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Abstract
Balancing is essential in rotating machinery, which is widely employed in many technical sectors, particularly in high-speed 

rotor-bearing systems. The mass balancing method of the hollow shaft manufactured of composite materials is investigated in this 
study over the whole speed range of the rotor. The main goal of the balancing technique is to generate a smooth-running machine by 
removing the commonality imbalance mass through the use of compensating mass unbalance. As a result, MATLAB code is created 
to produce a functioning mathematical model of the rotor-bearing system. The unbalanced rotor-bearing system finite element model 
is proposed to set the balancing mass of the composite hollow shaft at a selected speed rotor that allows minimizing the vibration re-
sponse amplitude of the rotor as much as possible with minimal impact on the rest of the imbalance response within the speed range 
of the interest. As a consequence, this study validates the process for distributing imbalance in modelling balancing to balance the 
flexible hollow shaft with an unbalanced mass throughout the complete speed range of the shaft. The balance of the hollow shaft at 
the critical speed was observed in this approach, and the vibration amplitude was determined by adding extra mass at a specific angle.
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1. Introduction
Rotor mass imbalance is a typical problem in rotating machinery, which is widely employed in 

a range of technical sectors [1–3] such as vehicles, aircraft gas turbine engines, electrical motors, and 
power generation. The imbalance term indicates the deviation and imperfections of the mass centre 
from the rotation axis [4]. As a result, balancing the vibrating rotor system due to imbalanced force 
is critical to minimize unwanted vibration and improve dependability, because vibration induced 
by unbalancing may damage major machine elements such as bearings, gears, and couplings [5].

The hollow shaft rotor mass balancing method is used in this study, and the main goal of the  
balancing procedure is to produce a smooth operation machine by attempting to eliminate com-
monality unbalance mass or by applying compensating mass unbalance, However, because the 
unbalanced mass is dispersed over the length of the rotor, total elimination of the mass imbalance 
is usually impossible and unneeded [6].

A hollow shaft made of composite material is selected because it has valuable properties such 
as higher strength and stiffness, as well as the ability to outperform the same loads with less weight 
when compared to solid material made of metals, so it is better to choose for the load-bearing type [7].

The mathematical technique has been applied and developed in several types of re-
search [8, 9]. Finite element simulation is considered a potential method for analyzing engineering 
applications such as rotor dynamics in rotation systems [10–12]. The present paper is applied to 
balance the dynamic imbalance response of rotating the composite hollow shaft by developing  
a working mathematical model.

2. Materials and methods
2. 1. Object of study
As illustrated in Fig. 1, the composite hollow circular cross-section shaft is made using  

HM Carbon/Epoxy composite hollow shafts when high strength and stiffness are required [13]. 
In comparison, hollow circular shafts are stronger per kg weight than solid circular shafts; also, 
the solid shaft has zero stress distribution at the end maximum at the outer surface, but the stress 
variation in hollow shafts is smaller [14, 15].
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Fig. 1. Composite hollow shaft provided by rock west composites [16]

Table 1 displays the mechanical and geometric parameters of the composite hollow shaft 
material. The composite hollow shaft is made with three layers and the stacking sequence 0/45/45 
since this stacking sequence allows for higher shear force to be applied to the shaft.

Table 1
Mechanical and geometric parameters of the composite hollow shaft

Property Symbol Value Units
Young’s modulus of elasticity E 90 GPa

Poisson’s ratio Y 0.14 –

Shear modulus G 4.6 GPa

Density P 1600 Kg/m3

Outer diameter do 25 mm

Inner diameter din 22.2 mm

Wall thickness T 1.4 mm

In this study, the dynamic behaviour of a hollow shaft is represented using a simplified  
homogenized beam theory (SHBT) [17]. Table 1 contains the values that are utilized to calculate 
the stiffness EI of the hollow shaft using the equations from [18]. 

2. 2. Modelling procedures
To eliminate the commonality imbalance mass of the rotors, a distinct dynamic balancing 

approach has been presented. These methods may be divided into two categories: influence coeffi-
cient balancing methods and modal balancing methods [19–21].

In this technique, the influence coefficient approach is a flexible rotor balancing procedure 
that works at various speeds. The flexible rotor was essential to compare in numerous planes, which 
relied on the number of critical speeds, in order to estimate a response matrix. The linear relation-
ship between changes in the vector of response to change on applied to unbalance is determined in 
this method by defining the vibration response at one measurement point that is excited by a single 
unbalance in one of the balancing planes, which can be determined using a numerical method.

The influence coefficient technique can be quite costly since it requires several test runs 
with stops, restarts, and cooling down procedures. As shown in Fig. 2, a simple rotor system was 
implemented, and the influence coefficients are relationships between imbalance force Fk = Uk⋅Ω2 
as an input performed in one of the compensation plans, k, and output are for vibration response in 
measurement plane xi at bearing sites. Where Uk denotes the applied test weight in the balancing 
plane k and Ω is a rotating frequency. The influence coefficient may then be calculated as follows:
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Fig. 2. Influence coefficient as a complex output/input relation [22]

The modal balancing method is a multi-plane flexible rotor balancing technique. It is a deve-
loped alternative to the influence-coefficient approach, however, the rotor dynamic cha racteristics  
require prior knowledge of the system. The excitations of the modes are balanced one by one in this 
manner, and then the concept of modal superposition is used of a particular number of a modal response, 
to balance a higher mode, a trial mass set with little influence on the preceding modes is utilized.

The following information to balance a ℓth mode of interest, the total imbalance mass  
distribution bc on the rotor due to the initial unbalance, and any unbalance corrections applied:

ulbc = 0,

where uℓ is the ℓth mode shape and represents the eigenvector related to the ℓth eigenvalue. In ad-
dition, the total number of the unbalance mass correction of each mode of interest is:

b b bci c c= + +1 2 .....,

and for some arbitrary (complex) scalars factor αi and exists some sequence basis vectors e1, e2, … 
then, the total unbalance mass correction is using bci = αiei for all i. The theoretical foundations of 
modal balancing are presented in-depth in the book ‘Dynamics of rotating machines’ [23, 24] and 
the rotodynamic response, such as model form and critical speed, may be numerically computed 
using the MATLAB software program. Although the model balancing method usually requires 
prior knowledge of the system in order to correctly select balancing plans, it is simple to apply 
and the number of runs is reduced due to the use of trail mass set rather than individual mass 
by mass; additionally, due to the use of speed closer to critical speed, it has a high sensitivity to 
unbalance. The Unified Balancing Approach may be used to handle modal balancing issues and 
combine the benefits of the influence coefficients method with the modal balancing method. This 
research looks at the theoretical feasibility of balancing the imbalanced rotor response using a nu-
merical simulation model. The MATLAB code is used to create a working mathematical model of 
the rotor-bearing system. The imbalanced rotor-bearing system finite element model is proposed.  
As illustrated in Fig. 3, the suggested finite element model is created by selecting 7 nodes on the 
rotor-bearing model to enhance simulation accuracy and increase the model’s d egree of freedom.  
The shaft is divided into 6 equaled elements of le = 0.15 m in this model, and the first and seventh 
nodes are chosen to be the position of the bearings, which are represented as simple shaft supports. 
The anisotropic spherical roller bearing type (8-ball bearing on this work) is used, and the hori-
zontal to vertical stiffness ratio is 0.46. The identical two disks are made of solid steel (ρ = 7800 kg/m2)  
and have a diameter of 150 mm and a thickness of 20 mm, with the matching nodes placed at 
nodes 3 and 5. The interior diameter di of the disk is considered to be the shaft’s exterior diameter.
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Fig. 3. The layout of the proposed model

3. Results and discussion
The rotor imbalance response before balancing is simulated and depicted in Fig. 4. Because 

of the mass unbalance, the vibration response pattern is seen, with a peak amplitude response of 
10 mm at the first critical speed of 750 rpm, corresponding to node 5.

At the first critical speed, this rotor must be balanced using a single corrective mass at the 
balancing plane point at node 5, which reflects the highest vibration response amplitude at the first 
critical speed.

Fig. 4. Rotor spin speed at node 5

The N-plane modal balancing approach is used to balance the rotor at the first critical speed, 
hence at plane 5, a single imbalance correction mass of 200 g.m at 120 degrees is required to ba-
lance the rotor at the first critical frequency.

The amplitude response at the first critical speed is then determined, as illustrated in Fig. 4 
after the corrective mass is introduced at plan 5 (Node 5). As indicated in Table 2, the maximum 
amplitude of the vibration corresponding to node 5 is 232 μm, which is much less than before the 
balancing around 0.1 cm.

Table 2
Comparison of vibration amplitude

Disk vibration status Vibration amplitude at first critical  
speed (682 rpm)

Vibration amplitude at first critical  
speed (2658 rpm)

Before balancing 0.258 cm 1.85 cm

After balancing 1.1e-7 cm 1.8e-6

As can be seen in Fig. 5, the mass unbalances the unstable condition is observed at 
node 7 (which is the x-axis of the first disk) by demonstrating the response of the two unbalanced 
mass conditions model through operation speed of the rotor shaft, which is about 25 mm and 75 mm 
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at 1500 rpm and 3000 rpm, respectively. The maximum amplitude of the balancing spinning  
shaft, on the other hand, is greatly reduced to around 0.1 mm at 3000 rpm and 0.01 mm at 1500 rpm. 
The simulation results ranged from 0 to 200 seconds in 1-second increments.

Fig. 5. Comparison of the disk vibration response of the considered model operation  
from100 rpm to 4000 rpm: a – before balancing; b – after balancing; c – both of models before 

and after disk balancing

4. Conclusions 
The current study validates the process for distributing imbalance in modelling balancing 

to balance the flexible hollow shaft with an unbalanced mass throughout the whole speed range of 
the shaft. The balance of the hollow shaft at the critical speed was observed in this manner, and the 
vibration amplitude was determined by adding extra mass at a specific angle.

Finally, the suggested approach was used to balance the hollow shaft, and the results were 
compared, including the first and second modes of the dynamic response to the unbalanced shaft, 
which brings a significant improvement in the vibration of the shaft at critical speed crossings.
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