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Abstract
One of the leading methods of exploitation of oil fields is oil production with the help of downhole rod pumping  

units (DRPU). Over 80 % of the operating well stock of Azneft PA is equipped with deep well pumps and about 30 % of oil is pro-
duced in the country with their help.

The widespread use of DRPU is associated with a fairly high maturity of installations, simplicity of its design and mainte-
nance, repair in field conditions, ease of adjustment, the possibility of servicing the installation by unskilled workers, a small effect 
on the operation of DRPU of the physical and chemical properties of the pumped liquid, as well as high efficiency.

However, along with the high efficiency of the applied DRPU, there are also complaints regarding the need to increase the 
reliability and resource of wellhead equipment, including in order to improve the environmental situation in the oil fields.

One of the conditions for ensuring high reliability of the ground equipment of the DRPU is to ensure the tightness of the 
wellhead rod-wellhead stuffing box assembly, the violation of which is not only a failure of the installation, but also leads to envi-
ronmental pollution.

This is facilitated by inaccuracies in the assembly and installation of DRPU at the wellhead. When mounting the pumping 
unit, for many reasons, the tolerance of the wellhead rod with the suspension point of the rod string to the balancer head is not ensured.

In this regard, in the requirements for the accuracy of mounting the pumping unit at the point of application, a certain mis-
match of the axes within the circular coordinates is allowed. So, for widely used pumping units of the CK8 type, the permissible 
mismatch between the axis of the wellhead rod and the suspension point of the rods is determined by the conditions under which the 
projection of the suspension point of the rods onto the plane of the base of the pumping unit at any position of the balancer is allowed 
within a circle with a diameter of 25 mm.
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1. Introduction
It is known that of the mechanized methods of oil production, the most widely used are 

downhole rod pumping units (DRPU) [1, 2]. However, despite the high degree of development 
of the DRPU designs, there are some difficulties associated with the installation of the unit 
at the wellhead. So, for pumping units (type SK 8 and SK10), which have found the greatest 
use at the oil and gas production departments (OGPD) located on the Absheron Peninsula of  
Azerbaijan, the eccentricity of the location of the suspension point of the rods relative to the  
axis of the wellhead rod (in the plane of the base of the pumping unit at any location of the ba-
lancer) should not exceed 25 mm [3, 4]. Naturally, ensuring an acceptable eccentricity presents 
certain difficulties.

The specified eccentricity not only affects the performance of the wellhead rod, but also 
increases the likelihood of failure of the gland of the wellhead rod, leads to leaks of the extracted 
products, and, consequently, worsens the environmental situation in the fields [5, 6].
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2. Materials and methods of research
To identify the true state of affairs, at 80 wells in Absheron, where pumping units of  

the SK 8 type are operated, measurements were made and the eccentricity of the location of the 
suspension point of the rods relative to the wellhead was determined with an accuracy of 1 mm. 
The measurement results are presented in Table 1.

Table 1
Statistical data on the eccentric location of the rod suspension point relative to the wellhead

Range of values eccentricity (Ri), mm Middle of interval, mm Number cases ( fi)

0–4 2 6

4–8 6 16

8–12 10 13

12–16 14 11

16–20 18 8

20–24 22 7

24–28 26 6

28–32 30 4

32–36 34 3

36–40 38 2

40–44 42 1

44–48 46 2

48–52 50 1

The determination of the eccentric location of the suspension point of the rods relative to  
the wellhead was carried out in accordance with the requirements of GOST 8.051-81.

3. Results and discussion
The experiments were carried out in five oil and gas production departments (OGPD of 

Azerbaijan: named after N. Narimanov (in 24 wells), named after Amirov (in 16 wells), Apsheron-
neft (in 18 wells), Oil Rocks (in 12 wells), and on the 28th May (in 20 wells). According to statisti-
cal data characterizing the eccentricity of the location of the suspension point of the rods relative 
to the wellhead and presented in the form of Table 1, it is required to establish the law of distribu-
tion of eccentricity and determine the accuracy of the relative position of the axes.

According to the grouped data in Table 1, given with a step h = 4, let’s construct a histogram 
of the sample distribution of eccentricity (Fig. 1).

Fig. 1. Histogram of the selected eccentricity distribution

Initially, the hypothesis of the distribution of eccentricity according to the Rayleigh law 
was tested. Most often, the random value P of the deviation of the eccentricity of the axes has  
a distribution according to the Rayleigh law [7, 8]. It is one-parameter, and the distribution function 
has the following form:

 

0 

5 

10 

15 

20 

4 8 12 16 20 24 28 32 36 40 44 48 52 
Interval of eccentricity values 

C
as

e 
fr

eq
ue

nc
y 



Original Research Article:
full paper

(2022), «EUREKA: Physics and Engineering»
Number 2

84

Engineering

 ϕ
s

sR
R

e
R

( ) =
-

2
2

2

2 ,  (1)

where R – variable value of the eccentricity, and R x y= +2 2 ,  and x and y are the coordinates of 
the point P (Fig. 2); σ – standard deviation of x and y coordinate values having the same distribu-
tion, therefore s s s= =x y .

Fig. 2. Eccentricity (R) between the suspension axis of the sucker rods and the wellhead

The interval distribution law has the expression [9]:
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This distribution is different in that it is based on the normal distribution. Here the x and 
y coordinates of the point R are normally distributed, but the distribution itself is not normal.  
To calculate the distribution function (2) of the random variable R, it is necessary to know only  
one parameter σR by the relation:
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.  (3)

Using Table 1, let’s determine from the sample values of the eccentricity mean XR and 

variance SR, for which R Pi i
i

⋅ =
=
∑

1

13

16 6. ,  SR = 11.456.

On average XR ,  the value of the sample, does not change, and the variance increases by the 
Sheppard value (the difference between the calculated and actual variance) [10].

Taking into account the Sheppard correction, let’s obtain SR = -( ) =131 24 1 3333 11 3977. . . . 
Assuming σR ≈ SR according to (3) let’s obtain s s π= - = =R 2 2 11 3977 0 655 17 4. . . .

Using the table in Appendix 11 [8], for each observed value of the eccentricity, let’s cal-
culate the theoretical values F(R), and by F(R) determine the theoretical values of the frequency.  
In this case, when calculating R i s ,  the upper value RHs  of the intervals of R values should be 
taken as the eccentricity.

Table 2 (columns 3–5) shows the data for calculating the theoretical frequencies f ′. To com-
plete column 5, it is necessary to subtract the previous value Fi–1(R) from each subsequent va-
lue of Fi(R). For example, for the second row ′ = - =f n 0 1004 0 0261 0 0743. . . ; for the third row 

′ = - =f n 0 2188 0 1004 0 1184. . . ,  etc. For the first row, taking into account the value F(0) = 0, let’s 
obtain ′ =f n 0 0261. . Column 6 is filled in by multiplying the data in column 5 by n = 80.

Fig. 3 shows the theoretical and empirical distribution curves according to the Rayleigh law.
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Table 2
Table for calculating the frequency according to the Rayleigh distribution law

Value intervals Ri (from-to) Case frequency RHs s Theoretical frequency value f ′/n Total value f ′
0–4 6 0.23 0.0261 0.0261 2.088
4–8 16 0.46 0.1004 0.0743 5.944
8–12 13 0.69 0.2188 0.1184 9.472
12–16 11 0.92 0.3450 0.1262 10.096
16–20 8 1.15 0.4837 0.1387 11.096
20–24 7 1.38 0.6141 0.1304 10.432
24–28 6 1.61 0.7264 0.1123 8.984
28–32 4 1.84 0.8160 0.0896 7.168
32–36 3 2.07 0.8826 0.0666 5.328
36–40 2 2.3 0.9290 0.0464 3.712
40–44 1 2.53 0.9592 0.0302 2.416
44–48 2 2.76 0.9778 0.0186 1.488
48–52 1 2.99 0.9885 0.0107 0.856

Fig. 3. Distribution curves according to the Rayleigh law: 1 – theoretical, 2 – empirical

Fig. 3 shows a significant discrepancy between the empirical and theoretical distribution 
functions (DF) under the hypothesis of the theoretical Rayleigh distribution law, which most likely 
indicates the illegitimacy of subordinating the put forward hypothesis H:F(x) of Rayleigh. To ve-
rify this, let’s use the statistical criterion of A. N. Kolmogorov – λ [11].

To calculate the influence of λ, one should first determine the values of the empirical Fn(x) 
and theoretical F(x) distribution functions (assuming that F(x) is the Rayleigh DF) for each ob-
served value of the random variable x (x = R). Then, the maximum difference of these functions  
is determined using the following formula

 λ = ( ) - ( ) ⋅ =F x F x n D nn max
.  (4)

Since F x N nx( ) = ′  and F N nn x= ,  where the indicators in the numerator are, respectively, 
the accumulated theoretical and empirical frequencies, and the indicator in the denominator rep-
resents the sample size, instead of formula (4), it is also possible to use the following formula:

 λ =
-

⋅
N N

n
n

x x max .  (5)

The cumulative frequency of any such xm value is the sum of the frequencies of all previous 
values of xi, including the frequency of xi itself, i.e.:

 N fxm i
i

m

=
=
∑

1

,  (6)

where m  – the number of eccentricity values; fi – frequency of the current value of the eccentricity.
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It is known [11] that for continuous random variables:

 P D n K≤( ) = ( )λ λ ,  (7)

where K lλ
γ

γ γλ( ) = -( )=-∞
+∞ -∑ 1 2 2

.  For large n  and any λ > 0 :

 P Kλ λ( ) = - ( )1 .  (8)

The function of continuous random variables is tabulated, and using a table of their values,  
a table of values of the eccentricity deviation value is compiled, which is given in [12]. According to 
the calculated value of A. N. Kolmogorov’s statistical criterion, according to (5) and Appendix 12, 
the probability of continuous random variables is determined. If this probability turns out to be 
very small, in practice, when P(λ)≤0.05, then the discrepancy between the empirical and theoreti-
cal distribution functions is considered significant, and not random, and the hypothesis about the 
proposed law of the distribution of x is rejected. If the probability of the distribution function is 
large enough (practically, when >0.05), then the hypothesis is accepted. For the convenience of 
calculating λ, an auxiliary table is compiled 3.

From Table 3 let’s find ′ - =N Nx x max
.17 536 and calculating λ according to formula (5), 

let’s obtain 17 536 13 13 4 86. . .( ) =  Further from [12] let’s find that already at λ = 2.50 P(λ) = 0 
since P(λ) is a decreasing function, then P(4.86) = 0. Therefore, the hypothesis H  is not true.

Table 3
Data to calculate the criterion l

Intervals of eccentricity 
values (from and to) Case frequency Nx Total value ′N x ′ -N Nx x

0–4 6 6 2.088 2.088 3.912
4–8 16 2 5.944 8.032 13.968
8–12 13 35 9.472 17.504 17.496
12–16 11 46 10.096 28.464 17.536
16–20 8 54 11.096 39.56 17.44
20–24 7 61 10.432 49.992 11.008
24–28 6 67 8.984 58.976 8.024
28–32 4 71 7.168 66.144 4.586
32–36 3 74 5.328 71.472 2.528
36–40 2 76 3.712 75.184 0.816
40–44 1 77 2.416 77.6 0.6
44–48 2 79 1.488 79.088 0.088
48–52 1 80 0.856 79.994 0.056

It should be noted that the use of the criterion λ assumes the continuity of F(x) and, in 
addition, it is assumed that the empirical DF Fn(x) is built on the values of the random variable x 
not grouped into intervals. However, when the grouping intervals are small, the criterion gives, 
although approximate, but quite acceptable for practical purposes, an estimate of the proximity  
of the empirical DF to the theoretical DF.

Subsequently, the hypothesis of the distribution of eccentricity according to the Weibull 
law was tested. The distribution function of a random variable obeying the Weibull law has the 
following expression:

 F x
x

x

m

( ) = - -


















1
0

exp ,  (9)

and depends on two parameters m and x0.
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Let a and σx be sample values of the mean and standard deviation of a random variable x  
with distribution (9). Then the relation:

 υ
s

x
x

a
= , (10)

is a function of m whose values are tabulated in [12]. In the example a = 16.6 and σx = 11.3971 (tak-
ing into account Sheppard’s correction). Substituting the values of a and σ into (10), let’s obtain 
υx = 0.6866 and [12] find m = 1.5.

To estimate the accuracy of calculating the parameter m, let’s write (9) in the notation x0 = θ, 
m = β in the form of the expression:

 F x x( ) = - -( )( )1 exp .θ β  (11)

Distribution (11) has a one-to-one correspondence with the distribution:

 F x x( ) = - - -( )( )( )1 exp exp ,ξ ψ  (12)

which is called the limit distribution of the 1st type with parameters ξ and Ψ [13].
The distribution parameters (11), (12) are related by the relations:

 ξ θ= ln ,  ψ
β

=
1

,  (13)

In [14], the following method for approximate calculation of the confidence interval for the 
parameter ψ  and, thus, for the parameter β ψ= 1  is proposed. The h

ψ ψ( )  distribution, where 
h D= ( )2 2 ψ ψ  (D-dispersion sign) is replaced by χ2-distribution with h  degrees of freedom. The 
value h  is chosen so that the first two moments of the true distribution and the distribution approx-
imating χ2 coincide. For non-integer values of h>3 and proved 0.01<γ<0.99, the Wilson-Hilferty 
approximation is recommended [15]:

 
χγ

γ

2 3

1
2

9

2

9

h

h h h
z= - + ⋅







,  (14)

where χγ
2( )h –γ  – the χ2(h)-distribution quantile and the zγ–γ quantile of the standard normal dis-

tribution. For γ = 0.1:
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Let a random variable obeying the standard normal law N(0.1) and z0.1 – be its level quan-
tile γ = 0.1 i.e.:

 P zΖ > ={ }0 1 0 1. . .  (16)

So,

 Φ Ζz P z0 1 0 1 0 9. . . ,( ) ≡ ≤{ } =  (17)

where Ф(z) is the distribution function Z. From Table 2 of Appendix II [16] let’s find z0.1 = 1.28.
Substituting this value z0.1 into (14) and setting in (14):

 1
2

9

2

9
1 28 1 01- + ⋅ =

h h
. . .  (18)
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Let’s obtain:

 χ0 1
2 1 03. . .h h( ) =  (19)

From (18) let’s find h = 6.22. Thus, when found h from (15), (19), let’s obtain the upper con-
fidence interval for the parameter m:

 P m <{ } =1 55 0 9. . . (20)

Assuming now γ = 0.9 there is:
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From Table 2 of Appendix II [8] let’s find the value of the Laplace function. Substituting 
this value into formula (14) let’s obtain χ0 9

2 0 0017. . .h h( ) =  From (21) let’s find the lower confi-
dence interval for the eccentricity value:

 P m >{ } =0 026 0 9. . .  (22)

To estimate the distribution parameter ξ  (13), let’s use a simple linear unbiased estimate [17]:

 


ξ ψ= +
=∑ i i n iP l x c

1

13 * , (23)

where c∗ ≈ 0 5772.  – Euler constant.
Based on the confidence intervals (20), (22), it is possible to take ṁ = 1.5 as an estimate 

of the parameter with a confidence probability Pq = 0.9 and, therefore,  ψ = =1 0 66m . . From (23)  
let’s find: 



ξ = 2 93252.  and find the parameter estimate θ :

 
�
�θ = =2 93 18 8. . .  (24)

Let’s accept the hypothesis:

 H F x
x

: exp
.

.
.

( ) = - -


















1
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1 5

 (25)

Let’s compare the empirical distribution fn(x) with the theoretical distribution F(x) defined 
by expression (25). As an empirical distribution, let’s take:

 F x
x x

N n x x
n

X i iI

( ) =
≤

≤




 -

0 1

1

, ,

, ,

*

* *
*

 (26)

1, .*x xn>

Here, x x x1 2 134 8 52* * *, ,...,= = =  the right parts of the intervals [0, 4], [4, 8],…, [48, 52], which 
form the variational series:

 x x xm1 2
* * *....< < <  (m = 13), (28)

where N XI
*  – accumulated point x ii

* , ,=( )1 13  frequencies determined by formula (6).
To calculate the criterion λ, let’s compile an auxiliary Table 4. When filling in column 4, 

let’s assume x xi i= *.
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Let’s apply the λ Kolmogorov criterion. Calculating λ by formula (4) let’s obtain 
λ = ≈0 038 0 3480. . .x

Next, let’s find the probability value –0.9997; hypothesis (26) is accepted. According 
to this hypothesis Р(х<25) = 1–е–1.77 ≈ 0.8287. This means that with an allowable limit value of  
eccentricity equal to 30 mm, the possible percentage of rejects (i.e., exceeding the limit value R) 
will be q\u003d (1–0.8287)×100 ≈ 17 %. Therefore, it is necessary to ensure appropriate control  
of the eccentricity value during operation.

Table 4
Data for calculating the criterion λ in the case of hypothesis (25)

Value intervals x xi
* Nxi Fn(xi) F(xi) Fn(xi)–F(xi)

0–4 4 6 0.075 0.0952 0.0202
4–8 8 22 0.275 0.2442 0.0308
8–12 12 35 0.4375 0.3995 0.0380
12–16 16 46 0.575 0.5416 0.034
16–20 20 54 0.675 0.6638 0.0112
20–24 24 61 0.7625 0.7631 0.0006
24–28 28 67 0.8375 0.8396 0.0021
28–32 32 71 0.8875 0.8914 0.0039
32–36 36 74 0.925 0.92935 0.00435
40–44 44 77 0.9625 0.97212 0.00962
44–48 48 79 0.9995 0.98343 0.01617
48–52 52 80 1 0.98995 0.01005

5. Conclusions
Statistical analysis of the eccentricity according to the measurements made on pumping 

units of the SK 8 and SK 10 types showed that the Rayleigh law traditionally used to study the ec-
centricity is not correct. Since the Kolmogorov statistical criterion λ = 4.86. In this case, P(4.86) = 0, 
therefore, the hypothesis does not reflect the true state of the process.

Testing the hypothesis about the distribution of eccentricity according to the Weibull law 
found that the Kolmogorov statistical criterion in this case is λ = 0.34. Therefore, P(0.34) = 0.83, 
which means that with an allowable limit value of eccentricity equal to 30 mm, the possible rejec-
tion rate will be 17 %.

The above results also indicate the need for a set of studies to justify the allowable deviations 
of the suspension point of the rods relative to the axis of the wellhead stock.
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