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CONSISTENCY AND CONVERGENCE FOR A FAMILY OF FINITE VOLUME
DISCRETIZATIONS OF THE FOKKER-PLANCK OPERATOR

MARTIN HEIDA*®, MARKUS KANTNER® AND ARTUR STEPHAN

Abstract. We introduce a family of various finite volume discretization schemes for the Fokker—Planck
operator, which are characterized by different Stolarsky weight functions on the edges. This family
particularly includes the well-established Scharfetter—Gummel discretization as well as the recently
developed square-root approximation (SQRA) scheme. We motivate this family of discretizations both
from the numerical and the modeling point of view and provide a uniform consistency and error analysis.
Our main results state that the convergence order primarily depends on the quality of the mesh and
in second place on the choice of the Stolarsky weights. We show that the Scharfetter—Gummel scheme
has the analytically best convergence properties but also that there exists a whole branch of Stolarsky
means with the same convergence quality. We show by numerical experiments that for small convection
the choice of the optimal representative of the discretization family is highly non-trivial, while for large
gradients the Scharfetter—Gummel scheme stands out compared to the others.
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1. INTRODUCTION

The Fokker—Planck equation (FPE), also known as Smoluchowski equation or Kolmogorov forward equation,
is one of the most important equations in theoretical physics and applied mathematics with application in
physical chemistry, protein synthesis, plasma physics, semiconductor device simulation and others. Originally,
it was introduced to describe the time evolution of the probability density function of a particle exposed to
fluctuating forces (e.g., Brownian motion). There is a huge interest in the development of efficient and robust
numerical methods for the FPE. In the context of finite volume (FV) methods, the central objective is a robust
and accurate discretization of the (particle or probability) flux implied by the FPE.

A particularly important discretization scheme for the flux was derived by Scharfetter and Gummel [47] (in
the context of the drift-diffusion model for electronic charge carrier transport in bipolar semiconductor devices
[49]) and independently by Allan and Southwell [1] and Il'in [29]. The typically exponentially varying carrier
densities at p-n junctions lead to unphysical results (spurious oscillations), if the flux is discretized in a naive
way using standard finite difference schemes [45]. The problem was overcome by considering the flux expression
as a one-dimensional boundary value problem along each edge between adjacent mesh nodes. The resulting
Scharfetter—Gummel (SG) scheme provides a robust discretization of the flux as it asymptotically approaches the
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numerically stable discretizations in the drift- (upwind scheme) and diffusion-dominated (central finite difference
scheme) limits. The SG-scheme and its several generalizations are nowadays widely used in semiconductor device
simulation [21,38] and have been extensively studied in the literature [4,18,20, 31].

Recently, an alternative flux discretization method, called square-root approzimation (SQRA) scheme, has
been derived explicitly for high dimensional problems in molecular dynamics [33]. It was independently obtained
from a maximum entropy path principle [13] and from discretizing the Jordan—Kinderlehrer—Otto variational
formulation of the FPE [40]. In Section 3.2, we derive the SQRA from the theory of gradient flows. In contrast
to the SG-scheme, the SQRA is very recent and only sparsely investigated.

We point out that the SG and the SQRA schemes as well as others (e.g., the Chang—Cooper scheme [9])
are special cases of a family of discretization schemes based on weighted Stolarsky means [48], see Section 3.1,
allowing for a unified analysis. We provide further mathematical context in Section 1.2 below.

1.1. The FPE and the SG and SQRA discretization schemes

In this work, we consider the stationary Fokker—Planck equation in the formulations

-V (kVu) =V - (kuVV) = f, (1.1)
or divI(u,V)=f (1.2)

using the flux J(u, V) = —k(Vu + uVV), where x > 0 is a (possibly space-dependent) diffusion coefficient and
V : Q — R is a given potential. For simplicity of presentation, we study the case k = 1 but emphasize that
the results also hold for x € C? (ﬁ) with constants 0 < kK < K < 00 and & < k < k. The flux J consists of a
diffusive part KVu and a drift part kuVV, which compensates for the stationary density 7 = e~ (Boltzmann
distribution) as J(e~", V) = 0. The right-hand side f describes possible sink or source terms.

In what follows, we assume for simplicity of presentation x = 1 but we emphasize that the calculations hold
true also for the general case. However, super convergence of order 2 on cubic meshes only holds for x = const.

Assumption 1.1. Unless stated otherwise, we assume Q c RY to be a polygonal convexr bounded domain,
V e C?(Q), f e L*(Q) real-valued functions. The standard boundary conditions in (1.1) are the homogeneous
Dirichlet boundary conditions.

The assumption V € C? (ﬁ) implies strict positivity = > 0. Using a transformation U = u/7 we find that
(1.1) is equivalent with
-V - (xVU) = f. (1.3)

Discretizing (1.3) on an admissible mesh in the sense of Definition 10.1 in Chapter 3 of [17] or in [24] we write
T = (V,&,P) for the mesh consisting of convex polytope control volumes V := {Q;,i =1,..., N} with mass

m;,(d — 1)-dimensional flat interfaces o = {0; ;} with measure m, ; and points Pq = {z;,¢ =1,..., N} which
we sometimes call the cell centers. Two cells £2;, Q; are neighbors if o; ; := 9€Q; N 0€); has positive measure and
we write ¢ ~ j. If ¢ ~ j, the distance of the cell centers is h; ; := |z; — x;j].

In order to formulate discrete Dirichlet conditions, we follow [24] and enrich the mesh with finitely many points
Poa = (yr), C 0N and virtual interfaces Egq = {0 flat : Fi with o, C OQ N O} i.e., for every flat segment
oik C 00N O, we chose yy, € 0, 1 such that (yx — x;)Lo; , and denote m; j 1= |0 | with h; = |yx — z;|. We
further generalize the notation i ~ j if o; ; C 9§ or o; ; C 0€;. Then, when summing up over the interfaces
in the calculations below, we do not have to distinguish between inner interface of type 9€2; N 0€2; and outer
interfaces of type 9 N 9€;.

We finally denote P = P UPyq and € = Eq U Eyq and write » j
to ; and >, ; for the sum over all interfaces €.

. for the sum over all interfaces belonging

gt

Remark 1.2. Since ; are convex polytopes, the cones defined by z; and o; ; are mutually disjoint. Hence,
writing £(z;) = {os; € £ :0y; CQ;} for d > 2 there exists a constant Cy depending only on the dimension



DISCRETIZATION FOR THE FOKKER-PLANCK OPERATOR 3019

TABLE 1. Several mean values expressed as Stolarsky means S, g with corresponding weight
functions B, g, see equation (1.7). The geometric mean corresponds to the SQRA scheme, the
So,—1-mean to the Scharfetter-Gummel discretization.

Mean a B a+pB  Sap(zy) Bag(z
<0
Max +oo 1 +0o0 max (z,y) { »
1, z>0
Quadratic mean 4 2 6 (=2 +y?) \/ 3(1+e27)
Arithmetic mean 2 3 Lz+y) 3 ( 1 +e7)
Logarithmic mean 1 0 1 (x —y)/log (z/y) L1-e)
Geometric mean (SQRA) 1 -1 0 NG, e /2
Scharfetter-Gummel mean 0 -1 -1 zylog (z/y)/(x —y) /(e —1)
Harmonic Mean -2 -1 =3 2zy/(x +y) 2/(e”" +1)
r <
Min —oo 1 —00 min (z,y) ¢, =<0
1, x>0
such that
Vi : C'd_lrm S Z mmhm S Cdmi.

ai,jeg(a;,-)

Definition 1.3. Given a family of admissible meshes 7;, = (Wi, &, Pr) we denote for ; € V), the diameter
h; = diam§2;. The family of meshes is called quasi uniform if for every z;,x; € Pp, ¢ ~ j, it holds h; ; < h and if
there exists R,r > 0 independent from 7}, such that the following holds: For every €2; € V), there exists x € §;
such that B, (z) C Q; C Bra, (2).

We make the following proposal for a discretization of (1.3)

m; 4
V; € Pa — Z TJSi,j(UT,j —Ur,i) = mifra, (1.4)

guni

where m; = e~ Vi V; = V(x;) resp. Vi = V(y:), fr.i= fQ_ f is the average of f over §;, Zj:jw denotes the sum
over all neighbors of cell ¢ and S; ; = S, g(m;, ;) is a Stolarsky mean of m; and =; [48]

Suale) = (G520 az0 5200z s 2y (15)

Stolarsky means can be extended to the critical points « = 0, 8 =0, « = 3, x = y in a continuous way and
generalize the logarithmic mean and other means, see Table 1.

It is well known that (1.3) has a unique solution U € H?(Q2) N H}(Q) satisfying homogeneous Dirichlet
boundary conditions and we demand that Uz : P — R as a solution of (1.4) satisfies discrete Dirichlet boundary
conditions. Then, the discrete linear operator in the above schemes is an M-matrix and (1.4) with discrete
homogeneous Dirichlet conditions has a unique solution Uz : P — R.

Finally, we reverse the above discretization U = u/7 and obtain that ur ; := Uz ;m; solves the discrete FPE

Vas € Po B Z Mij g (umy B um‘) — mafra, (1.6)
Uy

hlj T
Jigrvi
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FIGURE 1. (a) Weight functions B, g of the discrete flux scheme for different Stolarsky means
Sa,p according to equation (1.7), c¢f. Table 1. (b) Weight functions for a + 8 = —1 using the
parametrization @ = —(1 —46)/2, 8 = —(1+6)/2 for § > 0. The SG-mean (a, 5) = (0, —1) is
obtained for § = 1. The grey shaded region indicates the full range § = [0, 00), where the limit
§ — o0 is given by the weight function e=*/2 of the SQRA scheme.

To highlight the relation to the Scharfetter-Gummel (SG) scheme, we use the relation S, (z,y) =
2 S4,5(1,y/x) and introduce the weight function

Ba,g(x) = Suﬁ(l,eix) with Ba75(—x) = emBaﬁ(x), (1.7)

such that equation (1.6) can equally be reformulated as

m; i
= 7 T Bap(Vi = Viuy = Bap(Vy = Vius) = mifr.s

gring 0

Two special cases of particular interest are

ViV

Boa(Vi=Vo) = w7

= 501,1(71'7;,7'(']')71';1, (18)
Bl,—l(‘/i — ‘/j) = eié(viivj) = 5’17_1(7Ti,71'j)7rj_1. (19)

With regard to Table 1, these coefficients are known as the Bernoulli function By, _; (for SG) and the SQRA-
coefficient By _1. FV schemes with general weight functions B have been investigated in [7,35] (B-schemes).

We emphasize here that the case a = 0 and § = —1 is indeed very special in the analysis but all schemes with
a + B = —1 behave very similar.
To make this more clear, we write J; ; := ij (“:—Jf - %) In the diffusion regime V' = const we observe

for fixed av, 8 that B, 5(V; — V;) ~ €%S, 5(1,1) = 1 and J; ; & (u; — uj)/h; ; is reduced to the discrete diffusive
flux (Fig. 1).

In the drift-dominated regime, i.e., for |V; —V;| > 1, the various B, behave differently. While
By,—1(V; — V) cannot be controlled in a reasonable way, we may introduce

. .:_Vj—vi{uj if Vi >V
’L,]'

hi,j (773 if ‘/J < ‘/z
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which is a robust discretization of the drift part of the flux, with u being evaluated in the donor cell of the flux.
For a = 0, 8 = —1 we recover the upwind scheme, i.e.,

IS iy = IS =0 as |V = Vi = oo (1.10)

Hence, the Bernoulli function By _; interpolates between the appropriate discretizations for the drift- and
diffusion-dominated limits, which is why the SG scheme is the preferred FV scheme for Fokker—Planck type
operators. Mathematically, this is formulated in Section 5.2.

For convenience, we often write O(h*) which means

there exists a constant C not depending on h, 7,7 s.t. ’O(hk)| < C|hl* for h — 0. (1.11)

In this introduction, C' in (1.11) also depends on || f||, > and |[7| 2. In recent years, convergence order has
been derived for many different schemes. In [32], quantitative convergence of order O(h?) for several upwind
schemes on rectangular grids has been shown. In [2] the finite volume Scharfetter—-Gummel discretization (of
steady convection diffusion equations) is connected to a finite element method and convergence of order O(h) is
obtained by using results from [53]. Investigating general B-schemes, Chainais-Hillairet and Droniou [7] proved
strong convergence in L? for the solutions of the FV scheme to the continuous solution. Recently, convergence
of order O(h) for general B-schemes including SG, SQRA as well as Stolarsky means has been proved in 1D
[35]. Independently, convergence for the SQRA discretization has been investigated in [40] in 1D, Donati et al.
[14] (formally, rectangular meshes) and [26] using G-convergence on grids with random weights.

1.2. Major contributions of this work

We derive the order of convergence in the energy norm for general Stolarsky schemes benefiting from analytical
properties of Stolarsky means and using consistency theory in the sense of [11]. The error naturally splits into
the consistency error for the discretization of the Laplace operator (the consistency of the elliptic operator) plus
an error which is due to the convective part. Clearly, we have the possibility to study the error in terms of U and
of u. While the error in terms of U can be directly inferred from the diffusive estimate in Lemma 2.6, one can
also apply a splitting into diffusion- and convection-part of the error in terms of u. The order of convergence is in
general limited by the consistency of the mesh but can be improved up to order O(h) in u (on all Voronoi grids),
resp. O(h?) in U (on cubic grids). It is interesting to observe that the optimal Stolarsky mean can be different
in the variables u and U for the same problem on the same mesh. This is indicated by the numerical experiment
of Example 7.2.

The choice of the Stolarsky mean does basically not affect the rate of convergence in the variable U. However,
in the variable u the scheme Sy _1 (SG scheme) is special among all schemes as the additional error term which
is solely due to the convection and not the consistency of the grid is of order O(h?) (Thm. 1.5), compared to
O(h) for the other schemes. Due to a perturbation result (Cor. 4.2), the good convergence properties of the
SG scheme carry over to every Stolarsky scheme where o + 3 = —1. However, in our 1-dimensional sample
calculations, this effect cannot be seen due to part 2 of Theorem 5.2 and the relation (1.16) below. On the other
hand, extensive 2d or 3d studies are beyond the scope of this work.

In what follows, we denote L?(P) := {U : Po — R} and Hr := {U : P — R| Ulp,, = 0} with the natural
imbedding Hz < L?(P) and introduce the norms
ms j

2 ~ 112 ~
(0 — i), 150172 py = > mid}. (1.12)
2,7 Q;

Vo € L*(P),v € H.r Joll%, =

i~
We recall the discrete Poincaré inequality for zero boundary values ([17], Sect. 10.2)

Vv e Hr : [vll 2y < Clivllar, (1.13)
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where C' depends only on €2 but not on 7. Now, the discrete Poincaré inequality applied to (1.4) implies that
the solution Uz satisfies uniformly the discrete a priori estimate

10T 12y < CllfTl L2 (1.14)

Of course we cannot expect solutions of (1.4) to approximate solutions of (1.3) better than in the case m = const.
We will acknowledge this in terms of ¢-consistency in Definition 2.8 below in a rigorous way. For the moment,
the reader may refer to p(h)[|U| j2(q, as the speed of convergence of the scheme (1.4) for constant 7 = 1 and
continuous solution U € H2(f2). Then, as we will see, we can express the general order of convergence for uz
(sol. of (1.6)) towards u (sol of (1.1)) in terms of ¢ plus some correcting terms.

Finally, given v € H?(12) in the following we set (R7u)(y;) = u(y;) for y; € Paqo and

(Rru), :=u(z;) is the pointwise evaluation of u in the centers of the cells ;.

As a consequence of the Poincaré inequality (1.13) we can transfer order of convergence estimates on ur
directly to Uz and vice versa through the following relations: for U e Hy with @ = URzn

~ ~ u; Uy 1, . . 1 1 1, . . 1 1
=l S Ay (— = ) s an (= — =), 1.1
R S | G B VR (1.15)
. . 1/~ . 1/~ .
ﬂj—ﬁizﬂjUj—WiUi:§<Uj—Ui)(’frj+7Ti)+§(Uj+Ui)(7Tj—7T7;), (116)
which imply with help of Remark 1.2 that:
[0, <l llcl@ln, +2Cal| V7|l . (1.17)
all,,. < 0|, +2cavril|o] , - 1.18
I, < Ielloe]| O], + 20l Vmlc O], (L.18)

Hence it is, in principle, sufficient to derive order of convergence estimates in U for (1.4) and transfering these
estimates to the solutions of (1.6).

Theorem 1.4. Let d < 3 and T, = (Vh,En, Pr) be a quasi uniform family of admissible meshes and let V
satisfy Assumption 1.1. Moreover, let Tj, be p-consistent (Def. 2.8). If U € H?(Q) N H () is the solution of
(1.3) and Uy, the solution of (1.4) with discrete homogeneous Dirichlet boundary conditions then

U5, = R, Ul < Cillwllsp(h) + Cah¥,

where k = 2 in general and k = 4 if the grid is cubic or d = 1. Here, C; and Cs depend only on d and 2, r
and R.

We provide a proof of Theorem 1.4 at the end of Section 6.

The convergence rate of U is directly related to the convergence rate of the flux since J(u,V) = —nVU.
Through (1.18) and the Poincaré inequality, we also get a rate of convergence for the variable u. However,
the second term on the right hand side of (1.16) is non-local since the L?(P)-norm is controlled by the Hr-
norm. Furthermore, we want to track the influence of the choices of the Stolarsky mean onto the quality of
convergence of ugy. Also the proof of convergence of Ur cannot explain the observed supremacy of the SG
coefficient. Therefore, we spend some effort in direct calculations based on u, despite the calculations in U are
much easier. The result is the following

Theorem 1.5. Let d < 3 and T, = (Vh,En, Pn) be a quasi uniform family of admissible meshes and let V
satisfy Assumption 1.1. Moreover, let T;, be @-consistent (Def. 2.8). If u € H*(Q) N HL(Q) is the solution of
(1.1) and ug, the solution of (1.6) with discrete homogeneous Dirichlet boundary conditions then

2 2 2 2
luz, = Raully,, < Cr(llullfe + [ullZ V15 ) o(h)? + Can,
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where k = 2 in general and k = 4 if a + f = —1 and where Cy depends on Q,d, r and R and Cy additionally
depends on |V || o2 and ||ul] 4.

We provide a proof of Theorem 1.5 at the end of Section 5.2.

This theorem compared to Theorem 1.4 shows that for non-cubic grids, the “higher order” error, which is
not due to the grid consistency, can be of one order smaller for the SG scheme than for the other schemes. This
is an information which was not possible to obtain from the considerations in U.

Remark 1.6. As a consequence of former works (see Props. 2.9 and 2.10) it holds ¢(h) = |h| on Voronoi grids
and ¢(h) = h? on cubic grids. This explains the next result.

Theorem 1.7. Let d < 3 and T, = (Vn,En, Pr) be a sequence of cubic grids hZ® and let V satisfy Assump-
tion 1.1. If u € H*(Q) N H(Q) is the solution of (1.1) and ug, the solution of (1.6) with discrete homogeneous
Dirichlet boundary conditions then

||uTh - RThuHiITh < Chk’

where k = 2 in general and k =4 if « + 3 = —1 and where C depends on on Q, d, |V o2 and ||ul| 4.

We provide a proof of Theorem 1.7 at the end of Section 6.

We note at this point, that these estimates are only “worst case” estimates, while the true rate of convergence
could also be better. In Section 4 we will see that the rate of convergence is close for different Stolarsky schemes
that share the same value of a+ . i.e., the difference in the error due to switching Sq g with Sj 5 is of order h3

if a+ B = « + [, see Proposition 4.1. This explains the shape of the error graphs in Figures 2a, 2c and 3a, 3c.
Furthermore, we observe that in case d = 1 we always get order 2 convergence.
Although we treat the Stolarsky means as an explicit example, note that some of the main results also hold
for other smooth means.

1.3. Outline of this work

We recall the consistency theory of [11] in Section 2 and afterwards present two different points of view on
the derivation of the above numerical scheme in Section 3.

The mathematical investigation starts in Section 4. In Section 4 we observe that the variational consistency
error is close for two different Stolarsky means when they share the same value for a4 3. In Section 5 we prove
Theorem 1.5 in a version that uses the language of the variational consistency error and in Section 6 we do the
same with Theorem 1.7.

Finally, our main results are illustrated in Section 7 by numerical simulations.

2. CONSISTENCY AND INF-SUP STABILITY

We use the framework of [11] and consider on an admissible mesh 7 = (V, £, P) the space
Hr = {v € L*(P) : v satisfies hom. Dir. b.c.}

with the norm |||, given in (1.12). We sometimes later also use the following notation for some positive
coefficient field Q2 on &:

2

m; 2
||UHH7-,w = Z h77] wiJ(Uj - U’i)

Y]

]

Definition 2.1 (inf-sup stability). Let 7, = (Vi,&r, Pr) be a quasi uniform family of admissible meshes. A
family of bilinear forms aj, on Hzy;, is called uniformly inf-sup stable with respect to two norms |||, 1, ||l o if
there exists v > 0 (independent from h) such that

Vue Hr,: Alully, < sup 2L
vEHT, ||U||h,2
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Throughout this paper we write Ry, := Ry, for simplicity and sometimes u; = (R7u), if the meaning is clear
and no confusion with discrete variables occurs. For a continuous and coercive bilinear form a : H}(Q) x H} (Q) —
R, the associated linear operator A : H?(Q2) — L?(Q) is defined by

Yu e HX Q)N HY(Q),ve Hy(Q):  alu,v) = /QvAu. (2.1)

Definition 2.2 (Consistency). Let a : H}(2) x H}(Q) — R be bilinear and continuous with linear operator
A such that (2.1) holds and let 7, = (Vp, En, Pr) be a family of admissible meshes with ap, : Hy, x Hp, — R
continuous bilinear forms. The wvariational consistency error of aj in u € H*(Q) N H} () is the linear form
Er(u;-) : Hp, — R where

Yo e Hp, © Ep(u;v) = sz/ Au — ap(Rpu, v). (2.2)

We say for the norm |- ||, , on Hr, and u € H*(Q) N Hg(Q) that consistency holds if

G .
sup MHO as h — 0.

1€ (u; -)
verr\{o}  [Vl42

Proposition 2.3 ([11], Thm. 10). Let a : H}(Q) x H}(Q) — R be bilinear and continuous with A such that
(2.1) holds and let T, = (Wi, En, Pr) be a family of admissible meshes with ayp, : Hy, X Hy, — R bilinear and
uniformly inf-sup stable forms. If u € H*(Q) N H () and uy, € Hy, are solutions to

VvéH&(Q):a(u,v):/fv:/Auv; Yv € Hy, : ap(up,v) vl/ Au,

then it holds
||uh*Rhu||h1 <7 1HQ3h( )”hZ* (2.3)

Using the above general insights, we introduce for 7, = (Vp,, &, Pp) the bilinear forms

appg : HY () x H} () — R (u,v) — / Vu-Vu+uVV . Vo,
m; Us
aprpre(u,v) : Hy, x Hp, — R n, J Sij ( — 7r> (v; —vy),
iy Vi i

with Appg u = —V - (Vu +uVV) and following (2.2)

V?) S H'Th . eh,FPE(UQ ’U) = ZUZ/ AFPEU — ah,FpE(Rhu, ’U). (24)
X Q;

Lemma 2.4. Under the Assumption 1.1 let Tp, = (Vn, En, Pr) be a quasi uniform family of admissible meshes.

Then ap,ppg is uniformly inf-sup stable for ||-|l;, ; = Il 2 = Il g, , where v depends on €, inf|x|, ||x||, and
) ) h

V7|

2\ 2
Remark 2.5. We could also consider inf-sup stability of aj rpr for [[ull, ; == | > ;- m#(u—J - M) and

n~] hiyj 5 T
[l = Il 77, - This will first lead to an estimate of [|[Ur — Rz U||;;, which then has to be transformed into
) h h
one on |lur — Rzully, using (1.17) and the Poincaré inequality. However, the speed of convergence for U and
h
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u may be different, which is why we study both separately in Sections 5.1 and 5.2. Hence in what follows, we
will always consider for ur € Hry, and € € H,

-1
Ilha = Wllne = Illeg,, €l = suwp Jollg,, [€@)]

ve HTh \

Proof of Lemma 2.4. Introducing u; ; := %(ul + u;) and using (1.15), we obtain with the triangle inequality

QZh’jS,J«U U)(U; — U3) + iy (m; =) = hzjs,u(WY(uj—ui)? (2.5)

i~ i~

Observing that

Mmi,j 2 my,j _— —1)2
2, SZ (J <2ZU Z s S,]ﬂ' T, )
inj Jujri
and exploiting the discrete Poincaré inequality we observe that

m; 2
> h”s” (U; = U)(U; = U) = Cllullyy,, -
i,

ZNj

where C depends on 2, 0 < r < R, inf|n|, ||7| and |Vl . On the other hand

a U, v
50— UNU; — U) = s, 0) < sup anrps(t, V)
inj ’UEH’Th ||U||H7‘h h

which together with (1.17) and (2.5) and the Poincaré inequality implies uniform inf-sup stability. |

Next we derive an estimate for ||, ppr(u;-)|| H, . We introduce the diffusive part

Mmi,j

ap(u,v) = [ Vu- Vo, ap.p(u,v) = Z

hi s
Q iy Vi

(uj —u;)(v; — vi),

with Apu := =V - (Vu) and &, p(u;-) according to (2.2).

Lemma 2.6. Under the Assumption 1.1 let Tp, = (Vn, En, Pr) be a quasi uniform family of admissible meshes.
It holds

Eh.rrE(U; V) = €D (% 0) + € conv (U3 V), (2.6)

where the convective part of the consistency error is given by

mij (Sij — 7, Sij — T
Ehconv(U; V) = Z(vj — ;) (/ uVV v 5 — N ] ( ’jﬂl LE uj — 7]77» T u2>> (2.7)
o j j i

inog i i,

In particular, we obtain

2 2
||€h FPE(U; )HH* < 2”@’1 p(u; )”H:} +2||€h,00nV(U§')||H; )
h h

||Q5h ||H* <Z J (/ Vu - Vz,j_ h

i~

2
2 hi,; mi; ((Sij =, Sij — ™
Héhyconv(up)”H% ;:Z{(/ uVV vy = 7( Jﬁj Ly — Jﬂl ui ) | . (2.9)
v [eF) J T

£ mi » i,

2
((Rhu) (Rhu)i>> , (2.8)

,J
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We remark that estimate (2.8) was explicitly proved in [11].

Proof. In what follows, we combine ideas of the proofs of Theorem 27 and 33 in [11]. However, since our grid
and our coefficients have a simple structure, our calculations are much shorter. Then we obtain

U4 U; SZ“—TI" Si-—m
Sig| == — ) = (wj —w) + | ——Fu; — ——u;
Uy T Uy T

and hence
My,j
@h,FPE(U; U) = Z(Uj — ’U,') </ Vu - Vij— he (Uj — ul)>
inj Tij iJ
(S S. . —
—+ Z(fuj — Ui) </ qu . Vi,j _ TZ'LJ ( 17]7[—' 7Tj U;] _ 7,7]71—' T Ul>> )
i 2] 1,3 J g

From here we conclude by the definition of & (u;-) and a direct calculation. O

A particular focus of the calculations below will lie on the following structure. For a functions g € C(ﬁ) and
g% : &, — R with g7 (0, ;) = gi; = gj.i, we introduce
mm—

hi,j

ag(u,v) = /Q Vu-gVo,  angluv) = iy (s — ) (0 — v3),

inj
with Agu := -V - (¢Vu) and €, 4(u;-) accordingly.

Lemma 2.7. Let T = (V,&,P) be a mesh and d < 3. Let g € C(Q) and let g7 € £ with g7 (0;;) = gi.j = gji-
Then for every u € H*(Q) it holds

2
h: .
2 2 7,
TR E ) AR e e ( / <g—gi,j>wui7j) .
1,7 2,3 Ti,j

i~j i,J
Proof. This follows from decomposing gVu - v; ; = g; ;Vu-v;; + (9 — gi,j)Vu - v; j on o ;. O
With regard to (2.3), the above considerations motivate the following definition.

Definition 2.8 (p-consistency). Let T, = (Vh, En, Pr) be a quasi uniform family of admissible meshes. We say
that 7}, is p-consistent if for every u € H2(Q) N H}(Q) there exists C > 0 such that for every h > 0

1€n.D(us gz, < Cliull g2 o(h)-

Hence, we immediately obtain the following.

Proposition 2.9 (A consistency result [24]). Let d < 3 and Ty, = (Vi, En, Ph) be a family of admissible meshes.
Then (Tn)), is @-consistent with p(h) = h, i.e.,

1€n.0 (s llry < Cllull g,
where C' depends only on Q and d. We say that the mesh is h-consistent.

Proposition 2.10 ([50]). Let d < 3 and let the mesh Ty, be cubic with all cubes of equal size h. Then the family
of meshes is h?-consistent with ¢(h) = h?, i.e.,

€nnui )y | < Cllulh®
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The following proposition explains why we can expect order 2 convergence in the 1d case when the grid is
Voronoi.

Proposition 2.11. Let d = 1 such that 0, ; = x;; is one single point. Let then the mesh T}, be Voronoi, i.e.,
|zi — ;| = |x; — x; ;| for every neighboring pair i,j. Then

lull e Yoy bE, ifue H2(9)

oy )|y, <C S o 2.10
1€, (us ), < {||u||‘ézzwh;j if u € C*(Q) (2.10)

where C' > 0 depends only on , d. Furthermore,

2
hi
S ([ - aaiweevis) < el S0, 21
] Ti,j

i~vj @, i~vj

provided g € H*(Q) and g;j = Sa,5(gi,9;) for some a,B and for g; = (Rrg);, 9; = (Rrg); and where
Sa,g is twice boundedly differentiable on Ry := {(g(z), g(y)) € R? : z,y € Q}. The constant C then depends on
HSaﬂ

Remark. We observe that S, g is not twice differentiable in (0,0) for most choices of o and 3. However, for
a = 2, 8 =1 this is the case.

o2 (my)-

Proof. Throughout this proof, C(«, 3, Ry) is a constant changing from line to line depending only on (o, 8, Ry).
Note that m; ; = 1 and o;; = x;; consists of one single point. Furthermore, since S, g is twice boundedly
differentiable on R, we find Supi7j‘DQSa,g(gi,gj)‘ < C(a, 3, Ry).

Step 1. We first prove the second statement. Since

Ti—Tq,j
9i — 9(wij) = g'(wi5) - (w0 —wij) + / 529" (s + i) ds (2.12)
0
and x; — x;; = x; 5 — x; it follows

500 st + 5005~ 9o < . (2.13)

hi‘j/Q
/ s%g" (s + xi ;) ds
—hi,j/Q

Furthermore, since ¢;; = Sa3(9i,9;) and g(z; ;) = Sa,p(9(zi;),9(z;;)) and for every > 0 it holds
028a,8(,x) = 0ySap(x,z) = 3 and S, g is twice boundedly differentiable on Ry we find from Taylors

formula for some constant C(c, 3, Ry)
2
(gi - g(ﬂCm))
9; — 9(wi ;)

9ij — 9(@ij) — %(gi —9(wi ) — %(gj - g(wi,j))’ < C(a, B, Ry) ; (2.14)

From (2.12) to (2.14) we conclude (2.11) using o, ; = x; ; and

1

9(03) = 9551 < g1~ (015) = 5101 = 0(01)) = 03— less)| + | 5101 = aas) + 505 — sy

Step 2. In view of (2.8) the first statement follows from

<h;;

hij /2
/ s*u’ (s +x; ;) ds

1
‘V’U, “Vij — hf ((Rhu)j — (Rhu)z) -

(2]

and a similar argument as in Step 1.
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3. DERIVATION OF THE METHODS AND HEURISTIC COMPARISON

In this section, we repeat the original derivation of the Scharfetter-Gummel scheme in a more general way
and show that both the SG and the SQRA scheme are members of a huge family of discretization schemes. Then
we provide a physically motivated derivation of the SQRA scheme which assigns the SQRA a special place in
the family of Stolarsky discretizations.

3.1. A family of discretization schemes

In one dimension, the Scharfetter—-Gummel scheme for the discrete flux on the interval [0, ] is derived in [47]
under the assumption of constant flux J and constant diffusion coefficient « on [0, h]. In particular, we consider
the two-point boundary value problem

J = —k(u'(z) + uw(z)V'(x)) on [0,A], u(0) = ug, u(h) = up, (3.1)

for a general potential V' : [0, h] — R. The solution reads

1 x
u(z) = — (HJ/ eV + uoev(o))e_v(”).
0

The flux can be computed explicitly under the assumption J = const and setting x = h in the above formula.
Writing Vy = V(0) and Vj, = V(h) this yields

—1
J upeVr — uge?o 1(1 /h’ 1 up  Ug 1/ up ug
=K = —k—| = T — — — | = —km - — - =
fh N h\hJy T, Mo metp \m, mo

0

-1
for the averaged Tmean = (% foh 7r*1> . In particular, for affine V(x) = XZ;‘:‘J (x — x0)+Vp, one easily calculates

Tmean = (Vo — V0)/ (th — eVO), which yields the Scharfetter—Gummel discretization. However, a potential can
also be approximated not by piecewise affine interpolation but in other ways, resulting in different means myean .
We provide an example of such an approximation for the SQRA in the Appendix A.2.

Generalizing the later considerations to higher dimensions, we find for the flux on the edge between two
neighboring points in the discretization the expression

T T
ST ._ up oy
Jiju’ = —@Sm‘ < - ) (32)

Uy T

where relates to x and S; ; relates to Tmean-

We aim to express Tmean by means of the values my and 7, at the boundaries. The choice of this average is
non-trivial and determines the quality of the discretization scheme, as we will see below. In the present work,
we focus on the (weighted) Stolarsky mean, putting mmean = S(m;, 7;) although there are also other means like
general f-means (My(z,y) = f([f*(z) + f~'(y)]/2) for a strictly increasing function f). The Stolarsky mean
has the advantage that it is a closed formula for a broad family of popular means and that its derivatives can
be computed explicitly. Moreover, we can — at least in theory — choose different S, g on each interface.

Interestingly, the derivation of the SQRA in Section 2.2 of [33] relies on the assumption that the flux through
a FV-interface has to be proportional to (ujT /5 — ulT / wi) with the proportionality factor given by a suitable
mean of 7; and ;. The choice of S_;; in [33] seems arbitrary, yet it yields very good results [14,19,51].

3.2. The Wasserstein gradient structure of the Fokker—Planck operator and the SQRA
method

The choice of S, g is crucial for the convergence properties but also from a physical point of view. A physically
reasonable discretization is not necessarily the best from the rate of convergence point of view and vice versa,



DISCRETIZATION FOR THE FOKKER-PLANCK OPERATOR 3029

compare with numerical simulations in Section 7. However, the physical consideration is helpful to understand
the family of discretizations from a different point of view.
In [30] it was proved that the Fokker—Planck equation

4=V - (kVu+ rkuVYV) (3.3)

has the gradient flow formulation @ = 0 ¥*(u, ~DE(u)) where

E(u):/ulogu+Vu—u+1:/
Q

Q

ulog(%) —u+1, U*(u,&) = /Q/w\Vﬂ (3.4)

and m = e~V is the stationary solution of (3.3). Indeed, one easily checks that DE(u) = logu + V = log(u/)
and 0¢V*(u,&) = —V - (kuVE) such that it formally holds

\Y
85\11*(u7§)|E:,DE(u) =-V- ("ﬁuv€>|§:7DE(u) =V- (KJU(uu + VV>) =V- (FLVU + FLUVV) = u.

However, the simple parabolic equation dyu = Au can be described either by (3.4) with V' = 0 or by the choice
E(u) = [u? with U*(&) = [|VE |?, which plays a role in phase field modeling (see [28] and references therein)
or E(u) = — [logu with U*(¢) = [u?|VE|*.

Due to this non uniqueness, one might pose the question about “natural” gradient structures of the dis-
cretization schemes that incorporate the underlying physical principles in a discretized way. The discrete energy
functional is clearly prescribed by (3.4) with the natural discrete analogue

u) = Zm (u log<zz> — i+ 1). (3.5)

Since we identified the continuous flux to be J = —xaVU with U = u/m, we expect the form
) i} mi; W w
w;m; = Og Vi (u, —DE7(u)) = j;j h’j i (75 — W’) (3.6)

for some suitably averaged m; ;. Equation (3.6) can be understood as a time-reversible (or detailed balanced)
Markov process on the finite state space P. Recently, various different gradient structures have been suggested
for (3.6): [10, 16, 36, 39, 40] for a quadratic dissipation as a generalization of the Jordan—Kinderlehrer—Otto
approach; and [43,44], where a dissipation of cosh-type was appeared in the large deviation rate functional for
a hydrodynamic limit of an interacting particle system. All of them can be written in the abstract form

V(. €) = Z > ml’]suam (u, )" (& — &), (3.7)

J invj ©J

ot = (2 2 ) o (2) -1ox(2)) o

Any positive, normalized and convex function 1* defines a mathematically valid dissipation functional ¥* by
(3.7) and (3.8). A special case is when choosing for ¢)* and exponentially fast growing function ¢*(r) := C*(r) :=

2(cos h(r/2) —1). Then qa; ; simplifies to
a; j(u,m) = Yitly
7,5 Uy = T )

and hence, providing the square roots. Choosing S; ; = \/m;7;, we obtain the form

=D > mighig /G h2 (& = &)- (3.9)

P HE
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The gradient structure of discrete equations has recently attracted a lot of interest. An intense research has
developed after [5,6], first highlighting the benefit of gradient structures for the convergence analysis. Besides
the classical convergence analysis, further benefits are, e.g., the preservation of the large time behavior [8]. A
further recent study on the discrete gradient flows from the more analytical point of view is [46]. There are
(at least) three further good reasons why choosing this gradient structure and modeling fluxes in exponential
terms: a historical, a mathematical and a physical:

(1) Already in Marcelin’s Ph.D. thesis from 1915 [37] exponential reaction kinetics have been derived, which
are still common in chemistry literature.

(2) Recently, convergence for families of gradient systems has been derived based on the energy-dissipation
principle (the so-called EDP-convergence [15,34,41]). Vice versa, the above cosh-gradient structure appears
as an effective gradient structure applying EDP-convergence to Wasserstein gradient flow problems [23,34].

(3) The dissipation mechanism U* of (3.4) is totally independent of the particular form of the energy €&,
which is determined by the potential V. This is physically understandable, since a change of the potential
energy should not influence the dissipation structure. The same holds for the discretized version (3.9). In
fact it was shown in [42] (with a similar proof in an earlier version of our paper), that the only discrete
gradient structure, where the dissipation does not depend on V/, is the cosh-gradient structure with S; ; =
S—l,l(’/'ri;']rj)-

Remark 3.1 (Convergence of energy and dissipation functional). I'-convergence of Er L E can be shown if
the fineness of 7 tends to 0 since u — ulog(u/7)—w is convex. For the dissipation potentials Uk (u, §) we observe

2
for smooth functions u and ¢ that 55— C*(fl &) = ( e V{) +O(h? ;) and \/uzu; ~ u(3(x; +x5)). For

|zi—=;|

small mesh size, we get approxunately Ui (u,§) =~ 5 fQ kulVE |

For quadratic dissipation, qualitative convergence results using the underlying gradient structure and the
energy-dissipation principle are obtained in [12] in 1D, and in [22] for multiple dimensions. In [25] convergence
of the associated metric is proved.

4. COMPARISON OF DISCRETIZATION SCHEMES

We consider two different smooth mean coefficients S; ; = S(m;, 7;) and S;; = S(m;,m;) for two different
Stolarsky means S and S. In view of (2.4) they both come up with their own consistency QEiFPE(u; -) resp.

th rpE (U ) from Lemma 2.6 and a short calculation reveals that

&) ppp(u;v) = th ppe (U V) + Z - (S JRh — SR~ )( = v;). (4.1)

iy hi
Relating to (1.11) we introduce O, (z*) through
there exists C' depending only on d, 2, «, 8 and |7 s.t. |Ox(z | < Cla|*.

The derivatives of a general Stolarsky mean S, g satisfy in x = y # 0 (see Appendix A.1)

1
02Sa,8(x,x) = 0ySa gz, x) = 3
1
0280 5(z,2) = 855,1”@(95,30) = —aina,ﬁ(x,x) = —BsmSa,g(x,x) o —(a+ 5 -3), (4.2)
so we have the following expansion of S; ;: writing m; ; = %(m +m;), Ty =T_ = %(m —mj;) and m; = mo + T4

and 7; = mp — m_ we obtain from Taylor’s formula

1 1
7(7'('4, — 7'(',) + §8§Sa,g(m’j,m,j)(w+ —+ 7-(-7)2 + Oﬂ(ﬂ'i)

Sij = Sap(Tig, mij) + 5
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Lia+B3)—1 .
— e+ A ) Ol ) @3)
2,7
and hence
a9 - (a+5) ) ;
Sij — Sij = (mi = m5)" + Ox(m; — ;)" (4.4)

24 Ti,5
Proposition 4.1. Let 7 be an admissible mesh. Then

’(a—l—ﬂ)— (d+5)‘
24 m; 4

S 2 3
€5 ppe (3 0)] < | €5 pp(us )| +2 (mi = 73)° + On(i = m)° | ull 2 ey 10,

In particular, the last result shows that convergence rates are similar up to order three for different «, 3 which
satisfy o + (8 = const.

Corollary 4.2. Let T;, be a quasi uniform family of admissible meshes and let S; j = Sq g(mi, 7;) and 5’” =
Ss B(m—, ;) with a+F = &+ be two different Stolarsky mean coefficients. Then there is a constant C depending

only on d, Q and 7]l c2(q) such that
5 - 2
||€§’,FPE(U§U)HH* < 2H€§’,FPE(U;U)H .t ChE.
T H’T
Proof. This follows from (4.1) and (4.4). O

5. CONVERGENCE OF THE DISCRETE FPE

Throughout this section, we assume that the mesh satisfies the consistency property of Definition 2.8 with a
suitable consistency function ¢ : R>g — R>¢ and discretization operator Ry, : H*(Q) — L%(Py) as introduced
in Section 2. The parameters 7; and u; below are then given in terms of

mi=(Rum)y;  wi= (Rpu);, U= (RU);. (5.1)

We derive consistency errors for U in Section 5.1 and consistency errors for u in Section 5.2. For both calculations
we will need the following result.

Lemma 5.1. Let d < 3, Ty, be a quasi uniform family of meshes on a polygonal domain Q C R and let S, 5 be
a Stolarsky mean, @ € H*(Q) and let Ry := {(w(z),w(y)) : x,y € Q} such that Sa.3 € C*(Rs). Then there
exists C > 0 depending on 2, d, a, 3 and wsuch that for every h it holds: for every functions U € H?(Q2) with
w; = w(x;) and S; j := Sa,p(w;, @)

k=i i IV 1@ VU 1.,

<C N )
Zk:i,j hy ||vw||H1(Qk) (ff’w |VU| )

Nl=
—
ot
[\
~

/ (w — SZ’])VU Vi

2%

In particular, we find

@,

2
P ( / (w— 8i;)VU - m—) < CR*|| Va3 VU5 o (5.3)
7,7 Oi,j

inj
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Proof. Due to Definition 1.3, i.e., the condition B,p, (z) C €; C Bgrp,(«) uniformly over all cells, and the convex
polytope shape of the (£2;), we find C' > 0 such that for every cell ©;

1
Vfe H' (%) 11220, < 5 C2lF o, (5.4)
Ve HA () : 1f = fill 2o, ) < MC2 IV I3 (o) (5.5)

Here, equation (5.4) follows e.g., from Section 2.1 of [27] and (5.5) follows from || f — fi||2(;(gi) < hiC’QHVfH?{l(Qi).

Observe that
/ @ — Si,||VU - v 4] < (/ w—Sm-|2> (/ |VU.VZ,]-|2> . (5.6)

s s s
Using (5.4), (5.5) and the C?-regularity of S, 3 and R, we obtain (5.2). Equation (5.3) follows from summing
up. U
5.1. Error analysis in U
In view of (2.6) and (2.8) we observe that the natural variational consistency error for a given Stolarsky mean

S equivalently takes the form

@h,FpE(u;’U) = éh’FpE(U; 'U) = Z(vj - 'Ui) (/ VU - Vij— Si’j ZZZJ ((RhU)J - (RhU)z)>
Tij 2

iy J

i~

And as a consequence of Lemma 2.7 we find

7 i,j

2
~ 2 hi i Y
H@h,FpE(U; )HH <l €U, + 3L s (/ (r — S ;)VU - ym) : (5.7)
Ty S L o;

i~j
Using the strict positivity of 7 on Q we may apply Lemma 5.1 for w = 7 for every d < 3 or Proposition 2.11
for strictly positive g = 7 and d = 1. Then we immediately infer from (5.7) the main result of the section.

Proposition 5.2 (Localized order of convergence). Let d < 3 and the mesh T, be a quasi uniform family of
admissible meshes and p-consistent in sense of Definition 2.8. Then for every U € H%(Q) N HY(Q) it holds

lenrenUs )G, , < ImllCnpW: )y, +Clmd, VU ) x b2,
T,s T3,
If d =1 and the mesh Ty, is Voronoi and U € C? (ﬁ), then
I€n,rpe(U; )5 | < Clmd, |Ullcz) h*.

5.2. Error analysis in u

We will now derive an alternative estimate for the consistency error which accounts more for the convective
aspect of the FPE and which directly aims at u instead of U. In Lemma 2.6 we have split the consistency error
¢, rpe(u; -) into the two parts € (u;-) and € conv (U5 ).

Proposition 5.3. Let d < 3 and T, = (Vh,Er, Pr) be a quasi uniform family of admissible meshes and let
the assumptions of Lemma 5.1 hold. Using the notation of Lemma 2.6 let u; ; = %(uz +u;). Then for some
constant C' depending on So g and ||V| o2

2
I
2 2 1,
1€ com 15y, < 2l IEn,0(V3 ), +23 702 ( [N w,j> +CH2
) i

inj
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In case o+ B = —1 the above can be improved to

2
hi s
€ con (), < 2l €00Vl +23 ( | w=wpvv ym) +on'.

inj
Proof. Following (4.2) we find

Sig—mj, _Sig—m 15
_ Lo 22
Uy 7 T 27TZ‘7TJ‘

1 ;oo
(Si,jﬂi + Si’jﬂ'j - 27T¢7Tj) = ( + Ca’ﬁ (:_J + F))(Wi — 7Tj)2 + Oﬂ(ﬂi - 7Tj)3

2 ﬂ'j

1 1
(mi = m5) (wi + uy) + 2,

(Si,jﬂ'i + Si)jﬂ'j - 27Ti7Tj)(ui - ’U,j)

for Co, g = 75(c+ 8 — 3). Hence, we conclude from

mg, 1 Si"
@h’conv(u; ’U) = ; (}%5271_17:](71'1 — Wj)(ui + ’LLj) — /(va uVV - Vi,j) (’Uj — Ui)

m;1 1 1 T T 2 3
3Tty (3 o (5 5) ) s i) Ot ) s

that there is a constant C' depending on ||7|| ., V7|, ||ull .. [[Vul,, such that we have

¥ hi,j 2 T 5

2
hi s m: 1S .
||@h,conv(u;-)|\§{; < ZM(/U .uVV-ym. — I 2 20 () (g +uj)> 1+ C Rt

i~
To estimate the right-hand side, we use that for a general Stolarsky mean we have

Si 1 11
—(m =) = 55 (T + ) (Vi = Vi) + O(h).

3T 5 i Uy
Defining g := v and g; ; := %Sm( L i) (u; + ;) and applying Lemma 2.7 we now obtain

i 5

»J

2
hi
15 com (5, < 2 (sl 1) (V3 )1, +2Zm_ﬂ_< / (u—gi,»vv%,j) rom
v v inj ,] Ti

We observe that %Sm( + ) =1+ O(h|Vr|), which implies that

1, 1
TG 5

< + .

/ (u—gij)VV v

%

/ (U7ui,j)v‘/'l/i,j

%

So, the first claim now follows for general S, g.
For the case Sqo,3 = So,—1, we have So _1(x,y) = f—j’y log(z/y). Hence, we observe that

28 (s — ) = (Vi — V).
o (mi — ) = (V; )
For general S, 3 with oo + 8 = —1, we apply Corollary 4.2, which proves the second estimate.

We conclude the section by the following proof.

Proof of Theorem 1.5. Using the Definition 2.8, the result is an immediate consequence of Lemma 2.6,

sition 5.3 and Lemma 5.1.

3033
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6. CuBIC MESHES

Throughout this section we consider d < 3 and a polygonal domain Q C R? with a cubic mesh where
Qi =a; +[~h/2,h/2)¢, x; € KZN Q.
Lemma 6.1. Let Q C RY be a polygonal domain with d < 3 and a cubic mesh where Q; = x; + [~h/2,h/2]%,
x; € hZNK). Then for every functions V € C! (ﬁ) and w € C? with w; := w(x;) and S; j := Sa.p(w;,w;) there
exist Cey, Cy > 0 depending only on ||| 2 and |VV || o1 respectively, such that for every U,u € H?(2) N Hg(Q)
it holds
2

/ (&= Si,)VU v < Cab™2 VU 20, (6.1)

2%

2

/ (w=wi)VV -vig| < Cvh®™?|[Vulfn g, (6.2)

¥

where u; ; = 3 (u; + uj).

Proof. Let Q = [0,1]? with midpoint Z. There exists C' > 0 such that for every f € H'(Q) with fQ f =0 and
every g € H%(Q) it holds

[ sse [ [ w-s@<e [ (Vo |9,

Hence for each Q; € V), and Gy,; := fQ VU we find by a scaling argument
[ 9 =Gy <o [ o (63)
/ lu—u;|” < hC/ (\w? + \v2u|2). (6.4)
Proof of (6.1): We first observe

/ (w - Sl’])VU Vi S

¥

+

/ (w—Si;)Gu,i

¥

/ |w—Si7j||VU—GU)i|

sJ

We then find for some C' depending on d that |@w — S; ;| < C||Vwl|| h and hence using also (6.3)

2
S (/ \w — Si’j|2> (/ |VU — GU71‘|2>

< Chd+2/ IV(VU)%.
Q;

/ |w—Si7j||VU—GU)i|

¥

We have for z € 0, ; and & € {V2w(y) : y € Q}, & j, & € {VES(m(y), @ (y))) : y € Q} with

€0.i5] o < Cape = sup||VES(w(y), @(y)))|

)
yeN &

(el < [l

that for G ; := f,, Vw it holds
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wi —w(x) =Gg,i- (v;i—z)+ (Vo(z) — Goi)(x; — ) + (2 — )& (2 — x).
Thus we find
+ C|[ Vo2 Guil,

5>

k=i,j

/ (w—8i;)Gu,

)

/ (w — wk)GU,i

i,

where C' = C, 3, in general and Cy g, = 0 if Sq g(a,b) = £ (a + b). Due to the anti symmetry of G ; - (z; — )
on 05, |Vw(z) — Goi| < ||@||q2h and [&;] < ||| o2 we obtain

< B @] e |Gl

/ (W - Si,j)GU,i

(2%

Now with |G i| < h™ %[ VU|| 2 g, it follows in total

2
< ChP2||VU |31 gy

/ (w — SLJ)VU Vi

iy J

Proof of (6.2): We start from

< +

/ (u—ui’j)VV-Vi,j

(2%

/ |U—U1‘7j”vv—GV)Z“ .

%)

/ (u—u;;)Gv,i

We find for some C' depending on d that |VV — Gy,;| < C||V(VV)| h and using (6.4)

2
g()hd“/ [Vul>.
Q;

/ lu — i }||VV — Gl

¥

For the second term, we make use of G, ; := fQ’_ Vu and

)

U — (@) = Gy (x; —x) + (Vu(z) — Gui)(z, —x) + /0 (z; — 2)V3u(te + (1 — t)a;) (z; — x) dt.

By anti-symmetry of G, ; - (x; — ) on o, ; we obtain using (6.3)

/ (1 — )G <h1+‘izl|cw</ |Vu(x)—Gw-|2> +h|GV,i|/ V24|
T4, T4 91

»J »J

1
<h1+3|GV,Z-|(/ |V2u|2)2.
Q;

Together, this implies (6.2). O

Proposition 6.2 (Consistency on cubic meshes). Let Q C R? with d < 3 be a polygonal domain with a family
of cubic meshes where for each h we set Q; = x; + [~h/2,h/2]%, x; € hZ C Q. Then for some constant C
depending only on d, Q and ||7]| 2 q)

2 2
€)%, < CR ullfa)-

Proof. The statement follows from the application of Lemma 2.7 twice for ¢ = S together with Lemma 6.1 and
Proposition 2.10. (I
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In view of Theorem 5.3 combined with Theorem 6.2 and Lemma 6.1 with % (u; + u;) = S21(u;, u;) we also
obtain the following.

Proposition 6.3. Let d < 3. On a polygonal domain Q C R? with a cubic mesh where Q; = x; + [~h/2,h/2]?,
x; € hZ C Q, it holds: Using the notation of Lemma 2.6 it holds for some constant C depending only on d, Q)
and ||7T||c2(9)

2 2
€, conv (u; )”H:[S < Chk”“”}ﬁ(g)a
where k = 2 in general and k = 4 in case a4+ = —1.

Proof of Theorem 1.4. The claim follows from Proposition 5.2 (general case) or Proposition 2.10 together with
twice application of Lemma 6.1 in the cubic case. O

Proof of of Theorem 1.7. This is a consequence of Lemma 2.6, Propositions 2.10 (resp. Prop. 6.2) and 6.3. O

7. NUMERICAL TESTS AND CONVERGENCE ANALYSIS

In this section, we provide a numerical convergence analysis of the discretization schemes based on Stolarsky
means described above. As the central problem of flux discretization is in the context of the finite volume method
essentially one-dimensional (c¢f. Sect. 3), we restrict ourselves to the analysis of one-dimensional test problems
on iteratively refined grids, for which already non-trivial results can be observed. We consider non-equidistant
grids in order to rule out possible cancellation effects and spurious convergence properties which might occur
on uniform grids.

In the examples below, the non-equidistant grids are generated with the help of a mesh density function
p:[0,1] — [0,1]. We choose

1
I+
where a > 0 is a shape parameter. The mesh density function equation (7.1) transforms an equidistant mesh
{z;},_, n with z; = (i—1)h and h = 1/(N — 1) into a non-equidistant one {p(x;)},_; ., where N is the
number of nodes. For a > 1, the mesh density function is S-shaped, which implies small grid spacings close to
the boundaries and larger grid spacings in the center of the computational domain. Note that the grids satisfy
the quasi uniformity condition given in Definition 1.3. The example calculations described below are carried out
for a = 1 (equidistant grid, p(z)|,=1 = ) and a = 4 (non-equidistant grid).

p(x) (7.1)

Example 7.1. We consider the potential V(z) = 30x(1 + «) and the right hand side f(z) = z(1 — z) on the
domain (0, 1) with diffusion coefficient x = 1 and homogeneous Dirichlet boundary conditions u(0) = u(1) = 0.
The numerical solutions obtained using the Stolarsky mean discretizations are compared point-wise with the
exact solution uyes (involving the imaginary error function) that has been obtained analytically with the help
of Mathematica [52].

The numerical results for Example 7.1 are summarized in Figure 2. In Figure 2a, the logarithmic error
log1o(|lw — uret|| ) is shown in the («a, §)-plane of the Stolarsky-mean parameters for an equidistant grid with
219 + 1 = 1025 nodes. First, we note that the accuracy for a mean S, 5 is indeed practically invariant along
a+ (3 = const., which supports Corollary 4.2 in Section 4 and our main theorems (see Sect. 1.2), respectively. In
the present example, we observe optimal accuracy around av+ /3 = —1, which includes the SG-scheme (Stolarsky
mean So _1) as a special case. Figure 2b shows the convergence behavior under iterative mesh refinement,
where the fastest convergence in the Hz-norm is indeed observed for the SG-scheme. Note that, however, also
the other schemes considered in the comparison show a quadratic convergence behavior (as predicted in for
one-dimensional problems by Thm. 5.2), but with a larger constant. The results for the non-equidistant grid
(shape parameter a = 4) shown in Figures 2c and 2d are qualitatively the same as in the equidistant case. We
observe that the optimum around a + 8 = —1 becomes sharper in the case of non-equidistant grids (compare
Figs. 2a and 2c), which we interpret as a result of the improved grid resolution at the domain boundaries.
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FIGURE 2. Numerical results for Example 7.1. (a) Discretization error log;,(||u — uret||mr,) in
the (a, 3)-plane on an equidistant grid (@ = 1) with 2!° +1 nodes. The error is color-coded and
is minimal around a + 8 = —1. Several special Stolarsky means (c¢f. Tab. 1) are highlighted by
crosses. Note the symmetry S, g(z,y) = Ss,o(z,y). (b) Quadratic convergence of the discrete
solution to the exact reference solution u,.f under mesh refinement in the Hy-norm. See the
inset for a legend and color-coding of the considered means S, g. In the present example, the
SG scheme Sy 1 provides the fastest convergence under mesh refinement. (c), (d) Same as in
panels (a), (b) but on a non-equidistant mesh with shape parameter a = 4.

Example 7.2. We consider the potential V' (z) = 2exp (2x) and keep the right hand side, diffusion constant and
boundary conditions as in Example 7.1. The reference solution was computed numerically to a high precision
using a shooting method (involving a fourth order Runge-Kutta method together with Brent’s root finding
algorithm [3]) on a fine grid with 7937 nodes.

The results of the numerical convergence analysis for Example 7.2 are presented in Figure 3. The plot of the
discretization errors ||u—uyef|| g, in the (o, §)-plane of the Stolarsky-mean parameters shows a minimum around
a+ =0, see Figures 3a and 3c. This optimum includes the SQRA scheme with geometric mean S, _; and is
qualitatively the same in the case of equidistant and non-equidistant grids. Just as in the previous example, we
observe quadratic convergence for all considered Stolarsky-mean schemes under iterative mesh refinement, see
Figures 3b and 3d. Note that the potential gradient V’(z), which acts as a driving force for the drift-like flux
component, in Example 7.2 (4 < V'(z) < 30) is smaller than in Example 7.1 (30 < V'(z) < 90). Hence, our
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F1GURE 3. Discretization errors and convergence behavior of the numerically computed solution
u in the Hr-norm for Example 7.2 using the Stolarsky-mean schemes. The errors in (a) and
(c) are color-coded (as before, on grids with 219 + 1 = 1025 nodes). The coloring of the means
in (b) and (d) is the same as in Figure 2b. For the considered example, the results indicate a
superior performance of the SQRA scheme (geometric mean Sy,_1) on the equidistant as well
as on the non-equidistant grid (shape parameter a = 4).

results obtained for Example 7.2 indicate that away from the drift-dominated regime, the SG-scheme might be
outperformed by other Stolarsky-mean schemes (e.g., the SQRA scheme). This legitimizes the use of alternative
flux discretizations for problems with moderate potential gradients, as carried out in reference [14].

Finally, Figure 4 shows the discretization error logyq (||U — Uyet|| ;) obtained using the Stolarsky-mean
schemes for Example 7.2. We observe that the optimal parameters are  + 8 = 0.6 in the equidistant case,
see Figure 4a, and o + = —0.2 in the non-equidistant case, see Figure 4b, which is clearly different from the
optimal parameter set required to obtain maximum accuracy of u, cf. Figures 3a and 3c.

8. OUTLOOK

The results of this work suggest to search for “optimal” parameters o« and 3 in the choice of the Stolarsky
mean in order to reduce the error of the approximation as much as possible. However, from an analytical point
of view, the quest for such optimal « and 3 is quite challenging. Moreover, since the optimal choice might vary
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FIGURE 4. Comparison of the discretization errors logy (||[U — Uret| r1,) for Example 7.2 on a
grid with 1025 nodes with (a) equidistant and (b) non-equidistant spacing (shape parameter
a = 4). The optimum Stolarsky-mean parameters («, ) for minimum error in U are different
from those required for minimum error in u, cf. Figure 3.

locally, depending on the local properties of the potential V', we suggest to implement a learning algorithm that
provides suitable parameters « and 8 depending on the local structure of V' and the mesh.

APPENDIX A.

A.1. Properties of the Stolarsky mean
Lemma A.1. For every of the above Stolarsky means Si(x,y) it holds

0pSi(x, ) = 0y Sy (z, ) = % and 028, (z,z) = 855*(1‘,1‘) = —8§y5*($,x) =—-0;,5.(z, ).

Proof. Since S, (z,x) = x and S, is symmetric in z and y, we find from differentiating 9,5, = 0,5, = % From
the last equality, we find 0,5 (x, x) — 0y S« (z,z) = 0 as well as 9,5,(z,z) + 0,S.(x,xz) = 1 and differentiation
yields
2 2 2 2 _
038 (w, 1) — 0y Si(z, ) — 0, S, ) + 0y, Si (2, 2) = 0, (A1)
2 2 2 2
0:S«(x, ) + 0y Si (v, ) + 03, S«(x, ) + 0y, Si(z, ) = 0. (A.2)

Since —03, 5, (x, ) + 07,5 (x,x) = 0, equation (A.1) yields 925, (z,z) = 825.(x,z). Inserting the last two
relations into (A.2) yields 82, 5. (x, ) = 0,5 (x, x) = —02S.(z, x). O

Lemma A.2. It holds 025, p(m,7) = o= (a+ 8 — 3).

Proof. We know from Lemma A.1 that 8,5,,5(z,2) = 3 and 925, g(z, ) = —9,0,5a,5(x, ). Given a fixed y,
we define z = z/y and find

f(2) == y28a,8(1, 2) = Sa,5(yz,y)

satisfies
azf(z) = yawsaﬁ(yz7 y)v aZZf(Z> = yQam:Sa,B(yzv y)7
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and hence 9., f(1) = ¥?0,454.5(y,y). In z # 1 it holds

B fﬁ(zo‘fl)aiiﬁ*1 a2 — 1)z — B(z* — 1)2°
az Z) = - 1 2
fz) y<a) (zﬁfl)ﬁfl (a—p) z (2% —1)

and in z =1 we find 0, f(1) = y3. Using an expansion z =1+ h in

1

: -1 -1 _ ) =

we conclude with (4.2). O

A.2. Approximation of potential to get the SQRA mean

The aim of this section is to provide a class of potentials which are easy to handle and which generate the
-1
SQRA-mean S_1 1(m, ™) BY Tmean = (% foh 7T71) . Clearly, choosing the constant potential V(z) := V, :=
—log S_1,1(mo, ) we obtain right mean. Although this works for any means, this has two drawbacks

(1) The potential jumps and hence the gradient is somewhere infinite, which means that at these points the
force on the particles is infinitely high which is not physical.

(2) Approximating a general function by piecewise constants, on each interval the accuracy is only of order h.
However, approximating a function by affine interpolation the accuracy is of order h? on each interval (see
below for the calculation).

So we want to get a potential which may be used as a good approximation (i.e., approximating of order h?),
is physical (i.e., continuous) and generates the SQRA-mean. Note, that most considerations below also work
for other Stolarsky means. For simplicity we focus on the SQRA mean S_; ;.

We consider a piecewise affine potential of the form

Y 4 Vo, z € (0,11
V(I) = ‘/Ca T € [1.1’1,2]
%(x—xgwrw T € [y, h]
where 1,25 € [0,h] are firstly arbitrary and V. = —logS_1.1(70, ) = 3(Vh + Vo). The potential is clearly
continuous. Then
1/heVA(z)dglc = EQVC e + L2 —xlch + h — xo u.
h 0 h ‘/C - % h h Vh o VC

3 1
Introducing the ratios aw = £t and 3 = “5%2 (which are in [0,1/2]), we want to solve %foh V@ dy = e2(Vht10),

Indeed, introducing the difference of the difference of the potentials V' =V}, — V4, we obtain
a V2_V/2-1

1. 1.~
A= = = — _ ~l1+ V4 —=V24
B e V/I24V/2—1 3 18

Hence, any value «, 3 satisfying this ratio generates a potential with the SQRA-mean.
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