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Optimal distributed control of two-dimensional
nonlocal Cahn-Hilliard—Navier-Stokes systems
with degenerate mobility and singular potential

Sergio Frigeri, Maurizio Grasselli, Jurgen Sprekels

Abstract

In this paper, we consider a two-dimensional diffuse interface model for the phase separation of an
incompressible and isothermal binary fluid mixture with matched densities. This model consists of the
Navier—Stokes equations, nonlinearly coupled with a convective nonlocal Cahn—Hilliard equation. The
system rules the evolution of the (volume-averaged) velocity u of the mixture and the (relative) concen-
tration difference ¢ of the two phases. The aim of this work is to study an optimal control problem for
such a system, the control being a time-dependent external force v acting on the fluid. We first prove
the existence of an optimal control for a given tracking type cost functional. Then we study the differ-
entiability properties of the control-to-state map v +— [u, |, and we establish first-order necessary
optimality conditions. These results generalize the ones obtained by the first and the third authors jointly
with E. Rocca in [19]. There the authors assumed a constant mobility and a regular potential with poly-
nomially controlled growth. Here, we analyze the physically more relevant case of a degenerate mobility
and a singular (e.g., logarithmic) potential. This is made possible by the existence of a unique strong
solution which was recently proved by the authors and C. G. Gal in [14].

1 Introduction

A well-known diffuse interface model for incompressible and isothermal binary fluids is the so-called Cahn—
Hilliard—Navier—Stokes system (see, for instance, [1, 24, 25]). It consists of the nonlinear coupling of the
Navier—Stokes equations for the volume-averaged velocity u with the convective Cahn—Hilliard equation for
the (relative) concentration difference ¢ of the two fluids. More precisely, assuming matched densities equal
to unity, we have to deal with the system of partial differential equations

u, — 2div (v(p)Du) + (u - V)u + Vi = uVe + v, (1.1)
et +u- Vo =div(m(e)Vp), (1.2)
div(u) =0, (1.3)

in@Q :=Q x (0,T), where Q C R?, d = 2,3, is a bounded and smooth domain, " > 0 is a prescribed
final time, and D denotes the symmetric gradient defined by Du := (Vu + V7 u) /2. Here, the viscosity
v(-) is strictly positive,  stands for the pressure, v is a given external force density, m(-) is the mobility,
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and p represents the so-called chemical potential. Within the phenomenological framework devised in [7], u
is the functional derivative of the local Ginzburg—Landau type functional

6to) - [ (T2 +wie ) as (1.4

where W is a given double-well potential. Here, and in the following, all of the relevant physical constants
have been set equal to unity, for the sake of simplicity.

On the other hand, a physically more rigorous approach shows that 1 is the functional derivative of a nonlocal
functional of the following form (see [5, 21, 22, 23], cf. also [20] for a detailed discussion):

Flp) = —%/Q/QK(w—y)s@(:v)w(y)dfcder/QF(sO)dw-

Here, K : R? — R is a sufficiently smooth interaction kernel such that K (z) = K (—x), and F is a convex
potential (usually of logarithmic type).

In this contribution, we address an optimal control problem for the following nonlocal Cahn—Hilliard—Navier—
Stokes system:

u; — 2div (v(p)Du) + (u - V)u+ Vr = uVe + v, (1.5)
o1+ u - Vo =div(im(p)Vp), (1.6)
p=—Kxp+F(p), (1.7)
div(u) = 0, (1.8)
in (7, subject to the boundary conditions

u=0, m(p)Vu-n=0, (1.9)

on X := 0N x (0,7T), and to the initial conditions
u(0) =up,  ©(0) = o, (1.10)

in ). Here, m stands for the outward unit normal to the boundary 02 of €2, while uy and ¢ are given
functions.

Problem (1.5)—(1.10) constitutes the state system of the control problem to be investigated below. A slightly
different version thereof has firstly been analyzed in [18] under rather general assumptions on v, m, J and
F' (see also [8, 15, 16, 17] for more restrictive assumptions). More precisely, the mobility degenerates at the
pure phases ¢ = +1, and F' is a bounded (smooth) potential, defined on (—1, 1), whose derivatives are
unbounded (i.e., a so-called singular potential). In particular, m and F' can have the following form:

m(s)=1-3s>  F(s)=1+s)In(1+s)+(1—-s)In(1—-3s), se(=1,1). (1.11)

In [18], the existence of a global weak solution was established for a constant viscosity, but the same ar-
gument can easily be extended to nonconstant viscosities as well. Uniqueness and existence of a strong
solution are more delicate issues, and restricted to the two-dimensional case. The former was analyzed in
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Optimal distributed control of two-dimensional nonlocal Cahn—Hilliard—Navier—Stokes systems 3

[13], proving a conditional weak-strong uniqueness, i.e., by supposing that a strong solution exists. The ex-
istence of a strong solution has been much harder to prove. This was done in the more recent contribution
[14] by using a time-discretization scheme combined with a suitable approximation of m and F'.

In this paper, we aim to study optimal control problems for the state system (1.5)—(1.10), which, in order to
have a well-defined control-to-state operator, postulates the unique solvability of the state system itself. Also,
the investigation of the differentiability properties of the control-to-state operator requires that the solution
to the state system be sufficiently regular. Both requirements make it necessary to restrict the analysis to
the spatially two-dimensional case. For this case, we can exploit the existence of a unique strong solution
in order to formulate an optimal distributed control problem which is similar to the one analyzed in [19]
under the more restrictive assumptions that m is constant and F' : R — R is smooth with a polynomially
controlled growth. This is not just a minor generalization, since it requires a considerable technical effort,
and, besides, accounts for choices of m and F' which are physically more relevant. A similar problem was
originally considered in [33] in the spatially three-dimensional case for a convective nonlocal Cahn—Hilliard
equation with degenerate mobility and singular potential, where the control was given by the velocity itself.
However, the assumptions in [33] were more restrictive than the present ones. Indeed, the authors only
considered solutions which are uniformly separated from the pure phases. Here, we do not use this property,
so the initial datum can even represent a pure phase. This is possible because the system is conveniently
reformulated in a more general form, following the approach devised in [12] for the Cahn—Hilliard equation
with degenerate mobility, singular potential and the standard chemical potential (1.4). It is worth observing
that for such an equation, and also for the corresponding system (1.1)—(1.3), only the existence of a global
weak solution has been proven so far (cf. [6]).

Let us now introduce the control problem we are interested in (see [19]).

(CP) Minimize the tracking type cost functional

B B B3
J(y,v) = Ellu —ugl20)p + 5||<P — oll72g) + EIIU(T) — g7z
Ba Y
+5||90(T) — palliz@) +§|l’vlliz(cg>z, (1.12)

where y := [u, | solves the state system (1.5)—(1.10).

Here, the quantities ug € L*(0,7T;Ga), pg € L*(Q), uq € Ga, and oo € L*(Q), are given
target functions, while 3;, 7 = 1,...,4, and y are some fixed nonnegative constants that do not vanish
simultaneously. Moreover, Gy;,, is the classical Navier—Stokes type space (see, e.g., [34]), that is,

L2 ()¢
Gaiv = {u € C°(Q)? : div(u) = 0} @

The control v is supposed to belong to a convenient closed, bounded and convex subset (see below) of the
space of controls L?(0, T'; Ggsy ).

We remind that optimal control problems for the Cahn—Hilliard—Navier—Stokes system with (1.4) have re-
cently been studied for the spatially three-dimensional case, where, however, the time-discretized version
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case was considered (see [26, 27, 28, 29, 30, 31]). We also refer to the recent contributions [9, 10] for a
treatment of the control by the velocity of convective Cahn—Hilliard systems with dynamic boundary condi-
tions in three dimensions.

The plan of this paper is as follows. In Section 2, we introduce notation, the basic assumptions, and the notion
of weak solutions to the state system. Then we report the existence theorem mentioned above. Also, we state
the existence and uniqueness result on strong solutions to the state system for the case d = 2, which is
fundamental for the control problem, and the related hypotheses. Section 3 is devoted to establish some
global stability estimates that are crucial to analyze the control problem (CP). This is studied in Section 4:
first, we prove in a standard way the existence of an optimal control; then we show the Fréchet differentiability
of the control-to-state map in suitable Banach spaces (where the stability estimates plays an essential role).
Finally, we establish first-order optimality conditions.

Throughout the entire paper, we will repeatedly use Young’s inequality
1
ab§5a2+5b2 foralla,b € Randé > 0, (1.13)
and we employ the following notational convention for the use of constants in estimates: the letter C' denotes
a generic positive constant depending only on the data of the respective problem; the use of subscripts like
in C,, i signals that the constant depends in a bounded way on the quantities occurring in the subscript (in
this case, m and K), in particular. In any case, the meaning will be clear and no confusion will arise.

2 Notation and known results for the state system

We set H := L*(Q), V := H'(Q), and denote by || - || and (-,) the norm and the inner product,
respectively, in both H and G4, as well as in L?(Q)? and L?(2)?*2. The notation (-, -)x and || - || x will
stand for the duality pairing between a (real) Banach space X and its dual X', and for the norm of X,
respectively. The space

HY(Q)4
Vi = {u € C(Q)2 - div(w) = 0

is endowed with the scalar product
(u,v)y,, = (Vu,Vv) =2(Du, Dv), Vu,v € Vy,.

Let us also recall the definition of the Stokes operator S : D(.S) N G4;y, — Gaip in the case of the no-slip
boundary condition (1.9)1, i.e., S = —PA with domain D(S) = H?()% NV, where P : L?(2)¢ —
Gl4iv is the Leray projector (see [34]). Notice that we have

(Su,v) = (u,v)y,, = (Vu,Vv), VYuec D(S), Vve Vy,.

We also recall that S~ : Gy, — Gy is a self-adjoint and compact operator in Gg;,,, and the spectral
theorem entails the existence of a sequence of eigenvalues \; with 0 < A; < Ay < -+ and A\; — o0,
and a corresponding family of eigenfunctions w; € D(S), which is orthonormal in G4, and satisfies
Sw; = \jw; for all j € N. We also recall Poincaré’s inequality

Ml < IVull®,  Yu € Vi,
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Optimal distributed control of two-dimensional nonlocal Cahn—Hilliard—Navier—Stokes systems 5

and two other inequalities, which are valid in two dimensions of space and will be used repeatedly in the
course of our analysis, namely, the following special case of the Gagliardo—Nirenberg inequality (see, e.g.,

[4]),
0]l z2eiy < Callo]Ye ol ™9, VYeeV, 2<g<oo, 2.1)

and Agmon’s inequality (see [2])

lellemi < ol ol Vo€ HQ). 22)

In these inequalities, the positive constant 62 depends on g and on €2 C IR?, while the positive constant 63
depends only on 2.

The trilinear form b appearing in the weak formulation of the Navier—Stokes equations is defined as usual,
namely,

b(u,v,w) ::/(u-V)v-wdx Vu,v,w e Vy, .
Q

The associated bilinear operator 53 from V;,, X Vg, into V, is defined by (B(u,v), w) := b(u, v, w),
forall u, v, w € Vy;,. We set Bu := B(u, u), for every u € Vy;,,. We recall the well-known identity

b(u,w,v) = —blu,v,w) Yu,v,w e Vg,
and the two-dimensional inequality
b, v,w)| < Cy[|u] [Vl ||Vl [w]'/? |Vw|'*  Vu,v,w € Vi,

with a constant 61 > () that depends only on €).

We now state the assumptions which ensure the existence of a global weak solution. Although weak solutions
do not play a role for our control problem, we have decided to include the corresponding existence result for
the sake of giving the reader a complete picture of the well-posedness results known for the state system. In
particular, we include the result for the case of three dimensions of space, noting that this result is too weak
for control purposes. We make the following assumptions:

(V) The viscosity v is Lipschitz continuous on [—1, 1], and there exists some v; > 0 such that

n <v(s), Vsel-1,1].
(K) K(-—z) € WHH(Q) for almost every = € €, and it holds that K (z) = K(—x) and

sup/|K(x—y)|dy<oo, sup/|VK(a:—y)|dy<oo.
Q Q

€ z€Q
(H1) The mobility satisfies m € C*([—1,1]), m > 0, and m(s) = Oifandonlyifs = —lors = 1.
Moreover, there exists some €5 > 0 such that m is nonincreasing in [1 — €, 1] and nondecreasing in
[—1, —1 —|— 60].

(H2) F € C*(—1,1) and XA :=mF" € C ([-1,1]).
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(H3) There exists some ¢y > 0 such that F"” is nonincreasing in [1 —¢g, 1] and nondecreasing in [—1, —1+

60].
(H4) There exists some ¢y > 0 such that

F"(s) >¢y, Vse(-1,1).

(H5) There exists some «g > 0 such that

A(s) > a9, Vse[-1,1].

We also recall that if the mobility degenerates, then the notion of weak solution must be formulated in a
suitable way (cf. [12], see also [18]).

Definition 1. Let ug € Gy, and g € L°°(Q2) with F(po) € L'(2) andv € L*(0,T;Vy,) be given.
A couple [u, ] is called a weak solution to (1.5)—(1.10) on [0, T'] if and only if the following conditions hold
true:

B v and p satisfy

w € L®(0,T;Gan) N L*0,T; Vi),

u, € LY3(0,T;Vy,) if d=3,

w, € L*(0,T; V) if d=2,

@ € L=(0,T; H) N L*(0,T; V)NL>(Q),
@ € L*(0,T; V'),

lp(z,t)] <1 forae. (z,t) € Q;

B foreveryw € Vy,, every ) € V, and almost every t € (0,T), we have
<ut> ’lU)de +2 (1/ (90) Du7 Dw) + b<u> u, w) - _((K * QO)VQD, w) + <IU, w>Vdiv7

(o) + / m()F"(¢) Vg - Vi e — / (@) (VE ) - Virdr = (wp, Vib);

W the initial conditions u(0) = wug and ¢(0) = ¢, are fulfilled.

We observe that the regularity properties of the weak solution imply the weak continuity w € C, ([0, T']; G i)
and ¢ € C,([0,T]; H). Therefore, the initial conditions are meaningful.

We now report the result shown in [18]. In this connection, we point out that there the viscosity v was
assumed to be constant just to avoid technicalities; however, the assertion of the theorem still holds true if v
satisfies only (V) (see also [13] for further details).
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Optimal distributed control of two-dimensional nonlocal Cahn—Hilliard—Navier—Stokes systems 7

Theorem 1. Assume that (V), (K) and (H1)—(H5) are satisfied. Let ug € Gy, and ¢y € L*°(Q2) with
F(po) € LY(Q) and M (py) € L'(Q) be given, where M € C?*(—1,1) solves m(s)M"(s) = 1 for
all s € (—1,1) with M(0) = M’(0) = 0. Assume also thatv € L ([0,00); V. ). Then, for every

loc

T > 0, the state system (1.5)—1.10) admits a weak solution [u, ¢| on [0, T'] such that the mean values
satisfy B(t) = @, forallt € [0,T]. Ifd = 2, then the weak solution [u, | satisfies the energy equation

1d ,
337 (WP +101) + [ m(@) P (@) Vel do + 21/olDul?

= /Qm(go)(VK* ¢)-Vodr — /Q (K*¢)u-Vodr + (v,u)y,, forae te(0,T). (2.3)
Ifd = 3, then [u, ] satisfies the energy inequality
3 (O + 10l +2 [ IVetaDul s ds + [ [ e F )9 ds i
< gl + leol?) + [ [ me (VK x0)- Vo s

t
0

_ /Ot/Q (K *)u - Vydrds +/ (v(s),u(s))v,, (s)ds, Vte (0,7]. (2.4)

As noted above, the notion of weak solution does not suffice for purposes of optimal control theory. In order
to introduce the notion of strong solution, we need the slightly stronger assumption:

(H2*) F € C3(—1,1),and X := mF" € C'([-1,1]).

We then set (see [14]) )
B(s) := / Mo)do,  Vse|[-1,1]. (2.5)
0

Moreover, we recall the definition of the notion of admissible kernels (see [3, Definition 1]):

Definition 2. A kernel K € W' (RY) is called admissible if and only if the following conditions are satisfied:

(K1) K € C3(RN\{0});

(K2) K is radially symmetric, K (x) = K(|z|), and K is nonincreasing;

(K3) K" (r) and K'(r)/r are monotone on (0, 1) for some 7o > 0;

(K4) |D3K (z)| < Cy4lz|~4" for some C, > 0.

For the readers’ convenience, we report the following lemma.

Lemma 1. (cf. [3, Lemma 2]) Let K be admissible. Then, for every p € (1, 00), there exists some C,, > 0
such that

IVI(VE * )| pyixa < Gplldllry Vo € LP(Q), (2.6)

where C,, = C,p forp € [2,00) and C,, = C,p/ (p — 1) forp € (1, 2), with some constant C. > 0 which
is independent of p.
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S. Frigeri, M. Grasselli, J. Sprekels 8

After these preliminaries, we assume for the remainder of this paper that d = 2, which implies that (2.1) and
(2.2) are valid and the embedding V' C LP(2) is continuous and compact for 1 < p < -+00. We now report
the notion of strong solution introduced in [14]:

Definition 3. Assume that ug € Vi, 0o € V N CP(Q) for some 3 € (0,1), and v € L*(0,T; Ggip)
are given. A weak solution [u, @] to the state system (1.5)—(1.10) on [0, T'] corresponding to [ug, o] is
called a strong solution if and only if it holds that

we L™ (0,T; Vy) N L20,T; H* (2)%),  u, € L*(0,T;Ga) 2.7)
0 € L0, T; V)N L*0,T; H*(Q)), ¢, € L*(0,T;H), (2.8)
u; — 2div (v(p)Du) + (v - V)u+ V= —(K xo)Veo+v  ae.inQ, (2.9)
¢t +u-Vo=AB(p) —div(m(p)(VK x¢)) ae.inQ, (2.10)
div(u) =0 ae. in Q, (2.11)
u=0, [VB(p)—m(p)(VK=x¢)-n=0 aeon, (2.12)

for somem € L*(0,T;V).

We have the following result (see [14, Thm.3.6] and [14, Rem.4.5], cf. also [14, Rem.3.7]).

Theorem 2. Let the assumptions (V), (K), (H1), (H2*)—(H5) hold true, and assume that either K € W' (R?)

loc

or K is admissible. Letuy € Gg;, and oo € VNL>(Q) with F(pg) € L' () and M (o) € LY() be
given, where M is defined as in Theorem 1. Moreover, suppose that v € L*(0,T; G4,). Then, for every
T > 0, the state system (1.5)—(1.10) admits a weak solution [u, ¢| on [0, T']. If, in addition, wy € Vg, and
o € VN CP(Q) for some 3 € (0, 1), then the state system (1.5)<(1.10) admits a unique strong solution
in the sense of Definition 3. Finally, if oo € H?(Q) fulfills the compatibility condition

[VB(p0) —m(po)(VK x )] -m=0, ae ond, (2.13)
then the strong solution also satisfies
0 € L0, T; H*(Q)), ¢, € L>(0,T;H)NL*0,T;V). (2.14)

Moreover, there exists a continuous and nondecreasing function Q; : [0,00) — [0, +00), which only
dependson F,m, K, v, ), T, ug and ¢q, such that

||| oo (10,77 Vs ) L2 0,752 (2)2) + Wil L2(10,77:6G000) + 12| oo (0,772 (02))

+ leell oo om0y < Qo (H'UHLQ(O,T;Gdiv))' (2.15)

3 Stability of the control-to-state mapping

We shall henceforth assume that the initial data u, ¢ satisfy the following assumptions:

(H6) ug € Vi, o € H?(Q) satisfies (2.13), F(pg) € L'(Q), M(ypo) € LY(9).
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Optimal distributed control of two-dimensional nonlocal Cahn—Hilliard—Navier—Stokes systems 9

Then we set

V= L*(0,T;Ga)
H = [H'(0,T;Ga) N C°([0, T; Vas) N L*(0,T; H*(Q)?)]
x [CY([0,T); H)n H'(0,T; V) N L>=(0,T; H*(2))]. (3.1)

On account of Theorem 2, the control-to-state mapping
S:V->H, veV—Sw) :=uy cH, (3.2)

where [u, | is the (unique) strong solution to (1.5)—(1.10) corresponding to the fixed initial data wg, o and
to the control v € V, is well defined and locally bounded. We now establish some global stability estimates
for the strong solutions to the state system (1.5)—(1.10). In doing this, we can argue formally, since the
arguments can be made rigorous within the approximation scheme devised in [14]. The first result is the
following.

Lemma 2. Let the assumptions (V), (K), (H1), and (H2*)—(H6) hold true, and suppose that K € W' (R?) or
that K is admissible. Assume moreover that controls v, € V,i = 1,2, are given and that [u;, ¢;] := S(v;),
1 = 1,2, are the associated solutions to the state system (1.5)—(1.10). Then there exists a continuous
function Qs : [0,00)* — [0, 00), which is nondecreasing in both its arguments and depends only on the

data F', m, K, vy, ), T, ug and p,, such that we have the estimate

|us — ul”%‘O([O,t];de) + [Jug — Ul”%Z(o,t;VM) + g2 — 301’\?;0([o,t};11) + [lp2 — @1“%%0,@&/)
< Q(llvillz201:600), v2ll201:G00) 102 = v1ll720 707, ) VT € (0,71, (3.3)
Proof. In this proof, we omit the explicit dependence on time for the sake of simplicity. Let us test the differ-

ence between (2.10), written for each of the two solutions, by ¢ := s — 1 in H. Taking (2.11) into account,
we obtain the differential identity

LNl + (u Vo, ) + (V (B (2) ~ B(g1)), V)
— ((mliga) — m(g0)) (VK * 22) + m(g) VK 0, V0) (a4

where u = u; — uq. Using (H5), the mean value theorem, the Gagliardo—Nirenberg inequality (2.1), the
boundedness of 9, the regularity result (2.14), and Young’s inequality, we find that the third term on the
left-hand side of (3.4) can be estimated as follows (cf. (2.5)):

—

V(B (p2) =B (¢1)), Vo) = (Ap2)Ve + (Mg2) — AMe1)) Ver, Vo)
> ao [[Vell* = k1 llellra@ Vel gz [Vl

> a0 [Vl ~ C il (el + el M2IVel?) |9l
Qo
> o 1Vel® - Qll¢ll, (3.5)
where k; := || '||¢((-1,1)- Here, and in the remainder of this proof, Q stands for a function having similar

properties as the function Q, in the statement of the theorem.
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Concerning the right-hand side of (3.4), we have, setting

Moo = max _|m(p)| and m._ := max |m'(p)l, (3.6)
@6[_171] 506[_171]

and using the mean value theorem and Young’s inequality,

[((m(p2) —m(e1)) (VK * p2) +m(01) VE * 0, Vo)
(M, +ma) VK|l el Vel

(07
< IVl + Clle]* (3.7)

IN

Moreover, invoking (2.14), as well as Hélder’'s and Young'’s inequalities, we readily find that

41
[(w- Vo, )| < llulls@p [Veslls@p el < 2 IVul® + Q] (3:8)

Hence, combining (3.4)—(3.8), we obtain that

1 d 2 (7)) 2 2 141 2 .
- — — < — .e. . .
> Sl + 22196l < Qi) + 2 | Vul aein (0,7) ©9)

On the other hand, by testing the difference of (2.9), written for each of the two solutions, by u in G;,,, and
arguing as in the proof of [13, Thm. 7], the following differential inequality can be deduced:
1d
2 dt
2 2 2 2 2
+ O (14 [ Vuall ualleqy + ooy + lealaey) el

1%} (7))
lull® + 7 IVel® < = IVel’

+ O V|2l + %”"’”2% ac.in (0,7). (3.10)
Therefore, we get
5 lull? + FIVul? < 2 IVel? + A (Il + ul?) + %r\vu@w ae.in (0,7), (3.11)
where v := v9 — v; and

Ar = C (14 Q+ Vel [zl + 1y + lealiaey) € L10,T).

By adding (3.9) to (3.11), and applying Gronwall's lemma to the resulting differential inequality, we finally
obtain the asserted stability estimate (3.3). O

The following higher-order stability estimate for the solution component ¢ will be crucial for the proof of the
Fréchet differentiability of the control-to-state mapping. In order to achieve this, we need to strengthen the

hypotheses (H1) and (H2*) somewhat. More precisely, we postulate the following conditions:

(H1*) The mobility satisfies (H1) and also m € C? ([—1, 1]).

(H2*) F € C*(—1,1)and A := mF" € C*([-1,1]).
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Moreover, we need the following lemma to handle some boundary terms.

Lemma 3. Let ¢, € H'/2(9Q) N L>®(0N). Then ¢op € H'/2(9) N L>(0N), and we have
||¢¢||H1/2(69) < ||¢||L°°(Bﬂ)||¢||H1/2(aQ) + ||1/J||L°°(852)||¢||H1/2(aQ)-

Proof. The proof is an immediate consequence of the definition of the space H/2(912) with seminorm given
by

|6(z) — ¢(y)[?
|61%/290) = /89 /89 Wdr(fﬂ)dr(y% (3.12)
where dI'(+) is the surface measure on 052 (see, e.g., [11, Chapter IX, Section 18]). O

We have the following stability result.

Lemma 4. Let the assumptions (V), (K), (H1*), (H2**), (H3)-(H6) hold true, and suppose that K € W 2! (R?)

loc

or that K is admissible. Then there exists a continuous function Qs : [0, 00)? — [0, o0), which is nonde-
creasing in both its arguments and depends only on the data F', m, K, vy, ), T', ug and g, such that we
have for every t € (0,T] the estimate

Jua — ul”%”(O,t;Gdiv) + [lug — U1||%2(o,t;vdiv) + [lp2 — 901||%oo(o,t;1/) + [lpa — 901H%2(0,t;H2(Q))

+ [lp2 — 901”%[1(0,1&;H) < Qs(lvillz201:600) 102l 20,1560 ) 102 — Ul||%2(o,T;v;w) : (3.13)

Proof. In the following, the explicit dependence on time is omitted for simplicity. Let us take the difference
between (2.10) written for each of the two solutions, and test the resulting equation by (B (v2) — B (¢1)),
in H. As in the proof of the previous lemma, we set © := us — u1 and ¢ := py — 1. On account of (2.5),
we obtain almost everywhere in (0, T") the identity

5z T (e ene) =—=(( (1)) Pt 1)

= (u- Ver, (Me2) = Mo

) P2) — (U -V, /\(901)%)
— (u1- Vo, (Mw2) — Ap1)) pa
(

)
+) = (ur- Vo, Mer)g)
(m/(p2) — m/(¢1)) pai (VK * ps), V (B(p2) — B(@l)))
m/(p1)¢e (VE * 92) .V (B(p2) — B(g1)))

(m(p2) —m(p1)) (VK * ©2,4),V (B(2) — B(e1)) )
m/(SOl)SOl,t (VK %),V (B(p2) — B(¢1)) )

— (m(e1) (VK #01),V (Blg2) — B(p)) = > 1}, (3.14)

1)

where the quantities IJ(- , 1 < 7 < 10, have obvious meaning and the functional W is defined by

U= ||V (B(p2) — B(e1)) IIP = 2((m(p2) — m(e1)) (VK % ¢3), V (B(p2) — B(e1)))
—2(m(e1) (VK % ©),V (B(p2) — B(1)) ). (3.15)
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We now estimate individually all of the terms on the right-hand side of (3.14). To this end, we note that the
mean value theorem yields that

[A(p2) — Alpr)] + max Im® (py) —m® (¢1)] < Coyle| ae.in Q,

with some global constant Cjy. Moreover, we recall the continuity of the embedding V' C L*(f2), the
Gagliardo—Nirenberg inequality (2.1), and the regularity properties stated in Theorem 2. Using Hélder’s and
Young’s inequalities, we obtain, for every ¢ > 0 and ¢’ > 0 (which will be specified later), the following chain
of estimates:

LY < Collollue lleadllmae ol < elledll” + Celleaally el (3.16)
1Y < Co llulla@ye 1 Vealla@e ez ezl

< €[Vl + Co llgadll? el (3.17)
LY < Cllullpsp Vel e < Qllul IVl [lol

< el + € IVl + Qllul?, (3.18)
1Y < Co luall ey 1Vl Il ezl < Clullme@e leadlv el . @3.19)
1Y < Cllunllpep Vel el < elleell® + Ce a3z €11 (3.20)
I < lm/(2) =m0/ (01) sy 12l sy VK # ol e IV (B(2) — B(gr)) |

< Clleadllv lelv IV (B(g2) = Be) |, (3.21)

I+ 1) < Cladl IV (Bg2) — Blgn) |

< elledll® + Ce IV (B(w2) — Bler)) II?, (3.22)
1§ < Imlg2) — me) sy VK = ool sz IV (B(e2) — Blgn) |

< Clladllv lelv IV (B(g2) = Be) I (3.23)
1Y < Cllgrilliae IVE * llispe IV (B(e2) — Bg) |

< Cllewellv lelv IV (B(g2) = Blew) |- (3.24)

Here, and in the following, Q stands for a function having similar properties as the function Q3 from the
statement of the theorem. Inserting the estimates (3.16)—(3.24) in (3.14), and choosing € > 0 small enough,
we obtain that almost everywhere in (0, T") it holds

4V ,
— Taoled® < 4€Vull* + A (el + IV (B(w2) = Blen) IF) + Qlull’,  @.25)

where

Ag = C (1 + llwrleqye + lndliy + lpaall?) € £Y(0,T). (3.26)

We now aim to control the L?(2) norm of V (B(y2) — B(y1)) by the H(£2) norm of ¢ (from above and
below). Now observe that

V (B(p2) — B(p1)) = (Mw2) — A1) Voo + A1) V.
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Hence, we deduce that

v

IV (B(g2) = B(e)) | = o IVl = 2[[Mlcog-1,1) [IM@2) — A(o1) sy [Veall Ly [Vl
ag Vel = 2C Co |l La@ IV e2ll La@p [Vl

ag [IVel® = Q (lell + llell 2 Vel Y2) [ Vel

1
504(2>IIV90H2—Q||90||2~ (3.27)

AVARAY]

Vv

On the other hand, it is immediately seen that we also have

IV (B(g2) — Ble) |I” < Cllell? - (3.28)

Thanks to (3.27), (3.28), and to the definition (3.15), we then easily find that

2
«
2 IVel? = Qllel* < ¥ < Cllelly- (3.29)
Adding (3.11) and (3.25), choosing ¢’ small enough, and employing the bound (3.29), we are thus led to the
differential inequality (cf. also (2.15))
d
dt
1 2 2 1 2
<o (W Sl ) + (Ao + Qe + -0l

1 141
(v + Slull?) + 1 Vul? + ao fled

where v := vy — v1. Hence, Gronwall’s lemma, (3.3), and (3.29) yield the stability estimate (cf. also (2.15))

||’u’”i°°(0,t;Gdiv) + ||u||%2(o,t;vm) + ||90H%°°(0,t;v) + ||¢t|‘%2(0,t;H) <Q H’UH%Q(QT;Véw) - (3.30)
We now aim to control the L*(0,¢; H?(£2)) norm of ¢ in terms of the L?(0,¢; H) norm of ¢,. This will be
achieved in three steps.
Step 1. Control of ||A(B (p2) — B (¢1) ) | 22(0.4:) in terms of ||@¢]| r2(0.4.m1)-

We write (2.10) for both solutions and take the difference of the equations. We then get the identity

A(B(p2) = B(¢1)) = @r4+u-Voy +uy - Vo + (m(pz) —m(e1)) div(VE * @)
+ ((m'(2) —m'(¢1)) Voo +m/ (1) V) - (VK * @)
+m(p)div(VE x @) +m/'(01)Ver - (VK x ). (3.31)

It is easy to see that the LQ(Q) norms of the fourth to last terms on the right-hand side of (3.31) can, on
account of Lemma 1 and of the bound (2.14); for 1, 9, be estimated by C' ||||y/. By virtue of Poincaré’s
inequality, we therefore get that

IA(B (¢2) = B (1) )l < llgell + ull a2 | Veall oz + luillza@p I Vells@e + Cllellv
1/2
< lleell + ClIVal + ClIIVel ol i) + Cliellv
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< [le:ll + ClIVull +dllell a2 + Csllellv, (3.32)

for every 0 > 0 (to be fixed later).

Step 2. Control of || B (¢2) — B (1) ||2(0,:m2(c2)) in terms of HA(B (p2) — B (1) ) | 220, 10)-
We need to estimate the trace of the normal derivative of B () — B (1) in H'/2(982). For this purpose,
we write (2.12), for each solution and then take the difference. From the resulting equation, we get that

0

8_n(B (02) = B (1)) = (m(pa) —m(p1)) (VK * 92) - +m(e1) (VK x ) -n aeonX.

By applying Lemma 3, we then obtain the estimate
0
Z(B(py) - B H
|5 (B(e2) - Ben)

H I (VE % @2) - mf| 1= o0) [m(92) = m(en)ll ron)
+lIm(e)ll@o) [ (VE @) -l gieee) + | (VE * @) -0l @) [m(en) ]l mi2on)

4
—. Z ]j@ : (3.33)
j=1

with obvious meaning of Ij@), 1 < 5 < 4. We now proceed to estimate the four terms on the right-hand

H1/2(5Q) < Hm(gp2) o m(gol)HL"o(aﬂ) H (VK * 902> . nHH1/2((’)Q)

side individually. To this end, we employ Lemma 1, Agmon’s inequality (2.2), and the classical trace theorem,
where C}, denotes the constant of the continuous embedding H'(2) C H'/2(9Q). We also utilize the
fact that if v € H'(Q) and |¢)| < ¢ almost everywhere in ) for some positive constant ¢ (with {2 smooth
enough), then the trace Yot := ¥|aq € H'/2(0) of ¥ on the boundary 52 satisfies | o] < ( a.e. on
09, and, moreover, if g € C'(R), then g(1)) € H'(R2) and vo9(¥)) = g(70v). With these tools at hand,
we deduce, for every § > 0 (to be fixed later), the chain of estimates

12 < ml, [lollze@ 1K * @allma@ < Crrca el ol

< O lellaz@) + Comia el (3.34)
1Y < (VK @) - nll o0y Cor [m(22) — m(e1)lly < Conrca llellv . (3.35)
I < mo |K * @llme) < Crrcallel (3.36)
I < VK # ¢l Cir [Im(e1) v < Crpa @)@

< dllellmz@) + Comua el - (3.37)

Inserting the estimates (3.34)—(3.37) in (3.33), and invoking (3.28), we deduce that

[B(w2) = Blp1)llmz) < ClA(B(w2) — Blg1)) | + Cd |l@llmz@) + Cs llellv ae.in (0,T).
(3.38)

Step 3. Control of ||¢|| 12(0,.:52(02)) in terms of || B(p2) — B(v1)|| r2(0,412(0))-

We write the identity (cf. (2.5)) 9,0 = A719;B(¢p), j = 1,2, for the two solutions and take the difference.
For the second spatial derivatives 6%90, we get

e = S b6 = B0 + (35 =5 ) 6062
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1 1 1
- </\2(902) - A2(¢1)>8¢A(¢2)8j3(¢2) " (o) (9 M(p2) — OiA (1)) 0;B(ip2)
1 1
_ /\2(()01)32-)\(901)(@3(902) — 9;B(¢1)) — o) (m(p2) — m(p1))dips . (3.39)

®3)

Let us denote by [ ,J = 1,...,6, the LZ(Q) norms of the six terms on the right-hand side of the

above identity. Now observe that (2.14) implies that 0;p1, 0;0 € L°(0,T; LP())) fori = 1,2 and all
p € [1,+00). We can therefore infer from (H2**), (2.1), and Young’s inequality the estimate

10iA(p2) — OiA(w1)|za) < Cllellv + ClIV@l|La)e
1/2
< Cllglv + ClIVel2lelag
< nllellmze + Cyllellv, (3.40)

)

for any 7 > 0 (to be chosen later). The terms I,E?’ can be estimated in the following way:

i

IN

1
o 107 (B(p2) — B(p1)) I, (3.41)

3 1/2
I < Cllgllie 105B(e)ll < Cllel lellaeg

< nllelaz) + Cy llell, (3.42)
I < Clgll o) 10:M )l s 110;B(#2) | ooy

< Clel llelag < nlielaw +Cliel, (3.43)
I < C 1M p2) — A1)l 10;B(02) ey

< Cnllellaz@) + Cyllellv (3.44)
1Y < C oMo e 10;B(w2) — 9;B(¢1) | oo

< C|[B(p2) — Blg1)llm2(0) ; (3.45)
I < Cllgllv - (3.46)

Here, we have used Agmon’s inequality (2.2), as well as the fact that B(py) € L>(0,T; H*()) and
Mej) € L0, T; WhP(Q)), forall 1 < p < 400, j = 1,2. By means of the estimates (3.41)—(3.46),
and taking 7 > 0 small enough, we deduce from (3.39) that

lellaz@) < CIB(,p2) — B(-, 01) a2 + C lel| - (3.47)

Now, combining the estimates (3.32), (3.38), (3.47) obtained in the three steps above, and fixing o > 0 small
enough, we finally deduce the desired control

lellaz@) < Clledl + Cl[Vull+ Cllelly - (3.48)

The stability estimate (3.13) now immediately follows from (3.30) and (3.48). This concludes the proof of the
lemma. O
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4 Optimal control

We now study the optimal control problem (CP). Throughout this section, we assume that the cost functional
J is given by (1.12). Moreover, we assume that the set of admissible controls V,, is defined by

Vod i = {v € L*(0,T; Gain) : vailw,t) <wvi(x,t) <vpi(w,t), ae. (z,t) €Q, i= 1,2}, (4.1)

with given functions v,, v, € L*(0,T;Ggin) N L*°(Q)?. Notice that the stability estimate provided by
Lemma 4 yields that the control-to-state map S introduced above (cf. (3.1), (3.2)) is locally Lipschitz contin-
uous from ) into the space

W = [C([0, T]; Gai) N L*(0,T; V)| x [H'(0,T; H) N CO([0,T]; V) N L*(0,T; H*())].
(4.2)

We also point out that problem (CP) can be formulated in the form

Inin f(v),

for the reduced cost functional defined by f(v) := J (S(v),v), for every v € V.

Let us first prove that an optimal control exists.

Theorem 3. Let the assumptions of Lemma 4 hold true. Then the optimal control problem (CP) on V4
admits a solution.

Proof. In the first part of the proof, we can argue as in [19, Proof of Theorem 2]. We pick a minimizing
sequence {’vn} C V,q for (CP), and since V,4 is bounded in V), we may assume without loss of generality
that v,, — U weakly in LQ(O, T; Ggiy) for some © € V. Since V,4 is convex and closed in V), and thus
weakly sequentially closed, we have thatv € V4.

Moreover, S is a locally bounded mapping from V into H. Hence, setting [w,, ¢,] := S(v,), n € N, we
may without loss of generality assume that, with appropriate limit points [, 7],

u, —u weakly* in L=(0, T; Vyi,), weakly in HY(0,T; Gai) N L2(0,T; H2(2)?),  (4.3)
©n — @ weakly* in L>=(0,T; H*(2)) N W1o(0,T; H), weakly in H*(0,T;V). (4.4)

In particular, it follows from the compactness of the embedding H'(0,7;V) N L*=(0,T; H*())
C CY([0,T); H"(2)) for 0 < r < 2, given by the Aubin-Lions lemma (cf. [32]), that ¢,, — @ strongly in
C%(Q). Hence, we have v(p,) — () strongly in C°(Q). Moreover, we also have, by compact embed-
ding, that u,, — w strongly in LZ(O, T'; G a»)- By employing these weak and strong convergence properties,
we can now pass to the limit in the weak formulation of the state system (1.5)—(1.10) (cf. Definition 1) to see
that [@, | satisfies the weak formulation corresponding to . Notice that, instead of passing to the limit in
the weak formulation of the nonlocal Cahn—Hilliard equation (1.6) given in Definition 1, we can alternatively
pass to the limit in the weak formulation of (2.10), which reads

(pr, V)v + (VB(, ), Vi) — (m(p) (VK * ), Vi)) = (up, Vi) (4.5)
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for every ) € V and almostany t € (0,, 7). Hence, we have [u, p] = S(v), that is, the pair ([w, P|, D)
is admissible for (CP). Finally, thanks to the weak sequential lower semicontinuity of 7 and to the weak
convergences (4.3), (4.4), we infer that the state [u, | = S() is a solution to (CP). O

The linearized system. Assume that the assumptions of Lemma 4 are fulfilled. We fix a control ¥ € V and
let [w, ®] := S(v) € H be the associated unique strong solution to the state system (1.5)—(1.10) according
to Theorem 2. Let an arbitrary h € )V be given. In order to prove Fréchet differentiability of the control-to-
state operator at U, we first consider the following system, which is obtained by linearizing the state system
(1.5)—(1.10) at [w, P|:

& — 2div(v(®)DE) — 2div(v' (@) nDw) + (- V) €+ (- V)u+ Vr*

=n(VK*9)+o(VKx*xn)+h inQ, (4.6)
nw+u-Vn = —€-Vo+ div()\(@Vn) — div(m’(@)nv (K @))

—div(m(®) (VK 1)) +div(nX(@)Ve)  inQ, (4.7)
div(§) =0, in@Q, (4.8)
E=0 onX, (4.9)
AN@)Vn—m (@)nV (K « ) —m(®) (VK =) + nN(@)Ve] -m=0 onX, (4.10)
£(0)=0, n(0)=0 inQ. (4.11)

We first prove that system (4.6)—(4.11) has a unique weak solution.

Proposition 1. Let the assumptions of Lemma 4 be satisfied. Then problem (4.6)—4.11) has for every
h €V a unique weak solution [€, 1| such that

€€ HY(0,T;V;,)NC([0,T); Gain) N L*(0,T; Vi),

ne  HY0,T;V)YNnC[0,T); H) N L*(0,T; V). (4.12)

Moreover, there is some constant K{ > 0, which depends only on the data of the state system, such that,
foreveryt € (0,7,

1€l E (0,62, )N (0,813 i) NL2(0.6:Var) T 1Nl 1 0.6 Aco (0012 007y < KT |[Ry (4.13)

Proof. We make use of a Faedo—Galerkin approximating scheme. Following the lines of [8], we introduce
the family {wj }jeN of the eigenfunctions to the Stokes operator S as a Galerkin basis in Vy;,, and the family
{1;};en of the eigenfunctions to the Neumann operator A := —A + [ as a Galerkin basis in 1. Both
these eigenfunction families {w, };en and {9 };en are assumed to be suitably ordered and normalized.
Moreover, recall that, since w; € D(.S), we have div(w,) = 0.

Then we look for two functions of the form

£.6):= > o) (Mwy,  m(t) =3 0" ()Y,
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that solve the following approximating problem:

(0:,, (1), wi)v,,, + 2 (v(@(t) DE,(t), Dw;) + 2 (V' (B(t)) na(t) Du(t), Dw;)
+ b(w(t), &, (1), w;) + b, (1), u(t),w;)
= () (VK *P)(t), w (@PA)(VEK *n,)(t), w;) + , (4.14)

)+ (P
O (t), Vi) = —(AN@() Vi (t), Vi) + (m ’(@(t))nn() (K w) (t), Vibi)
+ (m(@(t))(VK 1) (1), Vibi) — (m(ON (@) VB(t), Vi) + (@(t) 1 (t), Vibi)
+ (&) B(t), Vibi), (4.15)
£,(0) =0, n,(0)=0, (4.16)

fori = 1,...,n, and for almost every t € (0,7). It is immediately seen that the above system can be

reduced to a Cauchy problem for a system of 2n linear ordinary differential equations in the 2n unknowns

a’gn) ’ bgn)’

LQ(O, T'). Thanks to Carathéodorys theorem, we can conclude that this problem enjoys a unique solution
a™ = (a{”, - a™E B = (" ... )t such that a™ B™ € H'(0,T;R"), which then
specifies [£,,, nn].

in which, owing to the regularity properties of [@, %], all of the coefficient functions belong to

We now derive a priori estimates for §,, and 7),, that are uniform in n € N. To begin with, let us multiply (4.14)
by al(."), (4.15) by bgn), sumoveri = 1,--- ,n, and add the resulting identities. Omitting the argument ¢ for
the sake of a shorter exposition, we then obtain, almost everywhere in (0, T),

7 (1€,11% + lIma1I?) + 2 (v(®) DE,.. DE,)) + (M@)Vna, Vi) = —b(€,,, @, &,,)
— 2(v'(@)m Du, DE,,) + (m(VK x9),€,) + (7 (VK x1m,),8,)
+ (h,&,) + (M @)V (K %2),Vn,) + (m(®) (VK *n,), Vi)
— (MmN @)V, Vi) + (£,2, V). (4.17)

1d
2

Let us now estimate the terms on the right-hand side of this equation individually. In the remainder of this
proof, we use the following abbreviating notation: the letter C' will stand for positive constants that depend
only on the global data of the state system, on @, and on [@, |, but not on n € N; moreover, by C, we
denote constants that in addition depend on the quantities indicated by the index o, but not on n € N. Both
C' and C,, may change within formulas and even within lines.

The first two terms on the right-hand side can be estimated exactly as in [19, Proof of Proposition 1], namely,
b1, &,) < €| VE + Ce [Tl 1617 (4.18)
2 (V@) n Dw, DE,)| < el VEI® + € [Vnall® + Cee [[all32(q 11> (4.19)

Concerning the other terms, we have, using Hélder’s inequality, Young’s inequality, and the global bounds
(2.15) as main tools, the following series of estimates:

|(m(VE %),£,)| < Cx(lmll® + 11,07, (4.20)
|(@ (VK % 0,),€,)| < Crellmall® + 1€,117) (4.21)
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(&) < IR+ &,07), 422

| (M @)V (K x2), Vi) | < (@)l @ Il @ |V (5 # B) (a0 [ V|
< IVnall* + Conelnallzao IV (K *B) [74q)

< ENVnall* + CorcelBll @) (I 1* + 174l V0l

< 2€||Vinall® + Corcerllnall®, (4.23)
|(m(@) (VE *1,) , Vi) | < 1m(@) | [ VE * 70| [ V0|
< IVl + Crrellmll,
|(77n)\/(¢)V¢, Vﬁn)| < mnllLa@) | N (@) | o) | VB La | Vi | (4.24)

< EVmll? + Crellnall?,
1(£,%, V)| < €I Vnl® + Coll&7- (4.25)

Hence, inserting the estimates (4.18)-(4.25) in (4.17) and choosing ¢ > 0 and ¢ > 0 small enough (i.e.,
e < /4dand € < ap/12), we obtain the estimate

d

—(I&I17 + 17 ]1?) + 1 IVEP + a0 [|Vaal?

dt

< C (1 + |[@lFzgpz) (1€ 17 + lmall?) + IRl (4.26)
Observe now that, owing to (2.15), the mapping ¢ — Hﬁ(t)H?{Q(Q)Q belongs to L'(0, T'). Therefore, Gron-
wall’'s lemma yields, for every t € (0, 7],

1€l 0,6Ga0n 1208V < C Rl Nmnllreosmnrz0my) < Cllhlly, (4.27)

foralln € N.

Moreover, by comparison in (4.14) and (4.15), we can easily deduce also the estimates for the time deriva-
tives 0,€,, and 0;1,,. Indeed, we have, for every t € (0,T),

HatEnHLQ(O,t;Véiu) § C Hh”V7 H@mnﬂLz(o,t;w) S C HhHV7 forall n € N. (428)

From (4.27), (4.28), we deduce the existence of a subsequence, which is again indexed by 7, such that, with
two functions &, 7 satisfying (4.12), we have

€, — & weakly*in H'(0,T; V)N L¥0,T;Ga) N L*0,T; V)
nn — 1 weakly*in H'(0,T; V)N L>*(0,T; H) N L*(0,T; V).

Then, by means of standard arguments, we can pass to the limit as n — oo in (4.14)—(4.16) and prove
that &, 7 satisfy the weak formulation of the problem (4.6)—(4.11). Notice that we actually have the regularity
(4.12), since the space H'(0,T;V,. ) N L*(0,T; Vy,) is continuously embedded in C°([0, T|; Gaiv);
similarly we obtain thaty € C°([0, T']; H ). Moreover, from (4.27), (4.28) and the weak and weak* sequential
semicontinuity of norms it follows that (4.13) is satisfied.
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Finally, in order to prove that the solution &, 7 is unique, we can test the difference between (4.6), (4.7),
written for two solutions [£,71] and [€,, 2], by € := &, — &, and by 1) := 1, — 1, respectively. Since the
problem is linear, the argument is straightforward, and the details can be left to the reader. O

Differentiability of the control-to-state operator. In this subsection, we prove the following result which is
crucial to establish optimality conditions.

Theorem 4. Let the assumptions of Lemma 4 hold true. Then the control-to-state operator S : V — H is
Fréchet differentiable on ) when viewed as a mapping between the spaces V and Z, where

Z .= [C°([0,T); Gaw) N L2(0,T; V)] x [C°([0,T); H) N L*(0,T; V).

Moreover, for any @ € V, the Fréchet derivative S'(T) € L(V, Z) is given by S'(B)h = [¢", n"], for all
h €V, where [€™, "] is the unique weak solution to the linearized system (4.6)—4.11) at [@, 7] = S(D)
that corresponds toh € V.

Proof. Let v € V be fixed and [w,p| = S(U). Recalling (4.13), we first note that the linear mapping
h — [€", n"] belongs to L(V, Z), in particular. Moreover, let A > 0 be fixed. In the following, we consider

< A. For any such perturbation h, we put
[ o"=8@+h), pt=ut-w-€" =" -T"
Notice that we have the regularity
ph € Hl(oa T; Vd/w) n CO([0> T7; Gaiw) N L2(O, T Vaiv),
" e HY(0,T; VYN C°[0,T); H) N L*(0,T;V). (4.29)

By virtue of (2.15) and of (3.13), there is a constant C} > 0, which may depend on the data of the problem
and on A, such that we have: for every h € V with ||h||,, < A it holds

[, &M, < CF, Nle"lleo < Cr (4.30)

Ju” — E‘|%O([O,t];de)mH(07t;de) + [l — W?{1(o,t;H)mCO([o,t];vmm(o,t;m(g)) < Ctklly,  (4.31)
for every t € (0, 7.

After some straightforward algebraic manipulations, we can see that p”, ¢/ (which, for simplicity, shall hence-
forth be denoted by p, g) is a solution to the weak analogue of the following problem:

p; — 2div(v(@) Dp) — 2div((v(¢") — v(@))D(u" — @) — 2div((v(e") — v(p) — v'(P)n) Da)
+ (W —a)-V)(u"—u)+ (p-V)u+ (- V)p+ Vr"
—(K#(¢" =9) V(" =9) = (K xq)Vp — (K +$)Vq inQ, (4.32)
@+ (' —w) V(" —7)+p-Ve+u- Vg =dv(A®)Vq)
+div((A@") = A@)) V(" = D)) +div((A(") = A(@) — (N ([@)n)VP)
— div((m(¢") — m(@)VK * (¢" - 9))
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— div((m(p™) — m(@) — m' (@)n) VK *p) —div(m(p)VK xq) inQ, (4.33)
div(p) =0 inQ, (4.34)
p=0 on, (4.35)

A@)Va+ (AMe") = 2@) V(" —2) + (M¢") = A®@) — N@)n) Ve
— (m(") = m(@)) VK * (9" = p) = (m(p") = m(?) —m' (@) VK 3
—m(p)VK x* q} n=0 onX, (4.36)
0

p(0) =0, q(0) = in €. (4.37)

That is, p and g solve the following variational problem (where we avoid to write the argument ¢ of the
involved functions):

(P, w)v,,, + 2 (V(@)Dp, Dw) + 2 ((W(") — v(¥))D(u" — @), Dw)
+ 2 ((V(cph) —v(®) -V (®)n") D, Dw) + b(p,uw,w) + b(w, p, w)
+b(u” —w, u" —w, w)

—((K * (¢" = 9)) V(" —9),w) — ((K xq)Vp, w) — (K *p)Vq,w), (4.38)

(qt,¢> ((u —u)- V(" —9),0) + (p- Ve, ¥) + (w- Vq w)

~(A®)Ve, V) = (Me") =A@ V(" =), V) = ((Me") = A®) — N (@)n) VP, Vi)
+ ((m(soh) —m(@)VE * (¢" = %), Vi) + (m(") — m(@) — m/ (@ )n)VK * 0, Vi)
+ (m(@)VEK *q, V), (4.39)

for every w € Vy;,, every 1 € V and almost every ¢t € (0, 7).

We now choose w = p(t) € Vi, and ¢ = ¢(t) € V as test functions in equations (4.38) and (4.39),
respectively. This gives the identities (omitting the explicit dependence on t)

35 1PIP +2 [ v@)Dp: Dpds +2 [ (") = v() D" ~ ) : Dpda

+2/QV’(@)QDE:Dpdx —i—/QV’(Ul)(cp — )’ Du: Dpdx +/Q(p-V)ﬂ~pdx

ul — ) - u —w) - pdr = — x (-7 h %) pdex
+/Q(( ) V)( ) pd /Q(K (" =2)V(" - ) pd
—/Q(K*q)V¢-pd:p —/Q(K*G)Vq-pda:, (4.40)

Gl + [ (=) vt -p)ads + [ (Vo) qds

N —

- / @)Vl do - / (") — A@)V(" —7) - Vgdu
Q Q
- / (A" — A®) — (N (@)n)Ve - Vgde

" / (m(g") — m(@)) (VK = (o" — 7)) - Vgdu

DOI 10.20347/WIAS.PREPRINT.2473 Berlin 2018



S. Frigeri, M. Grasselli, J. Sprekels 22

+ / (m(¢") —m(p) —m'(P)n) (VK +p) - Vgdz + / m(®) (VK xq) - Vqdz.  (4.41)
Q Q
In (4.40), we have used Taylor’s expansion

W) = v(@) + V@)~ B) + 5 )~ ) .42

where
ot = 0Fe" + (1 —00)p, 6F =07 (x,t) € (0,1).

Moreover, in the integration by parts on the right-hand side of (4.41), we employed the boundary condition
(4.36), which can be written for ©" and for , and (4.10).

We now estimate all of the terms in (4.40) and in (4.41). Concerning the ones in (4.40), these can be
estimated exactly as in [19]. Hence, we just report these estimates omitting the details. We denote by C
positive constants that may depend on the data of the system, but not on the choice of h € V with || k||, <
A, while C', denotes a positive constant that also depends on the quantity indicated by o.

Denoting by ]§4), e ,I§4) the absolute values of the third to seventh terms on the left-hand side of (4.40),
and by 1{5), e ]§5) the three terms on the right-hand side, we have, with constants ¢ > 0 and ¢ > 0 that
will be fixed later, the following series of estimates:

LY < €| Vp|? + C IV (uh — )| (Ilu"]lm2p2 + [l 2p) 1B (4.43)
IV < €| Vp|? + ¢ |Vqll* + Ceo (1+[[E]3200) llall? (4.44)
1Y < €| Vp|? + C @30 1R . (4.45)
I < €|Vp[? + Coll@]3z 0y Pl (4.46)
Y < €|Vpl? + Col[V(u" — )| Al (4.47)
I < || Vpl* + C|lhl3 (4.48)
Y < e|Vp)? + Cellall?, (4.49)
Y < ¢ |Vql* + Co|p|* (4.50)

Let us now consider (4.41). To estimate some of the terms in this equation, we shall employ the following
identity, which holds for general functions G € C?([—1, 1]):

G(e") = G(®) = C'@m = G'(@)a + %G"(a’ﬂ (¢ -9 (4.51)

with o = Ohh + (1 — 6h)p, 0" = 6" (x,t) € (0,1). We denote by I.”), I{”) the absolute values of the
two terms on the left-hand side, which can be estimated exactly as in [19] (we therefore omit the details), and
by [1(7), e Ié7) the six terms on the right-hand side of (4.41). Using the mean value theorem, (2.1), (4.30),
(4.31), Holder’s and Young's inequalities, and the continuity of the embedding V' C LP(£2) for 1 < p < +o0
in two dimensions of space, we obtain the following series of estimates:

DOI 10.20347/WIAS.PREPRINT.2473 Berlin 2018



Optimal distributed control of two-dimensional nonlocal Cahn—Hilliard—Navier—Stokes systems 23

19 < ¢ |Vgl? + |lg|* + Co ||V (u" —a)|)? ||h||?, (4.52)
LY < ¢|Vp|? + C.|ql?, (4.53)
17 < —ay ||Vq|?, (4.54)

7 — —

10 < ") =A@l V(6" = Dllzey 1Vl

Cllg" =Pl V(" = D) pa@ |l I Vall

¢ IVal* + Ce lle" = 21T 19" = Bll 2 » (4.55)
_ 1 _ _

(IN@)alzsier + 51X @) (" = 2l sien ) IVl Vel

(gl + 16" = B3x@) I1Val

C (llall+ gl 74l ) [7all + 1" = 21 1Vl

¢ IValP + Co gl + Celle™ =7l < € [Val* + Ca lal? +Co Bl (456)

(") = m(@) s IVE * (" = @)z IVall < Clle" =2l [ Val

¢ IVl + Co g™ = Bl < ¢ [IVall* + Co IR (4.57)

(Im' @) all + 5 lm" (o) (" ~ 21} IVE * Bl [Vl

C(llall + 1™ = Bll2se)) IVl

€ [Vall? + Collgll* + Co ll" = B3 < € [Val® + Co llal* + Ce RIS, (4.58)
17 < [m(@) o) VK * qll [Vall < € [[Val*+ Co llal*. (4.59)

IN A

"

= &>
S S
/AN /AN /AN /AN /AN /AN /AN /ANS VAN

We now insert estimates (4.43)—(4.50) in (4.40) and the estimates (4.52)—(4.59) in (4.41). Adding the re-
sulting inequalities, and taking €, ¢’ > 0 small enough (in particular, ¢ < 14 /16 and €’ < «q/20), we find
that

d _ - -
E(HIDhH2 1 @"117) +nl VD" | + aol Ve 1P < Z (PP + [[¢"[]*) + = ]Ikl + =R,
where the functions =, Z* € L(0,T) are given by

E(t):=C
=h(t):=C

~—~

L+ ()l 0p2)
([ (O llzr22 + [T 2(02) [V (u® =) (@) + [V (u® — ) (1)

P =) (O ) -

—~ /N

+l

Recalling that ||h||, < A, thanks to (4.30) and (4.31), we get

T
/ =h)dt < C Ry
0
Taking (4.37) into account, an application of Gronwall’s lemma yields the estimate

IP" 20060 + 1P" 12207000y + " S0, + 6" 1220070y < C IR
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We therefore have

IS@+h) - S@) — " 7"z _ lIP" "=
IRllv IRllv

< C|h|y? =0,

as ||h||y — 0. This concludes the proof of the assertion. O

First-order necessary optimality conditions. From Theorem 4, by arguing as in the proof of [19, Corollary
1], we can deduce the following necessary optimality condition:

Corollary 1. Let the assumptions of Lemma 4 hold true. If v € V,q is an optimal control for (CP) with
associated state [w, p| = S(v), then the following inequality holds true:

T T
51/0 L(H—u@-&"mw T 62/0 /Q(@—soQ)nhd:cdt T ﬂglz(ﬁ(T)—uQ)-zh(TMx
B(T) — ) "(T) dz + /T/E.(U—ﬁ)dagdt>0 Vo eV (4.60)
+54/Q(<P( ) —@a)n"( v > od> :

where [€", /"] is the unique solution to the linearized system (4.6)—(4.11) corresponding to h = v — .

The adjoint system and first-order necessary optimality conditions. We now aim to eliminate the vari-
ables [éh, nh] from the variational inequality (4.60). To this end, let us introduce the following adjoint system:

p, = — 2div(v(@)Dp) — (u-V)p+ P-V)u + Ve — fi(u—ug), inQ, (4.61)

@ = —div(A®@)Vq) — m'(@)V(K *P) - Vq
— VE#(m(@)Vq) + N(@)Ve - Vg — (VK x9)-p — VK x(¢p)

+2v'(p)Du:Dp — uw-Vq — (@ —pg), inQ, (4.62)
div(p) =0, inQ, (4.63)
p =0, @ =0, onX, (4.64)

on
p(T) = B3(u(T) —uq), q(T)=PFs(P(T)—¢q), inQ. (4.65)

Here, we have set
(VK«Vq)(z) = / VK(z—y)-Vqly)dy fora.e.ze€Q.
Q

Recalling that ug € Gy, and o € H, we expect the solution to (4.61)—(4.65) to have the regularity
properties

pec HY0,T;V,, )N C(0,T); Gain) N L*(0,T; Vi), (4.66)
g€ H(0,T;V)YnC([0,T); H) N L*(0,T;V). (4.67)
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Hence, the pair [p, ¢ ] must be understood as a solution to the weak formulation of the system (4.61)—(4.65).
In particular, the following identities must hold:

Dy 2)vy, = 2 (V(@)Dﬁ, Dz) — b(w,p,z) + b(z,w,p) + (EjV@, z) — ﬁl((ﬂ —ug), z), (4.68)

(@ X)v (A(G)V@ Vx) — (M'(@)V(K xp) -V, x)

— (VK VU X) + N@)Ve-Vix) — (VK «9) D, x)
- (VK ).x) + 2 (v'(®) Du : Dp, x)
- (@ ) (B2(% — 9q), x) , (4.69)

for every z € Vy;,, every x € V and almost every t € (0,1"). We have the following result.

Proposition 2. Let the assumptions of Lemma 4 hold true. Then the adjoint system (4.61)—4.65) has a
unique weak solution [p, q| satisfying (4.66)—4.67).

Proof. We only give a sketch of the proof, which can be carried out arguing as the proof of Proposition 1.
In particular, we omit the details of the construction of an approximating Faedo—Galerkin scheme and only
derive the basic a priori estimates. To this end, we take z = p(t) € Vg, in (4.68) and x = ¢(t) € H in
(4.69), and add the resulting equations. Omitting the argument ¢ again, we now estimate all the terms on the
right-hand side of the resulting identity. We denote by C' positive constants that only depend on the global
data and on [u, ], while C,, stands for positive constants that also depend on the quantity indicated by the
index 0. Using the elementary Young’s inequality (1.13), the Hélder and Gagliardo—Nirenberg inequalities (cf.
(2.1)), Young’s inequality for convolution integrals, as well as the assumptions and the global bound (2.15),
we obtain (with positive constants € and ¢’ that will be fixed later) the following series of estimates:

[V ps| < 1Bl V@l [Blusar < < IVBIP +C @l 1B @70
Q

[ 2% Bds| < 11 1980 [Blusor < IVBIF +C.al? @71)
Q

— = ST ~2, B
61 [ (@) pis| < 6@ ol 1B < I + 1 ol 472
Q

| @ T+ 7)- Vida] < i [llsio) IV D) 1971

< G (I + 11 1931) 1V < € IVa? + Coc 171 (472)

| [G9Kim@ VD da] < Cll@Im(@Val < € IVT? + Coma [T (479

‘/)\'(@ avavadx\ < Mo llgllze) V@I a2 1V (4.75)
Q

< O (Il + 11 IVal?) 193 < €19+ Con 7P, (476)

| [(VE %) pads] < CuelBIP + 1), @77)
Q
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| [aVK < p)da| < Cucllpl? + 1), (.78
Q
2 [ (/%) Dw:DB) 7ds| < G, 1D ooy DB T @79
Q
< Cu D |1DB (131 + 3012 1 9312) (4.0
< VBN + € VT + Corrn (1+ [lragae) 1P, (@8
— ~ — ~ ~112 BQQ — 2
2 | (@ —wq)qde| = B[ — el ldll < llall” + = I — vell”- (4.82)
Q

Choosing now € > 0 and ¢ > 0 small enough (in particular, 3¢ < 14/2 and 5¢€ < «/2), we arrive at
the following differential inequality:

d , - ~ ~ - ~ ~
— (PI*+1a1°) + 61 ([Pl + 1°) + 62 > v [ VB + a0 [V, (4.83)
where the functions 0,6, € L'(0,T) are given by

0r(t) = C (L +|[a(t)l7eqp),  0a(t) =BT 1@ —ug)()II* + B2 1T — vo) ()™

By applying the (backward) Gronwall lemma to (4.83), we obtain

T
BOI + 1)1 < [[BOI + GO+ [ oalridr]el e

t
< C B2 + 1ED)I + 82 [ — el + 82 1% - wall?
hS p q 1 U = UQIL2(0,T;Gasv) 2 1P = PallL2(Q)

forallt € [0, 7). From this estimate, and by integrating (4.83) over [t, T'|, we can deduce the estimates for p
and ¢in C°([0, T; Gain) N L2(0, T; Vi) and in C°([0, T); H) N L*(0, T; V'), respectively. A comparison
argument in (4.61) and (4.62) entails the estimates for p, and ¢; in L*(0,T;V}. ) and in L*(0,T; V"),
respectively. We therefore can deduce the existence of a weak solution to system (4.61)—(4.65) satisfying
(4.66)—(4.67). The proof of uniqueness is rather straightforward, and we may allow ourselves to leave it to
the interested reader. O

Using the adjoint system, we can now eliminate £h, nh from (4.60). Indeed, we have the following result.

Theorem 5. Let the assumptions of Lemma 4 hold true. If v € V,4 is an optimal control for (CP) with
associated state [w, p| = S(U) and adjoint state [p, q|, then the following variational inequality holds true:

T T
7//6-(v—6)dxdt+//ﬁ-(v—@)dxdt20, Vv € V. (4.84)
0 JQ 0 JQ

Proof. Note that, thanks to (4.65), we have for the sum (that we denote by 7) of the first four terms on the
left-hand side of (4.60) the identity

I.= B//u ug) - € dwdt+62//90 el dadi+ s [ (@(T) =~ un) -€"(T) da
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+ 01 [ (@T) = pu)(T) do = @/OT/QW— ug) - €™ drdt + B /OT/Q@— o didt

+/0 (1), € (O)vi, + (&1 (1), ()>vdw)dt+/ (@0, "™ (O + (1), q(t)v) dt .

0

(4.85)

Recalling the weak formulation of the linearized system (4.6)—(4.11) for h = v — U, we obtain, omitting the
argument ¢,

(&, P)vi, = —2 (v(p) DE", Dp) — 2 (v'(?)n" D, Dp) — b(w, &",p)
— b(&"w,p) + ("(VK x9),p) + (VK x1"),p) + (v—0.p), (4.86)
<n1{l?a>‘/ = (ﬂﬁh7va) + (€h¢7 VZ]/) - ()‘(a)vnhava)
+ (M@ " V(K x$),Vq) + (m(@)(VK *1"),Vq)
— ("N (@) Vp, V7). (4.87)

We now insert these two identies, as well as (4.68) and (4.69), in (4.85). Integrating by parts, using the
boundary conditions for the involved quantities and the fact that €h and p are divergence free vector fields,
and observing that the symmetry of the kernel K implies the identity

/(K*n)wdm = /(K*w)ndx, Vn,we H,
0 0

// (v—"o)dzdt.

Therefore, (4.84) follows from this identity and (4.60). O

we arrive at the conclusion that

Remark 1. System (2.7)—(2.12) subject to (1.10), written for [E, @], the adjoint system (4.61)—(4.65), and
the variational inequality (4.84), form together the first-order necessary optimality conditions. Moreover, since
V.4 is a nonempty, closed and convex subset of Lz(Q)Q, the condition (4.84) is, in the case v > 0, equivalent
to the following condition for the optimal control © € V4,

Eszad<—I—)>,
S

where Py, , is the orthogonal projector in L2(Q)2 onto V,4. From standard arguments it follows from this
projection property the pointwise condition

Ui(z,t) = max {v(z,t), min {—y7' pi(x,t), voi(z,t)}},i=1,2, forae (z,t)€Q.
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