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Abstract: We propose a novel deformed square resonator which has four asymmetric circular
sides. Photons leak out from specific points, depending on the interplay between stable islands
and unstable manifolds in phase space. By carefully breaking the mirror reflection symmetry,
optical modes with strong chirality approaching 1 and unidirectional emission can be achieved
simultaneously. Upon binding of a nanoparticle, the far-field emission pattern of the deformed
microcavity changes drastically. Due to the EP point of the degenerate mode pairs in the deformed
cavity, chirality-based far-field detection of nanoparticles with ultra-small size can be realized.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Over the past few years, optical whispering gallery mode (WGM) microcavities have attracted
much research attention due to their high quality (Q) factors and small mode volumes. WGM
microcavities have found a wide range of applications including cavity quantum electrodynamics
[1,2], nonlinear optics [3,4], low threshold lasing [5–8], and nanoparticle sensing [9–11]. Very
recently, WGM microcavities have also been used to explore many interesting phenomena, such
as symmetry breaking [12–15], nonreciprocal light transmission [16,17] and exceptional points
(EP) [18–20]. It has been proved that when a microcavity works near exceptional point, the
sensing signal induced by the perturbation of nanoparticles is greatly amplified [18,21,22]. As
a result, WGM microcavity near EP provides a perfect platform for nanoparticle sensing with
ultimate sensitivity.

However, due to the rotational symmetry in traditional WGM microcavities, light emission
is isotropic. To realize anisotropic emission patterns, rotational symmetry should be broken
through special cavity designs such as defects [23], surface treatment of particles [24], boundary
deformation [25–27], or coupled cavity [28]. Highly directional emission has been achieved
through the incorporation of an air hole into a cylindrical microcavity [23]. By placing two
Rayleigh scatterers on the perimeter of a microdisk and tuning their sizes and positions, partially
directional emission has been realized [24]. However, the notch or perturbations will greatly
degrade the Q factors. Even unidirectional laser emission has been reported through boundary
deformation of microcavities. Up to now, unidirectional light emission has been realized in
microcavities with various shapes including the spiral [29–31], the limaçon [32], the notched
ellipse [33], and the shortegg [34].
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In this work, we have proposed a deformed circular square resonator (CSR) with a novel
cavity shape. By carefully breaking the mirror reflection symmetry, chiral resonances with
chirality as high as 0.98 and unidirectional emission could be achieved. For the first time to our
knowledge, we propose chirality-based far-field nanoparticle detection in a single cavity. Due
to the EP point of the degenerate mode pairs in the deformed cavity, nanoparticles with size
below 10 nm can lead to striking change of the far field emission. This scheme is especially
beneficial for the detection of ultra-small nanoparticles, which removes the need for ultrahigh
cavity quality factor. Though sensing based on chiral modes have been realized in rolled-up cavity
and cavity with external nanotips close to the rim as local scatterers, the sensing mechanism
is mainly based on near-field mode distribution in the form of frequency splitting. Compared
with near-field detection, chirality-based far-field sensing eliminates the need for high-resolution
spectrometers and complex near-field coupling system, thus pushing the nanoparticle sensors
toward real applications.

The paper is organized as follows. Section 2 depicts the physical model of the formation of
unidirectional emission in the deformed circular square resonator. Ray dynamics of the cavity is
analyzed by calculating the Poincaré surface of section (SOS). Through numerical simulation,
the radii of the four circular sides are tuned systematically to optimize the far field emission
pattern. In Section 3, nanoparticle detection based on the change of far-field pattern is proposed.
In Section 4, robustness of the sensing mechanism is discussed. Section 5 provides a brief
conclusion.

2. High chirality and unidirectional emission in the deformed CSR

Schematic diagram of the deformed square microcavity is shown in Fig. 1(a). The microresonator
contains four circular sides numbered 1–4 with corresponding radii ri (i= 1, 2, 3, 4), and the
flat-side length is a. The cavity material is supposed to be SiOxNy with refractive index
n= 2.08 and surrounded by air. To study the WGMs in detail, the circular square resonators are
numerically studied using the commercial software COMSOL MULTIPHYSICS 4.3b based on
finite-element-methods. Generally, using the effective refractive index, the actual 3D structure
can be simulated using the 2D model. Two-dimensional simulations have been extensively used
in such kind of whispering gallery mode microcavity [26,35–37]. The experimental results
correspond well to the 2D simulation results [26,35,36]. The perfectly matched layer (PML) is
applied to fully absorb the outgoing waves. The eigenfrequency module was applied to solve the
resonant frequencies and field distributions of the modes. The smallest mesh sizes of the cavity
and the surrounding air are set to be λ/n/20 and λ/10 respectively, where λ=1550 nm.

By designing the parameters of ri, symmetry of the cavity can be totally broken [25]. Figure 1(b)
shows the wavelengths and corresponding Q factors of the TE polarized mode pairs for a totally
asymmetric circular square resonator with r1 = 33 µm, r2 = 20.4 µm, r3 = 18.5 µm, and r4 = 17
µm. For the TE polarized mode, the electric field is in the cavity plane and the magnetic field is
perpendicular to the cavity plane. It can be found that the mode pairs are almost degenerate, with
identical Q factors and wavelengths, indicating that the coupling between the clockwise (CW)
and counterclockwise (CCW) modes in the cavity is very weak.

Ray dynamics of the cavity is analyzed through calculating the Poincaré surface of section
(SOS). The Poincaré SOSs of a traditional circular square resonator in which r1 = r2 = r3 = r4
and our deformed circular square cavity with r1 ≫ r2, r3, r4 are illustrated in Figs. 2(a) and 2(b),
respectively. χ is the incident angle of the light ray, and S is the arclength coordinate along the
boundary in a counterclockwise direction as shown in the inset of Fig. 2(b). Only the upper
halves of the SOSs are presented, because the lower halves have the same patterns. To calculate
the Poincaré SOS, 200 light rays with random initial conditions in the phase space are used and
the first 500 reflections are recorded for each ray. The islands are embedded in the chaotic sea.
As shown in Fig. 2(a), for a traditional CSR, both nondegenerate orbits reflected by adjacent
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Fig. 1. (a) Schematic diagram of a deformed circular square resonator. The radii of the
four circular sides are r1, r2, r3, and r4. (b) Wavelengths and Q factors of the TE polarized
mode pairs. Open circles and crosses mark a pair of coupled modes. The corresponding
parameters used in the simulation are: r1 = 33 µm, r2 = 20.4 µm, r3 = 18.5 µm, r4=17µm,
a= 15.4 µm.

sides (top islands) and double-degenerate orbits reflected by the opposite sides (bottom islands)
can be found. The Poincaré SOS changes dramatically for an asymmetric deformed circular
square resonator with r1 ≫ r2, r3, r4, as shown in Fig. 2(b). In an asymmetric CSR, positions of
the orbits reflected by adjacent edges move significantly. Explicitly, the island at r1 moves to a
lower position of the phase space while the island at its opposite edge r3 rises to the top. By
designing the cavity parameters such as the four radii, cavity modes can be engineered. As a
result, it is possible to generate modes with high chirality by optimizing the cavity structure.

Fig. 2. Poincaré SOS of (a) traditional circular square resonator in which the values of
four radii are equal with a= 15.4 µm and r= 20 µm; (b) deformed square resonator with
different radii. The islands represent stable trajectories of the boundary. χ is the incident
angle of the light ray, and S represents the arclength coordinate along the boundary in a
counterclockwise direction as shown in the inset with the red dot being the start point. The
structure parameters are the same as Fig. 1.

To explore the influence of cavity structure in detail, the four radii r1, r2, r3, r4 are tuned
systematically. The cavity wave function can be extended in the orthogonal cylindrical harmonics
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fm(ρ) as

ψ(ρ, ϕ) =
∞∑︂

m=−∞
αmfm(ρ)exp( - imϕ), (1)

where (ρ, ϕ) is the polar coordinate, m is the mode number, αm denotes the corresponding
coefficient, and exp( - imϕ) is the phase factor. The positive (negative) value of m represents
the component of the CCW (CW) mode. The wave function ψ(ρ, ϕ) can be obtained through
COMSOL simulation. As a result, the value of |αm |

2 could be obtained by the integration∫
|ψ(ρ, ϕ)exp(imϕ)|2ρdρ =

∫
|αm |

2 |fm(ρ)|2ρdρ = |αm |
2. (2)

The chirality is defined as [25]:

α =

−1∑︁
m=−∞

|αm |
2 −

∞∑︁
m=1

|αm |
2

−1∑︁
m=−∞

|αm |
2 +

∞∑︁
m=1

|αm |
2

(3)

The value α = 0 for a microcavity with rotational symmetry, which means the weights of
CW and CCW modes are equal. For example, the standing wave mode in a microring cavity
is a superposition of equally weighted CW and CCW modes. For an asymmetric cavity which
supports only the CW mode, α = 1. The chirality is calculated according to Eq. (3). As shown in
Fig. 3(a), under fixed parameters of r1 = 33 µm and r3 = 18.5 µm, the chirality changes drastically
with both r2 and r4. It should be noticed that along the diagonal direction where r2 + r4 = 37.4 m,
the value of chirality is significantly higher than other zones. The dependence of chirality on
the value of r4 is shown in the inset of Fig. 3(a), where clear transition from nonchiral state to
state with high chirality around 1 can be found. When 14 µm < r4 < 15.5 µm, the mode chirality
remains unchanged around 0.69; when r4 increases from 15.5 µm to 17 µm, α rises from around
0.69 to 0.98; continue increasing r4 from 17 µm to 18.7 µm, α drops quickly; when r4 > 18.7 µm,
α changes to minus values, indicating that the dominant mode changes from CW to CCW mode.
The highest chirality approaching 1 can be realized when r1= 33 µm, r2 = 20.4 µm, r3 = 18.5
µm, and r4 = 17 µm. For this specific cavity structure, asymmetric scattering induced by the
special cavity boundary leads to the competition between CW and CCW mode, resulting in the
formation of mode with high chirality. The dependence of chirality on r1 and r3 is also simulated,
as depicted in Fig. 3(b).

The corresponding mode fields and far field patterns are depicted in Fig. 4. For a rotational-
symmetric CSR, the circular sides have a convergence effect on the light ray, so the reflection
positions for the resonant modes mainly concentrate at the midpoints of each side while light
scattering at the corner is weak [38,39]. As can be seen in Fig. 4(a), light leaks from the midpoints
of the four sides due to rotational symmetry, which leads to isotropic far-field emission. By
changing the radii of curvatures for the four sides, symmetry in X and Y directions can be broken.
When r1 ≫ r2 = r3 = r4, which is the case for Fig. 4(b), CW and CCW modes in the cavity exist
at the same time due to the symmetry in Y direction, which exit from the midpoint of the arc
edge r1 in two different directions. Explicitly, the CW and CCW modes emit in the 105° and
255° far-field angle. By further tuning r2 ≠ r4, symmetry in Y direction can also be broken.
Under values of r2 = 20.4 µm and r4 = 17 µm, only CW mode survives due to the asymmetric
backscattering of light [40]. The directionality can be defined as

U =

∫
I(θ) sin(θ)dθ∫

I(θ)dθ
, (4)

where I(θ) is the intensity of the far-field distribution at polar angle . U is calculated to be
0.824, which implies a highly unidirectional emission, as shown in Fig. 4(c). The wave function
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is projected to the phase space [41] and the corresponding Husimi distribution is depicted in
Fig. 5(a). Islands are almost invisible in the area of sin > 0, indicating that the intensity of the
CCW mode component is very low and CW component is dominant in the cavity. There are four
islands whose centers are distributed at sinχ=−0.56, −0.67, −0.83, −0.68. For the microcavity
with refractive index around 2, total refraction happens when |sin|>0.5. As a result, only light
rays in the first island can leak out from the middle of arc r1. Light rays in the other three islands
are well confined inside the cavity through total refraction, and no light escapes from the other
three sides. By expanding the modes inside the cavity in cylindrical harmonics, the weights of the
CW and CCW modes with different angular mode numbers are calculated, as shown in Fig. 5(b).
The chirality α is calculated to be 0.9729 according to Eq. (3). In the phase space of the Husimi
projection, the positive and negative values of sinχ correspond to the counterclockwise and
clockwise direction of light propagation in the cavity. As shown in Fig. 5(a), Husimi projection
contains not only the distribution information inside the cavity but also the chirality information
of the mode pattern. As a comparison, the chirality can be calculated using another equation [22]

α = 1 −

∑︁
ccw Husimi∑︁
cw Husimi

, (5)

Fig. 3. Dependence of chirality on (a) r2 and r4 when keeping r1 = 33 µm and r3 = 18.5 µm.
The inset shows chirality versus r4 when r2+r4 = 37.4 µm. Transitions from low chirality
states to states with strong chirality are observed when r4 = 17 µm/20.4 µm; (b) r1 and r3
under fixed r2 = 20.4 µm and r4 = 17 µm.∑︁

ccw Husimi denotes the distribution probability of the CCW modes, which can be calculated
by making a summation over the distribution probability of the CCW waves from all positions
and outgoing directions along the boundary. Similarly,

∑︁
cw Husimi denotes the distribution

probability of the CW modes. In Ref. [22], a similar way is used to calculate the chirality of the
resonance mode. In our situation, the charity is calculated to be 0.9705. The value of chirality
calculated using the two methods agrees with each other. Both the Husimi projection and the
angular momentum distribution verify the generation of cavity modes with chirality approaching
1.
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Fig. 4. Magnetic field distribution |Hz| of the fundamental modes for the three cavities with
different structures (left panel) and the corresponding far field patterns (right panel). The
four radii for the cavities are: (a) r1 = r2 = r3 = r4 = 20 µm (b) r1 = 33 µm , r2 = r3 =
r4 = 20 µm (c) r1 = 33 µm , r2 = 20.4 µm , r3 = 18.5 µm, r4 = 17 µm . The external
mode distribution has been amplified for a better review.
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Fig. 5. (a) Husimi projection of the mode in Fig. 4(c). Four islands are distributed in the
area of sinχ < 0 which corresponds to the CW component in the cavity, while the CCW mode
is almost invisible. The horizontal line represents the criteria for total internal refraction.
(b) Coefficient |αm |2 corresponds to the angular mode number m of the resonance mode in
Fig. 4(c). The CCW modes are almost invisible.

3. Nanoparticle detection based on the change of the far-field pattern

Exceptional points (EPs) are singularities which denote the transition from strong coupling to
weak coupling. In a non-Hermitian system, when both the eigenvalues and the eigenvectors
coalesce for a pair of degenerate modes, EPs are realized. EPs have been reported in many systems
including rolled-up cavity [42,43], nanotubes [44] and deformed microdisk [37,45]. When a
weak perturbation H1 <1 interacts with an EP, the induced mode splitting is proportional to

√
H1 .

While for a diabolic point, the splitting is proportional to H1 . As a result, the introduction of
EPs promises improvement of the sensitivity of bio/chemical sensing.

By tuning the refractive index n of the cavity material around the wavelength of λ= 1539.4
nm, the real and imaginary part of the wave number for a pair of degenerate modes are recorded.
The wave vectors of the degenerate eigenmodes are denoted by k± = Re[k±] + iIm[k±]. For
clarity, k± are shifted by subtracting (k+ + k−)/2. As shown in Fig. 6(a), when n= 2.08, crossing
behavior of the real part and anti-crossing of the imaginary part of the wave vector are observed,
indicating that the system is near EP.

The overlap between the pair of modes can be calculated by

S =

|︁|︁|︁∫c dxdyψ∗
1ψ2

|︁|︁|︁√︂∫
c dxdyψ∗

1ψ1

√︂∫
c dxdyψ∗

2ψ2

, (6)

where Ψ1 and Ψ2 represent the wave function for two different modes. After substituting the
mode fields into the above equation, the overlap is calculated to be 0.9639, which implies that the
two modes are almost identical and nonorthogonal. The mode distribution further corfirms that
for the proposed deformed microcavity, the almost degenerate mode pair near EP are no longer
orthogonal but almost the same. As shown in Fig. 6(b), the horizontal white dashed line indicates
that mode-1 reaches maximum while mode-2 is at secondary maximum. As a comparision, for
the standing waves in a traditional symmetric WGM microcavity, symmetry of the cavity requires
pairs of orthogonal degenerate modes. When the field distribution of one mode is at maximum,
the other is at minimum. These observations further confirm the realization of exceptional point
in the deformed cavity.

In the following, we propose to use the unidirectional far-field pattern of the deformed circular
square resonator near EP to realize detection of nanoparticles. The cavity parameters are



Research Article Vol. 29, No. 2 / 18 January 2021 / Optics Express 1673

Fig. 6. (a) Real and imaginary parts of the wave vector k versus the refractive index of the
deformed circular square resonator. (b) Magnetic field distribution of the degenerate mode
pairs in EP states (top panel). The bottom panel is the enlarged view corresponds to the
white boxes in the top panel.

fixed as r1 = 33 µm, r2 = 20.4 µm, r3 = 18.5 µm, and r4 = 17 µm. Upon nanoparticle binding,
backscattering of light induces coupling between the CW and CCW modes. As a result, the
criterion of high chirality generation is broken. The chirality is weakened and the far field
distribution changes drastically. Instruments such as CCD cameras enable the probe of far-field
distribution, which removes the need for high-resolution spectrometers. The magnetic field
distribution along the boundary is calculated, as shown in the top panel of Fig. 7. The position of
the nanoparticle is denoted by the angle θ in a clockwise direction as shown in the inset of Fig. 7.
When θ= 0, the nanoparticle is attached at the position of vertex A. The four vertexes A, B, C,
and D are marked in the figure. The field strength reached maximum near the midpoint of the arc
side r1, while the mode intensity is almost zero at the corners. The dependence of mode chirality

Fig. 7. Numerical simulation of single-nanoparticle detection. (a) Top panel: intensity of
the magnetic field along the boundary. (b) Lower panel: dependence of mode chirality on the
binding position of the nanoparticle. The inset is the schematic picture of singe-nanoparticle
detection on the deformed CSR. Radius of the nanoparticle is fixed at r = 10 nm.
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on the particle binding position is depicted in the lower panel of Fig. 7. The refractive index of the
particle is set to be 1.5 to simulate the case for polystyrene and most bioparticles. Radius of the
nanoparticle is fixed at r = 10 nm. As expected, when the nanoparticle binds to the cavity surface
with strong electromagnetic field, the chirality degrades sharply. Furthermore, asymmetric
reflection induced by the binding of particles can also lead to reversal of the mode chirality.
Explicitly, when a nanoparticle attaches to the hot spot on side r1 where the field intensity reaches
maximum, the chirality changes drastically from around 1 to −0.7. The dominant emission
changes from CW to CCW mode in the far field distribution.

The influence of particle size on chirality is simulated when the binding position is set at
the hot spot. As depicted in Fig. 8(a), the chirality of the cavity mode decreases rapidly with
the increase of particle radius when the particle radius <5 nm . When r = 4 nm, α is around
0.5. When r = 5nm, α rapidly degrades to 0. When 5 nm<r<8 nm, the chirality changes to
minus values and increases. When r = 8 nm, the chirality reaches a value of −0.71. When r is
further increased beyond 8 nm, the chirality decreases again. The asymptotic behavior can be
explained through the complicated light scattering mechanism of the cavity. There are two main
pathways of scatterings. One is the asymmetric scattering originated from the symmetry-broken
microcavity, and the other is the scattering induced by the nanoparticle. The two pathways
influence each other until reaching a final equilibration.

Fig. 8. (a) Mode chirality as a function of the particle radius when the particle binds to the
hotspot on the arc side r1. (b) Far-field mode patterns under different nanoparticle sizes.
The lines are vertically shifted for a clear view.

Figure 8(b) shows the far-field intensity under different particle sizes. For a bare deformed
circular square resonator, the far field emission is almost unidirectional; when r = 4 nm,
unidirectional emission changes to two-directional emission, but the weight of CW mode at the
emission angle of 105°dominants; when r = 5 nm, CW and CCW modes are of almost equal
weights; when r = 8 nm, the weight of CCW mode at the emission angle of 255°dominates.

4. Discussion

Special attention should be given to the robustness of the sensing scheme.
First, influence of mesh size and surface roughness on the result of COMSOL simulation

should be considered. In Section 3, for the region of the nanoparticle, mesh size of 5/6 nm is
used. We have done the simulation under a much smaller mesh size of 5/30 nm, and the result
is almost the same except for a slight value difference, indicating that the simulation result is
robust under mesh sizes which are small enough. Due to the limitation of the etching techniques,
surface roughness of the microcavity is inevitable. We have simulated the case of a cavity with
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random roughness of size around 4 nm. The resultant mode distribution is shown in Fig. 9.
Almost unidirectional emission is apparent. The corresponding chirality is calculated to be 0.78,
which is still sufficient for the realization of nanoparticle sensing.

Fig. 9. (a) Magnetic field distribution |Hz| for the deformed microcavity with random
surface roughness. The enlarged view shows the roughness added to the boundary. (b)
Corresponding far- field distribution under the surface roughness

Moreover, during the experimental realization, the target nanoparticle may bind to positions
other than the hot spot. As shown in Fig. 7, as long as the magnetic field intensity of the binding
position is nonzero, the chirality as well as the far-field patterns changes compared to the bare
cavity, which ensures the realization of nanoparticle detection. Due to the effect of gradient force,
targets prefer to attach to the hot spot.

5. Conclusion

We systematically analyzed the mode characteristics of the deformed circular square resonator.
The influence of the four curvature radii on the mode chirality, and the corresponding far-field
distribution are studied. When the radii of the four sides are equal, the far-field emission pattern is
isotropic. Increasing the radius of curvature r1 while keeping r2 = r3 = r4, directional far-field
pattern emits from the middle of r1 . When the size of r2 and r4 is further adjusted, unidirectional
emission can be obtained at certain cavity structure. When perturbed by a nanoparticle, the
far-field pattern of the deformed cavity changes drastically. As a result, the deformed circular
square resonator has great potential for bio/chemical sensing. This kind of deformed cavity has
many advantages: it supports optical modes with strong chirality approaching 1; the far-field
emission divergence angle is narrow; it can work near the exceptional point, thus promising
greatly enhanced sensitivity for bio/chemical sensing.
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