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Abstract

At this moment in time, an outbreak of COVID-19 is transmitting from human to human. Different
parts have different quality of life (e.g., India compared to Russia), which implies the impact varies
in each part of the world. Although clinical vaccines are available to cure, the question is how to
minimize the spread without considering the vaccine. In this paper, via a mathematical model,
the transmission dynamics of novel coronavirus with quarantine and isolation facilities have been
proposed. The examination of the proposed model is set in motion with the boundedness and pos-
itivity of the solution, sole disease-free equilibrium, and local stability. Then, the condition for the
existence of sole endemic equilibrium and its local stability has established. In addition, the global
stability of the endemic equilibrium for a special case has been investigated. Further, it has shown
that the system undergoes a transcritical bifurcation. A threshold analysis has also performed to ex-
amine the effect of quarantine on transmission dynamics. Lastly, numerical simulations are giving
support to theoretical results.

Keywords: Novel coronavirus; Quarantine; Isolation; Stability; Asymptomatic; Lienard Chipart
criterion; Transcritical bifurcation
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1. Introduction

Humanity faces hardships from time to time; outbreaks of infectious diseases are one of them.
Whenever the environment gets disturbed due to human activities, factors opposing nature become
reasons for such a breakout to come into existence. These breakouts affect our society physically,
mentally, economically as well as sociologically. From an era, whether its Plague from 1346 to
1353 that was an outbreak ended up killing 75 to 200 million individuals in Europe, Africa and
Asia or its Influenza of 1956, an outbreak in China, Singapore, Hong Kong, and the United States,
everything was devastated. The Influenza outbreak in 1968 brought silence to approximately one
million residents of Singapore, Vietnam, Australia, Philippines, United States, India, Australia and
Europe. HIV/AIDS killed more than 36 million people in the world since 1981, while 31-35 million
people still live with HIV.

Recently, the SARS-CoV-2 virus has infected a chunk of people, approximately 162,177,376 in-
dividuals and caused more than 3,364,178 deaths worldwide as of May 16, 2021 (WHO (2021)).
The novelty infected case of the COVID-19 was clocked in the Huanan seafood market in Wuhan,
China, on the thirty-first of December, 2019. On the twenty-fourth of January, 2020, World Health
Organization (WHO) stated the SARS-CoV-2 virus could be passed on from one mortal to another
(WHO (2020)). In India, the foremost case of COVID-19 was reported in Kerala on the thirtieth
of January 2020. On the eleventh of March 2020, WHO stated COVID-19 as a pandemic and an-
nounced its Public Health Emergency of International Concern (PHEIC). WHO formally asked
nations to take an instantaneous action to reduce transmission. Quarantine and isolation are the
best first steps to reduce transmission from one individual to another.

To evaluate the dynamics of infectious diseases, mathematical models are the finest. The pattern
deduction of the spread in the host population is essential and which mathematical models help
us to understand concerning both time and space. In 1760, England’s change in mortality rate
due to smallpox made Daniel Bernoulli (Bernoulli (1760)) develop the first mathematical model.
After a big gap, at the beginning of the nineteenth century, some authors came up with new epi-
demiological models (Ross (1911)). In recent times authors ideas evolved realistic mathematical
epidemiological models to investigate the transmission dynamics of infection as well as asymptotic
behaviors of these models (Misra et al. (2018); Sahu and Dhar (2012); Dhar and Sharma (2009);
Lee et al. (2019); Wang et al. (2017); Zhou and Cui (2011); Xing and Cardona (2009)).

Infectious disease outbreaks are dangerous for society due to their unknown effects and unavail-
ability of vaccines and specific drugs. In favour of this situation, one could minimize the infection
by reducing people’s movement through isolation and quarantine of infected individuals (Brauer
and Chavez (2011)). In various transmissible diseases such as smallpox, tuberculosis commonly
called TB, AIDS and SARS, etc., isolation and quarantine have resulted in great success as a con-
trol measure (Hethcote et al. (2002); Gani et al. (1997); Hyman and Li (1998)). In 2013, Safi
and Gumel (2013) proposed a mathematical model taking control strategy into account to study
the transmission of a communicable disease in which quarantine was applied. They found that
the proposed model undergoes a backward bifurcation when the associated reproduction threshold
is less than unity. They quantitatively analyzed the quarantine efficiency and showed that when
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the efficacy of quarantine is perfect and the reproduction threshold is less than unity, the disease-
free equilibrium is globally-asymptotically stable. Sahu and Dhar (2015) proposed a SEQIHRS
epidemic model and analyzed the behaviour of disease-free and unique endemic equilibrium by
keeping quarantine and isolation as control measures. In 2017, Erdem et al. (2017) proposed a
SIQR endemic model with quarantine as control measures. They analyzed the stability of the equi-
libria of their model. Using numerical analysis, they also showed that the proposed model exhibits
Hopf bifurcation when the quarantine effectiveness values vary. The article is targeting to inspect

the ability of quarantine and isolation on the communication of SARS-CoV-2 virus in context of
India.

2. Model formulation and basic properties

2.1. Mathematical model

Khan and Atangana (2020) assumed that the transmission of novel coronavirus first occurred within
the bats’ population and then it occurred to the wild animals (host). Afterwards, the transmission
of novel coronavirus happened in the human population. They proposed the following two models:

(i) bat and hosts mathematical model:

)
D — 1, — Sy — —nbﬁzlb7
dE _ anbIb
dg}tb = 23 — (pp + 6h) Ep,
G = OBy — (7o + ) Lo,
dr
=l — ol ) W
s, _ Sl S,I
=10 — upSy — nth: L — m'NZ b
dE, — monSnln MuSnln '
g, + N (on + On) E,
S = O0n By — (Tn + pn) I,
dR, __
\ dt’ = Th[h — uth.

(i) Coronavirus (sea food market) versus people (ignored the interaction among bats and hosts)

(G =10y — 1y, — BSGEAE) — 5, M,
e = wSllvAe) 4y, S M — (1= 0,)wp By — Oppy By — 115,
Zd% = (L= bp)wpEp — (1 + pip) 1y, (2)
= OeeoEp = (T 1)y,
d(]i\t; :jp]p +ZapAp — ply,
\ @& Pp[p +prp — 7M.

In the present paper, we have taken into account human interaction is the main route of trans-
mission of COVID-19. Also, assume that quarantine and isolation are the best strategies to
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break the chain of human social interactions. We improve the model (2) in India’s context
by incorporating imperfect quarantine and isolation facilities and ignoring the seafood market.
Thusly, we propose the following mathematical model with total population (/N,,(¢)) of India at
time ¢ is splitted into seven mutually exclusive classes of susceptible (S,(t)) citizens, exposed
(E,(t)) citizens, quarantine (Q,(t)) citizens, infectious (,(¢)) citizens, asymptomatic (A,(t))
citizens, Isolated (Hospitalized) (H,(t)) citizens and recovered (R,(t)) citizens. Accordingly,
Sp(t) + Ep(t) + Qp(t) + L, (t) + Ap(t) + Hp(t) + R,(t) will come to N, (¢).

dd_? =10, — 11,5, — %Sp(fp‘f'ﬁ:\p-&-an)’
dip = npSp(Ier;\ﬁ:lp—s—nH,,) — (1@ +wp + pp + 1) Ep,
j;ip =L, — (hm + 1p)Qp,
5 = wpkp — (7p + pp + rm) 1y, )
Z%) = ppEp — (Tap + ftp + tarr) Ay,
dtp = IMHQ;D + C(IH[p + C(aHAAp - (,up + 7-H)I—Ipa
\ % = Tplp + TopAp + T H, — 1R,

The parameter 0 < 1 < 1 represents the reduction in virus transmission by isolated being compared
to the non-hospitalized one. In the I class, g stands for quarantine rate to exposed people, (g
represents the hospitalization rate for quarantined people, «;y represents the hospitalized rate of
infected people, o,y represents the hospitalized rate of asymptomatically infected people and 7
represents recovery rate of hospitalized people. The schematic flow diagram of the proposed model

is in Figure 1.
HP

SpnpUp+vAp+nHp)
N.

Figure 1. Flow chart of the desired compartmental endemic model (3)
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Table 1. Description of the models state variables

State variables Description

N, Total population of bats

Ny, Total population of hosts

Sy Population of susceptible bats
Lk, Population of exposed bats

I Population of infected bats
Ry Population of recovered bats

Population of susceptible hosts
Population of exposed hosts
Population of infected hosts
Population of recovered hosts
Total population of people
Population of susceptible people
Population of exposed people
Population of infected people
Population of asymptomatically infected people
Population of quarantined peoples
Population of hospitalized peoples
Population of recovered people
Reservoir or sea food market

i»sm@m@@:“?@m&%zgd?@é’)

2.2. Basic Properties

For the sake of epidemiologically meaningful interpretation of the transmission model (3), it is
assumed that all its associated parameters and initial data S,(0) = Sy, E,(0) = Ey, Q,(0) =
Qo, 1,(0) = Iy, A,(0) = Ay, Hy(0) = Hy, R,(0) = Ry are non-negative. Turning over a new
leaf, it is managed to show that the solution of the model (3) with non-negative initial data will be
non-negative and bounded for all time.

Theorem 2.1.

Let S,(0) = Sp > 0, E,(0) = Ey > 0, Q,(0) = Qo > 0, [,(0) =
0, H,(0) = Hy > 0, R,(0) = Ry > 0. The solutions S,(t), E,(t), Q,
and R, (t) of the system (3) are non-negative for all ¢ > 0.

127 p(0) = A
(), 1,(t), Ap(t), H, (

\_/I\/

Proof:

Consider

t=sup{t >0:5 >0, By >0, Qy>0, Iy >0, Ay >0, Hy >0, Ry >0} € [0,1].

From the first equation of system (3), we get

Published by Digital Commons @PVAMU,
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> —

dt = @

s, 1 A H
(Mp+77p(p+¢ p+1 p))Sp.

On integrating the inequality (4), we have

S,(t) > Sp. exp [— <,upf—|—/o p(Lp(s) + w;\;ji)) i an(S))dsﬂ > 0.

Similarly,

t) = Ey. exp[—(wp + pp + 1 +70)E] > 0,
t) > Qo-exp[— <MH +Mp> t] >0,

L) > L. exp[~ (Tp +p, + qu)t] >0,
(1) = Ag. expl—(ap + pp + tarr )8 > 0,
t) > H,. exp[— (,up + TH>£} > 0,

Ergo, the solution of the proposed model (3) with non-negative initial figures will be non-negative
for all time ¢ > 0. [

Theorem 2.2.

Let S,(0) = Sy > 0, E, (00 = Ey > 0, Q,(00 = Qo > 0, L,(0) = I, >
0, A4,(0) = Ay > 0, H,(0) = Hy > 0, R,(0) = Ry > 0. Then, the feasible region
Q = {(Sp, By, Qps 1, Ay, Hy Ry) € RT 2 0 < N < max {No, 52} } is positively invariant
for the system (3) forallt > 0.

Proof:

Summing up all the equations of (3), the following differential equation is formed,

dN,
L =T, =, Np. (5)

The solution of differential equation (5) is given by

IL, IL,
Ny(t) = " —£ + (No - M_p> exp(—ppt). (6)
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Equation (6) implies N, (t) — %, when ¢ — oo. The following two scenarios arise:

(1) Ny < % In this case N,(t) increases to % ast — oo, i.e., limy_,o0 N,(t) =

Y D

;F |‘d:|:§ |“":|

(i) No > % In this case N,(t) decreases to 22 as t — 00, i.e., limy_,o0 N,(t) =

P P

Thus, we have 0

< Ny(t) < max{No,%}, i.e., N,(t) is bounded above. Subsequently,
Sp(t), Ep(t), Qp(t), 1,(t), Ap

A,(t), Hy(t), R,(t) are bounded above. n

3. Dynamical behavior of the proposed model

In this part, we focus on the dynamics of the proposed system (3). In Section 2, it is proved that
the region Q@ = {(S, By, Qp, I, Ay, Hy, Ry) € R - 0 < N, < max {No, 2} } is positively-
invariant for the system (3) for all £ > 0. It is sufficient to study the dynamics of the system (3)
with initial data inside (2.

3.1. Local stability of disease-free equilibrium

The disease-free equilibrium (DFE) of the system of equations (3) is given by E° =
(SO, E°,Q° 1Y, A°, H® R°) = (1:_;’ 0,0,0,0,0, O). The local stability of the system (3) at DFE
(E°) is explored using the next generation matrix operator method. We have adopted the method
applied by P. Van den Driesschea and J. Wamough (2002); the matrices F' and V/, for the new
infection terms and the remaining transfer terms associated with the system (3) at DFE (EE°), are
computed, respectively, as follows,

0 0 n Ump nn
0 0 0 0 0
F=1{0 0 0 0 01,
0 0 0 0 0
0 0 0 0 0
Q9 0 0 0 0
-V = O3 0 0 0
V=1-w 0 0y 0 01,
—Pp 0 0 a 0
0 —HH  —OrH —OgH O,

where ap = wyp +pp + pp + 70, Q3 = pE + pp, Q4 = Tp A+ pp + a1, Q5 = Tap + pp +
QgH, 046:Mp+TH-
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Table 2. Description of the model parameters
Parameter Description Value Source
(per day)
I1, Birth rate of bats - -
I Death rate of bats - -
M Disease transmission rate among bats - -
O Infection rate after completing - -
incubation period bats
Ty Recover rate infected bats - -
I1,, Birth rate of host - -
L, Death rate of hosts - -
nh Disease transmission rate among hosts - -
05, Infection rate of exposed hosts - -
T Recover rate infected hosts - -
s Removing rate of virus from M - -
Py Disease transmission coefficient - -
from I, to M
Wy Disease transmission coefficient - -
from A, to M
Nw Disease transmission coefficient - -
from M to S,
IL, Birth rate of people 67446.82054 (Biswas et al. (2020))
p Natural death rate of people 0.0000391 (Biswas et al. (2020))
Y Transmissibility multiple of 0.02
Ap, 0<y <1 (Khan and Atangana (2020))
Mp Disease transmission coefficient 0.67047 (Biswas et al. (2020))
among people
W Progression rate from 0.24757 (Biswas et al. (2020))
exposed to infectious class
Pp Progression rate from 0.24176 (Biswas et al. (2020))
exposed to asymptomatic class
Tp Recovery rate of infected people 0.05090 (Biswas et al. (2020))
Tap Recovery rate of asymptomatically 0.05311 (Biswas et al. (2020))
infected people
n Modification parameter for 0.09 Assumed
reduction in infectiousness
of hospitalized individuals
Y0 Quarantine rate of exposed people 0.26556 (Biswas et al. (2020))
I157; Hospitalization rate for quarantined 0.397875 (Biswas et al. (2020))
people
arg Hospitalized rate of infected people 0.26267 (Biswas et al. (2020))
Qo Hospitalized rate of asymptomatically  0.0001 Assumed
infected people
TH Recovery rate of hospitalized people 0.07048 (Biswas et al. (2020))
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The eigenvalues of F'V ! matrix are

Np(QuasnyQpe + Q3u6pp + Q3uNQar Py + A30506W, + A3QENWEATH)
Q30450

, 0,0, 0,0.

Thus, the basic reproduction number of system (3), at DFE is

R Np(QaasnYQ e + Q3006 pp + Q304N ap pp + Q30506WY, + Q3QENWROT )
0= )

Q0304050

Epidemiologically, the basic reproduction number Ry measures the average number of secondary
infections that a single infected individual can create in a susceptible population over the duration
of the period of infection (Van den Driesschea and Wamough (2002)).

Theorem 3.1.

The DFE (EE?) of the system of equations (3) is locally asymptotically stable if 2y < 1 and unstable
otherwise.

Proof:

The Jacobian matrix of the system of equations (3) at DFE (EE°) can be written as

[ —fip 0 0 —p MY N 0 ]
0 —ay 0 om0
0 Yo @ —Os 0 0 0 0
JEO = 0 Wp 0 —Qy 0 0 0
0 Pp 0 0 —as 0 0
0 0 v arg Qqf —Qp 0
| 0 0 0 Tp Tap TH — iy |
The characteristic equation of the Jacobian matrix Jgo is
(= — )2 (W% + AN 4+ Ao\ 4+ AN + A\ + A5) =0, (7)

where Ay = g+ ag+ay + a5 + ap, Ay = aag + anoy + anos + anog + aisou + azos + azo +
Qs + oy + s — wnppp — NpWp, Az = agizo + aaizis + iaustig + a0 + agouso +
Qo506 + Q345 + Qi3 + Q356 — YQMphb — Y3 Pp — YT pp — YaGTPp — A3THWy —
Q5TpWp — QgTpWp — TN HTlp Pp — TIATHTpWp, Ay = 03005+ 300+ Qi3 Qs v+ Qi 004 0t 00 +-
Q304005006 — Q)T YQIH — Q)T YQIH — Q30 NpPp — A3 YPpPp — Q4PN pPp — Q3N aH pPp —
AN NpPp — A3Q5TpWp — A3QeTpWy — A5QeTlpWy — Q3N THWy — A5TTpXTHW), and A5 =
Q0304 U500 — QUQTIVQTIpHH — 30U NpPp — Q3506 Wy — Q3T PpClal — 3N WO H -
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From Equation (7), it is clear the two eigenvalues of the Jacobian matrix Jgo are real and negative.
The remaining five eigenvalues of the Jacobian matrix Jgo are the roots of the equation

N AN 4 AN+ AN2 + A\ + A =0, (8)

Our aim here is to know the sign of the real parts of the roots of the equation (8). The Liénard
Chipart (Daud (2021)) criterion provides necessary and sufficient condition for a polynomial equa-
tion to have all the roots with negative real part. The real parts of the roots of the equation (8) will
be negative if A17A27A3,A4,A5 > O,AlAQ - A3 > 0 and A1A2A3A4 — AlA%Af, — A%Ai +
2A1A4 A5 — AZA, + Ay Az A5 — A2 > 0. We have the basic reproduction number

9, — np(Quasnyopn + asouasthp, + azounaampp + 0006w, + QasNWyr )
Qo305 0lg

Consider Ry = R + Ry + Rs + R4 + Rs, where

R, = WQIH o TPy gp  WNHPp p T g TpIH
Qo30lg Qo ll5 Q05 0lg Qo0ly Q04 Olg

We have
Ay = anaz + agay(l — Ry) + asas(1 — Ra) + asag + asay + agas + asag
+ g5 + a0 + 50,
Az = apazay(l —Ry) + asazas(l — Ra) + asasag(l — Ry)
+ asayas (1 — Ry — Ry) + avagag(l — Ry — Rs) + asasag(l — Re — R3)
+ auass + Qz3ias + Qiziag + Qi35 g,
Ay = apazayas(l — Ry — Ry) + asagagag(l — Ry — Ry — Rs)
+ avazasag(l — Ry — Ry — Ry)
+ apayasag(l — Ry — Rz — Ry — Rs) + azaasag,
As = avazayasag(l — Ro),
A1 Ay — Az = ajas + apal + asay(1 — Ry) + 2000304 + a3ay + asai(l — Ry)
+ azai + ajas(1 — Ro) + 2000305 + adas + 2000405 + 2030405 + s
+ g0z (1 — Ry) + azaz + au0i + asag + 200306 + Rianazas + azos
+ 2006 + Ry + 2030400 + Oéi&ﬁ + 2an a0 + Ryasasag
+ 23500 + 2004500 + agaﬁ + agag + agag + a40z§ + 0450%.
Also,
Ay AgAsAy — AJASAs — A2AT 4+ 2A1 A4 As — AZA, + Ay AsAs — A2
= (A1 Ay — A3)AsAy + (A Az +2A1 Ay — As)As + AL (—ALAS + A3 As)
= ajaiaias — Reasaisaias — 2Rya508aias + (- -+ 4541 terms - --) + asadaiog.
Evidently, Ay, Ay, Az, Ay, A5 > 0, A1 Ay — A3 > 0 and (A1 Ay — A3)A3Ay + (AsAs + 241 A4 —
As)As + Ay (—A A2 + AZA5) > 0, when Ry < 1. Thus, all the eigenvalues of the Jacobian matrix

https://digitalcommons.pvamu.edu/aam/vol17/iss1/11
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Jro have negative real part, if Ry < 1. This implies that the DFE (EY) is locally asymptotically
stable, if Ry < 1. -

From an epidemiological point, the above statement, that, if 93y < 1, then the disease show the
decrement in its spread because of the less able to infect the individuals, whereas, if kg > 1,
the disease spreads as the infection ability is more than 1, means one infected individual infects a
group of individual, generating the more number of infected individuals.

3.2. Existence and local stability of the endemic equilibrium

The subsection discusses about the feasibility and stability of the endemic equilibrium point.

Theorem 3.2.

The system (3) has a unique feasible endemic equilibrium E* = (S;, E;, ;, I;, A;, H;, R)
if and only if $Ry > 1. Moreover, no endemic equilibrium exists if 93y < 1.

Proof:

Let the endemic equilibrium point E* = (S;, ES, Q I, A;, Hj, R;) of the system of equations
(3), obtained by solving equations as follows

dSp dE;  dQp  dlp  dAp  dHp  dRj

= = = = =0. 9
dt dt dt dt dt dt dt ©)
On solving the system (9), we get
I1
S* = L 10
p )\* + Iup’ ( )
S
By = , (n
(Vo + wp + pp + 1p)
e B (12)
(fem + pp)
w B
I = Pp , (13)
(7p + pp + arm)
E*
Ar = PrZp : (14)
(Tap + tp + Qarr)
Hr paQy + arnly + aan A, (15)
P (tp +7H) 7
T+ T, AX + T H*
Ry = Pt (16)
Hp

Published by Digital Commons @PVAMU,
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where
_ (I + VA +nH;)
Sy 4+ Ex+Qn+ Iy + Ax + Hr + R

*

(A7)

Substitution of S; By, @y 1, A;;, Hj, R; in the equation (17) shows that the endemic equilib-
rium of the system (3) satisfies the equation

a1 ()2 + as\* = 0, (18)

where

a1 = (Tu + fbp) Qar Ppiscis + (Ti + fip)wpargasas + (T + Lp) ILEYQ Ol

+ (Hp + Tap) ppzcuacis + (1 + Tp)wpazasas + (Vg + as) ppcacis e,

as = fpaazagcsog(l — Ro).
The solutions of the quadratic equation (18) are A* = 0 and A* = —22. The value A" = 0 is
corresponding to DFE (E°). If R, < 1, then \* = —a2 will be negative. Thus, if Ry < 1 no
endemic equilibrium point will exist. If 93y > 1, then A" = —2* will be positive. Thus, an endemic
equilibrium point E* = (S5, E», Qy, I, Ay, Hr, R*) will exist. n

Now we will derive the condition for local stability of the endemic equilibrium point E* of the
system (3) by using Krasnoselskii sub-linearity trick (Hethcote and Thieme (1985); Esteva et al.
(2009); Esteva and Vargas (2000)).

Theorem 3.3.

The endemic equilibrium E* = (S, B, Q5. >, A%, H* R*) of the system (3) with N, = N
is locally asymptotically stable if 93¢ > 1.

Proof:

Since N, = S, + E, + Qp + I, + A, + H, + R, and N, = N, the system (3) becomes equation
(19) and the corresponding endemic equilibrium point is E= (E;, B A;, Hp, R;).

dBy, _ np(Np—E,—Qp—I,—A,—Hy—Ry)(, Ap+nH,
(W*U( “ » Matartn )_(7Q+wp+pp+ﬂp)Epa
d L R—
d;: - VQEP - (:uH + ,up)pr
& =wply — (1 + 1y + arm) I, (19)
dA,
A PpEp — (Tap + Hp + am) Ay,
dtp = ,MHQp + CY[H]p + OéaHAp — (/JJp + TH)Hp,
dR,
\ @& Tp]p + TapAp + THHp — [LpRp.

On linearizing the system (19) around the endemic equilibrium point E, we get
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(G =~V @) By = NQp + (X = M), + (UA] = A)4,
(77)‘* )‘*) _)\Rpa

Zc]?tp =YLy — (um + Up)Qp7

T = wplly — (1p + pp + arm) 1y, (20)
Z%p = ppkp — (Tap + pp T+ aaH)Ap>

dtp = /vLHQp + Oé[HIp + aaHAp — (Mp + TH)pr

L2 = Tplp + TapAp + T Hy — 11, Ry,

* UpS;
where, \] = <=2

p

The Jacobian matrix of the system (20) at the equilibrium point F is

[ —(A" ) AT (AT = A7) (AT = A7) (AT — A7) =47 ]
Y0 —as 0 0 0 0
J._ Wy 0 —ay 0 0 0
Pp 0 0 —ag 0 0 |’
0 HH arg gl —Qg 0
i 0 0 Tp Tap TH —Hp

where ag =y twy + pp + 1, 3= (m +pp), = (1 +pp+am), as= (Tap+pp+
Qar), @6 = (4p + 7ir). The solution of the system (20) can be considered in form

Z(t) = Zoe*', 1)

where ZO = (Zl, ZQ, Zg, Z4, Z5, Z()’) and W, Zl, ZQ, Zg, Z4, Z5, Z6 e C. USil’lg Equation (21), Sys-
tem (20) becomes

(W7 = —(N" +ag)Zy — XN Zy 4+ (N — X)) Z5 + (YA} — N) Zs + (nA]

— \)Z5 — N Zg,
Wy = Q21 — (32,
(UZ3 = prl — 04423, (22)

W2y = pply — Q5Zy,
Whs = pipgla + i ds + gy — Qg Zs,
wZ6 = Tp23 + TapZ4 + THZ5 - :UJpZG-

Ve

Evidently, the system (22) is a homogeneous linear system in 2, 2y, Z3, Z4, Z5, Zg. Now, the
system (22) can be rewritten as
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(1 + filw)Zy =27y + Lz, + iz,
(1+ fow)Z2 = 22,
1 Jg =22
(1+ fs(w))Zs o 1, 23)
(L+ falw))Zs = £ 21,
(L4 fs(w))Zs = B2 Zy + S Zy + 22t 7y,
L (1 + fﬁ(W))Zﬁ = ;—223 + 7;—524 + L—I:Z5,
where
w A w orgw
fl(w):—+—[1+ oy S 4 _Pr +<“H7Q+ IHp
Qg Qo wt+az wtos wHaoas wH+a3 w+ay
L &apr>< TH +1> 1 . 1 ( TpWp n TapPp )}’
w+ a5/ \w + [y, wH+ag WF Uy Ny F+w Wt as
w w w w w
fw:_v fw:_7 fw:_a fw:_a fw:_'
)= o K@= o AW = o W)= o felw) =
Let
0 0 AL YA A ]
2 0 0 0 0 0
=2 0 0 0 0 0
M= Z_Z 0 0 0 0 0
0 woem o wxo g
0 0 i Top I
L Hp Hp Hp .

It is easy to verify that £ = (B, Qy, Iy, Ay, Hy, R¥)is the solution of the system

E=ME. (24)

If Z is the solution of the system (22), there exist a real positive number r (Esteva et al. (2009);
Esteva and Vargas (2000)) such that

1Z|| < rE, (25)

where ||Z|| = (| Z1], | Z2], [ Zsl[, | Zall, [| Zs]], [ Zo||) with lexicographic order, and |.|| is a norm
in C. In order to prove that endemic equilibrium F is locally asymptotically stable, it is sufficient
to prove that Re w < 0.

If possible suppose Re w > 0. The following two cases arise:
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(1) w=0:
In this case the determinant of the coefficient matrix of the system (22) is

A = apazagasagi,(1 — NJRg) + asasag\™ fpw, + asas N pyopw,
+ agas N o TrwW), + Qs N Twy, + a3 L, + Qa0 YA [y
+ s YA ppin + a3 N pppp + A3 pp +

* * *
+ Q300N PpTap + Qa5 YN WETH + Q30N Qar PpTH -

Using the values E, Qy, Iy, Ay, H, Ry, we get (1 — A\[%g) = 0, Thus, A > 0. This
implies that the system (22) has a trivial solution Z; =0, Zy =0, Z3 =0, Z, =0, Z5 =
0, Zg =0,ie., 5, =0, E;, =0, Q,=0, [; =0, A7, =0, H; =0, R, =0.

(1) Rew > 0:
Evidently, we have |1 + f;(w)| > 1,7 = 1,2,...6. Define F'(w) = min; |1 + f;|. Thus, we
have F'(w) > 1. This implies

: 26
F(w) <r (26)
Using inequalities (25) and (26), we get
12 = 7 )
T Fw)
Now from definition of F'(w), we have
F(w)[|Ze]l < 1+ fa(w)l| 22l (28)

Using second equation of system (23), Equation (28) becomes

F(w)| 2] < Zé—ﬁuzln. (29)

Using inequality (25), inequality (29), becomes

FW)| 2| < 2rE;. (30)
a3
That is
F(w)l| 2| < r@y. €29)
Inequality (31) implies
1Z:ll < =@ (32)
T Rw)
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We can see that inequality (32) contradicts the inequality (27). Thus, our assumption Rew >
0 is wrong. Hence, the unique endemic equilibrium point [E* is locally asymptotically stable
if Ry > 1. ]

3.3. Global stability of endemic equilibrium for special case

In this paragraph, the global asymptotic stability property of the endemic equilibrium of the model
(3) for the special case has been discussed. Consider ¢ = 0 (transmissibility multiple of asymp-
totically infected people) and 7 = 0 (modification parameter for reduction in infectiousness of
hospitalized individuals). Let A\ = 3Ip, where 3 = 3{=. In this case R, = ===

OCQOC4

Theorem 3.4.

The unique endemic equilibrium E* = (S, E», Q. Iy, A5, Hy, Rr) of the system (3) with
¥ =0, n = 01s globally asymptotically stable 1f 9%0 > 1

Proof:

Consider a Lyapunov function
V=5-5— S*log(

5)+E B — E*log(%)—l—

%[J—J* ~ I*log (i)}
w I

p

Thus, we have

V=S-"S+F—-—"F+2(1-=—1I

sS+E-FE+ 2= 7).

Using the first, second and fourth equations of (3), we get

. S
V =10, — u,S, — BS,I, — 2(I, — u,S, — BS,1,) + S,I, — sk,

Sp
* Qa *
~ (B8, I, — anE,) + 22 [wap S ) (wap - a41p)} . (33)
E, Wp I,

At the endemic steady-state E, we have I, = MpS; + BS; ];, g = i ng; and oy = w‘}*E;. Thus,
(33) becomes

: S S S%  SplyEY  E,I*
Vo= Sy (2- 22— 2) +BSpI (3 - 28 — oot — 2 (34)
P P( Sy Sp> Prp Sp SpI:E, E;1p>
It is easy to verify that
S, S,
2— 2L P <0 (35)
Sy Sy
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and
S  Spl,E* E,I*
S s e e B & ) (36)
Sp SplyE, EXI,
Using inequalities (35) and (36) in Equation (34), we get
V<0 for 9> 1.
Thus, LaSalle’s Invariance Principle (Hale (1969)) implies
tlg& Sp = Sp, tlggo Ep = Ep, tlg?o Ip=1Ip. 37)

From definition, we have

litrg(i)?f E, = litrg(i)?f E, = E;.

Thus, for sufficiently small positive numbers €; and €5 there exists a positive number 7" such that

limsup £, < B + €1, vVt > T, (38)
t—o00

liminf £, > EJ + €, Ve >T. (39)
t—o00

Using inequality (38), the third equation of system (3) gives

T < (B + ) — asy).

Using comparison theorem (Lakshmikantham et al. (1989)), we get

B+
lim sup @, (t) < M.

t—o00 as

Let ¢, — 0, we have

E*
limsup Q,(£) < 127 (40)
t—o00 ag
Similarly, we have
E*
lim inf Q, (1) > “27. @41)
—00

ag

Inequalities (40) and (41) imply lim; .o, Q,(t) = @;. Proceeding in this way, we get
limy o0 Ap(t) = A, limy oo Hy(t) = Hp, limy oo Ry(t) = Ry, Thus, each solution of the model
(3) approaching to the endemic equilibrium, whenever ¢» = 0, n = 0 and initial data lies inside
Q. [

From an epidemiological point of view, the above theorem states that if v = 0,7 = 0, the disease
spreads in the population whenever Ry > 1.
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3.4. Transcritical Bifurcation

It has been shown that the system (3) has two equilibrium points: i) disease-free equilibrium point
(E°), and ii) endemic equilibrium point (E*). Further, it has been shown that if 2Ry < 1, the DFE
is asymptotically stable and EEP is infeasible. Moreover, if 93y > 1, DFE losses its stability and
becomes a saddle point, while the EEP becomes locally asymptotically stable. Thus, there is an
exchange of stability between the two equilibrium points DFE and EEP which may be due to the
existence of transcritical bifurcation.

Theorem 3.5.

The system (3) undergoes a transcritical bifurcation between DFE (E°) and EEP (E*) with respect
to the parameter p g at Ry = 1.

Proof:

We will use Sotomayor’s theorem (Perko (1996)) to verify the transversality conditions of tran-
scritical bifurcation. If Ry = 1, then we have A5 = 0. This implies that one eigenvalue of the
Jacobian matrix Jgo will be zero and remaining has negative real part. Let

T
V:[vl Vo V3 Uy Us Vg v7}
and

W:[wl Wy W3 Wg W; We w7]T

be the two eigenvectors corresponding to the zero eigenvalue of the matrices Jgo and Ji, respec-

tively, where v, = —Zelad@letstmpiive g — ] g = L= v = v =
aaHU5+a;ZU4+HHUS7 U? - TQI)US+TLU6+TPU47 wl - 07 w2 - 7;;;_(;77 w?) - NZ;UG7 w4 -
—aIszjnpwza W5 = —wnpwz;rrawws, we =1, wr=0.
Furthermore, we have
F, (B k=0 0 0 0 0 0 o],

[0 0 0 0 0 0 07 [v] [ 0 ]

0O 0 0 0 0 0 0] v 0

0 0 -1 0 0 0 0] |vs —3

DF,,(E° W =10 0 0 0 0 0 0| |w|l=1]0],

0O 0 0 0 0 0 0f/|ovs 0

0O 0 1 0 0 0 0] |wvs Us

0 0 0 0 0 0 0] [Lvr] | 0

D*F,, (B, )5V, V)=[¢ —=¢ 0 0 0 0 o],
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where

2
¢= %(M + Y5 + nug) (V2 + V3 + vg + V5 + V6 + V7).
P

Now
WT'FMH (Eov MEC) =0,

W.[DF,, (E%, 1))V = —vsws + vsws = v5(1 — ——) 20,
M+ fp

WD F,, (B, p”) (V. V)] = —Cws # 0.

Thus, the transversality conditions for transcritical bifurcation are satisfied. This ensures the exis-
tence of transcritical bifurcation. =

3.5. Threshold Analysis

Now, we scrutiny the effect of quarantine to see the transmission variability of the proposed model
(3). By means of computation of partial derivative of Ry with respect to the parameter 7, a thresh-
old analysis is performed.

Theorem 3.6.

The work of quarantine on the exposed individuals have positive (negative) population-level after-

: * x _ os(Yasaspptasnoam pptasaswy)
math if n < (>)n*, where n* = T GO s

Proof:

Differentiating partially the 2R, with respect to g, we get

0Ro  auasnuuan(wy + pp + ) — asnp(Vausaspy + aanoampy + asaewy, + asnwyarm)
o Q30300506

. as(agasp, + aunaappp + asacwy)

auas i (wp + pp + Hp) — Qzswpry

Wecanseethatg%z’<O,ifn<n*andg%g>0ifn>n*. n

Thus, the basic reproduction number will depend on 7, and will be decreasing function when
quarantined people do not exceed the threshold value n* and therefore, disease burden will reduce.
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Further, the basic reproduction number will be an increasing function of the parameter 74 when
quarantined individuals exceed the threshold value 7n*, and therefore, the disease will increase in
the society.

4. Numerical Simulations

In this part, analytical findings of model (3) are verified through numerical simulations. We con-
sider the following data from Table 2 (Biswas et al. (2020)).

N,(0) = 1352642280 (Biswas et al. (2020)), S,,(0) = 1352642280 (Biswas et al. (2020)), E,(0) =
131 (Biswas et al. (2020)), ), (0) = 647 (Biswas et al. (2020)), /p(0) = 482 (Biswas et al. (2020)),
A,(0) = 506 (Biswas et al. (2020)), H,(0) = 657 (Biswas et al. (2020)), R,(0) = 20 (Assumed).

For the parametric values given in Table 2, the basic reproduction number Ry = 1.3183 > 1. Thus,
the proposed model (3) have a disease-free equilibrium point that will be locally asymptotically
unstable (Figure 2). Figure 3 depicts the total number of infected individuals for different values of
n when Ry > 1. One can easily see that number of infected individuals are directly proportional to
"modification parameter for reduction in infectiousness of hospitalized individuals" (n). The basic
reproduction number Ry = 1 when n = 0.03661, and there is an exchange of stability between the
two equilibrium points DFE and EEP which shows that the system (3) undergoes a Transcritical
bifurcation (Figure 4). Thus, there exist a threshold value n7¢ = 0.03661 for the parameter 7
such that if n > 0.03661, the disease-free equilibrium will be locally asymptotically stable and if
1 < 0.03661, the endemic equilibrium will be locally asymptotically stable. Further, if n = 0.005,
the proposed model (3) has an endemic equilibrium point that will be locally asymptotically stable
for 53y < 1 which can be seen in Figure 5. In Figure 6 it is readily visible that the decrement rate
of the infected individual is directly proportional to the "modification parameter for reduction in
infectiousness of hospitalized individuals" () whenever Ry < 1. Figure 7, depicts that parameter
7 has a threshold value n* = 0.2, such that, parameter v, has positive population-level impact for
1 < 0.2 and negative population-level impact for n > 0.2.

5. Results and discussion

The future is so un-predictive that one can not tell when another epidemic will fall out. A math-
ematical epidemiological model (3) has been proposed and analyzed to evaluate the strategies for
preventing future outbreaks with the help of epidemiological information and guide society in
managing the disease. The dynamical transmission behaviour of the proposed model has studied
theoretically and numerically. We have obtained the following mathematical and epidemiological
results of the proposed model:

(i) The solution of the model is non-negative and bounded for all time ¢ > 0, when initial
data are non-negative (Theorem 2.1 and 2.2). Thus, the proposed mathematical model (3) is
mathematically well-posed and epidemiologically reasonable.
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Figure 2. The variation of the scaled population in scaled-time for 93¢ > 1. The parameter values used are as in Table 2
except n = 0.01
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Figure 3. The total number of infected people as a function of time for Yig > 1. The parameter values used are as in
Table 2 except n

(77) The model has a disease-free equilibrium that is locally-asymptotically stable whenever the
associated basic reproduction number is less than unity (Theorem 3.1). Epidemiologically
speaking, if the associated basic reproduction number is less than unity, every infected person
will infect less than one person in the entire period of infection, which means that the disease
will be exhausted. Thus, we can conclude that it is possible to control the disease by keeping
the associated basic reproduction number less than one in the absence of a vaccine.

(741) The mathematical model has one and only one endemic equilibrium if the basic reproduction
number exceeds unity. This endemic equilibrium is locally asymptotically stable (Theorem
3.3) and globally-asymptotically stable for special case (Theorem 3.4). Epidemiologically
speaking, if the associated basic reproduction number exceeds unity, then each infected per-
son will infect more than one person in the entire infection period, which implies that the
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Figure 5. The variation of the scaled population in scaled-time for 93y < 1. The parameter values used are as in Table 2
except value of n = 0.005

disease invading the susceptible population.

(7v) The model exhibits a transcritical bifurcation concerning the parameter py (hospitalization
rate for quarantined individuals). Epidemiologically speaking, a threshold value jig = pukL”
of jup exists, such that, if uy > pL¢ then disease eradication may be obtained.

(v) The quarantine of exposed people can control the reproduction number (Theorem 3.6). Epi-
demiologically speaking, by keeping n < n* we can reduce new infections. Thus, in the
control of disease, one can conclude that the facility of quarantine is utile.

6. Conclusion

Epidemics and pandemics are so sudden that they need strict instantaneous restrictions and bound-
aries to be implemented in society. Quarantine and isolation are two of them. The sudden reaction
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Figure 6. The total number of infected people as a function of time for Y39 < 1. The parameter values used are as in
Table 2, but with different values of n
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Figure 7. Effect of quarantine parameter ¢ on basic reproduction number Rg
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of government authorities and citizens can affect the rise or fall in the cases of a disease at that
time. Depending on the geographical area, spread rate, reproduction number and prevention strate-
gies, it may last for days, one year, or more. Isolation and quarantine can be highly effective as it
helps separate infected and exposed citizens from the healthy people. Breaking the spread chain
can effectively result in to decrease in the spread. It is challenging to impose a perfect quarantine;
however, if imposed, it will reduce the virus blowout, as discussed in the paper. The reproduc-
tion number can also be controlled with the quarantine, and a threshold number can provide the
predictions related to an outbreak to impose restrictions efficiently. Also, if no such imposition
is there, the reproduction number increases and result in the disease staying in the environment,
which could result in a dangerous situation, and hence, one can easily conclude that isolation and
quarantine can play a crucial role in controlling an outbreak from expanding all around in the
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