 29 (LDP for (Miy, May ) with finitely many types). Assume that the empirical measure
p™) of the type sequence (x\", ... z\) converges weakly towards a positive probability vector
p € (0,1]° as N — oo and that the kernel Ky converges on S x S towards a ji-irreducible kernel

K € [0,00)5%5.

Then (Miy, May ) satisfies a large deviations principle (LDP) with speed N and rate function (\, ) +—
I(\, «) defined by

I\ a) = { Ihii(A) + hva(a) + hae(pe — (X)) — c(@)), ife(N) + (o) < p,

+00 otherwise,
where
Ly(N) =) Nelog — 5+ > (k= 1) < (N), i), (4.6)
keNS sES ks keN§
Y 1
Ia(a) = / ofdy) ((vlog LoV b Stmlu =), @)
MS)\{0} (I—e)u/ 2
v 1
o) = (log %)+ Ly, .
M (V) v,log (KV),U/ + 2<V Hp“) ( 8)
and where we always use the convention thatlog 0 = —oo and 0log 0 = 0.

Theorem [29]is indeed nothing but the special case of Theorem 1] for a finite set S. Indeed, it is clear
that the setting and the two rate functions I;, and Iy are the discrete-space versions, but
looks a bit different from the formula for Iy;; in Theorem (1] l But from substituting the notation of the
entropy in (4.6) and noting that the distribution of a Poisson point process with intensity measure u
can here be |dent|f|ed as

Q) =T [e—“r‘;—ﬁ], keNs,

res
one sees that (4.6) is indeed a discrete analog of (1.11). Furthermore, one can also write
Ii(A) = ) Awlog 5 7T > Mk = < (N), kp) (4.9)
keN§ keNg§

where \(p) is defined as the discrete analog of (2-1) with ¢ = p, i.e.,

—(kp)s )k
M) =7(k) [ ] % keNS. (4.10)
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This formula will be helpful in Section [6|when we will identify minimizers of ;.

We will now give an extension of Theorem[29]for kernels « that are not pi-irreducible. Recall the notion
of connectability for o € A that was introduced in Section [2.3]

Theorem 30 (Finite-type LDP for (Miy, May ) without irreducibility). For (A, ) € L x A define

I\ o) = (4.11)

~ I(\, ), ifais connectable,

+00 otherwise.
(i) Given all the assumptions from Theorem except the assumption that r is p-irreducible,
the pair (Miy, May) satisfies the lower large-deviations bound (T-14) with speed N and rate

function I.

(i) Given all the assumptions from Theorem except the assumption that x is -irreducible
and with the additional assumption that ky = r for all but finitely many N € N, the pair
(Miy, May) satisfies an LDP with speed N and rate function I .

The proof is given in Remark[36]

We omit to restate the finite-S analogs of Theorem [9) Theorem [7] and all the related corollaries, as
they can be deduced as special cases. For the critical quantity >(x, 1), we refer to (3:6), and we
recall that it is in this setting equal to the spectral radius of the matrix (£(7, 5)jts) (r.s)cs2-

4.2 The distribution of Miy;

Let us identify the distribution of Miy for any N in explicit terms. Note that as long as N € N is
fixed, the measure Ma; contains exactly the same information as Mi, hence, we are also deriving
its distribution. We start by noting that VMi y takes values in

Ly = {f = (Kk)keNg : 0, € Ny for all k and Z leky = Nul forallr € S}. (4.12)

keN§

Lemma 31 (The distribution of Miy). Let N € N and assume that kx(r,s) < N forallr,s € S.
Then for any { € Ly we have that

P (NMiy (k) = 6, Vk € N§) = (H (Nujfv))!) < T ¢ k). (4.13)
res kENS
where , ™
pu (k)" Ay (1, 8) BV kil
CN( k) = ( (1 - —) > : (4.14)
T es (ke H N

and py (k) is defined in (3:1).
Proof. This is proved in an analogous way to [AKP19, Corollary 2.2]; we omit the details. O

The formula in (4.13) is easy to understand. Indeed, the combinatorial term on the right (with an
additional factor 1/N'!) is equal to the inverse of the number of possible labelings of all the vertices;
the event { NMiy (k) = ¢, Vk} means that () is equal to the number of clusters in [/N] whose
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vertex set has the type configuration k, for any multi-index k. The product of px (k)% over k is the
probability that all these clusters are connected, the product over the powers of 1 — kx (7, s)/N is
equal to the probability that each two of them are not connected, and the product of the two remaining
combinatorial terms (with an additional factor /N!) is equal to the number of ways to decompose alll
the types into clusters having the prescribed vertex structure.

4.3 Exponential rates for micro-, meso- and macro parts

The proof of the LDP in Theorem[29]is carried out in the same way as in [AKP19, Section 3]. The main
idea is to split the distribution that we obtained in Lemma[31]into three parts, which we will call micro-
, meso- and macroscopic part. These parts roughly give the terms e~ VM) o= Nlue(p—c(X)—c(a))
and e~ NVhva(®) jf g properly rescaled version of £ is close to (A, ). In the next lemma we give the
decomposition into the three parts. Afterwards, we derive the exponential asymptotics of them in
Lemmas [33]-[35

Lemma 32 (Decomposition into three contributions). Fix ¢ € Ly. Fork € Ng define

P (k) [ g (Rl st <1 NG s))éks(Nur—kr)ﬁk

Ek' HSES(I{S!)&C r,s€S N

2 (U k) =

: (4.15)

and for any two numbers A, B € [0, co) write

SVIGESI | IR ()
keNS : A<|k|<B

Then, for any fixed R € N ande > 0 we have that, as N — o0

Py(NMiy = /() = eO(N)Z(()],VI%(g)Zﬁ%A,]s)N(g)zé%),zv(5)-

Proof. On the right-hand side of (@.13) we apply Stirling formula n = e°™(n/e)" to the terms
(Npi™)! and use that N (™ = ", ¢ik,. Note that we also used that u{™ — ;. O

(s T T

Lemma 33 (Asymptotics of the micro part). Fix R € N and let A € L. Define

Agelfl=1 1
Li(\) = Z A log ———— + §<C(R)()\), KpL), (4.16)
keNS: [k|<R (k) I, l;iu
where
PN = > Mk, reS, (4.17)
keNS: |k|<R
and where we use the convention that log0 = —oo and 0log 0 = 0. In particular, the right-hand

side of ([#18) is equal to +oc if there is some k € NS with |k| < R such thatT(k) = 0, but A\ > 0.
Otherwise, the right-hand side is finite.

Then for all (N = (0,")ens satistying ;" € Ny and Ay = limy o0 6" for all k with |k| < R
we have

1
lim Nlog 200 (0) = =L (N). (4.18)

N—o0
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Proof. We use Stirling’s formula for the terms ¢! as well as the fact that for any k& € N§ with
|k| < R we have that py (k) = e NIklry (k) as N — oo, which is a consequence of the
bounds obtained in Lemma[23] Therefore, as N — 0o, we have

(N) Nps \ ko) ks -
H pN(k)ek HSeS(TMI)Vk 125 _ eO(N)e,%Zk: k<R 108 Lk H (TNN(k')—SlZS!)@kN
iz O M Les(kD iz VN el
ks
(k) 11, &5
— o) s kgl
- eXp<N D Milog el )’
|k|<R
(4.19)

where, we have used that 0 < >, |, _plogly, < [{k: [k] < R}|log (%) = o(N).

Further, we use that lim (1 + %)N = e” to get that,as N — o0,

H H ks (Npr—kyr )t ,(QN) _

|k|<Rr,s€S
o)

exp (= (Y Grkonln—£))) = e We FET0m 4 20
[kI<R
where in the last step we used that

03> %

|k|<R

o (V)
Z Beion(r, s)ks < $llanll o 2™ (51,

where the right-hand side converges to 0 as N — oo. Combining the asymptotics from (4.19) and
(4.20) gives the claim. O

Lemma 34 (Asymptotics of the macro part). Fix « € A, and note that o can be written as o =
> jes Oy where y? € |0, 1)5\ {0} forall j € J and J is a countable set. Fix any ¢ > 0 with
e ¢ {|ly?|: j € J}. Define J.(a): ={j € J: |y?| > e}, which is a finite set, and

1
Lin(a) = /a(dy)]l{ly|>s} <y,10g ﬁ> + §/Oé(dy)11{y|>e} (y, k(p —y)), (4.21)

where we use the convention thatlog 0 = —oo and 0log 0 = 0. In particular, the right-hand side of
@.21) is equal to +oo, if there is some i € J.(a) such that the condition y© < ky fails. Then we
have the following.

1 For any sequence (™) € Ly denote o™ = >, £i"§ « and assume that o'™) restricted to
{y: |y| > e} converges to « restricted to {y: |y| > €}, as N — oo. Then it holds that

1
lim sup N log 2y x ((™) < —I7) (). (4.22)

N—o00
2 Forallj € J.(a), let {k9™} yen be a sequence in N3 such that 7(kV™) > 0 forall N € N,
My o0 B27 = 4O and {kG™} yen is bounded for all s ¢ supp(y?). Let (™) be an
element of Ly such that (\") = #{j € J: kY = k} for |k| > eN. Denote o™ =

>k 6?’(5%, then o™ restricted to {y: |y| > €} converges to « restricted to {y: |y| > €},
and

1
lim N log 2Ly § (() = =17, (cv). (4.23)

N—oo
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Proof. We start with the first statement. Let us first turn to the first term on the right of (4.15). We apply
Stirling’s bound n! > n"e™" to each of the terms k,! and the simple bound €§€N)! > 1forallk € Ng.
Using the upper bound (3:27) for px (k) that was derived in Lemmawe obtain, as N — oo,

Yy N\t T
H pN( ) k HsES( e (])V) S eO(N) exp (N/ <y,logu>aw)(dy)> ’
k: |k|>eN GO, cs(ks 1) {ly[>e} Y
(4.24)

where we used that 3.y ;" < 1 The second term on the right of @15) is estimated using
1 —xz<e*forx=ry(r,s)/N asfollows for N — oo,

RY.0) N
H H _ sl Ly (N pr—Fer )4 < ™ xp ( -5 (y, m( — 1) Oé(N)(dy))-

|k|>eN r,s€S {ly[>€}

(4.25)
. . . ()
Note that the product of the right-hand sides of [@:24) and @25) is equal to ¢ Vhw(@™) ys.
ing the convergence assumption on oY) and the fact that ¢ < infjc; |y"’| one can verify that
L (™) — I (o) as N — oo. This gives the result.

To show the second statement, let us first notice that it is clear from the definition that o™ re-
stricted to {y: |y| > e} converges to « restricted to {y: |y| > ¢}. Therefore we can apply
the first assertion and we have the upper bound (4.22). In order to get also the lower bound, we
lower estimate =y  (("?) against the sum on k™" over the finite set j € J.(a) and note that
these are the only summands & with [k| > N such that £\’ > 0. For each such j we apply
the asymptotic from Theorem and obtain the corresponding lower bound, also noting that
[oen(G7) 7 > e~ 218N — 0o(N) and, by estimating ks < NV, we getthat (k,)~ % > e~ 3 o8N
forany s € S. To derive the lower bound equivalent of we use that (1—£)" = e “(1+0(1)).
This proves the claim. O

In Lemma [34(2) we restrict to sequences /“Y) such that each connected component £ with KZN) >0
is connectable in the sense that 7(k) > 0. We will see in the proof of Theorem [29| that for each
a € A such that Iy, () < oo and for each € > 0, we will always be able to find such a sequence.
Our second restriction ¢ ¢ {|y"|: j € J} is clearly only technical and gives no problem at all when
we later take the limit as ¢ | 0; it frees us from unwanted terms.

Lemma 35 (Asymptotics of the meso part). Fix R € N ande > 0. For any sequence (Y € Ly let
v = & > Relkl<eN UVk, for s € S. Assume that v, == limy_,o, V") exists (it depends on R
and ). Recall the definition of Iy from (1.13). Then

1
lim sup N log 2 oy ((™Y) < —Ine(v) + C(R, &, k), (4.26)

N—o0
where C(R, ¢, k) is a constant neither depending on (") nor v, which vanishes for R — oo and

e — 0.

Proof. We first derive an estimate for the connection probability. For fixed k &€ N‘OS denote Sy =
supp(k). For py(k) and r € S; we use the upper bound in (8:24) from Lemma [23) and also the
formula for 7(k)k, given in (3:10) to obtain

pn(k) < N1 4 o(1)r(k) = N1 4 0(1))i(H (mk)’jS‘l)Ar(k:), (4.27)

k
T SESE
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where A, (k) is defined in (3.17). Note that

> [T sk <UsllZHTS) T ke<C I ke 428

AE?,-(Sk) {s,s'}eE(A) seSk\{r} s€SEp\{r}

where C' = (||r||.|S|)!¥!= . Next, we use both estimates together with the Stirling bound n! >
n"e~" , which we apply to £;""! as well as the terms k,! for all s € S. This gives that

(N)

(N) _

1 o (k)5 Tl s (Fe)kets < 11 NA (k) [Toes, (5R)S1 6"
(N) —
R<|k|<eN E;:N)! H es(ks!yk R<|k|<€N g(N)e_l Hsesk ( S) (4 29)
(N) (N) ’
N log 1) -1, NeC' \%
<e gh) H H ( ) X H )2
R<|k|<eN s€S) R<|k|<eN

The first term on the right-hand side of (#.29) is clearly equal to e®N)eN{logi) \We now take a look
at the second one. For s € S we put

Cy (1Y) = oo k-1 =1V - >y, (4.30)
k: R<|k|<eN,ks>0 k: R<|k|<eN,ks>0
Then C((™) € [V — g, vi™] since 3 popeen G < T 2ok repy K10 < N/R. Next,

we apply Jensen’s inequality and the fact that « — log x is concave to get that

I (g 3 e

R<|k|<eN s€Sj s€S R<|k|<eN,ks>0

< exp (Z Cs(£77) log < Z EECNC)’EE{;;W_))D <Kk]z)s)>

s€ES R<|k|<eN, ks>0
< ex NZiC (" 1o m)s N M) ex <N<1/ lo E>>eN‘SR
— p < N S g 1 O (E(N)) p ) g v
se

for some 0 € R that converges to 0 as R — oo and does not depend on ) nor on v.

It remains to argue that the large-/V exponential scale of the last term on the right-hand side of (4.29)
vanishes when taking R — oo afterwards. Recall that the choice of  may depend on k; we will
denote it as ;. We first use that

o)

11 <£<N>N(Zi)2> -

R<|k|<eN "k
Ak NeC' o
N L | N|S £ _Nog k| ).
(v 3 S i) o (5 2 i)

R<|k|<eN R<|k|<eN

Abbreviating D := 3" 5o ¢\ /N and using Jensen’s inequality we get that

oy NeC o .

R<|k|<eN R<|k|<eN

Itis easy to see that choosing 7, such that k,, = max,cs k5 ensures the convergence of Ek 2 151

and the factthat 3 - ;- kf,ff‘sl is polynomial in IR. Further, as we remarked below (4.30), D < 1/R
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and therefore the right-hand side of (4.31) is bounded by exp(/Nd%) for some 0%, that vanishes as
R — o0. Next, we use that R/ log R < |k|/log |k| holds on our summation area of k if R is large
enough and therefore

o log R o log R
exp (N|sy > ]‘Tlog\k\)gexp (N|Sy % > kWUﬂ\):eXp (N\S| i >

R<|k|<eN R<|k|<eN

(4.32)
Noting that }%logR — 0 as R — oo, we have shown that the last term on the right-hand side of
(:29) can be bounded by e™V°x for some 0% that vanishes as R — co. So far, we have handled the
first term in the definition of zj; )\ (¢™Y)), and we saw that its exponential rate is not larger than the

first term in — Iy (V).

Let us now handle the second and last part of zj; )y ((™). We use 1 —z < e~ " for z = kn(r, s)/N
aswellas 3 3" p_pcon O (By wk) < 5ll6llo0e Y popicen G 1kl < Fllk[l o6 to get that

H H (1 — %) ke (Npr—ky)

R<|k|<eN r,s€S

(N)
Y4 _N N
k < eo(N)e D) <V7“iu>e ) ”K”ooE

Noting that the exponential rate of the last factor on the right-hand side vanishes as ¢ — 0, we see
that we have completed the proof. O

4.4 Proof of Theorem [29

Here we finish now the proof of the LDP of Theorem Let d, and d 4 be, respectively, metrics that
induce the vague topologies on the state spaces £ and A (see and (4.4)). Notice that, thanks to
the contraints [¢(\)| < 1 and |c(a)| < 1, the spaces £ and A endowed with the vague topologies
are compact by the Bolzano—Weierstrass theorem and Fatou’s lemma. Moreover the rate function [
is lower semicontinuous on £ x A, which makes it a good rate function. Hence, a weak LDP implies
the claim of Theorem[29]and it suffices to prove that

1
lim lim N logPy (Miy € Bs(A),May € B,(a)) = —I(A\,a), XeL,acA (4.33)

4,p0—0 N—o0

where B;(\) and B,(«) are closed balls centered at A and o with radii 6 and p, respectively.

Fix A € Land o € A.

Step 1: Cardinality of L . Recall the definition of £ that was given in (4.172). Each ¢ € Ly has a
H H — T [ — (r) (r) » __
unique representation as a product measure { = ), s (", where (") = ({"”) jen, and >, £;”j =
(V)

Nu®™ for all 7 € S. By the same argument as in [AKP19, Lemma 3.2] there are at most eV )

ways to choose the marginal o), Consequently we have
|»CN| == eO(N).

Fix R € Nand ¢ > 0. We denote by dF and d5, the distance of the projections of measures on
{k: |k] < R}and{y: |y| > e}, respectively. Then d; > d¥ and d4 > d%. Ford > Oand p > 0
denote by L (4, p) the setof all ¢ € Ly with dF (¢, \) < § and d5({|n.], @) < p. Note that

P(Miy € Bs(A),May € By(a)) < > P(NMiy=10).

e (6,0)
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According to the preceding, also

L5 (8, p)| < | L] = &™),

Step 2: Case ¢(\) + c(«) £ u. Assume that there is some r € S such that ¢,.(\) + ¢.(a) > p,.
Then it is easy to see that L (0, p) = () for sufficiently large N and hence

1
lim N logP(Miy € Bs(A),May € B,(a)) = —0o = —I(\, a),

N—oo

which is proved with the same argument as in [AKP19, Lemma 3.7].

Step 3: Proof of the upper bound in (433) for ¢(\) + ¢(a) < p.Forany R € Nandany ¢ € (0, 1]
we have by Step 1 and Lemma [32] that

P(Miy € Bs(\),May € B,()) < ™ sup  P(NMiy = ¢)
e (5,p)

<™ gup zéj,vf%<€>'z;%]\,,e)N<£)Zé]X/),N(£)'
e£ ) (5,p)

(4.34)

For A\ € £ and & € A we define

AP (N) = Z Moks and (@) ::/ ys a(dy), seS. (4.35)
k: |k|<R {lyl>e}

We require that ¢ € (0,1] \ {|y|: y € supp(a)} (recall that supp(«) is countable). This is a
prerequisite to apply Lemma[34]to &.. Now, applying Lemmas [33} [34f1) and [35]to the right-hand side
of (4.34) we get

1
lim sup N log P(Miy € Bs(\),May € B,(a))

N—oo

< sup ( — 1) = IG(&) — Iye(p — cP(N) — c<€>(oz))) +C(R.e, k),
5. dR(A <6
Cardy(a,0)<p
where we used the cut-off versions of the rate functions defined in Lemmas and [35] and
C(R, ¢, k) is the constant introduced in Lemma Note that the functions Iﬁﬁ) and ¢™ are contin-

uous (in any point) and the functions Iﬁ; and c¢® are continuous in « due to our requirement that

e ¢ {ly|: y € supp(a)}.
Hence,

1
lim sup lim sup NlogIP’(MiN € Bs(\),May € B,(a))

6,p—0 N—oo

< I\ — I8 () — Iye(pr — ¢ (N) — 9 (a)) + C(R, &, k)
Mi Ma

Observe that the right-hand sideconverges to —I(\, ), if we let R — 0o and ¢ — 0, which proves
the upper bound in (4-33). Notice that the requirement that ¢ ¢ {|y|: y € supp(«)} is no a problem
since supp(«) is countable.

Step 4: Construction of a recovery sequence. In this step, we prepare for the proof of the lower bound
in (4.33) (see Step 5) by constructing an almost optimal sequence of £’s. We handle here only the
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case that  is irreducible; see Remark [36] for hints how to handle the case of a reducible ~. We may
assume that c(\) + ¢(«) < p, since the rate function is equal to oo otherwise. For the same reason,
we also may assume that the mesoscopic mass v := u — ¢(\) — c(«) satisfies v < kv, since
otherwise I () = 0.

For R € N and ¢ € (0, 1] we construct a suitable recovery sequence (") = (M) (R, ¢) that will
turn out in Step 5 as asymptotically optimal. To this end, we construct it in such a way that it will put
all mesoscopic mass v := p — ¢(A) — ¢(«) into several components that can all be described by
the same configuration k™" and which are actually on the lower end of the macroscopic scale,
such that of Theorem [15] can be applied. Our construction also ensures that all components of
macroscopic scale have a strictly positive probability of being connected. Denote by 1 the element
of N§ that is equal to 1 in each entry. Define k™™ := | Nev| + 1. Using the representation
=7 0,0 put kKON = [ Ny® | 4 Tfori € J.(a) := {3: || > €}.

Let us check now that we can actually apply Theorem[15to py (k) for all i € J.(a) U {Me}. To
check that 7(k“")) > Oforalli € J.(a)U{Me} note the following: Depending on the support of 3
we might not have that  is irreducible with respect to y. However, the vectors k) have support
on the full type space S for all N € N by construction. Consequently, 7(k£“") > 0 is implied by the
fact that « is irreducible with respect to .. Secondly, since v < kv, we also have that ¥ < ky™
forall i € J.(«): if not, Iy () = oo by definition and the lower bound —o0 in trivially holds.
By construction it holds for all i € J.(«) that k(") = 1 for s ¢ supp(y”) and for all N € N, which
ensures the boundedness condition. The same holds for k™).

Define now
(| AN ] if2 <|k| <R
0 if R < |k|] <eNandk # kM
0 = ¢ e for k = ke (4.36)

Bl € L) k= KD} =N <
kNN(N) - Zm:?ﬁ\m\ f%\’)mT if kb = er for any r € S’

T

where the last line ensures that /Y) € L. Observe that
1
lim —0 — X, = ¢, (A) = PN + v — e (evy) + (@) — Do) forreS
N—ooo N °7

1
lim Ne;j“ — A, =0 for2 < |k| < R,

N—oo

which implies that lim g 00 -0 My 0 dﬁ(%ﬂm, A) = 0. Similarly, lim._,o limy oo d4(a™, a) =
0, where o™ = 3", QN)(S%.

Step 5: Proof of the lower bound in (4.33). Now we finish the proof of the lower bound by showing that
the recovery sequence (/V)) ¢y that we constructed in Step 4 is giving the right asymptotics.
Fix 0, p > 0. Then by choosing R € N large enough and € > 0 small enough, we have that
™ € Bs(\) and a™ € B,(«) for all but finitely many N € N. Hence, Lemmaimplies that
P (Miy € Bs(\),May € B,(a)) > P(NMiy = (™)
N
— )Zél’vl%(gm)zg;]v(@N))Z;%N(£<N>).

Next, we want to use Lemmas [33] and [34f2) to get the exponential rates for the z-terms. Note that
we do not have limy_,o (™) = Xon {k: [k| < R}, so we will instead apply Lemmato the
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sequence | AN |, which gives

1
lim Nlogz 2(IAN]) = =LP(\)

N—o0

Using the definition (4.15), it is easy to verify that

z(N) g(N) e,

M([Xe, N, €r)

N—oo N—o0

1 (N) [ ()Y 1
lim Nlogz R(l™Y) = lim Nlogz 2(IAN]) lgr;o—Zl g
— —IM(\) + C(R, ).

for some constant é(R, ¢) vanishing as R — oo and ¢ — 0. For the mesoscopic part, we use the
asymptotic formula (3:4) of Theorem [15|for py (k™). We proved in Step 4 that we can actually
apply Theorem to pn (E™eN)), This, together with Stirling’s formula, gives us

(1 —e =)y
EV

> — %LalJ (ev, k(p — ev)).

1
(V) _ |1
Jim I log zpp (™) = | J<51/, log
The right-hand side clearly converges to — () as € — 0. The analysis of the macroscopic part in
Step 4 shows that we can directly use Lemma[34]2) to see that

1
(V) _ 70
]\}'LI)noo N log 20y (E(M) = —Iya(a).
Taking the limits R — oo and ¢ — 0 we obtain the lower bound in (4.33). This finishes the proof of
Theorem 29l

Remark 36. (The reducible case: proof of Theorem Recall from Section[2.3 that in the case
that  is reducible, one can decompose the type space S = | J f S, in such a way that  restricted
to S; x S; is irreducible and k|, s, = Ofori # j. Assume that o € A is connectable as defined
in Section : for each y € supp(«) there is some j such that supp(y) C S;. Then we can argue
that the lower bound in the proof of holds. For any j we can construct a recovery sequence as
before, where we approximate the macroscopic components by defining k™) := | Ny® | + llgj for
any y € supp(«) to ensure that T(k“") > 0. In the same way we approximate the mesoscopic
mass by defining vV := vls, and k™) := | Nev” | + 1s,. The rest will work out as in the
proof above. The only additional observation needed is that for any j we have that (k") = (kv)s
ifs € Sj.

On the other hand, if « € A is not connectable, then we can argue that the upper bound of the LDP
holds with 1(\, ) = oo by additionally requiring that kK = k for all but finitely many N € N:
Indeed, there exists y € supp(«) such that for any sequence k™ with limy_, % = y we have
that (k™) = 0 and by using that ky = K we get that py (k™) < 7(k™)N~UM=1 = 0, which

gives that I (\, o) = o0.

5 Proof of Theorem (]

The aim of this section is to finally prove our main result, Theorem 1} for the general case, where the
type space S is some compact metric space. The main idea is to approximate the general graph model
introduced in Section by a discretized model with a finite type space and discretized kernels. To
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derive the LDP we will use the LDP of Theorem [29]for finite type spaces, together with the Dawson—
Gartner theorem, which we will slightly modify for our purposes.

In Section [5.1] we introduce the approximation scheme and derive lower and upper approximations
for the distribution of the empirical measures of the general graph via a comparison with certain
discretized graph models. In order to lift statements about the distribution of the discretized model to
the general case we introduce in Section[5.2)a projective system. There, we also identify the projective
limit spaces with the state spaces of our empirical measures, i.e., with £ x A, and verify that the
projective limit topology is strong enough to imply an LDP result also with respect to our chosen
topology. In Section [5.3| we conclude with the derivation of our main result by using the Dawson—
Gartner approach, adapted to our purposes: we have to use different distributions for the lower and
the upper bound and will have to deal with some additional technical difficulty concerning the lower
bound. Finally, Theorem[i]is implied by combining the results of Lemma[52] where we prove the upper
bound, and Lemma|[54] where we prove the lower bound.

The following objects will be fixed for the remainder of the section. Let S be a compact metric space.
Fix a probability measure 1 on S. For any N fix a type vector x = x™ = (z,...,2y5) € SV
such that its empirical measure pn = % Zfil ., weakly converges to ;1 as N — oo. Further-
more, let a continuous kernel k: S X S — [O, oo) be given that is irreducible w.r.t. 1, as well as
a sequence of continuous kernels ~y that converges to « uniformly on & X § as N — o0. By
Gy = G([V], x, %/@V) we denote the inhomogeneous random graph introduced in Section and
by (Cl)Z we denote the vertex sets of the connected components of G . We will denote the probability
measure corresponding to the graph Gy by Py. Recall the definition of the microscopic and macro-
scopic empirical measures Miy and May given in (1.2). The goal is to derive the LDP for the pair
(Miy, May) that is formulated in Theorem

Before chosing a discretization scheme, we would like to collect some properties of our state space
L x A. Recall that

L:={xe M(My,(S)): cx < porey < pyforsome N € N, A\({0}) =0},  (5.1)

A= {a € My, (M(8)\ {0}): ca < porcy < puy forsome N € N}, (5.2)
and that both are equipped with vague topologies, i.e., a sequence (\,),en in £ converges to \,
if for any continuous, compactly supported test function g: My, (S) — R the integrals fgd)\n
converge to fgd)\, as n — 00. In the same way, a sequence (a,)nen in A converges to «, if
for any continuous, compactly supported test function g: M(S) \ {0} — R the integrals [ g de,
converge to [ g da, as n — co. Both on My, (S) and M(S) \ {0} we consider the topologies of

weak convergence. In the next lemma, we give a short characterization of compactness that is implied
by this choice; a verification is left to the reader.

Lemma 37. The following assertions hold:

1 Asubset N' C My, (S) is compact if and only if it is closed and sup {v(S): v € N'} < cc.

2 Asubset N' C M<1(S)\ {0} is compact if and only if it is closed and inf {v(S): v € N'} >
0.

The following lemma implies that any vague accumulation points of Miy and May are indeed ele-
ments of £ and A if they exist.

Lemma 38. Both L and A are compact spaces.
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Proof. Denote M := {u} U{pun: N € N}.

(1) Compactness of L: For any A € L note that [A\| < cx(S) < supzep i(S) = 1. The set
By :={\ € M(My,(S)): |\| < 1} is a bounded subset of the dual of Co(My, (S) \ {0}) (the
space of continuous functions g on My, (S) with limy(s)—o0 g(k) = 0), so by applying the Banach-
Alaoglu Theorem we get that B; is compact w.r.t. the vague topology. Since £ C B it remains to
argue that £ is closed. Let (\,,)nen be a sequence in £ with vague limit A. Then for each n € N
there exists fi,, € M such that ¢y, < fi,. Since M is compact w.r.t. the weak topology, we can
find i € M and a subsequence (which we will also denote by (fi,,)nen) such that fi,, — [ weakly,
as n — 00. We now argue that this implies that ¢y < fi. Let f: & — [0,00) be a continuous
and bounded function. For any R € N, let xg: [0,00) — [0, 00) be a smooth function satisfying
ljo,r) < xr < ljg,r41], such that R — x g is increasing pointwise. Define

Bh: Mu ) = R, 040) = ([ 1) kas))xa(k(S) 53

and note that (IJf k) f f(s ,as R — oo, pointwise for any k. By Lemma [37|we have that

(IDQ is compactly supported and |t can be easily seen that continuity of xz and f imply that <I>R is
continuous. Therefore

/ f(s) ex(ds) = sup / L (k) A(dk) = sup lim [ &L (k) A, (dk)

ReN ReNNT—00

<sup lim [ f(s)cy,(ds) < lim f S) fin(ds) /f

ReN n—00 S n—o0

Since this holds for any f > 0, we can conclude that ¢y < p and thus A € L.

(2) We only sketch the construction of a vague limit point. Fix a sequence (&;);en, with €; N\, 0 as
i — 00, and define N, := {y € M<1(S)\ {0}: |y| > &;:}. Note that £;0,,(N;,) < €, (S) <1
implies that v, (IVe,) < 1/5Z Thus, for fixed i € N, the restricted measures (an|N Jnen are
bounded and thus have a vaguely converging sub-sequence. By diagonalization we can construct for
each i € N a subsequence of (., ),en such that the restrictions to V., converge vaguely to some
a® € M(N,) and in such a way that a“*V[, = a' holds for all i € N. Thus the monotone
limit lim; oo @ =: @ on M<1(S) \ {0} is a countably additive extension of the measures o'”,
© € N. Since every compactly supported test function has its support contained in N, for some 7 by
Lemma[37|one sees that in the vague topology o, — «.

To see that o € A (i.e., that A is closed) we can proceed as in the proof for L. Note that for ¢ > 0
we can find a smooth function x.: [0, 00) — [0, 00) satisfying ljs: oc) < Xz < 1l o), Which allows
us to define tbg as above but by truncating with .. O

5.1 Discretization and Approximation

Let (P,,)men be a sequence of finite partitions of S into non-empty sets. For m € N we denote

= {Amiti=1,...,|Pn|}. We say that (P,,)men is nested if for m < n and any A4,,,; € P,
thereis J C {1,...,|F,[}, such that A,,,; = ;. ; An ;. For any subset A we write diam(A) :=
sup{d(z,y): z,y € A}. For any measure v on S aset A C S is called a continuity set of v if
v(0A) = 0. The following lemma is a modification of Lemma 7.1 from [BJRO07].

Lemma 39. There exists a sequence of finite partitions (P, )men of S with the following properties:
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1 Foranym € Nandanyi = 1,...,|P,,| we have that A, ; is measurable and a continuity
setof i and py forall N € N.

2 (Py,)men is nested.

3 It holds that

lim max diam(4,,;)=0. (5.4)

Proof. The proof can be done as in the proof of Lemma 7.1 in [BJRO7] with two small modifications.
Let A C S be the set of points that are atoms of i or py for some N € N. Then A is still a
countable set, so we may pick the balls ,,,; in a way such that they are continuity sets of 1 and 1
for all N € N. Since in our case the set S is compact, we can cover it with finitely many of these
balls, hence we get the stronger property formulated in (5.4). O

In the following we always assume that (P, )men has all the properties given in Lemma For
m € Nandany A,,; € P, we pick exactly one point z,,, from the set A,, which we call the
representative of A,, ;. We define

Spmo=A{xmiti=1,...,|Py|} (5.5)

and define the projection
Tm: S = Spmy, T Ty (5.6)

where 7 is such that A,,, ; is the unique set containing .

Further we can lift the projection to the space M (S), the space of finite measures on S. For any
m € N we introduce (by abuse of notation)

Tt M(S) = M(S,), 7n(v) :=vom, b forve M(S). (5.7)
Going one level further, we also define

T M(M(S)) = M(M(S,)), Tm(A) :=Xom b for A € M(M(S)). (5.8)

We can now apply the projections to all the levels of our graph setting. On the first level of discretiza-
tion, i.e., from S to S,,,, we approximate the type of a vertex by some type from the discrete set S,,,.
On the second level, we approximate the type configuration of a vertex set which, depending on the
context, may or may not be a cluster. On the third level, we approximate measures that count the mul-
tiplicities of type configurations and are therefore suited to register the number of clusters described
by the different type configurations.

Fix m € N. We write 7,,(x) = (mpn(11),...,Tm(zn)) € (Sn)Y for the discretized type se-
quence and denote by ui’ = L3V 6. (.. its empirical measure. It is easy to check that

p = 7 (1n). Since our partition P, has carefully been chosen such that the sets A,,; € P,

are continuity sets of /u, it holds that "’ converges weakly to ™ := m,, (1), as N — oo. We
also define 7, (x): P([N]) = M, (Sm) as the discrete analog of the type registering measure 7y
from (1), i.e., forany A C [N] we have that 7, (x) = > _ica Omm(zs) € M, (Sm). Abbreviating

N = N, (x) WE can now define

:(m 1 m
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It is straight forward to show that Mi’ = 7,,(Miy) and May’ = 7,,(May). Both empirical

measures Mi'”’ and May"’ evaluate type information given by the vertices of the clusters only roughly

by approximating the type of each vertex by an element from S,,,. Note that ¢, .(m) = T (Cmiy) <
N

p5 and Crtal) = Tm(Cray ) < . Hence, the natural state spaces for the discretized empirical
measures are given by

m = {X € M(My,(Sn)): cx < ™ orey < iy for some N € N, A\({0}) = 0},(5.10)

= {o € My, (M(S) \ {0}): ca < p™ orcq < pfy” for some N € N}, (5.11)

and we endow them with vague topologies.

At this point it is important to note that we cannot apply the discrete LDP from Theorem[29] directly to
get an LDP for the measure Py ((Mi%”, Ma%”) € -), since the edges of the random graph G are
drawn according to the non-discretized types of the vertices. Before applying Theorem[29|one has to
approximate the underlying graph itself by a discrete version.

Let " Sy X S — [0,00), N € N, be a sequence of kernels on S,,,. We will specify later, in
which sense they should be an approximation for <. Consider the inhomogeneous random graph
Gy = G([N], Tm(x), + k%) and denote by (C;™); the collection of the vertex sets of its connected
components.

Instead of choosing just one approximating kernel, we will consider a lower and an upper approxima-
tion for # x, which will allow us to find upper and lower bounds for the distribution P ((Mi{”, Ma$”) €
). Forfixed m € Nlet k" and k%", N € N, be two sequences of kernels on S,,, satisfying

Ky (T (), T (2)) < kn(2,2) < K (T (), T (2)), V2,2 €S,V N eN. (5.12)
An obvious choice is given by

kY (rys) = inf{ky(2,2): 2,2 €S, mn(z) =71, mW(2) = s}, forr,s €S, (5.13)

kv (r,s) == sup{kn(r,2): 2,2 €S, Tn(x) =71, 7(2) = s}, forr,s €S, (5.14)

Defining ™% = limy o x%"" for both * € {+, —} it is obvious that
KN (T (), T (7)) < (2, 2) < K7™ (7 (2), T (2)),  forallz,z € S, (5.15)
and we see that

lim & (7 (2), 7m(2)) = k(z, &),  uniformlyinz,z € S, % € {+,—}. (5.16)

m—0o0

For both x € {+, —} we will denote by IP’X,”’*) the probability measure corresponding to the graph
Gy = G([IN], mn (%), jrR)-

The following comparison lemma shows how we can estimate the distribution P ((Mi%”, May”) €
+) from below and above.

Lemma 40. Fix m € N and let k" and k\;"", N € N, be two sequences of kernels on S,,

satisfying (5.12). Assume that N € N is large enough such that St < 1. Then, for any { €
Muo (Mo (Sim)),

(AT IPY 7 (NMiy = £) < Py(NMiY = 0) < PGP (NMiy = )AL, (5.17)
where

A 1— ~ry(r, S))éNQME\Tzn)(T)Mg\Tzn)(S)
v= 11 -

1— N/fx,"”( ,S)

(5.18)

T,SESm
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Proof. As in the discrete setting of Section we can identify elements from My, (S,,) with ele-
ments from N3™ and identify £ with (gk)keNgm- For* € {+, —} and any k € NJ™ we write

P (k) = P (G( k|, Xk, 457 is connected ), (5.19)

with x;, € S,L{f‘ any |k|-dimensional vector compatible with k. The main idea is that we identify
in the exact formula in Lemma [31] those terms that are increasing in x and those that are
decreasing in k. Indeed, the connection probabilities are increasing in k since the event of being
connected is increasing in the edge parameter. Indeed, for any k& € Ngm and x € S*l such that

(S 6,,) =
pv (k) < Pn(G(|k|,x, k) is connected ) < pii™ (k).

Furthermore, the powers of (1 — < (+)) that describe the probabilities of not being connected are
increasing for negative powers, and decreasing for positive powers. With those observations and

combinatorial factors we can estimate

PN(NMiﬁQ"’zﬁ)S(H(NM(m) )( 11 gkur}n;(k) 1) )

Sm m
e keN . (5.20)
l T o —hs m
(T (= () OO A
r,sESm
The lower bound and its proof are analogous. O

5.2 Projective system

Using our discretization scheme from Section we now introduce a projective system that fits into
the framework of [DZ10, Section 4.6]. Recall the notions introduced at the beginning of Section (5.1} in
particular the family of finite partitions (P,,,)nen that has the properties formulated in Lemmaand
the definition of the discretized type spaces S,,,. For any pair m, n € N with m < n we define

Tmn: Sn = Sm,  Tnj > T (5.21)

where x,, ; is the representative of Ami and Ami is the unique set in P, containing ,, ;. As before,
we lift this definition to the measure spaces by defining (with abuse of notation)

Tt M(Sn) = M(Sp), Tmn(v) =vom,, (5.22)

as well as

Tt M(M(Sn)) = M(M(Sn)), Tmn(A) =Xom, L. (5.23)

It is easy to check that restricting the latter mapping to £,, and A,,, respectively, gives us two well-
defined mappings 7, ,,: £, = Ly, and mp, 0 A, — Ay, respectively. Now, (Lo, T )m<n (OF
(A, 7rm7n)m§n) is called a projective system, if

W for any m € N the space L,, is a Hausdorff topological space,
B for any m,n € N with m < n the mapping 7, ,,: L, — L, is continuous,

W forany m,n,p € Nwithm < n < pwe have 7, ), = Tppn O Tpp.
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The projective limit of the projective system (L,,, ﬂm,n)mgn is denoted by lim £,,, and is defined
as the subset of the product space HmeN L,, that contains all elements (\,,)men that satisfy
Tmn(An) = Ay, for any pair m,n € N with m < n. The projective limit l'glﬁm is equipped
with the topology that is induced by the product topology on HmeN L,,. We call this the projective
limit topology. In particular, a sequence A\ € @Em converges to A € l&lﬁm asn — oo if it
holds for any m € N that A\’ converges to \,,, as n — 0.

Lemma 41. (L., Tinn)m<n @nd (A, Tm.n)m<n are projective systems.

Proof. The fact that £,,, and \A,,, are Hausdorff topological spaces is a consequence of the equiva-
lence of their topologies with the discrete topologies that we described in Section Form < n, the
continuity of 7, ,, is easily verified for the lowest level, i.e., on S,, — &,,,, and then lifted to the higher
levels. Indeed, for each open set O € M(S,,) (which can be identified as an open setin RS \ {0}),
we see that ,,%, (O) is an open set in M(S,,). The same is true at the higher level with open sets
in £,, and A,,,, which are images of open sets in £,, and A,,. O

Throughout this section we will denote L., = an L, and A, = l&n A,,,. The aim of this section is
to prove the following

Proposition 42. The following assertions hold.

1 The set L x A can be identified with L., X A.

2 The projective limit topology on L, X A is equivalent to the vague topology on L x A.

The proof will be a consequence of the following lemmas. In Lemma[44]we explain how to project from
L x Ato Lo, X As. As a direct consequence of Lemmawe get that this operation is continuous.
Afterwards, we deal with the inverse operation. In Lemma [46] we show the existence of the inverse
and in Lemma[48|we argue that it is continous.

Here is a basic property of the mappings ,,, and 7, ,,, which we need to prepare for Lemma

Lemma 43. Letm < n. Then the equality 7, = T, © T, holds on all levels, i.e., for all mappings

that were defined in (5.6)—(5.8) and (5.21)—(5.23).

Proof. On the lowest level, i.e., on S — §,,,, the equality is a direct consequence of the fact that
(Pn)men is nested. On the higher levels, the equality follows by the definition of the image measure.
O

Lemma 44. The following holds.

1 Let A\ € L. Then for any m € N we have that m,,(\) € L,,. Further, we have that the
sequence (T, (\))men is an element of the projective limit L.

2 Leta € A. Then for any m € N we have that m,,(«) € A,,. Further, we have that the
sequence (T, («))men is an element of the projective limit A..

Consequently, the mapping I1: L X A = Lo X A, (A, @) = (T (X)) men, (T (@) men)) is
well-defined.
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Proof. (1) For any A € £ and m € N we have that ¢, ) = Tp(cy) < mp(ft), where i €
{u} U{un: N € N}, hence m,,(A\) € L,,. As a direct consequence of Lemma [43] the sequence
(mm(\))men satisfies the consistency condition and is therefore an element of L.

(2) For o € A the proof is analogous. O

Lemma 45. Fix any m € N. The mappings w,,: L — L,, and w,,: A — A,, are continuous w.r.t.
the vague topologies. Consequently, the mapping 11 defined as in Lemmal[44}is continuous.

Proof. On the lowest level, i.e., for m,,: S — S,,, it is obvious that 7, is continuous on the set
S\ ULZL' 0A,, ;. Consider the second level, i.e., ,,: M(S) — M(S,,). We claim that 7, is
continuous on

No:={v e M(S): v(0An;) =O0foralli =1,...,|Py|} (5.24)

w.r.t. weak convergence: Given some v € Ny and a sequence (1, )nen in M(S) such that v, — v
weakly as n — oo and some continuous bounded function f: S,,, — R we clearly have that

/mfdwm(yn):/sfowmdun—>/Sfo7rmd1/:/mfd7rm(y),

as n — oo, since f o m,, is continuous v-almost everywhere. Hence, ,,(v,,) — 7, (V) weakly as
n — oo.

Now, consider m,,: £ — L,,. For A\ € L we have that ¢, < ji, where i € {u} U {uy: N € N}.
This implies that for any i = 1, ..., | P,,| we have that

A({k: k(0An) > 0}) < in)\({k: k(0Ap,) = n}) = ex(0An,) < ji(0Ap,) =0 (5.25)

by Lemma (39). With other words, )\ is concentrated on a subset of the set AV given in (5.24). Now,
let (\,)nen be a sequence in L that converges vaguely to A as n — oo. Then for any function
g: My, (S;) — R that is continuous and compactly supported, we have that

/ gdmn(A,) :/ gomy,d\, — go7rmd)\:/ gdmm (),
MNO (Sm) MNO (S) MNO (S) MNO (Sm)

as n — oo, since g o m,, is compactly supported and continuous A-almost everywhere. Hence,
Tm(An) = Tm(A) vaguely as n — oo.

The proof for m,,: A — A,, is analogous. O

In the next lemmas we will deal with the construction of the inverse of the projection mapping II and
verify its continuity. This requires, for any m € N, to identify measures \,, € L,, with measures
Am € L. To prepare for this identification we now define for any m € N

M (S) :={v € M(S): visconcentrated on S, }, (5.26)

where for any measure v on some measure space X and any measurable (/ C X we say that v is
concentrated on U if v(X \ U) = 0. Itis clear that M,,,(S) can be identified with M(S,,,). Observe
that this is possible because S,,, C S, as we have defined it via the representatives of each partition.
For any v, € M(S,,) we will denote the corresponding element by 7,,, € M,,,(S) and we will write
Tm: M(S) = M,,(S) for the mapping that we obtain by concatenating ,,: M(S) — M(S,,)
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as defined in (5.7) with the operation v,,, — 7,,,. Then we can identify the space L,, that was defined

in with
L, :={X € L: Xis concentrated on M,,,(S) N My, (S)}. (5.27)

Forany \,,, € L,,, we will denote the corresponding element by A,,, € L,,, and we will write 7., : £ —
L., for the mapping that we obtain by concatenating 7,,,: £ — L,,, with the operation \,,, —> \,,. In
the same way, we identify the space A,, that was defined in (5.77) with

A, :={a € A: ais concentrated on M., (S) N M(S) \ {0} }. (5.28)

Now we construct the inverse of the projection mapping II that was defined in Lemma [44]

Lemma 46. The following assertions hold.

1 Let (Am)men € Loo- Then there exists a unique \ € L such that \,, = m,,(\) holds for all
m € N.

2 Let (n)men € As-. Then there exists a unique o € A such that ov,,, = ,, () holds for all
m € N.

Consequently, the mapping 11 defined in Lemma is bijective with inverse IT1.

Proof. Fix (/\m)m_eN € L. The idea is to identify for any m € N the measure A, € L,, uniquely

with the element \,, € L, and to prove that the sequence (\,,)men has a vague limit point in L,
which we will denote by . It then remains to show that 7,,(\) = A, holds for any m € N.

Next, we will argue for the existence of a vague limit point of (\,,)men- As an element of L, the
sequence (A, )men satisfies the consistency condition ., = 7., () for any m < n. Abbreviating

My, = My, (S) \ {0} and My, m := My, (Sim) \ {0}, we get that
j‘m(MNo> = )‘m(MNo,m) = )‘n(ﬂgz,ln<MNo,m)) = )‘n(MNo,n) = S‘H(MNo)

and consequently, j\m, m € N, is of constant total variation. Note that the measures Xm, m € N,
are in the dual of Cjy(My,) and that, due to the Banach—Alaoglu theorem, they are compact w.r.t.
the weak™*-topology, which implies compactness w.r.t. the vague topology on L. Hence, there exists a

vague limit point A\ € M (My,) and a subsequence (., )icn in £ converging vaguely to \. Since
L is compact by Lemma [38} we also have that A € L.

Observe that as a consequence of

Next, we fix m € N and our goal is to show that \,,, = 7,,,(\).
= )\, for any n € N. Together with the

our identification between )\, and \,, we have that m,(\,,)
consistency and Lemma [43|we get for n > m that

Am = Tmn(An) = Wm’n(ﬂ'n(j\n)) = Tm(An).

Choosing a subsequence (j\ni)ieN that converges vaguely to A, we get that \,,, = lim; wm(j\m) =
Tm () where we used the continuity of the mapping ,,, that we showed in Lemma [45]

For a given (a,)men € A the proof is analogous. O

To prepare for the proof of the continuity of II ™! we need the following lemma.

Lemma 47. On bounded subsets of M(S), the mapping M(S) — M(S), v +— 7, (v), converges
uniformly to the identity as m — 0.
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Proof. Recall that we equip M (S) with the weak topology, which is generated by all the test integrals
against continuous bounded functions S — R. The weak topology on M (S) admits a number of
metrisations, especially since S is compact. We introduce the dual bounded-Lipschitz distance given

by
/S¢dy—/8¢dﬁ

where || ¢/, = ||¢]l, + Lip(¢) and Lip(¢) is the infimum of all Lipschitz constants of ¢: S — R.
Let ¢: S — R satisfy ||¢]|g;, < 1 then

‘/s“’dﬁm(”) - /qudy
(5.30)

where z,,, ; is the representative of A, ; as defined right before definition (5.5). Now, if N" C M(S)
is bounded, i.e., sup,,c ¥(S) < o0, then dpy (v, 7, (v)) vanishes as m — oo uniformly on N by

assumption (5.4). O

dee(,9) = sup
¢: H¢||BL§1

, (5.29)

| Pm

|
< /A 10m) — 9] (dr) € max diom(Ay (S),

i=1,..,| P,
i=1 |l

In the next lemma we verify that the mapping I1~! constructed in Lemma is continuous.

Lemma 48. The following assertions hold.

1 Let A\, n € N, be a sequence in L. Assume for allm € N that m,,,(A\"™) converges to 7, (\)
vaguely in L,, asn — oo. Then A" converges vaguely to \.

2 Leta™, n € N, be a sequence in A. Assume for all m € N that m,,(a'™) converges to
mm(a) vaguely in A, asn — oo. Then o™ converges vaguely to .

Consequently, the mapping I1~! constructed in Lemma is continuous.
Proof. (1) Let A, n € N, be a sequence in L, such that for all m € N it holds that 7,,(A\™)
converges to m,,(\) vaguely in £, as n — oc. Abbreviate My, := Mpy,(S) \ {0} and fix a

continuous and compactly supported function g: My, — R. Recall the identification of £,,, and L,,
introduced before Lemmal46] Clearly, we have for any m € N that

‘/gd)\(”) —/gdA) < '/gd)\(”) —/gdwm()\("))
+ ‘/gdﬂm()\“”) —/gdﬂm()\)‘ + ‘/gdwm()\) —/gd)\‘

< (IANT+ M) llg — g0 Tomll o + ‘/gdwmw")) — /gdwm(k)‘- (5.31)

Note that A™ € L implies that |A™| < ¢y (S) < supyen in(S) V u(S) = 1foralln € N,
and in the same way |A| < 1. Further, the support of the function ¢ is compact, and thus bounded.
So by Lemma[47]we have that the mappings 7, restricted to the support of g converge uniformly to
the identity, as m — oo. Hence, we can first choose m € N sufficently large such that (|A™] +
IA)Nlg — g © Tml|, is arbitrarily small, uniformly in n. Then we can use that, 7,,,(A™) — T (X),
as n — 00, holds by assumption, so the second summand on the right-hand side of vanishes
asn — oo.
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(2) Let o™, n € N, be a sequence in A, such that for all m € N it holds that 7, (a™) converges
to ™ (cv) vaguely in A, as n — oo. Recall that for all n € N the measures o™ are concentrated
on M<,(S), i.e., on subprobability measures on S, since for any y € supp(a™), we have that
Y(S) < o (S) < supyen pin(S) V u(S) = 1. The same holds for . Hence, without loss of
generality we can show vague convergence by considering any continuous compactly supported test
function g: M<(S) \ {0} — R. By Lemma [37| there exists ¢ > 0 such that the support of g is
contained in IV, := {v € M<(S) \ {0}: v(S) > ¢}. Analogously to we get

‘/gda"”—/gda

(a™(N2) + a(N.) sup 9(y) — g 0 T(y)| + \ / g d7(a™) - / g d7(c)

YyEN,

<

. (5.32)

To bound the first summand observe the following: Since o™ & A one has that ca™ (V)
¢y (S) < 1 and hence o™ (N,) < 1/e. The same holds for o and hence o™ (N.) + a(NV;)
2/e. Also, by Lemma the supremum in (5.32) vanishes, as ™ — 00. So, by first choosing m
large enough and then using that 7, (a™) — 7,,(«), as n — oo, the right-hand side of
vanishes. O

<
<

5.3 Dawson-Gartner and identification of the rate function

As an easy consequence of Lemma[40]and the LDP of Theorem [29] we obtain upper and lower LDP
bounds for (Mi{y’, May”’) with different rate functions. In order to formulate this (in particular, to
identify the rate functions) we need to introduce additional notation.

For dealing with the microscopic clusters, we need the discretized version of the connection parameter
7 defined in (3.2), which now has to be understood with respect to the discretized kernels. For * &
{+,—}and k € M(S,,) \ {0} we write

Ok = >[I &™), (5.33)

TeT (k) {i,j}€E(T)

where (7)1, |k € S!"'is such that k = Z'ﬂl 9, € My, (Sn) and T (k) is the set of spanning
trees on [|k|] and we recall that |k| = k(S,,). Further, we define for x € {+, —}

1
Cg) = §<“(m)’ H(m,*)u(m)>’ (5.34)
L2 () = HAQuum) — 1= (N log 78) + [ea] = |Al, A € Lo, (5.35)
N dv
(m,*) _
L (v) = <1/, log omow) dpem >, veM(S,). (5.36)

where we recall that Qu(’"> is the distribution of a Poisson point process on S,,, with intensity measure
1™ and that H denotes relative entropy between non-normalized measures, defined as in (1.8).
Again, we adopt the convention that 1{;." (v) = oo if MW does not exist. We have to be
more careful in the definition of the macroscopic rate. For o € A,,, we define

~ fM songor (dy) [ (Y, log — _K(,,?fi) — ) = %(y, km*y) | if o is connectable,
]1(\/[ )(CY) — (Sm)\{0} (1—e ) dp(m)

o0 otherwise,
(5.37)
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where again we define Iy, () = oo, if it is not true that c-almost everywhere the density in the
log-term exists. The definition of flv[a also takes into account the possibility that the discretized kernel
might not be irreducible. In particular if  is irreducible, it is not always true that ™) is also irre-
ducible. In that case we have to additionally assume that « is connectable with respect to ™ to
get a finite rate, as it is formulated in the generalized version of Theorem[29] i.e., Theorem[30] We will
comment on this in detail below.

When estimating the distribution of the pair (Mi"™, Ma™) under the measure Py by Lemma 40| we
will get an additional error term. To deal with that we define for (A, o) € L,,, X A,

00+ 10 (0) + B (0 = ex = ea) +.C5) - ifent o S i

I\ ) = {

00 otherwise,

L™ () + L7 (@) + I (0 = ey = ca) + O ey +ca < Mo s0)

o0 otherwise.

I\ a) = {

Corollary 49 (LDP bounds for (Mi{y’, May"”) under Gy). Assume that i converges to juas N —
00. Let Kk converge to a continuous kernel k that is irreducible w.r.t. ji. Fix m € N and let /i(](,"’_)
and k""", N € N, be two sequences of kernels on S,, satisfying (5.12). Then the distribution of
(Miy”, Maly”) under Py satisfies, as N — oo, the upper large-deviations bound with rate function

1™ and the lower large-deviations bound with rate function ™).

Proof. It is easy to verify that

3 1 (m) _ 1/,,(m) (m+), (m) 1/,,m) (m,=)\ _ ¥(+) (=)
]\lgngoﬁlogAN _§</1“ xat H >_§<:u Xt >_Om _Cm7

where Aﬁ(}” is defined as in (5.18). Note that irreducibility of x implies irreducibility of k(™) Hence,
for the upper large-deviations bound we can apply Theorem after using the upper bound from
Lemma 40l For the lower bound we use the lower bound from Lemma [40] and the lower bound from
Theorem|[30] that also applies if ™) is reducible. O

Of course, the basic idea is to use Corollary [49 for very large m and the hope is that the discretized
rate functions approximate the rate function I given in Theorem |1, However, the problem is that the
lower bound can be arbitrarily bad due to the following issue. Observe that although « is assumed to
be irreducible with respect to 1, as a consequence of the definition of the lower approximation ™~
given in (5.13) we have to deal with the possibility that <™~ is not irreducible with respect to uom;bl.

This might even be the case for all m € N. To illustrate this, we give a brief example.

Example 50. Choose S = |0, 1], let i be the Lebesgue measure and kK (z,x') = k(z,x') = za’
forxz,x’ € Sandall N € N. Let{P,, }.nen be any nested partition for S and let S,,,, m € N, be any
choice for the sets of representative points. Then for any m € N there exists some set A,, € P,,
such that 0 € 0A,, and u(A,,) > 0. Let x,, be the representative of A,,. It can be directly verified
that for any x!. € S,, we have that k'™ (z,,, z! ) = 0, although p'™ ({x,}) = u(A;,) > 0. On
the other hand, assumption implies that 1(A,,) — 0 as m — oo so there exists m such that
form > mq we also have that u'™ (S, \ {xm}) > 0 and hence k") is reducible with respect to
w™ for allm > my. O

Regarding the approximation of the rate function I by its discrete version the problem of (missing)
irreducibility enters our analysis only via the function 1) . Indeed, for I\;"" the additional case
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distinction given in is not necessary, since k™" is always irreducible and hence every « is
connectable with respect to k™). In order to make the lower approximation work, we formulate
additional assumptions on «. Since they are not satisfied for any a we have to find a way how to deal
with the other cases.

Lemma 51 (Identification of the rate function). Letk: S XS — [0, 00) be continuous and irreducible
with respect to 1. Assume that K™ k™7 S, X S, — [0,00) are given such that k™™ <
k) and

lim £ (7, (2), 7m(y)) = K(z,y), uniformly inx,y € S, * € {+, —},

m—0o0
monotonously decreasing for x = -+ and monotonously increasing for x = —. We abbreviate
IL,(A\, @) := (mm(N), T (@) form € N, (A, ) € L x A. Then the rate function I introduced in
Theorem(1] satisfies the following.

1 Forany (A, a) € L x A it holds that I (I1,,(\, «)) / I(\, ) asm — 0.

2 Let (\, ) € L x A and assume that « satisfies the following: there exists some my € N
such that for all m > my the measures T,,(«) are connectable with respect to k™). Then
101, (N, &) = I(\, ) asm — 0.

Proof. Fix A\ € L and a € A. Also, we will denote \,,, = m,,(\) and o, = 7 ().

We first assume that ¢\ +c, < p. Itis straight forward to show that this implies that ¢, +¢,,, < '™
for all m € N. We denote v,,, = u™ — ¢, — Ca,,-

We will see in the proof that in each of the terms that we handle, the main part is an entropy between
two image measures under 7, plus a perturbation and other terms that will turn out to converge
monotonically as m — oo. Then we will use [Geo88, Prop. 15.6], which says that the named entropy
converges, as m — oo, to its supremum over m.

For this, we will handle each of the four terms in (5.34)—(5.36) separately.

Step 1: term C*). It is easy to deduce that lim,, ., C” = %<M> kp) = limy, o CL) and that
C{*) is decreasing in m for * = + and increasing for * = —. Note that /™" is defined with C(”,
so it has the right direction of monotonicity.

Step 2: term I (). Let us turn to the part 177" (\,,,). Recall that A, = A o 7!

L
Since \,, = Ao, ! and Qum = Qo0 71 by the mapping theorem for Poisson point processes,
[Geo88, Prop. 15.6] implies that H(A,,|Q,m ) converges towards H(A|Q,,), and H(A,|Q,,m)) is
increasing in m. According to our assumption in (51), using the monotone convergence theorem, we
see that the term —(\,,,, log 7.0} converges towards —(\, log 7) (also if —(\,log7) = o0). For
* = -+ the convergence is from below, as desired. It is easy to verify that |c), | — |Am| = |ca] — |A]
holds for all 1m. Hence, we have shown that 17 (7,,(A)) 7 Iy (A) and 127 (1 (X)) = Ly ()
as m — oo.

Step 3: term I(;>") (1, ). Now we turn to the mesoscopic term 17 (1,,,). Note that for v = p1—cx—cq
the definition of the image measure implies that v,,, = v o 7%1. Further, we have that

[ * Vm ™,
]li/[e )<Vm) = <Vm>10g W> — <I/m,10g(/{( ’ )I/m)>,

dvm

Hence, we may apply [Geo88), Prop. 15.6] to the first term and see that (v,,, log EmeD)
m — o< to its supremum on m, and for the second term we use to see that

) converges as

lm — (v, log(k"™vy)) = —(v,log(kv))

m—r00
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holds by the monotone convergence theorem (also if — (v, log(kv)) = o0). For * = + the sequence
is increasing as desired.

Step 4: term I(>") (ay, ). Finally, we turn to the macroscopic term 17" (a,,,). Note that irreducibility
of k with respect to y implies irreducibility of <™ with respect to 11™. Hence the measures 7,, (),
m € N, are connectable. In the setting of statement (2) this is true for m > mg by assumption.
Therefore, without loss of generality, we assume m > myg. Applying the definition of the image
measure we have that

L (o) =

dym _p(m 1 -
/a(dy) <ym,10g >—/a(dy)[<ym,log(1—e ( )ym)>+§<ym,f€( ) |

d/’l/(m)

where we wrote ,,, = y o 7r;11. Now the convergence (including the desired monotonicity) can be ar-
gued in the same way as for the microscopic and the mesoscopic terms above, using the monotonicity
of the entropy and our assumption in (&1).

This finishes the proof of (1) and (2) in the case ¢y + ¢, < u.

Finally, we are considering the case that A € £ and @ € A do not satisfy ¢y + ¢, < . Then
there exists a y-continuity set A C S such that ¢\ (A) + ¢4 (A) > u(A). Then with A, = 7, (A)
we have that 7' (4,,) 2 A and hence cy,, (An) + Car (Am) > cr(A) + ca(A). Now, let 0 <
e < cx(A) + co(A) — u(A). By Lemma |47| we have that 7, () — p weakly, as m — oo.
Hence, we can choose my large enough such that p1(A) > T, (1) (A) — /2 = (1) (A) — /2
holds for all m > my. Consequently, ¢y, (Am) + Ca,, (Am) > T (1) (An) + €/2. Therefore
I0m9(11,, (A, «v)) = oo for any m > mg and * € {+, —}. O

Now we derive an upper and a lower bound LDP for the distribution of (Miy, May) under Gy by
following the two parts of the proof of the Dawson—-Géartner theorem, [DZ10, Theorem 4.6.1] and
using the fact that due to Proposition it is sufficient to work with open and closed sets from the
projective limit topology.

Lemma 52 (LDP — upper bound). Suppose that all assumptions of Theorem[T| are satisfied. Then the
distribution of (Miy, May ) under Py satisfies the upper bound part of the LDP with rate function I
as defined in Theorem[il

Proof. Fixaset F' C L x A that is closed with respect to the vague topology. Then by Proposition
the set F' is also closed with respect to the projective limit topology. For any m € N we use
the notation I1,,,(\, ) = (7, (A), Tm(c)) and recall that (Miy”, Ma”) = II,,,(Miy, May).
Therefore,

1 1
lim Sup log Py ((Miy, May) € F) < limsup N log Py (Miy’, Ma{y”) € IL,,(F))

N—o0 N—o0

< — inf ™" = —inf I oI,
IL,,,(F) F

where we used Corollary [49] for the second inequality. Since the left-hand side does not depend on
m, we can proceed with the supremum over m € N on the right-hand side. By Lemmawe have
that sup,,, I"™* o I1,,, = I, which implies the claim. O
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It remains to prove the lower bound of the LDP formulated in Theorem [1] Since the approximation of
1 from below via 1™~ works only in the case where « satisfies the assumptions given in the second
statement of Lemma [51] we have to do some additional work. The idea is the following: given some
« that does not fulfill the assumptions, we will first approximate o by some suitable choice for which
the assumptions hold. Then we can apply Lemma[51]

Lemma 53. Leta € A withc, < pand Iy (a) < 0o. Then there exists a sequence (o) )50 >0
in A such that the following properties hold:

(1) for fixed § > 0 and ¢ > 0 there exists mo = mq(0) such that for all m > my the measures
Tm(a'®®) are connectable with respect to k™) ;

(2) a9 — «asd — 0 ande — 0 with respect to the vague topology;

(3) forany A € L we have that [ (\,a®?) — I(\,«) asd — 0 ande — 0.

Proof. We always write o = Zig d,,, where J is a countable set. The idea is to pick some type
x € S and to restrict the measures y; € M<1(S) \ {0}, 7 € J, to a subset S; of S that contains all
types ' € S that can be connected to by using a finite sequence of intermediate types x;_1, 3,
for which we have x(zj,_1, ) > 0. Then for large enough m connectivity is preserved with respect
to ™), which will imply (1). The parameter ¢ > 0 is only introduced to deal with the fact that .J
might be infinite and ensures the convergence claimed in (3).

Fix some = € supp(u). For § > 0 define

S5 :=Ss(x) :={2' € S: Ik eN, Ixg,x1,...,21, €S, xg =, 1, = ', K(xp_1,24) > 0§, Vh € [k]}.

(5.40)
We first show that p(S \ S;) — 0 as & — 0, which we will need for the proof of (2) and (3).
Observe that Ss C Sy if & > ¢ and put Sy := U5>0 Ss. Since k is irreducible with respect to
pand z € supp(pu) it is easy to see that for § small enough we have that ;(Ss) > 0 and hence
1(So) > 0. We now argue that k = 0 p-almost everywhere on Sy X S\ Sp. Assume the contrary,
i.e., fSo f$\so k(2 2" )u(da")u(dz”) > 0. Then by continuity of x we find sets of positive measure
A C Spand B C S\ Spwhere ¢’ := inf,ca7ep k(2. 2”) > 0, which is a contradiction to the
factthat B C S\ Sy. By the irreducibility of « with respect to 1, the facts that 14(Sp) > 0and k = 0
holds ji-almost everywhere on Sy x S\ S imply that 1(S \ Sp) = 0, so by continuity of measures
we have that ;(S \ Ss) — 0asd — 0.

Now for any 6 > 0 and £ > 0 we define
al® = Z 0,0, where y® :=y(-NS;) foranyy € M<i(S) (5.41)
ied.
and where J. = {i € J: |y;| > €}. Note that |c,| < 1 implies that for € > 0 the set J. is finite.
Now we show that («>*))s .0 has the three properties.

(1) Fixe > 0 and § > 0. Now take myg such that ||k — k"™ o T, ||oe < /2 holds for all m > ms.
Let m > myg. Then we have that k™~ o 7, is irreducible on Sy, since k(z;_1,z;) > ¢ implies
k™) o . (21, 1;) > &/2. With other words, k™ is irreducible on 7,1 (Ss). Forany i € J we
have that supp(y,\”) C Ss by construction and hence supp(m,,(1i”)) C 7;-1(S5). Therefore, we
get for all m > my that m,, (a>)) is connectable with respect to k™.

(2) It is straight forward to show that for all i € J and § > 0 we have dgr, (i, 1\”) < 4:(S\ Ss) <
w(S '\ Ss), where dgy, is the metric defined in (5.29) that induces the weak topology on M(S). For
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any continuous compactly supported test function f: M<;(S) \ {0} — R there exists ¢, > 0 such
that f = 0on{y € M<(S)\ {0}: |y| <&y}, sofore < ey (including the case € = 0) we have

| @i - [atnse)| = 3 1) - £l < 1., lmax £617) - 7o)
i€ e, f
(5.42)
Observe that the right-hand side converges to 0 as 6 — 0. This implies (2).

(3) By lower-semicontinuity of the rate function it is clear that (X, a) < lims._,0 I (A, @®<). So we
only have to deal with the other estimate, i.e., we need to find an upper bound for

I a®) = I\, @) = (Ine(pt — e — ca) = Inte(pt — €1 — Co5.)))
+ (IMa(oz(‘;’E’) — IMa(o/o’E’)) + (IMa(o/O’E)) — IMa(oz)).

Lety > 0. ltis straight forward to verify that ¢ s.-) — ¢, weakly as 6, — 0. Since Iy, is continuous
we can choose 0 and g such that [Iye (1t — c) — o) — Ine(ft — €\ — Coo.00)| < y/3forall § < by,
e < gp.

(5.43)

Recall that
Ivia(cv) = / a(dy) fua(y),  where  fua(y) = (v, 1og mmygy) — 3(U:Ky),  (5.44)

and where we interpret the log term as equal to 400 if the density does not exist.

We have that

Dva(a) = Iva(a®) + Iia(Dig . Oy) = Iia(@®?) + Dva (i 93),

where the inequality follows from (7.), which is proved in Lemma Note that | Ziwe yi| — 0 as
e — 0and fua(y) — 0as |y| — 0. So we can choose € < &g such that Iy, (") — Iy (@) <

/3.

As a last step we want to choose § = d(g) < dg such that | Iy, (@) — Iy (™) < /3, so it
remains to show that
(1511% Na(a®?) = Iya (). (5.45)
H

Notice that the definition of y® given in implies that |y| — (S \ S5) < |y < |y|. Therefore,
we can choose & small enough such that 44(S \ S5) < 2 miney, (|y;| — ) to ensure that for all
i € J. we have that || > . Now, we choose a function y.: M<;(S) \ {0} — R that is equal
to one on {y € M<1(S) \ {0}: |y| > €}, equal to zero on {y € M1(S) \ {0}: |y| < ¢/2}
and continuous. In particular, the function x. fur. is then compactly supported and we have that for all

0 <4
AMMWUZ/MMWMM@VW@)

Technically, we still have the problem that fy, can take values in R U {+o0}. But our assumption
Iva(a) < oo implies that fy.(y;) < oo foralli € J., so by continuity of fyr, and the finiteness of .J.
we can tune &’ < ¢ such that uniformly forall i € J. we have fy.(y;”) < C for some constant C'. We
already showed in (2) that a9 — a,s0 having established continuity and compactly supportedness
of the function in the integral we get that

lim IMa(o/‘S/’E)) = lim [ a®? (dy)x:(y) (faa(y) AC)
8 —0 =0

N / a(dy)xe(y) (faa(y) A C) = ha(a®?).
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Altogether the right-hand side of (5.43) can be bounded by «, which proves the claim. O

Lemma 54 (LDP — lower bound). Suppose that all the assumptions of Theorem(T| are satisfied. Then
the distribution of (Miy, May ) under Py satisfies the lower bound part of the LDP with rate function
1.

Proof. Fixaset G € L x A that is open with respect to the vague topology and a point (A, o) € G.
We will show that for any v > 0 we have that

liminfllog]P’N((MiN, May) € G) > —I(\, @) — 7. (5.46)
N—oco N

Note that in the case where (A, o) = o0, the claimed estimate always holds, so we assume that
I(\, ) < oo. Lety > 0. We will use the approximating sequence (a>¥)s-0.~0 constructed in
Lemmal53| Lete > 0 and § > 0 be small enough such that o> € G'and |[I(\, o) — I (A, )| <
~/2. Again, we write II,,,(\, @) = (T, (A), T (@)) and also Il (A, &) = (T (N), T (@)) for
any n > m.y Proposition [42]the set G is also open with respect to the projective limit topology. It is
a general fact that the set

B, = {11} (U,): meN, U, C L, x A, open} (5.47)

is a basis of the projective limit topology. From now on, we fix some large mg € N which we will
specify later. We claim that also the set

B, = {ILY(U,,): m > mg, Uy, C Ly, X Ay, open} (5.48)

is a basis of the projective limit topology and argue this as follows: note that for any m < mg we can
take any n > my and use that 7,,, = m,,,, © m, holds by Lemma [43|to derive that IT,.} (U,,,) =
IT, (11}, (Uy,)) for any open set U,. Since the set IT," (U, is again open due to the continuity

of Tpm.n, we get that I 1 (U,,,) € B,,,. Altogether we have that B C B,,,.

Having established that B3,,, is a basis for the projective limit topology, we may pick m > my and an
open set U,,, C L,, x A, such that (\, ) € TI_1(U,,) C G. Therefore, we see that

1 1
I inf 7 log P (Min, Man) € G) > lininf - log Py (VI May') € U) -
> — iUnf Jm) > _I(m,—)(Hm(/\7 a(&,a)))’

where we used Corollary for the second inequality. Using Lemma and Lemma we can
pick my large enough such that for all m > mg the measures 7,,(«>®) are connectable and
|10 (1L, (A, @) — T(\, a®2)| < ~/2. Altogether, this gives (5.46). O

6 The minimizers of [

In this section, we derive an explicit description of the minimizer(s) A of Iy;; under the constraint
¢y = cforany ¢ € M(S) satisfying ¢ < p. This will allow us to solve the optimization problem in
(2.6), i.e., to identify the minimizer(s) of the rate function for the LDP for Mi in Theorem[9} It will also
be used as an important intermediate step in deriving the full optimization of the rate function I of the
LDP in Theorem |7}, our main result. Recall the notation that we introduced in Section|2.1} in particular
the definition of X(k, ¢) from (2.3). Here is the main result of this section.
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Proposition 55 (Minimizers of Iyy;). Fix a probability measure ;1 on S and a kernel k on S x S that
is nonnegative and continuous.

Letc € M(S) be a measure such that c < .

(i) Assume that > (k,c) < 1. Then

. de 1
it DY) = (e log @> + 5{ek(u—c)), 6.1)

and the infimum is attained in the unique minimizer \. defined in (2.1).
(i) Assume that 3(k, c) > 1. Then
inf ]M1(>\) Z inf IM1(/\) + ]Me(c - b*) (6.2)

AEL: cyx=c AEL: c)=b*
where b* = b*(c) € M(S) is the minimal, non-trivial (i.e., not equal to ¢) solution to (2.9) and
satisfies ¥.(k, b*) = 1.

It is interesting to notice that one can see the phase transition already from the sole consideration of
Ivii. We will refer to (i) and (ii) as to the sub- and supercritical cases, respectively.

In the case where S is finite we can actually prove an equality in (6.2). In the general case we also
expect this to be true, but did not attempt a proof, since the inequality will be enough to prove our
main results, Theorems[9]and|[7]

The proof is naturally divided into Sections — according to the distinctions between finite S (the
discrete case) or general compact S and between the sub- and supercritical cases. In Sectionﬂwe
construct minimizers for subcritical measures c for finite S; we analyze if the only candidate \ (coming
from the Euler-Lagrange equations) satisfies the constraint ¢y = ¢, which requires the result about
the multivariate power series from Section In Section [6.2] we generalize the results to a general
compact type space via an approximation argument. In order to deal with supercritical measures c for
S afinite set, we also rely on combinatorial results in Section Afterwards, we handle the general
supercritical case in Section 6.4

6.1 The discrete, subcritical case

In this section, we formulate and prove the main assertions about the minimizers of I in the discrete
case, i.e., the case of a finite type space S. Here we will be using the notation of linear algebra, i.e.,
measures A € £ on My, (S) will be written as sequences (Ax)pens-

Recall the definition of the rate function Iyf; from Theorem as well as the notation for the integrated
type-configuration ¢, (\) = ZkeNOS Ak k- for r € S introduced in (4.5). We write [0, 1] for the set of
all ¢ € [0,00) satisfying0 < ¢, < p, foranyr € S.

For ¢ € [0,00)%, define \(c) = (Ak(€)) kens bY

(Csef(lﬁc)s)ks

T keNg (6.3)

M(e) =) ][]

seS

and note that this definition is the discrete analog of the general form of the minimizer in (2.1).

The aim of the present Section [6.1]is to verify the subcritical case of Proposition [55|in the discrete
setting, which we restate here quickly.
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Proposition 56. Letc = (c¢s)ses be in [0, u]. Assume that 3(k,c) < 1. Then

c 1
inf Iy :<,1— Z e wlp —¢)), 6.4
e i) = (e log ) + 5 (el = o) (6.4

and the infimum is attained in the unique minimizer \(c) defined in (6.3).

To derive the form of the minimizer given in (6.3), we will start by giving a short heuristic. First note
that Iy; is a strictly convex function and that {\: ¢(\) = ¢} is a convex set, which implies that there
is at most one minimizer. Assume that a minimizer A* exists in the interior of {\: ¢(\) = ¢}. Then
by formally writing down the Euler—Lagrange equations, one can see that

Ok
M=rk) ][]  keN, (6.5)

where 6 = (6;)scs is some non-negative real-valued vector. Note that ¢ has to be chosen in such a
way that ¢(A\*) = ¢, i.e., for every r € S the multivariate power series

o) = Y rk T

keENS

(6.6)

converges with limit c,.. We already encountered in Section [3.1]that for § = ce ™" the power series
on the right-hand side of has the right value. The following is just a reformulation of the results
from Lemma([i6]and Proposition [T7]using the notation of the present section.

Corollary 57. Letc = (¢;)ses in [0, u] and assume that 3(k, c) < 1. Then for \* = \(c) we have
that c(\*) = c.

A rigorous argument showing that this choice uniquely minimizes I,y; can be found at the end of this
section. The identification of the optimal rate Iy;;(\(¢)) needs an additional property of the minimizer,
namely a formula of its total mass, which we derive in Lemma For this we use the following
recursive formula.

Lemma 58. Letk € N§. Then we have the recursion

Sokirs) Y (H m’“—“!)r(m)mﬂ(mm — (k] — V)r(k).  (6.7)

N N Wy,
r,s€S m,merS: m+m=k UuES

Proof. Let (x;)cqk)) € SI¥ be a vector compatible to k, i.e., k = > 65, and recall the definition of
7(k) from (3:2). For 4, j € [|k|] with ¢ # j define

VVi,j = Z H K($U,[Ew), (6.8)

TeT (k): {i,7}eE(T) {v,w}eE(T)

i.e., W, ; is the total weight of trees containing the edge {7, j }. Observe, that each tree 1" on [|k|]
contains exactly |k| — 1 edges and, for each edge {i,j} € E(T) the weight of 17" appears once
in 1W; ; and once in I¥; ;. Thus, the weight of 7" is counted 2(|k| — 1) times in the sum 3., W, ;,
which implies that
2(k| = (k) = Y Wi (6.9)
i#]
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Now, for a fixed pair of types 7, s € S consider the weights of trees containing an edge connecting
some type r with some type s vertex, i.e., consider Zi#: itz —s W; ;. Notice that each tree con-
tributing to this weight can be decomposed into an edge of weight x(r, s) and two trees 7,. and T
with roots of type  and s respectively. (The term ‘root’ is here only used to mark a certain vertex, not
to give some directed structure.) This implies the formula

k! o\~
Z Wi = k(r,s) Z (H m)T(m)mTT(m)ms. (6.10)
i#j: Ti=r,x;=5 mtm=k ueS ¢ W

Here we used formula (3.9) to collect the weight coming from the possible choices of 7. and T, which
is 7(m)m, and 7(m)ms respectively. Formula (6.7) now follows by summing over all possible pairs
r,s €8S. 0O

Lemma 59. Letc = (¢;)ses be non-negative with X(k, ¢) < 1. Then for \(c) defined as in (6.3) we

have that
o) = Z/\k ZCT——C,KJC. (6.11)

keN§ res

Proof. Writing \* = A(c) and using that ¢(\*) = ¢ we show the equivalent equation
Z A (|k] = 1) (c KC). (6.12)
keN§

For fixed k € N3 the recursive equation (6.7) for 7(k) easily implies

1 ~
5 Z Z Xrmk(r, s)Nems = N (Jk| — 1).

m,meNS : m+m=Fk 1,5€S

With the assumption (x, ¢) < 1 all series in the next equations converge (absolutely) by Corollary
s0 by rearranging terms we get that

Z)\*|k;|—1 ZZZ)\mT (r,s)A\smg = <C/iC>

keN§ meNS mEN§ 1,s€S

O
Combining the results from Corollary 57]and Lemma[59 we can now give the proof of Proposition [56}
Proof of Proposition[56 Assume that X(k, ¢) < 1. Define A* = A(c) as in (6:3). By Corollary [57|we

have that ¢, (A\*) = >, A\iks = ¢, forall s € S. Now, take any A satisfying c;(\) = >, Arks = ¢
forall s € S. Then from (4.6), using the formula from Lemma 59} we get

(ke)s s
IMiO‘):Z)\klogg‘i‘z)\klog(]jses(ce ) ) Z)‘k k] — 1)+ <c KL
k k k
= H(AN) — [N + <c, log5> + || + %(c, k) — (¢, ke)

> <c, log§> + %(C,/{(M — ),

(6.13)
where we wrote HI(A[A*) = (X, log &) 4 |A*| — |A| for the entropy and used that HI(A|A*) > 0 with
equality if and only if A = \*. O
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6.2 The general subcritical case

In this section we derive Proposition i). The proof is similar to the proof of the discrete variant
in Section Again, there is an explicit candidate for the minimizer, but one has to prove that it is
admissable, and we need to identify its total mass. This is done in the analogs of Corollary [57| and
Lemma[59] see Lemmas|61]and[62, whose proofs proceed via a discrete approximation based on the
material of Section

In the current case of a general compact metric type space S, the candidate for a minimizer is given in
terms of a Poisson point process, see (6.14). Recall that we write (Qy for the distribution of a Poisson
point process X = (X;);er in S with intensity measure § € M(S). We write k = > .0y, €
My, (S) for the measure induced by the random point cloud. Note that the points X; do not have
to be distinct with positive probability, if & has no Lebesgue density. We start by noting a simple fact
about the densities between absolute continuous Poisson point processes.

Lemma 60. Let, 0 € M(S) with @ < 0. Then Q; < Qy and

dQy (k) = oklog 90y 16(5)—6(S)

, ke My, (S).
aQ; ol )

Recall the definition of 7(k) introduced in (1.9). Also recall that for a fixed ¢ € M according to
definition (2.1) the candidate for the minimizer of Iy;; under the constraint ¢y = ¢ has the form
Ae(dk) = %S 1 (k)Qp, (dk), where 8,(dr) = e *"e(dr). (6.14)

We first provide a generalized version of Corollary [57] and Lemma [59 We first impose the stricter
condition X(k, ¢) < 1.

Lemma 61. Letc € M(S) with ¢ < pi. Assume that ¥(k, ¢) < 1. Then the following holds.

1 For any continuous test function f : S — [0, c0) we have that
/ Ae(dR) (R, ) = (e, f)- (6.15)
M, (S)
2 The total mass of \, is given by
1
A = / M(dR) = o(S) — e e, (6.16)
My () 2

Proof. We focus on showing equation (6.15)); the proof of (6.16) is similar (see the end of the proof).
Abbreviating 6 := 6. and inserting the definition of A\, we have to prove that

Qo[ r(R), 0] = (£,0), 6:17)

where we conceive k as an My, (S)-valued random variable on the left-hand side. The idea is to
deduce the equality from the one that we have in the finite-type case by using the discretization
scheme from Section Recall the notation from Section [5.1} where we discretized the compact
metric space S into finite spaces S,,,, m € N, and defined the projections 7,,, m € N, on different
spaces in equations (5.6)—(5.8). For k € My, (S) we will again identify the discretized measure
Tm(k) with an element of N5™ \ {0}. Via S,, C S the function f can be restricted to S,, and
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write fo, = fls - Also, we write ¢, := m,,(c) and identify it with a vector (c,,(r)),cs,,- Recall the
definitions of the discretized kernels. Let k,,, € {k™ ™ k™ }, where k™* for x = + is defined
as in (5.13) and (5.74). Denote ,,(r) := e~ mem)e, (1), r € S,,. For k € N5™ let 7, (k) be
defined as in (3.2), but with respect to x.,,. Fix a continuous function f: & — R. Our aim is to show
that

Qs [r(/cx f, k>e9<8>] = lim Q, [Tm(kzx s K)I S = (f ¢), (6.18)
which finishes the proof of (6.15).
We start with proving the second equality of (6.18). It is straight forward to show that

|2(’{mac7n) —E(/{, C)’ < H’imoﬂ'm_lino@ (6.19)

and hence X(Kpm, ) — 2(k,c), as m — oo and so we will have for large m € N that
Y (Km, €m) < 1. Then we get

Qg,,, [Tm( )(fm7 e Sm] Z fm Z Tm(k)k?,« H %

rE€Sm kENg"L SESm
= m(T)em(r) = Tm(2)) c(dx
rezsmf()() /Sf((>>()

—)/Sf(x)c(dx):(f,c>, m — 00.

where the second equation only holds if 1 is large enough, and thus (&, ¢;,) < 1 due to Lemma

[16{i) and Proposition

Now we show the first equation of (6.18). Note that (Qp,, is a point process on S,,,, whereas Qg is a
point process on S. However, by defining an intensity measure on S by 0, (dx) := e~ (kmem)(mm(@)c(dz)
we have that §,,, = 0,07 and hence Qy,, = Qjg, om,," holds by the mapping theorem for Poisson
point processes. Therefore, according to Lemma [60]

o, [T () fns £} 5] = Qg [ (R))F 7 (eS| = @[], (620

with
U (k) = T (o (k) (f, o (k) yelForie (Rmem)omm) o6(S) e My (S). (6.21)
Note that W/ converges pointwise to U/, where U/ (k) = 7(k)(f, k)e?©), k € My, (S). Hence,
the first equation of (6.18) immediately follows as soon as we have given an argument for interchang-
ing the limit as m — oo and the integration with respect to (Qy. We will be using Lebesgue’s theorem

about dominated convergence for that. Let us introduce a majorant. Recalling the definition (5.33) of
7' we define ¥,, by

U (k) 1= 70 (o () [T () [ e (5 D em)omm) 08) - e My (S). (6.22)

Then, since k™) < k,,, < k™) we clearly have forany k € My, (S) that ¥/ (k) < ||f||oolflm(l<;)
and U m(k) < \I’mo(k:) if m > mg. Hence, \Ifmo is @ majorant. It remains to show that there exists
my such that Qg (W mo) < 00, then the majorant W, is integrable. Arguing as in (6.20) we have that

= Y Ok H : (6.23)

keNS™ 5€Sm
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where 05)(s) = e "™ em))e, (s) for s € Sp. Let xm = x(K™),05)) be defined as in
(3-15). We can argue as in the proof of Lemmal[20]to get that, for any n € N,

(=) ks
> Pk ] —wmk(f)) < eoMWemrnbon=1] (6.24)

kENgm : |kl=n 5€Sm

(where the e°™-term is actually given by | M{"(S,,)| > res, Ar(nv)). Abbreviating 6,,, = &™) —
K7 || s, we further have that

Uy

m= inf 1 —{(K™Pe,, — K™ e,
A P )

TESm.
Z X(K'(m’-‘r)y 9%_)) - 5m = Zm - log E’m - 5m7

where 3, := X(k™"% ¢,,). Now, choose ¢ > 0 small enough such that 3(x,c) + & < 1 and
Y (k,c) —log(X(k,c)) > 1+ e€. It holds that £,,, — X(k, ¢), as m — 00, and clearly we have that
dm — 0, as m — oo. Additionally, we use that the function = — ¢(z) := x — log x is continuous
and decreasing on [0, 1]. Hence, we find mg such that 6,,,, < £/2, aswellas ¥,,, < 3(k,c)+¢c < 1
and ¢(X,,,) > ¢(3(k, c)) — /2. Consequently,

Xmo = 2mg — 108 X, — = > X(k,¢) —log X(k,c) —e > 1,

DO ™

which altogether implies that

Qo(Vo) = Y 7 (R)IK H < emerbom Tl < o0 (6.25)

kENOSm S€Sm neN

Thus, Lebesgue’s theorem of dominated convergence is applicable and (6.18) follows.

Equation (6.16) can be shown in the same way and relies on the discrete version of the equation,
derived in Lemma (59 O

Lemma 62. The statement of Lemma is also true under the assumption ¥(k, c) = 1.

Proof. The idea is to construct a sequence c¢™ € M(S) with ¥(k,c™) < 1 such that 6™ :=
0. 6. =: 6 monotonically as n — oo.

Recall that S is compact and « is continuous, hence a standard argument (see e.g. [BJR07, Lemma
5.15]) shows that the operator 7, . is a positive Hilbert—-Schmidt operator and therefore has a non-
negative eigenfunction corresponding to the eigenvalue X(k, ¢). By the assumption 3(x, c) = 1 we
can find a function g: S — (0,00) such that 7). .g = g¢. For any n € N define ¢ € M(S)
via df;:) := 1 — Lg. Then for n large enough c™(A) < ¢(A) for any measurable A C S with
ngdc > 0. In particular X:(k,c™) < 1. (An ad-hoc argument in the case that x is irreducible
is as follows: Pick an L?(c™)-normalized positive eigenfunction g,, of T, . corresponding to the
eigenvalue (k, ™) and observe that g, (z) = g,(z)(1 — 2g(x))"/*is L*(c) normalized and that
Yk, ™) = || e Gnll 12(emy < 1 TheGnllz2e) < Tkl = L(k, ). If & is reducible, then apply
this argument to the irreducible components.) Now, observe that for any n € N we have

de(n) dc<”) 1 1 1 1
_wfe—etmy de™ m(;g)( 1 ): ;9< __)
0 e 1 e 1 q e 1 ng )
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and the right-hand side converges pointwise monotonically to 1, as n — oc.

Now, fix any continuous test function f: S — [0, c0). Then, by monotone convergence and the fact
that we can apply Lemma|61|to ¢™ for all n € N, we get that

Qo [7(k) (K, f)e" D] = lim Qg [7(k) (K, [)e" el ks '] = Tim Qe [7(R) G, )"
=,}1m< & f) = (e, ).

The same argument shows that Q [T(k)@e(s)] = ¢(S) — 3{c, k). O

Now we can identify the minimizers of Iy;;. The following is a variant of Proposition [56|in the general
setting. Once having established Lemmas|61]and the proof in the general setting follows the ones
in the discrete setting. Recall that 1 is the reference probability measure on S.

Lemma 63 (Minimizers of Iyj;). Assume that c € M(S) with ¢ < p satisfying 3(x,c) < 1. Then
the unique minimizer \ of I\;; under the assumption c\ = c is equal to \. defined in (2.1) and

1
min ]Ml()\) = IMI()\C) = _§<C7 K“C> + <C, log ccll_;>

AEL: cy=c

Proof. Note that \. is admissible, according to Lemmas|61]and[62] since )+ = c.

Using Lemma[60|and the fact that 1 is a probability measure we can rewrite the measure Q,, as
a I
Qu(dk) = POOQqene (dk)e o)™ RloE 5D o1

Now, writing M = My, (S) we get for any \ € L satisfying ¢, = c that

hi(\) = <)\, log > + ¢(8) = 2A(M) + %(c, )

dA
7dQ,
1
_<Cv H:u>

<)\,log j;\) + <c, log j—;> — (¢, ke) 4+ ¢(S) = A(M) + 5

=HAIA) — Ae(M) + <c, log 3—;> — (¢, ke) +¢(S) + %(c, )

=H(MNA) + <c, log j—;> + %(c, K(p—c)).

We used the fact that Ac(M) = ¢(S) — 3(c, Kc), which was derived in the last statement of Lemma
1] Since H(A|A.) > 0 and H(A|A.) = Oif and only if A = ., the claim follows. O

6.3 The discrete, supercritical case

In this section, we assume again that S is a finite space and investigate the case where the measure ¢
(the one that formulates the constraint) is supercritical, meaning X(x, ¢) > 1. The aim of this section
is to verify the following result.

Proposition 64 (Discrete, supercritical case). Letc € [0, u| with ¥X(k,¢) > 1. Then

A i?/\f):c ha(A) = A cl(I;)f=b* D) + hele = 07) (6.26)

DOI 10.20347/WIAS.PREPRINT.2898 Berlin 2021



A large-deviations principle for all the components in a sparse inhomogeneous random graph 65

where b* = b*(c) is the minimal non-trivial (i.e., not equal to c) solution to
K(c—b")b" =c—10b", b* <, (6.27)

and satisfies ¥(k, b*) = 1.

Indeed, one possible realization of the rate (6.26) is given by constructing a minimizer as in formula
(6.3) with respect to the (sub-)critical parameter b* and realizing the remaining part ¢ — b* by means
of a diverging sequence k™, such that the mesoscopic rate term appears.

The proof will be a consequence of the next lemmas. In Lemma [65] we derive an upper and a lower
bound for infy. ex=c IMi(A) and in Lemmawe show that they coincide, if there are solutions to the
fixed point equation (6.27). We will postpone the proof about existence of solutions to Section [6.4]
Lemmal68l

Lemma 65. Letc € [0, u] with ¥(k,c) > 1. Forb € [0, ¢] with X(k, b) < 1 we put

b 1 1
F.(b) = <c, log ;> +|c—b| + > (b, kb) — (¢, kb) + 5(0, KL, (6.28)
b 1 c—b 1
G.(b) = <b, log ;> - §(b, Kb) + <c —b,log m> + §<C, KJL). (6.29)
Then
sup F.(b) < inf L\ < inf G.(b). (6.30)

be[0,d: B(k,b)<1 C Are(N)=c "~ be[0,d]: (k)<L

Proof. We first show the first inequality in (6.30). Fix b € [0, ¢] with ¥(x,b) < 1. Let \* := \(b) be
given as in (6.3). We proceed in the same way as in the proof of Proposition but use that this time
|A*| = [b] — 3(b, kb). Then for any A with ¢(\) = c we have

Ivi(A) = H(ANY) — || + <c, log §> — (¢, kb) + || + %(c, ki) > F.(b).

We now prove the upper bound in (6:30). Fix b € [0, ¢] with X(k, b) < 1.

Case 1: First, we assume that « is irreducible with respect to ¢ — b. Let A* := A(b) be defined as in
(6-3). For n € N define k™ := [n(c — b)] and write R,, := [k and 0" =3, 5 Aik. We
define

i, +es itk =e,forsomese S

AE ifl < |k|] <R
(n) .__ k n
M= o (6.31)
0 else

with € := ¢ — bFn) — %k‘”), which ensures that ¢(A\™) = ¢ holds for all n € N, but is negligible in
the limit, i.e., lim,, oo AJY = AZ_forall s € S. Note that due to the irreducibility assumption we have
that 7(k™) > 0 if n is large enough, which ensures that I, (A™) is finite.

Using the notation 71’ ()\) introduced in (@.16) we get

LI k!
r(ken)e! WO b

1 1
I(A™) = I (X) + e = b, sy + — log
n
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Denote the last summand as A,,. By using the formula (8:10) from Lemmal[18]for some r € supp(c)
as well as Stirling’s formula for the factorial terms, we have that, as n — oo

cs — b 1 5 n(c, —by) [[,6(c—b)s
(k(c—b)s) s * n log eA,(c—b) ’

A, =o(1) + 3 (e = b,) log

seS

(6.32)

where A, is defined in (3:17), which can be easily extended to arguments in [0, oo)S. Note that by
construction A,.(¢ — b) > 0. Clearly, the last summand in is of order o(1). By the construction
of A™ it is immediate that lim,, o I~ (A™) = (b,log(b/1)) + (b, k(1 — b)), so altogether
we get that

by 1
lim L(A\™) = <b, log ;>+§<b7fi(u—b))+<c—b, log

n—oo

c—b 1
m)+§<0—57 k) = Ge(b).

Case 2: If k is reducible with respect to ¢ — b, we can find a decomposition of supp(c — b) into
disjoint sets S; such that « restricted to S; x S is irreducible and |5, s = 0fori # j. Then we

have to modify the construction of A given above by putting mass % on each of the meso-particles
kom = |n(c—b)|ls,. We omit the details. O

The following lemma completes the proof of Proposition Its assumptions are verified later and in
more generality in Lemma|[68]

Lemma 66. Letc € [0, u] with 3(k, c) > 1. If there exists a non-trivial solution b* € [0, c| to (6.27)
and ¥(k,b*) = 1, then F(b*) = G(b*). Consequently, equation (6.26) holds.

Proof. Using the fixed point equation we can substitute |¢ — b*| = (b*, k(c — b*)) to rewrite
F.(b*) and (¢ — b*,log[(c — b*)/k(c — b*)] = (c — b*,log b*) to rewrite G.(b*). Then F.(b*) =
G (b). O

6.4 The general supercritical case

Building on the results of the previous subsection we derive a slightly weaker result than Proposition
for the general case, which will still be enough to derive the optimal rates for the contraction
principle as well as to fully optimize the rate function /.

Lemma 67. Fixc € M(S) withc < pand¥(k,c) > 1. Then

inf [M1<)\) 2 inf [Ml()\) + [Me<c — b*), (633)

AEL: cy=c AEL: c)=b*

where b* = b*(c) € M(S) is the minimal, non-trivial (i.e., not equal to c) solution to (2.9) and
satisfies ¥.(k, b*) = 1.

Sketch of proof. We can generalize the proof of the lower bound of Lemma [65] and the definition of
F. to obtain

inf Ly(N\) > <c, log j—z> +¢(S) —b(S) + %(b, kb) — (¢, kb) =: F.(b)

A cyn=c
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forany b € M(S) with b < ¢ and X(k,b) < 1. This relies on the admissibility of the (auxiliary)
minimizers \;, proved in Lemmas and The lower bound is obtained by writing everything with
entropies as in the proof of Lemma[63]

Observe that if b* is a solution of (2.9), then one can argue as in the proof of Lemma[66]to see that
db* 1 1

— —(b", kb") + Iye(c — 0") + = (c, =: G.(b"
Gu )~ A+ Dl = B) e = Gelb)

F(b*) = <b*,log

Lemma 68 (Solutions to (2.9)). Fixc € M(S).

(i) Assume that k is irreducible w.r.t. ¢ and X(k, ¢) > 1. Then there exists exactly one solution b*
to (2:9) that satisfies b* # c. Further, it holds that (k, b*) = 1.

(i) If¥(k,c) < 1, then the only solution b* to (2.9) is given by the trivial solution b* = c.

(iii) Assume that k is reducible w.r.t. ¢ and ¥(k, c) > 1, then there exists at least one solution b* to
(2.9) with b* # c. Moreover, there exists a unique minimal solution b, to (which is minimal
in the sense that b, < b* holds c-almost everywhere for all solutions b* of ). Further, we
have that ¥(k,b*) > 1 for all solutions b* with b* # b, and ¥(k, b,) = 1.

Proof. We will study the existence and uniqueness of non-trivial solutions f*: S — [0,1) to
f*

1— f*

By substituting b* = (1 — f*)cit s easily seen that solving (6.34) is equivalent to solving (2:9).

(i) Existence: We once more reformulate (6.34) by substituting g* = f*/(1 — f*) (which is equivalent
to f* = g*(1 + ¢*)). Then (6.34) is equivalent to

T‘m,cf>|< =

(6.34)

*

U(g") = Tee(755) =9 (6.35)

i.e., we are searching for a fixed point of U. Note that g*(s)/(1 + g*(s)) < 1forall s € S. Together
with the fact that x is non-negative this implies that any solution g* of satisfies g* < T} 1.
Hence, it suffices to study the operator U on the domain D = {¢g: S - R: 0 < g < T, .1}. We
construct a solution iteratively by defining go := T, .1 and g, := U(gm—1) for m € N. Since the
function = — x/(1 4 x) is strictly increasing on [0, c0) and « is non-negative, we have that g < ¢’
implies U(g) < U(g’). Since g1 < go we can iterate this argument to show that g,,, < g,,—1 holds
for any m € N. Therefore the limit ¢* := lim,, o g, € D exists and by the continuity of U it
satisfies (6.35). We claim that our assumptions on  and c imply that g* > 0: By the assumptions
that x is irreducible w.r.t. ¢, S is compact and & is continuous, 7}, . is a positive, irreducible and
compact operator. Therefore there exists a strictly positive eigenfunction v of 7, . with eigenvalue
Y (k,c) > 1. Note that the function T, cv is continuous (by compactness of S and continuity of x),
hence v is continuous and by compactness of S it is also bounded. So without loss of generality
we can pick v such that v(s) € (0, 1] for any s € S. Observe that by the irreducibility assumption
go = T}, .1 > 0. Now, pick § > 0 such that 3(x,c) > 1+ d and gy > dv. Observe that for any g
with ¢ > dv we have that

Ulg) = TH’C<1—7—;g> = T“’C<1 —?—U5U> =7 i 5 Lm0 2 0.
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Hence ¢,, > dv holds for all m € N. Consequently, g* > dv > 0.

Additionally, we claim that g* is the maximal solution to (6.35). Let g* be any other solution to (6.35),
then we necessarily have that g* < 7, .1 = go. It follows by the monotonicity of U that g* =
U(g*) < g1 and, iteratively, g* < g,, for any m € N. Hence §* < g*. By the equivalence of
and and monotonicity of z — x/(1 + x) we have that f* = ¢*/(1 + ¢*) is the maximal
solution to (6.34).

Uniqueness: Assume towards a contradiction that f* and f* are non-trivial solutions of and
f*# f*onaset A C Swith ¢(A) > 0. Without loss of generality we can assume that f* is the
maximal solution (as constructed in the existence part), i.e., f* < f*onS and f* < [* everywhere
on A.Forany h: & — [0,1] put U(h) := (1 — h)T} ch. Then ¥(f*) = f* and ¥(f*) = f* and
we have that

£ fx 1 1. .. 1 . .
W( L+ L) = Jur) + e+ {0 - I - )
> SU() + W) = 5 T

where the inequality relies on the fact that « is non-negative and f* < f*. Note that we even have a
strict inequality on the set A. Now, define h := (f* — f*)/? then f* + h = (f* + f*)/2 and we
already argued that lIf(f* +h) > f* + h where the inequality is strict on A. On the other hand, as
h > 0, we get

\I](f* + h) = (1 /= h)TmC(f* + h) < (1 - f*)TH,C(f* + h)v

so altogether (1 — f*)Tm(f* +h)> f* + h with strict inequality on A. Using (6.34) for f* and the
symmetry of Kk we get

(e Tl +1) > (e, =L FU D) = (e T 4 ) = (e P Tl ),

which is a contradiction. Hence the solution to (6.34) is unique up to sets that have measure zero
w.r.t. ¢, which implies uniqueness of b*.

We now argue that ¥(k, b*) = 1. Our procedure is very similar to the one used in the proof of Lemma
6.6 in [BJRO7]. Let w: S — R be an eigenfunction of T, ;- with eigenvalue a. Then using (6.34) and
the symmetry of s, we get that

(c;wf*) = (¢, w(l = [)Taef*) = (¢, [ The(w(l = f7)))

6.36
= (¢, [Ty p-w) = alc, frw). (6.36)

Hence, we either have that (c, w f*) = 0 or a = 1. By the Krein—Rutman Theorem (the extension of
the Perron—Frobenius Theorem to positive compact operators) the eigenfunction w corresponding to
the largest eigenvalue of T}, 5 is non-negative and non-trivial, so (¢, w f*) > 0 and hence X(x, b*) =
1. (Interestingly, we have constructed b* in such a way that all other eigenfunctions w of 7T}, ;- satisfy
{(c,wfr)=0)

(i) Let X(k, ¢) < 1. Assume towards a contradiction that f* is a solution to and fA ffde>0
for some open set A C S such that ¢(A) > 0. Using the substitution f* = g/(1 + g) we have that
equation (6.34) is equivalent to 7}, .(g/(1 + g)) = ¢ and since  is continuous and S is compact
the left-hand side 7, .(g/(1 + ¢)) is a continuous function, which implies that both g and f* are
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continuous functions. So we can find an ¢ > 0 and a set A, C A such that f* > ¢ on A, and
¢(A:) > 0. Therefore,

_ o

1—f* " 1—-¢
holds on A, and T, .f* > f* holds on S. This implies that || T} cf*|| z2(c) > [|f*||z2(c) and hence
Y(k,¢) > 1in contradiction to our assumption.

T/@,cf*

(iii) Since  is reducible w.r.t. ¢, we find a decomposition of supp(¢) into (countable many) disjoint sets
S;,j € J,suchthat K9 = ’i‘ijsj is irreducible with respect to ¢\, the restriction of ¢ to .S} for any
j € J,and k[g o = 0 holds c-almost everywhere, if i # j. Let J' := {j € J: E(k"”, ") > 1}
and note that .JJ’ # (). By (i) we get that for any j € J' there exists a function f: S; — [0, 1) that
solves (6.34) on S and £ > 0. By (ii) we get that forany j € J\J' the only function f: S; — [0,1)
that solves on S; is equal to 0 c“’-almost everywhere. Now for o = (0;);cr € {0,1}”
define f: S — [0,1) by f(s) = o;fY(s),if s € S; forsome j € J" and f7(s) = O for
seS\ Ujej, S;. It can now be easily checked that all solutions to are given by

F = {f@i o = (05)jer € {0, 1}‘]/} (6.37)

and that F contains at least one non-trivial solution. Write b = (1 — f”)c and note that all
possible solutions of (2.9) are of this form. Clearly, the minimal solution b* of (2.9) is given via the
maximal solution in £, i.e., by choosing 0 = 1.

We will now investigate the quantities Y:(x, b)) for any choice of o. First, let o be such that there
exists some j € J' with o; = 0. Then for r € S; and any function h: S — R

T,y h(r) = / k(r, s)h(s) (1 — o, f(s)) c(ds) = T i h(r).
Sj
Therefore, given an eigenfunction g’ of T} ;) ;) that corresponds to the eigenvalue X (x, c), we
can construct an eigenfunction g for 7, ;) with the same eigenvalue by choosing g = g% on S; and
g=00nS\ S;. Hence, ¥X(k, b)) = X(k, c?) > 1. Now, consider o = 1. Then we can argue
as in (6-36) to show that X(k, b)) = 1. O

7 Analysis of minimizers of the rate function in Theorem

In this section we provide the final steps needed for the optimization of the rate function and prove
Theorems[9|and[7] Since the arguments for the remaining steps do not rely on discrete combinatorics
(as it was the case in Section [6), we will immediately work in the general setting. In Section [7.1] we
study a constrained optimization problem for the functions I, and Iy,. In Section we prove the
explicit form of the rate functions that is derived by applying the contraction principle and formulated
in Theorem [9] Section [7.3|presents the last step for a full optimization of the rate function I that gives
Theorem[7] In Section [7.4] we derive the Flory equation that we formulated in Proposition

7.1 The minimizers of I, and I

Complementary to what was done in Section [6] for the function I)j; we will solve the analogous opti-
mization problems for the functions Iy, and Iy, defined in (1.12) and (1.13). To optimize the function
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I it is beneficial to combine it with Iyy,. We will again fix a measure ¢ € M(S) to formulate the
constraint. In contrast to the result of Proposition [55|it will turn out that we do not have to distinguish
between the cases X(k, c¢) < 1 and X(k,c) > 1.

Lemma 69 (Minimizers of I i and Iyi,). Letc € M(S) be such that ¢ < . Then

inf{Iya(a): a € A, c(a) = c} = Iva(de), (7.1)
inf{/yva(a) + hye(v): a € A,v e M(S),c(a) +v =c} = Iva(de) + Ine(0). (7.2

If K is irreducible with respect to c, then the minimizers are unique.

Proof. Writing Iyia(ct) = Iya(a) — L{e(@), sp) and Tye(v) = Ive(r) — (v, sp) it suffices to
prove equations and for I\, and Iy since the difference does not depend on c. Observe
that Iy, (a) = A(a) + B(«), where

_ dy oo @)
Ato) = [ utar) [ atan Fhirytos £ 73
Bla) = [ atar) [ atanPirytog 0 )

Let « € A with ¢(a) = c. Note that [ a(dy) ky(r) = ke(r) for r € S. With ¢(u) = ulogu we
use Jensen’s inequality to get that

B ky(r) g_,Z(T) g—Z(T)
Ala) = /Su(dr)/gc(r)/a(dy) HC(T)QS (my(r)) > [gﬂ(dT)RC(T)¢ (/a(dy) nc(r))

de dp —
= [ HanFoe)log s = 40,
(7.5)

where we used that [ a(dy)g—#(r) = g—;(r). We now derive a corresponding lower bound for B(a).
Note that the function u +— u/sinh(u) =: ¥ (u) is strictly decreasing on [0, c0) and that for any
y € supp(«) we have that ky < kc. Therefore

Blo) = [ ) [at@) 05w (b)) = [ utar) [ atn§hn oz (betr)
— [ an T og b (frelr) = BG.)

(7.6)
This implies equation (7-1). Now, let « € A and v € M(S) be such that ¢(«) + v = ¢. Note that

Ia(@) + Tne(v) = A +6,) + B(a),

Since ¢(« + 0,,) = ¢ holds, we can use the estimate from before to get that A(« + 9,) > A(d.). To
get the estimate for B(«), observe that we still have that ky < kc for any y € supp(«). So,

Ba) > [ 1)) 1054 (Are(r) = [ ju(ar) 2 () log e (Arelr)) = B(G.),
S d,LL S d/L

where the second estimate is due to the the fact that ¢ (u) € [0, 1] foru > 0 and thus log ¢ (3 rc(r)) <
0. Combining the estimates gives equation (7.2).
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For both uniqueness claims we rely on Lemma 70| below.

To show uniqueness of the minimizer in equation assume that @ € A with ¢(a) = ¢ and
a # d.. Without loss of generality we can assume that IMa(a) < 00. Now, we only have to note that
the inequality in the estimate is a strict inequality, since by Lemma [70| we have that ky < kc
holds on some set A, for which y(A) > 0 and the function 1) is strictly decreasing.

To show uniqueness of the minimizer in equation (7.2) assume that « € A and v € M(S) with
v # 0 and ¢(a) + v = ¢. Then by the same arguments as before

B(a) > B(b.a)) = / () (dr) log ) (re(a)(r)) > / () (dr) log ¢ (re(r)) > B(5)

holds, if k¢ > kc(a) on some measurable set A C S for which ¢(a)(A) > 0. To see that the latter
condition is satisfied, we apply Lemmato the measure 5C(a) + 6,,. This proves the claim. O

Lemma 70. Let ¢ € M(S) and let k be irreducible with respect to c. Let « € A be such that
c(a) = cand assume thata = ), 0, with [I| > 2 and I\, («) < oo. Then for any fixedi € I
there is a measurable set A C S such thaty™ (A) > 0 and k(¢ — y?)(x) > 0 forallx € A.

Proof. Denote y := y, S; = supp(y) and S = supp(c(a) — ). We first study the case where
the sets S7 and S, are disjoint. Assume towards a contradiction that for y-almost every r we have that
k(c—y)(r) = 0.Then k[g s, = 0whichis equivalent to saying that /g, , 5\, = 0 holds c-almost
everywhere. Since k is irreducible with respect to ¢ we get that either ¢(S;) = 0 or ¢(S \ S1) = 0.
Consequently, either y(S1) = 0or (c—y)(S\S1) = 0, i.e., either y = 0 or c—y = 0 in contradiction
to our assumptions.

Now, assume that S; and S5 are not disjoint. In that case we can pick j € I \ {¢} in such a way that
with ¢ := y" there exists 79 € supp(y) N supp(y), which implies that for any open neighborhood
Ay C S of rg we have that y(Ag) > 0and g(Ap) > 0. By our assumption Iy, () < 0o, we have
that —oo < (g,log(1 — e™"¥)). This, together with the uniform continuity of « implies that we can
find a neighborhood Ay of o such that kg, > 0. Now the claim follows, since x(c — y) > kg and

7.2 Minimization for the contraction principles

Here, we will exploit the work of Sections [6] and to prove Theorem [9] which is an application
of the contraction principle but also provides an explicit solution for the optimization problem. When
studying the optimization problem in the large deviation principle for May, we encounter a functional
that combines rates coming from the microscopic and the mesoscopic part. Its optimization is derived
in the following lemma.

Lemma 71. Fixc € M(S) withc < u. Forb € M(S) withb < ¢ and ¥(k,b) < 1 let G, be as in
(6.29)

db 1 d(c— 1) 1
b) := _— ) — = — _ — .
Ge(b) i= (b,log du> (b, b) + (e = b, log 5 du) + 5 (e mm)
Then the following holds.
1 IfX(k,c) <1, then
min {G.(b): b € M(S),b < ¢, X(k,b) <1} = G.(c), (7.7)

and c is the unique minimizer.
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2 If3(k,c) > 1, then
min {G.(b): b € M(S),b < c¢,X(k,b) <1} = G.(b"(¢)) (7.8)

and b*(c) is the unique minimizer, which is given as the minimal, non-trivial (i.e., not equal to
c) solution of (2.9), and it satisfies ¥(r, b*(c)) = 1.

Proof. (1) We use that 5(c, kc) — 5(b,kb) = (b,k(c — b)) + 3{(c — b, x(c — b)) holds by the
symmetry of k. Therefore,

Go(b) — Gulc) = <b log%> - %(b, kD) + <c b, log 1(0_—_3_;> + 1<c )

db 1_db
o8 e ) + (e b )
<b 08 - (c ) T (c—0blog (e — be—iele

We claim that x(c — b)e 270 < 1 — e=%(c=Y) holds pointwise. Indeed, the function ¢(z) :=
1—e*—ze72,z > 0, satisfies that ¢(0) = 0 and ¢(z) = e"2(e"2 — (1 — £)) > 0 for any
z > 0, implying that ¢)(z) > 0 forany z > 0. So the claim holds, since x(c—b) > 0 holds pointwise.
Therefore, we can estimate

db )

1 2o
de
Gulb) = Gle) 2 (hlog iy ) + (e = blo ==ty
db (r) db — &)
- /sc(d” |28 i + (1= 00 log e 2 0

with equality if and only if b = c. The last inequality can be seen by applying Jensen'’s inequality to the
function x — x log x or by noting the following: For any point » € S the term in brackets in the last
line is an entropy between the Bernoulli distribution with (success) parameter %(r) and the Bernoulli
distribution with parameter e #(¢~?)(") and therefore non-negative.

(2) Define F, as the generalized analog of (6.28), i.e., for b < ¢

F.(b) = <c, log %> + (c—b)(S) + %(b, kb) — (¢, kb) + %(c, KiL).

Let b,0' < c with ¥(k,b) < 1 and X(k,0) < 1. We want to show that F.()') < G.(b). By
rearranging terms one can see that

1
Ge(b) = Fo(b) = H(e = bls(c — b)b) + HY) — 5 (b=, k(b= 1)). (7.9)
Now, given the signed measure b — b’ we use the Hahn decomposition theorem to decompose S into

two disjoint sets Sy, S_ with S, US_ = S such that 0, () :== (b —b')(- N Sy) and —6_(+) :=
—(b—10)(- N S_) are non-negative measures and b — b’ = §, — 0_. Observe that

%(b—b’,m(b—b’)) - %L(b—b')(ds)ﬁ-(b— b)(s) +%/_(b’—b)(ds) K(V — D)(s)..

We write fi , := db]l and denote by (-, -) the inner producton L2(b), i.e. (f, g), = | f(s)g(s) b(d
Note that by the symmetry of x we have (f,T,.,9)s = (9,Txpsf)s, SO We have that E(/ﬁ? b) =
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(T pf)o
SUD 120 “ (7.7, < 1. Then

%/S (b— b’)(ds) k(b — b’)(s) = %<]1$+ - fb/,baTm,b(]lS+ — for o))
" (7.10)
< 5T D)s, — foaTs, = fuah < 5 [ 0(ds) (1= fralo)"

An elementary analysis shows that %(1 —x)?2 < —logx +x — 1forx € (0, 1] with equality if and
only if x = 1, and since b’ < bon S implies that fi ;(s) € (0, 1] for s € S, we get that

%/S+ b(dS) (1 - fb’,b(s))2 S /S+ b(ds) < — log fb’,b(s) + fb/7b<8) — 1> (7.11)

Denote fp = %]157. Interchanging the roles of b and b’ and replacing S, by S_ one can argue
as in (7.10) to show that
1

5 [ 00 W = 8)(s) < 5 [ ¥ (1= )

An elementary analysis shows that %(1 —z)?> <zlogx + 1 — xforz € (0, 1] with equality if and
only if z = 1, and since b < I/ on S_ implies that f;,(s) € [0, 1] for s € S_, we get that

%/S_ V(ds) (1 — fyw(s))® < /s+ V' (ds) (fb,b/(s) log fow(s) +1— fb,b/(S))- (7.12)

Note that the two expressions on the right-hand sides of (7.17) and (7.12) sum up to H(b|b), hence
we have shown that

H(b|b') — %(b W k(b)) >0

and we have equality if and only if b = ¥’ Using this in equation (7.9) and the fact that the first entropy
term in (7.9) is always non-negative, we get that

sup F.(b) < inf  G.(b).

b<c: B(k,b)<1 T b<ec: B(k,b)<1

Note that G.(b) — F.(I') = 0if and only if the following conditions are satisfied: (i) b = ¥/, (i) bis a
solution of 2.9) and (iii) X(x, b) = 1. By Lemma 68| the only choice is given by b = V' = b,, where
b, is the unique minimal solution of (2.9). Hence, the uniqueness claim holds. O

Proof of Theorem[d The projection (\, &) — A is continuous with respect to the vague topology, so
the contraction principle gives that the LDP for Miy holds with rate function

Tu(N) = inf I(\a) o

= Iwi(}) + inf (al@) + Fe(v))
M( ) aeAvVeM(S)lzri(aHy:u_c()\) M (Oé) M (V)

assuming c¢(\) < i (the other case is trivial). By equation (7.2) of Lemmawe immediately get the
representation for Zyy; claimed in equation (2.6).
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The projection (A, ) +— « is continuous with respect to the chosen topology, so the contraction
principle gives that the LDP for Ma holds with rate function
Iha(a) = inf I\ «)

A (M) <p—c(a) (7.14)

= Iya(a) +  inf ( inf  Lyy(A\) + Ivie —ca—c),
( ) c€[0,u—c(a)] \ A: e(X)=c ( ) ('u ( ) )
assuming c(av) < p (the other case is trivial). Define i, = 1 — ().

Now, assume that ¥(k, 1o) < 1. Then for any fixed ¢ € M(S) with ¢ < p,, we have that 3(k, ¢) <
1, so according to equation (6.7) of Proposition [55 we have

ot D) + Delpa = €) = G (0)

with G, (c) defined as in (6:29). By Lemma [71] we have that min.<,,, G, (¢) = G,. (i), which
implies equation (2.7) under the assumption X (&, o) < 1.

Now, assume that 3(%, f1,) > 1. Then by Proposition [55|we have

. f ]— ()\) + ]— ( ) Gﬂa (C) if Z(K’7 C) S 17
m i elley — C) = _
Aeme Me (14 Ge(b7(€)) + (tta — ¢, log Zf2=55) it B(k, ) > 1

In the case Y(k, ¢) > 1, one can use the same argument as in to show that G.(b*(¢)) + (pta —
¢,log -£2=5) > G, (b(c)), where b* = b*(c) is given as in @.9). In particular, X(x, b*(c)) = 1
holds, so any possible minimizer has to be in the set {c¢: X(k,c¢) < 1}. Now, recall that due to

Lemmal7d]

inf G, (c) =G, (0" (1))

c: B(k,0)<1

This proves the claim of equation (2.7) under the assumption X(k, f1,) > 1. O

7.3 The minimizers of /

Proof of Theorem[Z Note that inf I(\, &) = inf.caq(s): e<p J (c) where for fixed ¢ € M(S) with
c < p we define
J<(c) ifX(k,c) <1

7.15
J-1(c) otherwise. (7.19)

Aa:e(A)=c

J()= inf I(\a)=: {
By Proposition [55/and Lemma [69 we have that

Taale) = {elog 3 + £ {e. (= ) + hlGu)

dp 2
db* 1
Torle) 2 (b 10g o)+ 5 (0wl = ) + Dele = ) + Ta(By0)

with b* = b*(c) characterized in (2.9).

We will start by minimizing the function J<; over all ¢ € M(S) with ¢ < . Rearranging terms, we
get that

de S—Z(T) de 1 - S—E(T)
J<i(c) = /Sﬂ(dr) (@(7’) log pemreryrrs s <1 - @(ﬂ) log =

= [manmEope),
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where for r € S we defined 5 and 7 to be Bernoulli distributions with success rate j—;(r) and
e~ #1t=o)") respectively (note that ¢ < (v implies that g—;(r) < 1forallr € S). By Jensen’s inequality
we have that H (5™ |y™) > 0 for all choices of 5 and v and H(5"|y™) = 0 if and only if
BT =~ that is if and only if g—;(r) = e "(1=9(") The minimizer of J< is therefore characterized

by (2.4).

In the case X(x, ) < 1 (which implies X(k,c) < 1forall ¢ € M(S) with ¢ < ), Lemma[i§]
states that 1 is the only solution to (2.4).

Now assume that ¥(k, i) > 1. Then for any ¢ € M(S) with ¢ < p and X(k,c¢) > 1, Lemma
implies that Iyie(c — b%) + Inva(du—c) > Ina(0,—p+ ), where b* = b*(c) is given as in and
satisfies X(k, b*) = 1. Therefore, J~1(c) > J<1(b*(c)), which implies that the minimizer of J
lies in the set {c: X(k,c¢) < 1}. (Note, that in this way, £ is ruled out as a minimizer, although it
solves equation (2.4)). By the analysis of [J<; above, the minimizer of J is given by a solution to
satisfying X(x, ¢) < 1. Applying the second part of Lemmal[t 6] finishes the proof. O

Remark 72. (Reducibility) Theorem[7] and[9 are proved under the assumptions of Theorem[i} in
particular when & is irreducible with respect to .. We see however that this condition does not play
any role in the minimization of Proposition[59 and of Lemmal69, It is indeed Theorem|12 that excludes
the admissibility of a minimizer of the form (A.«, d,_.) when 3(k, 1) > 1 for I, as o = §,,_~ may
not be connectable. It is straightforward to see that the optimal macroscopic mass in this case takes
the forma* =) 6, withy™(-) = (p — c*)(- N S™), for each irreducible class S™.

7.4 The Flory equation

As we explained in Section the graph model studied in this paper has an important connection
with a certain inhomogeneous coagulation process. In this section we prove that the statistics of the
limiting microscopic cluster distribution, i.e., the minimizer of the rate function I, satisfy the Flory
equation (2:14), the related deterministic PDE, over the entire time interval [0, co), before and after
the gelation time . = 1/%(k, ;). We prove it in the case of a finite type set S.

We fix an irreducible symmetric matrix x on the finite type space S. Recall from Proposition [56 the
explicit formula

(Cref(nc)r )kr

Me(e; k) = 7(k; K) H 1 keNS ce(0,00)°, (7.16)

res

for the minimizer of the microscopic rate function Iy;; (see also (6.3)). With this notation we stressed
the dependence on k, since we consider now tx instead of x, where ¢ € [0, c0) is a time instant,
writing A(1; t). Note that A(u; tk) is the minimizer both for ¢ < t. and for t > ¢, as the character-
istic equation ¢ (£)e t" M) = 1y e~!("M)r (where c*(t) is the ¢* of Proposition |56 for ¢+ instead of
K) ensures that A\(c*(t);tk) = A(p; tk). Note that ¢(A(c*(t);tr)) = c¢*(t). We now show that the
function ¢ +— A(u; tx) solves the Flory equation that corresponds to our model.

Lemma 73. The functiont — A\(u; tk) is a solution of

%zk@):% S L)l (8)(m, w) — (8) S 1) (k) fork € NS, (7.47)

m+m=k m

with initial condition A(j1;0) = > s ttr e, -
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Proof. The initial condition is easily checked.

Since any tree contributing to the term 7(k; tx) has exactly |k| — 1 edges, we can rewrite \(; tx)
foranyt > 0 as

kr
e (s tr) = M= (k; k) e tkmm) %, for k € NJ. (7.18)
reS
Abreviating A(t) := A\(u; tk), we get that
d 1
S(0) = (K] = 1) T Aul0) — (k) Ael). (7.19

Now, we study the first summand of the r.h.s. of (7.17). By first inserting (7.18) and then using the
recursive equation (6.7) from Lemma(i8] we have that

5 30 AAa(t) i, )

m+m=k

ka |
= %tw_?e_t(’“’”“)( Z—Z') Z K(r, s) Z (H —mi%uJT(m)mrT(m)ﬁlS

7,8 m+m=k u

= (K]~ 1) Al

Furthermore, we have that

)‘k‘<t> Z >‘m<0)<k’ Km) = )‘k(t)<k7 K:“)?

m

which implies the claim. O
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