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Abstract

We introduce the concepts of fuzzy upper and lower theta star (respectively, theta)-semicontinuous
multifunction on fuzzy topological spaces in the Šostak sense. In L-fuzzy topological spaces, the
mutual relationships of these fuzzy upper (respectively, fuzzy lower) theta star (respectively, theta)-
semicontinuous multifunctions are established along with several characterizations and properties.
Later, researchers looked at the composition and union of these multifunctions.
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258 A. Mughil et al.

1. Introduction

Chang (1968) and Goguen (1973) proposed the concept of (L)-fuzzy topological space as a gen-
eralisation of L-topological spaces, which were initially named (L)-fuzzy topological spaces by
Kubiak (1985) and Šostak (1985). It’s the degree to which a L-fuzzy set is open. Höhle (1980),
Höhle and Šostak (1999), Kubiak (1985), Kubiak and Šostak (1997) and Šostak (1985) developed
a generic method to the study of topological type structures on fuzzy power sets.

The multimapping function was introduced by Berge (1963). Following Chang (1968) introducing
the notion of fuzzy topology, numerous authors have defined and researched continuity of mul-
tifunctions in fuzzy topological spaces from various perspectives (e.g., see Alimohammady et al.
(2011), Mahmoud (2003), Mukherjee and Malakar (1991), Mughil et al. (2021), Papageorgiou
(1985)). In Chang (1968) fuzzy topology, Tsiporkova et al. (1997) introduced the continuity of
fuzzy multivalued mappings. The ideas of fuzzy upper and lower semi-continuous multifunctions,
fuzzy upper and lower beta-continuous multifunctions in L-fuzzy topological spaces were later in-
troduced by Abbas et al. (2014). In L-fuzzy topological spaces, Hebeshi and Taha (2015) proposed
the ideas of fuzzy upper and lower alpha-continuous multifunctions.

The ideas of fuzzy upper and lower theta star (respectively, theta)-semicontinuous multifunction
on fuzzy topological spaces are introduced in the Šostak sense in this study. In L-fuzzy topological
spaces, several characterizations and features of these multifunctions are described, as well as their
mutual interactions. Later, the composition and union of these multifunctions were investigated.

2. Preliminaries

The definition of a fuzzy multifunction (FM, for short), Normalized, a crisp, a image, composition
are defined by Abbas et al. (2014). An L-fuzzy topological space (L-fts, in short) and their ba-
sic definitions are given by Höhle and Šostak (1999), Kubiak (1985), Liu and Luo (1997), Šostak
(1985). An z-fuzzy θ-interior respective θ-closure, θ-open (respectively, θ-closed) (briefly, z-fθo
(respectively, z-fθc)), z-fuzzy θ-semiopen (respectively, z-fuzzy θ-semiclosed) (briefly, z-fθSo
(respectively, z-fθSc)) are defined by Vijayalakshmi et al. (2019). An z-fuzzy α-open (respec-
tively, z-fuzzy semiopen and z-fuzzy γ-open) (briefly, z-fαo (respectively, z-fSo and z-fγo )) are
defined by Ramadan et al. (1992). An z-fuzzy θ∗-semiopen (respectively, z-fuzzy θ∗-semiclosed)
(briefly z-fθ∗So (respectively, z-fθ∗Sc)), z-fθ∗S (respectively, z-fθS ) interior, z-fθ∗S (respec-
tively, z-fθS ) closure are defined by Mughil et al. (2021). Fuzzy upper semi (or Fuzzy upper)
(in short, FUS (or FU )) continuous and Fuzzy lower semi (or Fuzzy lower) (in short, FLS (or
FL)) continuous are defined by Abbas et al. (2014), and FUα continuous and FLα continuous
are defined by Hebeshi and Taha (2015), FUθ continuous and FLθ continuous by Ibedou and
Abbas (2019). The product fuzzy topology is defined by Alimohammady et al. (2011) and Wong
(1974) and graph fuzzy multifunction by Alimohammady et al. (2011) and Mukherjee and Malakar
(1991).
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3. Fuzzy upper and lower θ∗ (resp. θ)-semicontinuous multifunctions

Definition 3.1.

Let fm : S ( T be a FM between two L-fts’s (S, χ), (T, χ∗) and z ∈ L0. Then fm is called:

(i) Fuzzy upper θ∗ (respectively, θ)-semicontinuous (in short, FUθ∗SCts (respectively,
FUθSCts)) at any L-fp ut ∈ dom(fm) if ut ∈ fum(A) ∀ A ∈ LT and χ∗(A) ≥ z there exists
z-fθ∗So (respectively, z-fθSo) set, B ∈ LS and ut ∈ B such that B ∧ dom(fm) ≤ fum(A).

(ii) Fuzzy lower θ∗ (respectively, θ)-semicontinuous (in short, FLθ∗SCts (respectively,
FLθSCts)) at any L-fp ut ∈ dom(fm) if ut ∈ f lm(A) for each A ∈ LT and χ∗(A) ≥ z there
exists z-fθ∗So (respectively, z-fθSo) set, B ∈ LS and ut ∈ B such that B ≤ f lm(A).

(iii) FUθ∗SCts (respectively, FLθ∗SCts, FUθSCts and FLθSCts) if it is FUθ∗SCts (respec-
tively, FLθ∗SCts, FUθSCts and FLθSCts) at every ut ∈ dom(fm).

Definition 3.2.

Let fm be normalized, then fm is FUθ∗SCts (respectively, FUθSCts) at an L-fp ut ∈ dom(fm)
if ut ∈ fum(A) ∀ A ∈ LT and χ∗(A) ≥ z there exists B ∈ LS , B is z-fθ∗So (respectively, z-fθSo)
set and ut ∈ B such that B ≤ fum(A).

Theorem 3.1.

Let fm : S ( T be a FM between two L-fts’s (S, χ), (T, χ∗) & A ∈ LT , then the following are
interchangeable:

(i) fm is FLθ∗SCts.

(ii) f lm(A) is z-fθ∗So set, for any χ∗(A) ≥ z.

(iii) fum(A) is z-fθ∗Sc set, for any χ∗(1− A) ≥ z.

(iv) θ∗SCχ(fum(A), z) ≤ fum(Cχ∗(A, z)), for any A ∈ LT .

(v) Cχ(Iχ(Cχ(fum(A), z), z), z) ∧ Iχ(θCχ(fum(A), z), z) ≤ fum(Cχ∗(A, z)), for any A ∈ LT .

Proof:

(i)⇒ (ii): Let ut ∈ dom(fm), A ∈ LT , χ∗(A) ≥ z and ut ∈ f lm(A). Then, there exist B ∈ LS , B
is z-fθ∗So set and ut ∈ B 3 B ≤ f lm(A) and hence ut ∈ θ∗SIχ(f lm(A), z). Therefore, we obtain
f lm(A) ≤ θ∗SIχ(f lm(A), z). Thus, f lm(A) is z-fθ∗So set.

(ii)⇒ (iii): Let A ∈ LT and χ∗(1− A) ≥ z. Hence, by (ii), f lm(1− A) = 1− fum(A) is z-fθ∗So.
Then, fum(A) is z-fθ∗Sc.

(iii) ⇒ (iv): Let A ∈ LT . Hence, by (iii), fum(Cχ∗(A, z)) is z-fθ∗Sc. Then, we obtain
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260 A. Mughil et al.

θ∗SCχ(fum(A), z) ≤ fum(Cχ∗(A, z)).

(iv) ⇒ (v): Let A ∈ LT . Hence, by (iv), we obtain Cχ(Iχ(Cχ(fum(A), z), z), z) ∧
Iχ(θCχ(fum(A), z), z)≤ θ∗SCχ(fum(A), z) ≤ fum(Cχ∗(A, z)).

(v)⇒ (ii): Let A ∈ LT , χ∗(A) ≥ z. Hence, by (v), we have

1− f lm(A) =fum(1− A)

≥Cχ(Iχ(Cχ(fum(1− A), z), z), z) ∧ Iχ(θCχ(fum(1− A), z), z)

=Cχ(Iχ(Cχ(1− f lm(A), z), z), z) ∧ Iχ(θCχ(1− f lm(A), z), z)

=1− [Iχ(Cχ(Iχ(f lm(A), z), z), z) ∧ Cχ(θIχ(f lm(A), z), z)]

f lm(A) ≤Iχ(Cχ(Iχ(f lm(A), z), z), z) ∧ Cχ(θIχ(f lm(A), z), z).

Hence, f lm(A) is z-fθ∗So.

(ii)⇒ (i): Let ut ∈ dom(fm), A ∈ LT , χ∗(A) ≥ z, with ut ∈ f lm(A). We have by (ii), f lm(A) is
z-fθ∗So set. Let f lm(A) = B (say), then there exists B ∈ LS , B is z-fθ∗So set and ut ∈ B such
that B ≤ f lm(A). Thus, fm is FLθ∗SCts. �

Theorem 3.2.

Let fm : S ( T be a FM and normalized between two L-fts’s (S, χ), (T, χ∗) & A ∈ LT . Then,
the following are interchangeable:

(i) fm is FUθ∗SCts.

(ii) fum(A) is z-fθ∗So set, for any χ∗(A) ≥ z.

(iii) f lm(A) is z-fθ∗Sc set, for any χ∗(1− A) ≥ z.

(iv) θ∗SCχ(f lm(A), z) ≤ f lm(Cχ∗(A, z)), for any A ∈ LT .

(v) Cχ(Iχ(Cχ(f lm(A), z), z), z) ∧ Iχ(θCχ(f lm(A), z), z) ≤ f lm(Cχ∗(A, z)), for any A ∈ LT .

Proof:

(i)⇒ (ii): Let ut ∈ dom(fm), A ∈ LT , χ∗(A) ≥ z and ut ∈ fum(A). Then, there exist B ∈ LS , B
is z-fθ∗So set and ut ∈ B 3 B ≤ fum(A) and hence ut ∈ θ∗SIχ(fum(A), z). Therefore, we obtain
fum(A) ≤ θ∗SIχ(fum(A), z). Thus, fum(A) is z-fθ∗So set.

(ii)⇒ (iii): Let A ∈ LT and χ∗(1− A) ≥ z. Hence, by (ii), fum(1− A) = 1− f lm(A) is z-fθ∗So.
Then, f lm(A) is z-fθ∗Sc.

(iii) ⇒ (iv): Let A ∈ LT . Hence, by (iii), f lm(Cχ∗(A, z)) is z-fθ∗Sc. Then, we obtain
θ∗SCχ(f lm(A), z) ≤ f lm(Cχ∗(A, z)).

(iv) ⇒ (v): Let A ∈ LT . Hence, by (iv), we obtain Cχ(Iχ(Cχ(f lm(A), z), z), z) ∧
Iχ(θCχ(f lm(A), z), z)≤ θ∗SCχ(f lm(A), z) ≤ f lm(Cχ∗(A, z)).
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(v)⇒ (ii): Let A ∈ LT , χ∗(A) ≥ z. Hence, by (v), we have

1− fum(A) =f lm(1− A)

≥Cχ(Iχ(Cχ(f lm(1− A), z), z), z) ∧ Iχ(θCχ(f lm(1− A), z), z)

=Cχ(Iχ(Cχ(1− fum(A), z), z), z) ∧ Iχ(θCχ(1− fum(A), z), z)

=1− [Iχ(Cχ(Iχ(fum(A), z), z), z) ∧ Cχ(θIχ(fum(A), z), z)]

fum(A) ≤Iχ(Cχ(Iχ(fum(A), z), z), z) ∧ Cχ(θIχ(fum(A), z), z).

Hence, fum(A) is z-fθ∗So.

(ii)⇒ (i): Let ut ∈ dom(fm), A ∈ LT , χ∗(A) ≥ z, with ut ∈ fum(A). We have by (ii), fum(A) is
z-fθ∗So set. Let fum(A) = B (say). Then, there exists B ∈ LS , B is z-fθ∗So set and ut ∈ B such
that B ≤ fum(A). Thus, fm is FUθ∗SCts. �

Corollary 3.1.

Let fm : S ( T be a FM between two fts’s (S, χ), (T, χ∗) & A ∈ LT . Following that,

(i) If fm is normalized, then fm is FUθ∗SCts at ut if and only if ut ∈ z-fθ∗So set of fum(A), ∀
χ∗(A) ≥ z and ut ∈ fum(A).

(ii) fm is FLθ∗SCts at ut if and only if ut ∈ z-fθ∗So set of f lm(A), ∀ χ∗(A) ≥ z and ut ∈ f lm(A).

Proof:

(i) Let ut ∈ dom(fm), A ∈ LT , χ∗(A) ≥ z and ut ∈ fum(A). Then, there exist B ∈ LS , B is
z-fθ∗So set and ut ∈ B 3 B ≤ fum(A) and hence ut ∈ θ∗SIχ(fum(A), z). Therefore, we obtain
fum(A) ≤ θ∗SIχ(fum(A), z). Thus, fum(A) is z-fθ∗So set.

Conversely, let ut ∈ dom(fm), A ∈ LT , χ∗(A) ≥ z, with ut ∈ fum(A). We have by (ii), fum(A) is
z-fθ∗So set. Let fum(A) = B (say). Then, there exists B ∈ LS , B is z-fθ∗So set and ut ∈ B such
that B ≤ fum(A). Thus, fm is FUθ∗SCts.

(ii) Let ut ∈ dom(fm), A ∈ LT , χ∗(A) ≥ z and ut ∈ f lm(A). Then, there exist B ∈ LS , B is
z-fθ∗So set and ut ∈ B 3 B ≤ f lm(A) and hence ut ∈ θ∗SIχ(f lm(A), z). Therefore, we obtain
f lm(A) ≤ θ∗SIχ(f lm(A), z). Thus, f lm(A) is z-fθ∗So set.

Conversely, let ut ∈ dom(fm), A ∈ LT , χ∗(A) ≥ z, with ut ∈ f lm(A) we have by (ii), f lm(A) is
z-fθ∗So set. Let f lm(A) = B (say). Then, there exists B ∈ LS , B is z-fθ∗So set and ut ∈ B such
that B ≤ f lm(A). Thus, fm is FLθ∗SCts. �
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Remark 3.1.

The following implications can be deduced from the above definitions.

Remark 3.2.

The following implications can be deduced from the above definitions.

The converses of these implications are not true, as shown in the following examples.

Example 3.1.

Let S = {u11, u22}, Y = {v1, v2, v3} and fm : S ( T be a FM defined by Gfm(u11, v1) = 0.88,
Gfm(u11, v2) = 0.99, Gfm(u11, v3) = 0.88, Gfm(u22, v1) = 1, Gfm(u22, v2) = 0.77, and
Gfm(u22, v3) = 0.33. Let B1, B2, B3, B4 and B5 be a fuzzy subsets of S be defined as B1(u11) =
0.33, B1(u22) = 0.11; B2(u11) = 0.11, B2(u22) = 0.33; B3(u11) = 0.33, B3(u22) = 0.33;
B4(u11) = 0.11, B4(u22) = 0.11 and B5(u11) = 0.22, B5(u22) = 0.33 and A be a fuzzy subset of
Y defined as A(v1) = 0.33, A(v2) = 0.11, A(v3) = 0.22. We make the assumption that 1 = 1 and
0 = 0. Define L-ft’s χ : LS → L and χ∗ : LT → L as:

χ(B) =


1, if B = 0 or 1 ,
1
2
, if B = B1 , B2, B3, B4,

0, otherwise,

χ∗(A) =


1, if A = 0 or 1 ,
1
2
, if A = A,

0, otherwise,

are ft’s on S and Y. For z = 1
2
, then

6
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(i) fm is FUCts but not FUθCts because χ∗(A) ≥ 1
2

in (T, χ∗), fum(A) = B2 and fum(A) = B2

is not 1
2
-fθo in (S, χ).

(ii) fm is FUθ? SCts but not FUθ SCts because χ∗(A) ≥ 1
2

in (T, χ∗), fum(A) = B2 and
fum(A) = B2 is not 1

2
-fθ So in (S, χ).

(iii) fm is FLαCts but not FLCts because χ∗(A) ≥ 1
2

in (T, χ∗), f lm(A) = B5 and f lm(A) = B5

is not 1
2
-fo in (S, χ).

(iv) fm is FLθ? SCts but not FLθ SCts because χ∗(A) ≥ 1
2

in (T, χ∗), f lm(A) = B5 and
f lm(A) = B5 is not 1

2
-fθ So in (S, χ).

Example 3.2.

Let S = {u11, u22}, Y = {v1, v2, v3} and fm : S ( T be a FM defined by Gfm(u11, v1) = 0.88,
Gfm(u11, v2) = 0.99, Gfm(u11, v3) = 0.88, Gfm(u22, v1) = 1, Gfm(u22, v2) = 0.77, and
Gfm(u22, v3) = 0.33. Let B1, B2 and B3 be a fuzzy subsets of S be defined as B1(u11) = 0.11,
B1(u22) = 0.33; B2(u11) = 0.11, B2(u22) = 0.11 and B3(u11) = 0.22, B3(u22) = 0.33 and A be a
fuzzy subset of Y defined as A(v1) = 0.33, A(v2) = 0.11, A(v3) = 0.22. We make the assumption
that 1 = 1 and 0 = 0. Define L-ft’s χ : LS → L and χ∗ : LT → L as

χ(B) =


1, if B = 0 or 1 ,
1
2
, if B = B1 , B2,

0, otherwise,

χ∗(A) =


1, if A = 0 or 1 ,
1
2
, if A = A,

0, otherwise,

are ft’s on S and Y. For z = 1
2
, then

(i) fm is FL SCts but not FLαCts because χ∗(A) ≥ 1
2

in (T, χ∗), f lm(A) = B3 and f lm(A) = B3

is not 1
2
-fαo in (S, χ).

(ii) fm is FL SCts but not FLθ? SCts because χ∗(A) ≥ 1
2

in (T, χ∗), f lm(A) = B3 and
f lm(A) = B3 is not 1

2
-fθ? So in (S, χ).

Example 3.3.

Let S = {u11, u22}, Y = {v1, v2, v3} and fm : S ( T be a FM defined by Gfm(u11, v1) = 0.88,
Gfm(u11, v2) = 0.99, Gfm(u11, v3) = 0.88, Gfm(u22, v1) = 1, Gfm(u22, v2) = 0.77, and
Gfm(u22, v3) = 0.33. Let B1, B2 and B3 be a fuzzy subsets of S be defined as B1(u11) = 0.99,
B1(u22) = 0.77; B2(u11) = 0.99, B2(u22) = 0.99 and B3(u11) = 0.22, B3(u22) = 0.33 and A be a
fuzzy subset of Y defined as A(v1) = 0.33, A(v2) = 0.11, A(v3) = 0.22. We make the assumption
that 1 = 1 and 0 = 0. Define L-ft’s χ : LS → L & χ∗ : LT → L as

χ(B) =


1, if B = 0 or 1 ,
1
2
, if B = B1 , B2, B3,

0, otherwise,

χ∗(A) =


1, if A = 0 or 1 ,
1
2
, if A = A,

0, otherwise,

are ft’s on S and Y. For z = 1
2
, then

(i) fm is FLCts but not FLθCts because χ∗(A) ≥ 1
2

in (T, χ∗), f lm(A) = B3 and f lm(A) = B3 is
not 1

2
-fθo in (S, χ).

(ii) fm is FLθ SCts but not FLθCts because χ∗(A) ≥ 1
2

in (T, χ∗), f lm(A) = B3 and
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f lm(A) = B3 is not 1
2
-fθo in (S, χ).

Example 3.4.

Let S = {u11, u22}, Y = {v1, v2, v3} and fm : S ( T be a FM defined by Gfm(u11, v1) = 0.88,
Gfm(u11, v2) = 0.99, Gfm(u11, v3) = 0.88, Gfm(u22, v1) = 1, Gfm(u22, v2) = 0.77, and
Gfm(u22, v3) = 0.33. Let B1, B2, B3, B4 and B5 be a fuzzy subsets of S be defined as B1(u11) =
0.33, B1(u22) = 0.11; B2(u11) = 0.11, B2(u22) = 0.33; B3(u11) = 0.33, B3(u22) = 0.33;
B4(u11) = 0.11, B4(u22) = 0.11 and B5(u11) = 0.77, B5(u22) = 0.77 and A be a fuzzy subset of
Y defined as A(v1) = 0.77, A(v2) = 0.99, A(v3) = 0.88. We make the assumption that 1 = 1 &
0 = 0. Define L-ft’s χ : LS → L & χ∗ : LT → L as

χ(B) =


1, if B = 0 or 1 ,
1
2
, if B = B1 , B2, B3, B4,

0, otherwise,

χ∗(A) =


1, if A = 0 or 1 ,
1
2
, if A = A,

0, otherwise,

are ft’s on S and Y. For z = 1
2
, then

(i) fm is FUαCts but not FUCts because χ∗(A) ≥ 1
2

in (T, χ∗), fum(A) = B5 and fum(A) = B5

is not 1
2
-fo in (S, χ).

(ii) fm is FUθ SCts but not FUθCts because χ∗(A) ≥ 1
2

in (T, χ∗), fum(A) = B5 and fum(A) =
B5 is not 1

2
-fθo in (S, χ).

(i) fm is FU SCts but not FUθ? SCts because χ∗(A) ≥ 1
2

in (T, χ∗), fum(A) = B5 and fum(A) =
B5 is not 1

2
-fθ? So in (S, χ).

Example 3.5.

Let S = {u11, u22}, Y = {v1, v2, v3} and fm : S ( T be a FM defined by Gfm(u11, v1) =
0.88, Gfm(u11, v2) = 0.99, Gfm(u11, v3) = 0.88, Gfm(u22, v1) = 1, Gfm(u22, v2) = 0.77,
and Gfm(u22, v3) = 0.33. Let B1, B2 and B3 be a fuzzy subsets of S be defined as B1(u11) =
0.99, B1(u22) = 0.77; B2(u11) = 0.99, B2(u22) = 0.99; B3(u11) = 0.22, B3(u22) = 0.33
and B4(u11) = 0.77, B4(u22) = 0.77 and A be a fuzzy subset of Y defined as A(v1) = 0.77,
A(v2) = 0.99, A(v3) = 0.88. We make the assumption that 1 = 1 and 0 = 0. Define L-ft’s
χ : LS → L and χ∗ : LT → L as

χ(B) =


1, if B = 0 or 1 ,
1
2
, if B = B1 , B2, B3,

0, otherwise,

χ∗(A) =


1, if A = 0 or 1 ,
1
2
, if A = A,

0, otherwise,

are ft’s on S and Y. For z = 1
2
, then

(i) fm is FU SCts but not FUαCts because χ∗(A) ≥ 1
2

in (T, χ∗), f lm(A) = B4 and f lm(A) = B4

is not 1
2
-fαo in (S, χ).

Remark 3.3.

Although from the above examples, the following theorems are provided to be some applications
of their obtained results.
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Theorem 3.3.

Let {fmo}o∈Γ be a family of FLθ∗SCts between two fts’s (S, χ) and (T, χ∗). Then
⋃
o∈Γ

fm
o is

FLθ∗SCts.

Proof:

Let A ∈ LT , then (
⋃
o∈Γ

fm
o)l(A) =

∨
o∈Γ

(fm
ol(A)) by Theorem 2.11 (2) in Abbas et al. (2014).

Since {fmo}o∈Γ is a family of FLθ∗SCts between two fts’s (S, χ) and (T, χ∗), then fmol(A) is
z-fθ∗So, for any χ∗(A) ≥ z. Then, we have (

⋃
o∈Γ

fm
o)l(A) =

∨
o∈Γ(fm

ol(A)) is z-fθ∗So set for

any χ∗(A) ≥ z. Hence,
⋃
o∈Γ

fm
o is FLθ∗SCts. �

Theorem 3.4.

Let {fmo}o∈Γ be a family of normalized FUθ∗SCts between two fts’s (S, χ) and (T, χ∗). Then
fm

1
⋃
fm

2 is FUθ∗SCts.

Proof:

Let A ∈ LT , then (fm
1 ∪ fm2)u(A) = fm

1u(A) ∧ fm2u(A) by Theorem 2.11 (3) in Abbas et
al. (2014). Since {fmo}o∈Γ is a family of normalized FUθ∗SCts between two fts’s (S, χ) and
(T, χ∗), then (fm

ou(A)) if z-fθ∗So, for any χ∗(A) ≥ z for each o ∈ {1, 2}. Then, for each
A ∈ LT , we have (fm

1 ∪ fm2)u(A) = fm
1u(A) ∧ fm2u(A) is z-fθ∗So set for any χ∗(A) ≥ z.

Hence, fm1 ∪ fm2 is FUθ∗SCts. �

Definition 3.3.

A fuzzy set B in a fts (S, χ) is called fuzzy θ∗S (respectively, fuzzy θS)-compact (briefly,
fθ∗Scom (respectively, fθScom)) if every family in {A : A is z-fθ∗So (respectively, z-fθSo),
A ∈ LS and z ∈ L} covering B has a finite subcover.

Definition 3.4.

Let F : X ( Y be a FM between two fts’s (S, χ), (T, χ∗) and z ∈ L0. Then, fm is called
fuzzy θ∗S (respectively, θS)-compact valued if fm(ut) is fθ∗Scom (respectively, fθScom) for
each ut ∈ dom(fm).

Theorem 3.5.

Let fm : S ( T be a crisp FUθ∗SCts and fθ∗Scom valued between two fts’s (S, χ) and (T, χ∗).
Then, the direct image of a fθ∗Scom in S under fm is also fθ∗Scom.

Proof:

Let B be fθ∗Scom set in S and {γo : γo is r-fθ∗So set in T , o ∈ Γ} be a family of covering of
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fm(B). i.e. fm(B) ≤
∨
o∈Γ

γo. Since B =
∨
ut∈B

ut, we have

fm(B) = fm(
∨
ut∈B

ut) =
∨
ut∈B

fm(ut) ≤
∨
o∈Γ

γo.

It follows that for each ut ∈ B, fm(ut) ≤
∨
o∈Γ

γo. Since fm is fθ∗Scom valued, then there exists

finite subset Γut
of Γ such that fm(ut) ≤

∨
n∈Γut

γn = γut
. By Theorem 2.10 (5) in Abbas et al.

(2014), we have

ut ≤ fum(fm(ut)) ≤ fum(γut
) and B =

∨
ut∈B

ut =
∨
ut∈B

fum(γut
).

Since, χ∗(γut
) ≥ z, then from Theorem 3.2, we have fum(γut

) is z-fθ∗So set. Hence, {fum(γut
) :

fum(γut
) is z-fθ∗So set, ut ∈ B} is a family covering the set B. Since B is fθ∗Scom, then there

exists finite index set N 3 B ≤
∨
n∈N

fum(γutn
). From Theorem 2.10 (4) in Abbas et al. (2014), we

have

fm(B) ≤ fm(
∨
n∈N

fum(γutn
)) =

∨
n∈N

fm(fum(γutn
)) ≤

∨
n∈N

γutn
.

Then, fm(B) is fθ∗Scom. �

Theorem 3.6.

Let fm : S ( T and hm : T ( W be two FM’s and let (S, χ), (T, χ∗) and (W, δ) be three fts’s.
Following that, we have the following:

(i) If fm and hm are normalized, FUθ∗SCts, then hm ◦ fm is FUθ∗SCts.

(ii) If fm and hm are FLθ∗SCts, then hm ◦ fm is FLθ∗SCts.

Proof:

(i) Let fm and hm be normalized, FUθ∗SCts and ν ∈ LW . Then, from Theorem 2.17 in Abbas et
al. (2014), we have (hm ◦ fm)u(ν) = fum(hum(ν)) is fθ∗So with ν(hum(ν)) ≥ δ(ν). Thus, hm ◦ fm
is FUθ∗SCts.

(ii) Let fm and hm be FLθ∗SCts and ν ∈ LW . Then, from Theorem 2.17 in Abbas et al. (2014), we
have (hm ◦ fm)l(ν) = f lm(hlm(ν)) is fθ∗So with ν(hlm(ν)) ≥ δ(ν). Thus, hm ◦ fm is FLθ∗SCts.�

Theorem 3.7.

Let fm : S ( T and hm : T ( W be two FM’s and let (S, χ), (T, χ∗) and (W, δ) be three
L-fts’s. If fm is FLθ∗SCts and hm is FLCts, then hm ◦ fm is FLθ∗SCts.

Proof:

Let ν ∈ LW , δ(ν) ≥ z. Since hm is FLCts, then by Theorem 3.5 in Abbas et al. (2014), hlm(ν)
is z-fo set in T. Also, fm is FLθ∗SCts implies f lm(hlm(ν)) is fθ∗So set in S. Hence, we have
(hm ◦ fm)l(ν) = f lm(hlm(ν)) is z-fθ∗So. Thus, hm ◦ fm is FLθ∗SCts. �
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Theorem 3.8.

Let fm : S ( T and hm : T ( W be two FM’s and let (S, χ), (T, χ∗) and (W, δ) be
three L-fts’s. If fm and hm are normalized, fm is FUθ∗SCts and hm is FUCts, then hm ◦ fm is
FUθ∗SCts.

Proof:

Let ν ∈ LW , δ(ν) ≥ z. Since hm is FUCts, then by Theorem 3.5 in Abbas et al. (2014), hum(ν)
is z-fo set in T. Also, fm is FUθ∗SCts implies fum(hum(ν)) is fθ∗So set in S. Hence, we have
(hm ◦ fm)u(ν) = fum(hum(ν)) is z-fθ∗So. Thus, hm ◦ fm is FUθ∗SCts. �

Example 3.6.

Let S = {u11, u22}, Y = {v1, v2, v3} and fm : S ( T and hm : T ( T be a FM de-
fined by Gfm(u11, v1) = 0.88, Gfm(u11, v2) = 0.99, Gfm(u11, v3) = 0.88, Gfm(u22, v1) = 1,
Gfm(u22, v2) = 0.77, and Gfm(u22, v3) = 0.33 and Ghm

(v1, v1) = 0.88, Ghm
(v2, v2) = 0.99

and Ghm
(v3, v3) = 0.33. Let B1, B2, B3, B4 and B5 be a fuzzy subsets of S be defined

as B1(u11) = 0.33, B1(u22) = 0.11; B2(u11) = 0.11, B2(u22) = 0.33; B3(u11) = 0.33,
B3(u22) = 0.33; B4(u11) = 0.11, B4(u22) = 0.11 and B5(u11) = 0.22, B5(u22) = 0.33 and
A be a fuzzy subset of Y defined as A(v1) = 0.33, A(v2) = 0.11, A(v3) = 0.22. We make the
assumption that 1 = 1 and 0 = 0. Define L-ft’s χ : LS → L, χ∗ : LT → L and χ∗∗ : LT → LT

as:

χ(B) =


1, if B = 0 or 1 ,
1
2
, if B = B1 , B2, B3, B4,

0, otherwise,

χ∗(A) =


1, if A = 0 or 1 ,
1
2
, if A = A,

0, otherwise,

χ∗∗(A) =


1, if A = 0 or 1 ,
1
2
, if A = A,

0, otherwise,

are ft’s on S and Y. For z = 1
2
, fm is FUθ∗SCts and hm is FUCts, but hm◦fm is not FUθ∗SCts.

Theorem 3.9.

Let fm : S ( T be a FM between two fts’s (S, χ) and (T, χ∗). If Gf is FLθ∗SCts, then fm is
FLθ∗SCts.

Proof:

For the fuzzy sets ρ ∈ LS, χ(ρ) ≥ z, ν ∈ LT and χ∗(ν) ≥ z, we take,

(ρ× ν)(m, s) =

{
0, if m /∈ ρ,
ν(s), if m ∈ ρ.

Let ut ∈ dom(fm), A ∈ LT and χ∗(A) ≥ z with ut ∈ f lm(A). Then, we have ut ∈ Gl
f (S × A)

and χ∗(S × A) ≥ z. Since Gf is FLθ∗SCts, it follows that there exists B ∈ LS , B is fθ∗So
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and ut ∈ B such that B ≤ Gl
f (S × A). From here, we obtain that B ≤ f lm(A). Thus, fm is

FLθ∗SCts. �

Example 3.7.

Let S = {u11, u22}, Y = {v1, v2, v3} and fm : S ( T be a FM defined by Gfm(u11, v1) = 0.88,
Gfm(u11, v2) = 0.99, Gfm(u11, v3) = 0.88, Gfm(u22, v1) = 1, Gfm(u22, v2) = 0.77, and
Gfm(u22, v3) = 0.33. Let B1, B2, B3, B4 and B5 be a fuzzy subsets of S be defined as B1(u11) =
0.33, B1(u22) = 0.11; B2(u11) = 0.11, B2(u22) = 0.33; B3(u11) = 0.33, B3(u22) = 0.33;
B4(u11) = 0.11, B4(u22) = 0.11 and B5(u11) = 0.22, B5(u22) = 0.33 and A be a fuzzy subset of
Y defined as A(v1) = 0.33, A(v2) = 0.11, A(v3) = 0.22. We make the assumption that 1 = 1 and
0 = 0. Define L-ft’s χ : LS → L and χ∗ : LT → L as:

χ(B) =


1, if B = 0 or 1 ,
1
2
, if B = B1 , B2, B3, B4,

0, otherwise,

χ∗(A) =


1, if A = 0 or 1 ,
1
2
, if A = A,

0, otherwise,

are ft’s on S and Y. For z = 1
2
, Gf is FLθ∗SCts, then fm is FLθ∗SCts because χ∗(A) ≥ 1

2
in

(T, χ∗), f lm(A) = B5 and f lm(A) = B5 is 1
2
-fθ∗So in (S, χ).

Theorem 3.10.

Let fm : S ( T be a FM between two fts’s (S, χ) and (T, χ∗). If Gf is FUθ∗SCts, then fm is
FUθ∗SCts.

Proof:

For the fuzzy sets ρ ∈ LS, χ(ρ) ≥ z, ν ∈ LT and χ∗(ν) ≥ z, we take,

(ρ× ν)(m, s) =

{
0, if m /∈ ρ,
ν(s), if m ∈ ρ.

Let ut ∈ dom(fm), A ∈ LT and χ∗(A) ≥ z with ut ∈ fum(A), then we have ut ∈ Gu
f (S × A)

and χ∗(S × A) ≥ z. Since Gf is FUθ∗SCts, it follows that there exists B ∈ LS , B is fθ∗So
and ut ∈ B such that B ≤ Gu

f (S × A). From here, we obtain that B ≤ fum(A). Thus, fm is
FUθ∗SCts. �

Example 3.8.

Let S = {u11, u22}, Y = {v1, v2, v3} and fm : S ( T be a FM defined by Gfm(u11, v1) = 0.88,
Gfm(u11, v2) = 0.99, Gfm(u11, v3) = 0.88, Gfm(u22, v1) = 1, Gfm(u22, v2) = 0.77, and
Gfm(u22, v3) = 0.33. Let B1, B2, B3, B4 and B5 be a fuzzy subsets of S be defined as B1(u11) =
0.33, B1(u22) = 0.11; B2(u11) = 0.11, B2(u22) = 0.33; B3(u11) = 0.33, B3(u22) = 0.33;
B4(u11) = 0.11, B4(u22) = 0.11 and B5(u11) = 0.22, B5(u22) = 0.33 and A be a fuzzy subset of
Y defined as A(v1) = 0.33, A(v2) = 0.11, A(v3) = 0.22. We make the assumption that 1 = 1 and
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0 = 0. Define L-ft’s χ : LS → L and χ∗ : LT → L as:

χ(B) =


1, if B = 0 or 1 ,
1
2
, if B = B1 , B2, B3, B4,

0, otherwise,

χ∗(A) =


1, if A = 0 or 1 ,
1
2
, if A = A,

0, otherwise,

are ft’s on S and Y. For z = 1
2
, Gf is FUθ∗SCts, then fm is FUθ∗SCts because χ∗(A) ≥ 1

2
in

(T, χ∗), fum(A) = B2 and fum(A) = B2 is 1
2
-fθ∗So in (S, χ).

Theorem 3.11.

Let (S, χ) and (So, χo) be L-fts’s (o ∈ I). If a FM fm : S ( Πo∈ISo is FLθ∗SCts (where
Πo∈ISo is the product space), then Po ◦ fm is FLθ∗SCts ∀ o ∈ I, where Po : Πo∈ISo( So is the
projection multifunction which is defined by Po(uo) = {uo} ∀ o ∈ I .

Proof:

Let Ao0 ∈ LXo0 and χo(Ao0) ≥ z. Then,

(Po0 ◦ F )l(Ao0) = f lm(P l
o0(Ao0)) = f lm(Ao0 × Πo6=o0So).

Since fm is FLθ∗SCts and χo(Ao0 × Πo6=o0So) ≥ z, it follows that f lm(Ao0 × Πo6=o0So) is fθ∗So
set. Then, Po ◦ fm is an FLθ∗SCts. �

Theorem 3.12.

Let (S, χ) and (So, χo) be L-fts’s (o ∈ I). If a FM fm : S ( Πo∈ISo is FUθ∗SCts (where
Πo∈ISo is the product space), then Po ◦ fm is FUθ∗SCts ∀ o ∈ I, where Po : Πo∈ISo( So is the
projection multifunction which is defined by Po(uo) = {uo} ∀ o ∈ I.

Proof:

Let Ao0 ∈ LXo0 and χo(Ao0) ≥ z. Then, (Po0 ◦ F )u(Ao0) = fum(P u
o0(Ao0)) = fum(Ao0 × Πo6=o0So).

Since fm is FUθ∗SCts and χo(Ao0 × Πo6=o0So) ≥ z, it follows that fum(Ao0 × Πo6=o0So) is fθ∗So
set. Then, Po ◦ fm is an FUθ∗SCts. �

Theorem 3.13.

Let (So, χo) and (To, χ
∗
o) be L-fts’s and fm

o : So ( To be a FM ∀ o ∈ I. Suppose that
F : Πo∈ISo ( Πo∈ITo is defined by fm(uo) = Πo∈Ifm

o(uo). If fm is FLθ∗SCts, then fmo is
FLθ∗SCts ∀ o ∈ I.

Proof:

LetAo ∈ LTo and χ∗o(Ao) ≥ z. Then, χ∗o(Ao×Πo6=jTj) ≥ z. Since fm is FLθ∗SCts, it follows that
f lm(Ao×Πo6=jTj) = f lm(Ao)×Πo6=jSj is fθ∗So. Consequently, we obtain that f lm(Ao) is z-fθ∗So
∀ o ∈ I. Thus, fmo is FLθ∗SCts. �

Theorem 3.14.

Let (So, χo) and (To, χ
∗
o) be L-fts’s and fm

o : So ( To be a FM ∀ o ∈ I. Suppose that
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fm : Πo∈ISo ( Πo∈ITo is defined by fm(uo) = Πo∈Ifm
o(uo). If fm is FUθ∗SCts, then fmo

is FUθ∗SCts ∀ o ∈ I.

Proof:

Let Ao ∈ LTo and χ∗o(Ao) ≥ z. Then, χ∗o(Ao × Πo6=jTj) ≥ z. Since fm is FUθ∗SCts, it follows
that fum(Ao × Πo6=jTj) = fum(Ao) × Πo6=jSj is fθ∗So. Consequently, we obtain that fum(Ao) is
z-fθ∗So ∀ o ∈ I. Thus, fmo is FUθ∗SCts. �

Remark 3.4.

The Theorems 3.1 to 3.14 are also true for z-fθSo sets.

Conclusion

In this paper, the concepts of fuzzy upper and lower theta star (respectively, theta) semicontinuous
multifunction on fuzzy topological spaces in the Šostak sense are introduced. Also, in L-fuzzy
topological spaces, the mutual relationships of these fuzzy upper (respectively, fuzzy lower) theta
star (respectively, theta) semicontinuous multifunctions are established, as well as several char-
acterizations and properties and we expect that the findings in this paper will aid researchers in
improving and promoting additional research on fuzzy multifunctions in order to develop a broad
framework for their practical applications.
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