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Abstract

We introduce the concepts of fuzzy upper and lower theta star (respectively, theta)-semicontinuous
multifunction on fuzzy topological spaces in the Sostak sense. In L-fuzzy topological spaces, the
mutual relationships of these fuzzy upper (respectively, fuzzy lower) theta star (respectively, theta)-
semicontinuous multifunctions are established along with several characterizations and properties.
Later, researchers looked at the composition and union of these multifunctions.

Keywords: Fuzzy upper theta star (respectively, theta)-semicontinuous multifunction; Fuzzy
lower theta star (respectively, theta)-semicontinuous multifunction

MSC 2010 No.: 54A40, 54C08, 54C60
257

Published by Digital Commons @PVAMU,



Applications and Applied Mathematics: An International Journal (AAM), Vol. 17 [], Iss. 1, Art. 17
258 A. Mughil et al.

1. Introduction

Chang (1968) and Goguen (1973) proposed the concept of (L)-fuzzy topological space as a gen-
eralisation of L-topological spaces, which were initially named (L)-fuzzy topological spaces by
Kubiak (1985) and Sostak (1985). It’s the degree to which a L-fuzzy set is open. Hohle (1980),
Hohle and Sostak (1999), Kubiak (1985), Kubiak and Sostak (1997) and Sostak (1985) developed
a generic method to the study of topological type structures on fuzzy power sets.

The multimapping function was introduced by Berge (1963). Following Chang (1968) introducing
the notion of fuzzy topology, numerous authors have defined and researched continuity of mul-
tifunctions in fuzzy topological spaces from various perspectives (e.g., see Alimohammady et al.
(2011), Mahmoud (2003), Mukherjee and Malakar (1991), Mughil et al. (2021), Papageorgiou
(1985)). In Chang (1968) fuzzy topology, Tsiporkova et al. (1997) introduced the continuity of
fuzzy multivalued mappings. The ideas of fuzzy upper and lower semi-continuous multifunctions,
fuzzy upper and lower beta-continuous multifunctions in L-fuzzy topological spaces were later in-
troduced by Abbas et al. (2014). In L-fuzzy topological spaces, Hebeshi and Taha (2015) proposed
the ideas of fuzzy upper and lower alpha-continuous multifunctions.

The ideas of fuzzy upper and lower theta star (respectively, theta)-semicontinuous multifunction
on fuzzy topological spaces are introduced in the Sostak sense in this study. In L-fuzzy topological
spaces, several characterizations and features of these multifunctions are described, as well as their
mutual interactions. Later, the composition and union of these multifunctions were investigated.

2. Preliminaries

The definition of a fuzzy multifunction (FM, for short), Normalized, a crisp, a image, composition
are defined by Abbas et al. (2014). An L-fuzzy topological space (L-fts, in short) and their ba-
sic definitions are given by Hohle and Sostak (1999), Kubiak (1985), Liu and Luo (1997), Sostak
(1985). An z-fuzzy f-interior respective 6-closure, f-open (respectively, 6-closed) (briefly, z-f6o
(respectively, z-f0c)), z-fuzzy 0-semiopen (respectively, z-fuzzy 0-semiclosed) (briefly, z-f0So
(respectively, z-f0Sc)) are defined by Vijayalakshmi et al. (2019). An z-fuzzy a-open (respec-
tively, z-fuzzy semiopen and z-fuzzy ~-open) (briefly, z- f co (respectively, z- fSo and z- fy0)) are
defined by Ramadan et al. (1992). An z-fuzzy 6*-semiopen (respectively, z-fuzzy 0*-semiclosed)
(briefly z- f0*So (respectively, z-f0*Sc)), z- f0*S (respectively, z- f0S ) interior, z- f6*S (respec-
tively, 2- f0S ) closure are defined by Mughil et al. (2021). Fuzzy upper semi (or Fuzzy upper)
(in short, F'US (or F'U)) continuous and Fuzzy lower semi (or Fuzzy lower) (in short, F'LS (or
F'L)) continuous are defined by Abbas et al. (2014), and F'U« continuous and F'La continuous
are defined by Hebeshi and Taha (2015), F'U6 continuous and F'L6 continuous by Ibedou and
Abbas (2019). The product fuzzy topology is defined by Alimohammady et al. (2011) and Wong
(1974) and graph fuzzy multifunction by Alimohammady et al. (2011) and Mukherjee and Malakar
(1991).
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3. Fuzzy upper and lower 0* (resp. 8)-semicontinuous multifunctions

Definition 3.1.
Let f,, : S — T be a FM between two L-fts’s (S, x), (T, x*) and z € Ly. Then f,, is called:

(i) Fuzzy upper 6* (respectively, 6)-semicontinuous (in short, FU#*SCts (respectively,
FUOSCts)) at any L-fp u; € dom(fn) ifu; € f4(A)V A € LT and x*(A) > =z there exists
z-f0*So (respectively, z- f0So) set, B € L° and u; € B such that B A dom(f,) < fu(A).

(i) Fuzzy lower 6* (respectively, 6)-semicontinuous (in short, FLO*SCts (respectively,
FLOSCts)) at any L-fp u, € dom(fn) if uy € f1,(A) for each A € LT and x*(A) > z there
exists 2- f0*So (respectively, z- f0So) set, B € L° and u; € B such that B < f! (A).

(iii) FUO*SCts (respectively, F'LO*SCts, FUOSCts and FLOSCts) if it is FU#*SCts (respec-
tively, F LO*SCts, FUOSCts and FLOSCts) at every u; € dom( f,,).

Definition 3.2.

Let f,, be normalized, then f,, is FU0*SC'ts (respectively, FUOSCts) at an L- fp u; € dom( f,,)
ifu; € fL(A)V A € LT and x*(A) > z there exists B € L°, Bis z-f0*So (respectively, z-f0So)
set and u; € B such that B < f(A).

Theorem 3.1.

Let f,, : S —o T be a FM between two L-fts’s (S, x), (T, x*) & A € LT then the following are
interchangeable:

(i) fmis FLO*SCts.

(i) fL(A)is 2-f0*So set, for any x*(A) > .

(iii) f*(A)is z-f6*Sc set, for any x*(T — A) > 2.

(v) 6*SC,(fu(A),z) < fu(Cy-(A, z)), forany A € LT.

V) O (I (Cy(fi(A), 2), 2), 2) A L(OC\(f1(A), 2), 2) < fr(Cy-(4, 2)), forany A € LT

Proof:

() = (ii): Let u; € dom(fn), A€ LT, x*(A) > zand u; € f' (A). Then, there exist B € L°, B
is z-f0*Sosetand v, € B> B < f! (A) and hence u; € 0*SI,(f!,(A), z). Therefore, we obtain
fL(A) < 0*SL(f!,(A),2). Thus, f (A)is 2-f0*So set.

(i) = (iii): Let A € L™ and x*(1 — A) > 2. Hence, by (i), f\.(1 — A) =1 — f*(A) is z-f0*So.
Then, f}(A)is z-f0*Sc.

(iii) = (iv): Let A € L”. Hence, by (iii), f“(C\-(A,z)) is 2z-f6*Sc. Then, we obtain

Published by Digital Commons @PVAMU,
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0" SC(FA(A), ) < Fa(Cye(A, 2)).

(iv) = (v): Let A € L”. Hence, by (iv), we obtain C,(L,(C\(f%(A),z2),2),z) A
L(OC(f.(A), 2), 2)< 07 SO\ ([1,(A), 2) < [r(Cx- (A, 2)).

(v) = (ii): Let A € LT, x*(A) > z. Hence, by (v), we have
T— fr(A) =1

T X
Fn(A) SLAC (I (
Hence, f! (A) is 2-f0*So.

(i) = (1): Let u; € dom(f,,), A€ LT, x*(A) > z, with u; € f. (A). We have by (ii), f' (A) is
2-f0*So set. Let f' (A) = B (say), then there exists B € L°, B is z-f6*So set and u; € B such
that B < f! (A). Thus, f,, is FLO*SCts. -

Theorem 3.2.

Let f,, : S —o T be a FM and normalized between two L-fts’s (S, x), (T, x*) & A € L*. Then,
the following are interchangeable:

() fmis FUO*SCts.

(i) f2(A)is z-f0*So set, for any x*(4) > =.

(i) f1 (A)is 2-f6*Sc set, for any y* (T — A) > z.

(iv) 0°SC,(fL(A),2) < f'.(Cy-(A, 2)), forany A € LT,

V) Co (L (Cx(fra(A), 2), 2), 2) A L(OC(f1,(A), 2), 2) < [1,(Cy-(A, 2)), forany A € LT

Proof:

() = (i): Let u; € dom(f,), A€ LT, x*(A) > zand u; € f*(A). Then, there exist B € L°, B
is z-f0*Sosetand u, € B> B < f*(A) and hence u; € 0*SI,(f(A), z). Therefore, we obtain
fr(A) < O*SI(fr(A),z). Thus, f}(A)is 2-f0*So set.

(i) = (iii): Let A € LT and x*(1 — A) > 2. Hence, by (i), f*(1— A) =1 — f. (A) is z-f0*So.
Then, f! (A)is 2-f6*Sc.

(iii) = (iv): Let A € L”. Hence, by (iii), f.,(C\~(4,z2)) is 2-f0*Sc. Then, we obtain
0*SC\(f1.(A), 2) < f1.(Cy- (4, 2)).

(iv) = (v): Let A € LT. Hence, by (iv), we obtain C, (I, (C\(f.,(A),2),2),2) A
L(0C(f1n(A), 2), 2)< 0°SC(£1,(A), 2) < [1,(Cy- (4, 2)).

https://digitalcommons.pvamu.edu/aam/vol17/iss1/17
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(v) = (ii): Let A € LT, x*(A) > z. Hence, by (v), we have

L= fo(A) =fn(1 - A)
>Co (I (Cx(f (T = A), 2), 2), 2) AL(OCY(fru (T = A), 2), 2)
=Cy(L(C (1 = f1.(A), 2), 2), 2) AL (OC (T = f,(A), 2), 2)
=1 = [LC\(L(f1a(A), 2), 2), 2) A Oy (01,(f1,(A), 2), 2)]

T (
f#l(A) S[X(CYX([X( #@(A)7 2)7 Z)? Z) A CX(QI (fu (A)> "7’)7 Z)'
Hence, f(A) is z- f0*So.
(i) = (): Let uy € dom(f,,), A € LT, x*(A) > z, with u; € f*(A). We have by (ii), f*(A) is

2-f0*So set. Let f“(A) = B (say). Then, there exists B € L, B is 2-f0*So set and u; € B such
that B < f"(A). Thus, f,, is FUO*SCts. -

Corollary 3.1.
Let f,, : S —o T be a FM between two fts’s (S, x), (T, x*) & A € L”. Following that,

(i) If f,, is normalized, then f,, is FUO*SCts at u, if and only if u; € z-f0*So set of f*(A), V
X*(A) > zand u; € f(A).

(i) fmis FLO*SCts at u, if and only if u; € 2-f0*So set of f! (A),V x*(A) > zand u; € f! (A).

Proof:

() Let uy € dom(f,,), A € LT, x*(A) > z and u; € f*(A). Then, there exist B € L°, B is
z-f@*Sosetand u, € B> B < f*(A) and hence u; € 6*SI,(f(A),z). Therefore, we obtain
fr(A) <O SI(f%(A), z). Thus, f(A)is z-f0*So set.

Conversely, let u; € dom(f,,), A € LT, x*(A) > z, with u; € f*(A). We have by (ii), f*(A) is
2-f0*So set. Let f*(A) = B (say). Then, there exists B € L, B is 2-f0*So set and u; € B such
that B < f*(A). Thus, f,, is FUO*SCts.

(i) Let u; € dom(fn), A € LT, x*(A) > z and u; € f. (A). Then, there exist B € L°, B is
z-f0*So setand u;, € B> B < f! (A) and hence u; € 0*SI,(f! (A),z). Therefore, we obtain
fL(A) < 0*SI(f.(A),z). Thus, f! (A)is z- f6*So set.

Conversely, let u; € dom(f,,), A € LT, x*(A) > z, with u; € f' (A) we have by (ii), f! (A) is
2-f0*So set. Let f! (A) = B (say). Then, there exists B € L, B is z-f0*So set and u; € B such
that B < f! (A). Thus, f,, is FLO*SCts. n
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Remark 3.1.

The following implications can be deduced from the above definitions.

FUCts > FUaCts » [FUSCts
4 I\
FU#Cts > 170SC'ts - UG*SCts
Remark 3.2.

The following implications can be deduced from the above definitions.

FLCts >  FLaCts » [LSCts
A A
FLOCts P [1.0SCts - ['LO*SCts

The converses of these implications are not true, as shown in the following examples.

Example 3.1.

Let S = {ui1, uge}, Y = {v1, ve, v3} and f,, : S —o T be a FM defined by G, (u11, v1) = 0.88,
Gfm (UH, ’UQ) = 099, Gfm (UH, ’03) = 088, Gfm (UQQ, Ul) = T, Gf‘rn (UQQ, Ug) = 077, and
Gy, (ug2, v3) = 0.33. Let By, By, B3, B, and Bj; be a fuzzy subsets of S be defined as B; (uq1) =
033, Bl(u22) = 011, BQ(U]_]_) = 011, BQ(UQQ) = 033, Bg(ull) = 033, B3(u22) = 033,
By(uy1) = 0.11, B4(ug2) = 0.11 and Bj(uq1) = 0.22, Bs(ug) = 0.33 and A be a fuzzy subset of
Y defined as A(vy) = 0.33, A(vq) = 0.11, A(v3) = 0.22. We make the assumption that T = 1 and
0 = 0. Define L-ft’s y : L° — Land x* : LT — L as:

1, ifB=0orl, 1
if B= B, ,Bsy, B3, By, X" (A) = %, ifA=A
0

X(B) =14 3,
0, otherwise,

are ft’son S and Y. For z = 3, then

https://digitalcommons.pvamu.edu/aam/vol17/iss1/17
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(i) fm is FUC'ts but not FUOC'ts because x*(A) >
isnot - ffoin (S, x).

(ii) fy is FUO* SCts but not FUO SCts because x*(A) > % in (T, x*), f4(A) = B, and
f(A) = Byisnot 3-f6 Soin (S, x).

(iii) fm is F LaCts but not FLCts because x*(A) > 1 in (T, x*), fL,(A) = Bs and f! (A) = Bs
isnot - foin (S, x).

(iv) fm is FLO* SCts but not FLO SCts because x*(A) > % in (T, x*), f,,(A) = Bs and
fL,(A) = Bs is not -6 Soin (S, x).

n (T, x*), fis(A) = Bz and f},(4) = By

1 -
21

Example 3.2.

Let S = {Ull, U,QQ}, Y = {U1, Vg, Ug} and fm : S —o T be a FM defined by Gfm<U11, ’Ul) = 088,
Gy, (u11, v2) = 0.99, Gy, (u11, vs) = 0.88, Gy, (uge, v1) = 1, Gy, (u2, v9) = 0.77, and
Gy, (u22, v3) = 0.33. Let By, B, and Bj be a fuzzy subsets of S be defined as By (u;) = 0.11,
Bl(UQQ) = 033, BQ(UH) = 0]_1, BQ(UQQ) =0.11and Bg(UH) = 022, Bg(Ugg) =0.33and Abea
fuzzy subset of Y defined as A(v;) = 0.33, A(vy) = 0.11, A(v3) = 0.22. We make the assumption
that 1 = 1and 0 = 0. Define L-ft’s x : L° — Land x* : LT — L as

1, ifB=0orl, 1, ifA=0orl,
X(B)=4q3, ifB=B1,B,, X'(4) =13 ifAd=A4,
0, otherwise, 0, otherwise,

are ft’son S and Y. For z = %, then

(i) fm is FL SCts but not F LaCts because x*(A) > 1 in (T, x*), fL,(A) = Bsand f},(A) = Bs
isnot 2-faoin (S, x).

(ii) fn is FL SCts but not FLO* SCts because x*(A) > 5 in (T, x*), f,,(A) = Bs and
fL(A) = By isnot 3-f6* Soin (S, x).

Example 3.3.

Let S = {UH, u22}, Y = {Ul, V2, ’Ug} and fm : S —o T be a FM defined by Gfm(un, Ul) = 088,
Gfm (’LLH, UQ) = 099, Gfm(un, Ug) = 088, Gfm(UQQ, ’Ul) = T, Gfm (u22, ?JQ) = 077, and
Gy, (ug2, v3) = 0.33. Let By, By and B; be a fuzzy subsets of S be defined as By (u;;) = 0.99,
Bl (Ugg) = 077, BQ(UH) = 099, BQ(UQQ) =0.99 and B3(U,11) = 022, Bg(Ugg) =0.33and Abea
fuzzy subset of Y defined as A(v;) = 0.33, A(ve) = 0.11, A(v3) = 0.22. We make the assumption
that 1 = 1 and 0 = 0. Define L-ft’s x : L° — L & x* : LT — L as

1, ifB=0orl, 1, ifA=0or1,
X(B) = %7 lfB:Bl 7327 B3a X*(A) = %7 1fA:A7
0, otherwise, 0, otherwise,

are ft’son S and Y. For z = 3, then
(i) fm is FLCts but not FLOCts because x*(A) > £ in (T, x*), f,(A) = By and f},(A) = Bs is
not 3- ffo in (S, x).

(i) f,, is FLO SCts but not FLOCts because x*(A) > I in (T, x*), fL.(A) = Bs and

2
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fL,(A) = By isnot 3-ffoin (S, x).

Example 3.4.

Let S = {u11, ugn}, Y = {v1, va, vs} and f,, : S — T be a FM defined by G, (u11, v1) = 0.88,
Gfm (UH, ’UQ) = 099, Gfm<U11, ’03) = 088, Gfm (UQQ, ’Ul) = T, Gfm (UQQ, ’UQ) = 077, and
Gy, (u2, v3) = 0.33. Let By, By, Bs, By and Bj be a fuzzy subsets of .S be defined as B (u11) =
033, Bl<u22) = 011, BQ(UM) = 011, BQ(UQQ) = 033, Bg(ull) = 033, BS(UQQ) = 033,
By(uy1) = 0.11, B4(ug2) = 0.11 and Bj(uq1) = 0.77, Bs(us) = 0.77 and A be a fuzzy subset of
Y defined as A(vy) = 0.77, A(vqy) = 0.99, A(v3) = 0.88. We make the assumption that 1 = 1 &
0 = 0. Define L-ft’sy : L°® — L& x* : LT — L as

1, ifB=0orl, 1, ifA=0orl,
X(B) = %a lfB:Bl 7B27 B37 B47 X*(A> = %7 1fA:A7
0, otherwise, 0, otherwise,

are ft’son S and Y. For z = % then

(i) fm is FUaC'ts but not FUC'ts because x*(A) >
isnot 2-foin (S, x).

(i) fin is FUO SCts but not FUOC'ts because x*(A) > 5 in (T, x*), f%(A) = Bs and f%(A) =
Bs isnot i-ffoin (S, x).

(i) fim is FU SCts but not FUG* SCts because x*(A) > 1 in (T, x*), f(A) = Bs and f(A) =
Bs is not 3-f0* Soin (S, x).

in (T, \*), f4(A) = By and f2(A) = Bs

m

Example 3.5.

Let S = {u11, us}, Y = {vi, v2, v3} and f,, : S —o T be a FM defined by G, (u11, v1) =
088, Gfm(uu, 1)2) = 099, Gfm<u11, Ug) = 088, Gfm(u22, Ul) = T, Gfm(u22, UQ) = 077,
and G, (ug2, v3) = 0.33. Let By, By and Bs be a fuzzy subsets of S be defined as By (u11) =
099, Bl(UQQ) = 077, BQ(U]_]_) = 099, BQ(UQQ) = 099, Bg(ull) = 022, Bg(ng) = 0.33
and By(u11) = 0.77, By(uge) = 0.77 and A be a fuzzy subset of Y defined as A(v;) = 0.77,
A(vg) = 0.99, A(vz) = 0.88. We make the assumption that 1 = 1 and 0 = 0. Define L-ft’s
x: L% = Land y*: LT — L as

1, ifB=0or1, 1, ifA=0orl,
X(B) = %7 if B :Bl 7827 B37 X*(A) = %7 1fA:A7
0, otherwise, 0, otherwise,

are ft’son S and Y. For z = %, then
(i) fyn is FU SCts butnot FUaCts because x*(A) > Lin (T, x*), fL,(A) = Byand f. (A) = By
isnot 2-faoin (S, x).

Remark 3.3.

Although from the above examples, the following theorems are provided to be some applications
of their obtained results.

https://digitalcommons.pvamu.edu/aam/vol17/iss1/17
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Theorem 3.3.

Let { f.°}oer be a family of F'LO*SCts between two fts’s (S, x) and (7, x*). Then |J f,,° is

FL§*SCts. <

Proof:

Let A € L7, then (UF ) (A) = \/F(mel(A)) by Theorem 2.11 (2) in Abbas et al. (2014).
IS o€

Since {f,n°}ocr is a family of FLO*SCts between two fts’s (S, x) and (T, x*), then f,,°'(A) is
z-f0*So, for any x*(A) > z. Then, we have (| fn°)'(4) = V, cr(fm?(A)) is z-f6*So set for

oel
any x*(A) > z. Hence, |J f,.°is FLO*SCts. n
oel
Theorem 3.4.
Let { fin°}oer be a family of normalized FUO*SCts between two fts’s (S, ) and (7', x*). Then
[t U fn?is FUG*SCts.
Proof:

Let A € L7, then (f,,' U f[,2)(A) = [n'"(A) A [,2"(A) by Theorem 2.11 (3) in Abbas et
al. (2014). Since {f,,°}ocr is a family of normalized FU#*SC'ts between two fts’s (S, ) and
(T, x*), then (f,,,°"(A)) if z-f6*So, for any x*(A) > =z for each o € {1,2}. Then, for each
A € LT, we have (f,,' U fn2)“(A) = [t (A) A fn2"(A) is 2-f0*So set for any x*(A) > z.
Hence, f,,' U f,,2 is FUO*SCts. -
Definition 3.3.

A fuzzy set B in a fts (S, x) is called fuzzy 6*S (respectively, fuzzy 6S)-compact (briefly,
f0*Scom (respectively, f0Scom)) if every family in {A : A is z-f0*So (respectively, z-f0So0),
A€ L% and z € L} covering B has a finite subcover.

Definition 3.4.

Let FF : X — Y be a FM between two fts’s (S, x), (7, x*) and z € Lg. Then, f,, is called
fuzzy 6*S (respectively, 6S)-compact valued if f,,(u;) is f0*Scom (respectively, f0Scom) for
each u; € dom(fp,).

Theorem 3.5.

Let f,, : S — T'be acrisp FUO*SCts and f0*Scom valued between two fts’s (.S, x) and (T, x*).
Then, the direct image of a f6*Scom in S under f,, is also f0*Scom.

Proof:
Let B be f0*Scom setin S and {~, : 7, is 7-f0*So setin T, o € I'} be a family of covering of
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fm(B).1e. fm(B) < V 7. Since B = \/ u;, we have

o€l u€B

fm(B> = fm( \/ ut) = \/ fm(ut) < \/70-

u€B u:€B oel

It follows that for each u; € B, f,,(u;) < \/ 7. Since f,, is f0*Scom valued, then there exists
oel

finite subset I',, of I" such that f,,(u;) < \/ 9% = 7. By Theorem 2.10 (5) in Abbas et al.

nely,

(2014), we have
ur < o (fm(w)) < fr(v) and B = \/ we = \/ fis(,).
u€B u€B

Since, x*(Y4,) > z, then from Theorem 3.2, we have f“(v,,) is z-f0*So set. Hence, {f" (7u,) :
U (vy,) is 2-f0*So set, uy € B} is a family covering the set B. Since B is f0*Scom, then there
exists finite index set N > B < \/ f¥(7,, ). From Theorem 2.10 (4) in Abbas et al. (2014), we

have ner
fm<B) < fm( \/ f#z(%m)) = \/ fm(f#z(’Yut”)) < \/ Yy, -
neN neN neN
Then, f,,(B) is f0*Scom. n
Theorem 3.6.

Let f,, : S —o T and h,, : T — W be two FM’s and let (.S, x), (T, x*) and (W, 0) be three fts’s.
Following that, we have the following:

(1) If f,, and h,, are normalized, FU#*SC'ts, then h,, o f,, is FUO*SC'ts.
(ii) If f,, and h,, are F'LO*SC'ts, then h,, o f,, is FFLO*SC's.

Proof:

(i) Let f,, and h,,, be normalized, FU§*SCts and v € L. Then, from Theorem 2.17 in Abbas et
al. (2014), we have (h,, o f,)"(v) = fr(h¥ (v)) is f6*So with v(h (v)) > 6(v). Thus, hy, © frn
is FUG*SCts.

(i) Let f,, and h,, be FLO*SCtsand v € LY. Then, from Theorem 2.17 in Abbas et al. (2014), we
have (h,, o f)'(v) = fL (kL. (v))is f0*So with v(h! (v)) > §(v). Thus, h,, © f,, is FLO*SCts.m
Theorem 3.7.

Let f,, : S — T and h,, : T — W be two FM’s and let (S, x), (T, x*) and (W, §) be three
L-ts’s. If f,, is FLO*SC'ts and h,, is F' LC'ts, then h,, o f,, is FLO*SC'ts.

Proof:

Letv € LY, §(v) > 2. Since h,, is F'LCts, then by Theorem 3.5 in Abbas et al. (2014), k! (v)
is z-fo set in T. Also, f,, is FLO*SCts implies f (h! (v)) is f0*So set in S. Hence, we have
(o f)'(v) = fL(RL (v)) is z- f0*So. Thus, h,y, o f,, is FLO*SCts. n
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Theorem 3.8.

Let f,, : S — T and h,, : T — W be two FM’s and let (S, x), (T, x*) and (W, §) be
three L-fts’s. If f,, and h,, are normalized, f,, is FU#*SC'ts and h,, is FUC'ts, then h,, o f,, is
FUG*SCts.

Proof:

Letv € LY, §(v) > z. Since h,, is FUC'ts, then by Theorem 3.5 in Abbas et al. (2014), h% (v)
is z-fo setin T. Also, f,, is FUO*SCts implies f}(h¥ (v)) is f0*So set in S. Hence, we have
(hm o fm)"“(v) = f(h% (v)) is z-f0*So. Thus, h,, o f,, is FU§*SC'ts. n

Example 3.6.

Let S = {uy, unt, Y = {v1, vy, vst and f,, : S — T and h,, : T — T be a FM de-
fined by Gfm(uu, Ul) = 0.88, Gfm(uu, Ug) = 0.99, Gfm(un, Ug) = 0.88, Gfm(UQQ, Ul) = T,
Gy, (ug, v2) = 0.77, and Gy, (uge, vs) = 0.33 and G, (v1, v1) = 0.88, Gy, (v, v2) = 0.99
and Gy, (vs, v3) = 0.33. Let By, By, B3, By and B; be a fuzzy subsets of S be defined
as Bl(un) = 033, Bl<’LL22) = 011, BQ(UH) = 01]_, BQ(UQQ) = 033, Bg(un) = 033,
Bg(Ugg) = 0.33; B4(u11) = 0.11, B4(U22) = (.11 and B5(U11) = 0.22, B5(U22) = 0.33 and
A be a fuzzy subset of YV defined as A(v;) = 0.33, A(vy) = 0.11, A(v3) = 0.22. We make the
assumption that T = 1 and 0 = 0. Define L-ft’s x : L® — L, x* : LT — Land xy** : LT — LT
as:

1, ifB=0orl, 1, ifA=0orl,
X(B) = %, if B=DB,,By, B3, By, Xx'(A)= %, ifA=A,
0, otherwise, 0, otherwise,
1, ifA=0or1,
X(A) = %, if A=A,
0, otherwise,

are ft’son S and Y. For z = %, fmis FUO*SCts and h,,, is FUC'ts, but h,,, 0 f,, isnot FUO*SC'ts.

Theorem 3.9.

Let f,, : S —o T be a F'M between two fts’s (S, x) and (7', x*). If Gy is FLO*SC'ts, then f,, is
FLO*SCts.

Proof:
For the fuzzy sets p € L°, x(p) > z, v € LT and x*(v) > z, we take,

0, ifm ¢ p,
v(s), ifm € p.

(0 xv)(m, s) = {

Let u; € dom(fn), A € L" and x*(A) > z with uy € f},(A). Then, we have u;, € G4(S x A)
and x*(S x A) > z. Since Gy is FLO*SCts, it follows that there exists B € L%, Bis f0*So
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and u; € B such that B < G;(S x A). From here, we obtain that B < f! (A). Thus, f,, is
FLO*SCts. [

Example 3.7.

LetS = {UH, u22}, Y = {Ul, V2, ’Ug} and fm : S —o T be a FM defined by Gfm(un, Ul) = 088,
Gfm (’LLH, UQ) = 099, Gfm(un, Ug) = 088, Gfm(UQQ, ’Ul) = T, Gfm (’LLQQ, ?JQ) = 077, and
Gy, (ug2, v3) = 0.33. Let By, By, B3, B, and Bj; be a fuzzy subsets of S be defined as By (u11) =
033, Bl<U,22) = 011, BQ(UH) = 011, BQ(U,QQ) = 033, Bg(uu) = 033, B3(U22) = 033,
By(uq1) = 0.11, By(ug2) = 0.11 and Bs(uq1) = 0.22, Bs(us) = 0.33 and A be a fuzzy subset of
Y defined as A(v;) = 0.33, A(vy) = 0.11, A(v3) = 0.22. We make the assumption that 1 = 1 and
0 = 0. Define L-ft’s y : L® — Land x* : LT — L as:

1, ifB=0orl, 1, ifA=0orl,
X(B) - %a lfB:Bl 7B27 B37 B47 X*(A> - %7 1fA:A7
0, otherwise, 0, otherwise,

are ft’son S and Y. For 2z = %, Gy is FLO*SCts, then f,, is F'LO*SCts because x*(A) >
(T, x*), fL. (A) = Bs and f' (A) = Bs is %—f@*So in (S, x).

in

N[

Theorem 3.10.

Let f,, : S — T be a F'M between two fts’s (S, x) and (7, x*). If G is FU#*SCts, then f,, is
FUO*SCts.

Proof:

For the fuzzy sets p € L°, x(p) > z, v € LT and x*(v) > 2, we take,

0, ifm ¢ p,
v(s), ifm € p.

(o xv)(m, s) = {

Let u; € dom(fn), A € L" and x*(A) > z with u; € f5(A), then we have u; € G%(S x A)
and x*(S x A) > z. Since Gy is FU#*SC'ts, it follows that there exists B € L°, B is f0*So
and u; € B such that B < G%(S x A). From here, we obtain that B < f}(A). Thus, f,, is
FUO*SCts. [

Example 3.8.

Let S = {ui1, uge}, Y = {v1, ve, v3} and f,, : S —o T be a FM defined by G, (u11, v1) = 0.88,
Gfm (UH, ’UQ) = 099, Gfm<U11, ’03) = 088, Gfm (u22, Ul) = T, Gfm (UQQ, Ug) = 077, and
Gy, (u2, v3) = 0.33. Let By, By, Bs, By and Bj be a fuzzy subsets of .S be defined as B (u11) =
033, Bl<u22) = 011, Bg(ull) = 011, BQ(UQQ) = 033, Bg(ull) = 033, B3(u22) = 033,
By(uy1) = 0.11, B4(ug2) = 0.11 and Bj(u11) = 0.22, Bs(us) = 0.33 and A be a fuzzy subset of
Y defined as A(vy) = 0.33, A(vq) = 0.11, A(v3) = 0.22. We make the assumption that 1 = 1 and
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0 = 0. Define L-ft’s y : L® — Land x* : LT — L as:

1, ifB=0orl, 1, ifA=0orl,
X(B) = %a if B= Bl 7B27 B37 B47 X*(A> = %7 lfA = A7
0, otherwise, 0, otherwise,

are ft’son S and Y. For z = 3, Gy is FU#*SCts, then f,, is FU§*SCts because x*(A) > 3 in
(T, x*), f*(A) = Byand f*(A) = By is %—f@*So in (S, x).
Theorem 3.11.

Let (S, x) and (S,, x,) be L-fts’s (0 € I). If aFM f,, : S —o I,¢;S, is FLO*SCts (where
[T,1S, is the product space), then P, o f,,, is FLO*SCts ¥V o € I, where P, : Il,c;S, — S, is the
projection multifunction which is defined by P,(u,) = {u,} Vo € I.

Proof:
Let A,, € L%~ and x,(4,,) > 2. Then,

(PO(J © F)I(AOO) = frln(Péo(Ac)o)) = frln(AOO X HO#OOSO)‘
Since f,,, is FLO*SCts and X,(Ap, X Hpro,S,) > 2, it follows that f! (Ay, X [y, S,) is f0*So
set. Then, P, o f,, isan F'LO*SC'ts. =

Theorem 3.12.

Let (S, x) and (S,, x,) be L-fts’s (0 € I). If aFM f,,, : S —o Il,¢;S, is FUO*SCts (where
[T,¢;S, is the product space), then P, o f,, is FUA*SCts ¥V o € I, where P, : Il,¢;S, — S, is the
projection multifunction which is defined by P,(u,) = {u,} Vo € I.

Proof:

Let A,, € L*% and x,(A,,) > 2. Then, (P,, o F)*(4,,) = (P2 (Ao)) = fri(Agy X Horto, So)-
Since f,, is FUO*SCts and x,(Ao, X p0,5,) > 2, it follows that £ (A,, X Ipz0,5,) 18 f0*So
set. Then, P, o f,, is an FU#*SC'ts. =
Theorem 3.13.

Let (So, Xo) and (7,, x}) be L-fts’s and f,,° : S, — T, be a FM V o € I. Suppose that
F : TperS, —o e T, is defined by f,(u,) = oer fn®(uo). If fr, is FLO*SC'ts, then f,,° is
FLO*SCtsVoe 1.

Proof:

Let A, € LT and x%(A,) > z. Then, x%(A, x ,;T;) > z. Since f,, is FLO*SCts, it follows that
fL(Ay x Ty Ty) = fL(A,) x IL,2;S; is f6*So. Consequently, we obtain that f! (A,) is z- f6*So
Vo€ I. Thus, f,°is FLO*SCts. -
Theorem 3.14.

Let (S,, Xo) and (T,, x) be L-fts’s and f,,° : S, — T, be a FM V o € I. Suppose that
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fm  oerS, — oerT, is defined by fi,(uo) = Hoerfin®(wo). If fr is FUO*SCts, then f,,,°
is FU*SCtsV o € 1.

Proof:

Let A, € LT and x%(A,) > 2. Then, x}(A4, x IL,.;T;) > z. Since f,, is FU#*SCts, it follows
that fy (A, x ot;T;) = fr(A,) % I1,.;S; is f0*So. Consequently, we obtain that f(A,) is
2-f0*SoV o € I. Thus, f,,°is FUO*SC's. n

Remark 3.4.

The Theorems 3.1 to 3.14 are also true for z- f0So sets.

Conclusion

In this paper, the concepts of fuzzy upper and lower theta star (respectively, theta) semicontinuous
multifunction on fuzzy topological spaces in the Sostak sense are introduced. Also, in L-fuzzy
topological spaces, the mutual relationships of these fuzzy upper (respectively, fuzzy lower) theta
star (respectively, theta) semicontinuous multifunctions are established, as well as several char-
acterizations and properties and we expect that the findings in this paper will aid researchers in
improving and promoting additional research on fuzzy multifunctions in order to develop a broad
framework for their practical applications.
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