WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 2198-5855

Stochastic homogenization on perforated domains Il — Application

to nonlinear elasticity models

Martin Heiddl

submitted: August 11, 2021

Weierstrass Institute

Mohrenstr. 39

10117 Berlin

Germany

E-Mail: martin.heida@wias-berlin.de

No. 2865
Berlin 2021

U\

2020 Mathematics Subject Classification. 54E45, 60D05, 74Qxx, 76M50, 80M40.
Key words and phrases. Homogenization, stochastic geometry, elasticity.

The work was financed by DFG through the SPP2256 "Variational Methods for Predicting Complex Phenomena in Engi-
neering Structures and Materials", Project 11 "Fractal and Stochastic Homogenization using Variational Techniques".



Edited by
WeierstraB3-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

MohrenstraB3e 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias—berlin.de

World Wide Web: http://www.wias—-berlin.de/


preprint@wias-berlin.de
http://www.wias-berlin.de/

Stochastic homogenization on perforated domains Il —

Application to nonlinear elasticity models
Martin Heida

Abstract

Based on a recent work that exposed the lack of uniformly bounded WP — WP exten-
sion operators on randomly perforated domains, we study stochastic homogenization of nonlin-
ear elasticity on such structures using instead the extension operators constructed in [11]. We
thereby introduce two-scale convergence methods on such random domains under the intrinsic
loss of regularity and prove some generally useful calculus theorems on the probability space €2,
e.g. abstract Gauss theorems.

1 Introduction

Homogenization of elasticity problems has a long history with a first stochastic result provided in [5]
for pure bulk homognenization of linear elasticity. Further work in this direction have been published in
between and we refer to the recent work [11] for an overview.

In this work, we consider homogenization of p-elasticity with nonlinear bulk terms on perforated do-
mains and with nonlinear Robin conditions on the microscale. More precisely, let P(w) C R be a
stationary random Lipschitz domain and let £ > 0 be the smallness parameter and assume w.o.l.g
P(w) is almost surely connected and has locally Lipschitz boundary.

For a bounded domain Q C R¢, we consider Qp (w) := Q N eP(w) and [*(w) := Q N 0P (w)
with outer normal vre (). For u : Qp(w) — R we then consider

—div (a \V5u€|p_2 Vus) = g(u) on Qp(w),
u=0 on 0Q, (1)
Vo P2 Vil - vpey = e f (u) onI*(w),

where V*u := % (Vu + (Vu)T) is the symmetrized gradient. The parameter a might be a random
variable but this is not relevant for our investigation and we assume a = 1 for simplicity.

As well known, problem (1) can be recast into a variational problem, i.e. solutions of (1) are local
minimizers of the energy functional

Eow(u) = /;(w) (|IViu|” — G(u)) —i—e/rs(w) F(u),

where F' = pf and G’ = pg. If F and G both are Hélder continuous functions, there exist minimizers
of &, for every € > 0 in the space

Who(Qp(w) == {u € W(Q3(w)) : ulgnipi =0} .
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M. Heida 2

where the bold symbol W indicates R?-valued functions and normal symbols like W' will indicate
R-valued functions, if used.

In periodic homogenization, a lot of effort has been made to prove the existence of an extension
operator, which have properties that - transfered to the case of stochastic homogenization - would
read as follows: there exists an extension operator U.,, : W' (eP(w)) — WLP(R?) such that

suppl. ,u C B.(Q) for every u € W '5q(Qp(w)) and for some constant C'(w) > 0 independent
from ¢ it holds

Yu € Wibo(Qpw)) : IV Uewtd)l poey < C) IVl 1oy - SUPPU:u € B(Q).
()

Together with the classical Poincaré and Korn inequality, (2) establishes
[ull o Qo) = VU, wuHLp Re) S C(w) ||V5“||LP(Q;(W)) ) ®)

uniformly in € and (conceptually this) will then allow to perform homogenization by I'-convergence
in the space W1?(Q) with a limit functional Eyo, (1) similar to the one established in Theorem
below.

However, in a recent work [11] the author has shown that has to fail for general random geome-
tries. This is because random geometries can have arbitrary bad local Lipschitz regularity thereby
violating to be uniformly John regular. However, as can be seen from [4, [14] a uniform John property
is necessary in order for (2) to hold.

On the other hand, in the same paper it was shown there is still hope to find 2. : W7 (eP(w)) —

loc

W,5P(RY) satisfying the strong symmetric (7, p)-extension property, 1 < 7 < p, as introduced in the

loc

following definition.

Definition 1.1. A stationary random geometry has the weak (r, p)-extension property if there almost
surely exists C' > 0 and an extension operator 4. : W,"”(eP(w)) — W'?(R%) such that for every
)

loc

bounded domain Q C R? and every u € WP(B.(Q) N eP(w)) it holds

||u6u||LT(Q) + ”5vuau||Lr(Q) <C <||u||LP(BE(Q)ﬂaP(w)) + ”EVUHLP(]BE(Q)QEP(UJ))> .

A stationary random geometry has the strong (symmetric) (r, p)-extension property if additionally
there almost surely exists 3 € (0,1), &g > 0 such that for all ¢ € (0,&¢) and for every u €
W, aQ(Q N eP(w)) the support of . lies within B_s (Q) and it holds

[Ueull 1 q) < Cllull o qrep )
with (U:u) |ra\g, (@) = 0 and either
VUl q) < C VUl Loqrep o)) -
(resp. 19 Utl i) < C IVl oiqreie )

We emphasize that [11] yields also the following concept for traces

Definition 1.2. A stationary random geometry has the (r, p)-trace property if for almost every w there
exists C,, > 0 such that the trace operator T : 5o (Qp(w)) = L"(QNel'(w)) satisfies

1 Tullriqrery < Co (HuHLP(Q;(w))+e|rwum%(w)))‘° @)

and E(CS™) < oc.
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Stochastic homogenization of elasticity 3

In [11] the above inequalities for weak and strong (7, p)-extensions as well as the trace property have
been verified in an unscaled form for a pipe model and a Boolean model.

It turns out there is a further property which has to be verified in order to guaranty regularity properties

of solutions and may - additionally - be important in some other applications beyond the scope of this

work. Using the notation [11] this property is the following:
Vi=1,...,d: dist (e;, L3

pot(P)) > 0 . (5)
We will close this introduction with our main theorem and some final explanation. For the underlying
notation of V2 (P) we refer to Definition

Theorem 1.3. Let F' and G be Hélder continuous and bounded from below, letp > 1 and let P be a
stationary ergodic random connected open set. Then for every € > 0 the functional £ ., has a unique
minimizer u° € W(l):gQ(Q;(w)). If P has the symmetric (r,p) extension property, 1 < r < p
and the (s, r) trace property 1 < s < r, thenu® — |P|u weakly in L"(Q) as ¢ — 0, where

u € W' (Q) is a minimizer of the functional

Eumli) = int, // Vs~ [ [ 6 // udur
v P pot Q P

in the space u € W " (Q). Furthermore, if @ holds then u. € W *(Q) is a minimizer of Eyom in
this space.

Proof. This is a coarse reformulation of Theorem below. O

We first observe that the above limit functional is exactly what we would expect from the “classical”
results. However, it is not trivial: It is not clear at all that the apriori bound on the sequence of symmetric
gradients implies that 1. 4® converges in any strong sense at all (which requires some kind of Korn and
Poincaré property) to a limit function u and 2. that the limit function u is a minimizer of the expected
limit functional, i.e. u = u, because on the way there we necessarily loose some order of integrability.
Furthermore, the LP-regularity of Vu can be inferred from boundedness of &y only if holds true.

2 Sobolev Spaces on the Probability Space (€, P)

Assumption 2.1. Let ) be a precompact metric space with Borel sigma-algebra o and a probability
measure P. Assume there is a family (7,),cra (called a dynamical system) of measurable bijective
mappings T, : ) — §Q satisfying (i)-(iii):

(i) T4 © Ty = Tuty , To = id (Group property)

(i) P(r_,B) =P(B) Vx € RY B e .F (Measure preserving)

(i) A: RTx Q —Q (z,w) — T.w is continuous (Continuity of evaluation)

Definition 2.2. The dynamical system 7 called is ergodic if P (AU 7, A4) \ (AN 7,A)) = 0 implies
P(A) € {0,1}. If X is a measurable space and f : Q x RY — X, then f is called (weakly)
stationary if f(w,z) = f(7,w,0) for (almost) every .

DOI 10.20347/WIAS.PREPRINT.2865 Berlin 2021



M. Heida 4

It has been shown in the recent work [10] that the assumption is met by many coefficient fields that
relate to applications. Furthermore, it allows to use the common results in the literature, i.e. [6, [7, 17,
19,[18] and to draw some conclusions on functions spaces which we summarize in the following.

We find C'(2) to be separable and dense in LP(2; 1), 1 < p < oo, 1 a Borel measure on €2 and
every such LP(2; 1) hence is separable. For f : 2 — X, X a metric space, and w € ) we define
the realization f,, of f as

fo RT— X, x = f(rw).

If f e LP(Q)for1 < p < oo, then for almost every w € €2 and for every bounded domain Q it holds
f. € LP(Q) [19]. Given the canonical basis (e;);—1.... 4 of R?, we define the operators

and D; f is called i-th derivative of f having the property

/ gD, fdP = — / #DigdP.
Q Q

The joint domain of all D; equiped with the operator norm in LP(£2) is a Banach space

WP(Q) = {f € LP(Q)|Vi=1,...,d : Dif € LP(Q)},

d
||f||w1»p(9) = ||fHLp(Q) + Z HDifHLp(Q) :
i=1

We finally denote D, f := (D1 f, ..., Ddf)T the gradient with respect to w and by —div,, the adjoint
of D,. Sometimes we write V, f := D, f to underline the gradient aspect. We further denote

CH(Q):={feC(): D,f € C(QGRY}
and note that C(Q0) is dense in WP(Q2) for 1 < p < co. We define

VP (Q) = closures {Du | u e WHP(Q)} (6)
and observe that for

Lp

pot,loc

(R?) := {u € L} (R%R?) | VU bounded domain, 3p € W'?(U) : u =V},

we find the characterization

VP(Q) = {ue LP(GRN\R? : w, € LP | (R?) for P —ae.w € Q} .

pot pot,loc

2.1 Random Sets, Random Measures and Palm Theory

A random set is a random variable with values in the space of Radon measures in R?. More precisely,
w > [, is a random measure if for every bounded Borel set A C R? or alternatively for every
f € C.(R%) the following respective maps are measureable

w i py(A), or w»—>/fd,uw.
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Stochastic homogenization of elasticity 5

If for every bounded A C IR the distribution of 1,,(A) is invariant under translations of A we call i,
stationary. By Mecke’s theorem (see [15, 2]) the measure

//R s) xa(Tsw) dpi(s) dP(w)

can be defined on {2 for every positive g € Ll(Rd) with compact support and is called Palm measure.
pp is independent from g and in case y,, = £ we find yp = P. The Campbell formula for B(R?) x
B(§2)-measurable non negative functions f reads

/RdfxTx ) dp, () dP(w /Rd/fxwdup w)dx,

and we say /i, has finite intensity if 115 (€2) < +o0.

Theorem 2.3 (General Ergodic Theorem for the Lebesgue measure). Let (§2, %, P) be a probability
space, Q C R? be a bounded open set with 0 € Q, let (T2)zera be a dynamical system on ) with
invariant o -algebra .% and let f € LP(Q; up) and p € L1(Q), where 1 < p,q < o0, i + é = 1.
Then for P-almost all w € ) it holds

| ) dpale) - / /Q fodu dprp . %

The relation between random closed sets and random measures as well as the importance for ho-
mogenization theory have been outlined in many places before [7} [8]and we will not go into detail on
this. For this work, the most important is the following:

If P(w) is a random open set with boundary I'(w) := OP({2) then the measures
po(A) = LANPW),  pre(4) =HTH(ANT (W)

are random measures, where L is the Lebesgue measure and H?~! is the d — 1 dimensional Haus-
dorff measure. The respective Palm measures will be denoted by ip and ur p.

An important observation made in [7] is the following.

Lemma 2.4. There exists ' C 2 and P C ) with characteristic functions xr(w) and xp(w) such
that the following holds: For almost every w it holds xp(.)(x) = Xxp(7.w) in the sense of Lebesgue
and Xr(w)(x) = xr(7,w) in the Hausdorff sense. Furthermore, P(xr) = 0, ur »(Q\I') = 0 and

prp(T) = E(urw)(0,1)9).

2.2 Traces and Extensions

Assumption 2.5. Under the Assumption[2.1|let P (w) be a random open set with boundary I'(w) :=
OP(w) such that T'(w) is a random closed set. The corresponding prototypes P, I" C € in the sense
of Section have Palm measures xpP and jir p respectively.

Definition 2.6. Under the Assumption [2.5|we introduce for 1 < p < oo the space

Wt?(P) = closurey. [ {Xpu DU € Cl(ﬁ)}

HU’HWLP(P) = ||UHLP(P) + ||Du||LP(P) :

DOI 10.20347/WIAS.PREPRINT.2865 Berlin 2021



M. Heida 6

Furthermore, we define for r < p

WhrP(Q,P) == {u e W' (Q) : ulp € L?(P), Du € LP(P;R")} |
VP (P) := closurer, {Du|u e W'?(P)}

p

Vil (2, P) == {Du € V() | Du € Vi (P) } .

p

Similarly we define W'?(P) and W'"*(Q, P) as weII as Vpot( ) and VP (92, P) for vector

pot
valued functions. For v € V% (Q, P)? we define v := 1 (v+v") and

VL J(Q,P) = {v*: v e VIE(Q,P)Y}
and similar V7, .(P).

We observe that C*(Q) is dense in W'?(P) [10] and hence C'(Q) is dense in W'"P(Q), P) be-
cause of Wh"(Q2) D Whr?(Q, P) D WhHP(Q).

For u € C''(€2) we can define To[u] := u|r and observe that (4) implies for every R > 1

1(Talul),,|

which yields by the ergodic theorem

L7 (eT'(w)NB1(0)) <C (HUWHLP(EP(W)QBHS(O)) - HVUUJHLP(EP(W)QBHs(O))) ’

[Talulll oy < Cllullyrse

and the operator 7, can be extended to Wl’p(P) by density for every 1 < p < co. We furthermore
find the following properties.

Theorem 2.7. Let Assumption 2.5 hold and let P(w) have the weak (r, p)-extension property. Then
there exists a continuous linear operator Ug, : W'?(P) — W (Q) such that (Ugu)|p = u.

Theorem 2.8. Let Assumption|2.1] hold and let P(w) have the strong (r, p)-extension property. Then
there exists a continuous linear operator Uq, : WP (P) — W (Q) such that (Ugu)|p = u and
such that

IDotaul| o) < Cl[Duul| g,

Furthermore, the operatorUs, can be extended to a continuous operatorUq : V5, (P) — Vi5 (€2, P).
More precisely we can identify Vgot (P) with

Vpot( ) = closurerrsap) {UoDou : u€ WHP(Q)} (8)
= closure»(q,p) {Z/IQDwu cu € WHP(Q; P)} , 9)
1€l 2oy = Nl Lr @) + 1€l Loy -

This means that for ¢ € V5. (P) and b e )}got(P) it holds ¢|p = ¢ iff p = Ugo.

If P(w) has the strong symmetric (r, p)-extension property, then there exists a continuous linear
operatorUg, : W'?(P) — W' (Q) such that (Uou)|p = u and such that

IDEUul| 10y < CIIDLull 1oy »

with D} u := (Dwu + (Dwu)T) and @ and @ hold also in this case.

1
2

We will prove Theorems [2.7|and [2.8]in Section [3.1] using homogenization theory.
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Stochastic homogenization of elasticity 7

2.3 The Outer Normal Field of P

The following result has been proved in [10] for 7 = p. However, the argumentation remains valid in
the following setting.

Theorem 2.9. Let Assumption[2.5 hold and let I'(w) have the (r, p)-trace property for 1 < r < p.
Let T be ergodic, let I'(w) be almost surely locally Lipschitz and let Ur(w) be the outer normal of
P(w) on ['(w). Then there exists a measurable function vr : T' — S%! such that almost surely
Vr) () = vr(T,w). Furthermore, for f € C*(Q;RY) and ¢ € C(2) it holds

[ divatorap = [ of v duy. (10)
P I

IfT" satisfies the weak (1, p)-extension property, the equation (10) extends to € WH1#(Q, P) and
feCHORY orto f € WHEP(Q, P)? and ¢ € C1(Q).

Definition 2.10. Let I'(w) have the (7, p)-Trace property for 1 < r < p and the weak (1, p)-extension
property. We say that f € LP(P;R%) has the weak normal trace f, € L"(I") and weak divergence
div, f € L'(P)ifforall ¢ € CL(Q)

[ s+ 150y @B = [ 65
p r

Theorem 2.11. Let Assumption|2.8 hold and for some r € (1,2) letT" have the (r, 2)-trace property
and the weak (r, 2)-extension property. Let I'(w) be almost surely locally Lipschitz and let v (., be
the outer normal of P(w) on T'(w). Then there exists uq € W1 (Q) N WL2(P;RY), such that
V. ugq has a weak normal trace f, € L'(T") and weak divergence uq, i.e.

Vo € Cl(w) : /P(qﬁuQ + Vug - Vo) dP = /F¢fy dpirp .

The last theorem is less trivial than one might think. In particular, we lack a Poincaré-type inequality
on £, which is typically used to prove corresponding results in R?. We shift the proof to Section

3 Homogenization of Elasticity

In this section we provide the main homogenization result. We will use stochastic two-scale conver-
gence in a modified version [10] of the original approach by Zhikov and Piatnitsky [20].

For the rest of this work, we consider a stationary random measure w — p,, with Palm measure pp
and we define

po(A) = elpy (71 A) (11)
For the corresponding Lebesgue spaces we write LP(€2; up) or LP(Q; 1iE,), where Q C R?is a
convex domain with C*-boundary. If p, = L, i.e. up = P, or f1, = Xp(w)L We omit the notion of 15,
and pp.

In our applications, either

dL dP
dpy, = < xp)dL with Palm measure dup = ¢ xypdP
dpir(w) == Xr@)ydH? dprp
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M. Heida 8

Moreover, in view of (T1), we write
1 (A) = elpry (7T A) = eH (AN el(w))
In case of j1,, = xp(w)L, we drop the notation j,.

Definition 3.1. We say that w € () is typical if for every f € C(ﬁ) and both random measures p,, it
holds

- f(wa) d,ufw(x) — / fdx d/jp .
B, (0) T JB1(0)

According to [10] the set of typical w has full measure.

Definition 3.2. Let w be trypical and let u® € LP(Q; ug)) for all e > 0. We say that (u®) converges
(weakly) in two scales to u € LP(Q; LP(€2: up)) and write uf =X u if SUD~ [|U°]] oz ) < 0
and if for every 1 € C'(2), ¢ € C(Q) there holds with ¢,, () := p(x)Y(T2w)

iy | (@)oo // (i, @)p(2)(@) dap(@) da

Lemma 3.3 ([8] Lemma 4.4-1.). Letw € () be typical andu® € LP(Q; 1)) be a sequence of functions
such that ||uf|| LP(Qus) < (' for some C' > 0 independent of . Then there exists a subsequence of

(u) oo and u € LP(Q; LP(SY; up)) such that u® 2w and

(12)

.. e
”u”LP(Q;LP(Q;MP)) < llgl_%lf U

Lr(Qiug)

Furthermore, we will need the following result on the lower estimate in homogenization of convex
functionals using two-scale convergence, which was obtained in [12].

Lemma 3.4. Let ji,, be a random measure. Let f : Q x Q x RY — R be a convex functional
in R%. For almost all w € Qg, the following holds: Let u* € L9(Q; juif,) be a sequence such that

14| fa(Quuey < € forsome 0 < C' < oo and such that u* 2w e LYQ x O L ® up). Then, it
holds

/Q/Qf(x,dj,u(x,@))d,up( )dx<hm1nf/ f @, mew, uf (2)) i () -

The following result has been proven in various work under various assumptions, see e.g. [1] for the
periodic case and [20, [16] (8] in the stochastic case.

Theorem 3.5. For almost every typical w € € the following holds: If u® € W'P(Q;R?) for all ¢ and
if there exists 0 < C,, < 0o with

Sgg ||ua||LP(Q) +¢e’ ||vua||Lp(Q) < Cy

Then there existsu € LP(QLP(S;P)) such thatu® X u. Depending on the choice of -, the following
holds:

1 Ify = 0, thenu € WHP(Q) with u® — u weakly in W'P(Q) and there exists v, €
LP(Q; Vo () such that Vu® 22 V,u + vyweakly in two scales.

DOI 10.20347/WIAS.PREPRINT.2865 Berlin 2021



Stochastic homogenization of elasticity 9

2 Ity € (0,1) then7Vuf 22 vy for some vy € LP(Q; VP (82)).

3 Ify=1thenu € LP(Q; W'P(Q)) and eVue 22 D,u.

4 Ify > 1thene"Vu® 20.

Important in the context of I'-convergence is also the following recovery lemma, obtained in [13] Sec-
tion 2.3] for the L?-case. The general case can be proved similarly [9].

Lemma 3.6. Letv € V) (€2), 1 < p < oo and let Q be a bounded convex domain. For almost
every w there exists C' > ( such that the following holds: For every ¢ > ( there exists a unique
Ve e WIP(Q) with VVE(2) = v(rew), [q Vi = 0and |Vallwisq) < Cllvlliz,, @) for al
¢ > 0. Furthermore,

li “’ =0.

um Ve llzeq) =0

3.1 Homogenization on Domains with Holes
Lemma 3.7. Let P(w) be a random open domain with the weak (r, p)-extension property on Q for

1 < r < p < oo. Then for almost every w € ) the following holds: If u* € W1P(B.(Q) N
P (w); RY) for all € with

sup (1|5 e o)+ 190 srce.c@pprin) < €

for C' independent from ¢ > 0 then there exists a subsequence denoted by ue and a function u €
Lr(Q; Whr(Q)) N LP(Q; WP(P)) such that

Ui 2y and VU 2V, u (13)

as well as
€ Ry oand Ve 2 xpVuu (14)

ase’ — 0.

Proof. We find
$p (et e o) + VUt @)

< Csup (HU€HLP(IB%E QNP (w)) T 5||VUE||LP(JBE(Q)WPE(w))> (15)
3

Theorem|[3.5 implies for some u € L™(Q; W' (€2)) that (13) and (14) hold. The LP(Q; WP (P))-
regularity of u follows from the bounds on u O

Proof of Theorem27. TW'?(P) is a closed subspace of L(P) x L?(P)?, hence separable. If
(ur)yey is @ countable dense subset of W' (P), we find a set of full measure 2 C €2 such that for

every k € N and every w € () the realizations uy, are well defined elements of W7 (P(w)).

DOI 10.20347/WIAS.PREPRINT.2865 Berlin 2021



M. Heida 10

Given such w and k € N, we define u®(x) := uy (Tg;w) and by Lemmawe find
@€ LP(Q; W () N LP(Q x P) such that Ueu® 22X iy, and e VUuf 22 Vi and such that

“ak”LT(QxQ) + ||vwa/€”LT(Q><Q) < ligiglf (HuﬁugHLT(Q) +e ||Vu€u6||LT(Q)>
< Climin (6%l oe.@rpen + = 195 s, e )
= C (Nl o ey + IVt ey -
Since the operator u;, — 1y, is linear and bounded, it can be extended to the whole of W!?(P). O

Proof of Theorem 211l For every ¢ > 0 and f; (z) := f,(7zw) there exists a unique u* that
solves

—?Auf +uf =0 onB.(Q) NP (),
—eVu' - vre() = f,. onI*(w)NQ,
ut =0 on 0Q).

Deriving apriori estimates in the usual way, for some C' > 0 independent from ¢ it holds

€ ||Vu8||L2(IB§5(Q)ﬂP5(Q)) + HuaHL?(IBE(Q)ﬁPE(Q)) <C
and thus according to Lemma|[3.7]we find u € L"(Q; W'"(Q)) N LP(Q x P) such that

/ 2s /28
Usu® =y and €VUuE 2 V,u

along a subsequence 1" which we again denote u° in the following. But then for ¢ € C'(Q) and
Y € CHQ) it follows

Nre(w)

e, Tt TR AR @) = =2 [ Gl V) b (72 )
QNIs (w) Q

= / eVu - (ngb(T%w)w(a;) + 5¢(T§w)vw(m)) dx +/ ut(Tew)y(x) dw
QNP (w)

QNP: (w)

- /Q /P (Vs - Vbt + ugt)) .

Since the left hand side of the above calculation converges to fQ fF fv@v dur p and 1) was arbitrary,
we conclude. [

Lemma 3.8. Let P(w) be a random open domain with strong (r, p)-extension property for 1 < r <
p < 00. Then for almost every w € § the following holds:

1 Ifus € W&’gQ(Q NP*(w); RY) for all e with sup, || Vus|| r(qrp. ) < C for C' independent

from e > 0 then there exists a subsequence denoted by u and functions u € W, " (Q; RY)
andv € L"(Q; V], (€2)) such that

ue 2 xpu and Vo 2 xpVu+ xpv ase — 0, (16)
U 2w and VUl R Vu+tv ase—0. (17)

Furthermore, Uezua/ — u weakly in Wl’r(Q))-
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Stochastic homogenization of elasticity 11

2 If p > 2 and the Assumptions of Theorem are satisfied and I'°(w) additionally has the
(s, p)-trace property for some s > 1 then

/28 .
7:_:/'&E —Uu In LS(FE M Q, /L%(w)) .
If, even further, I'*(w) has the (s, r)-trace property with r from Part 1, then

hm

Tou® ’Elu’

— 0. (18)
Lo (D' NQsug. )
Remark 3.9. For the reader familiar to the field it may be astonishing, even unsatisfactory, that the limit
function u € WOI’T(Q; ]Rd) loses integrability compared to u°. However, let us stress once more that
the extension of W17 functions to W !P-functions really is an intrinsic property of the geometry which
in general is not satisfied uniformly on random domains. This regularity also cannot be recoverd from
the improved LP-regularity of xp Vu + ypv. To understand this in more detail, take f € L(Q;R%),
% + i = 1 and observe

< |lim / f-Vus
e—0 QﬂPE(w

Now, the limit ¢ — 0 provides xpVu + xpv € LP(Q x P) but not xpv € LP(Q x P). Hence,
we rely on fQ f- fP v = 0, a property that holds for P = 2, and maybe in more generality, but we
currently lack a proof.

Proof. In what follows, convergences always hold along subsequences of ©°, which we always relabel
by u®.
Proof of 1: Let 1 + ; = 1. Then Theorem [3.5| yields for some u € W'"(Q;R?) and v €

L7(Q; Ly (§2)) that holds. Due to the decreasing support of -u° we find u € W, " (Q;R%).
(16) follows from using xp as a testfunction.

Proof of 2: Now let p > 2 and let the Assumptions of Theorem be satisfied and let I'"*(w)
additionally have the (s, p)-trace property for some s > 1. If ug is the function from Theorem [2.11]
for f, = 1 we observe for ug(z) := uq(r=w) for every ¢ € C(Q) and ¢ € C'(Q) with

o (x) == gb(T%w) that
/ utpd® At = 5/ U P eV ug - Ure(w) dHe!
QNIrs(w) QNI (w)
= / (W YoTug + eVug - (U P°eVY + 1pdp°eVu® + pueV¢©))
QNP (w)

— [ [ wsodus.
QJr

In order to show note that

720" = Teul

< [lu® = ul

Lo (PN Qi) @) TEIV @ =Wl @npew) -

Since the first term on the right hand side converges to zero and ||V (u® — u)HU(EE(Q)mPE(w)) is
bounded, the claim follows. O
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Proof of Theorem28 For u € W'?(P) with u®(x) := u(7zw) we find for aimost every w that .
satisfies

e|lVUw|[prq) < C <5 ||Vu8||LP(QﬁPE(w))> (19)

HL{EUEHU(Q) <C HUEHLP(QmPg(w))

Ase — 0, Lemmayields w2 g, VU u¢ 22 D, @i, where @i € LP(Q; WETP(2, P)). Moreover,
inequality implies in the limit that

||Dw@||L;g;(Q,P) <C ”DWUHLﬁot(P)

Hence we can set gD u := fQ D, 1. By density, this operator extends to V. (P). O

3.2 Homogenization of p-Laplace Equations
Assumption 3.10. For the rest of this work, let the assumptions of Theorem[1.3 hold.

For

E: W (Q) x L™(Q;VE, ) =R
MH//WMU // // Wdur.p

Enom (u) = inf E(u,v).

VELP(Q;Vp, (P))

it holds

We start with two observations. The first is a direct consequence of the lower bound on F" and G.

Lemma 3.11. Let Assumption of Theorem[1.3 hold. Then there exists C' > ( such that for every
us € Wb (Qp(w)) it holds

VU || poqa ) S Eewlu’) +C (20)

Lemma 3.12. Let Assumption of Theorem[1.3 hold. Then almost surely every sequence of functions
(S Wéng(Qip(w)) with sup, ||V5u5||Lp(Q%(w)) < 00 andu® — u weakly in L™ (Q) satisfies

lim / / u)dPdx, (21)
e—0

hH(l] d,ur(w) = / / w) dprpde, (22)

with equality in case of Hélder continuity of F'.

Proof. According to Lemma it holds u € W (Q) and U.u® — u strongly in L7(Q). In the first
case, F'is Holder and the (s, r')-trace property implies

. [F(u) — F(u)| dppg,) < C . |u® — ul” dpp,)
<C <||u€ — ull ey + € VUt — wnmq)) . (@3

The convergence follows accordingly. O
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Theorem 3.13. Let Assumption of Theorem. hold. Then, for almost every w € §) we find &, w QSF

& in the following sense

1 Foru® — u weakly in L"(Q), u¢ € Wé’gQ(pr(w)) with sup, &. ., (u®) < oo, there holds

u € W' (Q) and there exists v € L"(Q; V", .(Q, P)) such that Vue 2 xp - (Vu +v)
and

pot,s

E(u,v) < liminf & ,(u®). (24)

e—0

2 For each pair (u,v) € Wy (Q) x L"(Q; Vi (§2)) with E(u,v) < +oo there exists a
sequence u° € Wé:gQ(Qi(w)) such that U.u® — u weakly in W' (Q) and Vu 22
p - (Vu + v) weakly in two scales and

E(u,v) =lim &, ,(u). (25)

e—0

Proof. 1. We find

/QS G(u®)

P

< C’/ |u®|” < C’/ U] < C (/ |Vu£|p)
Qp Q Qp

with a similar estimate for frs F(u®)dpg,, in case of Holder continuous F' and exploiting the lower
bound of I otherwise. Then because of

1
P w

for C' independent from €. Hence the statement follows from Lemmas [3.8|and[3.12]

2. Step a: Let (ug),oy C C*(S2) be a countable dense family in W'?(Q) and (9);en C C2(Q)

be dense in 1V, ”(Q). Then the span of the functions ¢;V,,uy is dense in L (Q; V0ot (€2)). Writing
S = spang;V,,u; we show statement 2. for (u, v) € (¢;) ;- X 5. However, for such (u, v) we find
V' € spang;uy, such that v = V,V and V°(z) := V(x, Tzw) is well defined and measurable for
every w. For simplicity of notation, we assume V' = ¢;uy,

In particular, we have for u* = u + V¢ that u® 2 wand Vit = Vu + eVo;uy (wa) +

¢;Vuy (wa) and hence u° — u weakly in W'?(Q) and Vu® i Vu+ ¢;V,uy. Using essential
boundedness of V¢, uy, (Tgw), the ergodic theorem now yields

: 5, €D __ 11 . 5 v N p
ll_r)% - |Vou| —ll_r}%/qxp(lw) A% u—i—qukuk(TEw){
://\(vsuﬂﬁ)p
Q/p
We obtain uf) — u)and [ F(u®)dus, , — u) dpp p do from Lemma
QlpCG r I'(w) Qlrt

B.12] This |mpI|es 25) for the above sequence u®

Step b: We pick up an idea of [3], Proposition 6.2. For general (u,v) € W,"(Q) x L"(Q; Vi (§2))
with & (u, v) < +00 let (Un, Un) € (¢;) ey X S with

< (26)

SRS

H(U,U) (umU”)HWl QX LT(Q; Vot (1))
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and

|5(u, U) - g(um Un>| S (27)

We achieve in the following way: due to Hélder continuity, there exists C' > 0 such that | F'(u)| +
|G(u)] < C(|u| + 1). For M > 0 we write u; := max {—M, min {u, M }} and set vy (z,w) =
Xy (uw(x)) v(z,w), i.e. upyy = M implies v = 0. Then uy; and vy are still in the same
respective spaces. Furthermore, as M — oo we find £(uy, va) — E(u,v) by the Lebesgue
dominated convergence theorem. Next, we approximate (s, va) in W'P(Q) x VI (P) by el-
ements (unrs,Vns) € (@5);on X S and again by the Lebesgue dominated convergence theo-
rem we get convergence &(unrs, Uars) — E(unr, var). Successively choosing M and d, we find

(Uns Un) € (B)) ey X S satisfying
Starting from we set £9(w) = 1 and for each (uy, vn) € (;);oy X S we find by Steps a

and b for almost every w some e, (w) < 3e,_1(w) such that for ¢ < &,(w) and uf, , = u,(2) +
eV (z, Tzw) it holds

‘cﬁ'&w(u‘E )—€(un,vn)‘§ :

n,w

S|

The set Q C Q suchthatall e, (w) are well defined has measure 1. For such w we choose u® = uy, ,
ife € (€nt1,En)- Then

|Eew(u®) — E(u,v)| < fore <e,.

S

which implies the claim. O

Theorem 3.14. Let Assumption hold. Then for almost every w the following holds: For every
e>0letus,, € Woly’gQ(Qa(w)) be a global minimizer of £. .. Then

i HufmnHW&‘é’Q(Qg(w)) + Eew(UUfpyy,) < 00

and for every subsequence such that U.uS, — u weakly in LP(Q) and weakly in W' (Q) with

min
v e L"(Q; Vo (2, P)) such that Vus;, 22 Y + v it further holds u € W™ (Q) and (u,v) is a
global minimizer of € in Wy (Q) x Vi (P). Finally, in case @ holds, we find

(u,0) € WyP(Q) x Vi, (P)
Proof. In what follows, we denote
W, o= Wy"(Q), V=V (),

and note that every of the following countable steps works for almost every w.

Step 1: Since W, x V, C W,. x V, the functional £ has a at least one local minimizer (ug, vg) on
every closed ball of sufficiently large radius R in W, x V.

=Wy XV,

By (0) = {(w,v) € W, x V, : Ilully, + [lvlly, < R} .

By Theorem 2 there exists a recovery sequence u° € Wol’gQ(QE(w)) such that U.u® — up

weakly in W (Q) and Vu? 2 vp - (Vug + vr) weakly in two scales and

E(ugr,vR) = lir% Ew(u).
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Step 2: We conclude for the minimizers

min

hIEIl)lglf “uminHW(};gQ(Qf(w)) < hren_gglf Eew(Uny,) +C < hrsn_}glf Eew(u®) +C < E(up,vr) + C,

which at the same time implies by Theorem [3.13/1 that U.u® — u weakly in W' (Q) and there
exists v € L"(Q; V], (€2, P)) such that Vu* 2 xp - (Vu + v) and with

[ully, +l[vlly, < C(E(ur,vr) +1),
g<u7U> < 5<uR7 UR)? (28)

with C' independent from (ug, vg). This implies that the theorem holds if there exists a global mini-
mizer of £

Since also HUEHWOl’gQ(QE(w)) < &(ur,vr), we conclude
lurlly, + llvally, < C (E(ur,vr) +1)

Step 3: Similarly, if (ug«, vg+) is a further minimizer on any ball EKTXVT(O) with €(ups, vpe) <

E(ur,vgr) we can conclude

[ur-llw, + vr-lly, < C (E(ur,vr) +1)

from the argument of Step 2 and a suitable recovery sequence.

Step 4: Hence, repeating Step 1 among the local minimizers, there exists a global minimizer (u, ) €
=WprXVp
]BCS(uR,UR) (O> O
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