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GENERALIZED KILLING SPINORS AND LAGRANGIAN GRAPHS

ANDREI MOROIANU AND UWE SEMMELMANN

ABSTRACT. We study generalized Killing spinors on the standard sphere S3, which turn out
to be related to Lagrangian embeddings in the nearly Kahler manifold S® x S and to great
circle flows on S?. Using our methods we generalize a well known result of Gluck and Gu [6]
concerning divergence-free geodesic vector fields on the sphere and we show that the space
of Lagrangian submanifolds of S x S has at least three connected components.

2010 Mathematics Subject Classification: 53C27, 53C42, 53C25, 53D12, 53D25.

Keywords: generalized Killing spinors, Lagrangian embeddings, geodesic vector fields

1. INTRODUCTION

In this article we investigate generalized Killing spinors [4] (cf. also [5]) on the standard
sphere S?. Recall that generalized Killing spinors on some spin manifold (M, g) are spinors
on M verifying the equation

(1) VxU=AX)- ¥ VYXeTM

for some endomorphism A symmetric with respect to g. Real Killing spinors (for A = Aid,
A € R) or parallel spinors (for A = 0) are particular examples of such objects. Generalized
Killing spinors arise as restrictions of parallel spinors to hypersurfaces, and the converse is
true under some analyticity assumption [2]. This initial problem can thus be understood as
an isometric embedding problem for S? into some 4-dimensional hyperkihler ambient space.
Note that in [10] we gave examples of genuine (i.e. non-Killing) generalized Killing spinors
on S?, showing that the problem is non-trivial.

In our first result we show that generalized Killing spinors on any 3-dimensional spin
manifold (M, g) are in one-to-one correspondence with divergence-free orthonormal frames
on M. Our examples in [10] are equivalent in this setting with frames made by Hopf (left
or right-invariant) vector fields for the Killing spinors, and to reflexions of such Hopf left or
right-invariant frames with respect to some fixed right or left-invariant Hopf vector field, for
the genuine generalized Killing spinors.

We next interpret generalized Killing spinors on S? as maps f : S* — S? whose differential
has the following symmetry property: for every g € S?, the linear map M, : T.S* — T.S?
defined by X — f.(gX)f(g)~! is symmetric with respect to the standard scalar product
on T.S* = R3. Here S? is viewed as a Lie group with Lie algebra T.S? f(g)~' denotes
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infinitesimal left translation with the inverse of f(g), and ¢X is the value at g of the left
invariant vector field generated by X.

This point of view is particularly interesting when considering the graph of f as a sub-
manifold of S3 x S endowed with its 3-symmetric nearly Kihler metric. It turns out that
the above symmetry property of f is equivalent to the fact that the graph I';-1 of the map
g — f(g)7! is a Lagrangian submanifold of the nearly Kihler S x S3 endowed with its
fundamental two-form €2. Note that the terminology is somewhat improper since €2 is not
closed. Nonetheless, Lagrangian submanifolds of 6-dimensional nearly Kahler manifolds were
intensively studied in the last decades, perhaps motivated by the fact that they are auto-
matically minimal (cf. Ejiri [3] in the case of S® and Gutowski-Ivanov-Papadopoulos [8] in
general).

Until now, the only known examples (up to isometry) of Lagrangian submanifolds of the
nearly Kahler S3 x S? were the factors and the diagonal. Our examples of genuine generalized
Killing spinors on S? yield in this way new examples of Lagrangian graphs of S% x S%, but we
have also found an interesting family of Lagrangian submanifolds of S3 x S% which project
onto a strict submanifold on each factor. We computed the metric structure for each of the
examples, which, for the usual normalization of the metric on S® x S2, turn out to be round
spheres of radius % and %, as well as Berger spheres of some different volume. This last
observation shows that the space of Lagrangian submanifolds of S® x S? has at least three
connected components.

We have also investigated generalized Killing spinors on S* by comparing them to some
fixed Killing spinor. In this way, every generalized Killing spinor on S? is characterized by
a function « and a vector field ¢ satisfying some coupled non-linear differential system. In
the particular case where the function « vanishes, the system reduces to the condition that
¢ is a geodesic divergence-free vector field. Such objects were studied by Gluck and Gu [6],
who showed (using a nice interpretation as holomorphic graphs in the oriented Grassmannian
Gry(RY)) that they are necessarily Hopf vector fields. Translating back into our setting, we
obtain as a corollary that every generalized Killing spinor on S* whose scalar product with
some Killing spinor vanishes is necessarily in the list of our known examples. We finally
generalize this result to the case when this scalar product is constant but not necessarily
zero, by solving an ODE along the orbits of .

2. SPINORS ON 3-MANIFOLDS AND DIVERGENCE-FREE FRAMES

Let (M3, g) be a 3-dimensional spin manifold. Since the spin representation Spin(3) —
Aut(X3) is isomorphic to the left multiplication of unit quaternions on ¥3 ~ H, the spinor bun-
dle XM has a quaternionic structure, acting from the right. This structure is compatible with
the natural scalar product (-,-) on the spin bundle, in the sense that (Va, ®a) = |a[*(¥, D)
for every a € H and ¥, ® € X M.

In particular, if @ € ImH is an imaginary quaternion, then a*> = —|al?, so for every spinor
U we have

a2 (Wa, W) = (Wa?, Wa) = —|al(¥, Va),
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showing that Wa is orthogonal to ¥. On the other hand, for every x € M and non-zero
U € ¥,M, the map T,M — ¥+ C ¥, M, mapping X to X - ¥ is an isomorphism (for
dimensional reasons). For every imaginary quaternion a and nowhere vanishing spinor field
U e C*(XM) we can thus define a vector field £, on M by

(2) o -V = Va.

We now give a characterization of generalized Killing spinors in terms of the associated unit
vector fields &,. Recall that every generalized Killing spinor ¥ has constant length. Indeed,
from (1) we get X (|¥[?) = 2(Vx ¥, V) = 2(A(X) - U, ¥) = 0 for every vector field X.

Lemma 2.1. A spinor W € C*(XM) of constant length is a generalized Killing spinor if and
only if the vector fields &, are divergence-free for all a € ImH.

Proof. Since U has constant length, V x ¥ is orthogonal to ¥ at every point, so by the linearity
of the covariant derivative, there exists some endomorphism A of TM such that

(3) Vx¥ =AX) VU
for any vector field X. Taking the covariant derivative in the defining equation (2) yields
Vxée V+&-AX) ¥V =Vx(Va)=(Vx¥)a=AX) Va=A(X) & V.
Hence
Vibs W= 2A(X) NEy- U = —25 (A(X) A &)V,
and it follows
(4) Vxéa=—2x(AX)NE) = —2A(X)ax&, .

Assume now that WU is a generalized Killing spinor, i.e. that the endomorphism A defined in
Equation (3) is symmetric. We obtain

0, = —€; 1V, 60 = 2€,0A(e;) 1% &, =0 .

(Here and in the following we use Einstein’s summation convention over repeated subscripts).

Conversely, if £, are divergence-free, (4) shows that e; 1A(e;)ux & = 0 for every a € ImH,
i.e. the 2-form e; A A(e;) vanishes. Since this two-form represents the skew-symmetric part
of A, the lemma follows.

O

Since every oriented orthonormal frame labeled (&;,&;, &) defines (up to sign) a unique
spinor of unit length satisfying (2) for a = i, j, k, the previous lemma gives at once:

Corollary 2.2. Generalized Killing spinors on M are (up to sign) in 1-1 correspondence with
oriented orthonormal frames of divergence-free vector fields on M.
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3. SPINORS ON S

In this section we describe spinors on the round sphere S? and translate the generalized
Killing equation into conditions on the definig function in a left-invariant frame.

We consider S? as the unit sphere in H, with the induced Lie group structure. In this way
S? is identified to SU(2) and the Lie algebra of S* is identified with ImH =~ su(2). More
generally, the tangent space T,S* is identified to gImH and the infinitesimal left and right
translations on S? are given by left or right quaternionic products. Let (ey, es,e3) = (4, j, k)
be a fixed basis in T,S* = ImH (positively oriented by convention). Then left translation
defines an orthonormal frame on S*: u(g) := (gey, ges, gez). We will take u as a reference
frame and we endow S*® with the orientation induced by u. The Levi-Civita connection on
left-invariant vector fields X, = gz and Y, = gy is given by the well known formula

(5) (VxY)y = 39lx,9],

for any g € SU(2) and z,y € su(2). More generally, if Y is any vector field on S3, we can
write Y, = gy(g) for every g € S* where y : S* — T,.S? is some smooth function, and we have

(6) (VxY)g =g (5[2,y(9)] + y(X)) .

With respect to the fixed frame u the connection 1-form w of the Levi-Civita connection is
w(X) = Lad, = xx € s0(3) X R” |

for every tangent vector X € T,S® written as X = gz, z € T,S* = R3. Here and henceforth
we identify vectors and 1-forms using the Riemannian metric. We denote by u a lift of the
frame u to a section of the spin principal bundle. Any spinor ¥ can then be written as

(7) V= [a, f],

for some function f defined on S* with values in the spin module, which in our case can be
identified with H. Since ijk = —1 it follows that X - Y - Z - ¥ = —WU for every positive
orthonormal base X,Y, Z. This shows that the Clifford action of X and *xX are related by

(8) x X V=X U
for every tangent vector X and for every spinor ¥ (note that in [11] the opposite sign con-
vention was used).

The covariant derivative of ¥ with respect to some tangent vector X = gz = [u(g), x| is
given by
(9) VxW = [a, X(f) +w(X)- f].

Here A — A denotes the inverse of the differential of the spin covering, which via the isomor-
phism s0(3) 2 spin(3) corresponds to the multiplication by 3. We infer

(10) i, w(X) - f] =[5 f]l =1+ X U =1X..

In the particular case of a constant function f we thus obtain from (9) and (10):

(11) Vil = [2,0(X) f] = 5X 0.

— 2
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Hence any spinor given by a constant function with respect to a left-invariant frame is a Killing
spinor for the Killing constant % Similarly, constant spinors with respect to a right-invariant
frame are Killing spinors with Killing constant —%.

Consider the unit vectors &, defined by ¥ via (2). Our next goal is to interpret the condition
0, = 0 from Lemma 2.1 in terms of the function f defining the spinor ¥ in the left-invariant
frame @ (cf. Equation (7)).

Writing &,(g9) = [u,vs) = gva(g) for some function v, : S* — ImH = R? Equation (2)
translates into

(12) va(9) = f(9)af(g9)™"  or, equivalently,  &.(g) = gf(9)af(g)" .

Lemma 3.1. Let ¥ = [a, f] be a spinor on S* with associated vector fields &, defined by (2).
Then the vector fields &, are divergence-free for all a € ImH if and only if for every g € S?,
the endomorphism M, of TmH defined by M,(z) := f.(9x)f~*(g) is symmetric.

Proof. We compute the covariant derivative of {, in the direction of some vector X, = gz
(with € ImH) and obtain from (6) and (12)

(Vx€a)g = %9 ([z, f(@)af~H(g)] + fulgX)afH(g) — flg)af ' (9) f-(¢X)f(9)) -
Using this formula we may calculate the divergence of the vector field &,, where we set
b= f(g)af~(g):

—(0¢a)g = 5le f(@af  (9)],ei) + (fulge) [ (9)b, ei) — (bfilgei) f~(g), ei)

= (My(ei), —eib+ be;) = (Mgy(e;), [b, e:]) = ([ei, My(e;)], b)

= 2(vol,e; N My(e;) A b) .

For any fixed g, when a runs through ImH, b takes any value in ImH. It follows that 6, = 0
for all a if and only if e; A My(e;) Ab =0 for all b, which is equivalent to e; A My(e;) = 0 and
finally to M, being symmetric.

OJ

Example 3.2. In [11] we have constructed the following examples of generalized Killing
spinors on S*:

(1) Killing spinors with constant 3.

(2) Killing spinors with constant —3.

(3) Products & - ® where £ is right-invariant and @ is a Killing spinor with constant 3.
(4) Products & - ® where £ is left-invariant and @ is a Killing spinor with constant —1.

Lemma 3.3. Up to left multiplication of f with some constant quaternion, the above examples
of generalized Killing spinors correspond to the following functions and vector fields.

(1) flg)=1 a(g) = ga
(2) flg)=g" alg) = ag
(3) flg) =9 "bg €a(g) = bgag~'b7'g
(4) flg)=0bg™! €a(g) = gbgtagb™
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Proof. Consider a left-invariant frame u and its spin lift @ as before. We have already seen
in Equation (11) that Killing spinors with constant % correspond to constant functions f in
the frame @. Consider the spinor ¥ := [, f] with f(g) = g~'. For every vector X € T,S?%
written as X = gz = [u, z], the derivative of the H-valued function f with respect to X reads

X(f) = —xg~' = —x - f. Using Equation (9) we can thus compute the covariant derivative
of W:
VxW = [0, X(f) +w(X) - f] = [ X ()] +3X -0 = —[ua] - [, f] + $X - ¥ = —1X - W,

This proves case (2).

If € is right-invariant and ® is a Killing spinor with constant % we can write {; = bg =
[u, g 'bg] for some b € ImH and (up to right multiplication with a constant) ® = [a, 1],
whence £ - ® = [a,g 'bg]. Similarly, if £ is left-invariant and @ is a Killing spinor with
constant —% we can write & = gb = [u, b] for some b € ImH and (up to right multiplication
with a constant) U = [, ¢~!], whence ¢ - ® = [u,bg!]. The corresponding formulas for &,
follow from Equation (12).

OJ

4. LAGRANGIAN GRAPHS

The graph I'; of a smooth map f : S* — S? defines a submanifold in S* x S%. In this
section we want to show that the symmetry condition in Lemma 3.1 above translates into the
the fact that the graph I'j-1 of the map g — f(g)~' is Lagrangian with respect to a certain
non-degenerate 2-form on S x S3.

We identify S? x S? with the homogeneous space S* x S% x $3/A(S?) via the action

(91,92, 93) - (a1, 02) = (10165 ", gotings ).
The stabilizer of (e, €) is then the diagonal of S? x .53 x 53 and the projection 7 : 5% x S%x S% —
5% x 8% is given by (g1, 92,93) = (9195, 9295 ).
The tangent space at (e, e) is identified with
m = {(X1, Xo, X3)|X; € su(2), X + Xy + X3 =0}.
In this identification, a tangent vector (Y7, Y5) corresponds to

(13)  7™(¥1,Y2,0) — 3(Yi + Yo, Yy + Yo, Y1 + Vo) = 1(2Y; — Y5,2Y5 — V3, Y — V2) .

Let B be the Killing form of suy, and denote by By := 1—123 its rescaling. Then
9((X1, X2, X3), (Y1, Y2,Y3)) := —(Bo(X1, Y1) + Bo(Xa, Y2) + Bo(X5,Y3))

defines a homogeneous nearly Kéhler metric of scalar curvature scal = 30 on S% x S3 (cf. [9],
Lemma 5.4). Denoting — By simply by (-, ), and using the identification (13), the induced
metric on S? x S reads

(14) 9((X1, X2), (Y1, Y2)) = 2(2(X1, Y1) + 2(X5, Ya) — (X1, Y2) — (Xa, 1)) .
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The manifold S? x S? has the structure of a 3-symmetric space. The corresponding almost
complex structure is defined as

J(X1, Xo, Xa) = Fo(X3, X1, Xo) + (X0, Xo, X)
which by (13) can be rewritten as

J(X1, Xa) = 1 (X) — 2X5,2X, — Xa) .
Let © be the fundamental 2-form Q(A, B) = g(JA, B), then

Q((X1, Xp), (V1,Y2)) = = ((X1,Ya) — (X, Y1)

V3
At an arbitrary point (g1, g2) € S? x S3, the 2-form ( is defined by
(15) Q(X1, Xa), (Y1,Y2)) = ({917 X1, 95 'Ya) — (95" Xo, 97 'V1)) -

A 3-dimensional submanifold L of the nearly Kihler manifold S® x S? is called Lagrangian
if Q(A, B) = 0 for all tangent vectors A, B € TL. Notice that this is a generalization of the
usual concept of the a Lagrangian submanifold since the fundamental 2-form € is not closed.

Lemma 4.1. Let f : S* — S* be a smooth map. Then the endomorphism M, defined
in Lemma 3.1 is symmetric for all g if and only if the graph T'y-1 of f~' is a Lagrangian
submanifold of S® x S3 with respect to the 2-form €.

Proof. The tangent space to the graph ;-1 at (g, f(g)~") is the set of vectors of the form
(92, —f(9)~" filgx) f(g)7") for x € su(2).
By (15), the value of Q at the point (g, f(g)) on two such tangent vectors is

— 5 ({a, flan) f(9)7h) = (fulg2) F(9) ™ y) = — 5 (@, My(y)) — (My(2), 1))

which shows that I'y-1 is Lagrangian with respect to €1 if and only if M, is symmetric for all
g e S

O

Let L C S% x S® be a 3-dimensional Lagrangian submanifold. Then the isometries of
S3 x S define deformations of L. Indeed the isometry group of the 3-symmetric space
S3 x §3 is 9-dimensional, whereas the isometry group of L is at most 6-dimensional, obtained
in the case of the round 3-sphere. Hence there remains an at least 3-dimensional space of
normal deformations.

In [12] (see also [8]) it was shown that for every infinitesimal deformation transversal to the
diffeomorphisms of L, the so called variation 1-form is a co-closed eigenform of the Hodge-
Laplace operator of L for the eigenvalue 9, when the scalar curvature of the nearly Kéahler
manifold S?® x S? is normalized to 30.

Proposition 4.2. (1) The submanifolds Ty := {(g,1)|g € S$*} and Ty := {(g,9)|g € S*}
are Lagrangian submanifolds of S®x S? isometric to the round sphere Sg(g), of volume
8 3
ﬁVOl(S )
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(2) For everyb € S* C S3, the submanifolds and T'5(b) := {(g, g 'bg)|g € S*} and T'4(b) :=
{(g,9b)|g € S*} are Lagrangian submanifolds of S* x S® isometric to the Berger sphere
obtained from 83(%) by rescaling the metric on the fibres of the Hopf fibration by a
factor \/Lg Their volume is equal to %VOl(SB).

(3) For every a,b € S* C S3,a L b, the submanifolds L(a,b) := {gag™, gbg™")|g € S*}
are are Lagrangian submanifolds of S x S® isometric to the round sphere S3(§), of
volume S2vol(S?).

Proof. The metric structure of the above submanifolds is an immediate consequence of (14).

The Lagrangian property follows from Lemmas 3.3 and 4.1 in the first two cases, as I'y,

Iy, I'3(b) and I'y(—b) are the graphs I'j-1 for f in one of the cases (1)-(4) of Lemma 3.3

respectively. The verification of the fact that L(a,b) are Lagrangian is straightforward using
(15).

O

It is well known that the Laplace spectrum on co-closed 1-forms on the round sphere S3(r)

is given by {'j—z|k =2,3,...}. Note that the first eigenspace, corresponding to the eigenvalue
%, is exactly the space of (1-forms dual to) Killing vector fields.

Corollary 4.3. The radius of a round Lagrangian sphere in S3 x S® is necessarily of the
form % for some integer k > 2. The values k = 2 and k = 4 are realized in our examples.

Remark 4.4. The volume is constant on connected components of the space of Lagrangian
submanifolds. Hence, in the case of S® x S? it has at least 3 connected components.

5. GEODESIC VECTOR FIELDS

Let us fix throughout this section the unit length spinor ® := [, 1]. By (11), ® is a Killing
spinor with Killing constant % Compared to ®, any spinor ¥ on S? is determined by a vector
field V and a function a. Indeed the map T,S? x R — X,S* defined by (V,a) — V - & 4+ ad
is bijective at every point g, so the spinor ¥ can be uniquely written as

(16) U=V -®+ad.

The generalized Killing equation for ¥ translates into a system of equations for V' and a:

Proposition 5.1. The spinor V :=V - ® 4+ a® is a generalized Killing spinor of unit length
if and only if the following system holds:

i) ?+|V]P=1
i) —VixVyV-=V()V+aVyV +da=0
(iii) ax(VAdV)+ (2a—0V)(1—a?)+aV(a) =0

Proof. We assume that W has unit length, which is equivalent to (i). It remains to show
that the generalized Killing condition is equivalent to (ii)-(iii). We compute the covariant
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derivative of ¥ using Equation (8):
Vx¥U = VxV- o+ X(a)0+iV X &+ laX O
= (VxV+ix(VAX)+1aX) @+ (X(a)— LV, X)) .
On the other hand, for every vector field Y we have
Y U=Y - V-Od4+aY - &=*(YAV)+aY) - &—(Y,V)D.
Consequently, the tensor A defined in Equation (3) satisfies
(A(X),Y) = (VxW,Y )

= (VxV4+1x(VAX)+iaX *(Y AV)+aY) —(V,V) (X(a) — 1V, X))

Using the standard properties of the Hodge adjoint % we readily obtain
AX) = —VixVxV+aVyV - HVPX + XX, V)V +Lax (V AX)
—LaVix X + 10X —VX(a) + HX, V)V
= —VixVxV+aVxV = 3VPX + (X, V)V —aVix X + 1a°X — VX(a).

It was already noticed that A is symmetric if and only if e; A A(e;) = 0 for some local
orthonormal basis e;. From the previous formula we get:

eiNAle;) = —e, AN(VaxV,V)+adV —ae; N (Vaxe) +V Ada
= Vile; AN*V., V) —«VyV +adV +2axV +V Ada
= —0V*xV —«VyV+adV +2axV +V Ada =: w.
The 2-form w vanishes identically if and only if its wedge and interior product with V' vanish.

This is clear on the support of V| and w is zero anyway outside the support of V. We now
compute:

VAw = 2a—6V)*|VP =V AxVyV +aV AdV
(2a — 6V) % [V = +(V,Vy V) +aV AdV
= *((2a=0V)(1 =) +aV(a)) +aV AdV,

and

Viw = =VixVyV+aVidV +|V]*da — V(a)V
~VixVyV+aVyV = 1ad(|[V]) + (1 — o®)da — V(a)V
~VixVyV +aVyV +a?da + (1 — o®)da — V(a)V
= —VixVyV+aVyV +da—V(a)V.

This proves that the symmetry of A is equivalent to (ii)-(iii).

The main result in this section is the following

Theorem 5.2. If the function a associated via (16) to a generalized Killing spinor U on S?
is constant, then U is one of the spinors described in cases (1) and (3) in Ezample 3.2 above.
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Proof. Assume first that the function « is identically zero. Then Lemma 5.1 implies that V'
is a unit length divergence-free vector field satisfying Vi ViV = 0. As (V,Vy V) =0, it
follows that Vi,V = 0. Using a result of Gluck and Gu ([6], Theorem A) we conclude that
V has to be a Hopf vector field, i.e. a left or right-invariant unit vector field on S3. If V is
left-invariant then the function representing ¥ = V - ® in the frame @ is constant, so VU is
a Killing spinor with Killing constant 1. If V is right-invariant, then we are in case (3) of
Example 3.2.

If « is identically 1, then V' =0 so ¥ = & and we are in case (1) of Example 3.2.

Finally, in the case where « is a constant different from 0 and 1, Lemma 5.1 (ii) reads
VixVyV = aVyV and since these two vectors are orthogonal, they both vanish, showing
that V' is a geodesic vector field. Using Lemma 5.1 (iii) we obtain that the normalized vector

field € := |V7‘ satisfies the equation

(17) x(ENdE) +2— e =0

Let us write V§ = ¢ + ¢ with ¢ symmetric and ¢ skew-symmetric. As V¢ = 0, both ¢ and
1 vanish on £. In dimension 2 every trace-free symmetric endomorphism anti-commutes with
every skew-symmetric endomorphism, consequently the trace-free part ¢y of ¢ anti-commutes
with ¢. Writing ¢ = ¢+ 3 (tr¢)id we infer (¢p+1)? = ¢*+1? + (trd)1, so the skew-symmetric
part of (¢ + v)? equals (tr¢)y = —(5¢)1p. This can be written as follows:

(18) ¢i A Vv, € = ei Ao+ 1) (er) = —2(0€)y = —(5¢)dg,

where e; is any local orthonormal frame. Using (18) and the fact that the sectional curvature
of S3 is 1, we compute in a local orthonormal frame e; parallel at some point:

Vedé = Ve(eiAVE) = e A (Ree,& + Ve, Vel + Vige€)
= e A (er = (€ §)€ — Vv, 6€) = —€i A Vi, € = (6€)dE,
thus V(A dE) = (£ A dE)OE and from (17) we get V& = (0€)?. Every orbit of the flow of &

is a great circle, so is closed. The restriction of §¢ to such an orbit is thus a periodic solution
of the equation 3y’ = y?. The only periodic solution of this equation being the zero function,
we obtain that §¢ vanishes on S?. By Theorem A in [6] again, ¢ is a Hopf vector field on S3.
Moreover, (17) gives (& A d€) = —2. It is easy to check from (5) that d§¢ = —2 % & when ¢
is left-invariant and d§ = 2 % £ when £ is right-invariant. Consequently ¢ is a left-invariant
vector field and finally ¥ = a® + /1 — o2& - @ is a Killing spinor with Killing constant %

O

Coming back to our description of generalized Killing spinors on S? in terms of Lagrangian
embeddings, we obtain the following;:

Corollary 5.3. Let f : S* — S* C S® be a map whose graph Ty is a Lagrangian submanifold
of the nearly Kdihler manifold S* x S3. Then the map f is either constant, or satisfies
f(g) = g7 tbg for some fized b € S* C S5.

Proof. The map g — f(g)~! takes values in S* C R?. Consider the unit vector field on
S? defined by V := [u, f~!] and the Killing spinor ® := [, 1]. Theorem 5.2 applied to the
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generalized Killing spinor ¥ := [, f~!] = V- ® shows that V is a Hopf vector field. If V' is left-
invariant then f is constant. If V' is right-invariant, V,, = ag for some fixed a € $* = S* " R3,
which yields ¢gf(g)~! = ag and finally f(g) = g 'a™'g.

O
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