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ABSTRACT. In this paper we study a non-local fractional Laplace equation, depending on a parameter,
with asymptotically linear right-hand side. Our main result concerns the existence of weak solutions
for this equation and it is obtained using variational and topological methods. We treat both the non-
resonant case and the resonant one.
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1. INTRODUCTION

In the literature many papers are devoted to the study of non-local fractional Laplacian equations with
superlinear and subcritical or critical growth (see [2, 5, 6, 10, 15, 16, 18, 19, 20, 21, 22, 24] and
references therein). After studying this kind of problems in the recent papers cited above, here we
deal with non-local equations with asymptotically linear right-hand side.

In the standard case of the Laplacian there is a wide literature on this topic (see, for instance, [1] and
references therein). Aim of the present work is to provide some existence results for the non-local
counterpart of such a problem, that is the equation

—Lxu+q(z)u=Au+ f(u)+ h(z) inQ
u=0 inR™\
where s € (0,1) is fixed, n > 2s,  C R" is an open, bounded set with Lipschitz boundary, A is a

real parameter, f, g and h are sufficiently smooth functions and L is a general non-local operator
defined as follows:

(1.1)

(12 Lrcula) = [ (ulo+9) +ule — y) ~ 2u(0)K )iy,
for all z € R™. Here, the kernel K : R™ \ {0} — (0, +00) is a function with the properties that
(1.3) mK € L*(R"), where m(z) = min{|z|* 1};

(1.4) there exists § > Osuch that K (x) > 6|z|~ ") forany = € R"\ {0};



(1.5) K(z) = K(—z) forany z € R" \ {0}.

A typical example for K is given by K (z) = |z|” ") In this case Lx = —(—A)* and prob-
lem (1.1) becomes

(1.6) {(—AVU+M@UZAU+fwy+M@ in

u=0 inR™\ Q,
where —(—A)* is the fractional Laplace operator which (up to normalization factors) may be defined
as
s w(@ +y) +ulz —y) — 2u(z)
(1.7) —(=A)*u(z) —/ |y |m+2s dy

for x € R” (see [8] and references therein for further details on the fractional Laplacian).

Along the paper, we suppose that in equation (1.1) the function f : R — R verifies the following
assumptions:

(1.8) feC'(R)

(1.9) there exists a constant M > 0 suchthat |f(t)| < M forany t € R,
while ¢, h : 2 — R are such that

(1.10) qge L>*(Q), qglx) >0ae ze

and

(1.11) h e L*(Q),

respectively.

When f = 0 and A = 0 problem (1.1) becomes the following eigenvalue problem

—Lgu+q(z)u=Au inQ
(1.12) .
u=0 inR™\ Q.
We recall that there exists a non-decreasing sequence of positive eigenvalues \; for which (1.12)
admits a solution. We will study problem (1.12) in Appendix A, since, in the following, we need some

information on the eigenvalues and the eigenfunctions of — L + q.

Along the paper we consider both the resonant and the non-resonant case, that is the case when A
belongs to the spectrum of the operator driving the equation and the one when A\ does not, respec-
tively. As for the resonant setting we would like to note that we are able to treat this case only if A
satisfies the following assumption (for more details see Section 5)

A is an eigenvalue of problem (1.12) such that
(1.13) all the eigenfunctions corresponding to A

have nodal set with zero Lebesgue measure.
As usual, the “nodal set” of a function e in {2 is the level set {z € 2 : e(x) = 0}.

We think that it is an intriguing question to establish whether or not all the eigenfunctions of prob-
lem (1.12) have their nodal sets of vanishing measure, as it happens in the classical case of the
Laplacian (i.e., to decide whether or not (1.13) is always satisfied). After this paper was completed,
a new version of the paper [9] appeared, motivated by the applications discussed here. In this new
version, available at http://arxiv.org/pdf/1301.5119v3.pdf, there is a new result,
namely Theorem 1.4, that proves condition (1.13) when L = —(—A)*. As far as we know, the prob-
lem of proving condition (1.13) for general integrodifferential operators is still open (for completeness,
in the Appendix B of this paper, we will provide a simple proof that condition (1.13) is satisfied when
Lix=—(—A),n=1ands € (0,1/2)).
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In the resonant case, in order to prove our existence result, we need some extra conditions on the
terms f and h . Precisely, denoting by

fi= lim f(t) and = lim (1),

t——o00 t——+o00

we assume that

(1.14) fi and f, exist, are finite and such that f; > f,

and
(1.15) fr/gf—(x)dx_f’/gg‘ﬁ(“’)dx < /Qh(l’)w(x)dx < fi /Qso‘(x)dx— ﬂ/ﬁcp*(x)dx
forany ¢ € F) \ {0} ,

where o = max{p,0} and ¢~ = max{—¢, 0} denote the positive and the negative part of the
function ¢, respectively, while F is the linear space generated by the eigenfunctions related to A (for
a precise definition of £/, we refer to Section 5).

We would remark that these extra conditions on f and / are exactly the same required in the resonant
setting, when dealing with the classical Laplace operator (see [1, Section 4.4.3]). Moreover, we would
point out that in (1.14) the limits f; and f,. have to be different, but the case f; < f, would work as well,
with some modifications in the main arguments. Assumption (1.15) is the classical Landesman—Lazer
condition, firstly introduced in [13], which represents one of the natural sufficient condition’ given in
order to obtain an existence result in a resonant setting.

As a model for f we can take the function

1 if t<0.

We would like to note that, in this case, f does not satisfy the assumptions required in [11, Theo-
rem 1], where an asymptotically linear problem at resonance driven by a general non-local operator
was considered. Indeed, in [11] the asymptotically linear case when the primitive of f goes to infinity
was considered.

The main result of the present paper concerns the existence of weak solutions for problem (1.1) . For
this, first of all, we have to write the weak formulation of the problem. To this purpose, the fractional
Sobolev space H*(R™) is not enough. This is the reason why we work in the spaces X and Xy,
introduced in [17] (see also [18, 19] for further properties).

we point out that condition (1.15) is satisfied by every measurable function h which ranges in (— f;, — f-). Indeed, in
this case,

fr < =h(z) < fi,
hence, multiplying by ¢ () > 0 and integrating over §

fr/Qapi(x)dx< —/Qh(x)goi(a:)dx<fg/Qgpi(x)dx.

As a consequence
5 /Q o (@) dz — f, /Q oH(@) do < — /Q h(a)p™ (x) da + /Q h(x)e* (@) da
*.:sz: :z:Jszf r)o (x)dx
f/ﬂhuso()d /Qh()w()d /Qh()w()d
<ffr/Qwu)dwfl./sz)dx,

that is (1.15).
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The functional space X denotes the linear space of Lebesgue measurable functions from R" to R
such that the restriction to €2 of any function g in X belongs to L?(€2) and

the map (z,y) — (g(z) — g(y))vVK(z —y) isin L*((R" x R")\ (CQ x CQ), dzdy),
(here CQ) := R™ \ Q). Also, we denote by X, the following linear subspace of X
={g9eX:g=0aeinR"\Q}.
We remark that X and X, are non-empty, since C’g(Q) C X by [17, Lemma 11].

With these two definitions and condition (1.5) we can write the weak formulation of (1.1), given by the
following problem

/Rn Rn(“<“"> —u(y))(p(z) — (y)) K(z — )dﬂcd?ﬁ/Q q(z)u(z)p(z)de
(1.16) ) ) - 0
_A/ d+/f d+/ﬂh( D)p(x)de Vo e X

’LLEXQ.

Before stating our existence result, we would like to note that, in general, the trivial function ©u = 0 is
not a solution of problem (1.1). On the other hand, if h = 0 and f(0) = 0, then u = 0 solves the
problem.

Now, we can state our main result as follows:

Theorem 1. Lets € (0,1),n > 2s and () be an open, bounded subset of R™ with Lipschitz boundary.
Let K : R"\{0} — (0, 400) be a function satisfying (1.3)—(1.5) and let f, ¢ and h be three functions
verifying (1.8)—1.11).

Then, problem (1.1) admits a solution v € X provided either

B ) js not an eigenvalue of problem (1.12), or
W )\ is an eigenvalue of problem (1.12) satisfying (1.13) and conditions (1.14) and (1.15) hold true.

The proof of Theorem 1 is based on variational techniques. Precisely, we will find solutions of prob-
lem (1.1) as critical points of the Euler—Lagrange functional naturally associated with the problem. To
this purpose we will perform the Saddle Point Theorem by Rabinowitz, see [14, Theorem 4.6]. Hence,
as usual, we have to study both the compactness properties of the functional associated with the prob-
lem and also its geometrical structure. In doing this we need to consider separately the case when the
parameter \ is an eigenvalue of —Lx + ¢ and the case when it does not, namely the resonant and
the non-resonant situation.

The resonant setting is more difficult to be treated than the non-resonant one. We would like to point
out that the resonant assumption affects both the compactness property and the geometry of the func-
tional. For this reason, the extra assumptions (1.13)—(1.15) (in particular (1.13) and the Landesman—
Lazer condition) will be crucial both in proving the compactness and in showing the geometric proper-
ties possessed by the Euler—Lagrange functional associated with problem (1.1).

Theorem 1 extends the result obtained in [1, Theorem 4.4.11 and Theorem 4.4.17] (see also [1,
Chapter 4] and references therein) in the case of the classical Laplacian operator to a general non-
local framework.

The paper is organized as follows. In Section 2 we will give some definitions related to the functional
setting we will work in. In Section 3 we will discuss the variational formulation of the problem, while
Sections 4 and 5 will be devoted to the proof of Theorem 1, respectively in the non-resonant case and
in the resonant one.
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Finally, in Appendix A we will briefly discuss the eigenvalue problem (1.12) and in Appendix B we
sketch the proof that condition (1.13) is satisfied when L = —(—A)*, n = 1l and s € (0,1/2) (for
the general case we refer to Theorem 1.4 of the latest version of [9]).

2. THE FUNCTIONAL ANALYTIC SETTING

Here we recall some preliminary results on the functional spaces X and X, whose definitions were
recalled in the Introduction. The readers familiar with this topic may skip it and go directly to Section 3.
In the sequel we denote by @ = (R™ x R™) \ O, where

O=(CN) %€ CR*"xR" and CQL=R"\Q.
The space X is endowed with the norm defined as

1/2
1) ol = ol + ( [ 1ot~ gt)PK e~ paray) ™,

while we equip X with the following norm

1/2
22 ||g|\xo,q:(/Q 9) — s (e — ) dody + [ q<x>|g<x>|2dx) ,

which is equivalent to the usual one defined in (2.1), as we prove in the following lemma:

Lemma 2. Let K : R"\ {0} — (0, +00) be a function satisfying assumptions (1.3)<1.5) and let q
satisfy (1.10). Then, the expression

R /Q (ule) — u(w))(v(x) — v() K (z — y) de dy + / d(@)u(e)u(e)dz

defines on X a scalar product that induces a norm, denoted with || - || x,.,, equivalent to the usual
one defined in (2.1).

Proof. Since the expression (2.3) is a sum of two scalar products, it is immediate to observe that
(-, ) xo.q Is @ scalar product on X, which induces the norm defined in (2.2).

Now, we show that the norm defined in (2.2) is equivalent to the one given in (2.1). For this, letv € X.
It is easily seen that

ol = [ lo(e) = o)K@ — g dedy + [ ofe) ola) do
(2.4) @ ¢
< /Q [o(z) = v(y)PE (¢ — y) da dy + g oo V] 720y < Cillvll%
where C = max{l, Hq||LN(Q)} > 0.

Moreover, by [18, Lemma 6] we know that there is a constant Cs > 1 such that
ol < € | o(a) ~ o) PRz ) dody,

so that, by usmg also (1.10), we get

Gl < [ @) =) PR (e —y) dody
(2.5)

< /Q 0(z) — v(y) PK (z — y) dz dy + / o(@) [o(@) P de = o]l .-

By combining (2.4) and (2.5) we conclude the proof. [
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In the following we denote by H*(£2) the usual fractional Sobolev space endowed with the norm (the
so-called Gagliardo norm)

— 2 1/2
g(z) —g(y
(2.6) HgHH%Q>==H9HL%Q>+'(]Q ) 9(z) ~ 9(v) drdy) :
X

|z —y["*?

We remark that, even in the model case in which K (x) = |#|~("*2%), the norms in (2.1) and (2.6) are
not the same, because €2 x (2 is strictly contained in () . This is the reason why the classical fractional
Sobolev space is not enough for studying our problem and why we work in the new spaces X and
Xo.

For further details on the fractional Sobolev spaces we refer to [8] and to the references therein, while
for other details on X and X, we refer to [17], where these spaces were introduced, and also to
[15, 18, 19, 20, 21, 22], where various properties of these spaces were proved.

3. VARIATIONAL FORMULATION OF THE PROBLEM

For the proof of our main result, stated in Theorem 1, we first observe that problem (1.1) has a varia-
tional structure. Indeed, the weak formulation of problem (1.1), given in (1.16), represents the Euler-
Lagrange equation of the functional .7 : Xy — R defined as follows

T =5 [ Jue) ~u)PK@ =y drdy+ 5 [ oo ) da

_% /Q lu(z)? dz — /Q F(u(z))dz — /Q h(z)u(z)dz

(3.1)

where F'(t / f(r

Note that the functional 7 is well defined thanks to Lemma 2, the definition of F', assumptions (1.9)—
(1.11) and since Xy C L*(Q2) C L'(Q) (being Q bounded). Moreover, .7 is Fréchet differentiable at
u € Xpandforany ¢ € X

g = [ (ulo) = ul) (#(o) = o) Kla = ) drdy + [ a(oyuto)ela)da

—)\/ dx—/f dm—/ﬂh(:c)go(ac)dx.

Thus, critical points of  are weak solutions to problem (1.1), that is solutions of (1.16).

At first, we need some notation. In what follows we will denote by

the sequence of the eigenvalues of — L + ¢ (see problem (1.12)), while e will be the k-th eigen-
function corresponding to the eigenvalue )\ . Moreover, we will set

Py = {u € Xo: (u,ej>X07q =0 Vj= 1,...,kr}
as defined in Proposition 14 (see Appendix A), while
Hy :=span{ey,... e}
will denote the linear subspace generated by the first k& eigenfunctions of —Lx + ¢ forany k € N.

In order to prove Theorem 1 we need some preliminary lemmas.



Lemma 3. The following inequality holds true
2
lullxy g < AkllullZ2q)

forallu € Hy and any k € N.

Proof. Let u € Hy. Then, we can write

u(zr) = Z w;e; ()

withu;, e R, i =1,... k.

Since {e, ..., eg, ...} is an orthonormal basis of LZ(Q) and an orthogonal one of X, (see Proposi-
tion 14—v1)), by Proposition 14—iv) and v), we get
k k k
lullg,q = D uf leillxg, g = D Avuf < Ay uf = MellullFaqey
i=1 i=1 i=1
which gives the desired assertion. 0

Lemma 4. The following inequality holds true
2
[ullxgq = AestllullZ2gq)

forallu € Py, and any k € N.

Proof. If u = 0, then the assertion is trivial, while if u € Py \ {0} it follows from the variational
characterization of \x,1 given in Proposition 14—iv) . O

To conclude this section we prove the following result:

Lemma 5. Let f ang h be functions verifying (1.8)—(1.9) and (1.11), respectively. Then, there exists
a positive constant C' such that

/Q F(u(z))dz + / h(z)u(z)de

Q

< Clully,,

forallu € Xg.

Proof. By (1.9), (1.11), the definition of ', the Holder inequality, Lemma 2 and [18, Lemma 6], we get
| s+ [ hwuds| <M [ u@)]de+ e il

Q
1/2 ~
< M Ylull 2 + & [1ll 2y N,
<

(3.2)

Cllullxy,q »

for a suitable C' > 0 (here |€2| denotes the measure of {2 and & is a positive constant). This gives the
desired assertion. O

Due to the variational nature of the problem, in order to find weak solutions for problem (1.1), in the
following we will look for critical points of the functional 7 defined in (3.1). In doing this we need to
study separately the resonant case and the non-resonant one, that is the case when the parameter A
is an eigenvalue of the operator —L - + ¢ and the one where \ is different from these eigenvalues,
respectively. We will treat the non-resonant case in the forthcoming Section 4 and the resonant one in
the next Section 5.



4. THE NON-RESONANT CASE

In this section we will prove Theorem 1 in the case when the parameter \ appearing in problem (1.1)
is not an eigenvalue of the operator —L - + ¢ . As we said before, the idea is to find critical points of
the functional 7, given in formula (3.1) . To this purpose, we will consider two different cases:

B )\ < )\q:inthis setting the existence of a solution for problem (1.1) follows from the Weierstrass
Theorem (i.e. by direct minimization);

B )\ > )\ :inthis framework we will apply the Saddle Point Theorem (see [14]) to the functional 7.
As usual, for this we have to check that the functional 7 has a particular geometric structure
(as stated, e.g., in conditions (/3) and (/4) of [14, Theorem 4.6]) and that it satisfies the Palais—
Smale compactness condition (see, for instance, [14, page 3]).

4.1. The case \ < \;. In this subsection, in order to apply the Weierstrass Theorem, we first verify
that the functional 7 satisfies some geometric features. For this we need a preliminary lemma.

Lemma6. Let A < A\; andlet K : R™\ {0} — (0, +00) satisfy assumptions (1.3)—(1.5). Moreover,
let f, q, h be functions satisfying conditions (1.8)—1.11). Then, the functional .J verifies

lim inf LQU) > 0.
lullxg, o=+ [[ullx,

Proof. By the variational characterization of \; given in Proposition 14-i), we get
2 2
Mllullze < flullx,, 4
forany u € Xy (of course, if u = 0, this inequality is trivial).

Hence, as a consequence of this and Lemma 5, we get

T =5 Nl =5 [ @ e~ [ Fu@)de~ [ hauta)da

1= 2 fulyy, — Clully,, i A>0
>
=
2 ~ .
5 lullx, o = Clullx,., it A <0,

so that, dividing by ||U||§(O , and passing to the limit as [[ul| y, , — +0o0, we get the assertion, since
A < A1 by assumption. O

4.2. Proof of Theorem 1 in the non-resonant case, when A\ < \;. Let us note that the map
2
u = lully, ,

is lower semicontinuous in the weak topology of X, while the map

U /QF(:L’,u(a:))da:

is continuous in the weak topology of X. Indeed, if {uj}jeN is a sequence in X such that u; — u
in Xy, then, by [18, Lemma 8] and [4, Theorem IV.9], up to a subsequence, u; converges to u strongly
in L(€)) and a.e. in € and it is dominated by some function x,, € L”(2) for any v € [1,2*). Here
and in the following 2* is the fractional critical Sobolev exponent given by?

2n

n—2s

(4.1) 2" =

®Note that, when s = 1 the exponent 2* reduces to the classical critical Sobolev exponent 2, = 2n/(n — 2).



Then, by (1.8) and (1.9) it follows
F(uj(z)) — F(u(z)) ae. z €
as 7 — oo and
| F (u(2))] < M |uj(2)] < M (z) € LH(Q)

a.e.x € ) and for any ;7 € N. Hence, by applying the Lebesgue Dominated Convergence Theorem
applied in L' (£2), we have that

/QF(u](a:)) dx — /QF(u(x)) dx
as j — 400, that is the map
U / F(z,u(x))dx
Q

is continuous from X, with the weak topology to R.

Moreover, again by [18, Lemma 8], also the map

- %/Q\u(x)ﬁdﬁ/ﬁh(x)u(x) dz

is continuous in the weak topology of X . Hence, the functional 7 is lower semicontinuous in the
weak topology of X.

Furthermore, Lemma 6 gives the coerciveness of 7 . Thus, we can apply the Weierstrass Theorem in
order to find a minimum u of 7 on X . Clearly, u is a weak solution of problem (1.1).

4.3. The case A > )\;. In this subsection we can suppose that A\, < A < Ay for some k € N.
This is due to the fact that the sequence of eigenvalues )\ of the operator —L i + ¢ diverges to 400
as k — +oo (see Proposition 14—iv)).

In this framework we will look for critical points of the functional 7 using the Saddle Point Theorem.
First of all, we need some preliminary lemmas.

Lemma?7. Let A € (A, A\gs1] forsomek € N. Let K : R™ \ {0} — (0, +00) satisfy assumptions
(1.3)—(1.5) and let f, q and h be functions satisfying (1.8)—(1.11). Then, the functional [J verifies

lim sup M

2
vertyluf
lull xg, g—-+oo Xo,q

<0.

Proof. Letu € Hj. By Lemma 3, Lemma 5 and the fact that A > 0 (being A > A\ > A1 > 0) we get

T =5 Nl =5 [ @~ [ Fu@)de~ [ hauta)da

1 A 2 ~
<§Q—X9Hw%@+0whm-

So, dividing by Hu||_2X0 , and passing to the limit as ||ul|y, , — +00, we get the assertion, since
A > /\k; ]

Note that Lemma 7 holds true for any A € (A, Ar11] for some k& € N and this will be used in the
resonant case of problem (1.1), that is in the case when A = A\g41 .
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Lemma8. Let A € (\g, \py1) forsomek € N. Let K : R™ \ {0} — (0, +00) satisfy assumptions
(1.3)—(1.5) and let f, q and h be functions satisfying (1.8)—(1.11). Then, the functional [J verifies

lim inf M

2
uu\&?f;ilmo HUHXM

> 0.

Proof. Let u € P . In this case, by Lemma 4, Lemma 5 and the positivity of A, we have
1 A 9 ~
70> 5 (1= 5 ) Wil g = Clul,,

so that, dividing by ||u||§<0 , and passing to the limit as [|u||y, , — 400, we get the assertion, being
A< Nt 0

With these preliminary results we can prove that the functional 7 has the geometric structure required
by the Saddle Point Theorem, according to the following result:

Proposition 9. Let A\ € (\g, \gr1) for some k € N. Let K : R" \ {0} — (0,+o00) satisfy
assumptions (1.3)—(1.5) and let f, q and h be functions satisfying (1.8)—(1.11). Then, there exist two
positive constants C' and T such that

sup J(u) < —-C < inf J(u).
u€Hy, u€Pp 41
lull o, q=T

Proof. By Lemma 8 it follows that for any [/ > 0 there exists & > 0 such that if u € Py, and
[ul|y, = Rthen J(u) > H.

On the other hand, if u € Py, with ||u||X07q < R, by applying Lemma 5, the Hélder inequality,
Lemma 2 and [18, Lemma 6] we have

J(u) = —é/ |u(a:)|2da:—/F(u(x))dx—/h(m)u(x)dx2
2 Ja ) Q Q
> = [lully,, = Cllullx,,
> —kR*—CR=:—C,

thanks to the fact that A > 0 (being A > \x > \; > 0 by Proposition 14-i)). Also, here  is a positive
constant.

So, we get

(4.2) J(u) = —-C  forany u € Pyyy .

Moreover, by Lemma 7 there exists 7" > ( such that for any u € Hy, with [|ul| , , > T" we have

(4.3) sup J(u)< sup J(u) < —C.
u€Hp, u€Hyp,
lullxgy, g=T lullxy, =T
Thus, Proposition 9 follows from (4.2) and (4.3) . 0

Roughly speaking, Proposition 9 says that 7 has the geometric structure required by the Saddle Point
Theorem.

Finally, we have to show that ./ satisfies the Palais—Smale condition. To this purpose, first of all we
prove that every Palais—Smale sequence for 7 is bounded in X, .
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Proposition 10. Let A € (A, Apy1) for some k € N. Let K : R™ \ {0} — (0,400) satisfy
assumptions (1.3)<(1.5) and let f, ¢ and h be functions satisfying (1.8)—(1.11). Let ¢ € R and let
{u;};cn be a sequence in X such that

(4.4) J(uj) <c,
and
5 sup {|(7 (), )|+ @ € Xo, Ielly,q =1} =0

as j — +oo. Then, the sequence {u;} ;. is bounded in Xo.

Proof. We argue by contradiction and we suppose that the sequence {uj}jeN is unbounded in Xj.
As a consequence, up to a subsequence, we can assume that

(4.6) ||uj||XO7q — +00 as j — +00.

Thus, there exists u € Xo such that u;/ ||u;]| x, , converges to u weakly in Xy, that is
(4.7)

/Rn Rn( UJ<9U) B Uj(y) )((p(m) —go(y))K(x—y) dxdy"i_/QQ(x)MgO(l’)dx

||U]||X07q ||u]”X0,q ||U/]||X07q

— (u(w) —u(y))(e(x) — o) K(z —y) dv dy + /Qq(flf)u(%)so(af)dﬂj

R™ xR™
as j — +oo, forany ¢ € Xj.
Hence, by applying [18, Lemma 8] and [4, Theorem IV.9], up to a subsequence

H ﬁj —u in L"(R"™) forany v € [1,2")
'Ll/.
(4.8) o
I — —u aeinR"
15 x4, 4

as j — +o00. Here 2* is the exponent defined as in (4.1).

Furthermore, by (1.9), (1.11) and the Hélder inequality it follows that

Tl | S+ [ et i

< i (M el + Iz 2l 0y — 0

1451l x4, 4

(4.9)

as j — +oo, forany ¢ € X, thanks to (4.6).

So, by (4.7)—(4.9) we have
(J"(u5), )

w10 Till .0

_ﬁénW@mﬂ—wmﬂwm—wwDK@—ywm@
+ [ @)oo= [ s

asj — +oo,forany ¢ € Xj.
Hence, by combining (4.5), (4.6) and (4.10) we get

/Rn . (u() —u(y)) (p(2) —(y)) K (x—y) d:vdy+/ q(z)u(z)p(r) de = )\/QU(x)gp(:E) da

Q
for all p € X and we deduce that u is a weak solution of problem (1.12).
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Let us now prove that u #Z 0 in X,. Assume, by contradiction, that u = 0 in X,. By (4.5) with
¢ =u;/ ||lullx, , we get

/ i) = e g+ [ ato @) [ @R
R™ xR™ Q

14 xo.4 1l x4 o 144l x,.q

/fuj _usr) dx—/glh(x)’%#dxﬁo

[ ]HXO, 1451l 4,4

(4.11)

as j — +o00. Moreover, by (1.9), (1.11) and (4.8), since u = 0, we get

o e g

luilliy NP2y [1uillzec)

(4.12)
<M

5]l x4 sl x4
as j — +oo.

Hence, by combining (4.11) and (4.12) it follows that

) — 2
/ [4s(x) — ()| K(x—y)da:dy+/q()|] —A/ Jus (@) dr — 0
R" xR 1wl xo,4q Q ||UJHXO q ||U’J||XO q

so that, dividing by [|u;| y, . we get

511720 .
l-Arm——0 as j— +oo.
51, 4

This gives 1 = 0, again by (4.8) and the fact that u = 0 in X. Of course, this is a contradiction and
sou Z 0in Xj.

In this way we have constructed a non-trivial function u solving (1.12), but this contradicts the non-
resonance assumption A, < A < Apy1. Thus, the sequence {u;} ey is bounded in X and this
ends the proof of Proposition 10. ]

Now, we can prove the following result, whose proof is quite standard and, differently from Proposi-
tion 10, it is not affected by the resonant/non-resonant assumptions:

Proposition 11. Let A € R. Let K : R" \ {0} — (0, +00) satisfy assumptions (1.3)—1.5) and let
f, q and h be functions satisfying (1.8)—(1.11). Let {u; }j o be a bounded sequence in X such that
(4.5) holds true. Then, there exists u, € X such that, up to a subsequence,

luj — vy, =0  asj— +oo.

Proof. Since {Uj }jeN is bounded by assumption and X, is a reflexive space (being a Hilbert space,
by [18, Lemma 7]), up to a subsequence, there exists 1, € X such that u; converges to u,, weakly
in X, thatis

| ) = us)ete) = o)K@ =) dedy + [ gty (@)pla)ds —

(4.13)

/Rn . (Uoo(T) = Uoo(y)) (p(7) — @(y)) K (7 — y) dx dy + /Q q()uco(w)p(z)d
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as j — +o0o, forany ¢ € X, . Moreover, by applying [18, Lemma 8] and [4, Theorem IV.9], up to a
subsequence

Uj — Uy in LY(R™) forany v € [1,2"
™ s ) forany v € [1,2)
Uj — U a.e.inR

as j — +00. Again 2* is defined as in (4.1).

By (4.5) we have

[ a@ ol de= [ () = u5(0)) () = ) K @ =) i dy
- [ @ @un)s = [ ) o) - unlo))do
/f z,u;(z))(uj(r) — uoo(x))dx—/gh(x)(uj(x)—uoo(x))dx

asj — +00.

(4.15)

Also note that, by the definition of norm in X, (see formula (2.2)), since {u; };cn is bounded in X,
then {u; }jen does in L?() . Hence, by using the Hélder inequality, (1.9), (1.11) and (4.14), we get

‘A [ 5@ 00— v + [ o050 05(0) — ()
(4.16) " / () (1) — ()

2
< (Ml oy + M 191 + 1l 2y ) Ity = toll gy = 0

as j — +oo.

Then, by (4.13), (4.15) and (4.16) we obtain
/ oy () — u; (9)? K (@ — y) dedy + / o(@) Juy (@) 2 da
R7 xR™ Q

- oo (1) — 110 ()2 K (2 — ) dirdy + / 4(2) Juso ()

R xR"™ Q
that is

(4.17) il g = llucollx,, 4
asj — +oo.

Finally, we have that
2 2 2
[ = ool = 105, + [[toollx,, g

-2 /R (@) =15 (9)) (e (@) = uoo () K (@ —y) dwdy =2 | qlx oo()dx

q() |t (z)|* dz =0

EJ\D\

—>2HuooH§(07q—2/R i |uoo(:v)—uoo(y)|2K(x— Ydxdy — 2
n>< n

as j — 400, again thanks to (4.13) and (4.17). This concludes the proof. ]
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4.4. Proof of Theorem 1 in the non-resonant case, when \ > \;. For the proof it is enough to
observe that, by Proposition 9 the functional 7 satisfies the geometric assumptions required by the
Saddle Point Theorem, while by Propositions 10 and 11 it verifies the Palais—Smale compactness
condition. Hence, as a consequence of the Saddle Point Theorem, 7 possesses a critical point u €
Xy, which, of course, is a weak solution of problem (1.1).

5. THE RESONANT CASE

In this section we study problem (1.1) in presence of a resonance, namely when X is an eigenvalue
of the operator —L + ¢. This kind of problem is harder to solve than the non-resonant one and
we have to impose further conditions on the nonlinearities and on the parameter appearing in the
equation. Namely, we have to assume the extra conditions (1.14) and (1.15) on f and h, as well
as (1.13).

Without loss of generality, in the sequel we assume that for some k£, m € N
(5.1) Ao < A= X1 = o = Noem < Mokt

that is we suppose that A is an eigenvalue of —Lx + ¢ with multiplicity m .

As in the non-resonant framework, here the idea is to apply the Saddle Point Theorem. Hence, also in
this case, we have to check that the functional 7 satisfies the Palais—Smale condition and possesses
a suitable geometric structure. The resonant assumption (5.1) affects both these problems (i.e. the
compactness and the geometric structure of the functional), making the proof more difficult than in the
non-resonant setting.

Let us start by proving the compactness condition. If compared with the non-resonant case, in the res-
onant one the difference lies in the proof of the boundedness of the Palais—Smale sequence. Indeed,
in order to show that the Palais—Smale sequence is bounded in X, here we have to use different
arguments, since the ones used in the non-resonant case are based mainly on the fact that the pa-
rameter \ is not an eigenvalue of the operator —Lx + ¢. Precisely, we will argue by contradiction
and we will use the Landesman—Lazer condition (1.15), which will be fundamental for our arguments.
Also, it will be crucial for our proof the property stated in (1.13).

Proposition 12. Let \ be as in (5.1) for some k,m € N, and verify (1.13). Let K : R™ \ {0} —
(0, +00) satisfy assumptions (1.3)—(1.5). Moreover, let f, g and h be functions satisfying (1.8)—1.11),
(1.14) and (1.15). Letc € R and let‘{uj}jeN be a sequence in X such that (4.4) and (4.5) hold true.
Then, the sequence {u;} ;.\ is bounded in Xo.

Proof. First of all, let us write u; = w; + v;, withw; € F\ and v; € E/\L , where

Ey = span {ek-l-la s 76k+m}

is the linear space generated by the eigenfunctions related to A = A1 (see assumption (5.1)).

In order to prove Proposition 12, it is enough to show that both the sequences {w; }jen and {v; }jen
are bounded in X .

Let us prove first that the sequence {vj}jeN is bounded in X, . For this, note that, since w; € E\,
then

—Lxw; + q(x)w; = Aw,
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in the weak sense, that is for any ¢ € X
L (00— 0s0) (200) )y + [ ey (o))
- [ waeto)dr =o0.

(5.2)

Moreover, by linearity, for any ¢ € X

(5.3)
e n (uj(z) —u;(y)) (e(x) — @(y)) dedy = /Rn . (wj(z) —w;(y)) (o(z) — ¢(y)) dx dy
i /R - (vi(@) —vi(¥)) (e(2z) — ¢(y)) dz dy
and

(5.4) Aﬂ@WWM@Mw=Aamqu@Mm+A«@wumum%

Hence, as a consequence of (5.2)—(5.4) and (4.5) we get that for any ¢ € X
(5.5)
!
0 — (T (u5),0) =

/Rn n (wj(x) - wj(y)) (Sﬁ(x) - @(y))K(x —y)dxdy + /Q q(z)w;(z)p(x)dz
+ /Rn o (vj(2) = vi(y) (p(2) — @(y)) K (v — y) dv dy + /Q q(z)v;(x)p(x)dz

—)\/ dx—/f e dm—/ﬂh(x)go(m)dx

= /Rn . (vj(2) = v;(y)) (p(@) = @(y)) K (x — y) dedy + /Qq(;g)vj(x)@(gj)dz

—)\/ dx—/fuj dx—/ﬂh(x)go(x)d:p

asj — +o00.

Now, assume by contradiction that HUJ-HXO g 7 1t as j — 4o00. Arguing exactly as in the proof of

Proposition 10 one shows that v;/ [|v; ]|, , converges weakly in X, to an eigenfunction v relative to
A

Of course v € E) \ {0}, being an eigenfunction. On the other hand, since

L
v; € By = span{eq, ..., €k, €htmsts--- )

then v € Ey . This leads to a contradiction since v # 0 and v € Ey N Ey- = {0}. Then, {vj}enis
bounded in X .

Now, it remains to prove that {w; }jeN is bounded in X . Also in this case we argue by contradiction
and assume that

(56) ijHXo,q — +00

asj — +o0o.
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Since £ is finite dimensional, there exists w € E) such that, up to a subsequence, w;/ [|w;l|y, .
converges to w strongly in Xy as j — +00. Moreover, by applying [18, Lemma 8] and [4, Theo-
rem IV.9], up to a subsequence

w .

—2— —w inL"(R") forany v € [1,2%)
lwll .
(5.7) w.
I — —w aeinR"
[wll . 4

as j — +o00. The exponent 2* is given in (4.1).

Note also that, since w € E, for any p € X we get

[ ) = ) (p10) ~ o) Ke =) vy + [ atauteyotaris
:)\/Qw(x)go(:v) dzx

that is w is an eigenfunction of problem (1.12) . Hence, by (1.13), the function w is almost everywhere
different from zero, say

(5.9) w(z) #0 forany z € Q\ N,

where N C ) has zero Lebesgue measure.

So, by using (5.6), (5.7), the fact that {v; } ;e is bounded® in X and (5.9), for a.e. = € 2 we get

wj(x + fora.e. x € >0
510) 1) = w30 +15(0) = sl T2+ yte) — {20 et € {0

(5.8)

]||X07q
as j — +oo.

Let us define the function f : {2 — R as

| fr itz e{w >0}
Joo () ‘_{ 1, ifxg{wzo},

where f; and f, were introduced in (1.14). Note that f., is well defined, thanks to (5.9).
By (1.8), (5.10) and the definition of f. it follows that
Fluy(@) = fulz) ae.zeQ

while, by (1.9), the fact that €2 is bounded and the Lebesgue Dominated Convergence Theorem we
have

(5.11) f(uj) = foo inLY(Q) forany v € [1,+00)
asj — +oo.

Hence, by combining (5.5) with o = w, (5.8) with ¢ = v; and (5.11), we obtain

/foo d:v—l—/gh( Jw(x)dxr =0,

namely, writing w(x) = w™ (x) — w™ () and taking into account the definition of f..,

/Qh(x)w(:v)dx:fl/gw(a:)dx—fr/gw*(x)dx.

This contradicts assumption (1.15). Thus, the sequence {wj}jeN has to be bounded in X, and this
concludes the proof of Proposition 12. ]

SWe stress that the boundedness in X, imply the convergence of v; to some v in L'(R™) and a.e. — in particular,
[v(x)] # +oo fora.e. x € €.
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As a consequence of Proposition 11 (which holds true for any A € R) and Proposition 12, the func-

tional 7 has the Palais—Smale compactness property, also in the case when (1.13) occurs.

Finally, we prove that the functional .7 has the geometric feature required by the Saddle Point Theo-
rem. As we said above, the resonance assumption affects also the proof of the particular geometric
structure of the functional 7, making it more difficult than in the non-resonant setting. Indeed, here
we can not use the arguments performed in the non-resonant framework, but we have to argue in a
different way. For this, we will make use of (1.13) and of the Landesman—Lazer condition (1.15), which
will be both crucial in the proof of the following proposition:

Proposition 13. Let A be as in (5.1) for some k,m € N, and verify (1.13). Let K : R™ \ {0} —

(0, +00) satisfy assumptions (1.3)—1.5). Moreover, let f, g and h be functions satisfying (1.8)—(1.11),
(1.14) and (1.15). Then, the functional J verifies

(5.12) inf J(u) > —o0.

u€PL 41

Proof. In order to prove Proposition 13, we argue by contradiction and assume that there exists a
sequence {u; }jeN in P, such that

(5.13) J (u;) — —o0,

as j — +oo0.

First of all, note that, by (5.1) and the orthogonality properties of {e1, .. ., e, . . . } (see Proposition 14-
vi)), we can write P, as follows

Pry1 = Ex® Prymsr

(recall that E := span{ei1, ... €xim})-

Then, for any j € N the function u; can be written as
(5.14) u; = w; + vj,

with w; € E) and v; € Pgyi1, S0 that w; and v; are orthogonal both in X; and in L*(12), again
thanks to Proposition 14-v7).

From now on we proceed by steps.

Claim 1. The following assertion holds true:
[w;ll g = +00

asj — +oo.

Proof. First of all, since w; € E), note that

[ ) - P K- pdsdy + [ ato) @) de =2 [ (o) d
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So, as a consequence of this, of (5.14), of the orthogonality of the w; and v;, of Lemma 4 (here
applied in P,,,11) and of the positivity of A, we get

() =3l = 5 [ l@Pde— [ Fas@)ds - [ hauya)da

Q
1, 1. 5 A A
= sl o+ 5 sl = Sl = S0l — [ Flus@)hda
- / h(z)u;(x)dz
Q
(5.15) ) \ ;
o (b eerd LR RACICI L RICTIELE
2 Abtm+1 Q Q
1 A 9 ~
>3 (1= 52 ) 1ol = Gl
1 A ) . .
>3 (1= 52 ) 1l = Cllully o = Clusly,
also thanks to Lemma 5. So, by combining (5.13) and (5.15) we get

(5.16) E <1 B

2 Aktmi1
which implies necessarily that

o )
)Hmuw—cww%ﬂ—cww%ﬂﬁ—w

[wll,,, — 00 as j — 400,

since A = A\gi1 < Akrmo1 by (5.1). Hence, Claim 1 is proved. O

Now, since F, is finite dimensional, there exists w € E/\ such that, up to a subsequence,

(5.17) w;/ lwll s, , — w strongly in X

as j — +o00o. Note that w # 0, since ||w|| = 1. Also, w is an eigenfunction of problem (1.12) and
so, by (1.13), w is almost everywhere different from zero, say

(5.18) w(x) #0 forany € Q\ N,

where N C ) has zero Lebesgue measure.

Moreover, by applying [18, Lemma 8] and [4, Theorem IV.9], up to a subsequence, we also have
w .

W —w in LY(R™) forany v € [1,2%)
w.
(5.19) P
s w ae inR”
lwill x,. 4

as j — +o00. Again here and in the sequel 2* is the exponent given in (4.1).
Now, assume that ||v;||x,,, 7 O for j sufficiently large. We will discuss the case when ||v;|| x,., = 0
later on.

Again by applying [18, Lemma 8] and [4, Theorem IV.9] we can say that there exists v € X such
that, up to a subsequence

H T’j — v in LY(R") forany v € [1,2%)
U.
(5.20) ! o
I — —v aeinR"
1051l x4,

as j — +oo.
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Now, let us continue with some claims.
Claim 2. The following assertion holds true:

sl
50

asj — +oo.

Proof. If ||v;||x,,, was bounded, then Claim 2 would follow by Claim 1. Assume that ||v;||x, ; —
400 as j — +o00. Writing (5.16) as follows

L Ll
N 1 v —C—C—M — —00,
Hﬂmﬂ@( el LU o

we would get necessarily that Claim 2 holds true, by assumption (5.1). This concludes the proof of
Claim 2. 0

Claim 3. The following assertion holds true:
F(u;(x))

”wj”Xo,q

w(z) foolz) ae x e

as j — +oo, where f, : {0 — R is the function defined as

(5.21) fool) = { 2 Z;i g }zwu z 8%,

with f; and f, given in (1.14) and w as in (5.17).
Proof. To prove this we first observe that
F(t)

(5.22) lim w =f; and lim — = fr.

t——o00 t——+o00

We prove the identity for f,., since the one for f; is alike. If f,. # 0, we can use de I'Hopital Theorem
and get (5.22). On the other hand, when f, = 0, for any ¢ > 0 there exists 7' > 0 such that
|f(t)| < efort > T.So, by (1.9) for t > T it follows that
T t—T
e( )

'7q:'t/f w+/f ar)| < k4 L2
Passing to the limit as ¢ — +o00 and as € — 0 we obtain (5.22) in this case too.
By (5.14), Claims 1 and 2, (5.18), (5.19) and (5.20) for a.e. = € () we get
uj() = w;() + v;(2)

- 15l x0,q 05
529 ol (el e Ao

| ]||X07q ||w]||X07q ||UJ||X0,q

+oo forae. z € {w > 0}
H
—oo forae. z € {w <0},

as j — —+o0. In particular, fixed any = € €2, we have that u;(x) # 0 for large j.
Now, again by (5.14) and Claim 1, we can write

F@@»_(w@>+zmm>me»

u;(x)

(5.24)

lwillxeg  \Mwillxyq  lwillxy,q
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By (5.22) and (5.23)

F(uj(x)) fr forae. z € {w >0}
T\ i forae x € {w<0},

that is
F(u;(x))
u;(x)

as ] — +o0o, where f is given in (5.21) (this function is well defined, thanks to (5.18)).

(5.25) — foo(x) ae x €

Moreover, by Claim 2 and (5.20) it follows that

. Vi .
(5.26) o) _ il v@) —0 ae x€R”

lwill xo,q  Nwillxg, o 193l xo,

as j — —+o00. So, by combining (5.24)—(5.26) and by using also (5.19), we get the assertion of
Claim 3. 0

Claim 4. The following assertion holds true:
Fu;
Fluy) — wfs in Q)
[will x, 4
asj — +oo, where w is as in (5.17) and f. is defined as in (5.21).

Proof. Since u;/ ||lu ||, , is bounded in Xo, as usual by applying [18, Lemma 8] and [4, Theo-
rem 1V.9], up to a subsequence, it converges strongly in L' () and there exists x € L'(£2) such that
forany j € N

(@)

(5.27)
luillx,

< k(x) ae z el

Moreover, by the orthogonality properties of v; and w; we get

125 || xo, q 14 vl x0, 4
llw;ll x4 llw;ll x4

Y

so that, by Claim 2 it follows that for any 7 € N
Il 0
Hw] HXo,q

for some positive constant C'.

As a consequence of this, (5.27) and (1.9) we get a.e. x € ()

|F(u](x))| <M |u3<x)| - M HujHXoﬂ] |u](x)| < éﬁ($) c Ll(Q)

~

lwill xo, g K lwill xo,q 1431 x4, 4

for a suitable positive constant C'. Then, the Lebesgue Dominated Convergence Theorem and Claim 3
yield the assertion of Claim 4. ]

Claim 5. The following assertion holds true:

lim < Mdm—k/h(x)ﬂdx) <0.
Q

i=toe \ Jo wjllx,, lw;llx,,q
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Proof. First of all, note that

U j w; + v W;j Vj ||UJA||X07

— — —+ 4 — w in LQ(Q),

lwillxg,g  Mwillxyq  Nwillxg,q  0illxg,q 105l 6
as j — 400, thanks to (5.14), (5.19), (5.20) and Claim 2.

As a consequence of this and by Claim 4 and (5.21) we have

lim ( Md —|—/h( )de>

j—oo [will x, .4 lw;ll .,
(5:28) /foo dm—i—/h( Jw(z)dx
Q
:fT/w+(x)da:—fl/w_(x)dx+/h(x)w(:v)dx <0,
Q Q Q
since (1.15) holds true. This ends the proof of Claim 5. [

Now, we can conclude the proof of Proposition 13 . Indeed, arguing as (5.15) and using (5.1), we get

72 5 (1= 52 Yl o~ [ Flsas = [ et

)‘k+m+1

o ([ Fu) ),
> — || J||Xo,q< | J||X0qd +/Qh( )||wj||Xo,qd > 7

so that, by Claim 1 and Claim 5, we deduce

J(uj) = +o0 as j — +oo,
which contradicts (5.13). Hence, Proposition 13 holds true in the case when ||v;]| x,,, # 0 for j large
enough.

Finally, it remains to consider the case when [|v; ||, = 0 for j sufficiently large (up to a subse-
quence). In this setting, using the same arguments as above, the proof can be repeated in a simpler
way. For the sake of clarity and for reader’s convenience we prefer to give full details.

Since [|v;| y,., = 0 for j sufficiently large, it easily follows that

(5.29) v; — 0 in Xy

as j — +00. Hence, by [18, Lemma 8] and [4, Theorem IV.9] up to a subsequence
v; — 0 in L”(R") forany v € [1,2"

(5:30) vj» — 0 ae. in( R”) ' )

as j — +oo.

As a consequence of this and by (5.14), (5.19) and Claim 1, we get that

(5.31) Y W + U — w in LY(R") forany v € [1,27),
lwjllxoq  llwsllxe,q  Nwllxo,q
so that
M—mu(x) aex e
[[w;lx0,q
as j — +00, and, forany j € Nanda.e. x € ()
(5.32) [u;(@) < k()

|w;llxo0,q
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for some x,, € L¥(1).
Also, again by (5.14), Claim 1, (5.19) and (5.30), we deduce that a.e. = € €}

j + if v € >0
539 15(0) = wy(o) + 0ye) = sl o) - { T2 pEE {0

as j — 400, thanks to (5.18).
Hence, by (5.22) and (5.33), also in this case we get
F(u;(2))

u;(z)

as J — +00, where f is the function defined in (5.21).

(5.34) — folz) ae z€e

Now, we have that
(5.35) ﬁtiﬁ(x)) _ (, v;(2) n w;(x) ) Fiusz)))

as j — 400, thanks to (5.14), (5.19), (5.30) and (5.34).

— w(x) fool(z) ae. €
willxy, g wsllx, g h ’

Furthermore, by (1.9) and (5.32) we get that a.e. z € 2 and forany j € N
Flu. .
| (u](x))] gM |U]($)‘ gM/-il(iL’) ELl(Q),
[wjl x0,q [w;l x0,q

so that, using also (5.35), we obtain

F(uy)

(5.36) Bl e P
|w;llxo0,q

— wfs in LY(Q)

asj — +00.

Now, with (1.15), (5.31) (here used with v = 2 < 2*) and (5.36), arguing as in Claim 5, we can show

that
lim ( Mdm+/h(x)Mdm> <0.
Q

i=too \ Ja lwjllx,, lw;llx,,q

Thus, the conclusion of Proposition 13 follows as in the previous case. This ends the proof of Propo-
sition 13. m

Finally, we are ready to prove Theorem 1, in the resonant case.

5.1. Proof of Theorem 1 in the resonant setting. First of all, let us check the geometric structure of
the functional 7 . For this, let

I= inf J(u).

uG]P)k+1
By Proposition 13 and the fact that 7 # 400, we have that I € R. Moreover, by Lemma 7, there
exists R > 0 such that for any v € H, with ||u||x, , = R it holds true that

J) < —|I| < 1.

Then, as a consequence of this, we get
sup J(u)< sup J(u)<I= inf J(u),

w€Hy, weHy, u€Ppyq
lull xo, g=FR lullxg, ¢> R

that is 7 has the geometry required by the Saddle Point Theorem (see [14, Theorem 4.6)).

Finally, by Proposition 11 (which holds true for any A\ € R) and Proposition 12, the functional 7
satisfies the Palais—Smale condition.
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Hence, we can make use of the Saddle Point Theorem in order to obtain a critical point u € X of 7.
This concludes the proof of Theorem 1 in the resonant case.

APPENDIX A. AN EIGENVALUE PROBLEM FOR —Lx + ¢

This appendix is devoted to the study of the eigenvalue problem (1.12). More precisely, we study the
weak formulation of (1.12), which consists in the following problem

[ ) = uto)olo) — ) Ko = p)ndy + [ aputa)etoa

(A1) = )\/ u(z)p(x)de V¢ e Xy
0

UEX().

We recall that A € R is an eigenvalue of —L i + ¢ provided there exists a non-trivial solution u € X
of problem (A.1) and, in this case, any solution will be called an eigenfunction corresponding to the
eigenvalue \.

For the proof of the next result we refer to [19, Proposition 9 and Appendix A], where the case when
g = 0 was considered. The proof of [19, Proposition 9] can be easily adapted in order to get the
following result:

Proposition 14. Let s € (0,1), n > 2s, ) be an open, bounded subset of R™ and let  : R™ \
{0} — (0, +00) be a function satisfying assumptions (1.3)—1.5). Moreover, let g : 2 — R be a
function verifying (1.10). Then,

(i) problem (A.1) admits an eigenvalue A\, which is positive and that can be characterized as follows

v mn ([ ) -l K- pedy+ [ ) o)),

ueXq
HU”L2<Q):1

or, equivalently,

 Jan u(@) —u(y)P K (2 — ) dedy + [y q() Ju()] d
(A2) A1 = min 3 ;
u€Xo\{0} fQ |U(I)| dx

(ii) there exists a non-negative function e; € X, which is an eigenfunction corresponding to A1,
attaining the minimum in (A.2), that is ||e1|| 2oy = 1 and

AL = /R”an ler(z) — 61(3/>|2 K(x —y)drdy + /Q q(z) |€1(:1:)|2 dr:

(iiiy A\ is simple, that is ifu € X is a solution of the following equation
/ (u(@) — u(y))(e(z) — oY) K(z — y)dx dy + /Qq(x) lu(@)[* do
R”xR"”

Y / u(@)p(z)de Y € Xo,
Q

thenu = (eq, with( € R;
(iv) the set of the eigenvalues of problem (A.1) consists of a sequence { A } ren With
O<)\1<)\2<--'<)\k</\k+1<~--

and
A — +o0 as k — +oo.
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Moreover, for k € N the eigenvalues can be characterized as follows:

Aky1 = min u(z) —u(y)]* K(z — y)dedy + | q(z)u(z)]*dz ),
" 'Lﬁepk+1 R7 xR" 9]
ullp2(0)=1!

or, equivalently,

S [0(@) = u@)P K (& = y)de dy + [, q(@) Ju(@)[ da
(A.3) Akr1 = min 5 5
u€Py41\{0} Jo lu(x)|” dx
where
Py = {u € Xp: <u,ej>X07q =0 Vj= 1,...,k:};

(v) forany k € N there exists a function e 1 € Py, which is an eigenfunction corresponding to
Ak+1, attaining the minimum in (A.3), that is [|ex11| 12y = 1 and

Aks1 = / lena(x) — e (y)]* K (x —y)dz dy + / q(x) lexs1 (z)|* da;
R™ xR™ Q

(vi) the sequence {ey.} xen Of eigenfunctions corresponding to AL s an orthonormal basis of LQ(Q)
and an orthogonal basis of X;
(vii) each eigenvalue A, has finite multiplicity; more precisely, if \;, is such that

A1 <Ak =0 = Mg < Apag
for some h € Ny, then the set of all the eigenfunctions corresponding to )\, agrees with

span{eg, ..., pin) -

For further properties of the eigenvalues and the eigenfunctions of the fractional Laplace operator
(and, in general, of non-local integrodifferential operators) we refer to [15, Proposition 5], [21, Propo-
sition 4] and [23].

APPENDIX B. NODAL SET OF THE EIGENFUNCTIONS OF (—A)®: 1D CASE

The aim of this appendix consists in proving a property of the nodal set of the eigenfunctions of the
fractional Laplacian operator (—A)*, that is the fact the nodal set of the eigenfunctions has zero
Lebesgue measure, in the one dimensional case. At this purpose, we will use some recent results
about the regularity of the solutions of the fractional Laplacian equation (see [3, 21, 23]) and a Unique
Continuation Principle for non-local equations (see [9]).

First of all, let us prove the following result:

Proposition 15. Let s € (0,1/2), n = 1 and Q) be an open bounded set of R" . Finally, let u €
C>°(Q) be a function such that its nodal set

N, ={z € Q:u(z) =0}
has positive Lebesgue measure.

Then, for almost any T € N,, we have that u(z) = o(|x — z|*) asx — Z forany k € N.

Proof. We take z € N, to be a Lebesgue density point. Then, there exists a sequence {xj }jeN in
N\ {z} such that z; — Z as j — +oo. Without loss of generality, we may suppose that such
sequence is decreasing.

We claim that for any k& € N there exists a decreasing subsequence {z; i }xen of {z;}jen such that
D*u(x; ) = 0forany j € N. For this we argue by induction. When k = 0 we can take z; ; = x;,
since u(z;) = 0 for any j € N, by construction of ;.
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Now, suppose that the claim holds true for k& and let us show it for k£ 4 1. At this purpose, we fix j € N
and we apply the Rolle Theorem to the function D¥u in the interval [z;41 1, z; ). We get that there
exists ; p4+1 € [Zj41,k, L5, k) Such that

D" (k1) = DMl p) — DPu(jpa,) = 0,
thanks to the induction assumption. Hence, the claim is proved.

By continuity and thanks to the fact that x; — T as j — +o00, we deduce that D*u(Z) = 0 for any
k € N. As a consequence of this, since u € C'*°({2), by Taylor expansion we get for any k € N

DJ T
Z U | ol — 2 = ol — ).

J=1

which gives the assertion of Proposition 15. 0

Now, we can consider the following eigenvalue problem

{ (=A)u+ q(x)u=Au in§
u=20 inR™\ .

We also recall that, in this setting, the space X, can be characterized as (see [20, Lemma 7))
Xo={veH*R") :v=0aein R"\Q}.

(B.1)

The main result of this appendix is the following:

Theorem 16. Let s € (0,1/2), n = 1 and Q) be an open, bounded subset of R" with Lipschitz
boundary. Lete € H*(R™) be a solution of problem (B.1), with ¢ € C'*°(2) N L>(£2).

Then, the nodal set of e has zero Lebesgue measure.

Proof. We argue by contradiction and we suppose that the nodal set of e has positive Lebesgue
measure. First of all, note that

(B.2) ec C™(Q).

This follows via the following steps: first, we have that e € L>°({2), by [21, Proposition 4]. Hence,
from [23], we obtain that e is uniformly continuous in €2 and it is a viscosity solution of the equation.
Then, by [3, Theorem 5], we obtain that e € C*((Q), for any k € N, thus establishing (B.2).

Hence, by Proposition 15 we easily get that for any Z such that e(Z) = 0
e(z) = O(|z — z|*) forany k€N
asr — .
Now, applying [9, Theorem 1.2] (here with h(z) = X\ — q(z) € C*(2)), we get thate = 0 in ,

which is a contradiction, being e an eigenfunction. Thus, the assertion of Theorem 16 is proved. [

For the general case of Theorem 16 we refer to Theorem 1.4 of the latest version of [9].
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