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Abstract We study product regular conditional probabilities under measures of two
coordinates with respect to the second coordinate that are weakly continuous on the
support of the marginal of the second coordinate. Assuming that there exists a sequence
of probability measures on the product space that satisfies a large deviation princi-
ple, we present necessary and sufficient conditions for the conditional probabilities
under these measures to satisfy a large deviation principle. The arguments of these
conditional probabilities are assumed to converge. A way to view regular conditional
probabilities as a special case of product regular conditional probabilities is presented.
This is used to derive conditions for large deviations of regular conditional probabili-
ties. In addition, we derive a Sanov-type theorem for large deviations of the empirical
distribution of the first coordinate conditioned on fixing the empirical distribution of
the second coordinate.
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1 Introduction and Main Results
In the present paper, we study large deviations of probabilities “of the form”

P(Xn € AlYn = yn), (1.1)
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where ((X;, Y,))nen 18 a sequence of couples of random variables that satisfies a
large deviation principle and y, — y for some y. As the event [Y,, = y,] may have
probability zero, we make sense of (1.1) in terms of a kernel 7,,, so that

N (Yns A)

“represents” (1.1).

Such kernels are called regular conditional probabilities and form an important
object in probability theory. The existence of regular conditional probabilities has been
studied extensively, for example, by Faden [12] or by Leao et al. [21]. There exist in
fact various forms of regular conditional probabilities, namely either with respect to a
o -algebra, with respect to a measurable map or with respect to the projection on one
of the coordinates (in case of a product space).

In order to consider large deviations of conditional probabilities, we have to specify
which conditional probability we are considering; the conditional probability may not
be unique. However, if a (product) regular conditional probability is weakly continuous
on the support of the measure composed with the inverse of the measurable map
(or projection), it is unique on that domain. For these (product) regular conditional
probabilities, it is natural to study their large deviations whenever the argument of
the probability is in the domain on which it is unique. In this paper, we study the
large deviations in the case when the arguments of these kernels converge, i.e. we
study large deviations of (1, (y,, -))nen for the case that y, — y. To the best of our
knowledge, current literature does not provide a general condition under which such
kernels satisfy a large deviation principle.

1.1 Literature

Some examples in this direction are present. For example in Adams et al. [1], the
large deviation principle is proved for the empirical distribution that is evolved by
independent Brownian motions conditioned on their initial empirical distribution to
lie in a ball (see [1, Theorem 1]). They proceed by proving that the large deviation
principle rate function converges as the radius of the ball converges to zero. For the
purpose of this paper, we have to show that the limit of the radius of the ball and
the limit belonging to the large deviation principle can be interchanged. Léonard
[22] proves the large deviation principle of the empirical distribution that is evolved
by independent Brownian motions conditioned on their initial empirical distribution;
those initial empirical distributions are assumed to be converging (see [22, Proposition
2.19]). In both papers, the evolved state is conditioned on the initial state, while there is
also interest in large deviations of the initial state conditioned on the evolved state. In
this paper, we prove the large deviation principle in this setting for finite state spaces.

There exist various results on quenched large deviations, i.e. large deviations for
regular conditional probabilities in the sense that for almost all realisations of the
disorder, the conditional probabilities satisfy the large deviation principle with a rate
function that does not depend on the disorder. Examples of papers on quenched large
deviations are Comets [5] for conditional large deviations of i.i.d. random fields,
Greven and den Hollander [14] and Comets et al. [6] for random walks in random
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environments, Kosygina—Rezakhanlou—Varadhan [18] for a diffusion with a random
drift and Rassoul-Agha et al. [24] for polymers in a random potential.

Biggins [2] obtains the large deviation principle for mixtures of probability mea-
sures that satisfy the large deviation principle with kernels that satisfy the large
deviation principle as their arguments converge. To some extent, we complement
the article in the opposite direction, in the sense that we assume the large deviation
principle of the mixture and derive the large deviation principle of the kernels.

Our main motivation to study the above large deviations lies in the theory of Gibbs—
non-Gibbs transitions. There is a correspondence between the large deviation rate
function of the conditional probability with respect to the evolved coordinate and the
evolved state (measure or sequence) being Gibbs (see van Enter et al. [9]). We refer
to Sect. 1.4 for further discussions on Gibbs—non-Gibbs transitions.

1.2 Large Deviations

In the literature on large deviations, two dominant definitions of large deviation prin-
ciples are used. One is in terms of a o-algebra on the topological space, as is done in
the book by Dembo and Zeitouni [7] and in the book by Deuschel and Stroock [8];
the other is in terms of the topology, i.e. in terms of open and closed sets, as is done
in the book by den Hollander [16] and in the book by Rassoul-Agha and Seppildinen
[25]. Whenever one considers the Borel o-algebra on the topological space, the two
definitions agree.

We define the large deviation lower bound and the large deviation upper bound
separately, as in Sect. 1.3, and in Sect. 6, we describe the necessary and sufficient
conditions for each of the bounds separately. Moreover, we define them on a set of
subsets of the topological space, which is not required to be a o -algebra. In Remark 7.4,
we motivate the choice for this definition.

Definition 1.1 Let X" be a topological space and A be a set of subsets of X. Let
I : X — [0, oco] be lower semicontinuous. Let (u,),eN be a sequence of probability
measures on A. Let (r,),en be an increasing sequence in (0, co) with lim,,_, 1, =
00. We say that (i), satisfies a large deviation lower bound on A with rate function
I and rates (ry,),en if

liminf L log u, (A) > —inf 1(A°) (A € A). (1.2)
n—oo 'n

We say that (i,),en satisfies a large deviation upper bound on A with rate function
I and rates (r,),en if

lim sup rl log 1, (A) < —inf I(A) (A € A). (1.3)
n—od

In the rest of the paper we only consider the rates r,, = n. However, the theory presented

is still valid for general rates (7,),en. We say that (1, ),en satisfies a large deviation

principle on A with rate function / whenever it satisfies both the large deviation lower

bound and the large deviation upper bound with rate function 1.
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We omit “on A” whenever A is the Borel o-algebra B(X) on X. In this case, the
large deviation lower bound is satisfied if and only if the inequality in (1.2) holds for
all open subsets of X" and the large deviation upper bound is satisfied if and only if
the inequality in (1.3) holds for all closed subsets of X.

1.3 Main Results

See Sects. 3 and 4 for the definitions of the objects in the statements of the following
theorems. In Sects. 6 and 7, we consider a more general situation. Theorem 1.2 is a
consequence of Theorem 6.9, and Theorem 1.3 is a consequence of Theorem 7.5.

In this section X and ) are metric spaces.

Theorem 1.2 Letw : X x Y — Y be given by w(x, y) = y. Suppose that (j4n)neN is
a sequence of probability measures on B(X) ® B(Y) that satisfies the large deviation
principle with rate function J : X x )Y — [0, oo] that has compact sublevel sets.
Suppose that for each n € N, there exists a product regular conditional probability
N » Y x B(X) — [0, 1] under ju, with respect to  that is weakly continuous
on supp(i, o 1), which we assume to be non-empty. Let y € Y be such that
inf J(X x {y}) < o0. Define I : X — [0, oo] by

I(x) =J(x,y) —inf J(X x {y}). (1.4)

I has compact sublevel sets, and, for each n € N, n, is unique on supp(u, o 7~ ").
Moreover,

(Al) < (A2)and (Bl) < (B2),

where

(A1) For all (yp)nen with y, — v and y, € supp(i, o w~ ) for all n large
enough, the sequence (N, (Yn, -))nen satisfies the large deviation lower bound
with rate function I.

(A2) Forallx € X andr > 0, withU = B(x, r),

supliminf inf %log,un<ﬁ <Y ‘ X % B(z, 5)) > _infI(U).  (1.5)
e>0 " o

(B1) For all (yp)nen with y, — y and y, € supp(i, o 7Y for all n large
enough, the sequence (N, (Yn, -))neN Satisfies the large deviation upper bound
with rate function 1.

B2) Forall xy, ..., xx € Xandry,...,rg >0, with W = X\ [B(x;,r)U---U
B(xk, ri)],

1 Meaning that there exists an N € N such that y;,, € supp(uy o a Yforalln > N.
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inf limsup  sup %log an(WO x Yy ‘ X x B(z, 8)) < —inf I(W). (1.6)
e>0 p—soo 1§<€3§;861;(()’E))
2,0)CB(y,e

The next theorem is similar to Theorem 1.2, but considers the large deviation bounds
for regular conditional kernels instead of product regular conditional probabilities.

Theorem 1.3 Let t : X — ) be continuous. Suppose that (v,)neN IS a sequence
of probability measures on B(X) that satisfies the large deviation principle with rate
Sfunction J : X — [0, oo] that has compact sublevel sets. Suppose that for eachn € N
there exists a regular conditional probability n,, : Y x B(X) — [0, 1] under v,, with
respect to T that is weakly continuous on supp(v, o T~V), which is assumed to be
non-empty. Let y € Y be such that inf J(t~'({y})) < oc. Define I : X — [0, co] by

—1 -1 _
,(x)z{ux) inf J (7)) T =y, 0
(0,¢]

T(x) # .

I has compact sublevel sets, and, for each n € N, n, is unique on supp(v, o T™1).
Moreover,

(Al) &= (A2)and (B) <= (B2),

where

(A1) Forall (yn)nen with y, — y and y, € supp(vy on_l)for alln large enough,
the sequence (N, (Vn, -))neN satisfies the large deviation lower bound with rate
function I.

(A2) Forallx € X andr > 0, withU = B(x, r),

suplimint _inf  Llogv, (U | e\ (B. ) = ~inf /W), (18)
e >0 z€Y,5€(0.¢)
B(z,8)CB(y,e)

(B1) Forall (yp)nen with y, — y and y,, € supp(v, oY) forall n large enough,
the sequence (Ny(Vn, -))neN satisfies the large deviation upper bound with rate
function I.
(B2) Forall xy, ..., xx € Xandry,...,rg >0, with W = X\ [B(x1,r)U---U
B(xg, ri)],

inf limsup  sup % log vy, <W°
>0 nsoo  zed.se.e)
B(z,8)CB(y.)

r—l(B(z,a))> < —infI(W). (1.9)

1.4 Gibbs-non-Gibbs Transitions and Future Research
In this section we discuss the relation between the large deviation results in this paper

and Gibbs—non-Gibbs transitions in more detail. In particular, we discuss possible
future directions regarding large deviations of conditional kernels.
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The following situation for interacting particle systems occurs in the mean-field
context (a similar context holds in the context of lattices). The initial system of so-
called spins consists of distributions describing the interaction between spins via a
potential V (for each n there is a distribution describing the law of n spins). This
initial system is assumed to be Gibbs, which is called sequentially Gibbs in the mean-
field context. Allowing the initial state to be transformed, for example, by an evolution
of the spins, a question of interest is whether the transformed state is (sequentially)
Gibbs. This question has been addressed in the mean-field context by Ermoleav and
Kiilske [11] and by Fernandez et al. [13] for {—1, +1}-valued spins, by den Hollander
et al. [17] for R-valued spins and by Kiilske and Opoku [19] and van Enter et al. [10]
for compactly valued spins. In these papers, independent dynamics of the spins are
considered (the evolution of each spin is independent of the evolution of the other
spins). Independent dynamics simplify the situation. Namely, the evolved measure on
either the product space of the initial and the final space, or—in case of an evolution—
the space of trajectories, is a tilted measure of the evolved measure when considering
V = 0. In this case the measure is a product measure, which means that the spins
are independent. As a consequence (this will be clarified in a forthcoming paper), the
conditional kernel n,, of the initial state on n spins with respect to the final state (for
a fixed potential V') is a tilted version of the conditional kernel n° of the initial state
with respect to the final state of independent spins (i.e. V = 0). Because of this tilting,
by Varadhan’s lemma, (17,,(yn, -))neN satisfies the large deviation principle with rate
function V + I, —inf(V + 1) if (ng(yn, )nen satisfies the large deviation principle
withrate function /. In the forthcoming paper, we will prove that the evolved sequence
is sequentially Gibbs if V + I, has a unique global minimiser.

The large deviation principle of (17,,(yn, -))nen has been mentioned in the case of
trajectories in [11, Corollary 2.4] and—as a corollary of that theorem—for the case of
the product space of the initial and the final space in [13, Corollary 1.3]. However, no
proof was given. Theorem 8.2 provides a rigorous proof of the large deviation principle
statement in [13, Corollary 1.3]. In this paper, we do not provide a rigorous proof of
[11, Corollary 2.4]. But Theorem 1.3 may be used, as the conditioning on the final
state is a regular conditional kernel with respect to the map t : C([0, T'], X) — &,
t(f) = f(D).

In order to deal with empirical distributions (and not with magnetisations as is
done in [17]), in future research we strive to “extend” the statement of Theorem 8.2
to infinite and possibly non-compact state spaces. In the case of non-compact spaces,
it may be that topologies on the space of probability measures are considered that are
not metrisable.

1.5 Outline

We list some notations, definitions and assumptions in Sect. 2. In Sect. 3, we give and
compare the notions of regular conditional kernels, and we show that a regular condi-
tional kernel under a measure v is in fact a product regular conditional kernel under
a measure that is related to v. In Sect. 4, we introduce and study weakly continuous
regular conditional kernels. In Sect. 5, we present some facts about lower semicontin-
uous functions with compact sublevel sets. Relying on the results of Sects. 4 and 5, in

@ Springer



1064 J Theor Probab (2018) 31:1058-1096

Sect. 6, we present results on large deviation bounds for product regular conditional
probabilities, in particular necessary and sufficient conditions for these bounds to hold.
In Sect. 7, we discuss how to obtain large deviation bounds for regular conditional
probabilities from the results in Sect. 6. In Sect. 8, we apply the theory to obtain
the large deviation principle for the empirical density of the first coordinate given
the empirical density of the second coordinate, for independent and identically dis-
tributed pairs of random variables. In Sect. 9, we give some examples. We also include
an example for which the conditions are not satisfied. For this example we compare
the quenched large deviations with large deviations of the weakly continuous regular
conditional probabilities and comment on the difference with an example by La Cour
and Schieve [20]. In “Appendices 1 and 2 we state some general results considering
large deviations bounds that are used in the different sections. In “Appendix 3” we
provide the proof of a theorem on which the examples of Sect. 9 rely.

2 Notations and Conventions

N ={1,2,3,...}. For a topological space X, we write B(X) for the Borel o -algebra
and P(X) and M (X) for the spaces of probability and signed measures on B(X),
respectively. For A C X we write A° for the interior of A and A for the closure
of A. For x € X we write é, for the element in P(X) with §,(A) = 1ifx € A
and §,(A) = 0 otherwise. For x € X we write N for the set of B(X)-measurable
neighbourhoods of x. For a u € M(X) we write supp u = {x € X : |u[(V) >
0 forall V € N,} and call this the support of p. For a function f from a set X into
Rand ¢ € Rwe write [f > c] = {x € & : f(x) > c}. Similarly, we use the
notations [f > c], [f < c] and [f < c]. Whenever (x,),c1 is a net, where I is a
directed set by (a direction) <, we write lim inf, ¢y x, = S inf - e X, (similarly
lim sup). In particular, if V € Ny and (V = {x} and f : V — R, we write
liminfycy f(V) = supy ey infycy, vey f(V) (ie. we consider (f(V))yey as a
net where V is directed by D (as x)).

Whenever we write (1 (A|B), we implicitly assume that it is well defined (as (A N
B)/u(B)), i.e. that u(B) # 0.

We use the conventions log0 = —oo and inf 7 () = oo whenever [ is a function
with values in [0, oo].

All measures in this paper are signed measures, unless mentioned otherwise.

3 Regular Conditional Kernels Being Product Regular Conditional
Kernels

In this section we introduce the notion of a (product) regular conditional kernel. For
an extensive study on regular conditional kernels, see Bogachev [4, Section 10.4].
The notion of a product regular conditional kernel does not appear in [4], but it does
in Faden [12] and in Leao et al. [21]. Besides giving definitions, we make a few
observations, of which Theorem 3.6 is used later on to derive statements of regular
conditional kernels from statements of product regular conditional kernels.
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In this section (X, A), (Y, 5) are measurable spaces, v is a measure on A and p
is ameasure on A ® B, t : X — Y is measurable, and 7 : X x ¥ — Y is given by
mw(x,y)=y.

Definition 3.1 A function n : ¥ x A — R is called a (B-)kernel if n(-, A) is (B-
)measurable for all A € A and 7(y, -) is a measure for all y € Y. A kernel 7 is called
a probability kernel if (y, -) is a probability measure forall y € Y.

Definition 3.2 Let : ¥ x A — R be a (probability) kernel.

(a) n is called a regular conditional kernel (regular conditional probability) under v
with respect to T if

VANT(B)) = fy 13()n(y, A) d [|v| ° z*l] () (A€ A BeB). (3.1)

(b) nis called a product regular conditional kernel (product regular conditional prob-
ability) under u with respect to 7 if

jL(A x B) = /Y L0, A d[ o™ |0) (AeAdBeB. (2

3.3 Suppose that £ is a sub-o-algebra of F. Let (Y, B) = (X, &) and Id : (X, A) —
(Y, B) be the identity map. In agreement of [4, Definition 10.4.1] akerneln : ¥ x A —
R is a regular conditional kernel under p with respect to £ if and only if 7 is a regular
conditional kernel under p with respect to 1d.

3.4 Considerthetwokernelsn : ¥ x A — Rand§ : ¥ x (A®B) — R, corresponding
to each other by the formulas &(y, F) = fX 1r(x,y) dn(y, )1(x) and n(y, A) =
&(y, A x Y). Then & is a regular conditional kernel under p given = if and only if n
is a product regular conditional kernel under u given 7.

In general, X x Y may be equipped with a o -algebra F different from .A® B. In this
situation, where u is a measure on F and 7 is F-measurable, the above correspondence
cannot be used in general to reduce statements about product regular conditional
kernels to statements about regular conditional kernels. See also example 4.5.

On the other hand, regular conditional probabilities can be seen as special cases of
product regular conditional probabilities; see Theorem 3.6. In the present paper we use
this to derive Theorem 1.3 from Theorem 1.2 but also Theorem 7.5 from Theorem 6.9.

Remark 3.5 1f Ais generated by a countable set, two regular conditional probabilities
under a measure with respect to a o-algebra (see 3.3) are almost everywhere equal (see
Bogachev [4, Theorem 10.4.3]). Similarly one could state an analogous statement for
regular conditional kernels with respect to measurable maps and for product regular
conditional kernels. In Theorem 4.3 we prove that (product) regular conditional kernels
are unique on the domain on which they are weakly continuous, in case the underlying
topological space is perfectly normal. For such space the Borel o-algebra may not be
generated by a countable set.?

2 The Sorgenfrey line, the space R with the right half-open interval topology, is perfectly normal but not
second countable (see Steen and Seebach [27, Example 51]).
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Theorem 3.6 (a) There exists a measure j1 on (X x Y, AQ B) for which i(A x B) =
(ANt Y(B)).

(b) n:Y x A — Risa regular conditional kernel under v with respect to t if and
only if n is a product conditional kernel under [1 with respect to 7.

Proof (a) We may assume v to be positive, since v = vT — v™. Let £ be the
set that consists of ULI A; x B;, where n € Nand A; € A B, € B
are such that A} x By, ..., A, x B, are disjoint. Define v* : £ — [0, 00)
by v* (U?:l A; X Bi) = v (U:’:l Ai N r_l(Bi)) for Ay,...,A, € A and
Bi, ..., B, € B as above. Checking that £ is a ring of sets and that v* is o-
additive is left for the reader. The existence and unicity of the extension f follow
from the Carathéodory theorem (see Halmos [15, Section 13, Theorem Al]).

(b) It follows from by definition of /i (note that vo v~ ! = Lo ™). O

4 Weakly Continuous Kernels

In this section we introduce the notion of weak continuity for kernels on topological
spaces. In Theorem 4.3 we show uniqueness of (product) regular conditional kernels
that are weakly continuous. In Theorems 4.6 and 4.8 we describe conditions that imply
the existence of weakly continuous regular conditional probabilities. Similarly as is
done in the Portmanteau theorem when one considers metric spaces, weak convergence
implies lower bounds for open sets and upper bounds for closed sets, as is shown in
Theorem4.10. As described in Lemmas4.11 and4.12, these lim inf and lim sup bounds
imply bounds for (product) regular conditional probabilities on which the results of
Sects. 6 and 7 are based.

In this section X and ) are topological spaces, v is a measure on B(X), u is a
measure on B(X) ® B()), 7 : X — ) is measurable, and 7 : X x ) — ) is given
by w(x,y) =y.

Definition 4.1 We equip the space of measures, M (&X'), with the weak topology (gen-
erated by Cj(X), which we denote by o (M (X)), Cp(X)) as in the book of Schaefer
[26, Chapter II, Section 5]). In this topology, a net (i,),c1 in M(X’) converges to a i
in M(X) if and only if [, f du, — [y f duforall f € Cp(X).

Let D C Y. Akermneln : Y x B(X) — Ris called weakly continuous on D if the map
D — M(X) given by y — n(y, -) is continuous in the weak topology. 7 is called
weakly continuous if 1 is weakly continuous on ).

Theorem 4.2 Let X be a perfectly normal® space and u € M(X). Then

supp u = {x GX:/ fdju| > Oforall f e C(X,[0,1]) with f(x) >0}.
X
4.1

3 Perfectly normal means that every open set in X is equal to f*1 ((0, 00)) for some f € C(X). All metric
spaces are perfectly normal; Bogachev [4, Proposition 6.3.5].
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Moreover, || (X \supp(n)) = 0.* As a consequence, i = 0ifand only iffX fdjul =
O forall f € Cp(X).

Proof We may assume u is positive. Let x € supp u. Then (V) > Oforall V € N;.
Let f € C(X, [0, 1]) be such that f(x) > 0. Then V = f_l(O, o0) has strictly
positive measure. Since pu(V) = lim,_ fX min{nf, 1} du, there exists an n such

that [, min{nf, 1} diu > 0. Consequently, as f > %min{nf, 1}, wehave [, f du >
0

Let x € X be such that fo du > Oforall f e C(X,[0,1]) with f(x) > 0.
Let V e Ny. As V = =10, 0o) for some f € C(X,[0,1]), we have u(V) >
Sy [ du>0. ]

Theorem 4.3 Suppose that X is a perfectly normal space.

(a) Letnand( be regular conditional kernels under v with respect to T that are weakly
continuous on supp(|v| ot V). Then n(y, -) = ¢(y, -) forall y € supp(Jv|ot ™).
If v is a probability measure, then n(y, -) is a probability measure for all y €
supp(|v] o 1),

(b) Let n and ¢ be product regular conditional kernels under u with respect to
that are weakly continuous on supp(|/L| o a7 Y. Then n(y, ) = ¢(y,-) for all
y € supp(|p| o =Y. If  is a probability measure, then n(y, -) is a probability
measure for all y € supp(|p| o 7™ 1).

Proof We prove (a), and the proof of (b) is similar (replace “|v|ot ™' by “|pu| o ~1*).
To prove = ¢ on D = supp(|v| o T~1), by Theorem 4.2, it is sufficient to prove

fo dn(y,-) = fo d¢(y,-) forall y € D and all f € Cp(X). Let f € Cp(X).
Because f is the uniform limit of simple functions, one has for all B € B()))

f]lg(y) [/ £ dn(y, -)] d[|v|or*1](y)=/ 15(y) [f £ de(y, -)] dljvl o z7"1(y).
y X % X
“4.2)

Therefore there exists a set Z € B()) with [v| o 7~1()\ Z) = 0 such that
/ fdn(z, ) = f fd¢z ) (ze2). (4.3)
X X

Since both y — fX fdn(y,-)and y — fX f d¢(y, -) are weakly continuous on D,
and Z is dense in D by Theorem 4.2, we have [ f dn(y, ) = [ f d¢(y, ) forall
y € D. The second statement is proved by taking f = 1 y. O

4.4 When 7 is a regular conditional kernel under v with respect to 7, the value of the
function (-, A) on the complement of supp(|v| o 7~1) is not determined, in the sense
that if 7 is a kernel with 7(y, -) = n(y, -) for all y € supp(Jv| o 1), then 7 is also a
regular conditional kernel under v with respect to 7.

4 This is not true in general. For an example, see Bogachev [4, Example 7.1.3].
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For example 7 given by 7(y, -) = n(y, -) for y € supp(|v| o t™") and 7i(y, ) = 8,
for y € supp(|v| o T~ )¢ for some chosen x € X, is such regular conditional kernel.

Whence if v is a probability measure and there exists a regular conditional kernel
under v with respect to  that is weakly continuous on supp(|v| o T™1), then we may
as well assume this kernel to be a probability kernel. A similar statement is true for
product regular conditional kernels.

4.5 By Theorem 3.6, statement (a) of Theorem 4.3 is a consequence of statement
(b). In an attempt to reduce statement (b) to statement (a), the following problem
occurs to the correspondence between regular conditional kernels and product regular
conditional kernels that is mentioned in 3.4.

The Borel o-algebra of X x ), i.e. B(X x }), may be strictly larger than B(X') ®
B()) (see, e.g. Bogachev [4, Lemma 6.4.1 and Example 6.4.3]). If this is the case, i.e.
BX)®B(Y) C B(X x)),and B(X x )) equals the Baire-o-algebraon X’ x ), i.e.
the smallest o -algebra that makes all continuous function X x J) — R measurable,
then there exists a continuous function f € C(X x )) that is not B(X) ® B())-
measurable. Composing the function f with arctan, we obtaina g € Cp(X x )) that
is not measurable with respect to B(X) @ B()). Soif n : Y x B(X) — R s a product
regular conditional kernel under p with respectto r,and & : Y x B(X) ® B())) — R
is as in Example 3.4, then g is not integrable with respect to £(y, -) forany y € ).

B(X x )) equals the Baire-o-algebra if X x ) is a metric space (Bogachev [4,
Proposition 6.3.4]). Therefore X = ) = RR equipped with the discrete topology
form an example for which the above is the case.

We state two theorems (Theorems 4.6 and 4.8) showing the existence of product
regular conditional probabilities that are weakly continuous on supp(|p| o 77 1).

Theorem 4.6 Suppose that ) is countable and equipped with the discrete topology.
Thenn : Y x B(X) — R defined by

w(A x YIX x {y}) p(X x{y}) #0,
LA) = 4.4

is a product regular conditional kernel under | with respect to w that is weakly
continuous on supp(|u| o 7~ h.

Proof 1t follows from the fact that u(A x B) = ZyeB w(A x {y}) for A € B(&X),
B € B()). O

4.7 In case ) is first countable, the notion of open and closed sets and continuity of
functions )V — R is characterised by the convergence of sequences. Therefore the
following are equivalent for a kernel n : Y x B(X) — R

(a) nis weakly continuous in y.
(b) For all (y,)nen in Y with y, — y, one has n(yn. ) = n(y. ).

The following theorem is an easy consequence of Lebesgue dominated convergence
theorem.
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Theorem 4.8 Let Y be first countable. Let A be a probability measure on B(X). Let
D C Y. Let f: X x)Y — [0, 00) be a bounded B(X) ® B())-measurable function
such that y — f(x,y) is continuous on D and equal to zero on Y\ D for A-almost all
x € X. Suppose thath fx,y)di(x) > O0forally € D.Ifn: Y x B(X) — [0, 1]
is given by

S La@) f(x,y) dix)
€D,
77()’, A) = fX f(x,y) d)\(x) y (45)
0 y¢D.

then n is weakly continuous on D (even strongly continuous, i.e. y +— n(y, A) is
continuous for all A € B(X)). Let k be a probability measure on B()) and assume
D = supp «. Then n is a product regular conditional kernel under

fXXy 1af dr®«]
f;\gxy S dA ®«]

w:BX) @B(Y) — [0,1], u(A) = (4.6)

with respect to 1, that is weakly continuous on D = supp(|u| o x7h.

Remark 4.9 In the above theorem the conditions may be weakened. Instead of assum-
ing f to be bounded and A, k to be probability measures, we may as well assume that
X and « are positive non-zero measures; that for all y € D there exists a V € M
and a A-integrable 4 : X — [0, co) such that f(x, z) < h(x) for all x € X’; and all
z € VN D andthat f is A ® k-integrable.

In Sect. 6, the condition (b) of Theorem 4.10 is one of the key assumptions. If X
is a metric space, this property follows from weak continuity as in the Portmanteau
theorem. We state this in Theorem 4.10.

Theorem 4.10 Let n : Y x B(X) — R be a probability kernel. Let D C ),y € D
andV C Ny be such that (\V = {y}. Consider the following conditions.

(@ D — M(X), y— n(y, ) is weakly continuous in y.

(b) liminf,c1n(y,, G) = n(y, G) for all open G C X and (y,) 1 in D with y, — y.
(¢) limsup,cn(yi, F) < n(y, F) forall closed F C X and (y,),c1in D withy, — y.
(d) supyyinfyevnp n(v, G) = n(y, G) for all open sets G C X.

(e) infyey sup,cynp n(v, F) < n(y, F) for all closed sets F C X.

(b), (¢), (d), (e) are equivalent. If X is metrisable, then (a) implies (b). If X is metrisable
and Y is first countable, then (a) is equivalent to (b) and hence to (c), (d), and (e).

Proof We leave it to the reader to check the equivalences between (b), (c), (d), (e). If
X is a metric space, one can follow the lines of the Portmanteau theorem in the book
of Billingsley [3, Theorem 2.1] for the implication (a) implies (b); the fact that the
measures in the proof are indexed by the natural numbers instead of a general directed
set I does not affect the argument. The proof of (b)==(a) in the book of Billingsley
relies on the Lebesgue dominated convergence theorem. But when ) is first countable,
one can restrict to sequences (see 4.7) and obtain the implication (b)==>(a) as is done
in the book of Billingsley. O
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Lemma 4.11 Assume that o is a probability measure. Let n be a product regular
conditional probability under w with respect to w. Write D = supp(u o 7 1) and let
y € D. Then for every U € Ny, one has u(X x U) > 0 and

inf n(, A) S u(AxY|X xU) < sup n(v, A) (A € B(&X)). “4.7)
veUND veUND

Moreover; if V C Ny is such that (\V = {y} and n satisfies (b) of Theorem 4.10, then

lilx}li\gf,u(G X YIX x V) >n(y,G)forallopen G C X, 4.8)

€

limsup u(F x Y|X x V) < n(y, F) forall closed F C X. 4.9)
VeV

Proof Let U € N,. Since y € D = supp(i o 771, one has w(X x U) > 0. (4.7)
follows from the fact that for all A € B(X)

wAxU)  [yluoGmn(y, A) dipwor="1(y)
wX xU) — [yly(y) dipen=1(y)
[y Lunp(n(y. A) dipor~"1(y)
[y Tuen) dlwo 1y

(4.10)

For an open G C X we have for V as above

hmmf,u(G X Y|X x V) > liminf inf n(v,G) = sup inf n(v G). “4.11)
VeV veVND yepvevVnD

Thus (4.8) follows when assuming (d) of Theorem 4.10. Similarly, one obtains (4.9).
O

For a regular conditional probability we have a similar statement; see Lemma 4.12.
The proof can be done following the lines of the proof of Lemma 4.11 or as a conse-
quence of Lemma 4.11 using Theorem 3.6.

Lemma 4.12 Assume that v is a probability measure. Let 1 be a regular conditional
probability under v with respect to t. Write D = supp(v o T~ 1) and let y € D. Then
for every U € N, one has v(r7N(U)) > 0 and

1nf n(v A) < v(A|1:71(U)) < sup n(v,A) (A € B(&X)). (4.12)
veUND

Moreover, if V C Ny is such that (\V = {y} and n satisfies (b) of Theorem 4.10, then

lim i]r}f v(G|til(V)) > n(y, G) for all open G C X, 4.13)
Ve

limsup v(F|t (V) < n(y, F) for all closed F C X. (4.14)
VeV
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5 Some Facts About Functions with Compact Sublevel Sets

In this section we present some facts for functions with compact sublevel sets which
are used in Sects. 6, 7 and 8.
In this section X', ) and Z are topological spaces.

Definition 5.1 Let J : X — [0, oo]. We call the set [J < «] (see Sect. 2) a sublevel
set of J for @ € [0, 00). J is said to be lower semicontinuous if all sublevels of J are
closed. J is said to have compact sublevel sets if all sublevels of J are compact.

5.2 Let J : X — [0, oo] be lower semicontinuous. Then

J(x) = sup inf J(G). 5.1
GeN;

Indeed, for all « < J(x) the set [J > «] is open and contains x.
Hence, a function J : X — [0, oo] is lower semicontinuous if and only if

lim ]ilnf J(x) > J(x) 5.2)
e

for all x € X and all nets (x,),cr in X that converge to x.
Lemma 5.3 Let t : Z — Y be continuous. Let J : Z — [0, co] have compact
sublevel sets. Let y € Y andV C N, [V = {y}. Let F C Z be closed. Then

li{/n i]Ijlf inf J(FNt ' (V)) =inf J(F N r_l({y})). (5.3)
€

Consequently, if Z = X x ), then, for all closed F C X withinf J(F x {y}) < oo,

liminf inf J (F X V) =inf J(F x {y}). 5.4)
vey

Proof The < inequality in (5.3) is immediate. Because liminfycyinf J(F N
= 4(V)) > lim ianeNy inf J(F N t=1(V)), it is sufficient to prove

o= li‘}n/i\lflf inf J(F N til(V)) >inf J(FN 17]({y})). (5.5)

Note that « = supy e, inf J(F N =1 (V)). If @ = oo, there is nothing to prove.
Suppose that @ < co. Whence F Nt~ (V)N[J < a+e] # @ forall V ¢ N, and all
e > 0. Since [J < o + ¢] is compact, this implies that ﬂVENy Fnz! (V) N[J <
a+el#0 e inf J(FNT ' ({y}) <a+eforalle > 0. o
5.4 The assumption that T be continuous is not redundant, e.g. consider Y = Z =
[0,1] and J = 11(%’1] and 7 given by 7(0) = 0, 7(1) = 1 and t(x) = 1 — x for

x € (0,1), F =1[0,1] and y = 1. Then, for all neighbourhoods V of y, V)
contains the interval (0, &) for some ¢ > 0, whence inf J(F N t~1(V)) = 0 but
inf J(FNt '({y)) =J(1) = 1.
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Lemma 5.5 Let X be normal and let G be a basis for the topology of X. Let J :
X x Y — [0, oo] have compact sublevel sets.

(a) Forallopen G C X and e > 0, there existsaU € GwithU C U C G such that

inf J(G x {y}) + & >inf J(U x {y}). (5.6)

(b) Forallclosed F C X and a < inf J(F x {y}), there exists Uy, ..., Uy € G such
that with W = X \ (U U ---UUy) one has F C W° C W and

a < inf J(W x {y}) <inf J(W° x {y}) <inf J(F x {y}). 5.7

Proof (a) Lete > 0. Let x € G be such that J(x, y) < inf J(G x {y}) 4+ ¢. Since X
is a normal topological space, there exists an open set U withx e U C U C G.
Because G is a basis, U may be chosenin G. Theninf J (G x {y})+& > J(x, y) >
inf J(U x {y}).

(b) Let 8 > abesuchthat 8 < inf J(F x {y}). ThesetK :={x € X : J(x,y) < B}
is a compact set that is disjoint from F. Whence there exists disjoint open U, V C
X with K € U and F C V. Since §G is a basis and K is compact, there exists
U,...,UpinGwith K cUU---UU, CcU.ThenU;U---UU, NV = 0.
Whence with W := XY\ U; U---UUg,onehas F C W°and W C X'\ K, which
implies inf J(W x {y}) > B > «. O

6 Large Deviations for Product Regular Conditional Probabilities

In this section we consider the following situation.

(i) X and ) are topological spaces, where X is normal.

(i1) G is a basis for the topology of X and H is a basis for the topology of .

(i) 7 : X x Y — YVisgivenby n(x, y) = y.

(iv) (n)nen is a sequence of probability measures on B(X) ® B()) satisfying the
large deviation principle on {A x B : A € B(X), B € B()))} with arate function
J : X x Y — [0, oo] that has compact sublevel sets.

(v) For each n € N we assume the following: supp(u, o T h #* @, there exists
a product regular conditional probability n, : Y x B(X) — [0, 1] under pu,
with respect to r, which satisfies the following continuity condition (see Theo-
rem 4.10):

lim ]ilnf N (¥, G) = nu(y, G) forallopen G C X
Le
and (y,),er in supp(u, o nfl)with v, = Y. 6.1)

(vi) Let y € ). We assume that inf J(X x {y}) < oo and that there exist y, €
supp(i, o 1) with y, — y. We define I : X — [0, oo] by

1(x) = J(x,y) —inf J(X x {y}). 6.2)

5 Asweare considering large deviation bound for (1, (yn, -)),enN With ¥, € supp(uy o~ 1), we want such
yn to exist. Instead of this condition, one could of course deal with the situation where supp(jt,, o xh #9
for some large N and consider sequences (yn),eN With ¥, € supp(uy, o 7 Yforn> N.
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In this section we derive necessary and sufficient conditions for the large deviation
bounds with rate function I for sequences of the form (7, (s, -))nen. We prove this
for general topological spaces instead of metric spaces as it does not cost more effort.

In Theorem 6.3 we consider a fixed sequence (y,),eN With y, — y and describe
equivalent conditions for the lower and upper large deviation bound to hold.

We are interested in the question whether for all sequences (y;,),en With y, — y
the sequence (17, (yn, -))neN satisfies the lower and upper large deviation bound with
rate function /. In Theorem 6.9 we give equivalent® and sufficient conditions for these
bounds in a way that does not depend on sequences (y,),cN and the sets (V,)nen as
in Theorem 6.3.

Finally in 6.12 we comment on deriving Theorem 1.2 from Theorem 6.9.

But first we consider specific situations, providing a simple proof of the large devi-
ation bounds with rate function 7 for sequences of the form (1, (y,, ))nen. Namely,
we consider the case that ) is a discrete space (Theorem 6.1) and the case where w,,
is a product measure for all n € N (Theorem 6.2).

Theorem 6.1 Suppose that Y is countable and equipped with the discrete topology.
Let y € Y be such that inf J(X x {y}) < oo. For all (yp)nen in Y with y, €
supp(i, o V) and y, — v, the sequence (1, (yn, -))nen satisfies the large deviation
principle with rate function I.

Proof This basically follows from the following inequalities which follow from the
large deviation principle and from Theorem 4.6.

lim inf % log un (G x {y}) = —inf J(G x {y}) forallopen G C X, (6.3)
n—oo

lim sup % log un(F x {y}) < —inf J(F x {y}) for all closed F C X. (6.4)

n—00
O

Theorem 6.2 (Independent coordinates) Suppose that X and ) are second countable
and Y is regular. Suppose that |, = ,u}l ® ,u% for some /JL,ll on B(X) and u,% on
B(Y) for all n € N. Then (1n,(yy, -))neN satisfies the large deviation principle with
rate function I for all sequences (y,)neN in Y. In particular, n,(y,, ) = ,u}i and
I(x) =inf J({x} x )).

Proof I is lower semicontinuous (e.g. by 5.2) and for ¢ € Rthe set [/ < c] is a subset
of the compactset {x € X : 3z € Y, J(x,z) < c¢ —inf J(X x {y}P}.
[ <cl=n(J <c+inf J(X x {yD]). O

Theorem 6.3 Let (y,),en be asequence iny with y, € supp(i,om ~ 1) that converges
toy. Forn € NletV, C N,, be such that (\V, = {y}. Then (a2) <= (a3)
<= (al)and (b2) < (b3) < (bl)

(al) Forall open G C X

liminf 1 log 1, (y,, G) > —inf I(G). (6.5)
n— o0

6 Under the condition that Y is first countable.
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(a2) ForallU € G’

lim inf lim sup L log ;L,,(U X Y|X x V) > —inf I (U). (6.6)

n—oo Ve V

(a3) Forall open U C X, one has

lim inf l1m 1nf = log Un(U x Y|X x V) > —inf I (U). 6.7)

n—oo

(bl) Forall closed F C X

limsupilognn(yn,F) < —inf I(F). (6.8)
n—>oo

(b2) ForallUy, ..., Uy € G, one hasfor W =X\ (U U---UUy)

lim sup llm{)nf log i, ((W° x Y|X x V) < —inf I(W). (6.9)

n—oo VeV,

(b3) Forall closed W C X

lim sup lim sup < log i, (W x Y|X x V) < —inf I(W). (6.10)

n—o0o  Ve),

Proof The implications (a3) = (a2) and (b3) = (b2) are immediate.
(al) = (a3) Let U C X be an open set. By Lemma 4.11, (4.8),

hmmfhmmf —log,u,,,(U X YIX x V) > hmmf o log 1, (yn, U). (6.11)

n—oQ
(bl) = (b3) Let W C X be a closed set. By Lemma 4.11, (4.9),

lim sup lim sup -~ 1 log un (W x Y|X x V) < hm sup 1 log 1, (Yn, W). (6.12)

n—oo  ve),

(a2) = (al). Let G C X be open. Let ¢ > 0 and U be as in Lemma 5.5(a). Then
we obtain using Lemma 4.11
liminf 1 log 1, (y,. G) > lim inf Llog 1, (yn. U)
n— o0

> llmmfhmsup log,un(U X Y|X x V)
n—oo VEVH

> —inf I(U) = —inf J(U x {y}) +inf J(X x {y})
> —inf J(G x {y}) +inf J(X x {y}) —e. (6.13)

As this holds for all ¢ > 0, we conclude (6.5).

7 Note that un(X xV)y>O0foralln e Nand V € ./\/'yn, as yp € supp(in onfl).
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(b2) = (bl).Leto < inf J(Fx{y})and Uy, ..., Uy and W be asin Lemma 5.5(b).
Then we obtain using Lemma 4.11

lim sup % log 0y (yu, F) < limsup % log 1 (yn, W°)

n—o0 n—o0

< lim sup lim‘i)nf % log ity (W° x YIX x V)
€Vn

n—oo V
< —inf I(W) < —a + inf J(X x {y}). (6.14)
As this holds for all ¢ < inf J(F x {y}), we conclude (6.8). O

6.4 (Fixed y) Notethatif y, = yforalln € N,onecantakeV, = VforalV C Ny with
() V = {y}. Then Theorem 6.3 implies that (n,(y, -))nen satisfies the large deviation
principle with rate function / if and only if (a2) and (b2) hold (with V,, = V).

6.5 Let(y,)nenin)Y besuchthaty, € supp(unorr’l) and y, — y.From Theorem 6.3
we derive that (a2) holds for some V, C Ny, with [V, = {y,} if and only if (a2)
holds for all such V,. Similarly, (b2) holds for some V,, C J\/'yn with OV, = {yu} if
and only if (b2) holds for all such V, C Ny, .

In Lemma 6.7, we give a consequence of the large deviation principle of (uy),eN-
In Theorems 6.9 and 6.10 we use this to formulate sufficient conditions for upper or
lower large deviation bounds on sequences (1, (V,, -))nen With y, — y and sequences

(nn (y, ‘)neN-
We assumed & to be normal in this section. For Lemma 6.7 this assumption can be

dropped.
6.6 For all neighbourhoods V of y one has by the large deviation principle

liminf%logun(/\,’ x V) > —inf J(X x V°) > —inf J(X x {y}) > —oc0. (6.15)
n—0oo
In particular, there exists an N € N such that i, (X x V) > Oforalln > N. Therefore
Un(G x Y|X x V) is well defined for large n.
Lemma 6.7 (a) Foropen G C X

lim inf lirllllglf %logun(G X Y|X x V) > —inf I (G). (6.16)

VeN,y neN:n (X xV)>0

(b) Forclosed F C X

limsup lim sup %log,un(F X Y|X x V) < —inf I (F). (6.17)

n—oo
veN, neN:jin (X% V)>0

Proof (a) Lete > 0. By Lemma 5.3, there exists a Vy € Ny such that forall V € Ny
with V. C Vy

inf J(X x {y}) = inf J(X x V) > inf J(X x Vo) > inf J(X x {y}) —&.
(6.18)
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Let V € N, be such that V C Vp. As lim supn_)ooﬁlogy,n()\f x V) > —o0
(see 6.6), we can “split the liminf in two” and we get by the large deviation
principle and by (6.18)

liminf  +log s, (G x Y|X x V)

neNipup (XxV)=0

= liminf 1 log 1, (G x V) — limsup X log 11, (X x V)
n—0oo

n—o00

> —inf J(G x {y}) +inf J(X x V) > —inf I(G) —e.  (6.19)

(b) Let o < inf J(F x {y}). There exists a neighbourhood Vj of y such that for all
neighbourhoods V of y with V. C Vy

inf J(F x {y}) >inf J(F x V) > inf J(F x Vg) > a. (6.20)
Let V € Ny be such that y € V C Vp. Similarly as above, we get

limsup  1logu,(F x YIX x V) < —a +inf J(X x {y}). (6.21)

n—00
neN:pup (XxV)=>0

Theorem 6.8 I has compact sublevel sets.
Proof [I <c]l=n([J <c+inf J(X x {yD]. O
Theorem 6.9 We have

(AS) = (Ad) <= (A3) = (A2) = (Al),
and, if Y is first countable, then
(Al) < (A2),

where

(A1) For all (yp)nen with y, € supp(iu, o w1 and y, — vy, the sequence
(M2 (Vs ))neN satisfies the large deviation lower bound with rate function I.
(A2) ForallU € G

sup liminf inf %log MH(U X Y|X xV)>—inf I(U). (6.22)
VoeN, 100 VeH, VTV
Y Vﬁsupp(u.nonfl)#ﬂ

(A3) ForallU € G

sup liminf inf Llog 1a (U x Y1X x V)

VoeN, n—o0 VeH,VCTVy
Y VNsupp(upom ~ 1)
> limji\rflf lim inf %log Un(U x Y|X x V). (6.23)
Ve v n—0o0

neNipup (XxV)=0
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(A4) For all U € G we have VZy € Ny Ve > 03Vy € N,3Z e N,,Z C
ZoVYM3m > M3INV¥n > NVV e H,V C Vo, V Nsupp(u, o w1 # @:

Llog 11y (U x Y1X x V) = Llog (U x Y| X x Z) — . (6.24)

(AS) Forall U € G we have Ve > 0VVy e NyAN € NVn > NVV e H,V C
Vo, V N supp(p, o w™!) # 0:

ta(U x VIX x V) = ™" 1, (U x Y|X x Vp). (6.25)
Moreover,
(B5) = (B4) <= (B3) = (B2) = (BIl),
and, if Y is first countable, then
(Bl) < (B2),

where

(B1) For all (yn)nen with y, € supp(u, o 7t7]) and y, — y the sequence
(72 (Vn» ))nen satisfies the large deviation upper bound with rate function I.
(B2) Forall Uy, ..., Uy € G one has for W = X \ (U U---UUy)

inf lim sup sup %log Un(W° x YIX x V) < —inf I(W). (6.26)
VoeNy n—oo VeH, Ve
VOsupp(unom —1)#£0

(B3) ForallUy, ..., Uy € Gwith W =X\ (U U---UUy)

inf lim sup sup %log,u,,(WO X Y|X x V)

VoeNy n—o0 VeH, VTV
VOsupp(unor —1)#0
<limsup limsup %log Un(W x Y|X x V). (6.27)
V€N n—o00

Y neNiup (X xV)>0

(B4) For all Uy, ..., Uy € Gwith W = X\ (U U ---UUg) we have YZy €
Ny Ve > 03Vg € Ny3Z e Ny, Z C Zo YM3Im > M3IN Vn = N VV €
H,V C Vo, VNsupp(pun o ™) # @:

Llog 11a (U x Y1X x V) < Llog im(U x Y| X x Z) + . (6.28)

(BS) ForallUy, ..., Uy € GwithW = X\ (U U---UUy) we have Ve > O VVjy €
Ny3IN eNVn> NVV e H,V C Vo,V Nsupp(py o) # 0:

(W x VIX x V) < " pp(W x Y|X x Vo) (6.29)

@ Springer



1078 J Theor Probab (2018) 31:1058-1096

Proof The proofs of (BS) — (B4) <— (B3) = (B2) = (B1) and of (B]) =
(B2) are similar to the proofs of the following implications.

(A4) < (A3) follows by definition of sup, inf, lim sup and lim inf.

(A5) = (A3) Let U € G. Assuming (A5) we obtain Ve > 0 VVy € N, 3N €
N Vn > N and one has u, (X x V) > 0 and

inf L1og 11, (U x Y1X x V) = Llog pu, (U x Y|X x Vo) —e. (6.30)

VeH.VCVy
Vsupp(upon —1)£p

SoVe > 0VVy e N,

sup liminf inf Llog un(U x Y|X x V)
ZeN, n—00 VeH,VCZ
Y Vsupp(unon —1)#0

> liminf Llog 1 (U x Y1X x Vp) —e. (6.31)

neN:pup (X xVg)>0

(A3) = (A2) Follows by Lemma 6.7.

(A2) = (Al). Suppose that (A2) holds. Let U € G with inf J(U x {y}) < oo
and let ¢ > 0. Let Vo € Ny and N € N be such that %logun(ﬁ X YIX xV) >
—inf I(U)—¢foralln > NandallV € HwithV C Vjand Vﬂsupp(,unon_l) # 0.
Let (yn)nen be such that y, € supp(u, o 71") and y, — y.Let Ny > N be such that
yn € Vo foralln > Np. Then foralln > Noand V € N,, N'H with V C V we have
%log wn(U x Y|X x V) = —inf I(U) — e. This implies (a2) of Theorem 6.3 (with
Vo =Ny, NH).

(A1) = (A2) (assuming ) is first countable). Suppose that (A2) does not hold.
Let (Vin)men be a decreasing sequence in H with [, en Vi = {y}. Then there exists
aU € G withinf J(U x {y}) < oo and an « > inf I (U) such that for all M € N and
N e Nthereexistann > N anda V € H with V C Vjy and V Nsupp(iu, o ~1) #£ 0
such that

Llog 11, (U x Y|X x V) < —a. (6.32)
Let 8 < o be such that 8 > inf I (U). By Lemma 4.11 we have

inf Llog nu(z, U) < Llog (U x YIX x V). (6.33)
zeVNsupp(u,omr—1)

For each m € N there exist an n,, and a yy,, € Vj, N supp(it,,, o 7 ') such that

L 10g 1, (Y, U) < =B (6.34)
We may choose ny < ny < n3 < ---. With yy = y for k ¢ {n,, : m € N} we have
v, — y and
lim inf 1 log 1, (y,, U) < liminf - log n,,, (¥n,,, U) < —B. (6.35)
n—00 m—oo 'm
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Therefore (al) of Theorem 6.3 does not hold, which implies that (A1) does not hold.
O

We can also use Lemma 6.7 and Theorem 6.3 (see also 6.4) to obtain sufficient
conditions for the lower or upper large deviation bounds for (7, (v, -))neN-

Theorem 6.10 Let V C N, be such that (| V = {y}.
(a) Suppose that for all U € G with inf J(U x {y}) < o0

lim inf lim sup < log p, (U x Y| X x V)

n—>00 vy n

> lim inf linnlg}f %log un(U x Y|X x V). (6.36)

Ve Y neNiup (X xV)=0

Then (N, (v, -))neN Satisfies the large deviation lower bound with rate function 1.

(b) Suppose that forallUy, ..., Uy € Gwith W = X\ (U U---UUy)
lim sup lim inf 1 log 1, (W° x Y|X x V)
n—o00 vey "
<limsup limsup %log Un(W x Y|X x V). (6.37)
VEMv n—00

neNiup (XxV)=0
Then (N, (v, -))neN satisfies the large deviation upper bound with rate function I.

6.11 (6.36) and (6.37) hold for example when Ve > 0 VVy € VAN € N Vn >
NYV eV, VCW:

un(U x YIX x V) = e pun(U x Y|X x Vo), (6.38)
un(W x YIX x V) < " pun(W x YIX x Vo), (6.39)

respectively.

6.12 Theorem 1.2 is a consequence of Theorems 4.10, 6.8 and 6.9 withG = {B(x, r) :
xeX,r>0and’ H={B(y,8):ye )Y, 6 >0}

7 Large Deviations for Regular Conditional Probabilities

In this section X and ) are topological spaces, (v,),eN is a sequence of probability
measures on 5(X) that satisfies the large deviation principle with rate function K :
X — [0,00],and T : X — ) is continuous. For more assumptions, see 7.2.

We derive the analogous statements as in Sect. 6 but for regular conditional kernels
instead of product regular conditional kernels (7.3 and Theorem 7.5). First we show that
with w, the probability measure corresponding on the product space corresponding
to v, as in Theorem 3.6, the sequence (i,),eN satisfies the large deviation principle
with a rate function described in terms of K (Theorem 7.1).

If (n,)nen are regular conditional probabilities under (v,),eN given t, then one
could also follow the proofs in Sect. 6 for the product regular conditional probabilities
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to obtain similar results for large deviations for sequences of the form (1, (Y, *))neN-
Instead, we make the approach via Theorem 3.6 to translate the results to the setting

of regular conditional probabilities.

Theorem 7.1 For all n € N let , be the probability measure on B(X) @ B()) for
which (A x B) = v,(ANTt(B)) for A € B(X), B € B(Y) (as in Theorem 3.6).
Then (in)neN satisfies the large deviation principle on {A x B : A € B(X), B €

B(Y)} with rate function J : X x ) — [0, oo] given by

ke =y,
T =1 T(x) # .

If K has compact sublevel sets, then so does J.

Proof By definition of J we have
inf K(ANT~'(B)) =inf J(A x B) (A € B(X), B eB()).
Let A € B(X) and B € B()). Then
liminf 1 log 1, (A x B) = liminf 1 logv,(ANt~'(B))
n—o00 n—00
> —inf K(ANt~'(B))°).
We have (ANt~ 1(B))° = A° Nt~ (B)° and t~1(B)° D v~ 1(B°), whence

inf K((ANt~'(B))°) < inf K(A° Nt~ (B°))
= inf J(A° x B®) = inf J((A x B)°).

Similarly
lim sup % log un(A x B) = lim sup % logv, (AN r_l(B))

n—o0 n— 00

< —inf K(ANT 1 (B)).

We have AN t—1(B) c ANt—(B) and t—1(B) C t~!(B), whence

inf K(ANT=-1(B)) > inf K(ANt'(B)) = inf J(A x B).

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

Suppose that K has compact sublevel sets. Let ¢ > 0. Then [J < c] is contained in
the compact set [K < ¢] X 7([K < c]). By Theorem 6.8 I has compact sublevel sets.

O

7.2 In the rest of this section X" is normal, and G, H, 7 are as in (ii) and (iii) of Sect. 6.

Furthermore similarly to (v) and (vi) of Sect. 6, we assume the following.

@ Springer



J Theor Probab (2018) 31:1058-1096 1081

(v)* For each n € N we assume the following: supp(v, o 1 = (), there exists a
regular conditional probability n,, : ) x B(X) — [0, 1] under v, with respect
to 7, satisfying the continuity condition (6.1).

(vi)* Let y € ). We assume that inf K (t~'({y})) < oo and that there exists y, €
supp(v, o 71 with y, — y.Let I : X — [0, o] be given by

I(x) =J(x,y) —inf J(X x {y})

: -1
_ {K(x) —inf K@ () T =y, )
00 T(x) # y.
7.3 As by Theorem 3.6 5, is the product regular conditional kernel under w, with
respectto 7r; by Theorem 7.1 (1, ) en satisfies the large deviation principle on {A x B :
A € B(X), B € B())} with rate function J, and inf J(X x {y}) = inf K (t 7' (y)) <
oo and u, and n, are as in Sect. 6 (in the sense that (iv), (v), (vi) hold). Therefore
we can translate the results of Sect. 6, but also the results of Sects. 4 and 5, using, for
example (7.2), v, o 7! = u, o 7! and that for V e B(Y) with v,(t"1(V)) > 0
and for A € B(X)

(AT 7HV)) = pn(A x XX x V). (7.8)

In this sense also Theorem 1.3 follows from Theorem 1.2. We present some of the
equivalent statements of Theorem 6.9 in Theorem 7.5.

Remark 7.4 Because of the relation between w, and v, and between K and J, in
Theorem 7.1 we were able to prove the large deviation principle on {A x B : A €
B(X), B € B())}. Whether it can be extended to the large deviation principle on
B(X) ® B()) is a priori not clear. However, for the purpose of using the results of
Sect. 6, this is not required (as only (iv) of Sect. 6 is required). This is the main reason
to define the large deviation bounds as in Definition 1.1.

Theorem 7.5 (A3) = (A2) = (Al). If Y is first countable, then (Al) <= (A2).

(A1) For all (yp)nen with y, € supp(v, o t~1) and y, — y the sequence
(M0 (Vns *))neN Satisfies the large deviation lower bound with rate function I.
(A2) ForallU € G

sup liminf inf Llog v, Ue=1(V)) = —inf 1 (V). (7.9)
N, 100 VeH, VTV n
Y Vﬂsupp(vnor_])#(/l

(A3) ForallU € G

sup liminf inf % logv, Ut~ (V))

VoeN, n—o0 VeH.,vcVy

Y Vﬂsupp(u,;or*l)#(/l
> liminf  liminf  Llogv,(U|t~"(V)). 7.10
zlmipf  lmigf g logu (Ul (V) (7.10)

neN:vn(r*I(V))>0
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(B3) = (B2) = (B1). If Y is first countable, then (B1) <— (B2).
(B1) For all (yp)pen with y, € supp(v, o ™ and Yo — Y the sequence

(72 (Vn» ))nen satisfies the large deviation upper bound with rate function I.
(B2) ForallUy,...,Ux € Gone hasfor W =X\ (U U---UUy)

inf lim sup sup %log v,,(Wolr*](V)) < —inf I (W). (7.11)
V()E./\G n— 00 VeH., VTV
Vﬁsupp(vnot_l)#l/l

(B3) ForallUy,..., Ui € GwithW = X\ (U; U---UUy)

inf lim sup sup %log v (Welt~ (V)

VoeN, n—oo VeH,VCVy
Vﬂsupp(vnor*l)#(ﬂ
<limsup limsup  Llogv,(W|t='(v)). (7.12)
VE./\/:V n—oo

neN:vn(r’I(V))>0

8 An Application to Conditional Probabilities of Empirical Distributions
on Finite Sets

In terms of random variables, Sanov’s theorem gives us the large deviation principle

of empirical densities % > 8x,, where X1, Xo, ... are independent and identically
distributed random variables. We consider large deviations of % Y, 8x, conditioning

on % Z?: 1 8y; = V¥, where (X1, Y1), (X2, Y>), ... are independent and identically
distributed couples of random variables, both random variables attaining their values
in a finite set. This large deviation principle is formalised in Theorem 8.2.

In this section we consider the following.

e Let R and S be finite sets equipped with the discrete topology (discrete metric).
Let P(R), P(S) and P(R x S) be equipped by the weak topology, and let 0 denote
the Prohorov metric (see Billingsley [3, Appendix III]) on each of the spaces.

o Leth € P(R xS). Weassume A(R x {s}) > Oforalls € S.

e Forn e Nlet L, : R" — P(R) be given by L,(r) = %2?216” for r =
(ri,...,rp) € R".

o Write 7;,,(R) = L,(R") = {}l Y8 i, ...,rp € R}, similarly
Pemp(S) = Ly(S") and Py, (R x §) = Ly (R x ).

e Letm: P(RxS)— P(R)x P(S) be the map that maps a measure in P(R x S)
onto the pair of its marginals, i.e. m is given by

m(&) = (6 x &), §(R x ). 8.1
e Letw : P(R) x P(S) — P(S) be the map given by 7 (§,¢) = ¢.
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e Let u, be the probability measure on B(P(R)) ® B(P(S)) defined by
Un = (®7:1 A) o L;l om™1, so that for A € B(P(R)) and B € B(P(S))

tn(A x B) = <® A) (L;'(A) x L;'(B)). (8.2)
i=1

e Definef : S x B(R) — [0, 1] by 8(s, A) = L(A x S|R x {s}).
e Define n, : P(S) x B(P(R)) — [0, 1] by

(R 0Gsi. )] o Lyl (A) & € Pl (S). & =Lu(si.....50)

&, A) = forsy,...,s, €S,
0 £ ¢ Pgmp(S).
(8.3)
e LetJ :P(R) x P(S) — [0, oc] be given by
J(p,0) = inf H(EN). (8.4)

gem~!({(p.,0)})

where H (£|A) is the relative entropy of & with respect to A ([7, Definition 2.1.5]).
e Let yy € P(S) be such that

inf H(EL) < 0. (8.5)
gem=1(P(R)x{y})

8.1 We present some facts which follow from the assumptions with little effort; to
some facts we give some explanation or references.

(@) Py, (S)isclosedinP(S). Moreover, if § and & in Py, ,(S) are such that & — &,
then there exist s;; and g; inS fori € {1, ..., n}suchthat& = L, ((sk1, - .., Skn)),
E=L,((q1,...,qn)) and s; — q; foralli € {1, ..., n}.

(b) supp(pn 0 7" =Pl (S).

(c) nnisaproductregular conditional kernel under p,, with respect to r that is weakly
continuous on Py, (S).

d (@Ar"o L;I)HEN satisfies the large deviation principle with rate function H (-|A).

(e) m is continuous.

(f) (un)nen satisfies the large deviation principle with rate function J.

(a) follows from the fact that S is a finite space. (b) follows from (a), from the
fact that the complement of P;’mp(S) has pw, o 7~ '-measure zero and because
wn o m Y {L,(s)})) > 0 for all s € S”, which is due to the assumptions on A. (c)
follows by a straightforward calculation, and the continuity follows from (a). For (d)
see Sanov’s theorem (Dembo and Zeitouni [7, Theorem 6.2.10]). (e) follows from the
fact that if £, — & in P(R x §), then the R- and S-marginals of &, converge to
the R- and S-marginals of &, respectively. Then (f) follows from (a) and (d) by the
contraction principle [7, Theorem 4.2.1].
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In the rest of this section, we prove the following theorem.

Theorem 8.2 For all (Y,)neny With ¥, € Png(S) and Yy, — 1, the sequence

(7 (Y, )nen satisfies the large deviation principle with rate function I : P(R) —
[0, oo], given by

1(¢) = inf  H(EL) — inf HE|N). (8.6)
gem=1({(6, 1)) gem=1(P(R)x{y))

I is continuous on [I < o0].

As P(S) is first countable, it is sufficient to show that (A2) and (B2) of Theo-
rem 6.9 hold. In 8.4 we use the bounds of Lemma 8.3 to derive other bounds which
imply (A2) and (B2). The continuity of / follows by continuity of the map v +— H (v|A)
(Lemma 8.5).

Lemma 8.3 [7, Lemma 2.1.9] Forv € P? (R x S) one has, with M = (#R)#S),

emp
(n+ 1) MenHOW < [@ )\} (L, ({v})) < e A0, (8.7)
i=1

8.4 From Lemma 8.3 we obtain the following bounds for A € B(P(R)) and B €
B(P(S)).

—n inf _ n H
b (A x B) < #L; (AL, (B)e " ver i Pl sy HOW)
< (n+ DM Moemlaxm HOW (8.8)
Jn(A % B) > (n + 1)~ M Mentmnl s O, (8.9)
Whence
Liog [(n + 1)—2M] — inf Hop) —  inf  HE)
_vem*l(AxB)ﬂPglmp(’RxS) gem~1(RxB)
< Mog py(A x S|R x B)
< liog [(n F M) inf  H@[A) — inf HER |
E vem~!(AxB) Eem*l(RxB)ﬂPZ’mP(RXS)
(8.10)

In order to derive (A2) and (B2) of Theorem 6.9, we make the following observation.
By (8.10) we have for an open U and a closed W thatif forboth A = U and C =R

@ Springer



J Theor Probab (2018) 31:1058-1096 1085

aswellas A = R and C = W we have

inf  lim sup sup inf Hw|A) — inf H(E N
VoeNy n—oo  vem.veyy | vem—1(Ax V)NPL,,(RxS) gem~1(CoxV)
VOPLp (S) 20
< inf H@w|Ar) — inf H(EN), (8.11)
vem~!(Ax{y}) gem~1(Cx{y})

then

sup liminf inf %log ,un(U X SR x V) >—inf I(U), (8.12)

VoeN, n—oo VeH,vcVy
v VOsupp(unor =)

inf lim sup sup %log Un(W° x SIR x V) < —inf I(W), (8.13)
Voe./\/’y, n—o0 VeH, VTV
VOsupp(up o ~1) A4

As
inf lim sup sup inf HW)) — inf H(E&|A)
VoeNy n—oo  vemwveyy, | vem~l(AxV)NPL,, (RxS) gem~-1(CxV)
VAPl (S)#0
< inf limsup sup inf H(v|A)

V()G./\/’w n—o00 VeH., VTV vEm_l(AXV)mpgrnlf
VAP, (S)70

— sup inf in H(EN)
VeR.Vcyy em~1(CxV)
YN upptumon =16 ¢ (

(RxS)

< inf limsup sup inf H®@))
VoeNy n—oo cePL,,,(S)NVy vem~H(AX{ZHNPY,,(RXS)
— sup inf H(EN), (8.14)

VeN, sem=1(CxV)

(8.11) holds (for both A = U and C = R as well as for A = R and C = W, where
U is open and W is closed) if for all open U and all closed W

inf limsup sup inf H(|))
VoeNy n—oo £€PL,,(S)NVo vem~ (U x{¢HNPL,,, (RxS)
< inf H(|A), (8.15)
vem~H(Ux{y})
sup inf H(EN) > inf H(EN). (8.16)
VeN, semL(WxV) gem=I(Wx{y})

(8.16) is a consequence of Lemma 5.3, as m™ (W x V) = m~ (W x P(S)) N
m 1 (P(R) x V), theset F = m~ (W x P(S)) is closed for closed W, m ™' (P(R) x
V) = (wom)~1(V), and 7 om is continuous. The proof of inequality (8.15) requires a
little more attention. First we present some facts which are used to prove this inequality
in Lemma 8.8.
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Lemma 8.5 [7, Remark below Definition 2.1.5] The map v — H (v|A) is continuous
on [H(-|A) < oo]. In particular, for all ¢ > 0 and § € P(R x S) there exists a
© € N such that

HOWA) —e < HEN) (ve®N[H(GIA) < o). (8.17)

Consequently, I as in (8.6) is continuous on [J < o).

Lemma 8.6 (a) Let k,l € Nand; €

emp(S) such that 0(v, ¢) < T
(b) For all open ® C P(S) there exists an N € N such that P,
n>N.

emp(S) For all m > ki there exists a v €

(S)NO # @ forall

em P

Proof () Leti € {1,...,k}. Let& € Pl
an element of Pkt (8). Forevery A C S

emp

(S). Then the measure 7/%-¢ + = is

(¢ + EEl(A) — ()| <2587 <2 = 1. (8.18)

By definition of the Prohorov metric, this implies D([%{ + #é 1,¢) < %
(b) Let &£ € P(S) and § > O be such that B(&, §) C ®. For each & € P(S) there
isak e Nanda<¢ € emp(S) such that 0(2,¢) < —. Because of this, (b) follows

from (a) by letting / be such that 7 < 7 and N = k. O

Lemma 8.7 Leté € P(RxS), mrom(§) =Y and & K A. Forall(S > 0 there exist a
k > 0andan N € N such that foralln > N and all ¢ € P2 (S) withd(¢, V) < k
thereisav € P (R x S) with

emp

emp

TomW) =2, v<&i D E) <S8, D(v(- % 8), £(- x 3)) <5 (8.19)

Proof In this proof, for a measure £ € P(R x S), we write &, = £({(r, 5)}), so that
& =, £rs8(r.5) where we use the shorthand notation *) " instead of “} | . (5™
Let M = #R#S. Note that

&, v) < M max |$” Vys | (§, v e PR x S)). (8.20)

Letk > 0 and n € N. We first give an estimation by which it is clear which « and
N one should choose. By the assumptions on A for every s € S there exists ary € R
with A, s > 0.

First we show that there existsa&* € Pf‘mp (Xx)Y)withé* < Eand £ —&5| < %
for all r e R and s € S. For each pair (r, s) € R x S with &.¢ > 0 we can choose a
&, € {0, 1 r n, ..., 1} such that |&, — &/ | < % By letting £, = 0 when Erv =0and
add or subtract 1 - to some of the &/, we obtain a collection of £, € {0, 0 n, s 1)

with ), &% = land |§f — &] < % and & = 0 whenever £,y = Oforallr € R
ands € S.
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Let§ € P(R x S). Suppose that ¢ € Py, ,(S) is such that |¢; — ), &r| < k.
Then g — ), &% < k + 2M We construct a v € Py, (R x S) by defining the
Vs by each s separately. Let s e S Ifg — ) &5 < 0, then we choose v,y < &7
with v,y € {0, %, ..., 1} in such way that ) v,y = & (note that |v.s — &%| <
1&g — Y, &5 D). While, if & — >, &% > 0, then we let v,y = £ forall  # ry and we
let v, = &5+ & — Do &N (sothat Y v = &) As §* < & and § < A, by the
construction of v we have v < A. Moreover, we have 7 o m(v) = ¢ and

Zs”

<k+32M+ 2. (8.21)

max |vrs Ers|<max

+ max =
reR,seS reR,s |§” 6]

which implies by (8.20)
(v, £) < Mk + 2(M* + M). (8.22)
Moreover, as | Zs Vrs — Zs &rs|l < M maxges [vrs — &rsl,

D(V(- x 8),E( x S)) < Mrrréa%‘;vm - XS:SM

< M?k + 2(M° + M?).

(8.23)

By choosing k > 0 and N € N such that M?x + %(M3 + M?) < 8 the proof is
complete. O

Lemma 8.8 Forall openU C R

0 < inf limsup sup inf H|))
VoeNy n—oo P2, (S)NVy vem~L(Ux{¢HNPY,,(RxS)
< inf H(vL). (8.24)

vem~1(Ux{y})

Proof We assume inf, ¢ -1y H(V[2) < o00. Let § € m~ (U x {y}) be such
that H(£|1) < oo. Let ¢ > 0. We show there exists a Vjy € /\/'1/, and an N € N such

that for all n > N the set P, ,(S) N Vo is not empty and for all ¢ € Py, ,(S) N Vo
there exists a v e m~ (U x {¢}) N emp(R x &) with
H®W|)) —e < H(E|A). (8.25)
Let § be such that (see Lemma 8.5)
B(E(-x 8),8) CU, (8.26)
HW[A) —e = H(EL) (v e B(§,8) N[H(:[A) < oo]). (8.27)
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Then let « > 0 and N € N be as in Lemma 8.7. Let Vo = B(y, k). By Lemma 8.6
we may assume that N is large enough such that Py, ,(S) N Vo # ¥. Letn > N and

¢ € Pgyp(S)NVy. By Lemma 8.7 there existsa v € 7,,,,(R x S) withw om(v) = ¢,
v < randv(- x S) € B(E(- x 8),8),v € B(£,8),1.e. by (8.26),v € m~ (U x {¢}).
Vv K A implies v € [H(:|A) < oc]; thus with (8.27) we obtain (8.25). O
9 Examples

In Sect. 8, we showed that the regular conditional kernel 7, as in (8.3) satisfies (A1)
and (B1) of Theorem 6.9 by showing that (A2) and (B2) of that theorem hold. This
is not always the most optimal approach; in Example 9.1 we show that for a specific
example of Gaussian measures the expression of 7,, allows us to derive (A1) and (B1)
directly.

Furthermore, relying on Theorem 9.2, in Example 9.4, we give an example of a
(Nn)nen for which (A1) of Theorem 6.9 does not hold. In Remark 9.5 we mention that
for the one choice of measures in Example 9.4 a quenched large deviation principle is
satisfied, while for the other choice of measures there is no quenched large deviation
principle. In Example 9.6 we show that for a choice of measures as in Example 9.4 the
conditional regular kernel in a specific chosen point does not satisfy any large deviation
principle. In Remark 9.7 we discuss exponential tightness of the regular conditional
kernel. In Remark 9.8 we discuss the differences between the present paper and the
paper of La Cour and Schieve [20].

Example 9.1 Letr # 0, Z, := [, [p e~ 3O =2ry+y?) gy dy and consider (i,)nen
the sequence of probability measures on B(R x R) determined by

l n 5
pn(A x B) = Z_/R/Rhw(x, Ne FE-2HN 4y dy (A, B € B[R)).
n
©.1)

The sequence satisfies the large deviation principle with rate function J : R?> — [0, oo]
given by J(x, y) = %()c2 —2rxy + y?). By Theorem 4.8 7, given by

2
Ja e~ 32 gy Ae_%(x_’y)z dx

Jr emHI) gy Jr e~ 2?4y

m(y, A) = , 9.2)

is the weakly continuous product regular conditional probability under w,, with respect
to the projection on the )-coordinate. If y, — y, one can show that for A € R

lim 1 log / ¢ A (v, 1) = lim L log / ¢ (v, 1)
R n—0o0o R

n—o00

= ary + 327 9.3)

Then by the Girtner—Ellis theorem (see for example Dembo and Zeitouni [7, Theorem
2.3.6]) we conclude that (1, (y,, -))nen satisfies the large deviation principle with the
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same rate function as the one of the large deviation principle of (17,,(y, -))neN, Which is
x — (x —ry)?. Note that this equals J (x, y) —inf J (R x {y}) because of the equality
x2— 2rxy + y2 =(x - ry)2 + (1 — rz)yz.

The proof of the following theorem can be found in “Appendix 3”.

Theorem 9.2 Let X and Y be separable metric spaces. Let (M,l,)neN and (ll«%,)neN be
sequences of probability measures on B(X). Let (v,)neN be a sequence of probability
measures on B()) that satisfies the large deviation principle with a rate function
L :Y — [0, 00]. Suppose that y € Y and Wy, € Ny are such that (,cy Wn = {y}
and oy, : Y — [0, 1] is a continuous function with o, (y) = 0and oy, = 1 on Y \ Wy,
such that

liminf ! log (/ an dv,,) =0, liminf ! log< (1 —ay) dvn) =0. (94
n—oo A n—oo Wy

Assume (,u,ll)neN satisfies the large deviation principle with rate function I. Assume
furthermore that for all open A C X
liminf 1 log s} (A) > liminf 1 log 112 (A), 9.5)
n—o0 n—o0

limsup L log e} (X' \ A) > limsup L log u2 (X' \ A). 9.6)

n—00 n—00
Let ., be the probability measure on B(X)QB()) for whichfor A € B(X), B € B())
Jn(A x B) = u,ﬁ(A)fyﬂgan dv, +u,%(A)fyﬂB(1 —a) dv, O

Then (i4n)neN satisfies the large deviation principle with rate function J : X x Y —
[0, o0] given by J(x,y) = I(x) + L(y). nn : YV x B(X) — [0, 1] defined by

M (¥, A) = an (Nl (A) + (1 — ay(y) 2 (A) (9.8)

is the weakly continuous product regular conditional probability under ,, with respect
tomwr: X x)Y — Ygivenby w(x,y) =y.

Note that I (x) = J(x,y) —inf J(X x {y}) forallx e X,y € ).

Example 9.3 We give examples of V, W,,, «,,, v, and L such that (9.4) of Theorem 9.2
is satisfied and (v,),eN satisfies the large deviation principle with rate function L.
(a) Let Y = [0,00), ap(y) = min{ny, 1} for y € Y and let v,(B) =
1
fO‘T) 1(y)ne™ dy for B € B([0,00)). Then [;' &y dv, = 1 — 2¢~! and

o (1 — ay) dv, = e~!. Therefore with this v,, &, and W,, = [—1, 11 (9.4) is
satisfied. Moreover (v,),en satisfies the large deviation principle with rate func-
tion L : Y — [0, oo], L(y) = y (this follows from example by the Girtner—Ellis

theorem [7, Theorem 2.3.6]).
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(b) LetY =Randv, = u NO.L) (the Gaussian measure corresponding to a A/(0, n)
distributed random variable). Then there exists a decreasing sequence (&,),eN
in (0, c0) with g, | 0, such that with W,, = [—¢,,, &,] there exist functions «,,
as in Theorem 9.2 such that (9.4) is satisfied (see the postscript). With v,? =
%80 + %vn instead of v, (9.4) is also satisfied. Moreover, (v,),<n and (V,(,))neN
(use Lemma 9.9) satisfy the large deviation principle with rate function L : ) —
[01 00]7 L()’) =35
Postscript.

Let 8 = vi([—1, 1]). Letk, = \/Lﬁ Then v,[—kp, kn] = B foralln € N. Let ¢, :
R — [0, 1]be defined by ¢, (z) = min{e ™|z, 1}. Thenlim, o f[_Kn’Kn] ¢ dvy =
B, limg o f[fxn,/cnl 1 — ¢ dvy =0 and

/ ¢, dv, < / 1 — ¢y, dv,. 9.9)
[—Kn.kn] [—Kn.kn]
Therefore, for all n € N, there exists an ¢, € (0, k,,) such that
/ b, dvy = 1 = 1= g, dv, (9.10)
[—Kn,kn] [—kn,kn]

With «;, = ¢, (9.4) as in Theorem 9.2 is satisfied.

Example 9.4 With X = R, ,u}l = KUN.1) ,u,% = 5% and I (x) = %xz for x € R and
Y, v, (or vg), o, Wy, and L as in Examples 9.3 (a) or (b) the conditions of Theorem 9.2
are satisfied (note that (§1),en satisfies the large deviation principle with rate function
H :R — [0, 0o] given by H(0) = 0 and H (x) = oo for x # 0).

Then n,(0, -) = 81 and n,(¢e,, ") = N 1 for all n € N. Whence (,,(0, *)),en
satisfies the large deviation principle with rate function H and (1, (&, -))nen (and
also (0, (v, -))nen for y > 0) satisfies the large deviation principle with rate function
I. Because I < H, the sequence (n,(0, -)),en satisfies the large deviation upper
bound not only with H but also with I instead of H. Therefore (b1) of Theorem 6.3
holds in case y, = 0 for all n. Since (1, (0, -)),en does not satisfy the large deviation
principle with rate function 7, (al) of Theorem 6.3 does not hold. Therefore for any
decreasing sequence (Vi) men in N with (), cx Vin = {0} there exists an open set U
with inf 7 (U) < oo with

hmmfhmsupllogun(ny|Xx Vi) < —inf I (U). (9.11)
m—

n—o0

We illustrate this for Y, oy, Wy, v, and L as in Examples 9.3(a): For V,, = [0, %),
U= (1,00) wegetform >n

(U % Vi) = Hpso 1) (O) f ny -ne™ dy, 9.12)
" 0

L

(X X Vi) = / ne ™ dy. (9.13)
0
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1 1
Since [;" ny -ne™™ dy < L [" ne™™ dy, we get
Mn (U x Y|X x V) < %H/\/’(O,%)(U) (9.14)
which converges to zero as m — oo, which implies

limsup 1 log j1, (U x Y|X x V) = —00 < —3 = —inf I (V). (9.15)

m— 00

Remark 9.5 (Quenched large deviations) Consider the situation as in Example 9.4.
For all n € N we have the following. If ¢, : V x B(X) — [0, 1] is a product
regular conditional probability under w, with respect to m, then &,(y, ) = n,(y, -)
for [, o 7~ 1]-almost all y (see Remark 3.5).

Whence, with v, as in Examples 9.3 (a) or (b), we have a quenched large deviation
principle of the conditional probability with respect to the second coordinate with rate
function 7; for every product regular conditional probability ¢, under u, with respect
to w there exists a Z C Y with u, o 7~ Y2Z) = v,(Z) = 1 such that &n (¥, NnenN
satisfies the large deviation principle with rate function [ forall y € Z.

However, with v,(l) as in Examples 9.3 (b) instead of v, for such ¢ one has £, (0, -) =
(0, -) as v,? ({0}) > 0. Thus in this case we do not have such a quenched large
deviation principle.

Example 9.6 With X = N, = 3", (27%8, u2 = §,and I (x) = Oforx € Nasin
Example 9.4, and YV, W,,, «;,, v, and L as in Examples 9.3 (a) or (b), the conditions of
Theorem 9.2 are satisfied. In this case, (1, (0, -)),en does not satisfy a large deviation
principle.

Remark 9.7 (Exponential tightness of the regular conditional kernel) Considering the
situation as in Theorem 9.2, we would like to mention that if (;L,ll )neN is exponentially
tight, then so is (in)nen since w, (K{ x K5) = /L,ll(Kf)vn(Kg) for large n and
(compact) K1 C X, Ko C Y. Similarly (n,(y, -))neN is exponentially tight for all
y > Osince 0, (y, K¢) = u}l(Kc) for large n and compact K C X'. However, as is the
case in Example 9.6, (n, (y,, j)neN need not be exponentially tight for all converging
sequences (y,)nen (e.g. if (Mﬁ)neN is not exponentially tight, then (1,(0, -)),eN is
neither).

Remark 9.8 Example 9.4 with v, (or v,? ) and o7, as in Examples 9.3 (b) fits the assump-
tions made in Sect. 4 of La Cour and Schieve [20].8 In Sect. 4 of that paper, itis claimed
that the law of the first coordinate conditioned on the second coordinate satisfies the
large deviation principle with the rate function /. Their notion of conditioning on y is
“condition on an arbitrarily small neighbourhood around y”. This approach needs to
be justified. Our results are different, as by Example 9.4 the conditioned kernel in 0O,

8 The logarithmic moment generating function (see Dembo and Zeitouni [7, Assumption 2.3.2]) is given
by (x,y) %xz + % y2, whence the Hessian of it equals the identity matrix and is therefore invertible.
In [20], it is mentioned that one cannot proceed the conditioning on all elements, but only those that equal
the derivative of y — % y2 at a certain point are considered, of which 0 is an example.
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1, (0, -) does not satisfy the large deviation principle with the rate function I (even in
the sense of quenched large deviations as discussed in Remark 9.5).
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Appendix 1: An Elementary Fact About Limsup and Liminf

Lemma 9.9 Let k € N and a!, € [0, 00) foralln € Nandi € {1,...,k}. If there
exists an N € N such that max;e(1,... xya, > 0foralln > N, then®

lim | log (2;61;1) max Liogdl | =0, (9.16)
1=
k
lim sup % log (Za ) =, ax hm sup - 1 loga 9.17)
n— oo i=1 n—o00
k
1 f1 liminf 11 18
iminf - log (Za ) le?llaxk} me oga (9.18)

Proof (9.16), (9.17) and (9.18) follow from the inequality

A

k
1 i _ 1 ' 1 i
ie?ll,z.i.).(,k} -~ loga, < - log (Zaé) < ;log(kie?fax }a;,)

i=1

IA

1 1 i
+logk + ie{??fk} - log(ay,). (9.19)
O

Appendix 2: Sufficient Bounds for Large Deviation Bounds

Let X be a topological space. Let I : & — [0, oo] have compact sublevel sets. Let
(n)neN be a sequence of probability measures on B(X).

Lemma 9.10 Ler (Fy,)men be a decreasing sequence of closed sets with F =

(\mex Fm- Then

sup inf I (F,,) = inf I (F). (9.20)

meN

9 Equation (9.17) can also be found in Dembo and Zeitouni [7, Theorem 1.2.15].
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Proof Let ¢ := sup,,cy inf I (Fy,). Note that ¢ < inf I (F). If ¢ = oo, there is nothing
to prove. Assume that ¢ < oo. Let K be the compact set [/ < ¢]. Then F,, N K # ¢
for all m € N, whence F N K # ¢ and thus inf [ (F) < c. O

9.11 For Lemma 9.10 the condition that / has compact sublevel sets is not redundant.
For example: Let I : NU{0} — [0, oo] be givenby /(0) = 1 and / (x) = Oforx € N.
Then for F,, = {0} U {m,m +1,...} and F = {0} one has sup,,yinf I (F,,) = 0
and inf I (F) = 1.

Lemma 9.12 (a) U be a set of open subsets of X. Suppose that for all G € U

liminf 1 log 1, (G) > —inf 1(G). (9.21)
n—o0

Then G = | JU satisfies (9.21) as well."
(b) Let F1, F», ... be closed. Suppose that for all F € {F,, : m € N}

lim sup%log un(F) < —inf I (F). (9.22)

n—o0

Then F = (,,cr Fm satisfies (9.22) as well.

Proof
liminf 1 log Mn(Uu) > sup liminf 1 log 1, (G) > sup (—inf I(G)), (9.23)
n—0o0o GGZ/{ n— oo GEZ/{
lim sup 1 log un( N Fm) < inf lim sup L log 1, (Fy) < inf (—inf I(Fy)).
meN

n—00 meN 00
meN
(9.24)
Now apply Lemma 9.10. O
As a consequence of Lemma 9.12 we obtain the following.

Theorem 9.13 Suppose that G is a basis for the topology on X, such that (9.21) holds
for all G € G and (9.22) holds for F = X \ G. Suppose that every open G can be
written as countable union of elements in G. Then (ju,)neN satisfies the large deviation
principle with rate function 1.

Appendix 3: Proof of Theorem 9.2
Proof of Theorem 9.2 As X and ) are separable metric spaces, every open subset of
X x )Y is a countable union of elements of the form A x B where A C X is open and

B € 'H, where (with dy the metric on )))

H={B(y,8):8>0}U{B(z8):z#y.0 <8 <dy(y 2)} (9.25)

10 This can also be found in O’Brien [23, Proposition 2.1].
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We use Theorem 9.13 to prove the large deviation bounds. Note first that (X x ) \
(AxB)=(Xx (Y\B)UUX\A) x)),that min{inf I (X' \ A),inf L(Y\ B)} =
inf(x,y)e(Xxy)\(AxB) I1(x) + L(y) and that by (9.17)

lim sup + log s, (X x ¥) \ (A x B))

n—oo

< max [ lim sup % log , (X x (Y \ B)), lim sup % log p, ((X \ A) x y)}.

n— oo

Using this and Theorem 9.13 it is sufficient to show that for all open sets A C X" and
BC)Y

limsup 4 log 14, (X x (V' \ B)) < —inf L(Y \ B), (9.26)
limsup £ log 11, (X' \ A) x Y) < —inf I (X \ A) (9.27)
“riio%f % log un(A x B) = —inf I(A) — inf L(B). (9.28)

Let A C X be open and B € 'H.

e (9.26) follows from the fact that ;, (X x (V' \ B)) = v, (Y \ B).
e (9.27) follows from the fact that by (9.4), (9.6) and (9.17) we have

lim sup £ log 14, (X \ A) x V)
n—oo

= max { lim sup % log ,u,ll (X \ A), lim sup % log ,u% X\ A)}

n—o0 n—o0

= limsup L log u), (X' \ A) < —inf I (X' \ A), (9.29)
n—0o0

e (9.28) follows by separating two cases (as either y € Bory ¢ B): If y ¢ B, then
W, N B = ¢ and so w, (A x B) = ) (A)v,(B) for large n, whence

liminflog i, (A x B) = liminf <% log 1, (A) + L log v,,(B)). (9.30)
n—>oo n—oo

Suppose that y € B, i.e. W, C B for large n. By (9.18) we obtain

liminf 1 log 11, (A x B)
n—oo

= max { lim inf (5 log 1) (A) + L log (/W o dv,,)) ,

lim inf (5 log 117 (A) + 1 log (/ (1= o) dvn>> ,
n—0o0 Wn

lim inf <% log 1,,(A) + L log (/ 1p dv,,))} (9.31)
n—oo er
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Using thatlim inf,, _, oo % log(fWC 1p dv,) < Otogether with (9.4) and (9.5), we obtain

lim inf % log 4y (A X B) = max { lim inf rll log ,u,ll(A), lim inf }l log /L%(A)}
n— 00 n—00 n— 00

IV

—inf I (A). (9.32)

Because inf L(B) > 0, we conclude (9.28).
We leave it to the reader to check that 7, is the weakly continuous product regular
conditional probability under 1, with respect to 7. O
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